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]NflWL~PION

!1~~ custanary procedure fo1lc~~ d in least squares fitting of

experimental data to an asstmed equation is to cxr~sider all of the

errors to be in one of the variables, and that ail other variables are

exact. For exan~ le, consider a least squares fit of the equation
• 

y = a + b x  (1)

Typically, x is considered to be an iMepe~x1ent variable, nct subject to

error , and y is consider ed to be a dependent variable. If y0 are the

thserved values of the depax]ent variable, s~ seek to minimize with

• 
respect to a and b the quantity E (y0-y)

2.

While one may iMeed mathematically consider x an independent variable

and nct subject to error , and y to contain the error, one might equally

wall reverse the roles of x and y. In fact, real physical situations

usually involve error in both x and y, and it may nct always be stated

that one variable is nore suitable for use as an independent variable

• than the other .

It is possible to treat both x and y as subject to error in least

• squares fitting, but it does nct often seem to be ~~~e. ~~ describe

here a technique for least squares fitting which minimizes the distance

fran the experimental point to the assuted equation. ~~~~~~ technique is

applicable to any nuther of variables subject to error and any nurber of

adjustable constants in the assi.zrsd equation.

. 1  1
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DISaJSSi~.z~

Consider the curve

y = f (x) (2)

in Figure 1. ~~~ mininu n distance fran the experiii~~ital point (x,y) to

the ass~m~d equation is distance d in Figure 1(a). Providing the

curvature is nct too great, or expressed alternately, providing t~x and ~y

are sufficiently anall, the distance d may be appzoxinated by the

j perpendicular distance z fran point (x,y) to the cbord (x,y’) (x’ ,y) in

Figure 1(b) . Obviously z nay be analler or larger than d, depending on

the sign of the curvature, or on which side of the equation point (x,y)

lies.

Iltie least squares technique described here minimizes the quantity

~z
2.

¶LtIe discussion below will treat as an exanple the t~~-diau~si~~al

case of Figure 1(b) with a set of parallel equations for the n-dimensional

case. Cbord (x ,y’) (x’ ,y) may be considered as a one-dimensional surface.

The general equation for a surface is
(3)

E a.x. = 0 where x = 1 (3 1)

i=O 
0

Let (x,y )[(x1,x21x31...x~)] be an experimental point, andx ’ and y’

[xl’ ,x2’ ,x3
1 1.. .x~’) be the values of the variables calculated fran the

• assi~med equation and the appropriate remaining ii~~~a~x3ent variables for

H the given experin~~ta1 point. That is

X I = f (y and the para~etera)

• y ’ = f (x  and the parameters)

2
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I
x1’ = f (x. and the par~i~ters)

(4 ’)
(j1 ,2,3,...; j~i)

1~~ coefficients in aiuation (3) may be found by inserting sufficient

points on the surface to obtain the set of siniiltanecus equations

• Ax ’ + B y + C = O
(5)

Ax + By’ +C= 0

n
a.x . ’ +I  a1x1 = 0  15’

~~ i=O,i~j
(j =1,2, 3, . . .n)

If wa introd~x,e the general syirbol , ~~, which represents any x1, and if

= ~~-~~
‘ then the above equations may be refontul ated in terme of the

~~~~‘ s by subetracting the equations fran each other.

-AL~x + B A y = 0
(6)

• • A ~x = B t i y

~~~~~~~~~~~~~~~~~~~~~~~
.. a~~x1 = ~~~~~ for all i~j (6’)

(i=l,2 ,3, . ..n )

The constant term in &~uation (3) røtains to be evaluated. Any

one of the remaining coefficients .~nay be given an arbitrary value. If

wa assign the value l/L~x to A, wa have

_ l • l (7)-~~~,B -~~~

a~~=~~~—
1 (7’)

(i=1,2,3,. .n)

The constant term is evaluated by inserting any point on the

surface, e.g., (x’,y) ( (X1iX2~ X
3~~s • s X

j
’ • • *X ~~)]  in E~iuation (3)

H I  1~
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I~~~~ ~yJ (8)

n
a0+ a.x.’+ ~ a~x1 =O

~~ ~~

• . 
n

• ~~ = _a~x . ’ — ~ a1x~ 
(8’)

J i=1,is~j

Fran analytic g~~etry

2 _ (Ax By C)2z 
A2 +B 2

2
~~

- Ia +~~a.x.)

z2 = ~ i=1 11 ( 9 w)

~~ (at)i=1

Substituting aiuations (7) and (8) into ~~uation (9)., wa have

_________ (10)

• ~~

• .

_ _ _ _ _  (10’)

! V ( l~~2

~~i~l~~ i

Unlike z2, the distance z will have a sign, which mist be selected

~~~~~~

• when the square root is taken. Since z is a vector quantity, its magnitixie,

which corresponds to the positive root, is used in the fitting procedure.

The procedure produces a least squares sun of these u~agnitnde9. Signs

for the corrections to the parameters arise fran the partial derivatives

• 
- of z with respect to the parameters and nct fran the sign of z itself.

The assumed functional relationship dnI]ng the parameters will in

general involve one or nore parameters, or adjustable constants, the

5
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values of which ..~~~ mist find to minimize the value rz2. Since ~~ assume

the true equation is very closely approximated by the surface of

~~uation (3), .~~~~ may write for each of the parameters

ax ’ 
~
8k~ az 

________— •
~~

- 
~~ ] + 

~~~
— ~ ] (U)

k ‘
~~~ ~‘k k

n ax.’(8
— ~ ç 3z r.. 1 k 

~ 111’ao L V j~~~

pq~iation (11) s h f  i s  to 

Ic

ax ’ (o ) ay ’ (e )
3 ao 3 ao• Ic (tx) k (ty) Ic

.
~~~~ — = _

~
3 

~ 
ax~’ 

~
0k~ (12’)

k i=l (Ax
~
) k

The function to be minimized, given by Dluaticn (10), and the

derivatives with respect to each of the parameters, given by ~~uation (12),

mist be calculated for each experimental point, and are the quantities

actually used in the least squares fitting routines. ~~~~~~~ latter are

given in the next section “Mathematical Procedure.”

It is better not to use the set of variables, {x. }, in the actual
1

units with which they were measured, for the ciDice of units will affect

the final values of the parameters, 
~~~ 

Dimensionless variables -

-
• independent of the dxice of units - may be obtained by introducing the

variables in tenme of the estimated uncertainty or experimental error in

that variable. For exaple, if a particular variable, ~~. may be

determined within an uncertainty of 6~~, the dimensionleSs variable,

= ~/6E , is used in Equations (3) through (12) . Equations (10) aM

(12) beocxne, respectively

6
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Z* =

~~~~~
(
~~~

) 2 
(13)

• = ~~~~~~ 
~ ()~~ ax’~ (°k) 

(14)
/ k i=l (~x1) Ic

l~bte th~~ the fitted values of will still be in sane units as ‘~cu1ii

have b~en obtained fran using Equations (10) aM (12) .

Inspection of Equations (13) and (14) reveals that if all ~x1 but

one are made extremely small, the mthii!un distance fit reduces to a

- 
cxxiventional least squares fit with all of the error cast into the

reaaining variable. A useful application of this property ~~u1d be
• when the experimentor was not sure of the data neasureaent errors in
• one or nore of the variables , and wished to selectively incl~~~ or

exclu3e individual variables fran fits.

1~e quantities { ~x~} = {x~ 
- x1’ } ware individually calculated by

assu~u.ng all of the error was cast into that particular variable.

• Clearly tie actual error in the variables {x1 } is less than {tx1}. A ‘~~~~

set of quantities, {c~ ‘x1}, is defined with the aid of Figure 2 (a) . ii~~~

assuTption is again made that the true locus of the equation lies

~ I 
negligibly far away fran the surface, i.e., ~~z.

Fran analytic geciretry
-

~ ~‘x1 = .
~~~

— (15)

-~~ i~’x1’~ = (16)

btere t~x1 * = A ’xj/Sx~
. If the original error estimate, 5Xj~ ~~~S

correct , then ide~1iy t ’x~ and 
~xi sluild be nearly the sane size.

7
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After the point (x
8
,y
5
) [xlal x2~, X3s~•~~XnsJ has been identified

it is possible to determine the Validity of the assupticns that the

surface and the true locus ware very close. It may be seen in Figure 2 (b)

that d-z = z’, and z ’ nay be obtained by application of Equation (10) to
• the point (x51y5) [x15, x2~, X35~~~ Xns]

J S

I

:1
9
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Physical n~~surea~~ts generally involve the siit~j ltaz~~us measure-

ment of a nuTter (n) of related physical properties. If the values of
• these properties are arranged in ordered sets of n values, vectors or

state points fx~} are obtained. If a functional relationship exists

• ancng these n variables, containing in addition to the variables a

nurber (p) of constants characteristic of the physical system, then a
• 

- functional surface, f, may be defined such that f is identically zero.

0 = f({x.~};{O~}) (17)

This ordered set of constants { e~,}, Called parameters, which

characterizes tie system also fore a vector. For instance, given the

typical vapor pressure equation, 0 = log (P) - (~~ 
+ a) , the ordered set of

constants (A,B) are sufficient to define the pressure, P, at any

te!rperature, T, or the tar~erature at any pressure. w~,ever, each

different physical system obeying the same relationship will have a

different set of parameters (A,s) .

In principle the evaluation of these parameters for a system s}~ou1d

be siitç le. If there are p parameters, then p state points are measured
I

.

~ I producing p equations in as many unknowns which may be solved for tie

parameters. 1%.~ probleme iitinediately present thameelves wt~~ an attaipt

is made to utilize this netbud. First, if the functional relationship

is not linear in the parameters then solution ~f the equations nay

be anl iguous, difficult, or ixpossible. Second, since no messurai~~t is

exact bet generally yields only a few significant figures, the fw~ tion

f will not yield zero, but sane email ru~-zero value, d (az) ,  when the

values of any measured state point axe inserted In the fiz~ction.

10
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• The initial difficulty of ncn-linearity may be over~~me by

linearizing the equations for { o~,}. (lb avoid confusion later , vectors
• 

• 
• 

and matrices will be indicated henceforth by the use of boldface instead

• 
of tie subscript-in-braces notation used earlier.) This is &i~e by

expanding the equations for 0 in a Taylor series and retaining terns in
• 

J • 

l~O~ to only first order. Thus for each state vector an equation exists

of the form

~~~~~~~ 

(—~e~)+ 
~~~

. (—~o~) + . • • + ~~~~ (—~e~) = ze ze.~ e (18)

Since z0 = f = 0, the right hand side of Equation (18) reduces to

Ze — Z04~8 =

~4ien reduced to matrix form these equat ions beazme

az az az —t~O —

~ l ~~2 ~~p ..t
~?2 

(19)

-
~

ep

or defining P’arid {-~e~}

= z9~~~ 
- (20)

Using such an expansion greatly siaplifies the solution of the

siiaiitaneous equations, but introduces limitations on the a plicability

J 
in the foll~dng manner. Since 0 is solved for by estimating errors in

~I ~ 0 using a linear function, the solution depends on the initial estimate

of 0 and the curvature of the error surface at this point. If the

11 function is linear in 9 there is no curvature and any initial 0 will

~~ iverge to the correct solution. In regions where tie function is

linear or nearly linear , t1~~ 0 can be solved for in ore or nore

I 11

t 
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iterations. Where the function deviates significantly fran Linearity
in 0 the solutions nay ocour in regions where they are physically
unrealistic (convergence to an incorrect solution) or tie linear a~~~ox-
unation may be sufficiently in error to nove further and further fran
any solution with each iteration (divergence). For a ~~ll behaved and
at least piece-wise continucus function then a solution generally exists.
For such functions the degree of deviation fran linearity in 0 in the

region of the solution will determine Ixwi close to tie solution the
initial estimate of 0 nust be for convergence to the correct solution.

fle second difficulty, that associated with the error of measure-
ment is treated in the folla~iing manner.

?~ asurai~~ts are made of many mrs than p state vectors. Since, In
• general, no t~~ state vectors will give the sane value for z, this

provides a set of k equations (k>p) which are inax~sistent. The “degree”
of inconsistency I~~ever is email, that is there will be a distribution

f of z ‘ s about zero which is assu~~ to be Gaussian or normal and is a

fiirtion of the errors in the neasuraients of the state variables. Ite

~~ I set of “overdetermined” parameters (i.e. , tbose defined by all k equations
instead of only the mininun subset p of than) are solved for by establish-

,‘ a

ing a criterion for tie “best” parameters. logically the best set of

parameters ~~~ld be tbose predicted to be nost probable fran the Gaussian

distribution of the erzo~s, z. This c~ uld be difficult to ~~ Using

functions of the distribution itself and such a procedure turns out to

be unnecessary. It has been s&,~j n that the “least squares requirai~~it”

gives the ncst probable solution for tie parameters (1) . This “least

squares requirement” therefore is used ~~ ui~~ly as the criterion for the

12



best fit. The least squares requiret~~t is very sinple in conc~~t. If

the error is defined in terms of the distance of the state vectors fran

the functional surface, the error surface, T, is a function of 0 defiz~~
by the sun of the squares of all individual errors, z. This sun of the

squared errors, Ez 2, is minimized by adjusthent of the parameters 0.

The adjus iment is accxnplished by using standard techniquas fran

the calculus and linear algebra. ‘lle unconstrained extre~un for any

~~ll—behaved function which is linear in several variables, is found by

setting tie partial derivatives of tie function with respect to each of

the variables equal to zero and solving the systan of equations obtained.

‘ibese are called the normal equations. 11e error surface is defined to be

T = E z 2 (21)

‘ite set of equations obtained by setting the partial derivatives of T

with respect to each of the parameters equal to zero are the normal

equations for the system. That is

,aT~= 0, 
~~~~~~

- j = 0, • = 0 (22)
1 2 p

It can be s1u~.’n in the individual cases of practical interest that

fr the xtratun so obtair~~ is a mininun. This can be seen fran the fact

that for any functional surface a maxinun distance fran the surface to
• tie fixed set of data points &es not exist, i.e., tie surface can always

• be noved further away fran all tie points.

Margulis (2) also points out that the “least squares criterion”

satisfies the folla~iing intuitively desirable requirements for a “best fit” :

(1) the error is expressed as an unsigned value incluling ML

measured vector errors,

13
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(2) tie overall error is zero only if ALL errors are zero,

(3) the overall error increases if any C*~E error increases .

It is necessary to build the system of normal equations and solve

than. ‘ibe system could be constructed by evaluation of the a~~u~~ iate

derivatives of T, bit a sinpler rnetbud exists which has been s1x~ n to be

equivalent. This latter metlxd is based on the ~~~strnction of the

correction ~~uation (18) . For each measured state vector x~1 one

equation like ~kjuation (20) is obtained.

P~~’I .~ = z ~ (23)

‘ile vector L~ has no subscript since a ccmi,~~~ unique set of

corrections for all tie state vectors is assut~~ to exist. Since each

vector i’ is a r~~ of ordered values, the set of equations for k state

vectors will form a matrix with k ra~is (one for each state vector) and

p colums (one for each parameter).

‘ibe colum vector ~ is to be evaluated and aic~d to ”O to obtain

an ~~~~~~~ 
n+l8 . Tie colu~n vector Z forned by tie k values of tie

z3 is used in tie solution. When all of tie elai~~ts are col]ected,

• tie set of correction equations a~~ear as:

‘.!~!~ .~ !. •

ae 2 1 1

. . . 
= 

Z
2

1 2 P (24)
. . . . .. . . S S

H .

~~~~~~~~~~~~ 
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or 

~ 

•

P~~~ = Z  (25)

Prenultiplying this equation on both sides by pT 
~~~ transpose of

matrix P gives a matrix equation that is identical to tie norma].

equation system.

pTp~ PTZ (26)

If ~~~ p~~d~~~ P Tp ~~~ , 
T
Z are assigned tie syirbols H and B

respectively then tie matrix eq~iation

H L t = B  (27)

is the one that must be solved. Inversion of the square matrix H to

give H 1 provides this solution . Pranultiplying both sides of

Equation (27) byH 1 obtains

H~~ Hi.~t = H~~~B (28)

by definition H~~ Hz~t = =
where E is the unit matrix and therefore

L t= H
~~~

B (29)

It ~~uld a~çear at this point that the sinplificati.on introduced

by using this netbud is negligible, but the construction of tie matrices

H and B is particularly sinpie.

Initially a null matrix (all elements zero) for both H and B is

constructed. H is a p x p matrix (i.e. , p r~~s and p colums) and

B i s a p x l m a t r i x .

• 
1 For each state point for 1 to k the vector P described earlier

f is evaluated. fle elements of this vector are the partials of z with

respect to each of the parameters e~ (i = 1 to p) . Z is also evaluated.

H
15
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The elements of H are then augnented by adding to each element
h1~ the product Pi. ’ x p3

1 . SIm ilarly tie product z x p~ is ~~1e~1 to b~.

This process is identica l to the foila~ing matrix operation.

H(an~~~~i~~~ ) = H(~~~ 1~~~~~~ed) + ( p l) T ( F’) (30)

B(a~~~n~ *ed) = B( ‘ ted) + (z) (  p ’) (31)

~~ce tiese matrices have been constructed, tie inversion of H may
be carried out using any standard procedure.

The mathematical, discussion in this section has been phrased in
terne of tie variables {x1 } and the mininun distance, z; ~~~ ver, tie
procedure is equally valid for the use of reduced variables {x~*} and z~.

H

16
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APPLICATIQJ AND EVALUXrIQq

We first a~~1ied the technique described earlier to a set of

teaperature-vapor pressure data collected over a sanpie of solid aluninun

chloride (3) . The data are presented in Tabl e I.

We assumed vapor pressure of alininun chloride could be represented

by an equation of the form

1ogp= ~~~+ B  (34 )

where the variables p and T represent pressure in Torr arid tetperature

in Kelvin, respectively; and A and B are t~~ parameters wbose values are

sought.

We solved for values of A and B which minimized the sum

n
• I z~,*

2 (35)
i=l

where z*, az*/aA and ~z*/3B may be found frca~ Equations (13) and (14) .

In the present case

= p. - e~~ UAfl~1, + B)ln(lO)]1 1 
(36)

~T1 
= T~ - ~/ [1og(p.) - El

and

= p’ in (10).ftr

J 9T’/aA = l/Elog(p) -
• (37)

= p ’ ln(10)

= W[log(p) B] 2

• The distance function , z*, and its derivatives ~~re calculated for

each point by the subroutine beginning at step 6000 of the program given

in the next section. A careful examination and evaluati on of our

particular experinental technique and af~ aratus led to the selection of

17
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TPIBLE I . VAPOR PRFSSU~~ C*’ SOLID AUIIINLI’I QUDRIDE

Pressure, ~~nperature,
torr

3.77 113.66 M a 168.02 158.28 C

3.80 113. 66 C 230 .13 163.40 C

3.92 114.37 M 230.63 163.40 C

5.52 116.70 C 235.66 163.40 C

5.53 116.70 M 376.17 169.90 C

6.30 118.50 N 573.20 176.80 C

6.32 118.50 C 574.97 176.80 C

7.14 119.37 N 696.79 179.66 C

7.25 119.37 C 716.93 179.49 C

9.36 122.87 M 808.52 181.84 C

10.80 125.61 M 934.15 184.00 C

10.91 124.23 N 943.10 184 .08 C

10.94 124.23 C 952.31 184.08 C

15.09 127.97 C 1082.23 186.25 C

16.26 128.45 M 1157.09 187.27 C

16.36 128.45 M 1203 .41 187 .87 C 1
16.47 128.63 C 1344.23 189.49 C

19.03 130.92 N 1428.89 190.49 C

33.81 137.4 6 C 1461.56 190.82 C

41.13 140.42 C 1522.82 191.44 C

58.15 144.53 C 1567.17 191.95 C

88.42 149.66 C 1641.14 192.63 C

103.78 152.49 C 1660.37 192.79 C

106.05 152 .44 C 1705.21 193.17 C

a M and C refer to tie use of a ?tieod Gauge or a capacitane nencneter,
respectively , as the pressure neasuring device.

18
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~ST = 0.l °K and 6p = 0.0002 p or 0.1 torr, whichever was greater for each

point.

!lte results of the mininum distance least squares fit are sl~~ n in

Table II. The fit was made on a Wang 2200 calculator in BASIC language.

The program is listed in the next section. Q nventional least squares

fits also ware made of these data for xlparison, where first tenperature,

then pressure was made to be the independent variable. The results of
-
• all three least squares fits are suninarized in Table III.

M’iile one nay nct a priori state which set of A and B is “best” for

these data, several interesting observations can be made. The value of

dP/d’r changes fran 0.34 to 107 over the range of the data. This imeans

that a snail error in one variable propagates a relatively hu e  error in

the other variable at one end of the data set. ~ erefore , by asstining

either one of the variables to be exact, the least squares fit will

reproduce the data relatively ~~ll at one extrene of the data range and

relatively poorly at the other extrene. Furthernore, it nay be seen that

the data points are on the averag e only 0.18 torr and 0.24K fran tie

line obtained fran the mininun distance fit . If tenperature ware assumed

exact (probably the conventional asstxTption in least squares fitt ing of

data to Equation 34), pressur es are on the average 5.5 torr in error.

In order to examine the question of which line is actually “best,”

-
‘ 

, we fit a set of hypothetical p, T data obtained as fo11a~as: a “true ”
• 

- equation was assumed for which A = -6000 and B 16. I~ rperature was
• ~• • stepped at equal increments from 104°C to 198°C to yield 48 points , and

tie corresponding pressures calculated fran tie equation. ‘Itese “true”

pressures and tenperatures were then ranc~ tnized by p = p + 26p (0. 5-R) and

T = T + (2) (0.1) (0.5—R) , where op is 0.0002p or 0.1, *..idever is greater,

and R is a random nuther for each datun such that 0<R<1.

19
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T7,.BLE I~ . MENThJJ M DISTAN~~ LEAST S~~~I~ S FIT ~DR ~L~~~N~~1 QU~ORIDE

VAPOR P R E S S U R E  OF SOLID ALUMINUM CHLORIDE

a A — 5891 .065581615  + 1— 12.16813381809
B 1 5 . 8 6 1 5 8 1 6 6 8 7  +1— 2 . 7 5 3 4 5 3 3 6 E — 0 2

b I TN — 5 SIG MA— 2 . 989E+O0 DELTA SIGMA— 6 . 6 8 9 E — l 1

NR VARIABLE NAME UNITS METRIC

c ~ P R E S S U R E  TORR COMPUTED
2 TEMP K l .000E— 01

V A R I A B L E  DELTA DELTA PRIME ID /Z*

d 3.77 — 5 .126E— 01 —4 .52 1E—01 M
386.81 1.401E+0O 1 .654E—01 4.814E+00

3.8 — 4 .82 6E—O l —4.253E —0 1 C
386.81 1.314E+O0 1 .561E— 01 4.530E+00

• 3.92 — 6.468E— 01 — 5 .636E— 01 M
387.52 l .683E+OO 2.165E—0]. 6.038E+0O

5.52 — 1.095E— 01 — 8.778E—02 C
389.85 2 .200E— 01 4.370E—0 2 9.806E— 01

5.53 —9 .954E— 02 — 7.974E— 02 M
389.85 • 1.997E— 01 3 .973E—02 8.909E—01

6.3 — 3.057E— O 1 — 2.305E— O1 N
391.65 5 .351E— 01 1.317E—O 1 2 .654E+00

• I 6.32 — 2.857E—O 1 — 2 .152E—0 l C
391.65 4 .994E— 01 1.231E—O 1 2 .480E+00

7.14 7.165E—0 3 5 .137E— 03 M
392.52 — 1 .140E— 02 —3 .227E—03 6 .067E— 02

7.25 1 .171E—O 1 8 .366E—02 C
392.52 — 1 .851E—0 1 — 5.294E— 02 9 .900E— 01

9.36 —3 .206E— O 1 — 1 .909E— 01 N
396.02 3 .890E-01 1 .573E— 01 2 .474E+00

10.8 —1 .449E+O0 —7.353E — O 1 .M
398.76 1.470E+O0 7 .246E—0l 1.032E+01

•1
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TABLE II. (bnti.nted

10.91 2 .532E—02 1.349E— 02 M
397.38 — 2.705E—02 —1 .2 63E--02 1 .848E—01

-

• 10.94 5 .532E— 02 2.945E— 02 C
397.38 — 5 .902E— 02 — 2 .760E— 02 4 .036E—01

15.09 l.262E— 01 4.848E—02 C
• . 

401.12 —9.969E --02 — 6 .140E— 02 7 .824E—O 1

16.26 6.790E—O1 2.4 35E—O 1 M- : 401.6 —5. 078E— 01 —3.256E — 01 4 .067E+O0

16.36 7 .790E— 01 2 .784E—O 1 M
401.6 —5.809E— 0l —3.733E— 01 4 .657E+O0

16.47 6 .514E—01 2 .2 97E—O 1 C
401.78 —4.8 08E— 01 — 3 .112E—01 3.868E+00

19 . 0 3  — 1 . 2 4 1 E — 0 1  — 3 . 5 2 9 E — 0 2  M
404.07 7 .823E— 02 5 .599E— 02 6 .618E—O1

3 3 . 8 1  1. 115E+0O 1 . 3 7 0 E — 0 1  C
410.61 —4 .174E—01 3.661E 01 3 .909E+00

41.13 —2.85 1E— 01 —2 .433E— 02 C
413.57 8.711E— 02 7.967E— 02 8.331E—01

H 58.15 9 .592E—O1 4.549E—02 C
417.68 —2. 140E— 01 —2 .038E--01 2 .088E+00

88.42 3.608E+00 8 .188E— 02 C
422.81 —5 .498E— O 1 — 5 .373E—O 1 5.435E+00

103.78 —1.1 96E+O 0 — 1.926E— 02 C
425.64 1 .530E 01 1.506E 01 1.518E+0O

106.05 1.465E+00 2 .320E 02 C
425.59 —1. 859E— O1 —1 .829E—01 1.844E+00

f 168.02 7.015E+O0 4.861E— 02 C
431.43 —5 .860E—01 — 5 .819E—0l 5.839E+0O

230.13 —2.671E+0 0 — 9 .800E—03 C
j  436.55 1 .621E—01 1.615E—01 1.618E+0O

230.63 —2.171E+0O —7.950E—03 C
436.55 1.316E— 0l l.311E— 0l 1.314E+0O

235.66 2 .858E+00 1.025E—02 C
4 3 6 . 5 5  — 1.715E—01 — 1 .708E— O1 1.711E+00

376.17 8.916E+OO 1 .351E—02 C
443.05 — 3 .474E—01 —3.468E—0 1 3.471E+00

— - 21 
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TABLE II. (Xmtinued

5 7 3 . 2  — 1 . 4 1 1 E + O 1  — 1424E - . 02  C
4 4 9 . 9 5  3 . 6 2 7 E — 0 1  3 . 6 2 4 E — 0 1  3 . 6 2 5 E + O 0

5 7 4 . 9 7  — 1 . 2 3 4 E + O 1 — l . 0 7 4 E — 0 2  C
4 4 9 . 9 5  3 . 1 6 8 E — O 1  3 . 1 6 5 E — 0 1  3 . 166E+00

6 9 6 . 7 9  — 1 .3 7 1E + 0 1  — 1 . 2 2 6 E — 0 2  C
4 5 2 . 8 1  2 . 9 4 3 E — 0 1  2 . 9 4 1 E — 0 1  2 . 9 4 2 E + O 0

7 1 6 . 9 3  l . 4 3 7 E + 0 1  1 . 3 3 9 E — 0 2  C
4 5 2 . 6 4  — 3 . 0 6 1 E — 0 1  — 3 . 0 5 8 E — 0 1  3 .060E+00

8 0 8 . 5 2  — 1 . 16 4 E + 0 1 — 1 . 0 6 7 E — 0 2  C
4 5 4 . 9 9  2 . 1 8 0 E — 0 1  2 . 1 7 8 E — O 1  2 . 17 9 E + 0 0

9 3 4 . 1 5  — 1. 0 0 7 E + 0 1  — 9 . 4 5 1 E — 0 3  C
457.15 l.652E—O1 1 .651E— fl l 1.651E+00

9 4 3 . 1  — 6 . 0 4 3 E + 0 0  — 5 . 6 9 7 E — 0 3  C
4 5 7 . 2 3  9 . 8 4 2 E — 0 2  9 . 8 3 2 E — 0 2  9 . 8 3 7 E — O 1

952.31 3 .166E+00 3.016E—03 C
457.23 —5 .134E—02 — 5 .129E—02 5 .131E—0 1

1082.23 —9.690E+00 —9 .285E— 03 C
459.4 1 .386E—01 1.385E— 01 1.385E+00

1157.09 —8.644E+00 — 8.370E—03 C
460.42 1 .162E— 01 1 .161E— 01 1.162E+00

1203.41 —7 .890E+00 — 7.687E—03 C
461.02 1.023E—01 1.022E— 01 1.023E+0O

1344.23 1.474E+00 1 .468E— 03 C
462.64 —1 .731E—02 — 1 .729E—02 1.730E—0l

1428.89 — 1 .522E+OO — 1 .526E-03 C
463.64 1 .688E— 02 1 .686E—02 1.687E— 01

1461.56 1.069E+O0 1 .077E— 03 C
463.97 —1 .161E— 02 — 1 .160E— 02 1.161E— 01

1522.82 4.221E+00 4.283E— 03 C
464.59 — 4 .417E— 02 — 4 .412E— 02 4 .414E—O1

1567.17 — 8.346E—01 —8.477E — 04 C
- •

• 
465.1 8.490E—0 3 8 .482E—03 8.486E—02

J 1641.14 4.930E+00 5 .055E— 03 C
• 65.78 — 4 .812E— 02 —4 .807E— 02 4 .809E—O1

1660.37 7 .715E+O0 7 .936E—0 3 C
465.94 —7 .455E— 02 — 7.447E— 02 7.451E—01

V 22
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TABLE II. Continued

• 1705.2 1 1.287E+O1 1 .333E— 02 C
466.32 —1.215E—O 1 — 1. 214E—O 1 1 .215E+00

H NR VAR iABLE NAME RMS DELTA RMS DELTA PRIME UNITS

- e 1 PRESSURE 5.96 3E+0O 1.841E— O1 TORR
2 T E M P  5.008E— 01 2.355E—O1 K

48 P O I N T S

a A and B are the paraneters sought in Equation (34) . The “+/—“ values
are the estimated errors in A and B , and are calculated fran the
appropriate diagonal element of the invert ed H matrix, h~~, using
the fonnila = sigma x 

\/~
5 (h~~) 

~~~~~~ •

b Five iterations were required. At each iteration the value of the
• standard deviation , sigma was calculated. Sigma = (~ (z*2)/~ ) 1/2~

Iterations were continued until the change in sigma was ~ialler than
same arbitrary value. The ~~nvergenoe criterion in the present case
was A sigma ~~1 x

C The “imetric ” in pressure , i.e. , Op, was cciiputed for each point by
the subroutine at line 5000 in the program.

d The pairs of ntuthe rs are on tie first line: p, Ap, A ’ p, device code;
on the second line: T, AT, A ‘T, and z~.

e I~ ot nean square values are given for Ap, A ’p, AT, and A’T.

• I
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TABLE III. O~ 1PARISCt~ OF LEAST S(~JARES FITS ~DR
SOLID M~~~ NUM QUDRIDE

Mininun !I~~perature Pressure
- j Distance Fit Exact Exact

A —5891±12 —5946±18 —5923±14

B 15.9±2.8 16.0±4.0 15.9±3.2 • 

—

~~
- • I

I~~ ~p, torr 6.0 5.5 6.7

~~~ A ’p, torr 0.18 5.5 —

1~~~ AT, K 0.50 0.51 0.47

~~~ A’T, K 0.24 — 0.47

- t I

: 1
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The sane three types of least squares fits were made on this set

of hypothetical data , and the results are Sunhiarized in Table IV. As

before , it is clear that the pressures and tenperatures are ni.~~~ closer

to the mini4im distance fit line than to either of the other lines. It

is also thvious that the exact tenjerature fit reproduced the “true”

equation xwh nore poorly than did the other tw~ fits, yet this is

prtha bly just tie kind of least squares fit that nost investigators

~~uld clxiose to make if they ware to select one independent variable

and one dependent variable fran Equation (34). The apparent agreement

between the mininun distance fit and exact pressure fit values of A and

B is not surprising for the ran& iu errors in pressure propagate errors in

tenperature smaller than the actual OT over nost of the data range.

Another way of expressing this is to say that pressure behaves nore

• - nearly like the independent variable and taiperature the dependent one.

The fact that all three fits of hypothetical data sixiw aialler

1~~ A ’x~ and R~E A’ x
~ 

than do the corresponding fits of real data nerits

sate cr~ments. The t~~ principal reasons are , first , E~~iation (34)

assumes a constant enthalpy of si.*lination for aluminun chloride and

ideal gas behavior of the vapor . Neither assunption is entirely valid.

The second reason is that the ran~~n errors introduced into tie hypo-

thetical data were constrained to not exceed Op and OT, respectively.

errors in the real data were not so constrained to not exceed these

“maxinum expected” error limits.

These t~~ sets of least squares fits strong ly suggest that the

miniitun distance criterion is valid and desirable , and that the technique

described here yields results at least as good as do conventional

• : 
~~~~~~~~~~~ and nay do considerably better than conventional techniques

25
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TABlE IV. ~~~~AR1SC~4 CF LEAST S~ JARES FITS FOR
H~~ Y1~~ 2ICAL p,T t~ TA SST

“True” equation: ~~~ = -6~QO 
+ 16

I4ininun Tatperature Pressure
Distance Fit Exact Exact

A —5999 .5±2.3 —5979 .2±5.2 —6002 .9±3.8

B 16.00±5.3 15.95±1.1 16.01±8.8

1*’~ Ap, torr 2.0 1.6 2.4

~~~ A’ p, torr 0.02 1.6 —

~~~ AT, K 0.12 0.19 0.12

~~~ A’T , K 0.04 — 0.12

4

.

~‘

..
‘
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if an tiwise dxiice of which variab le is the dependent one is made in

tie latter case. ~ en one amsiders fitting irore than ~~~ variables,

- tie thtizn di ance technique becute s even nore attractive as it

becutes increasingly difficult to single but a lone dependent variable

- for conventional fitti ng. 
.

I
-i
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BASIC LA1GJA~~ i A~TI(}~ CF FIrr.LNG PI~~~~ J~~

The ndzLiituu distance fitting technique described earlier has been

iitplen~~ted in an extended BASIC language on a Wang 2200S calculator

systan. me calculator had the general I/O and advanced progranining

cç,tions and 8K bytes of nesory. ~)itpit Was produced with a ncdel 2202

plotting typewriter. •

Program~~~~~~~
Tie program was designed to fit functions with i~~~ to eight variables

and cxe to eight paraneters. ~~~ program perforne tie follc~’iing functions:

1. Determine the nurber of variables, their nanes, the units

ii in which they were neasured, axxl their tzx’ertainty in neasuremant.

2. Produce on request a cassette tape containing tie data in

a highly packed format retaining seven decimal digit significance. •

3. Ascertain the nutber of paraneters to be determined, their

nanes, and the fractional change in sigma necessary to terminate the

fitting.

4. Generate tie necessary matrices for fitting fran user

written routines for the calculated values of tie variables {x’ } and

partial derivatives {~~~ 
}. Reduction to unit independent quantities is

accuiplisied using the uncertainties in measurement, or “itetriC,” or,

if specified, the conputed uncertainty in neasuresent of each variable

at each point as supplied by a user written routine.

5. Invert the necessary matrix and solve for unproved values

of tie parameters, calculate tie sigma and fractional change in sigma.

Thirteen decimal digits significance is retained during these calculations.

L 
28 

1;



r~~;==—-- ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T~T TI~~~ ~~~~~~~~~~~~~~~~~~~~~~~

6. Display the iteration nurber, nutber of points used, sigma,

change in sigma, and the edjusted parameters on each iteration. ‘rest

the fractional change in sige~ to determine if further iterations are

necessary.

7. On termination of fitting, print the follcwing information:

- a. Title of fit.

- b. The parameters, their values and estimated uncertainties.

c. me ntmter of iterations, final value of sigma and

- I last fractional change in sigma.
- d. Each variable, its position in tie data list , the units

it is in, and its metric.

e. On request, the value of tie measured variables, their

- error assuning all other variables correct (tx), tie estimate of the real

• error in tie variable (A ’x), tie reduced distance of the point fran tie

-
- functional surface (z*), and a point identification of up to six a].~ha-

-
. 

numeric synbols.

me root-mean-square values of tie t~x and A’x for

- each variable in tie units of tie data.

All procedures which are ~~ uon to all fitting processes have been

incorporated into the main program. The remaining sect~tons, namely tie

: calculations of {x’ }, {~~~} and any cxziputed metrics nust be su~çlied

j for each function (or set of data for the azputed metrics) by tie user

4, as described later.

I 
~~29ran~ Iiplementation

III me program used for fitting tie exanpies of tie previous section

is listed in Table V. It will be assumed that tie reader is familiar

29
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TABLE V. BASIC PRXR1~N LISTfl~3

10 DIM B( 8 ) , M ( 8 )  P 1( 8 ) ,S ( 8 ) , T ( 8 ) , X ( 8 ) , X 0 ( 8 ) , H ( 8 ,8 ) , p O ( 8 ,8)
20 DIM A$ 6 ,F$1 ,M~ 9 ,N 1$1 ,N2 $1,R $ 64 ,T$64 Y$1
30 DIM B$ ( 4 ) 6 4 ,C $ ( l 2 ) 2 ,M$ (8 )1 ,T $ ( 8 ) 8 ,U~~( 8 ) 8  X $ ( 8 ) 8
40 SELECT PRINT 005: PRINT HEX(03);: INPUT ~TI TLE OF FIT ”,T$
50 INPUT “N U M B E R  OF V A R I A B L E S ” ,N
60 MAT R E D I M  X ( N ) , X$(N)8 ,U $ ( N ) 8 ,X 0 ( N ) :  B I N ( N l $ ) =N *5+10
70 P R I N T  “NAMES OF V A R I A B L E ,U N I T S ,M E T R I C ” : MAT M= C O N ( N )
80 FOR 1=1 TO N: INPUT “ [ ] “ ,X $(I), U $ ( I ) , M ( I )
90 B IN(M$( I))=I: IF M( I) [=O THEN 100 : BIN(M$(I))=O
100 N E X T  I
110 I N P U T  “NE W DATA TAPE ” ,Y $ : I F  Y $ ( ] ” Y” THEN 120: GOSUB 1000
120 SO ,N0 0:S=—99: REWIND
130 I N P U T  “N U M B E R  OF P A R A M E T E R S ” , P :  MAT R E D I M  T ( P ) , T $ ( P ) 8
140 P R I N T  “EN TER PARAMETER N A N E S ” :MAT T=ZER:T=1E—7:MAT INPUT T$
150 P R I N T  “ I N P U T  D E S I R E D  DELTA SIGMA IF OT H E R  THAN “ ; T ; : I N P U T  T
160 FOR 1=1 TO P : P R I N T  T $ ( I ) ; ” E S T I M A T E ” ; : I N P U T  T ( I ) : N E X T  I
170 GOT O 300
180 N0=NO+1:N 9 ,S=O: MAT B ZLR(P): MAT H=ZER(P ,P)
190 GOSUB ‘ 1 0 0 ( 0)
200 GOS UB ‘100(1): IF N 1]0  THEN 28 0
210 B IN(F$)=O : GOSUB ‘200: IF VAL(F$)[]O THEN 200
220 GOS UB ‘201: Z1=O: N9 N9+1 : PRINT i-IEX(0 1);N9: MAT P1~ ZER(P)230 FOR 1=1 TO N: D=X( I)—X0( I): X~ (M(I)/D)!2: Z1=Z1+X• 240 FOR K 1  TO P: P1 (K)=P1(K)_X*P0( I ,K) /D: NEXT K: NEXT I
250 Z1=SQR( 1 /Z1): S=S+Z1*Z1 : MAT P1i (Z1 !3)*P1
260 FOR 1=1 TO P: B(I)=B(I)+Z1*P1 (I): FOR K=1 TO P
270 H ( I , K ) = H ( I , K ) + P 1 ( I ) * P 1 ( K ) : NEXT K : N E X T  I : GOT O 200
280 FOR 1=1 TO P:  FOR K= 1 TO I :  H ( I , K ) = H ( K , I ) :  NEXT K: NEXT I
290 MAT P O = I N V ( F I ) :  MAT S = P O * B :  MAT T = T — S :  S = S Q R ( S / N 9 )

• 300 S9 =ABS(S_ S0)/(S+S0)*2
310 PRINT : PRINT HEX(03); ” ITN “ ;NO ; ” N= ”,N9 , S ,S9: MAT PRINT T
320 IF ABS(S_ S0)[T*(S+S0)/2 THEN 330: SO=S: GOTO 180
330 STOP “ :CONVERGEN CE OCCURRED. ENTER continue FOR PRINTOUT ”
340 I N P U T  “P R I N T  ALL DATA ” ,Y $ : SELECT P R I N T  2 13(8 0 ) :  REWIND

• 35 0 GOSU B 2000 :STOP “ENTER c o n t i n u e  FOR ADDN ’L OUTPUT ” :GOTO 34 0
1000 N 9=O: GOSUB ‘100(2)
1010 A $= ”END ” N9 = N 9+1H 1020 INPUT “DATA P O I N T : ” ,A $ : IF A $~~”EN D ” THEN 1060

• 1030 MAT INPUT X: Y$~~”Y ” : I N P U T  “DATA OK ” ,Y$
1040 IF Y$= ”Y ” THEN 1050 :  P R I N T  “ R E — E N T E R  “ ; A $ ; ” “ ;: ~OTO 1020
1050 GOSUB ‘100(3): GOTO 1020
106 0 I N P U T  “ALL DATA E N T E R E D ” ,Y $: IF Y$ [1 ”Y ” THEN 1010
1070 GO SUB ‘100(4): PRINT “D A T A F I L E  CL O S E D ” : R E T U R N
1080 D E F F N ’lOO (q): ON Q GO T O 1120 , 1190 , 12 0 0 , 1240
1090 DATA LOAD ‘D A T A F I L E ”
1100 DATA LOAD B T B $ ( )  : IF END THEN 1180
1110 N 1=O: BIN( N 2 $)— 1: IF Q~ O THEN 1170
1120 IF 252— VAL(N2$)(VAL(Nl $) THLN 1100
1130 $UNPACKB$ Q [VAL (N2$) , VAL(N 1 $)—4 ] TO R$
1140 IF S T R ( R $ ,1,3 ) [ ] ” E N D ” ThEN 1150 :N1~~7 : B A C K S P A C E  iF:  RETURN
1150 UNPA CK(+#.# 1/####!!!!)STR(R$ ,7) TO X ( )

• 1160 A $= STR(R$, l ,6 ) :  A D D ( N 2 $,N 1$ )
1170 R E T U R N
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TABLE V. continued

- 
- 1180 B A C K S P A C E  iF :  RETURN CLEAR : RETURN

1190 R E W I N D  : DATA LOAD “DAT AFILE ” : B IN(N2 $)=1: RETURN
120 0 S T R ( R $ 1,6)~~A $: PACK(+#.# I/####HU )STR(R$,7) FR OM X ( )
1210 $P A C K B ~~()[VAL(N2$) , V A L ( N 1 $ ) ] F R OM S T R ( R $ , 1,VAL(N1 $)— 4)

• 12 20 ADD(N2$, N1 $ ) :  IF 252—VAL(N2 $)[VAL(N 1$ ) THEN 1230: RETURN
1230 DATA SAVE BTB$O : BIN(N2$)~~1: RETURN
1240 A $,S T R ( R $, 1,6)= ”END ” : PACK (+# .###II##!W )STR(R$,7 ) F R OM X ( )

H • 1250 $PACKB$ O [VAL (N2$), VAL (N 1$) ]FROM STR (R$ , 1,VAL(N 1 $)— 4)
1260 DATA SAVE BTB $(): DATA SAVE END :BACKSPACE iF: RETURN
2000 GOSUB ‘1 00(0):N 9=0 :MAT B=Z LR(N):MAT S ZER(N):MAT P1=ZER(N)
2010 P R I N T  H E X ( O D O A O A O A ) ;T$ ; H E X ( O A ) : FOR 1=1 TO P
2020 P R I N T  T $ ( I ) , T ( I ) , ” + /_ “ ; S * S Q R ( A B S ( P O ( I , I ) ) )
2030 NEXT I : P R I N T  : PRIN TU S IN G 204 0 ,NO ,S ,S 9 :  PRINT : P R I N T
2040% ITN= ### SIGMA = # . # # # !  ! ! ! DELTA SIGMA= — # . # # # !
2050 P R I N T U S I N G  2 0 6 0 :  P R I N T
2060% NR V A R I A B L E  NAME U N I T S  M E T R I C
2070% # # # # # # # # #  # # # # # / / # #  ? / # # # # # # # #
2080 FOR 1=1 TO N
2090  IF V A L ( M $ ( I ) ) = 0  THEN 2100 :  M$= ” C O M P U T E D ” : GOTO 2110

• 2100 CONVERT N ( I ) TO M $ , ( # . # # # ! ! H )• 2110 PRINTUSING 2070 ,I ,X$ (I),U$( I),M$: NEXT I : PRINT : PRINT
2120 IF Y$[~~”Y” THEN 2 130 : P R I N T U S I N G 2 24 0 : P R I N T
2130 GOSUB 100(1): IF N1(]0 THEN 2270: BIN(F$)=0 : GOS TJB ‘2 00
2140 IF V A L ( F $ ) [ ] O  THEN 2130
2150 Z1=0 : N9=N9+1:MAT X0=X—XO : FOR 1=1 i’O N
2160 Z1=Z1+(M (I)/X0(I))!2: NEXT I: Z1 SQR( 1/Z1)
2170 FOR 1=1 TO N: B(I)=(Z1*M(I))!2/X0(I)
21 80 S(I)=S(I)+XO(I)!2: P1 (I) P1(I)+B(1)!2
2190 IF Y $ []”Y” THEN 2 2 6 0 :  PRINT X( I),
220 0 IF 1 (11 THEN 2210: M$ =A$
22 10 IF I[]N THEN 2220: CONVERT Zi TO M$,(#.## # !!!!)
2220 IF I[2 THEN 223 0: IF I=N THEN 2230: M$= ” “

2230  P R I N T U S I N G  225 0 ,X0(I),B ( I ) ,H$
224 0% V A R I A B L E  DELTA DELTA PR I M E  ID /Z*
2250% — # . # # # !  ! ! ! — # . # # # !  ! ! !

• 226 0 NEXT I: IF Y$[ ]”Y ” THEN 2130 : P R I N T  : GOTO 2130
2270 P R I N T  H E X ( O A O A O A O A ) : PRINTU S IN G 22 80 : PRINT
22 80 % N R V A R I A B L E  NAME RMS DELTA R M S DELTA PRIME UNITS
2 2 9 0 %  # # # # 1 /# # # #  #.  # # # !  ! ! ! # .  # # # !  ! ! !
2300 FOR 1=1 TO N
23 10 P R I N T U S I N G 2 2 9 0 ,I,X$( I) ,S~~R ( S ( I ) /N 9 ) ,SQ R ( P 1( I ) /N 9 ) , U $ ( I )
2320 NEXT I: PRINT : PRINT N9; ’ PO I N T S ” : RETURN
5100 M(J )= .00 02*X(1): IF M(J)]. 1 THEN 5110: M(J)= .1

• 5110 RETURN
6000 DEFFN ’200
6010 X(2)=X(2)+273. 15: XO(1)~~10NT(2)+T (1)/X(2))6020 X O ( 2 ) ~~T(1)/(L0G(X(1))/LOG(10)—T(2))
6030 FOR J=1 TO N:ON VAL(M$(J)) GOSUB 5100: NEXT J: RETURN

• 6040 BIN(F$)=7: RETURN
6050 DEFFN ’201 : P0(1 ,2)~~XO(1)*L0G (1O)
6060 P 0 ( 1 ,1)=PO( 1 ,2) /X ( 2 )• 6070 P O ( 2 ,1)~~1/(LOG(X(1))/LOG(10)—T(2)) : PO(2 ,2 )~~T ( 1) *P 0 ( 2 ,1) !2
6080 RETURN
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with standard Dartnouth BASIC and the extensions provided for the Wang
system used. The character set of the typewriter used required three

• iuetandard synbols in the listing. They are

Listing Standard Syntol

[

I
me extensions to BASIC used may be found in the System 2200S Wang
BASIC Language Progranining Manual published by Wang Laboratories , Inc. ,

Tewksbury , M~.

Statements 10—30 allocate space for matrices and al~tiarnreric
variables , The synbols have been kept consistent with earlier parts of
this report . Primed quantities have had a zero appended and starred
quantities have had a one appended since primes and asterisks are nct
legal parts of a BASIC variable (e.g. , x1’ beo~ies ~~(I) and z~ be~~tes
Zl) .

Staten~nts 40-170 perform the functions indicated in 1, 2 and 3
above, The sequence of stateaents to generate a tape appears at 1000-

1070.

Statements 180—330 perform the functions described in 4, 5, and 6
above. These operations are repeated using the data fran cassette until

convergence of the values is achieved.

• Statements 340—350 with tie associated subroutine sequence in

~ I statements 2000-2320 perform the output as specified in 7 above .

Statements 1080—1260 are a sequence of statements for cassette

handling—to read and write the data on tape. me argument Q passed to

the subroutine determines the operation to be perfonmed.
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Value of Q (integer) C~eration

Q<1 or Q>4 Rewind tape and opem “DA!rAFII.E” for reading

Q = 1 Read a data point frau tape

Q = 2 Rewind tape and open “D1~TAFII.E” for writing

Q = 3 Write a data point to tape

• Q = 4  Write any data pojnts g~~r e dj n

buffer to tape and close “DATAFILE” on tape

The follaving three sets of statements are user—supplied and tailored

to each fit:

Statements 5100-5110 - cxmpute a metric for the first variable

Statements 6000-6040 - sxsipite tie values of tie primed
• variables {x’}

Statements 6050-6080 - o~ pute tie partial derivatives

Program M~dificat.tan for Fitting Other Functions

~~ 
fit arother function tie statements fran 6000 on rust be replaced.

A new subroutine to calcu].ate {x1’ } must be written (DEFFN ‘200) , and a

new subroutine to calculate the necessary partial derivatives , { 
‘~~~~~ 

}

must replace the old IE~~~ ‘201.

In addition, if tie netbod of ccmçuting a metric for any variable

is changed, suitable changes in state~~ t 6030 and the subroutine at 5100

~ ,u1d have to be made also.

1. Calculation of tie {x1’ } is &xie in subroutine DEFEN ‘200.

• ~ en the subroutine DEFFN ‘200 is entered tie neasured values for a

• point are available in X(I) , where I - 1 to N (N is tie nu±er of variables) ,

and the current parameter estinetes are available in T(J) where J = 1 to

P (P is tie nurber of parameters) . The values of tie {Xj ’ I are to be
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calculated and stored in XØ(I) , I = 1 to N. In tie listing the

pressure p’ E )IØ(1) is calculated using the parameters TO.) , T(2) and the

taiperature t E X(2) . me teI~t*rature t’ X~ (2) is calculated frau the

parameters TO.) , T(2) and the measured pressure p X(2) .

2. Calculation of partial derivatives {~~~ } is ~~ te in

subroutine DEFFN ‘201. me partial derivative of every variable with

respect to each parameter must be calculated and. stored in an N x P array.

$ I me partial derivative is calculated and stored in Pç~(l , 2),  and
(
~~

) in P0(2,1)

3. Calculation of cxmpated metrics is c~ ne by a rx rnal sub-

routine internally in the marked subroutine L~ FIN ‘200. me matrix

element M$ (I) contains a zero for fixed metric variables, or the index

of the variable for variables wbose metric is to be omputed. This

• index may be used to call tie correct subroutine as in the exanpie of

statement 6030 and the subroutine that statement calls at statements

5100-5110. The u~~ uter metric for variable I is stored in M(I) .

• ~~eration

Write the necessary subroutines and metric calculat.ing procedures.

Insure that the statement nurbers- - for these routines begin with 3000

or a larger n~itter (9999 is the largest statement nuther a1la’~ed on the

Wang 2200) . Save the program on tape, if desired.

(a) ~bunt the tape cr.,nta.ining ~~~FIT and rewind it.

(b) Enter i.U~D “ Fn” + where ~
- stands for RE’1V~ J (~~~ ) .

(c) ~~~~~ PUN 4 .

(D) The program will respond with: TITLE CF FIT?
• J (d) Enter any character string t~~~ to 64 characters la-ig which

&,es nct cx~ntain a c~~nna , then 4.
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(F) me program will respond with: NAI~S OF VARIABLE, Wn’S,

iETRIC, <>?

(f) Ebr each variable, when the <>? is displayed, enter the
requested information , separated by cx~mnas, then 4. After tie last

entry program response is:

(G) NEW DATA TAPE?

• (g) Enter any ~~rd starting with a Y and ending with a +

for an affirmative answer. Any other response will be interpreted as I’~) 4.
If a data tape is already in existence, nount and rewind it, proceed to
(M) bel~~. If a new tape is to be created, insure a tape with a data

file header is rounted and re~~und. (Note: A data file header may be

created on a new tape by rounting and rewinding tie tape with the write

tabs on, then entering the a*trnand DATASAVE OPEN “DATAFILE” 4 .)

(H) Program response after affirmative response to new tape

is DA~~ POINT:?

(h) Enter any point identifier (up to 6 letters) then 4 or

if last data point has been entered , enter END 4.

(I) Pbr program response to END 4 see (K) belaq. F~r any

other identifier: ?
• 

(i) Enter variable values in order separated by a~ameS or

carriage returns.

• (J) Program response after last value: DATA OK?

(j) Enter 4 or Y4 if data is correct. If rot all, right,

enter any string of characters rot starting with a Y. Program response

if data is OK is to return to output (H) . If data is not OK, data will

not be put on tape and return to (H) for re-entry of data point.

35

—



(K) Program response: PJ~L DATA ~NIERED?

(k) If all entered, enter Y+ or 4 ; ‘Tore data to be entered

any response not beginning with Y will return program to (H) above.

(L) Program response to an affirmative to all data entered

is to close the data file and print, DATAFUJE CLOSED; no response is

~~~~ red.

(M) Program will ask: NUMBER OF PA1Wv~~~ ?

(in) Enter tie nuther of parameters the program is designed

to fit, (this nunt,er is called P),  then i .

(N) Program will respond: ~N 1’ER PARNL’1~~ NNf~~?

j (n) Enter the parameter names in order separated by ccz~mes,

then i .

(0) Program will respond: INWI’ D~SIRD) DELTA SI(~~~ IF

(Yi~~ R THAN l.00000000E—07?

(a) If a different value of the fractional change in sigma

to th~~~ ate the fit is desired enter it, then 4, o~~~~~ e just 4.

(P) Program will respond with requests for each of the

parameters 
— — 

ESTIW~TE? (Where — — is the parameter name.)

(p) Enter the estimate for each parameter as requested,

follc~.ied by 4.

(Q) After last estimate is entered, the program will proceed

to iteratively fit the data on the casette until tie fractional. change

in sigma is smaller than the entered delta sigma. Initially and after

each iteration, the iteration ntzrber, ntmt er of points used, sigma,

the fractional change in sigma, and all of tie current paraneters are

displayed. On convergence (fractional change in sig~~ < delta sigma)

the program Will respond: S’IOP: ODNVE~~ 2~ E O(X~URRED. EN1~~ ~~ II’INUE

FOR PRINIo(yr.
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(q) Enter CXNTINUE 4

(R) Program will respond PRINT ALL DATA?

(r) If all data is to be printed with error indicators

-: respond Y+; if rot and only a summary is desired give any response rot
• starting with Y and only the summery will be printed.

(S) Program terminate with the message S’IoP ~Nr~~ a~rn~u~
FOR A1~~~ ‘L oiir~rr

(s) If further output is desired, enter ~ NPfl~JE 4 and

program will resure at (R) above.

Index of Variables Used in Program

Single variables (numeric)

D (tesçorazy) Used to store tx~, = (x1-x. ’)

I (t~ porary) Used as an index in FOR loops

J (teiporary) Used as an index in FOR loops

-
• K (taiporary) Used as an index in FOR loops

N - Miiber of variables
-

• 
- Iteration nurber

Ni - End of file indicator for datafile = O:no EOF; ~

N9 - Nuither of points entered into fit (i cre~~ tal as each point

is processed)

P - Number of parameters

S - Sigma; used to collect E(z *) 2 during each iteration

SO - Sigma of previous iteration -~~

S9 - Fractional change in sigma on last iteration ABS (S S0) *2
(S+SO)

T - I~~lta sigma; termination of fit indicated by S9<T

x (te~porary) Used to calculate z* 4-
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Zl - z*; the distance fran the ftnx~tional surface in the metric space

Single variables (alphanumeric) [final, digits indicate length in characters I

A$6 (temporary) Point identification for current point

F$l (temporary) Flag used to indicate valid point F$=O, valid point;

F$#O , invalid point program will not use for fitting

M$9 (temporary) Used to display

Nl$l - String length indicator for packing and unpacking data points

N2$l - Pointer for packing and unpacking data points

R$64 (temporary) String variable used to pack and unpack data points

T$64 - String variable used to hold title of fit

Y$l - Response indicator for various portions of program (YFS/r~))

Array variables (numeric)

B C ) - Used for error vector during fitting; used to store (t~’x)

during print out

- • 
MC ) - Used to store metrics for variables

Pl( ) - Used to store {~~~} during fitting; E (t~’x)
2 during printout

S ( ) - Used to store E (~~
) 2 during printout

T( ) - Used to store the parameter values

X ( ) - Used to store the measured values for each point

X0 ( ) - Used to store calculated values for each point during fit ;

used to store {Ax } during printout

-~ 
- ! H ( , ) - Curvature matrix for least squares fit

P0 C , ) - Used to store partial derivatives {~~L} dur ing initial

part of fit; used to store tie error matrix (inverse of H)

during later part of fit
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Array variables (alphanumeric) [final digits are lengths of each element

in characters] - - •

8$ C ) 64 - Buffer used to store data for tape operations

i~~ ( ) 1 - Used to store cc*iputed metric indices

T$ ( ) 8 - Used to store names of parameters

U$ ( ) 8 - Used to store name of units for variables

X$ ( ) 8 — Used to store name of variables

~

•

~1 ‘

I
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