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ABSTRACT

A new procedure, called the Balanced Expansion Technique

(BET), is employed to construct accurate finite difference

advection schemes that, for the model equation considered , are

neutrally stable. By applying BET systematically , the phase

error can be made as small as one wishes. Test calculations

with one—dimensional problems have confirmed the expected

accuracy of these methods.
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I .  INTRODUCTION

Most finite difference methods for solving the advection

equation (Eq . (1)) suffer from some or all of the following

difficulties~ (1) amplitude error, (2) phase error, and
(3) Couran t con dition . Methods for simul ating the advection—

dUfusion process (see Eq. (26)) may , in addition , be plagued
by the cell Reynolds number limit (1).

For pure convection at a constant velocity, it is well—

kn own that all Fourier component solutions travel at the same
speed (i.e., nondispersive) and their amplitudes remain

unchanged at all times . Many f ini te  difference schemes , how-

ever , produce significant amount of errors in both the amplitude

and phase of component solutions. Some methods are free from

amplitude errors , but do not preserve the phase well. While

unstable schemes that systemat ically magnify the amplitudes

are obviously useless , those deriving their numerical stability

from nouphysical damping, which overwhelms other important

terms in the equation , are also rather limited in their range

of applications. Accuracy in phase preservation for those

components in the physically important ran ge of wavelengths is

equally important . Numerical dispersion of such components

can seriously degrade the quality of the solution , and , lik e

the amplitude error , though less obviously , is a major source of

inaccuracy. 
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Besides amplitude and phase distortions, explicit

methods are usually limited by the Courant condition which

restricts the maximum allowable time step such that no fluid

particle travels a distance greater than one mesh spacing

within a time increment. Some implicit schemes are stable for

arbitrarily large time steps, but at the expense of accuracy .

Thus , with these difficulties, accurate computation of flows

at high Reynolds number appears to be a hopeless task in

computational fluid dynamics. The reader is referred to

Roache {1) for more detailed discussion on the various existing

finite difference schemes.

This paper presents a fun damentally di f ferent procedure

for developing a set of relatively simple f inite di f ference

advection schemes that lead to zero amplitude error , while the

phase distortion can be made as small as one wishes . Using

this procedure , called the Balanced Expansion Technique (BET) ,

four different advection schemes have been constructed as

examples. These schemes can be generalized to allow the use

of arbitrarily large time steps , without sacrificing accuracy ,

and to Include diffusion .

In the sections that follow , the derivation of each

scheme is given . To demonstrate the usefulness of the new

schemes , they are tested with transient and steady —state

problems with known solutions.

I
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II. THE BALANCED EXPANSION TECHNIQUE

The basic BET procedure is best illustrated with a few

examples. The model equation that concerns us is

(1)

where • is a passive scalar quantity , x is the one—dimensional

space coordinate, and t is the time. The constant advection

velocity u is taken to be positive without loss of generality .

Throughout this paper, Eq. (1) will be interpreted in terms

of fluid flows although it plays an equally important role in

many other branches of physical sciences.

To discretize Eq. (1), a one—dimensional finite differ—

encu mesh with constant spacing 6x will be used . The subscript

j and superscript n are so defined that represents the

value of • at x — 36x and t — nôt , where 6t is the constant
time increment. In what follows, several finite difference

advection schemes will be derived, using the general BET

procedure .

2.1 The Al Scheme

• The objective of any discrete representation of Eq. (1)

may be stated as: Given the values of (for all j) , at the

time level n and perhaps several previous time levels , find

an approximation for the new values (for all j). 
This6



objective is usually accomplished by writing finite difference

analogs for the partial derivatives, i.e., a~/~t and ~$/~ x ,

in Eq. (1). Recently , some very high order schemes have been

developed for evaluating these derivatives (1). In BET, a

drastically different approach is taken . No attempt is made

to approximate the partial derivatives. Rather, one just

uses the physical meaning behind Eq. (1) and then proceeds

to obtain an algebraic expression for through careful

mathematical manipulations.

As is well—known , Eq. (1) implies the preservation of

the value of • alon g the characteristic line dx/dt = u in

the (x,t) space. The general solution is •(x,t) = F(x — U t ) ,

which leads to the following relations

•(x ,t + 6t) — •(x — u6t ,t ) (2)

•(x + u6t,t) — •(x,t — dt) . (3)

For convenience, we introduce the Courant number a as

uót (4)

Referring to Fig. 1, Eq. (2) states that equals the

value of pfl located at a distance u6t (or a6x) to the left

of •~ . 
Similarly, by Eq. (3), is numerically the same

as •~ situated at a distance aóx to the right of

As shown in Fig. 1, the positions of the six quantities

~~~ ~~~~~~~~~~~ ~~~~ •r1~ $~~, 
and are syninetric about that

of ~~ which is at the midpoint between j  and j-l. Making

Taylor series expansions about we have

7
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= + + a) 6x + ~~ + 6x2 •

+ 
~
j . {

~
. + cz)5 6x

3 s,~~ + 
~~~ 

+ ,xxxx
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+ a)~ ~~ ~~~~~
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~~~

. 

~~ 
+ + . . . (6)

In the equations above, the subscript x means partial deriva—

tives of •, evaluated at the same point as 4~~, and is

a shorthand notation for the fifth derivative

Subtracting Eq. (6) from Eq . (5),  we obtain’

— — 2 [~ + a) 6x + 
~~~~~~

. (
~ 

+ a)26x
3 
•xxx

(7)

Similarly, by cont ining expansions of and ~~~~ about
• • we have

- 

~~~~ 
— 2[~)dx •x + ~~ xxx + 

~~ 
( 6 x

5 
•
(5)
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And likewise for and

— = 2(~~ - ct~ Sx ~ + 
~~~~~~

. [
~ 

- u)3 &x3 •xxx

+ 
~~~~~~

. [
~ 

- 6x~ •
(5) + . • . (9)

Note that these pairs of •‘s are all synmietric about such

that even derivatives of $ vanish identically on the right sides of

Eqs . (7)-(9) .  This design is essential in the construction

of a neutrally stable scheme.

Finally, by eliminating •,~ and •XX~ 
among Eqs. (7)—(9),

we have

n+l n—i i n+]. n—l i I n n
= + a11$~ •~1 — •j J + a~ [$j  —

+ ~~~~~~~ u2(1 — u)(l - 2cs) ~x5 •(5) 
+ . . . (10)

where
(1 — a)(l — 2cza1 ~i + a ) ( i ~~~ 2a

2(1 — 2a)a2 l + a

Thus, we have obtained a discrete formula for calculating

without attempting to evaluate partial derivatives of $.

Dropping the truncation error terms, Eq. (10) gives the Al

scheme . Throughout this paper , schemes for pure advection

(Eq . (1)) are designated by the letter A , while we use AD to

refer to schemes for the advection—diffusion process (Eq. (26)).

9



The Al scheme involves only two space points (j and

j-l), but three time levels. Thus it can not be used at the

first step of time integration . The two—level A3 scheme , to

be described shortly, may be used as a starter for this scheme.

Although appears on the right side of Eq. (10), the Al

scheme is a fully explicit method if •~
41 is computed sequen—

tially in the downstream direction . The radius of convergence

for the infinite series on the right side of Eq. (10) is

t 0~~~a~~~l . (11)

Thus , for Eq. ~1O) to be valid, we are limited by the usual

Courant conditiGn. This restriction , however , can be removed

in a generalized Al scheme as will be presented later.

2.2 The A2 Scheme

The six quantities •~~2’ ~~~~~~~~ •~:~~ •r1~ $~ 
and

• are used to construct the A2 scheme (Fig. 2). Expanding these

variables in Taylor series about $~ 
we can form the three

symetric (or balanced) pairs

•

~ 

•~+1 
— 

j—2 — $x + ~ (~)
3
6x3 • + ~~ (~]

5
6x5 

:12)

- — 2
(i) ~x + 

~ j- (~)

3
6x3 ,xxx + ~~~ [~ )

5
6x~ •

(5)

+ . . . (13)

•

n+l 
— — 2[~~ - a) 6x 

~* 
+ 

~~~~~~

. (
~ 

- a)
3
.6x3 xxx

+~~j.[~~
_ ci)5 8x5 ,~

5
~~+ . . . (14)

_ _ _  _ _  _ _  
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Again , by eliminating ~~ and ~~ among these three equations,

we have

= + bi14~ _2 — •~~+i) + b2[$~ —

+ j~~~a(1 — a2)(l — 2a)(2 — a)6x5 ,t5) +
(15)

where

b1 = a(1 — a)(1 — 2cz)

b2~~~~~(1—2a)(1 + a)(2— a)

If the truncation errors are dropped, Eq. (15) is called the

A2 scheme.

Similar to Al, this formula involves three time levels

and is completely explicit . Again , for Eq. (15) to be valid,

the Courant condition Eq. (11) must be satisfied .

2.3 The A3 Scheme

This scheme is constructed by expanding a different

set of six quantities , i.e., •j—2’ ~~~ •~~~
i, •r’~ 

$~~, and

about •~ (Fig. 3) and forming the balanced pairs

~J+1~~~j—2’ 
+~~

_ $
~~~ and — Upon elimination of

and xxx among the three resulting equations, we have

•
n+1 

— + - •~
) + C2[$j_2 -

+ T~~~
a(i — a)(2 — a)6x5 •

(5) 
+ . • . (16)

• .
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where

2 — aC1 2(1 + a)

By dropping the truncation errors, Eq. (16) is the A3 scheme.

This method is implicit but involves only two time levels,

which is very useful for starting other multi-level schemes

such as Al and A2 For the A3 scheme we also require

O � c *~~~l

2 4 The Higher Order A4 Scheme

From the principle illustrated so far , it is apparent

that higher order schemes can be constructed by involving

more balanced pairs of discretized 41 values , with the center

of each pair located at the same point •~
. One possibility

is to combine Al and A2 The two pairs - and

— are shared by both schemes. In fact Eqs. (8)

and (9) are identical with Eqs. (13) and (14), respectively .

Thus, by combining Eqs. (7)—(9) and Eqs. (12)—(14), we have

four linearly independent equations from which we obtain

•
n+1 

= + ~~~~~~ - ,
~

‘) + d2{$~+1 
- +j-2)

+ d3 ( 41~ — 4~~~) + O(&x7) (17)

where

12



d — (2 — a)(1 — 2a)
1 (2 + a)(1 + 2ct)

2
d - a (1 - 2a)

2 — 

3(2 + a)

d3 (2 — a)(1 — 2c&)

Dropping the truncation errors terms , Eq. (17) is the very

accurate A4 scheme for calculating ~~~~ Like the Al scheme ,

this method involves three time levels, but is explicit if

is computed in the direction of increasing value of j.

From the development above, one could use one more
n+lbalanced pair of $ values to obtain an expression for

which has truncation errors of order ~5x
9, the new pair being

and ~~~~~ and the process can be systematically extended

to any order we wish . The more lower-order odd derivatives

of $ that are eliminated in the BET procedure, the less phase

error will be introduced by the scheme. As will become evident

in the following section , the Ad scheme is adequate for most

applications.

13



- • 
~~~~~~~~~~~~ - -~ -~~~

III. STABILITY AND PHASE ERRORS

By von Neumann stability analysis U), all the schemes

presented in the preceding section are found to be neutrally

stable for Fourier component solutions of all wavelengths.

That is, the amplitudes of the component solutions are exactly

preserved by these schemes. This desirable property is a

direct consequence of employing the balanced expansion pro—

• cedure in which the damping terms (i.e., all the even deriva-

tives of 41 in the Taylor series) are cancelled identically.

Thus, the so—called artificial viscosity, explicit or implicit ,

does not exist in these schemes.

We are slightly less fortunate with phase preservation .

Exact solutions of the original differential equation (1)

should advect all wave components through the discrete mesh

at precisely the speed u. Since we were not able to eliminate

all the dispersion terms (i.e., the odd derivatives of $ in

the Taylor series) in the BET procedure, a certain amount of

numerical dispersion or phase error will occur . That is, for

a given size óx , Fourier component solutions of different

wavelengths will be advected at different speeds. One of the

most important aspects of BET is the systematic reduction of

• phase errors by eliminating the dominant, lower—order odd

derivatives of $,  such as ~~ and in the Al , A2 , and A3

schemes. In the A4 scheme, the $(5) term is also eliminated .

Thus it is expected to produce even less phase error than these

other schemes .

L I T T  
--
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The analysis of phase error based on Fourier wave com-

ponents is straightforward, but rather lengthy . Instead of

giving the detailed analyses, useful information can be

obtained by employing the various schemes in actual computa-

tions . A standard test problem is chosen as follows: At t = 0

(NCYC = 0, where NCYC Is the time level cycle number), the

initial distribution of 41 is the Gaussian function

41 = exp{(ln 2)(x — x0)2/r 2 } (18)

where r = 5 and x0 = 30. The computational domain is

0 ~ x ~ 60. To save computer time in long calculations,

periodic boundary conditions are imposed .

To determine the quality of a numerical solution at a

given point in time, we simply compare it with the exact

solution for the same instant. The exact solution is identical

with the initial profile (Eq. (18)), except with the center

being transported at the constant velocity u. In the series of

tests conducted (Figs. 4—7), the following parameters are

used

u= 1.O

6 x 1 .0

u _ ~~~ t = 0.?5

The results of Al, A2 , and A3 are compared with the
exact solution at NCYC — 10,000 in Fig. 4. It is seen that

both the Al and A2 solutions are very close to the exact

15
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solution , while the A3 solution Is slightly distorted. In

Fig. 5, the three schemes are compared at NCYC = 20,000. Now

the deviation from the exact solution Is more visible for all

three schemes, with the Al and A2 results showing a small

lagging phase error, and the A3 result definitely shows a

leading phase error. These errors become quite pronounced

at NCYC = 50,000 (Fig. 6). At this time , notice that the

maximum heights of the numerical solutions are about 4% to

6% lower than the exact solution . This height reduction is

not a consequence of any numerical damping, but is rather

due to the dispersion of the short wavelength components away

from the center of the Gaussian distribution .

As anticipated earlier, very accurate solutions can be

• obtained by using the A4 scheme. In Fig. 7, the A4 solutions

at NCYC = 50,000 and 100,000 are compared , and they are in-

distinguishable from the exact solution.

It should be mentioned that, while Al and A4 are ef fee-

tively explicit , they become implicit when used with

periodic boundary conditions. Prom experience1 an economical

solution procedure is to use A2 as a predictor to find pro-

visional values for and then use A4 twice as correctors.

The results are very satisfactory , as shown in Fig. 7.

The Al , A2 , and A4 schemes possess a very interesting

property : For a 0, 1/2, and 1, all the truncation errors

vanich identically, as one can readily verify by examining

16



Eqs . (10) and (15). For those values of a, these schemes are

exact and they preserve absolutely whatever the initial dis-

tribution of 41 is in the domain , transporting it precisely

at the velocity u. The case a = 0 is a trivial one , while

for ~ = 1 the mesh values of 41 are simply passed from point

to point . These limiting properties for a = 0 and a 1 are

shared by many existing finite difference schemes. However,

that Al , A2, and A4 are exact for a = 1/2 came as a little

surprise. This property may be quite useful , since in most

applications 6t may be chosen such that a is In the neighbor-

hood of 1/2.

Another Interesting finding is that in both Al and A2 ,

the phase error is of the leading type for 0 ~ a ~ ~~, 
and it

becomes lagging for ~ a ~ 1. Figure 8 illustrates this

behavior with the A2 results at NCYC = 50,000, for a = 0.25,

0.5, and 0.75. The curve for a = 0.5 is identical with the

exact solution .

Finally, the various schemes were put to a severe test

by using a sharp-peaked triangular profile, instead of the

smooth Gaussian distribution , as the initial condition for 41 .
In Fig. 9, the A2 results are compared with the exact solution

at NCYC — 1400. For a 0.75, the lagging phase error typical

of A2 is apparent , while for a — 0.5 the numerical solution is

identical with the exact one (even the triangular peak is

preserved).

17



IV. BEYOND THE COURANT NUMBER LIMIT

To design an accurate scheme for computing flows at

high Reynolds number (see Section V for extensions to include

diffusion), the first requirement , of course , is that the

advection scheme itself does not produce errors that over-

whelm the effect of the real , physical diffusion . In this

regard, the Al , A2 , and A3 schemes are good candidates for

such applications. At very large Reynolds numbers , more

• accurate schemes, such as Ad , may be required .

However , even a perfect advection scheme is not suffi-

cient for actual computation of high Reynolds number flows, if

the applicability of the scheme is subject to the Courant

condition , Eq. (11), which limits the maximum size of ft to be

6t~~~4~ . (19)

In explicit calculations , the stability restriction on ft for

diffusion {1) is

2ot ~~~~~~~~~~~~~~~~~~~~~~ (20)

where v is the diffusion coefficient . At large Reynolds num-

bers , Eq. (19) is far more restrictive than Eq. (20). For

example, consider a flow with u = 1 ft/sec and v = 10 ft2/sec.

• Assuming the characteristic length of the flow to be D = 10 ft ,

and 6x — 1 ft , the Reynolds number of the flow is then

R e = ~~~�u , 1O6

H _ _  • _ • _ _ _
~~~~~~±

_
~~ ~~~~~~~~ ~~~~~~~~~~~~



which is a very common flow regime . By Eq. (20), one would

be allowed to use tSt up to 5 x 1O~ sec ; however , Eq. (19)

limits .St to be less than 1 sec. The consequence is that ,

even using an extremely accurate advection scheme, the Courant

condition would require millions of time steps to obtain any

meaningful results for the example above.

All the schemes presented in this paper can be gener-

alized to arbitrary Courant number. We shall illustrate the

principle by considering the Al scheme. Referring to Fig. 10,

let s be a positive integer (including zero) such that

s~~~a < g + 1  . (21)

Also, let

a — s

so that

0 � a~ < 1

For any positive values of a, by Eq. (2) is equal to

which is located at a distance a6x to the left of $~~. Com-

paring the six quantities •A’ •~, •~ •D’ •E’ and $~ as shown

in Pig. 10 with those in Fig. 1, one can easily write down ,

in analogy with Eq. (10), the general ized Al scheme as

Generalized Al Scheme

— + aj (,~~~ - + aj [$~~ 5 — j_8_l) (22)

• where

19



2(1 — 2a~~)a2 l + a

Similarly , the generalized forms for the other schemes are

Generalized A2 Schemes

+ b 1
~~ + fl

‘j — 2s—l lI j —s —2 — j—s+1J ~‘2(j—s — j —s—1
(23)

where

— (1 — 2a#)(l + a )(2  — cz )

Generalizsd A3 Scheme

• 
~~—s—i + ~~~~~~~ - + c~~(.~~ 5_2 - (24 )

• where

- 2 - Q ~C
i 

— 2(1 + a )

C
2 

— 2(3 a’)

Generalized A4 8cheme
• ii+1 , n—i + ~( n +l n— l i ~( n  n

J —2s—1 d1~ $3_ 1 — J —2sJ + d2~$~ _5+1 — j— a—2

+ d ( $ ~...5 — •~ _._i) (25 )

20



where

~. (2 — a )(1 — 2ad1 = 
~2 + a1~ i + 2~

(1  — 2a)
3(2+a )

d — (2 — a )(1 — 2a)
As in their original forms, the generalized Al , A2,

and A4 schemes are exact for a~ = 0, ~~, and 1. Calculations

have been performed with a = 100.75 and 1000.75 for the

problem discussed in connection with Eq. (18). Each computa-

tion was continued for at least 10,000 time steps, and the

quality of the results is consistent with those mentioned in

Figs . 4—7 . Therefore, unlike many unconditionally stable

schemes, the use of large ft in Eqs . (22)-(25) does not impair

the accuracy of the solutions . In fact , the only parameter

that affects the accuracy ( i . e . ,  phase preservation ) is u ,

the size of a being irrelevant.

21



V. ADVECTION-DIFFUS I ON SCHEME S

The model equation for one-dimensional advection-

diffusion process is

(26)

where v is a constant kinematic viscosity or diffusion coeffi-

cient . The numerical solution procedure will be illustrated

by extending the basic Al scheme to include diffusion .

The resulting discrete representation of Eq. (26) is called

the AD1 scheme.

5.1 The AD1 Scheme

Consider Fig. 11, which may be compared with Fig. 1

f or an alogy . Unlike in Fig. 1, is not equal to

which is the vailue of 5 located at a distance a6x to the left

of •~ . Although the fluid particle originally situated at

the location of does move to the position of at the

end of the time increment 6t, the diffusion process has

changed the 5 value associated with this particle. From

this Lagrangian interpretation , one can relate 3~ 4 1 and

by an explicit, forward-time, central-space, finite difference

scheme for the diffusion equation D$/Dt — v ( a 2$/~ x2), where

D/Dt is the Lagrangian derivat ive . That is,

~~~+1 3
~

1 + - 2  + (27)

22



where

- vót
6x

For stabil i ty,  it is required that 0 ~ B ~ 1/2 {i) .

Similarly,  because of diffusion , is not equal to

Rather, they are related by the explicit formula

3 - 1  — ~~ + ~~~~~~~ - 2 
~~~~~~~~~~~~ 

+ ~~ (28)

In close analogy with Eq. (10) , the six quanti t ies

•~~ • •~—r ~~~ ~~~~ •~, and (Fig. 11) are expanded

in Taylor series about to give

• 
3fl+l — 3D_ 1 + a~~(3~~~ - 

~r’) + a2(.J 
- •~-~) (29)

where a1 and a2 are the same as given in Eq. (10).

The solution procedure in the AD1 scheme consists of

three steps :

1. Calculate 3~~~i, using Eq. (28) ,  for the entire

space domain.

2. By Eq. (29),  calcul ate throug hout the domain.

3. Use Eq. (27) to obtain

The proce dure above is explicit if 3!j~ in Step 2 is computed

in the direction of increasing j .

The AD1 scheme can also be genera lized to allow arbi—

trary courant n umber , and the resulting pro cedure is

1. Calculate 
~~~ 

throughout the domain by

- + - ;
~-Lj 

+ a~~[5~~~ - 

~~~~~ 
(30 )

33



where aj and a~ are given in Eq. (22), and

• = ~~~ + B [ 4 ~ :~5+1 - ~~~~~ + s~:~~_~) (31)

+ — 241~~~~_i 
+ 41~ =~ S_2)  

. (32)

2 . Calculate by

•
fl+1 

= ~~+1 + — 2~~
4
~
1 

+ . (33)

Likewise, A2, A3 , and A4 can be extended to include

diffusion and allow arbitrary Courant number at the same time .

We shall not give the details here.

5.2 Example of High Reynolds Number Calculation

The procedure described by Eqs. (30)—(33) has been

• tested with actual computation of a simple high Reynolds number

flow for which an exact solution is available for comparison .

The parameters of the problem are: u = 1 ft/ sec and V =

ft2/sec. The initial condition is the Gaussian function

r 21( x-x )  i
•(x,0) exp

[— —~--4.~ ---j (34)

where x0 is the initial position of the center of the Gaussian

distribution and to is a constant given by

2
tØ — 4v(ln 2) (35)

24



The “half—strength” radius r is the distance from x = x0 such

that $(x0±r ,O) = 1/2. For this test we used r = 5 It , thus

the characteristic length D = 2r = 10 ft. The Reynolds number

is then

10~

The exact solution which satisfies Eqs. (26) and (34)

is

rt F ( x-x  - ut)2]
• •(x,t) = 

~~t 
~~~~~ 

4v(t
0
+ t) ] (36)

A mesh of 100 6x (6x = 1 It) in length was used , the

point x = x0 being at the center of this domain at t = 0.

Periodic boundary conditions were imposed to economize the

computation. For diffusion stability, Eq. (20) requires that

iSt £ 5 x sec. We used ft = 1000.75 sec, which makes the

Courant number a = 1000.75. The AD3 scheme , an extension of

A3 , was used to start the first time step . Afterwards , the

AD1 scheme was employed.

In Fig. 12, the numerical solutions are compared with

the exact solution , Eq. (36), for NCYC = 100 (t = 100075 sec)

and NCYC = 360 Ct = 360270 eec). The agreement is excellent.

As mentioned earlier , if one were restricted by the usual

Courant condition 0 ~ a ~ 1, the maximum allowable ft would

be less than 1 sec. It wou1d then take more than 100075 time

steps to obtain the solution at t = 100075 eec , which would

make the cost of computation a rather serious matter.
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5.3 Boundary Conditions

In the sample calculations mentioned so far, periodic

boundary conditions have been employed. There are , however ,

numerous advection—diffusion flow situations where other types

of boundary conditions arise . A frequently encountered

boundary condition is the specification of • at the upstream
and downstream ends of the domain . We shall limit our dis-

cussion here to boundary conditions needed in the basic AD1.

AD2, and AD3 schemes (i.e., the Al , A2 , and A3 schemes gen-

eralized to include diffusion , but only for 0 � a ~ 1).

First , consider the downstream boundary (at j = R in

Fig. 13). The boundary quantities needed for computation in

the interior are and 4~~. Since is specified , we only

have to find an expression for . This is done by making

balanced expansions of 
~~~~~~~ ~~~~~ 

~~~~~ and about

(Fig. 13). The result is

fl+1 n 11 — al I n n+il
R—l + Ii + czJ [R 

— 

~R— 1J (37)

The situation at the upstream boundary (j = L in Fig. 13)

is more complicated . The boundary quantities needed for corn-

puting 
~~~~ at the interior point j 

= L+1 are 
~~~~~ 

~~~~~~~~~~~~~ 

~r’~• and $~ which is known . The first step is to find ~~~~ We

write Eq. (28) in a forward—time , central—space difference

about
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+ / ~t4~+1 — 
— 

— 2(~, +
‘St 2’Sx ‘S,c2 

)

which can be rearranged as

(a _ 28)~~~~l +48 44~ + 2[,r1
_ ,

~j 38
~L-l a + 2 8  . )

The second step is to calculate by Eq. (28). To do this ,

we need which can be obtained from Eq. (38) by reducing

all superscripts by one . The third step is to find

Using •r1~ ~r’~ 4~~, and (Fig. 13), we again form a

forward-time , central-space , difference approximation to

Eq. (26) as

- 

+ 

- ~;n+1\ 
= 

- 2q4~ +
‘St 2cz óx / a2 &x2 /

By rearranging, we obtain

(a2 — 28) + 48 + 2ct21,r1 —

a +28

The preceding steps provide all the boundary conditions needed

for calculating at j = L+l.

5.4 Steady-State Solution and the Cell Reynolds Number Limit

To validate further the advection—diffusion schemes

presented here , we have applied them to the steady—state

problem

27



2
~~~~~~~~~~~ V L4 (40)

subject to the boundary conditions

5 = 0  at x 0

5 = 1  at x = 1

The exact solution to this problem is (2)

1 ~~~~~~u v  (41)
1 — e

The AD1 scheme with the boundary conditions treated in

the preceding section was employed . A set of finite difference

equations for the steady state was obtained from AD1 by setting

•
11+l 

= •
1 

= for all values of j. Following Roache (2),

we used 6x 0.1 and solved the steady—state equations

by direct Gauss elimination . The numerical

results are compared with the exact solution in Fig. 14, for

v/ u = ~~ , 1.0, 0.25, 0.10, and 0.05. For V/u less than 0.10,

the numerical solution becomes less accurate as v/u decreases,

because of inadequate resolution by the mesh . The accuracy

can be improved by increasing the resolution . In Fig. 15,

numerical solutions using 6x 0.01 are compared with the exact

solutions. The agreement is excellent .

A difficulty suffered by many existing advection-

diffusion schemes is the “cell Reynolds number limit ,” which

has been described in detail by Roache (1, 2, 3). The cell

28
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r — __________________ 
_ _ _  -

Reynolds number (Re) is the local Reynolds number based on 6x

as a characteristic length , viz.

(42)

In many schemes, e.g., central difference for 35/3x and

in Eq. (40), the steady-state numerical solutions are

qualitatively similar to the exact solutions for R
~ ~ 

2. But

when R
~ 

> 2, the discrete solutions are oscillatory and diverge

badly from the exact solutions.

Using any one of the advection-diffusion schemes

presented in this paper (e.g., AD1), solutions have been obtained

for R
~ 

> 2 and up to R
~ 

= io8. Table I shows the numerical

results for those cases using ‘Sx = 0.1. The discrete 5 values

shown in the table have been multiplied by a factor of 10~ for

easy reading. It is seen that as R
~ 
increases (or as v/u

decreases for a fixed ‘Sx), 5 becomes vanishingly small over a

greater portion of the domain and it rises more sharply near

x = 1 to meet the downstream boundary condition 5(1) = 1. At

= 10~ , a literally discontinuous solution is obtained , whi ch

is in agreement with the exact solution .

• Since 6x and ‘St appear in the steady—state difference

equations derived from AD1, a question may be raised with regard

to the uniqueness of the numerical steady-state solution . That

is , for a given pair of u and v (u ~ 0 and v ? 0), onl y one

exac t solution exists , according to Eq. (41). But in a

numerical model , the solution may depend on the choice of the
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nonphysical parameters 6x and ‘St. Once a suitable óx has been

• selected, then for the given u and v the only free parameter

is ‘St. Thus the question boils down to whether the steady-state

numerical solution is sensitive to variation in ‘St. - For the

various calculations shown in Figs. 14, 15, and Table I,

identical results (i.e., four significant figures) were obtained

for 10~~ ~ a ~ 0.99 . For practical purposes, therefore, the

present steady—state solutions are independent of 6t , as they

should be.

• ••. •7~ )j ~ ~~•~• •
• 

-

‘1 1~~ : • • • • •~~ •

•, 
~~~~~~ ‘1 • •-
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V I .  CONCLUS IONS

The various numerical experiments conducted so far

indicate that the advection and advection-diffusion schemes

presented in this paper are highly accurate . In particular ,

the advection schemes are all neutrally stable , free of any

artificial viscosity (positive or negative). The Al and A2

schemes produce little phase errors, and accurate results have

been obtained up to 20,000 time steps (at a = 0.75) by using

either method. The A3 scheme is fully implici t and more

costly to use, but it is needed only for the first time

step as a starter for the other schemes. The most accurate

method considered so far is the A4 scheme , which , after

100,000 time steps (at a = 0.75), yields results that are hardly

distinguishable from exact solutions. More importantly , the

success of these schemes demonstrates that for some differen-

tial equations, such as Eq. (1), evaluation of the derivatives

is not the only way to obtain finite difference representations

of the original differential equation.

With the removal of Courant number limit , the present

schemes can be used to compute flows at very high Reynolds

number, at least for the model equation considered . Furthe r-

more , with sufficient spatial resolution the present advection -.

diffusion schemes produced steady-state solutions that not only

agree with exact solutions , but are completely free from the

cell Reynol ds number l imit .

• 

•- 
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While it is true that Eqs. (1) and (26) represent fairly

simple systems (i.e., linear , with constant coefficients , and

only for one space dimension), they are nevertheless Importan t

for testing the validity of any proposed advection or advect ion-

diffusion schemes. By the general principle described in this

paper , the author believes that accurate schemes can be derived

for multi—dimensional problems , flows with nonun iform velocity

and viscosity , and mesh with variable spacings. These ex-

tensions are currently under study , and the findings will be

reported at a future date.
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Table I

Cell Reynolds Number

10
_i 

1 10 io2 1o~
0.0 0 0 0 0 0 0 0 0

0.1 10000 6126 22 0 0 0 0 0

0.2 20000 12900 72 0 0 0 0 0

0.3 30000 20380 195 0 0 0 0 0

0.4 40000 28640 491 0 0 0 0 0

0.5 50000 37770 1205 0 0 0 0 0

0.6 60000 47870 2930 1 0 0 0 0

0.7 70000 59020 709 3 12 0 0 0 0

0.8 80000 71340 17150 249 3 0 0 0

0.9 90000 84950 41410 4988 500 50 1 0

1.0 100000 100000 100000 100000 100000 100000 100000 100000
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Fig~ 15. Comparison of Steady-State AD1 Results (dots) with

Exact Solution (solid lines). The spatial resolution

is 6* — 0.01.
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