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ABSTRACT

The suitability of a boson-second-quantization (BSQ) formalism for the
description of cooperative atomic behavior - such as that encountered in
quantum optics or laser-type phenomena - is explained. The physical significance
of BSQ energy states and atomic coherent states, as weil as the correspending
first quantization descriptions are discussed. Specialization to the case
in which the individual atomic systems are characterized by two levels ailcow
comparison of the BSQ theory with other theories of cooperative behavior, not
all of which can be generalized to the case of mcre than two leveis. Passage
to the classical 1limit, an analytical process that must be possible for
macroscopic phenomena, is shown to be accomplished very simply in the BSQ
formalism by conversion of the small number cf coiltective (quantum mechanical)
variables to classical random variables which are prescribed according to
the quantum state of the total system. It is found that conventional semi-~
classical theory is a special case of the fully cliassical limit of the
BSQ formalism, the specialization being the requirement that the system be
in an atomic coherent state. The justification for the identification of
coherent states with a classical description and energy states with a
quantum mechanical description, found in some of the literature on two-
level systems, is questioned.

The BSQ formalism is applied tc a model of & three-lever laser, with
the dynamics of the pumping levels explicitly considered. Equations of
motion in terms of macroscopic variables are obtained without the use of
phenomenological modifications. These equation:, which can be easily
generalized to more than three lievels, may be interpreted both classically
and quantum-mechanically, and offer the possibiiity of investigating a numbex

of problems which are of both conceptual and practical interest.
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I. INTRODUCTION

In a previous article1 it was pointed out that the macroscepic
description of laser-type matter can be based advantageousiy on boson second
quantization (BSQ) theory, in which the individual atomic systems (hereaftar
referred to as '"molecules') are considered to be bosons., The reason is
associated with the fact that laser-type, &r quantum-optical, phencmenz are
cooperative phenomena, and the boscn formalism of quantum mechanics describes
a system in which there exists - in a certain sense - the maximum cocperation
among identical particles. Thus, for a number of particles to be des-
cribable as bosons, the total wave function must be symmetrlcal with respect
to all particles, that is, it must exhidbit the maximum amount of symmetry.
This mathematical requirement can be transixted (freely] into physical terms
by the statement that all particles must behave similarly. The same idea
underlies the well known fact that a hoson field may be described, in many
circumstances, classically, in contrast to a fermion field, which has no
classical analog. It should be noted, however, that the use of the boson
formalism in the present instance is unrelated to the intzinsic elementary
character of the particles, or their statistics, since we can safely assume,
as far as interacticns of present interest ave coacerned, that the molecules
have non-overlapping wave function: and are ildstcinguishable, obeying Maxwell-
Boltzman statistics. It is only «ith vaspsct to their collective behavior
(say, effect on the field) that the moiecui=s are indistinguisheble. One
might say that the use of BSQ focuzes our attention on the essence of laser-
type behavior, namely, ccoperation. I n the present article, the B3Q

method of describing collective phencmena will be deveicped further.




Vot

The main cmphasis will be placed on the physical significance of the
description, its connection with the usual first-quantization description,
and the relationship of the BSQ formalism to classical and semiclassical

descriptions.

II. THE FORMALISM

For the sake of completeness, it is useful to present a summary of
the formalism to be usedl. Consider a number of identical molecules,
each of which has n energy levels of interest, with all molecules coupled
similarly to other systems, such as the electromagnetic field. Let the
molecular energy levels be given by hmi, =125 00 . ,n and the
corresponding one-molzcule states by |¢i> . The space in which the states
of the system are described in the BSQ formalism is spanned by (orthonormal)

basis vectors
lrl e R (2-1)

where the ri's are non-negative integers.
Unless stated otherwise, the Heisenberg Picture will be used.
The fundamental operators are taken to be ai(O) and ai+(0), which, when
operating on the basis vectors, yield
i/2

|rl ;

ai(O)lr1 cer Ty eea T2 =T T N R (2-2a)

t o 1/2 "
a; (0)|r1 oo By wee > = (1y41) |r1...ri+1...rn> ¢ (2-2b)




These operators obey the commutation relations

5 -
fa;(t) , a; (1)] = 1 (2-3)
(equal-time)
with all other/commutators vanishing The Hamiltonian describing the

collection of atoms is expressed by

: : : 6
It is seen immediately that the ai's and ay 's zre the well known
annihilation and creation operators associated with harmonic, oscillators
of frequency w, . The coupling of the molecules to external systems takes

- place through their (collective) "dipoie moment', given, in dimensioniess

form, by

(.1) = 1_ 1 T - T i
i =5 (a) a. a, aj) (2-5a)

g - b e F
le = 5 L(GJ al al aJ) {2 Sb)

(3) = l 1- - + -8
3 = 2(_aJ aJ a, ail - (2-5¢)

(1)

When not coupled to ther systems, the dipole moment componerts d. and
A

o

dij(z) oscillate with frequency %ul - mJ‘ , the resonant frequencies of the

molecule, while diJ(S) is constant, Coupling to an external system is

described generally by the interacticn-Hamiltonian
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5
H'=h ] Fy®e@g@ (2-6)
m=1 i<j R
where the 7§?)'s are coupling constants and f;?) refers to the external
system (say, a field). It is convenient to introduce the reduced variables
A (1), AE (t) defined by

-iw.t + - iw.t
a;(1) = ARle 7, al(r) = Aj(t)e el (2-7)

These variables vary slowly (compared to the natural oscillation) for
sufficiently weak coupling between the atoms and other systems - a condition

assumed throughout - and are constant in the absence of coupling.

b

TTES ENERGY STATES AND COHERENT STATES

The basis vectors |r r > are eigenvectors of the occupation

10

operators ni(O), where

n, = aT a, = Ai AL (3-1a)
and satisfy the eigenvalue equations

ni(_O)lrl APR, PSR S SR T (3-1b)

n S n

The basis vectors arc also energy states of the free (uncoupled) system.

A given value of Zri libels a subspace of the space corresponding to ail




T — .

possible values of the ri'sa The operators a1(0) and aI(O) transfer i
a vector from one subspace into another, but the subspace is invariant
under the cperations dg?)(O), Since coupling to other systems takes

placé only through the dipole moment, the dynamical development cf the

system in the Schrodinger Picture does not take the state vector cut of its

initial subspace. This statement is merely the expression of the fact rhat 1
the total number of molecules N is conserved, and 1s equiva.ent, in the

Heisenberg Picture, to the statement that Eni(;) is a constant of motion,

v e
LiniC;l = N 3-2)

It is clear that any operator corresponding to a dynamical variable must
contain only terms which are products of equal numbers of anninilation and

’ ; il
creation operators. However, the basic operators aiCD) and a_ (0],

individually, are useful not only for computational purposes, but for
viewing an arbitrary number of n level systems - which may constitute both
microscopic and macroscopic matter - in therms of n harmonic osciliators
The expectation value with respect to an energy state of a product of
annihilation and creation operators 1i: nonvanishing only if the product can

be reduced, by means of the commutation relationships (Z-3), to a sum of

products of occupation numbers. It is then obtained immediately by use of

Eq. (3-1b).

T In view of the fact that the molecules are - in principie -
distinguishable, it is natural to investigate the meaning of an energy state
in terms of one- molecule states, or, in terms of the usual first-quantization

formalism, It should be noted that the energy state |r R does not

1

correspond to the first-quantization state |v(1...N)> in which the




molecules labeled 1 to r, are in the one-molecule energy state ]¢1>,
those labeled r1+1 to T *T, in the one-molecule energy state |¢2>,
etc., but rather, to the (normalized) sum of all states obtained from
|v(1...N)> by a permutation of the molecular labels. Thus, one should not
think of |r1...rn> as a state in which the individual molecules are in
energy states, except for the case N=1 and the case ri=éimN. In
terminology explained in detail in connection with two level systems,z’3
an energy state corresponds to a first-quantization state that is correlated
and incoherent. From an intuitive viewpoint, one may think of the individual
molecule as being in a combination of energy states for which the phase of
the dipole-moment oscillation is unknown with respect to an absolute time
scale, but is correlated with respect to that of the other molecules.2
This intuitive explanation will become clearer later, when we discuss the
classical limit.

As is to be expected, phases of oscillation of dynamical variablgf that
do not commute with the Hamiltonian are completely unknown when the system
is in an energy state lrl...rn>. Thus, the expectation values of the
oscillating components of the (total) dipole moment, the variables through
which the system couples in resonant-type interactions, vanish. If we are
interested in coherent states, states for which <d§;)(t)> and <d£§)(t)>
exhibit oscillatory behaviour, we must seek an appropriate superposition
of energy states.

Let a coherent state ° |{c}N> be defined by the relationship




1/2

Tr.
—_—) njchlrl...rn> ’ (3-3)

where the patenthetical superscript (N) in the summation indicates that

the summation is to be taken only over those values of rl's for which

Eiri w . N, (3-4)

and {c} stands for a set of complex numbers €y---c, satisfying the

normalization relation

Ei BoC ey, (3-5)

It can be seen easilty that |{c}N) is normalized:

) 2. 55
[ ] e %y,

Hekeltel>

s 2\N A
(lecjl) $ (3-6)

We are interested, of course, in the effect of the fundamental operators on
the coherent states. For convenience, we consider the atomic system in the
following discussion to be free (uncoupled). Then, from Eqs. (2-2) and (2-7)

one obtains

Akl{c}N> =

j rklrl...r -l...r >

k

I
=z
——
e
N
O
P
—~
o
e
z
1
—
A%

3-7)




The relationships

*
l/ZC.

1.
<{c}N|Aj = <{c}N_llN . (3-8)
and
<{c} |A+A |[{c}» = No. ¢ (3-9)
N'"737 k' N gk
follow, so that we have
(8 X e
<ajdi> = chci exp(ife. - w )t] s (3-10)
a3l = Nlc.c, |eos[w. = w1t + 8.,] (3-11a)
ij s R L i I}
2y, Ly \ et i3
<di] > = N!Cjcil:ln[buj » J.-.\ . v;-'l , (3-11b)
PP 13 IEIR S | 2=l
443> = 3 NLlcjl 2t : (3-11c)
where eji is defined by
2 Y .
cjey F |cjci,e (3-11d)

Equations (3-1la) and (3-11b) desplay the coherence of the state I(c}N» .
The meaning of the coefficients ¢ be:ames ansparent when
we set N =1 . Then, Eq. (3-3) becomes

n
I{c}1> LI T R S (3-12a)

where the set of numbers r} in each tesm s given by

A 4 SR
. ' 4 s




‘ r. = 6., , (3-12n] !
In first-quantization notation, this state may be written as

lo > =

°1l¢i’ - (3-:3;
i1

([ 1=1

1

where, it is recalled, the [¢i>'s are the one-molecule energy states.
Thus the state 1{c}1> describes a coherent superposition of one-moiecule

energy states, with the c 's being the superpositien constamts. It is

i 1
not difficult to see that the state l{c}N> is the B3Q analoy of the

(first-quantization) state

where the superscript (k] labels the molecules; and where

) (_3*1

Ui

n
g%l o )

(Such a state is said to be coherent and uncorrelated, in terminclogy

referred to previously. 2) In fact, the sgusxe or the absolute value of the
coefficient of lrln.arn> in the expansion of ;{c}N> ls just the probability
of finding r, molecules out of N molecules in the i'th energy srate wher

the probability of finding one molecule in the i'th energy state is ic,lz.

*

1

In the language of first quantization, I{c}N> described ‘the situation in
which every molecule is in the same coherent cuperposition of energy states,
We may regard this fact as an alternate justificaticn for the terminology

""coherent state'. The property of maximum symmetry or the statement that




all

lati

molecules behave similarly, is consistent with the relationship

; (m) . N< (m) .
<{c}N|dij |{c}N> N {c}lldin l{c}l .

(3-16)

Equation (3-9) gives the expectation value of a product of one annihi-

on operator and one creation operator, written in normali order.

One can

easily obtain, by a similar method, the expectation vaiue of the product of

an arbitrary number of annihilation and creation operators written in normal

order. From Eq. (3-7) we have, by repeated application of the operators Al,

Al Awnl{c} > = [NQ-1)...(N-R+1)]%/2 i cwnlic} > (3-17)
1 e A Heh> = Fot i RN N-R® ? (3-
where the wi's re positive integers, and R = Eiwi; likewise,
+vl Tvn
<{c}N A1 T An
(3-18)
v %
L2 ] o
= <{c}N_R,[[N(n—1) coo (N-R'+1)] €y e Sy "
where the vi's are positive integers and R' = Zvi . In view of the fact

that subspaces corresponding to different numbers of molecules are crthogonal,

we have, further,

T W,
< ” = J >
{C}Nl Ay "jAj l{c}N

v W.

= N(N-1) ... (N-Rn_)v,c; e,

1

(3-19)

ki




for Evi # Iw This result, together with the comnutation ruies, ailoas

il
the calculation of the expectation value of any product of annihilation and
creation operators when the system is in a ccherent state,

It should be pointed out thsat rthe cszsentlal difference hetween energy
states and coherent states disappears for the case N = 1 , 1n which ail
energy states are merely special cases of coherent states; that is, they
correspond to & special choice of the ci‘s fco which ¢, = éim with
m=1,...,n ., Although such a choice of the ci’s will yleld energy states
for an N , it will not yield all energy states for N »1 , Additional

mathematical properties of the coherent states may be found in the work of

Gilmore et al

1v. SPECIALIZATION TO 1WC LEVELS AND RELATION TO
OTHER THEORIES OF COOPERATIVE BEHAVIOR

Much work is found in the literature on the cooperative behavior of

- . ’ 3 <,3,5-14
two-level systems, of which only a part is referenced presentiy il

Not all of this work can be generalized ezsility to the ~ase of more than ty
levels, as will become cpparent shortly [t 1% ol interest to examine the

specialization of the present formaiism to-twe .evels and its relerion to

other theories Cooperative (or macroscopic) phencmena for & csilection of

&
C

@
54 ; o 3
two level systems were first studied by Bloch™ :nd by Dick zing des-

v
-

criptions that appeared at the time to be unreiated. The reiationship and

physical significance of the difference between the two types of description:

/
was subsequently pointed out,  and has been analyzed more recently in con-




siderable detail by Arrechi st al‘3 When specialized to two level:, the
present coherent states are the BSQ version of fully s;ymmetrized quantum

states considered by Bloch, and the energy states are the BSQ version cf

fully symmetrized quantum states considered by Dicke., el

The expressions tor
(m
12

theory; the energy states |r1r2: correspone to vhose labeled by Dicke with

) : -

<d;,*> of Eqs. (3-11) are, essentially, the dipelie mcment: of Blcoh's
the "cooperation number" r and quantum number m , the correspondence peing

i i e A e 5
T = E'(r1 + r2) and m = i'ch - r.}. Only states with the maximum

4
- 1 : . :

""cooperation numbex E'N appear in the BSQ formalism, since these are the
only fully symmetric states.)

As is well known, a twc level system iz formally equivalent t2 z spin
3 system, and & coilection of twe ievel sysvems may be described ir terms
of angular momentum variabies. In fact, the macroscopic equaticns develisped

5 N y ; P : : ; -
by Bloch™ (the '"Bloch Equations'") wsre movivated by consideration of c¢lassical
: A s TG
angular momentum, and the collective spontanecus emmision studied by Dicke
(""superradiant'" emission) is derived from the quantum me<hanical formalism
for the addition of angular momenta, with <t being the tstal angulax
momentum quantum number and m being the z-~omponent elgenvalus As has
: o 15 S 7 . . .

been noted in the literature, the BSQ formalism for n = 2 (that is, the
formalism referring tc two harmonic ozci.latcrs) becomes simiiac to that of
m)

angular momentum if we take d? m= 1,2,5 to be the three components of
B 3

)

angular moment:m, respectively. [hscries utilizing angu.ar momentum for the
study of cooperative behavior cf two level systems czanst, however, oe simpl)
generalized to treat systems with more levels. The reascn is bzsed on a
group-theoretical argument; the angulsr m.orentum operators are those of

the algebra of the group SU(2), while operators of the algebra of SU(n) are

-

; : 16
needed for sysctems with n levels.




A theory closer to the present formalism is that of Bonifacic, Kim and
Scully.g Although they begin with a consideraticn of angular momentum, they
relate it to the operators asscciated with two harmonic cscilistorss by means
of the relationships of Eqs. (2-5) for df?) and the correspondence noted
above, arriving at a BSQ theory for two level systems. They define atomic

coherent states in a basically different manner, however, from that in the

é present paper. Their method consists of putting each of the two harmonic
oscillators in a harmonic-oscillator coherent state (HOC state), the state
that describes an oscillating (harmonic oscillator) wave packer of well-
defined phase. Since a and a, then have independent wefl defined phases,
it is clear that <dfé)> and <df§) will also have well defined

phases. More precisely, if the two harmonic c¢scillators are in the HOC staes

]u1> and [a2> respectively, such that

Ajlag> = ayjay> T : (4-1)
we can write
T T
- " lJ Z
ETCTCIRY OO S DO SO o R (S S R PPN
1 2 1 Z = & 5 1-d *
rl=0 r1=0 : 172
LL IZ‘J
One obtains immediately,
Aty = = . q (A%
dyy’> = 142a]|cus[(m2 -~ wgdt + 8] (4-3a)
(2), . §.4 et P
d12 = Iazalln.n[Lmz - w )t + 0,] i (4-3b)
3k}, o Lri 2 o o
dlz g 2([’12’ |"*1I ) ’ +




is defined by

where 621

+ 1921
a0, = |a2a1|e ' (4-4)

Comparison with Eqs. (3-11) shows that the correspondence

B R ey e 1, (4-5)
gives the same dipole moment expectation value for the state la1u2>
as for the state I{c}N>.

The definition of Bonifacio et al. in terms of HOC states can be
generalized immediately to the case of an arbitrary number of levels, of
course, the state now being labeied |[la}>, where {oa} stands for the
collection of complex numbers OpyeoOp. A generalization of the expansion
in terms of energy states analogous to Eq. (4-2), is obvious. However, there
exists a basic difference between the two types of coherent atomic states, that
is, between the states l{c}N> and {a}> . The expansion of [{al}> in
terms of energy states contains states of arbitrarily high energy. One
cannot, therefore, define |[{a}> in terms of basis vectors that refer
to a system with a fixed number (or even a finite number) or molecules.

[This fact is recognized in Ref. (9).] Furthermore, the state |{al>

contains more information than is necessary to obtain expectation values of

dynamical variables, which (as mentioned previously] must consist of terms

tv, W,
i
that can be reduced to the form ey lﬂjaj - with vy = Iwe . It s
easy to see that an infinite number of lineariy independent statez |{a'l}>,

where a{ = alele , with 6 arbitrary (but independent of 1), yield

the same expectation value of dynamical variables as the state [{a}>




[Note that in the case of the state vector |{c} >, multiplication of the
ci's by a common phase factor does not yield a different state vector.]
It should also be noted that expectation vaiues of products other than
a1.1'aj are not the same for the states |[{a}> and |{c}N> under the
correspondence (4-5), those for |{o}> being given by

<{a}|m A+Viﬂ iji{a}> = 7 1*lia i (4-6)

ST el ’

while those for I{c}N> being given by Eqs. (3-19) and (3-20). Only for
Iw, = Evi and N >« do these expectation values become equal. The algebraic
aspects of the relationship between the states |[{a}> and i{cN}> are
discussed in detail by Gilmore, Bowden and Narducci,4 who 'show that the

states |{al}> can be used as generating functicns for the states l{cN}>n

V.  CLASSICAL LIMIT

The BSQ formalism is particulariy suitable for passage to the classical
limit. As in the case of boson fields, the classical limit is approached by
letting the number of bosons become iarge. The mathematical - or formal -
reason for this procedure is the fact that the difference between the numbers

t .
associated with a:ai and aja, becomes relacively negligible. Thus, if

+

, ; 1
the commutator of a; and a. can be ignored, a; and a; may be

(=

regarded as c-numbers, and the quantum mechsnical formalism reduces to a
3 A : 174 ;
classical formalism. In other words, as the occupat:on number = associated

with a given harmonic oscillator becomes large, the oscillator becomes classical.




"\

(Note that the last statement is essentially an expression of the Cerreszpondence
Principle). Since, according to Eq. (3-2), Zni = N , a necessary condition

for appraoch to the classical limit is the condition N >» 1, If the

e S S

occupation numbers of interest in the interaction under consideration are ...

significant fractions of N , then N >> 1 is also a sufficient condition.
The numbers associated with the occupaticn-number Jperatcs n. are

determined by the state, of cours. For an ensrgy state lzlﬁqwxn> :

which is also an eigenstate of n, o, the numher assocciated with n., is

clearly its eigenvalue rLos and if ail ri's are large, the behavior of the
system is approximately classical. In general, nowever, the state under
consideration need not be an energy state, and then the numbers asscciaced
with the occupation-number operators are not uakquely dndicated. For instance,
the coherent state of Eq. ( 3-3] consists of a superposition of energy states,
which, for a given level (or oscillator] have occupation-number eignvalues
varying from zero to N , respectively. The relative importance of the

various energy states in the superposition is determined by the absolute

values of the superposition constants, which, In turn, are determined by the
set of numbers CireeCpe A reasonablie measure of the significant occupation
numbers - a weighted average - is provided by the expectation values of the
occupation-number operator. In the case in which the state is not an eigen-
state of n, , we wiil, therfore, use <ni as a measure of the numbers
associated with n; . The argument concerning the ciassical limiv can now

be stated as follows: If the difference between aja;' and 'di&T‘ is
relatively negligible, then (as a reascnabie approximaticn) a; may be rreared
as a c-number, and the i-th harmonic csciilator may be regarded as classical;

furthermore, the entire molecular system may be regarded as ciassical, if

all the pertinent harmonic oscillators are classical.




It is seen that many types of quantum mechanical states may be regardsad
as approximately classical, since the only requirement is that which calls
for all the <ni>'s to be sufficiently large. The question arises: What
method of classical description should be used for a state which meets this
requirement? One might, perhaps, wonder why this question should arisze st
all, since, classically, one generaily specifies all the pertinent coordinares
However, a precise specification of all the coordinates is not the only type
of classical description possible. In quantum mechanies, a precise description
is impossible and a description in terms of a quantum mechanlcal state must
be interpreted statistically. In classical thecry, a precise description is
possible, but sc is a statistical description, the latter being as fully
classical as the former, with the preciss description, in fact, being a
special case of the statistical description. The problem consists, there-
fore, of finding the classical statistical description ~hich is the ciassical
limit of the quantum state under consideration.

The conversion of a quantum mechanical description to a classical
descriptioh,'thus, consists of converting the cperators a, and a: to

~

s
classical random variables , which we designate by a_ and al' , respectively
A

The dynamical meaning (or definition) of these variables is the same in both
A 8 : Sl 3 :
descrlptlens.1 Let the corresponding (classical; reduced variables be
-~ Ll <
Ai and Ai*. These variables will be specified ss fuilows: Consider an
arbitrary preduct of (reduced) annihilation and creation cperators
Tvi Wy
O{TriA.1 Ai }, where O indicates a certain ordering of these operators. for
a given state , the expectation vaiues of this proeduct wiii depend, of
course, on O, but, as mentioned previcusly, the difference for different

ordering arrangements of the overators becomes negligible in th: ciassical

limit. Implied in this statement is the assumption




Zi"i + L o< N (5-1)

(otherwise, terms arising from commutators may not be relatively negligible.)

~ T
Now, classical random variables Ai’ A. can be described by their moments
Xy 1~Vi J
<niA A.7> , which are averages over an encemble inherent in the

av
statistical description. We prescribe these moments (in the classical

l1imit) by the relationship

~*v1~wi -~ Tl w,
¢ s [ "
<niAi A" > = <0'F1Ai Ai } , (5-2)

(e ¥
where O 1is a particular ordering arrangement of the operatcrs that may be

chosen arbitratily, or, better yet, chosen for simplicity ot calculation of
the expectation value (since, within the range of epproximation, all crdering
arrangements yield the same result) For an enexgy state, the uperator:

may be ordered so that the product becomes a product of occupation-number
operators. (If the product cannot be so ordered, the expectation value

vanishes.) Thus, the energy state |1 .2 > In the claxsical limit yields

B T

the statistical description in terms oi moments (in hybrid but obvicus

notation)
~*y i”wi L
5 P R . TS, Sl R e R "
1 nl 158 (R | l i 1 SRS A i T 1 s (5-3)
Cx h 19 &
- For a coherent state, normal ordering aliows & simple compuration of the

expectation values, by means of Eqs. (3-19) snd (3-20), and we obtain as

the classical limit, the moments




e vy Wy (5-4)
<{c}N|1T.1Ai A I{C}N>c£ = Nmoey "c, 6
Zvi, Zwi

where the inequality (5-1) has been utilized in approximating the right
side.

Instead of specifying random variables by a set of memeuts, one can

§
:§ specify them by a probability distribution. [Note that the present
i? procedure does not allow specificaticn of an infinite set of moments for
s finite N , due to the inequality (5-1); this is consistent with the fact
?g that the calssical-limit approximation improves as N increases.] It is
it ARV euW .
3 < 1 9 >
i evident that the set of moments <Il‘°“rnlniAi ATy >, are
consistent with an independent statistical description of each oscillator by
the expression
i 172 =
AJ = rJ e (5-5)
where 6. has a uniform probability distribution, that is, the probability
o
of finding Gj in a unit interval pecween O and 27 1is given by
> -1 ; -
: P(EJ) = (2r7) (5-6]
}
H and the corresponding joint probabiiity is given by
:
é‘
.
: Bk 2 y " a e B SR
P(8...0) = P(31...F(8,) = (27) (5-7]
«.*vi'vwi
i Likewise, the set of moments <{c}\l*‘Al Ai [{:!N’cu are consistent with

a dependent statistical description of each oscillator, in which




A, = NMZ ¢ (5-8)
where 6 has a uniform probability distribution
-1
P(®) = (2m) (5-9)

It should be noted that for the coherent state, in contrast with the energy
state, we have the same random phase for all the oscillators. In the dipole
moment expectation value, where only phase differences are significant,

the random phase of each oscillator plays no role for the coherent state, but
produces a value of zero for the energy state. Finally, we look, in the
classical limit, at the state [{a}> . (Here the question of finite N ,

or limited number of moments, does not enter.) From Eq. (4-6), we obtain

«!vr~wi *vi w
<{a}|ﬂiAi Ay [{a}> o = Ty%y 0 (5-10)

It is clear that this set of moments is consistent with a completely deterministic

description of each harmonic oscillator, given by
A _JEREE (5-11)

It should be emphasized that energy states and coherent states are
equally '"calssical", in the sense of having a ciassical limit. This point
of view is different from that sometimes expressed in the l;teratuzes’g

to the effect that coherent states are ''calssical" and energy states are

1
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|
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|
|
|
*jnunhnun-u‘-.nn-ﬂIIﬁ-uNuﬁnnhnn.hﬂhﬁ-hﬁ.ﬂﬂiﬂ.ﬂﬂ.ﬂ.ﬂ....l....‘J



- D%

"qauntum mechanical", If the (physically meaningless) arbitrary phase factor
in Eq.' (5-8) is ignored, one can say only that, in the classical limit,

coherent states offer a determiniétic (classical) description and energy

states offer a statistical (classical) description. Neither state, however,
can be said to be closer to its classical limit. As pointed out previously,

the mere presence of statistics is no indication of quantum mechanics,

The above-mentioned association of coherent states with classical theory
and energy states with quantum theory is based by some authors3 on the fact
that coherent states can be produced dynamically by a classical (c-number),
deterministically described, perturbation acting on the quantum mechanical
ground state of the N-molecule system. It appears most reasonable, never-
theless, to judge the quantum mechanical aspects of a state - as contrasted
with the classical aspects - by the significance of the expectation value
of the previously-discussed commutators (which are related to the uncer-
tainty principel, or to the disturbance of the system produced by the
measurement process). It is obvious that this significance is greater for
coherent states of small ;> than for energy states of large w> in

contradiction to the above-mentioned association,

VI. "“SEMICLASSICAL" THEORY |

The classical limit of the BSQ formalism is closely related to semi-
classical radiation theory (SCT). In view of the wide use of SCT and the
important role it has played in many calculations, it is instructive to

examine this relationship. The usual form of SCT19 consists of replacing




the dipole moment in volume V, in classical equations of motion for the

A0 R

radiation field, by AN times the quantum mechanical expectation value
of a molecular dipole moment, AN being the number of molecules in AV,
For a single molecule described in the Schrodinger picture (and first-
quantization formalism) by the state |¢> = Zci(t)|¢i> , the expectation

value of the dipole moment is given by

Qgh=;[qungm+cﬁu%un, (6-1a)

@5 = - Lietne, (v - cl(e (0] (6-1b)
ij 24 i i j “

<di(§')> » % [c;(t)cj(t) =gl (e, (01, (6-1c)

The replacement of the classical dipole moment by a quantum mechanical
expectation value is an ad hoc prescription which connects a quantum
mechanical description of atomic systems with a classical description of

the electromagnetic field.

Another form of SCT, developed by Jaynes under the name of 'neo-
classical' theory, achieves the same result without the ad hoc procedure by
starting from a classical Hamiltonian that utilizes a classical model of
an n-level molecule.20 This model is described by precisely the classical
version of the present BSQ formalism, the molecular behavicr being speci-
fied by a; and aI, treated classically, and normalized to Zazai =],
The (classical) Hamiltonian for a single molecule is that of Eqs. (2-4) -

(2-6), from which equations of motion may be derived by means of Poisson

brackets in the usual manner. It is seen that the dipole moment, given




by Eqs. (2-5), has the same form in terms of the ai's as the auantum
mechanical expectation value of the dipole moment in terms of the c;'s.
Furthermore, one can show that the (classical) equations of motion of the
ai's are formally identical with the (Schrodinger picture) equations of
motion for the ci's. If the initial values of the ai's equal,
respectively, to those of the ci's (except for a multiplicative phase
constant that is independent of 1), then the classical version of the

present BSQ formalism for a singie molecule constitutes SCT.

Reference to a single molecuie is significant in the examination of
SCT. One might pose the following question: Consider a BSQ description of
N molecules; do we obtain SCT by converting the ai's to classical
variables (with the appropriate ncrmalization, of course)? The answer
depends - perhaps surprisingly, at first glance - on the type of state
used to describe the system. For a coherent-state description, the answer
is positive, and for an energy-state description, the answer is negative.
The reason is due to the fact that, in the classical limit, coherent states
allow a deterministic description of the dipole moment of the system, while
the energy states do not. The latter, in the classical limit, yield in-
formation only in a statistical form about an ensemble of N-molecule
systems; SCT, however, requires that the expectation value with respect
to the state under consideration specify the dipole moment of a single
N-molecule system. On the other hsnd, as far as coherent states are

concerned, the same dipole-moment cxpectation value is obtained for an

N-molecule system in the state i{c}N> as for as N molecules (with each)
in the one-molecule state |{c! > ; this relationship, for arbitrary {c}

1




is the one required by SCT. Since SCT consists of the replacement in

the BSQ formalism for a single molecule of the g-number variabies by i
c-number variables, it must be regarded, from a quantum mechanical view-

point, as the fully classical limit of a quantum mechanical formalism,

valid only when such a limiting procedure is justiried. Furthermore, it

is a restricted form of describing the classical limit, applicable to coherent

states but not to energy states, and, thus, a special case of the more

general form developed in Sec. V.




VII. APPLICATION OF THE FORMALISM TO A THREE-LEVEL LASER

We utilize the special features of the present formalism by applying
it to a model of a three-level laser. Let the laser matter consist of N

identical three-level molecules, with energy levels hwi, 1= 1.2.3,

i < wj wij = 'wi = wj].
is therefore described by three oscillators of complex amplitude a

ordered so that for 1 < j, with The matter

1* 3 33
We consider single mode operation of the cavity, the mode frequency being
Wyge The loss constant associated with this mode is &, which is defined
in terms of the quality factor Q by 2¢ = w23/Q. The field of a damped

(21)

cavity mode has been described in detail previously ,» and only the

pertinent results will be used here.

The complex amplitudes (or annihilation and creation cperators) of the

radiation oscillator associated with the cavity mode are designated by b23

and b;3, respectively, and are expressed in terms of reduced amplitudes

+
323 and 323 by

-iw23t im23t

byg(t) = Byyledea 2%, by =3y e 22, ' (7-1)

With each atomic transition we assoclate a relaxation "field" (it may be
electromagnetic or acoustic, or it may represent some other loss mechanism)
described by the (non-hermitian) dynamical variables &i j(t), where the
pair of indices corresponds to the transition to which the relaxation

field is coupled, the order of the indices having no significance. These

(12b)

relaxation fields have also been described in detail previously and

as in the case of the cavity field, only the required results will be




used. The relaxation constant associated with the (i,j) transition is
specified by aij’ The pumping will be described, formally, as that of a

prescribed field of arbitrary coherence properties.

The above brief description of the system is made precise by the following

specification of the terms whose sum constitutes the interaction Hamiltonian)

1 S _i_ T A i T
H), (relaxation) = = 1(AAR, - Q@ 128,47) (7-2)
v Ay t 2 L
H13 (relaxation) = 2‘5 (A]_A3 13 Q13A1A3) (7-3)
1 1 APy _i_ T i it L
Hy, (relaxation) = 4 (A2A3¢223 238045) (7-4)
V2
H,. (cavity) “ oy ERA B B R (7-5)
23 y pyitgtaToq IF Hygiatyy
. (pump) = 14 @Al -@Tanh (7-6)
13 2 173 e i
and by the expressions for Cz'ij and B23 &
() -@ 43 . 1 U p >
14 “@0 + - % AiAJ A Tk (7-7)
(23) Yag i io i v =E(t-t") "
- —— + o -
323 B, + 1 7 é dt A2(t )A3(t ) e g (7-8)

23

atoms. (In other words, they acccunt for vacuum and thermal effects.) The

where Qéij) and B(()23) describe QJ and B in the absence of the

coupling between atoms and cavity is assumed to begin at t = 0, If we
ignore thermal effects by assuming the cavity and relaxstion mechanisms to be

at zero temperature, then quantum mechanically,




(23)

23
Bé )|> <|B =0

@91 = <lad®t -0

23)+ -gft)-t, |

<B(23)(t )B (tz) = e

(5% (k) t
@By R (e,) oy SCE)mt))

(7-9)

(7~10)

(7-11)

(7-12)

while classically, BéZS) and @éij) vanieh. 8 (t) 1is the pressribed

pumping "field" and, may be, most generally, a stochastic function of time,

that is, the description of a random process. For nonzero temperatures,

where thermal effects need to be considered, the specification of BO

(23)

and CQ éij) can be suitably modified both quantum mechanically and

classically(lzb’ZI).

Equations of motion are obtained from the interaction Hamiltonian of

Eqs. (7-2) - (7-6), as follows:

+ + +
Al L(‘Q'le + 20 3A3—@ A,
3 2 vz 1

. 1 + 20t +
K, =< CQ .4y B A

2 7 233 2323

. 1 1 >
A, =-—=A . = = A -1 v, +{4 A,

3 /3 & 13 /i 2 23 23 2 23 -

These equations, upon substitution from Eqs. (7-7) and (7-8)

(7-13)

(7-14)

(7-15)

become




i . Lglme 0 s L > '
by fz-Qo Ay + 3 01040, + /2—&0 Ay + 7 A, +(B 4, (7=16)
RN TN 5 (a2) 1 1 np3) 1
o Aadheor- 5@, 7 852 FA,) + /Z-Qo Ay + 3 Aoy
Y 2 t
5 @23yr, 123 ; P ya-E(t-t") 3
i Y2330 A3 ———Ez i‘ dt Az(t )A3(t )A3(t,e (7-17)
et Sk (13) ik et (23) U
e 58, 3 %13 Ay - 5 4, B 3 (M,
oY . t
5 23y "33 1 e wo—E(t=t")
i Y23 Az BO + gz i dt Az(t)Az(t )A3(t e
+@ A (7-18)
where n, = A*A and * stands for unicty or zerc for quantum mechanical

i 2 s 1

or classical interpretation cof the equations, respectively. To these

equations of motion we must add the normalization ccndition

ny + n, =0, = N (7-19)

Equations (7-16) ~ (7-19) are the complete laser equations for the
atomic variables. Once the latter are known, the cavity field is obtained

immediately from Eq. (7-8). As indicated above, these equations can be

interpreted both classically and quantum mechsnizally. Although they appear

rather complicated, they can be considerably simpli’'ied for special comn-
ditions. Classically, they are simplified not only by the fact that A

vanishes and all variables commute, but alsoc by the fact that all terms




with subscript zero vanish. Quantum mechanically, also, the latter terms
vanish if we take the expectation value with respect to the vacuum field.
(Whether this expectation value is taken at this point or at a later point
in the calculation deperds on the question to be answered). In the steady-
state, the integrals occurring in the equation can be carried out explicitly,
the derivaiives vanish, and the integro-differential equations become
algebraic equations. It should be noted that the interaction Hamiltonian
and the equations of motion can be easily generalized to apply to the case

of more than three levels.

The above equations of motion onffer a rich supply of informarion relative
to a number of questions of physical interest. Omne question, for instance,
concerns the role of quantum mechanics, (as contrasted with classical
mechanics) in laser operaticn. Another question, which is of considerable
practical significance, concerns the influence of the pumping process on the
stability (or noise properties) of the laser output. The answer to the
latter question may be sought in the preseat theory because the dynamics

of the pumping levels are explicitly considered.

The study of solutions of these equations will be considered in a

subsequent publication,
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