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Abstract

We describe two methods to de te rmine  exact formulae for
the number of labelled connected graphs on n po in t s  and n+k
edges for general n and different value s of k. One method
supplies an essential piece of information for general k;
given this , the other is much more efficient and is well—
adapted to machinc computation . We extend the first method
to several other problems but have to replace the second
by a different method for each problem. According to
Temperley , at least two of the problems are of physical
interest.

In addition I solve three problems about the properties
and the evolution of “almost all” large graphs. The
appendices consist of six research papers, three accepted
and three under consideration by American and British
journals; of these one is by other &uthors and contains
computer results connected with my work.
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!parsely edged connected labelled graphs

1. As in last year ’s report , we wr ite f = f ( n ,q) for
the number 01 connected graphs with n labelled nodes and
q edges and without loops or multiple edges. We write

N 4n(n— 1), B(h,k) = h /(k (fi—k )~ ) ,

Wk 
= ~~~ f(n,n+k)Xnh/n~ , D = Xd/dX.

I found a recurrence formula for f(n,n+k), namely

(n+k+l)f(n,n+k+l) = (N— n-i.1)f(n,n+k)
n—i k+l

+4 ~.II B(n,s)s(n—s) f(s,s+h)f(n—s,n—s+k—1) (1.1)
s=l h=—1

From this I deduced the form of W and W and that-1 0

Wk+l 
= (1_0)

_
1{_lSe (1_O)”JkdO, 

(1.2)

where k~~O,

o = l—D 1V_ 1 = 1 - ~In=l
and

= 3DW 2kW + ~Ih=0
From this we can calculate Wk as a sum of integral (mainly

negative) powers of 0 for successive k so long as the integrand

In (1.2) does not contain a term in 0
_i
. I found by pencil

and paper calculation that this was true for k 0,1,2,3.

3
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I was then able to deduce that , for all n,

2f(n,n) = (h(n)/n ) _~~ f l_2
(~~~~1)

and that , for successive k~~i so long as there is no term
in in the integrand, we have

f(n,n+k) (_l)kMkh(n)
+(_l)

k_]
Pkn

h1_2
(n_l), (1.3)

where [3k/2]-]. [(3k+1)/2]
Uk 

= > mk ~
I = >— 1’k 

~~~S (1.4)
5=0 s=0

and the coefficients mk ~ ~k 
can be calculated with

sufficient labour.

It is clear that , so long as the term in 0
_i 

does not
appear , the formula (1.2) is well adapted for machine
calculat ion . In my last report I wro.te that the necessary
routines were not available on the Aberdeen University
computer. However, since then, three of my colleagues
(F. M. D. Gray, A. M. Murray and N. A. Young) have been
kind enough to write the appropriate programmes. These
evaluate W and the m and p up to ic = 24. The machine

calculations showed that the 0~ term vanished from the
Integrand up to k = 24, at which point the enormous numbers
involved saturated the machine ’s capac ity.

In spite of some effort, I could not prove that the
term in 0

_i 
vanished for all k~~i by means of the recurrence

formula (1.2) and it seems unlikely that this is possible.
But I found an alternative method , which I call the reduction
method, which could be used in theory to calculate Wic.

In pract ice, however, except for k = 0, 1 and 2, the method
is impracticable. But it does enable me to prove that,
for all k ~ l, Wk is a sum of powers of 0 and so (1.3) must
hold.

The whole of these results are written up in detail in
Appendix 1, which is a paper which has been accepted by the -

new Journal of Graph Theory . Appendix 2 contains some of
the computer results and is a paper by Gray, Murray and
Young to appear in the same journal.
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Equivalence of two generating function identities

2. Dr. C. C. Rousseau of the University of Memphis,
Tennessee, has been visiting the University of Aberdeen this
academ ic year as a Carnegie Fellow at my i n v i t a t i o n .
He heard me give two lectures on the work in the preceding
section . Somewhat later he came across a paper by Temperley
(101 and pointed out to me that a recurrence formula .4

equivalent to (1.2) could be deduced by an extension of
Temperley ’s method from Riddel.l and Uhlenbeck’s[9 I result
that

OQ

e~
’ 1 + L Xn(l+Y)N/n (2.1)

n=l

where
- 

F = > f(fl,q)~ ny~~
n,q

I discovered that the converse was true, so that (2.1) is
equivalent to (1.2).

If we write p = (q/n)—4 log n, I have shown [ii i that
we can deduce from (2.1) an asymptotic expansion of f(n,q)
for large q, provided that /.4~~~3 w as n—~ co . Again from
(1.2), we can deduce an asymptotic approximation to f(n,q)
when q—n = 0(1). Thus the two equivalent results (1.2) and
(2.1) about generating functions give us asymptotic
Information about f(n,q) in two widely separated intervals
of q. In part of the intermediate interval , viz. when p~ isbounded, Erd~s and RInyi [2) have found an asymptotic
approximation to f(n,q) in an entirely different way and
remark that (2.1) seems useless for this purpose for this
range of q. In the remaining part of the intermediate inter-
val, we know only that f(n,q) = o(B(N,q)), which is not very
informative

Rousseau and I propose to publish a short note on this
topic. It is interesting to note that we now have four
methods (including Rényi’s [8]) to calculate f(n,n)
compared with at least ten [7] to prove Cayley ’s (i~ result —

that f(n,n—l) =

5 
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Gilbert [5] showed that there were results similar
to (2.1) for three types of connected multigraphs and for
four types of weakly connected digraphs. For each of these
seven cases one can deduce results similar to mine for
f(n,n+k) either by the Temperley-Rousseau method from
Gilber t ’s results or d i r ec t ly  by a simple adaptation of
my first method described in ~1 and Append ix 1 of thisreport.

6
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The reduc t ion  method

3. We cal l  a simple graph on n po in ts  and q edges an
(n ,q)  graph . We reduce a connected , labelled (n , n+k) graph
f i r s t  by removing  eve ry  end po in t  and i t s  ad j acen t  edge and
repea t ing  t h i s  process u n t i l  we have  a smooth graph , i . e .  one
w i t h o u t  end po in t s .  We e l ide a point B~~ iT~~ gree 2 , ad jacen t
to the  edges AB , BC by removing B and replacing AB , BC by an
edge AC. We reduce our graph  f u r t h e r  by e l i d i n g  all  but a
carcfully defined few of the points of degree 2. Fina l l y
we remove the labels. We are left with an unlabelled
connected basic (s,s+k) graph , since each step has reduced
the number of points and the number of edges by the same
amount . The numbe r of such non-isomorphic basic graphs
depends only on k.  We now w r i t e  g for  the order of the
automorphic group of a basic graph , j ( n )  for  the number of
connected labelled (n , n+k) graphs which reduce to tha t  basic

— graph and J =>  j ( n ) X n /n  We can show tha t  J = (l_0)°’0 1’ /g ,

where the non—negative integers ~~~ and ~3 depend on the basic
graph . Clearly W1, =~EJ , where the sum is taken over all the
basic graphs for ~he particular value of k.

While t his proves tha t  W~ is a sum of integral powersof 0, it does not provide an efficient , or even a practicable,
met hod of calcula t ing Wk for  an y but the first few values
of k. As k increases, the number of basic graphs increases
with great rapidity. It soon becomes quite impracticable
to catalogue them all , even by using a computer. All this
is explained in more deta i l  in Appendix 1.

7
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Strongly connected digraphs

4. I next found that the reduction method could
be applied (in theory) to obtain a formula for the number
of va r ious other classes of (n ,n+k) graphs. In each case ,
the method was impracticable for all but a few small values
of k but , as in~~3, it supplied essential information aboutthe f o r m u l a .  Using t h i s  i n f o r m a t i o n , I could in every case
but one develop an e f f i c i e n t  method ( d i f f e r e n t  in each case)
to ca l cu la t e  the fo rmula  by computer .

The f i r s t  case was t h a t  of s (n , n+k) , the number of
strongly connected d igraphs .  The reduct ion method showed
that

s(n,n+k) niPk(n)(n>k),

where is a polynomial of degree 3k—l in n (not the

same as the P~ in~~l). To determine Pk(n), it was then
enough to find the value of s(n.,n+k) for k<n~~4k and this
could be calculated by means of my recurrence formulae [12 ]
for s(n,q), a simplification of those due to Liskovec [6].
Appendix 3 gives the details and has been submitted to the
Bullet in of the London Math. Soc.

8 
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Further appl ica t ions

5. The next case is t h a t  of v ( n , n+k) , the number of
- 
“smooth” label led connected (n , n÷k )  graphs , i.e. graphs without
e n d — p o i n t s .  Here the reduc t ion  method applies very r ead i ly ;
for small k one can take the basic graphs as for  the ordinary
connected graphs . If we wr i t e  Vk = >~ v ( n , n+k)Z ’~/n ! , the

reduct ion method shows us tha t , for k~~l, we can find Vk from
Wk by substituting 1—Z for 0. The formula  for v ( n , n+k) in
terms of binomi.~l coefficients involving n can be read off atonce from the computer  results for Wk .

Anothe r case is tha t  of u (n , n+k) , the number of labelled
blocks w i t h  n points and n+k edges. Again the reduction method
tells us tha t  u ( n , n+k) is n t ime s a polynomial of degree
3k—l in n.  But to calculate  u ( n , n+k) I use a fu r the r extension
of Temperley ’s [101 method to f ind  a recurrence formula for
Uk, the exponential generating function for u(n,n+k). The
formul a is more complicated than that for Wic, but is still welladapted for machine ca lcula t ion.

A f u r t h e r  problem is that  of the number of Hamiltonian
(n , n+k) •graphs. The reduction method works again in a ra ther
d i f f e r e n t  way,  w i th  the usual l im i t a t i on  on its prac t icab i l i ty
for all but a few small values of k. So far I have not found
a recurrence or other “e f f i c i e n t”  method to ca lcula te  the
exponential  genera t ing  funct ion . This is still  under
invest igat ion and none of these three cases has been written
up yet in deta i l  for publicat ion .

Temperley [10] remarks that  (n ,q) graphs , where n is large
and q is near n, i.e. (n,n+k) graphs where k=0(l), are of much
greater physical interest  than those where q&~~n log n .  I have
not yet had time to follow up th is  remark , but he does imply
that  (n , n+k) blocks are also of physical interest when k=0(l) .

9 



Large cycles in large labelled graphs

6. I have written a sequel to [141, which has been
accepted for publication by the Mathematical Proceedings of
the Cambridge Philosophical Society. This appears as
Appendix 4 in this report. If a graph contains a cycle of
length k for every k such that 3~~k~~k0, we say that it is
pancyclic up to k0. In Appendix 4 I show that , if
q/n —~ co , k0

3 = o(n2) and k0
3 

= o(q2/n) as n —b ~O , then
almost every labelled (n,q) graph is pancyclic up to k0.t These conditions are sufficient but , apart from the first,
I think it is unlikely that they are necessary . But I cannot
at present improve them. The result is of interest in itself
but also can be used to obtain a result in the unlabelled
case (see the next section).

10
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The evolut ion of random unlabelled graphs

7. Erdt% s and R~ nyi  [3 , 4]  showed tha t , If q = o(n), the
typ ica l  labelled (n ,q)  graph (i.e. almost every (n,q) graph)
is the union  of d i s j o i n t  trees and so conta ins  no cycle.
They trace the elaborate changes in the structure of the
typical (n,q) graph as q increases and show t h a t , whe n q is
about ~ n log n the typ ica l  graph consists of one large
connected component and a numbe r of isolated points.  To th i s
I have added the information contained in [141 and Appendix 4
of th is  report.

Appendix 5 is a paper which  I have submitted to the
Journal of the London Math. Soc . In it I show that  the
evolution of the typical unlabelled (n,q) graph is quite
d i f f e r e n t  and muc h simpler , i.e. simpler to describe, though
the result depends on arguments  more complicated than those
in the labelled case .

The essential point is that , if q ------* co as n —4 CD
the typical unlabelled (n,q) graph consists of a large
connected component and otherwise only isolated points. The
typical graph is pancyclic up to k0 (i) if 

< A and

= o(q log q) and (ii) if --—--÷ co as n —~-co

= (q2/n) and k0
3 

= o(n2).

11 
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The degrees of points in almost all graphs

8. We consider all the 2N graphs on n labelled points
and write d(x1) for the degree of the point x1. Then we can
show by a probabilistic argument that for some positive
C1,C2,C3 independent of n, we have

~n—C1(n log n)&(d(x1) <-~n+C1(n log

for all points x1
(l ~ I~~n) and d(x1)<~~n—C2n~

for more than C3n/log n points x1 in almost all the graphs.

I use earlier work of mine to prove that these results are
also true for unlabelled graphs. The details are given in
Appendix 6, which is a short note that I have submitted to
the Math. Annalen . An interesting problem is whether either
of these results are best possible and , if not, whether
they can be improved .

12
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Cybernetics?

9. The Russian publishing house “Mir” has applied
to the Oxford University Press for leave to translate my
pape r [13J and publ i sh  it in a collec tion of papers on
Cybernetics. I have of course agreed. It is in teres t ing
that they have selected this paper. It is the most
fundamenta l and the most diffi cult that I have so far
wr itten on the enumerat ion of unlabelled graphs and from
its results I have d r a w n  a number of consequences (see ,
for example, Appendix 5) and have a number of others still
to complete. But I am at present puzzled as to its application
to Cybernetics.

I hope to find out more about this in due course, as well
as the physical applications referred to at the end of ~ 5.

J

13
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Appendix 1

The number of connected

~parsely_edged graphs.

E. M. Wrightt

(To appear in the Journal of Graph Theory)

1. Introduction s We consider (n,q) graphs,

i e . graphs ‘with n labelled points and q edges, no

multiple edges and no loops, so that the maximum

numbe r of edges is N n(n—1)/2. We write

f — f(n,q) for the number of connected (n,q) graphs.

It is trivial that f(n,n+k) = 0 If k < — 1 and it

has long been known [2] that

f(n,n-1) = ~n-2 (1)

Indeed at least ten different proofs of (1) have

been found by various authors [6]. Renyi [7]

found a formula for f(n,n), which I discuss later.

I have some recollection of having seen (before I

was interested in the problem myself) an abstract

of a paper ‘which found a formula (not stated in the

abstract) for f(n,n+1), but I have not been able

to trace this abstract again. In view of the great

t The research reported herein ‘was supported

by the European Research Office, United States Army .

14 
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a t t en t ion  that (1) has at t racted , i t  is curious tha t

no one seems to have taken the study of f(n ,n+k)

fu r the r .

Here I f ind  fi r s t  a recurrence formula for

f ( n ,n -4-k) for successive k and n . From this I deduce

a recurrence formula for the generat ing func t ion

Wk Wk(X) = :~::~ 
f (n , n+k)x ’~,’n :,

‘wh ich enables me to express Wk for successive k in

terms of a variable 0. In fact , for all k ~ 1,

is a finite sum of integral powers of 6, but this

does not appear to be deducibl e from the recurrence

formula , though of course it can be determined for

successive k by detailed calculation. Since Wk

does take this form , we can find a formula for

f ( n ,n+k) for each successF e k which depends only

on powe rs of n and on the numbe r
n-i

h(n) = 
> 

B(n,s)s5(n—s)T1
~
5,

s= 1

where B(n,s) = n:/(s:(n—s):1. All this is ‘well

adapted to machine calculation)which is indeed

necessary for all but the first few values of k~

15
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To show that is a finite sum of integral

powers of 0 for all k ~ 1, I have to use an

V entirely different method ‘which does not involve

the idea of recurrence. This second method also

provides an alternative, but grossly less efficient ,

method of calculating Wk. In theory , machine

calculation could also be applied to this method ,

but the relative inefficiency would be very great

indeed .

If Wk did not take the form of a finite sum of

integral powers of 0, we could still deduce a formula

for f(n,n+k) but this would be more complicated and

‘would involve additional sums , each at least as

complicated as h(n). Since this does not occur, we

need not develop the idea further s

My main result Is the following.

Theorem 1. We have

2f(n ,n) — (h(n)/n) - n’~
2(n-l) (2)

and, for k ~ 1,

f(n,n+k) (_ 1) kMk (n )h (n )  + (~ 1)~~~
1P (n)n~~

2 (n-1) ,

16
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where

( (3k+1)/2 J
Mk 

— 
I 

1
~kS ~ ‘ ~k ~~~~~~~

— ~ks ~

and the mk S,  
~ ks can be calculated in succession.

Machine ca lcu la t ion  shows that  1
~kS and

are positive for all k ~ 24 and all s. It is a

very plausible conjecture that  this pe rsists for all

k but I cannot prove it .

I am deeply indebted to Dr. A .M . Murray, Dr.

P.M .D. Gray and Dr. N.A . Young, all of the Computing

Science Department of the Univers i ty  of Aberdeen , for

writing the programmes and carrying out the

calculations on the PDP 11/40 in th-at department .

At the stage ‘when I had only found (by “hand”

calculation) that W1, W2, W3 and W4 were each a sum

of integral powers of 0, they ran the calculations

up to k = 24 and showed that this was still true .

This encouraged me to persist ‘with the problem of

proving that this was true for all k ~ 1. They

also found the values of mks and for all k ~ 24.

Some of their results are listed in the following

paper.

17
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2, The recurrence relations. If an (n,q)

graph is connected , an edge can be added in N—q

different ways to make another connected graph.

Thus we form (N-q)f(n ,q) connected (n,q+i) graphs

(not all different). If instead the (n,q) graph :1

has two connected components, one a connected (s,t)

graph and the other a connected (n-s ,q-t) graph ,

we can construct a connected (n,q+1) graph by

adding an edge in each of s(n-s) ‘ways . The s

points can be chosen in B(n,s) ways. If we sum

over all s from 1 to n-i, we shall have counted

each (n,q) graph with a pair of connected components

• twice. Hence we construct Q connected (n,q+1)
graphs in this way, ‘where

n-i q-n+s~12Q ~~~ B(n,s)s(n—s) )
~ 

f(s,t)f(n—s,q--t).
s—i t—s-1

No other (n,q) graph leads to a connected (n,q+1)

graph by the addition of one edge. But, in the

total collection of connected (n,q+1) graphs we have

now constructed , each graph occurs just q+i times,

since each of the q+1 edges may be the added edge.

18 
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Hence

(qi-1)f(n,cj+1) (N—q)f(n ,q) + Q(n,q), (3)

Putt ing q-~n+k , we have

2(ri+k+1)f(n,n+k+1) 2(N—n—k)f(n ,n+k)
n-i k+1

+ 
> 

B(n , s) s (n— s )  ~
YI1 f ( s,s +h ) f ( n— s ,n --s+k—h)~ (4)

s~1

This is the recurrence formula  for f ( n ,n+k ) refer red

to above. Bol [1] and Dziobek [3] found the

particular case of (4) in which k=-2 and used it to

prove (1).

We ‘wr~tc D for the operator Xd/dX and [V]~ for

• • n times the coefficient of X~ in the power series V.

• Clearly [Dv]~ = n [V)~~. We write also

G DW 1, H = D2W 1, so that

[Gi n 
= ~n-l, ~~~~~~~~ = ~~~~~ [H 2

]~~~
= h(n) (5)

and

EWk) = f(n,n+k), [DWk] = nf(n ,n+k). (6)

19
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The series for 0 and H converge for lx i < e~~ by

Stirling’s formula. We need not assume convergence

for the power series Wk (though in fact it is also
—1convergent when XI < e ) ,  but ‘we can take the

generating function as formal~

Dividing (4) through by n , multiplying by

X~ and summi ng from n~ 1 to o , we have
k+1

2(D+k+1)Wk+ l (D2 _3D_2k)W k + ~i::: (DWh ) (DW k ....b) . (7)

If k=—2, th is reduces to

2(G-W 1
) — G2. (8)

Operating on this with D, we have

D(G2) = 2HG = 2(H-G), (9)

so that

(1-G)(1+H) = 1. (10)

Dividing (9) through by XG and integrating , we

find that

which is, of course , well-known [5].



- - V _ V  

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~~~~~~~~
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If we put k=—1 in (7), we have

2(1—G)DW0 11 - 3G + 2W 1 H - G -

by (8) and , so by (9) an d (10),

2DW (1-i-li) (H—G—G 2) ~~ H~ — H + G (11)

From th i s  and (5) and (6) , we have (2) .

For k )~ 0, the equation (7) becomes

(l_G)DW
k+l + (k+i)W k+l ~k’ 

(12)

where

(D2_3D_2k)Wk + ~ 
(DW h) (DW

k h ) .

Hence, by (9),

• 
D(Gk~~Wk+l) = HG

kJk ,

so that

Gk~~Wk+l = i:. HGkJkdX/X = i: GkJkdG,
since G(O) 0. If ‘we put 0 = 1 — G, we have the

following theorem . -

21 
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Theorem 2 . If k ~ 0, then

(i_e)k~~Wk+l 
— 

i: 
(1_0)kJkde. (13)

3. Deduction of Theorem 1. We remark that ,

DO = B G/(1-G) = - 1

by (9) and so

D (0
_i

_i) (d/dG) (1_0 1) (d/dO). (14)

Now , by (11),

2DWØ = e
_2
(1_e 3, (15)

and so 2dW0/de - O~~~~ + 2 - 0 and

4W0 
= — 2 log $ - 3 + 40 - ~2, (16)

since W = 0 ‘when 0 = 1. Again
• 0

2D2W0 = (i_0 _ 1) (-20~~ + 3Q_2 
- 1 )

and so

8J0 = 50~~ - l60~~ + 150
_2 

- s +

22
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Thus , for  k~ 0, the term in in the i n t eg ra n d  on the

right of (13) vanishes and so the integral is a sum of

powers of 0 and contains no log 0 term . We then find

that

24W 1 5e~
3 

— l90
_2 

+ 26O~~ — 14 + 0 + (17)

= e~~( l— o )~~(5+o) .

ii we now calculate (l—0)J1, the term in

vanishes and we can deduc e that

48W2 = e_ 6 (l_ 0) 4 (l5_ 50_202_ 503_04 )

from (13). Machine calculations for successive k show

t h a t  the term in in (l_ 0) ’
~Jk disappears up to k=23 ,

but it does not seem possible to deduce t h a t  this  is

true for all Ic ) 1 from Theorem 2. I prove the fol lowing

theorem l a t e r  by an en t i r e ly  d i f f e r e n t  combinatory argu-

men t .

Theorem 3. For all k)l, Wk is the sum of a

finite number of Integral powers of 0 with rational

c o e f f i c i e n t s .

From (14), (15) and Theorems 2 and 3 we can deduce

the following theorem in an obvious way .

23
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2
Theorem 4. Wk ZL Ck 0 if k ~ 1.s=-3k S

• We now have to determine f(n,n+k) from the

form of Wk given in Theorem 4, i e . to calculate

[O51~ in terms of h(n), ~n 2  and other powers of n.

By (5) and (9), ‘we have

= 2n”~
2(n~l), 

[o]~ = - ~~~~~ [0
2
]~~

=_ 2n~~
2

For the negative powers of 0, we remark that

B — O~~ - 1, H2 = e 2 20
_i 

+ 1

- 

and , by (14),

DR (1-0 ’)(dH/dO) = -

DH2 20~~ - 4O~~ + 20
_2

,

and so on , in succession, Hence

= [e~~]~~, h(n) = [ 0
_2 

- 20 ’]~~,

[e~
2]~ h(n) + 2n~ , 

~
° 1 n 

= h(n) +

2 [0 4
]n ~ (n+2)h(n) +

• 
and so on, Thus from (17) we deduce that

24
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• 24f(n,n+1) = ~~~
2(n-1)(5n2+3n+2) l4h(n)

and similar ly we can calculate that

• 1152f(n,n+2) (45n2 + 386n + 312) h(n)

— 4n~~
2(n~1) (55n

3 + 36n2 + 18n + 12).

More generally we deduce the second part of Theorem 1 
-

from Theorem 4. Obviously i(1,li-k) 0 if k ~ 1;

since h(1) = 0, the factor n—i must appear as it does.

I
I

I
-

~~~~

- 
25
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4. Reny i’s formual for f ( n ,n). As we remarked

earlier, Renyi [7] found a formula for f(n,n). This

was

f(n,n) = ~~~ s B(n ,s)n’~~~~
_ 1

. (18)
s=3

The equivalence of (18) and (2) follows from the

fact that
n n—sh(n) 

= _ _ _

n! ~~~~~~~~ (n—s)

We can prove this either by using Cauchy ’s theorem and
—G n—sthe transformation X = Ge or by expanding (n—s) in

• each term of h(n) by means of the binomial theorem ,

re—arranging the resulting double sum and remarking

that
(..1)v_s ~ = S(v,v) = 1,

s=o s (v—s)

where S(n,k) is the Stirling number of the second kind.

26
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5. Another method to calculate_f(n,n). Since

at least ten authors have found as many proofs (see

[61)of (1) between 1889 and 1963, it is perhaps

worthwhile to -rind still another proof of (2), so

• that Renyi and I w i l l  have found three proofs of

(2) or (18) between 1951 and 1975 . More seriously,

my second proof gives a combinatorial reason why

involves log 0, i ,e, ‘why Theorem 3 is only true

for k ~ 1, and also helps to make my proof of that

* 
theorem in S6 a little more easily understood .

Any connected labelled (n,n) graph contains just

one circuit of t points, where t ~ 3, and each point

in the circuit is a root of a rooted tree (possibl y

V the degenerate tree consisting of a single point.)

The number of ways in which we can choose first

s1 points out of the n, then s2, then ~~~~~~~ . . .,  Up

to S
t 

is ~:/ ( ~1: S2. ~~~~~~~~~ The s1 points in the
s—i

• first set can form s1
4 rooted trees. Let L_ —

denote summation over all ordered sets. of positive

integers s1, . . .,  s~ such that ~~ s1 n. Then

n labelled points éan be arranged round the circuit

27
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in t rooted trees in n: !/./(n,t)/(2t) ways, ’where

= >1 s1 s2~~
’...s

~~~
’/(s1:...s~

:),

since each possible circuit has been counted 2t times

- • in n:~ i’(n,t) . Hence

f(n,n) = n \L’(n,t)/(2t)
t—3

and so

2W0 
— 2 f(n,n)xnl,~n: = >! (>~i 

s
S_l

XS/s:)t /t

= 
~~~I 

Gt/t = - log (i-G) - G - (G2/2),

‘which is equivalent to (16). We can deduce (ii) by

operating with D and (2) follows as before.

28
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6. Proof of Theorem 3. From each connected

(n,n+k) graph we remove every end-point and its

adjacent edge . We repeat this process until we are

lef t with a connected (t,t+k) graph with no end-

points. Since Ic ~ 1, this graph will contain a

positive numbe r r of points of degree greater  than

2, which we call special points , Clearly r ~ 2k.

We now consider special paths. Such a path begins at

a special point , has only ordinary points (i.e. points

of degree 2) in its interior and ends at a special

point. It is easily seen that the (t,t+k) graph

consists of a number of special paths, disjoint

except for the special points at the ends.

These paths are of four kinds, An o(- path

begins and ends at the same special point and so

must have at least 2 interior points . We elide

all its interior points except 2, i e ~ if B is

an ordinary point and AB, BC are edges, ‘we replace

AB, BC by AC and delete B. If two different

special points are joined by just one special path,

this is a — path; we elide all its interior

points. If two different special points are

joined by more than one special path , at most one

29
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of these paths is a single edge , -which we call a

~~
,— path. The remaining paths, or all the paths

if there is no~~ — path , joining the two points

each have at least one interior point and are
- 

- k—paths; we elide from each 
~
(— path all but one

interior point . We call the new graph (with its

labels removed) a basic graph. The number of

c~<. — , (3 - , - , paths is a , b, c, d respect ively.

The number of points in the basic graph is r + 2a + c~

Each elision has removed one point and one edge .

Hence the number of edges in the basic graph is

3a + b + 2 c + d = r + 2 a  + c  +k

and so a + b + c  + d = r  +k~~~3k.

Thus the number of non- isomorphic basic graphs

depends only on k.

We now take any one of the basic graphs , write

j(n) for the number of connected labelled (n,n+k)

graphs from which the• basic graph can be obtained

by the above process and put J =

• We label the special paths . To obtain any of our

- 30  
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original (t,t +k) graphs ‘without end points ‘we

distribute t-r-2a—c additional nodes on the a+b+c

paths which arc o< -, - or - paths . We can do

this in just y=y(t ) = y(t,n ,a,b,c) different ways ,

where y is the numbe r of non—negative integral

solutions of

m1 + • . .  + m +b+ 
= t-r-2a—c ,

order being relevant , so that y is the coefficient

of Gt ~~ G~~
2a-

~
-c (l_G)_a_b_c . In fact,

y = B(t-r-a+b—1 , a+b+c—i), but this is irrelevant

to our argument .

We now discard the labels from the special

paths and label all t of the points in our new

(t ,t+k) graph , as (say) T1, ..., Tt. Tak ing the

n labelled points in the (n,n+k) graph we are

seeking to construct , we can arrange them in t

ordered rooted trees in n: )~‘(n1 t) ways , and

root each tree at the , corresponding point in the

(t ,t÷k) graph, i.e. the tree on the first s1 points

at T1, and so on, Thus we have constructed

y(t)n: )L’(n,t) of the (n,n+k) graphs from each of

31 •
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which the same basic graph could be obtained . All

such graphs are included but not all are different .

In fac t, each of these latter graphs will occur just

g times , ‘where g is the order of the graph of

automorphisms of our original basic graph . Hence

we have

j(n) = ~II n:y (t )~ l’(t , n),’g
t~n

and so

gJ = ~~~~ y(t)Gt 
= G~~

2
~~

-c(l_G)
_a_b_c

t

and
= (1_0)~~

2 o
_5_

~~
C/g,

a finite sum of integral powers of 0. Summing over

all the basic graphs , we obtain Theorem 3.

‘I-
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7, Calculation of WIc by the second method, If we

wish to use the second method to calculate WIc, we

must first determine all the basic graphs, We can

reduce these further by eliding all the remaining

points interior to the o(. - and ‘(— paths. We have

then a smaller number of non-isomorphic connected

unlabelled muitigraphs, each on r points o degree 3

or more, with r+k edges, loops and multiple edges

being allowed . If we now remove the loops and replace

every bunch of multiple edges by a single edge , we

have a connected simple graph on r nodes and not

more than r+k edges. For k ~ 3, these may be

read of f from the diagrams in [41 .

In the reverse process, ‘we hav e to consider

each connected simple unlabelled graph with r

points , where 1 ~ r ~ 2k, and not more than r+k edges.

To each fundamental graph, we determine all possible

‘ways (if any) of adding loops and/or multiple edges

parallel to existing ones so as to make all points

of degree at least 3 and not to exceed a total of

r+k edges. If we still have edges to spare , i~e•

33 
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we have not used all ri-k edges , we have to consider

all possible ways of adding the remaining edges as

loops or multiple edges parallel to existing ones~

We thus obtain all our multigraphs (as in Figure 1

for k = 1) . From these ‘we can determine our basic

graphs quite simply (as in Figure 2 for Ic = 1).

By the reasoning of the last section we find

that

W1 =
(1— ~)~ ~(i—O)

6 
+ (

~ _~)5 +(i1)~80 80 120 40

- - each of the terms on the right corresponding to

one of the basic graphs in Figure 2. From this

we deduce that

24W1 =

which agrees with (i7),

If k = 2, we find 15 multigraphs and 27 basic graphs.

At this stage, it is natural to conjecture (very

tentatively) that we may expect 1.3.5 ..(2k+1)

multigraphs and (k+i)k~~ basic graphs for every k,

but this is false for k = -3 (but only by 2 in each

case), since we have 107 multigraphs and 254 basic

graphs, instead of 105 and 256. For k 4, we may

34
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expect some 900 to 1000 multigraphs and about 3000

basic graphs.

The bulk of the labour of calculating Wk by

• this method lies in constructing the muitigraphs

(and , for r > 6, i .e~ for k > 3, 1-Jarary ’s diagrams

- 
- in [4] would not give us all the fundamental

connected graphs). The subsequent construct ion of

the basic graphs and the calculations to deduce Wk
are relatively simple . I have calculated W2 from

the 27 basic graphs. Sut, for k > 3, the method V

clearly becomes impossibly laborious and increasingly

inefficient in comparison with the first method . One

• could presumably write a programme for a machine to

use this method for a few further k. but the relative

inefficiency would still be large . In fact , the

interest of the second method seems to lie almost

entirely in its use to prove Theorem 3. Less

impor t an t ly ,  we now have two different methods to

determine f(n,n+1) and f(n,n+2), compared to the

three for f(n,n) and the ten or more for f(n,n-1),

36
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8. Asymptotic results for large n . In a

seque l we shall show that , for large n, we have

• h(n) ‘-~i n e ’1/2 “* —i

and from th is  and (2) we deduce tha t

f ( n , n) ‘V

in agreement with Renyi [7]. More precisely, we

can use a result of [8] to show that

h(n) = (n e”/2) - ~~~~~

where

4 8 97
T •‘i- 1’~5 22835n 45360n

61399 - f i  \
- 4 + O f ~~119750400n n J

and more terms can be calculated if required . This

can be used in the formula of Theorem 1 to find an

asymptotic expansion for f(n,n+k).

Using (10) in (12), we have

DWk+l + (k+1)(l1-H)Wk+l = (l+H)Jk. (19)

37 • 
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If k—O (1) as n —~~~ ~ , we can use the Euler-Maclaurin

• sum formu la to deduce directly from (19) that

f(n,n+k) 
~k

n 
~Ii + 0(n4) ~~~~~,

where

~ k 
= T~2

(13
~~
12
~~k/r((3k/2) + 1),

1, l60.? = 5, 16cr~ = 15,

k—i
= 
~
3(k+1)o

~k/2J 
+ 

‘

~~~~~~~~~~ ~~~°k-s 
(k ~ 2).

V 38
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Note added August 14, 1976. Thc second (reduction)

method can be extended to find formulae for general n

• for the number of connected labelled (n ,n÷k) graphs

which are (i) without end points or (ii) blocks or

(iii) Ham iltonian and for the number of strongly

connected labelled (n,n+k) digraphs. In all four

cases the met hod becomes imprac t ica ble for k greater

than 2 or 3. For all except the Hamiltonian case,

however , the reduction method supplies us with an

essential piece of information (different in each case)

for general k and this enable us to find another method,

again entirely different in each case, which is well

adapted for machine calculation and which is practicable

for rather larger k.

39
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V ~~fl~~~n d i X  2
Wr i  nht s for uti ar~ for the n~uihc~r

Of connect~~ ~c 1 v-edaed_w~iph s

P.M.D. Gray, A.M. Murray arid N.A. Yo~pg

( ‘I c  ~upear in the Jourr,;il of Grap h i heory)

1. Introduction. Computer programs have been

written using the recurrence relat iVons obtained by

Wri ght [1] for the calculation of f(n,n +k) from the

formulae of his Theorem 1. Exact values have been

- t  obtained for the coefficients ‘
~ks and ~ks for all k

up to k 2t~. All of these coefficients are positive.

Values up to Ic 8 are given in this paper.

2. Computational Method. Two separate computer

programs have been written for this problem. One in

PDP11 Macro (A.M.M) which is described herein obtained

values for the coefficients m and p up to k 2~ .ks ks
The other in PDP 11 Fortran ( F . M . D . G  and N . A . Y )  which

used slightly different  algorithms checked these results

up to k = 12. Both programs were run on the PDP 11/L~O

in the Department of Computing Science.

The fo:’mulae used in the programs to obtain the Wk
are derived from Wright’s equations ( 12) and ( 13) . The

and Wk+l are o1~~ined in succession as series of positive

and negative powers of 0, using as initial value the series

• 41 
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for DW0 in (15). The vanishing of the coefficient of

0
_i 

in the integrand of (13) at each stage provides a

check on the arithmetic.

Using Wri ght’s (5) and (9) it can be shown that

(_1)k~~ and (_1)kpks are the coefficients of D~H
2 and

DSG2/2 respectively in Wk, all expressed as power series

in 0. The and are obtained by successively

eliminating multiples of DSH2 and D~ G 2 /2  from Wk ,

starting with the series containing the lowest power of 0.

The method of calculating the m~~ and 
~ks provides an

effective check on the arithmetic. Since the number

- 
of coefficients of 0 in each Wk exceeds by two the number

of D~H
2 and DSG2/2 involved , the remaining two coefficients

must vanish.

The numbers involved in the calculations are rational

fractions , the numerators of which increase rapidly with

k reaching io106 for k 2~ . Each rational fraction is

represented by a sign , a positive integer stored in multiple

length binary , and a sequence of signed exponents of primes.

Sufficient primes are used for each fraction to include all

those which occur in the denominator. For each k, only

primes less than 3k are required. Al]. factors of the

- 
V 

primes used are extracted from both the numerator and
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denominator. The positive integer in the representation

is the factor of the numerator which remains af ter extract-

ing products of primes . All numbers which are used as

divisors can be expressed entirely as a product of posi tive

or negative powers of the primes used.

Using this representation , division is done by

subtracting exponents and multiplication by adding

exponents and taking the product of the positive integers .

Addition and subtraction are done by taking the smallest

power of each prime as a common factor and expanding the

remainder of each operand. After adding or subtracting

these using mul tiple length arithmetic, the result is

reduced to standard form by simplification and

factorisation.
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3. Results

s l2m
1 $ 2

~ Pls

7 0 2

1 3

2 
- 

5

s 4SX4~m2 
l2xL~!p2

0 - 312 0 12

1 386 1 18

2 t~5 2 36
V 

•

1L~4x 7 !m 3 S 72x7
~p3~

0 126 ,000 0 9 ,576

1 225 ,588 1 1LI ,1490

2 119 ,1t& 0 2 31,815

3 33 ,075 3 67 ,1’43

4 31,831

5 3 ,315
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s 38’4x10~m4 s 9 6 0 ~ p~~

0 176 ,843,520 0 6,531 ,8140

1 377 ,944 ,’416 1 9 ,979 ,200

2 291,981,1480 2 23,375 ,520

3 1’40,233 ,100 3 57,670 ,128

14 35,976 ,150 4 ‘43 ,193 ,532

5 1,601 ,775 5 14 ,025 ,040

6 3,178 ,875

s l92x 13~ m 5 s 48X l3~ p 53

0 119 ,1143 ,664 ,640 0 4 ,265 ,015 ,040

1 284 ,416 ,073 ,856 1 6 ,575 ,849 ,280

2 267 ,988 ,601 ,088 2 16 ,193 ,136 ,960 V

3 166,315 ,137 ,560 3 44 ,130,297,168 —

4 67,9614,819 ,780 14 41,375,851,056

5 13 ,958 ,63 14 ,690 5 19 ,578 ,697 ,276

6 1,603 ,376 ,775 6 7,111,163,740

7 1,323 ,797 ,1475
8’ - 59 ,63 14 ,000
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a 288/5X16~m65 
72/5x16~ p

0 98 ,647 ,633 ,244 ,160 0 3 ,424 ,8&1 ,1440 ,000

• 1 25 14 ,676 ,192 ,63 14,368 1 5 ,325 ,140 ,620 ,800

- 2 272 ,652 ,031,1140 ,1480 2 13,660,215,528,960

V 
3 197 ,892,051,026,176 3 140,000,14145,276 ,51414

V 

14 102 ,197 ,036 ,781 ,8’4 0 14 143 ,171,991 ,23 14 ,1496

- 

- 

5 32 ,338 ,292 ,1146,160 5 25,167,812,651,168

6 6 ,919 ,958 ,1485 ,440 6 11,632 ,130 ,580 ,792

F 7 - 90 14,1499 ,095 ,500 7 3,535 ,865 ,786 ,860
- 

8 23,929 ,030 ,12 5 8 56 14,608 ,222 ,850

9 62 ,153,240 ,625 
—
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s 6?2x 19!m.75 s 168x19!p75

0 5,668 ,999 ,582 ,108 ,262 ,1400 0 191,213,708 ,063 ,938 ,560

1 15,535,467,573,722,772,480 1 299,607,142,277,963,520

2 18,223,444,759,662,505 ,728 2 795,607,706,229,336,000

3 114 ,743 ,403 ,769 ,011,791,10L 1 3 2 ,’463 ,i4’4,’465 ,639 ,795 ,840

14 8,833,912,970,481,602,080 ‘4 2,935,902,159,828,005 ,90’4

5 3,5314,868 ,345 ,357 ,199 ,760 5 1,96 14,209 ,983 ,197 ,753 ,808

6 1,025 ,141,1485 ,305 ,938 ,000 6 1,058 ,708 ,1432 ,388 ,650 ,048

7 218,999,36’4,535,551,600 7 1412,939,628,429,328,000

8 26 ,5614 ,355 ,496 ,1428 ,750 8 100 ,686 ,761,4148,521,920

9 1,893 ,623 ,798 ,941 ,875 9 18,714 ,587 ,986 ,713,360

10 2,077,737,705,302,175 V

11 - 58 ,152 ,949 ,974 ,000
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12288u’7x22 !m8~ S 3072/7x22~p8

0 118,575,1433,027,180,678,3148,800 0 3,893,205 ,1483,768,958,156,800

1 340,821,867,074,982,721,781,760 1 6,1143,328,069,445,376,1409,600

2 1428,704,644,018,874,371,158,016 2 16,810,155,154,980,207,820,800
V 

3 376,150,9148,331,993,3148,760,576 3 514,4148,058 ,107,681,5142 ,981,280

4 250 ,470 ,092 ,279 ,344 ,676 ,471,0140 4 69 ,964 ,261,525 ,350 ,589 ,667 ,328

5 116,903,504,037,607,169,734,720 5 51,722 ,568,064,934,246,131,200
V 

6 ‘41,003 ,229 ,8314,970 ,246 ,500 ,800 6 31,098 ,929 ,223 ,562 ,058 ,723 ,712

7 11,312,762,332 ,522,028,378,000 7 1’-4,227,33’4,318,390,328,825,440

8 2,148,623,401,492,125,558,000 8 14,405,206,715,317,464,185,840

9 288,608,522 ,299,0140,443,500 9 1,079,307,694,362,844,246,960

10 25,266,853,210,026,928,500 10 196,956,9114,112,258,801,600

11 1475,694,276,957,274,375 11 20 373 506 810 219 697 750

12 1,479 ,022,312,282,081,875
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Appendix 3

Formulae for the number of sparsely—edged

strong labelled d ig raphs

E. M. Wright  t

(Submitted to the Bulletin of the London Math. Soc.)

1. Introduction. In a digraph each pair of different

points A ,B may be joined by the directed edge AB, or by the

directed edge BA or by both or by neither. An (n,q) digraph

has n points and q directed edges. A digraph is strong

(or strongly—connected) if there is a directed path from

each point to every other point . We write s(n,q) for the

numbe r of strong labelled (n ,q)  digraphs. it is tr ivial

that s(n ,n+k) = 0 if k < 0 and almost trivial that

s(n,n) = (n—l) . I shall prove the following theorem .

Theorem. If n > k > 0, t hen

s(n,n-i-k) =

where is a polynomial in n of degree 3k—l.

In particular, P1
(n) = 1(p—2)(n+3).

t The reseaich reported herein was supported by the
European Research Office of the United States Army .
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The method of proof can be used with sonic labour

to determine the coefficients in P2(n), but becomes impossibl y

laborious for k ~ 3. However my results in [2] , which were

a simplificatio n of Liskovoc ’s { ] , are well adapted for

machine  computa t ion  and enable  one to calculate the values

of s(n , n+k) for  n~~ 4k and small values  of k and so the va lue

of for k±l ~ n ~ 4k. From these the coefficients of

Pkth) can be de termined .

We put 0! = 1 and write

B(h ,m) = h !/ (  m (h— m) ) i f  h ~ m and B(h ,m) = 0 if h < m.

51
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2. Proof of first part of Theorem. My method is an

• adaptation of the one I used [3] to determine the form of

f(n,n+k), the number of connected graphs on n points and

n-s-k edges. As in [3], it is an inefficient method to determine

the actual formula for s(n,n+k) for a given k, unless k is

small. In [3] I also calculated the number of ways in which

a connected (n ,q-s-l) graph could be formed from an (n,q) graph

by the addition of a new edge and deduced a recurrence formula 
V

V 
for the exponent ia l  genera t ing  func t ion of f(n,n+k) for

successive k. This proved suitable for machine computation .

I cannot find anything similar for s(n,n+k), but the method

ment ioned above takes its place.

We suppose henceforth that k)l and take any strong

labelled (n,n-s-k) digraph and suppose it to contain r points

of degree (i.e. indegree + outdegree) greater than 2;

we call these special points. The remaining (ordinary)

points must each be of indegree one and outdegree one.

We have

2n-s-2k ~ 2(n—r)+3r

and so 1 ~~r ~ 2k. Starting from any special point we follow

a directed path through any number of ordinary points until • 
V

V 52 ‘
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we aga in  reach  a special p o i n t .  We c a l l  suc h a pa th  a

special path .  If it begins and ends at the same special

point , we call  it an c< — p a t h .  If the two special end—points

arc d i f f e r e n t  and only one special path  joins  thc~n in a

given d i r ec t ion , we call  the p a t h  a 13 —  p a t h .  If more t han

one special pa th  jo ins  two d i f f e r e n t  special points  in the

same d i rec t ion , we call these paths r— paths, unless one of

them consists of a single ed ge , in which case we call it a

~~~
— path. We suppose that the numbers of 

~~~
— , (a— , y— and

~~
— paths in the digraph are a, b, c, d respectively.

If B is an ordinary point and AB, BC are di rected

edges , we say tha t  we elide B if we remove B and replace

AB, BC by the directed edge AC. An ~~~
— path must contain at

least one ordinary point; we elide all its ordinary (interior)

points but one. We elide all the ordinary points on every

j— path and all but one on each (— path. We now remove all

the labels from the points. We are left with a sti-ong

unlabelled (r+a-i-c , r-,-a-s-c+k) digraph , since each elision

removes one point and one edge . Hence

V 
2a+b+2c+d = r+a+c -s-k

and so

a-s-b+c+d = r+k .~~ 3k. (2.1)
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Thus the numbe r of possible resulting unlabelled non—

isomorphic digraphs is bounded by a number depending on k.

We can in theory construct all such digraphs (but not in

• practice for k > 2 without excessive labour).
V 

We now take D any one of these unlabelled digraphs ,

suppose that the order of its automorphic group is g and

V determine how many d i f f e r e n t  labelled (n,n+k) digraphs

reduce to D by the above process. If n < r+a-s-c, the number

is zero. If
V 

n = r+a+c+t, t ~ 0,

- we label the special paths and can distribute t new points

among the .z—, g3~ and j’- paths in just y(t) ways, where y(t)

is the number of solut ions of 

1
~
1
~a+b+c

in non—negative integers, order being relevant. Then y(t) is

the coeff icient of X~ in the expansion of (l_X)~~
_l
~
_C 

in

ascending powers of X and so of X~ in
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We have thus  constructed y(n-r—a—c) digraphs with n points

and n+k edges. Let us labe l the n points in each digraph

in all  n possible ways , so tha t  we now have a collect ion of

n !y ( n — r — a — c )  d ig raphs .  But each d igraph  wi l l  occur jus t

g t ime s in the collect ion, so tha t  exact ly

j(n) = n !y ( n — r — a — c ) / g  (2 .2)

di f f e r en t la belled (n ,n+k) digraphs reduce to D.

V Next we observe tha t  the coe f f i c i en t  of X in X ( l—X)

is

(n—u +l) (n—u-s-v—l)/(v—l)

This last expression vanishes for

ii = u—i , u—2 , . . . .,  u—v+l .

Hence y(n—r—a—c) is a polynomial in n of degree a+b+c—l which

vanishes for V

n = r+a+c—l , , r—b+l .

Hence j(n) , defined by (2.2) with y a polynomial of degree

a-i-b+c—l , is the number of non—isomorphic strong labelled

V 

- 
(n,n+k) digraphs reducible to D for all n > r-b+l.

- Next we show that r—b ~~k. Elide all the remaining

ordinary points in D so that we are left with a strongly

connected multidigraph in which every special path is now

V 

V 55 -
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• reduced to an edge . The a(— paths are now loops; remove

all a of them. Remove all but one of each set of parallel

directed edges; one thus removes at least ~(c+d) edges.

The resulting digraph has r points and is still strong.

It must therefore have at least r edges and so not more

than k edges hve been removed. Hence a4(c-s-d) ~ k and so,

by (2.1),

r-b = a+c+d-k ~ k.

Hence, for all n > k, we have just 3(n) strong labelled

(n,n+k) digraphs reducible to D. Summing over all the D,

we have

s(n,n-i-k) 
~~~~~~~ 

(n > k),

where Pk(n) is a polynomial whose degree is max(a+b+c-l).D
We know that a+b+c ~ 3k and we can construct

a digraph D with a+b-,-c = 3k as follows. Take r = 2k and

label the r spec ial points 1,2 , r. Let the 3k edges

be 12,23 , ri and 32, 54 , ir. If we remove the

labels , we have a digraph D wi th  a+b+c = b = 3k, since each

of the 3k edges is a f3~ path. This completes the proof of V

the f irst part of the theorem .
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3. Calculation of P1(n). If k = 1, we have r = 1 or
2 and D can take any of the three  forms in the f igu re .

The corresponding generating functions arc

x3(1-xY 2, x3(l-xY 2, X4(l—xY 3

and the orders of the automorphic groups arc 2 , 1, 2 V

respectively. Hence the exponential generating function of

s(n,n+l) for n > 1 15 V

~x
3u—xy2+x3(l—xy 2+~x

4(l_x)3 = ~X
3
(3—2X)(l—XY 3

and so we have

s(n ,n+k) =

2P1(n) = ~(n—2)(n÷3) = B(n—2,2)-s-3B(n— 2,1).
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4. Calculation of Pk(n). ri k = 2, we can determine

the d i f f e r e n t  forms of D w i t h  some labour;  there are 30 of

them. For each , we can de te rmine  j  (n) and g. Our result

is t h a t

24P2
(n) = 5 1B(n— 2 , 5)+243B(n -- 2 , 4)÷4 12B( n—2 , 3)

+268 B (n—2 , 2 )÷24 8(n—2 , 2 ) .  (4.1)

V and so

2880P2(n) = ( n.-2) (51n4-T-297n 3—27 1n 2—l937n- 1020) .

But this method becomes impossibly laborious for k>2 .

It is simpler to compute s(n , n -s-k) from the formulae of [2].

If we write n(n—1)

V 

s1 
= 1, Sn 

= s~ (Y) = > s(n,q)Y~

and define 
~~~~~~ =,~~(Y) by71 = 1 and

7 ~
+ ~~~ B(fl,t)~~~(1+y) (n-i) (n_t) (1~~ )n(n_l)

t=2

we have n—i
— 

7~~ 
.-~~~~~~~~~~~ B(n-1, t—l) st7ri_t . V

t=1 V
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If we wish to determine for all k ~ K, we need only

compute the terms of 7n and Sn up to ~
5K and can ignore

all higher powers. We thus find the numerical values of

V s(n,n+k) (1 .~~ k -~~ K, 2 ~ n ~~4K)

and deduce those of 
-

(k+1~~ n~~ 4K).

We wr ite

3k-i

= 

~~~ 
cm

B(n_k_1,m)+Pk(k+l) (42)

and have

Ch_l = P
k
(k+h)_P

k
(k+i)_ cmB(h_l,m),

V 

giving C1 , c3~_1 in succession. All this is well

adapted to machine computation . Dr. A. M. Murray was so kind

as to obtain (4.1) in this way on the PDP 11/40 in the

Computing Science Department of the University of Aberdeen.

The form (4.2) for is more convenient than a sum of

• powers, since B(n ,m) is always an integer. - 

V
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Appendix 4

Large cycles in large labelled graphs II

V 

E M . Wrightt

Univers ity of Aberdeen~
(To appear in Math. Proc . Cambridge Phil. Soc.)

V 

1. This paper is a sequel to [2]. The

notation is the same and we assume the reader to be

familiar with that paper. We there proved various

theorems which established conditions under which

“almost all” labelled (n,q) graphs contained a

k—cycle , I .e. under which the proportion of all

labelled (n ,q) grap hs which contained a k—cycle

tended to 1 as n —> w . We here consider a

different but related problem . If a graph contains

a cycle of length k for every k such that 3 -~Z k ~ k0,

we say that the graph is pancyclic up to k0. We

find conditions on k0, n and q such that almost all

(n,q) graphs are pancyclic up to k0. If k0 0(1),

the result follows trivially from Theorem 3a of [1]

(Theorem 1 of [2]), but if k0—> w with n the

matter is not so simple . We shall prove the following

theorem . 
V 

-

t The research reported herein was supported by

the European Research Off ice of the United States Army .

V 
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Theorem . If q/n --4 w , k3 = o(n 2) and

k~ o(q2/n) as ~~~~ ~ , then almost all labelled

(n , q) graphs a re pancyclic up to k .

The condit ion q/n —> w i_s necessary , since

otherwise o n l y  a f i n i t e  proportion of the labelled

(n,q) graphs contain a 3—cycle or , indeed, any given

k—c ycle  wi th  k 0(1) . I have no reason to suppose

the other conditions necessary .

We no longer assume , as in [2], that k— ~ m

as n—-> w . The proportion of labelled (n,q) graphs

which lack one or more of the k—cycles for  which

3 ~Z k ~ k0 is not greater than • 
V

k k
0 0>::: (i—p) .~< ~ II (~~~) —1) = S + S

k=3 k=3 1 2

where
k0 

V

S1 > (~~~~ —1), S2 
= 

~~~~~~~

k—3 k=3

and we have only to sh ow that S1 —4 0 and S2 —> 0
as n—>a .
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By (3.2) of [2], we have

1 2kN(N-1) .. (N—k+i ) k kM(EVI n. . . (n—k -i- 1)q . . . (q-k+fJ £

w here

= n2 / ( ( n -k) (q -k) J < Cn/q -+ 0

as n - co , since k ~ k = 0 (n)

and n o( q). Hence

S2 ~ ~EII kck ( 3e3(1-c)
2
-~~O

k ~~3

V as n— ~’-~~~. V
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We have to r e fine  the a rgument  at the bottom

of p . 11 of [2]  a l i t t le . We have

X = )(lo~ (1 - (s/q)) - iog(i - (s~~~)~~)

k2 2kr~~~~
’k3~~~~~ çk

2)

and so

log 
~ r 

.~~~ r log~ - (k
2/q) + 0(k~ /q2) + O (k2/n2 ) .

As in [ 2] ,

IC
’ K(n ,k,r,R) 

~

< 1 :

and so

e ~ ~_k2/~ H[1 + O(k3/q2) + O(k2/n2fl, V

where

B = 1 + ~~~~ B(r_1,R_ 1)a
R
b
r_
~/R

r=1 R=1

Now -

• b = ~~~~~~~~~~~~~~~~~~~~~ O(n/q) = o(1)
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and so B ~ exp(a/(1-bfl, as in [2]. Bence

e ~~~~~~~~~~~~~~~~~~~ ÷ o(1~ ) ÷ o ( ~~ )}~

We have

a k2(fl 1) ~2kI~ = —~~~~ + ~(-~-~ -~ o(~!~~ ab =

qn q ~qn, q21 q2 ~

and so

~~~
_
~~~

= o (
~~) + o ( J ~~) +

~~~
(
~~2),

But k = o(n) , n = o(q), q = 0(n2) and so

~ 1 + O(nk2q 2) + 0(k2n 2).

Hence
V k k 

~~~~ V

V 

~~~ (~~~~ 
-1) = O(nq

2 
+ ~~ —2~~ 

~~~~~~~~~ k2 
V

k=3 - 
- k 3

-
V 

= o~k~ (nq
2 + n 2)) = o(1),

by the condit ions of the theorem . -
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Appendix 5

The evolut ion of unlabel led graphs

E. M. Wright  t

(Submitted to the Journal of the London Math. Soc.)

1. Introduct ion. We are concerned here with (n,q)

graphs. Suc h a graph has n points and q edge s, but no loops

or multiple edges. If the proportion of (n,q) graphs which

do not have a property P tends to 0 as n —
~~~ w , we say that

almost all (n,q) graphs have the property or that the typical

(n,q) graph has the property P. We suppose n and q large and

consider what are the properties of “almost all” unlabelled

(n,q) graphs and how these evolve as q increases. Erdbs and

Renyi [2,3,4] studied the corresponding question for labelled

(n,q) graphs. They showed that the evolution of the typical

labelled (n,q) graph is fairly elaborate. I was able [8,9]

to add a little to their results. In contrast, I shall show

here that the evolution of the typical unlabelled (n,q) graph

is relatively simple, that is, the behaviour can be described

more simply and indeed iS simpler, but the arguments required

to establish this are more complicated than in the labelled

V case . Fortunately most of them have been deployed elsewhere [6]

t The research reported herein was supported by the 
- V

European Research Office of the United States Army . V
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If a graph conta ins a cycle o length k for every k

such tha t  3 ~ k ~ k0, we say that the graph is pancyclic

up to k0. We write N = n (n -] ) /2 and 
~/‘ ~~ (q) (2q/n) — log n.

Again A is a positive number , not always the same at each

V 
occurrence and not dependent on n or q.

Theorem 1. If q —* co as n —p cx but 
~/ ‘ < A , the

V typical unlabelled (n,q) graph for large q consists of one

large connected component and otherwise only isolated points.

If k0
3 o(q log q), t he connected component is panc ycl ic up

to k0.

In [7] I proved that , if lim ’P ( 0 as n ---4 oo, then

almost all unlabelled (n,q), graphs are disconnected .

If ‘)‘ > 0 , the proportion which are connected is asymptotic

V to 1 — e~~ and so tends to 1 if ‘P —~ + m • We shall

prove the following theorem which gives some information

about the pancyclic nature of the typical graph when ~~~~~ —* co.

Theorem 2. If \P —~~~ + co as n —p ~~~~~~~, k0
3 

= o (q2/n)

and k0
3 

= o(n2), then the typical (n,q) graph is pancyclic 
- 

V 

V

up to k0
. 

- - 

V
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2. Evolution of labelled graphs. It is interesting

to compare the theorems I have just stated w ith the

behaviour of the typical labelled (n,q) graph. Results

about the latter are due to Erd~Js and Renyi [ 2,3,4] and

[4] gives a particularly clear and detailed account

(without proofs, which are given in [2] and [3] ).

If q = o(n) , the typical labelled (n,q) graph consists

of isolated trees and isolated points, trees of order k

appearing first for small k as q increases. If q .v en,

where 0 <c < ~~~, the largest component is a tree , but ,

for any k which is 0(1), there is a f inite probability

that the graph will contain a cycle of order k. If q rv en,

where c > ~~~, and k0
3 

= o(n) the graph is pancyclic up

to k0 (see [8,9]). As q increases further , we have only

4 fairly small trees outside a giant component. If

i 3 2q v  en log n, where c < ~~~, and k0 = o(n(log n) ), the

typical graph consists of a large component panc yclic up

to k0 (by [ 9] ) with isolated trees of order at most [l/(2c)]

V 70 -
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As q approaches ~n log n , the typical  graph consists of one

large component and 0(1) i so la ted  nodes. If — A < ~~~~ A ,

the proportion of connected graphs is asymptotic to exp(—e~~ ).

Finally , if ~~~ - ~ + w , the typical labelled graph is

connected (by [2]  ) and is pancyclic  up to k0 (by [9] ) ,

provided tha t  k0
3 o(q 2n~~~) and k0

3 
= o(n2).

Thus, the evolut ion of the typical labelled graph is

more complicated than that of the unlabelled graph. This

arises from the di ffer ing effect of the permutat ion of the

labels of the points on the numbers of different forms of

graph for different sizes of q. We require the following

lemma from the results for the labelled case .

Lemma 1. (Erd~Js and Renyi, [2], Lemma). If —A < ’j’< A ,

then almost all labelled (n,q) graphs consist of one

connected component and a number of isolated points. V

I
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V 
3. The fundamental collection W. A collection of

• graphs may contain the same graph occurring more than once

V and the number of times it occurs is relevant . A set of

graphs is a collection in which no graph occurs more than

once. The addition of collections follows the rule one

would expect, thus

(a ,a,b,c) + (a ,b,c,c,c) = [a ,a,a,b,b,c,c,c,c)
- We consider the set T of unlabelled (n,q) graphs.

We take every member of T, label its points from 1 to n

and permute the labels in all n ways. We denote the

resulting collection by W and remark that

Iw~ = n! I T I (3.1)

We wr ite FT for the set of labelled (n,q) graphs , each of

• which is invariant under the permuation ir of the labels

1, . .,  ii of the points.

Lemma 2: W =5-  F (ir), (3.2) V

where the sum is over all the permuations ir of the n labels.

72

~

V

~

--- ---- -  

-

_______________________



The so—called J3urnside lemma , v iz,  t h a t

V 
V n I T I E IF (iT)~ , 

(3.3)

is an immedia te  consequence of Lemma 3 and (3.1). In fact ,

de Bru ijn  [1 1 gives a very  short and clear account of the

proof of Lemma 3 in the course of h is  proof of (3.3) and

we r e fe r  the reader to [1] if the proof of Lemm a 3 is not

obv ious to him.
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4. Proof of Theorem 1. We say that a property

• P of an (n,q) graph is admissible if a labelled graph

- obtained by labelling an unlabelled graph has property P

if and only if the unlabelled graph has property P. We see

at once that almost all members of T have an admissible

property P if and only if almost all members of W have that

property.

For the present we suppose that

~n~~~2 q < n l o g n ÷ A n .  . (4.1) 
V

V 
We now show that we can discard certa in graphs from the

V collection W arranged in the sets listed on the right of

(3.2) and still leave almost all of the members of W,

i.e. if we write W” for the collection of those graphs which

• we discard , and W — W ’ -i-W” , -t hen

Iw ” I = o(IWt), IW ’ f r ’ IW I
To do this we refer to the calculations of [6]
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We write p = p(ir) for the number of points  whose

labels are i n v a ri a n t  under  the p e r mu t a t i on  ir an d F’ (ir )

V for  the set of label led (u ,q)  graphs which consist of a

( p , q )  g raph  on the p poin ts  i n v a r i a n t  under  ir t oge the r

V w i t h  the remain ing  n—p isolated points .  If P

we have F’(-7r)J = P~/(q~ (P-q) J . First , by Lemma 1 of

[6] and the subsequent argument s, we see tha t  we can

discard all the graphs of t hose F(ir ) for which

0 
~ 
p ~ M = [( q 4n2 log n)~~]

V Next , by Lemma 3 of [61,  we can discard all the graphs 4

of F ( J T )  —F ’ ( iT) for every ir such that M < p ~ n-.2.

As in [6] , we wr ite v for the positive number such

that v log v = 2q and V = [v] . By the arguments of

6—8 of [6] , if v ~ n, we can discard the graphs of all

F’ (ir) except those for which

n(1-(A/log n)} ~ p ~ n, (4.2)

while, if v < n, we can discard the graphs of all F’(ir)

except those for which V

v C l—(l/log v)) ~~p ~~ min(n,v[1+(1/log v ) ) ) ~~ V (4.3)
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We are left then with W’ , the collection of graphs formed

by the summ ing of all those F ’(lT) for which (4.2) or (4.3)

is true , accord ing as v is greater or less than n.

If

.-A < (2q/p) - p log p < A , (4.4)

Lemm a 1 applies and almost all the graphs in F’ ( u )  cons ist

of one connected component and a number of isolated nodes.

(This is clearly an admissible property). First, let us

suppose that v ~~n, so that (4.2) i~ true, i.e. V

p = n - (no/log n) (0-~9 ~~A)

and V

2q = n log n + ~n - 
(0~~~ <A)

It follows w ith a little calculat ion that

(2q/p) - log p = 4~ + 0 + o(l)

and so (4.4) is satisfied. Next, if v < n, we see from

(4.3) that

p = v - ( v O/log v) (-1<0<1)

and, since 2q = v log v ,

(2q/p) - 1 o g p = 0 - ~- o(l),

so that (4.4)’ is satisfied . This completes the proof of

the first part of Theorem 1.
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To prove the second part  we need the fol lowing lemma ,
• proved in [9 1.

Lemma 3. If q/p —~~oo , k~~ = o(p2) an d k0
3 o(q 2 /p)

V as n ---—~w , then almost all iabclled (p,q) graphs are

p an c y cl i c  up to k0.

If k0
3 

= o(q log q) and (4.1) is true , wi th  e i ther  (4 .2)

or (4.3)  as appropriate , it is easy to deduce tha t  the

conditions of Lemma 3 are satisfied. Hence we have the

V second part of Theorem 1 under the condition (4.1).

We now remove the restr ict ion ~n ~ q in (4.1)~
- if q < ~n, every unlabelled (n,q) graph consists of a (2q,q)

graph together with n—2q isolated points. The (2q,q) graphs

satisfy the condition (4.1) with n = 2q and so the results

of Theorem 1 are still true provided only that q—5~~ with n.

V 
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5. Proof of Theorem 2. IfW(q) and~~~(N-q) tend

to i n f i n i t y  w i t h  n , the results of [5] tell  us that  almost
V all the members of W belong t o F(I ) , where I is the i d e n t i t y,

i .e .  consist of the set of label led (n ,q)  graphs.  Hence ,

for th is  range of q, Theorem 2 follows at once from

Lemma 3.

There remains the case when ~‘( N — q ) < A , i .e. when

q > N — ~n log n - An.

First let us cons ider the case when N — ~n ~ q ~ N. Not

more than ~n edges are “missing” from the complete (n,N)

graph and so at least ~n of the points in the graph have
V degree n-l, i.e. each (n,q) graph contains a complete sub-

graph on [in] points and so is pancyclic up to [in]

We need then only consider the case when

~ N—q .~~ n log n + An. (5.1)

We now take F’(ur ) to be the set of those labelled

(n,q) graphs in which each of the n-p points not invariant

under -iT is of degree n-i. The sub-graph on the p invariant

points has q’ edges , where

= q — ~ (n-p)(n-p-l) - p(n-p) 
-

= ~p(p— l)  — (N—q ) . 
•
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We take v so t h a t  v log v = 2 ( N — q )  and cons t ruc t  W’ from

the sets F’ ( - r )  for  which  p s a t i s f i e s  (4 .2 )  oz~ (4 .3)  according

as v is g rea te r  or less than n. Then almost all the inembei -s

o W are in W’ just  as before , by the arguments  and resul ts

of [6]

If p ~ ~n . the n q ’ > ~~~ and so , by Lemma 3, provided
3 2 - 3 2k0 o(p ), i.e. k0 = o(n  ) ,  almost all the graphs of

F’(IT) are pancyclic up to ‘~c~’ 
since this is true of the sub—

graphs on the p i nva r i an t  points.  If p < ~n , then n-p ~
and so the complete sub—graph on the n—p non—invar ian t  points

is pancyclic up to n—p,  i . e .  ce r t a in ly  up to [ -in] . Hence ,

in this case, every graph of F’(ir) is pancyclic up to [-~n]

It follows that , when (5.1) is true , almost all the

graphs of W ’ , and so of W , are pancyclic up to k0, where

k0
3 

= o(n2). This coripletes the proof of Theorem 2.
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App c- u~~ix 6

The degrees of nodes in almost all graphs.

E. M. V i r igh t

(Submitted to ~iath . Annalen.)

V G is a graph on n labeJied nodes x1, • . .,  x~ .

Every pair of different nodes is or is not joined

by jus t  one edge . There arc no loops . We ~.r ite

N = ~n ( n — l )  and consider the set of 2N different

graphs G. If the proportion of these graphs which

do not have a property Q tends to 0 as n —~~~ w , we

- say that almost every graph G has the property Q.

The positive number C , not always the same at each

occurrence , is independent of n; the numbers

C1, C2, C3, C4 each denote the same f ixed number

throughout . We write d(x 1) for  the degree of the

node x1 and 13(h,k) for the binomial coefficient

h : /Ck : (h-k):). We shall prove two theorems .

Theorem 1. For some C1 and all i (1 ~ i ~ n)

we have

- C1
(n log n)~ < d(x1) < ~n + C

1
(n log n)~

in almos t ever y graph G. 
-

t The research reported herein was supported

by the European Research Off ice  of the United States
Army .
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Theorem 2. For some C2 and C

3, there are, in

almost every graph G, more than C3 n/log n nodes x1
such that  d(x

~
) < ~n — C2n~ and more than

C3 n/log n nodes x1 such that  d(x 1) > ~n + C2n~~

The two theorems show that , in almost all G ,

the degrees of the nodes are all fairly close to

~n but a substantial  numbe r are not too close . It

would be interesting to f ind  improvements of these

results or to show t h a t ,  in some sense or other , any

of them are best possible . It is enough to prove

• the f i r s t  part of each theorem . The second part

follows in each case by considering the complementary

graphs.
V 

- We write m = [~~(n-1)] and u for any integer

such that 0 < u < m~ The probability that

d(x 1) = j  is 21~~B(n-1,j) and so the probability that
V 

d(x1)~~~ m - u is

= 2~~” ~~~ 
B(n-1,j) ~ m2 ~B(n-1,m-u).

If we now put v = [C1(n log n)~~], whe re C1 >
~~~~~

,

a routine calculation shows us that

B(n—1,m-v)/B(n-1,m) <Cn~~~
C
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and , by S t i r l ing’s Theorem ,

B(n- 1,m) < Cn~~ 2’~, (1)

so that

< Cm2~~~T~B(n_ 1 , In_ v) ~ Cn 1
~~~.

Hence the probabi l i ty  that  any of the nodes V

x1, ~~ , x has degree less than  m — C1(u log n)~
is less than ~~~~~ which tends to 0 as n —

~~~ o

Theorem 1 follows .

Next
V V

> B(n-1,j) + aB(n-1,m) = 2n—2
3=0

V ‘where a4 or 1 according as n is odd or even .

Again , for any integer b, we have

B(n-1,m-h) ~ B(n—1,m). 
V Hence , V

- 2~~~uB(n-1,m) ~ - Cun~~ (2)

by (1).

We write o(
,~ 

for the probability that
V - d(x

3
) < ~n — u, given that d(x1) ) ~n — u for all I

such that 1 ~ i < j .  Then the probability that at

least one of d(xi) is less than ~n — u (where

1~~~ i~~~k) Is 
V

-

-
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We ‘write for the probability that

d(x
3
) < ~n - u — j  + 1 in G~~, the graph obtained

from G by deleting the nodes x1, ., x3_1 and all

edges adjacent to them. From (2) ‘with n—j+1 for

n , we see that , provided j  
~~~ k, -

>~
. 

~~ 
- C(n —j Y~~(2u+j ) >~ 1 - 6

where

= + C(n-k)~~~(2u+k)) < C~ < 1

if k < and u < C2n~ for a suitable C2 . But it

• is clear that 
~ 

and so o( . )~ 1 - S .

V 

The polynomial ~ increases with each and

so

~~~~~~~~~~ . ,oç~~) ~~~~(1- S , . . ., 1-S)

k=1- o ~~1 - C 4 ,

that is , the proba bil i ty that the degree of one of

x1, . . . ,  Xk is less than m— u is greater than 1-C~~.

He nce , if we select , from all possible G , those

for which d(x 1) < m - u for one at least of
V 

X1, ... ,  Xk, ‘we have at least (i-c~)2 ~~1)~’2 graphs 
V

V 0. The restriction d(x 1) < m - u for any I .~< k

cannot increase the probability that a particular

edge is present and hence cannot decrease the
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probabi l i ty  that  d (x )  < in — u for any x1(i > k ) .

Hence we have at  least

(1..C~ ) 2 2n (n- l)/2

graphs G for  which d(x~ ) < m - u for at least one I

for which 1 ~-< I ~ k and for at least one I for which

k + 1 ~ I ~ 2k. Continuing thus , we f ind that ,

provided sk ~ n , the probability that there are s

d i f f e r e n t  nodes each wi th  degree less than rn-u is

at least
V 

(1-Cs) ~ 1 - sC~ —> 1
V 

as n — --> oo , provided we choose k = [ ( log  n) /log(1/C4)]

and s = [n/k]. Theorem 2 fol lows . V

We remark that bot h theorems are true for unlabelled

graphs. Almost all labelled graphs satisfy Theorem 1
V 

2and so have their number of edges between In ± Cn2 (log n)

Hence, by [2], they are asymmetric , i.e. fall into

equivalence classes under the symmetric group, eac h of 
V

which classes corresponds to a different -inlabelled graph .

The number of such classes is asymptotic to 2
N
1~~~~~,

i.e. by [1], asymptotic to the total number of unlabelled

graphs on n nodes. Hence the results of Theorem 1 and

Theorem 2 remain true for almost every unlabelled graph.
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It is an open question whethe r either theorem is in
V some sense best possible or , if not , whether it can

be improved.

I

V 
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