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This report discusses a method of using an adaptive array with AM signals. A
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Digital simulations of such a system have been done and a few of the results
are shown in this report. These results indicate that the array will provide
suitable interference protection with such signals.
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I. INTRODUCTION

The LMS (least mean square) adaptive array[1 ,2) has tremendous
potential as a technique for protecting coninunication systems from inter-
ference. However, to date this potential has been realized only for
certain spread spectrum[3] and time division multiple access systems(4].
An important research challenge is to find methods for using these adap-
tive arrays in conventional communication systems , such as AM and FM.
Spread spectrum systems, although more complicated than conventional sys-
tems, are more easily combined wi th adaptive arrays , because the signa1s
contain code modulation that can be used to distinguish the desired sig-
nal from other signals. In conventional modulation systems, the inter-
fering signals often have virtually the same characteristics as the
desired signal , so it is difficult for the array to separate them. On
the other hand , the interference rejecting capability of adaptive arrays
would be extremely useful in conventional modulation systems because of

• the large number of such systems in operation and because of the heavy
interference these systems are subject to (particularly in the HF band).

• This report discusses a method of using an adaptive array wi th AM
signals. A technique is suggested in which phase modulation is added to
a conventional AM signal to make it possible to separate the desired
signal from interference. This phase modulation will cause some envelope

• distortion , but it is believed that if the modulation parameters are pro-.
• perly chosen , the distortion will be minor.l- The new signal will be trans-

mitted in the same bandwidth as the conventional AM signal and hence can
be intermixed wi th standard si gnals in a communication net.

Section II of this report gives an overview of the proposed adaptive
array system and the modified AM signal. Section III discusses the pro-
blem of coupling between the phase and envelope modulation of the signal.
Section IV discusses the control ioop bandwidth of the adaptive array and
the concept of signal correlation. In Section V , design relations are
developed for choosing the system parameters properly in the adaptive
array . Section VI discusses the relationship between the analog array
system and its digital simulation. Section VII shows some preliminary
simulation results on the interference rejecting capability of the pro-
posed system, and Section VIII presents a sumary and the conclusions of
the study.

• tihe type of phase modulation that can be added to an AM signal wi thout
• increasing its bandwidth or changing its envelope is severely limited .

See the discussion on phase envelope coupling later in this report , and
also the excellent papers by Voelcker[5,6].

1
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II. THE PROPOSED AM SYSTEM

The basic structure of an LMS adaptiv e array is shown in Fig. 1
[1,2]. The signals x~(t) from the array elements are adjusted in magni-
tude and phase by the complex weights W1 and then added to produce the
array output s(t). The magnitude and phase adjustments W j are under the
control of a feedback system that attempts to minimize the squared value
of the error signal t(t). (The details of the feedback have been described
elsewhere[l ,2].) E(t) is the difference between the array output s(t) and
the reference signal R(t). This reference signal R(t) is a locally gener-
ated signal which ideally should be a perfect replica of the desired signal ,
i.e., the signal we wish to receive wi th the array . If R(t) is identical
to the desired signal , the error signal C (t) consists of thermal noise and
any other unwanted signals , so minimizing the error signal corresponds to

• eliminating these signals from the array output.

• COMPLEX
I N PUTS

COMPLEX WEIGHTS

• I X 1(t )  
___

~~~~~ ~i I 

COMPLEX
_____  

ARRAY OUTPUT

I X j (tj1 wri— 
~~~~~~~~ 

S (t)~~

• 
J X~(t )1 

~~~~

COM PLEX
REFERENCE

_______  
SIGNAL

FEEDBACK]~~
PMPLu ( \,.~~~~ 

R ( t )

__________  ERROR \_.‘
SIGNAL

E( t )

Fig. 1. The LMS adaptive array. 
•
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In practice , of course, one cannot obtain a perfect replica of the
desired signal to use for the reference signal. (It is fundamental that
the desired signal must be unknown in some respect if it is to convey
usefu l information to the receiver!) But it turns out that R(t) does
not need to be a perfect replica of the desired signal; any signal reason-
ably well correlated with the desired signa l and uncorrelated with the
interference signals will do.t An LMS array is essentially a correlation
system in which the array performance depends on the amount of correlation
between the reference, desired and the interference signals. When a signal
received by the array is highly correlated wi th the reference signal , the
feedback retains that signal in the array output. A signal uncorrelated
with the reference signal is nulled by the array . Hence the array can be
used to protect a communication signal from interference if the reference
signal can be made strongly correlated with the desired signal but uncor-
related with the interference. From this viewpoint it appears less diffi-
cult to obtain a suitable reference signal , because one may be able to
derive a reference signal from the array output. I.e., if the desired
signal and interference signal waveforms are sufficiently different, it
may be possible to construct a signal processing loop that generates a
highly correlated estimate of the desired signal but alters (decorrelates)
the interference waveform . This technique has been successfully used in
spread spectrum systems[7].

We consider here the application of adaptive arrays to an ordinary
AM communication system. A conventional AM signal has the form

(1) tt y(t) = A [1 + mf(t)] cos [wet + o]

~ The subject of what is meant by “correlation ’1 with regard to adaptive
arrays will be discussed in Section IV .

ttlhe signal in Eq. (1) is expressed in real form. For convenience in the
analysis that follows , we shall also often express signal s in their
analytic signal form [8,9]. The analytic form of y(t) is

(2) Y(t) = y(t) + jy(t) = A[l + mf (t)] e
where -

y(t) = Hilbert transform of y(t) [8].

Throughout this report both real and analytic forms of various signals
will be used as appropriate. In general , lower-case letters will be
used to denote real signals , while upper-case letters will be used to •

• denote their analytic forms.

3
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where

A = an amplitude constant ,

in = a constant controlling the percentage modulation ,

f(t) a narrow band audio waveform to be transmitted by the
s ignal.

= carrier frequency ,

carrier phase angle.

Since we are interested in the case where the adaptive array will receive
interfering signals that are similar to the desired signal , it will be
necessary to modify the desi red signal in some manner so the array can
distinguish between it and interference. In this report we consider the
Inclusion of an extra phase modulation in the desired signal in addition
to the conventional envelope modulation. We assume the following type
of desi red signal is generated :E

(3) d(t) ALl + inf(t)] COS[wc t + 0 + 4~(t)J

where the extra phase modulation 4 1(t) is a binary waveform switching be-
tween 0 and n , wi th bit duration I , as shown in Fig. 2. It is assumed
here that 41(t) is a pseudonoise cope deri ved from a feedback shift
register[lO]. However, for some applications (such as friendly inter-
ference), it may be possible to use a square-wave for t(t).

$0)

T

_ I_ I 
~ t~~

IIr
t

0 3;

Fig. 2. The phase modulation 41(t).

tlhe transmitted signa l in the proposed system will be a bandl imited
version of d(t). I 

•
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T he inclusion of :(t) in d(t) means that the reference signal r(t)
must contain simi lar phase modulation . We assume the reference signal
has the form

(4) r ( t) = C cos [~~
t +

where C is an amplitude constant and t ( t )  denotes an estimate of q~(t).
Ideally, ~( t )  should be identical to 41 ( t ) ,  but in a rea l system the timi ng
of ;(t) must be derived from the received si gna l. (The waveform of ~‘t )
is known at the receiving site , but not its timing. ) Including the modu-
lation :(t ) in the reference signal makes the reference signal uncorre-
fated with interference signa ls , which is the purpose of add ing the phase
modulation .

The reference signal in Eq. (4) does not contain the envelope modu-
lation in d( t ) .  For a signal with the form of d(t) (i.e., having a d-c
term in the envelope “1 + mf( t )” ) ,  it is not necessary to include the
envelope modulation in r(t) in order to have good correlation between d(t)
and r(t).t Not having to estimate the envelope of d(t) simplifies the
generation of r(t).

~(t) may be derived from the received desired signa l by passing the
array output signal through a limiter to strip off the envelope modulation
and then applying the result to a delay-lock l oop. The l oop timing may
be synchronized by slew i ng the local code relative to the received signal
code and apply ing the sum channel output to a threshold. The difference
channel output is then used to track the timing of ~(t). With this proce-
dure, the lockup time is not affected by interference, because the array
nulls interference and keeps it off the delay-lock loop during the slew-
ing process. (Interference nulling by the array does not depend on proper
code timing, so the array nulls interference before the PN code is synchro-
n zed, i.e., while the delay-lock loop is slewing.) This procedure has
been app lied successfully in a spread spectrum adaptive array system[3].

In the next section , we discuss the effect of 41(t) on the desired
signal envelope modulation.

tThe authors are grateful to Dr. L.E. Brennan of Technology Service
Corporation for pointing this out.
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III . PHASE-ENVELOPE COUPLING

The signal d(t) in Eq. (3) has envelope A[l + mf(t)], the same as
the envelope of the conventional AM signal y(t) in Eq . (1). However ,
the bandwidth of d(t) is infinite. If d(t) is passed through a filter
to limit its bandwidth , envelo pe fluctuations will result due to ~(t).This effect is easily illustrated by noting that d(t) may be written as

(5) d(t) = A p(t) [l + mf(t)] cos

where p(t) has values ~l , corresponding to ~.(t)=O and ~‘ , as shown in
Fi g. 3.

pO)

1_2T~ i~ 
—

~~ 0 1Tp }21p f ~
Fig. 3. The amplitude modu lation p(t) .

If we momentarily assume , to simplif y the discuss ion , that p (t)
is a square wavet with period 2T~ as shown in Fi g. 4, then p (t) may be
written as

(6) p(t) = sin nw t
n=l ,3,5 ‘~~ 

p

square wave is a non-maximal length pseudonoise code.
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p(t )

1T P 
—

~~ ô 11p 
~~~

Fig. 4. Square wave p(t) .

where

= i.— = switching frequency of the square wave.
p p

S ince p(t)  possesses half-wave synu’netry, only odd harmonics ex ist.
The Fourier Transform P (~ )~ of p(t) is shown in Fig. 5.

P ( w )

( 4 )  (4)

(4/3) (4/3)

(4/9) (4/i) 
(4~5) f — — ~~~ ~ 

(4~~) 
~~~~

~~~~~~~~~~~~~~~~~~~~~~~ Wp 0 W p 3w~ 5w~ 7w~ 9W~ (Al

Fig. 5. Fourier Transform of the Square wave p(t).

P(w) = 

~~

— 

i: 
p(t) e 3Wt dt
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If p( t )  is l imited in bandwidth to , say, the f i rs t  three frequency
components at •

~~~~
, ~~ and 5 •

~~~~

, the result ing waveform , pa (t ) IS

( 7 )  P~
( t)  = sin •~ t + ~~

— s in 3w~ t + ~~
- sin 5w~t

which has the appearance shown in Fig. 6.

p0 (t )

o ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~

•- t

Fig. 6. A bandlimited square wave.

Let us further assume , to simplify the discussion , the f(t)=O in d(t)
(see Eqs. (3) and (5)). Then

(8) d(t) = A cos[w ct + 41 (t) ]  = A p(t) cos

If this signal is passed through a bandpass filter which passes only
the first three sidebands of d(t) on either side of t c ,  the filter output
will be

(9) da ( t )  = A PaCt) Cos Wct

which has the appearance shown in Fig. 7. We find that da (t ) has AM
modulation on it due to bandlimiting d(t).

8
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Fig. 7. A band limited version of d(t)•

f(t) will not usually be zero , of course, but similar phase-enve l ope
coup ling will occur with a nonzero f(t). For a given envelope modulation ,
the spectrum of d(t) can be calculated and the waveform of its bandlimited
versi on obtained. However , the above example is adequate for our purposes
to illustrate how bandl imiting converts 41(t) to envelope modulation .

It is not surprising that the introduction of 41(t) in d(t) produces
envelope modulation when bar idlimited , because there is a close coupling
between the amplitude and phase modulation of a signal. This subject has
been carefully discussed in two excellent papers by Voelcker[5,6], and
the reader is referred there for details. Voelcker has shown that once
the bandwidth and (periodic) envelope of a signal are specified , there
are only certain (finitely many) phase modulations that the signal may
have. The signals having these precisely defined phase modulations are
the members of a so-called common envelope set. All the waveforms of
the common envelope set may be obtained from any one of the set by a
process of zero conjugation in the complex time plane . Any phase modu-
lation other than one in the common envelope set (such as the 4(t) we
have introduced!) must produce either an infinite bandwidth or a differ-
ent envelope modulation. The waveform discussed above clearly illustrates
this principle. 41(t) can be added to the AM signal wi thout changing its
enve lope, but the resulting signal has an infinite bandwidth . If the
bandwidth is limited , envelope distortion results .

The effect of the envelope distortion illustrated in Fig. 5 on the
fidelity of a voice signal has not been determined at this writing. It
is believed , however, that this effect will not be objectionable if the
swi tching rate of 41(t) is below the lowest audio frequency transmitted
by the AM system and if the envelope rollover at each phase transition of
41(t) occurs at a higher rate than the highest audio frequency transmitted.

9
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The tolerance of the human listen er to such envelope distortion is a sub-
JeLtive matter that is difficult to evaluate from theoretica l consider-
ations. We plan to examine the effects of this distortion in the experi-
mental follow-up program .

• If this envelope distortion proves objectionable , there is an alter-
native method that can be used to reduce envelope distortion. It is well
known that 4-ary phase modulation in which the phase jumps never exceed
ii/2 produces substantially less envelope distortion than biphase modula-
tion. In particular , 4-ary phase modulation with constra i ned jumps does
not produce the envelope rollover seen in Fig. 5. Such 4-phase modulation• has essentially the same interference rejection performance as biphase ,
but is more complicated to implement. For this reason, we have initially
chosen biphase modulation and plan to begin with it in the experimenta l
system. However, if the fidelity is found to be too poor, constrained
4-phase modulation will be used .

IV . FEEDBACK-LOOP BANDWIDTH AND THE
CONCEPT OF SIGNAL CORRELATION

The concept of signal correlation in an LMS array is closely related
to the concept of the feedback loop bandwidth for the array weights . In
an LMS array, the feedback loop equation for the complex weights is[ll],

(10) dW(t) = - KA v I€ (t) 1 2
dt

where

w ( t)  = complex weight vector of order N, where N is
the number of elements in the array,

KA = analog l oop gain constant,

vj~ (t) j 2t = _2X(t)c*(t)

(11) ~(t) = R( t) — S( t )

‘
~ vj~(t)I

2 is deri ved from the gradient of the real squared error signal ,
~‘(t), with respect to the real weights .

10
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(12) S(t) = Wt (t)X(t)

t = adjoint ( transpose conjugate) operation ,

X(t) = complex input signal vector

and where the signals (t), R(t) and S(t) are expressed in anal ytic form .

With Eqs. (11) and (12), Eq. (10) can be written as

(13) dW(t) = 2KA X(t)1*(t)dt
or

(14) dW (tJ + [2KARX ( t)]W ( t) = 2KAX(t )R * ( t )

where the asterisk denotes the complex conjugate and

R~(t) = X(t)Xt (t) = the complex correlation matri x of
the input signals.

Equation (14), which is a first-order inhomogeneous coupled system of dif-
ferential equations with time varying coefficients , will be referred to as
the feedback loop equati on for the complex weights . An exact solution of
this equation in the general case is difficult to obtain because the
equations are coupled and R~(t) is time-varying. However, various techni-
ques have been used to obtain meaningful approximate solutions. Usually,
solutions are obtained by replacing R

~(t) by its expectation or its time-average value. In general , the weight solutions to Eq. (14) are non-
stationary random processes . Each weight has a mean value and a fluctuating
(“ji tter ”) component. If the weight vector is satistically independent of
R~(t), one can take the expectation of Eq. (14) and invoke the relation
E{R~(t)W(t)} 

= E{R~(t)}E{W(t)}. This procedure reduces Eq. (14) to a
system of equations for E{W(t)} wi th constant coefficients (if R~(t) isstationary), which is easily solved . Although the statistical independ-
ence of R~(t) and W(t)  appears difficult to prove (in fact , they cannot
be strictTy independent), experimental results seem to indicate that the
mean values of the weights are correctly predicted by neglecting the time-
varying components of Rx (t) . t That approach will be taken in this study.

t The fluctuating components of the weights appear more difficult to
analyze. Brennan and Reed first obtained approximate results[12]• Koleszar[l3] has developed a perturbation approach that allows one to
calculate the first-order effects of the time-varying components of
Rx(t) on the weights. Also, Miller[14] has studied the effects of
weight jitter on bit error probability for an adaptive array in a
digital comunicati ons system.

11
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Let us consider a two-element array that is receiving a CW desired
signal and a CW interference signal. We suppose the array elements are
one-half wavelength apart at the desi red signal frequency . Let the de-
sired signa1 D(t), the interference signal 1(t) and the reference signal
R(t) be given in complex form by

jw 0t

• ID (t) = A e
I j w 1t

(15) ~ I(t) = B e
I jw0t
(R( t) = C e

where 
~~~~~ 

and are the radian frequencies of the respective signals.
(Note that the frequencies of the desired and reference signals are the
same.) With these signals , the solution to Eq. (15) when the time-vary—

• I ing components of Rx(t) are neglected , is of the form

2 _2K
A A it - jw ~t

• (16) W1(t) = + ~ e + e
j =l

where

w1 ( t )  = complex weight in the ith element ,

= complex constants,

= jth eigenvalue of the time-average value of
Rx(t)~ 

and

= W~ 
- (i)~~

The dc terms Yj in this solution result from the dc terms in 2KAX(t)R*(t)
and the oscillating terms result from the difference frequency terms in
2KAX(t)R*(t). The exponentials are the homogeneous solution to Eq. (14)
and are adjusted to satisfy the initial conditions on W 1(t).

• Because of the form of Eq. (14), we may view the weight vector W as
the output response of a linear l owpass filter to an inpu t vector 2KAX(t)R*(t). For the sinusoid al signals in Eq. (15), it is clear that the coef—
ficients 

~~ j  
in Eq. (16) will be small if

(17) >> 2K~X 1~~

where = max{A• }, because then the component of 2KAX(t)R*(t) at fre-quency WA will be ~bove the (highest) 3 dB cutoff, 2KA\~~X, of the linearlow pass filter. In genera l , for arbitrary signals X(t) and R(t), spectral
components of 2KAX(t)R *(t) above the cutoff frequency 2KA A~~X have little
effect on the weights . On the other hand, dc components of 2KAX(t)R * (t)
determine the dc values of the weights , and non-zero frequency components

-

• 12

‘I 
- ~~~~

- -~
- - •~~~—“~ - •  — • • — • ~~-—~~•~~~ • -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~ ——~~~~~—~~~~

• 
.• —.—

~
~—



• of 2KAX(t)R*(t) below the cutoff frequency 2KA A
~~X produce weight fluctu-ation or jitter.

For the special case of CW signals as given in Eq. (15), the desired
signal-reference signal products in 2KAX(t)R*(t) produce dc terms that• control the steady-state values of the weights . The interference signal -
reference signal products are at frequency WA . If WA >> 2KAA

~~Y 
these

components are filtered out and do not affect the weights . In this
situation the array nulls the interference. If < 2KA LII~ 

the ~ terms
produce oscillating weights. In general , the array does not null ~heinterference, but instead ampl i tude or phase modulates both the desired
and interference signals.t

i~ow suppose the reference signal has a slightl y different frequency
than the desired si gnal . Instead of Eqs. (15), we assume the signals are

• given by

JW r,t

10(t) A e
I j w j t

(15’) ~ 1(t) = B e
I i~~tIR(t) = C e R

where WR may be different from w . In this case, the product 2KAX(t)R*(t)will contain frequency component~ at
tt

(18) 
~Al 

WL)
_ W

R

as wel l as a t

(19) 
~.2 ~I 

—

~ It must be kept in mind that the solution in Eq. (16) is only approxi-
mate. It is based on the assumption that the time-varying components
of R (t) are ignored . However, these components also contain terms
osci’lating at the difference frequency ~~~~, which wi ll contribute to
the weight fluctuations too.

~Note that the time-varying components of R~
(t) now contain terms

oscillating at wA3 = - (AID.

13
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If 
~ i 2KA kMAX and -•. 2KA A IflX , the array will nul l both the desired

and interferenc e signa l~ . but if~ •• 2KAA~.,A~ (and ~~~~~~ -~ 2K~AM~~ ), thearray will null the i nterference , büt riot the desired signal. The array
weights will oscillate because of the 

~~ 
components , and this oscillati on

will produce FM on the desired si gnal.

This situation may be understood by noting tha t the array feedback
attempts to ma tch the array output to the reference signal in both ampli —
tuae and phase. A small frequency offset between the desired and reference
signals is equivalent to a phase misma tch that increases linearly with time .
If this phase difference changes slowly enough that the array weights can
follow it (i.e.. if 

~~ 
2KAAMA~() the weights simply rol l the phase of the

desired signal continuo usly backward to make it ma tch the reference signa l
phase. In this process , the in—phase and quadrature weights on each el ement
oscillate in quadrature , and the desired signal undergoes a frequency shift.
Such desired signal FM has been discussed by DiCarlo and Compton in a
‘iqht ly d fferer lt ~ontext [l5].

Now let us consider wha t happens with more general types of signals.
In a radio c ommu nications sytem , the signals X ( t )  and R(t) will be band—
l imited signals centered at a non-zero carrier frequency. Hence the product
2KaX(t)R*(t) will contain frequenc i es in a band centered around zero frequency .
If’ the reference signal is properly designed , the desired si gnal—referenc e
signa l product in 2KAX(t)R*(t) will contribu te a large dc term, which will
control the steady—sta te weights and will cause the array to retain the
desired signa l in the array output. The i nterference signal—reference
signa l product should contain no dc term; most of its spectral components
should fall outside the cutoff frequency ~~~~~~ The portion that falls
inside contributes to the weight jitter and resul ts in desired signa l modu-
lation .

In the present context, we say that two signals (such as the inter-
ference signal and the reference signal ) are “uncorrelated ” so long as
most of the power in the spectra l products they contribute to 2KAX(t)R*(t)
lies outside the feedback loop bandwidth , 2KA AM,~

. Two signals are
strongly “correlated ” when the power in these spec tral components is mostly
within the loop bandwidth. In genera l , the reference signal should be
designed so the desired signal-reference signal products in 2KAX(t)R*(t)
produce a strong dc ccmppoP.r~t, and so tue interference-reference signalproducts have as littl e power as possibl e wi thin the feedback loop bandwidth

• 2
~A~MAX~

?iow consider what happens when the reference and desired signals con-
tain the phase switching as in Eqs. (3) and (4), and the Interference is

• CW. A CW interference signal will contribute terms of the form

-j WA t
(20) CJR ( t )  = I(t)R*(t) = BC p(t)e

14 



to the product 2KAX(t)R* (t),
+ where

(21) p( t) = ej41(t)

as defined in Eq. (5) and Fig. 3. When p(t) is a square wave as in Fig. 4,
its Fourier Transform is as shown in Fig. 5, so the spectrum of CJR (t) is
similar to that in Fig. 5 but wi th all frequency components shifted to the
left by WA . We see immediately that if

(22) W A 
=

a spectral line of CIR (t) will fall at dc. Thus , for certain interfer-
ence frequencies, the interference has strong dc correlation with the

• reference signal. Moreover, even if w~ does not have exactly one of the
• values above, when WA is within 2KAAMAX of any of these frequencies , a

spectral line will fall wi thin the feedback loop bandwidth and will cause
weight oscillations.

Whether this situation is a problem for the array depends on what
fraction of the total power in CIR(t) falls within the feedback loop band-
width (and also on whether the desired signal is presenttt). Clearly, if
p(t) is a square—wave , the least desirable situation occurs if W =

because the frequency components of p(t) are strongest at ±W . ~f, how-ever, p(t) is a maximal l ength pseudonoise (PN) code, instea~ of a square-wave, the performance degradation is less than with a square wave. Such ¶

a code is a periodic waveform with period I = (2’Ll)T~, where T~ is theduration of a single bit and n is the number of bits in the shift register
generating the code[l0]. Since the fundamenta l period of the PN code is

• longer than that of the square wave by the ratio (2~-l)/2 , the frequencycomponents of the PN code will be at integral multiples of

tJ~ will also contribute terms of the form
~Jw A tCID(t) = I(t)D*(t) = AB[1 + mf(t)]p(t)e

to the components of Rx (t).
ttlf the desired signal is not present, the array feedback will match the

CW interference signal at the array output wi th the corresponding spectral
l ine in the reference signal. It will not null the interference. How-
ever, when the desired signal is not present, there is nothing to “rece i ve ”
anyway, so the interference does not matter. When the desired signal is
present, the error signal is minimized by matching the desired signal to
the reference signal and nulling the interference, because matching the
desired and reference signals matches all the discrete spectral lines of
the reference signal , not just the one at the interference frequency.

15
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F~ r

(23) WO 
= 

2
n 1 

Wp 

. 
. 

.
1 e , much more closel y spaced than for the square wave Thus , with a PN
code on the reference signal , there will be many more frequency components

• in the product CIR(t), but each one will contain a smaller proportion of
the total power.

The performance of the array against CW interference has been examined
with computer simulations and the results are discussed in a companion
report[16]. It appears that , although the array does not null interfer-
ence quite as effectively for certain interference frequencies , the overall
performance is nevertheless satisfactory for reliable communications.

• Finally, let us briefly discuss what happens with other types of
interference besides CW. Some typical other types are : (1) convention-
ally modulated signals such as AM , FSK , etc., whose spectra l components

• • fall within the frequency band of the desired signal (we refer to this
type as friendly interference); (2) broadband noise interference; and
(3) pulsed interference. The last two are typical of intentional jamming.

First , we note that with broadband noise interference , there are
no critical frequencies , because CIR(t) will not contain any discrete
frequency components. Second, with conventional modulation and pulse
jamming , a variety of situations are possible. In general , discrete
spectral lines will occur in CIR(t) only if the interference spectrum

• contains discrete spectra l lines. When discrete spectral lines do occur ,
we may expect some performance degradation at certain interference fre-
quencies. The effect on array performance will depend on the specific

• waveform . The more closely the interference spectrum matches that of the
reference signal , the more power CJR (t) will contain within the feedback

-
• l oop bandwidth and the more performance degradation will result.

V. DESIGN TRADEOFFS FOR THE PROPOSED
• AM SYSTEM

In this section , design relations and bounds for the proposed AM
adaptive array system will be discussed . As noted in the last section ,
good array performance requires the reference signal to be highly cor-
related with the desired signal but uncorrelated with the interference,
where the degree of correlation between two signals refers to the spectral
power in their product inside the feedback loop bandwidth , 2KA A

~~X .

First , consider the correlation between the desired and reference
signals. From Eqs. (3) and (4), these signals may be written in complex
form as

j [ w c t + 41(t)]
(24) D(t) = A f l  + mf(t)]  e

16



Jfw~t + 41(t)]
(2 5) R( t ) = C e

where the phase constant 0 in Eq. (3) has been set equal to zero for con-
venience and where we have assumed for the moment that the code estimate
~(t) in the reference signal is perfect, i.e., 41(t) = •(t). (Note that
the signals in Eqs. (24) and ,~~5), although complex , are not analytic,because the bandwid th of eJ41t is infinit e . However, under the assump-
tion that r is very much greater than the switching frequency of ~(t),little inac~uracy will result for our purposes from considering these as
andlytic.) The product D(t)R*(t) is

(26) CDR( t) = D( t)R*(t) = AC + AC rnf (t )

Let us assume the audio waveform f(t) has a Fourier Transform F(w) as
shown in Fig. 8. Let F(W) be strictly bandlimi ted, with ~~~ the minimumand Wmax the maximum audio frequencies , respectively.

F (w)

MAX MIN MIN MAX

Fig. 8. Spectrum of a typical audio
waveform f( t) .

The Fourier Transform of CDR (t) is then

(27) CDR(W) = AC[2itó(w) + mF(w)]

as illustrated in Fig . 9.

C (~) contains an impulse at dc and the audio sidebands of f(t). ~ne
d~~lmpulse results from the correlation between 

the carrier component
of the desi red signal and the reference signal ; it represents the desired
correlation between the two ignals. The sideband components represent
undesired signal products.
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CDR ~~~

(2w AC)

• 
_ _ _ _ _ _ _  _ _ _ _  - / \~ACm F (w)

WMAX ~~ M I N W MIN W UAX

Fig. 9. Spectrum CDR (W).

The first design constraint we note is that we must choose

(28) 2KA~MAX <
~~ 

W~~j~~

to prevent the array weights from respond i ng to the audio modulation .
Since the array feedback is trying to match the desired signal to a con-
stant envelope reference signal , the weights , if capable of changing
rapidly enough , will simply inverse modulate the AM signal , i.e., con-
vert it to a constant envelope signal .

Next, we note that the speed of response of the array is limited
by the smallest eigenvalue of R~(t) in Eq. (16). We therefore define
the time constant of the array to be

(29)
~ ~A~M IN

where

A MIN = mln{A ~ }
J

In a typical design we would like the array to be fast enough to track
changes of the signal directions in space. The resulting maximum value

18
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for 1A ’ say TMAX ’ will dictate a minimum value of A MIN . However, since

~MIN ~~~~~~~~~~ 
we now have

(30) = 2Kç~ A MIN 2KA MAX Wmln

so we find that the l owest audio frequency limits the fastest speed of
response that can be attained . Moreover , this limitation can be a severe
one, because the elgenva l ues x~ in the array are dependent on the incoming
signal power. (See the definition of R~(t) below Eq. (14).) Normally
the array has to be designed to operate over a range of signal powers.
The i nequality for 

~~~ 
in Eq. (30) must be satisfied for the strongest

interference signal to be handled , while for AMIN we must use the weakest
desired signal of interest. The resul t is that with wide dynamic signal
levels there will be severa l orders of magnitude between AMIN and A MAX .
Hence the array will have to have a slow response if typical audio values
are used for 

~min

The next parameter limitation is one that has already been mentioned
in Section III in connection with phase-envelope coupling. As discussed
there, bandlimiting the phase-switched AM signal will produce envelope
distortion , especially in the region of a bit transition where the envelope
“rolls over” . The speed at which the envelope rolls over is determined by
the system bandwidth , i.e., by the highest audio frequency transmitted ,
1
~MAX • The envelope rollover speed is i ndependent of the code frequency
W (W = T n T , where T is the bit duration). To make the envelope roll-
over ~ccur a~ infreque~tly as possible , we want the bit duration as longas possible, or LAIfl as small as possible. In a typical audio system with ,
say , wmin = 2~n(l0O Hz) and ~~ax = 2Tn(4 kHz), if we choose wp = the
bit durations will be approximately 40 times as l ong as the envelope roll-
over regi on, so severe envelope distortion will occur only a few percent
of the time. For this reason, to minimize envelope distortion , we choose

(31) Wp ~ Wmin << 
~‘-max

Finally, we note that regardless of the relative values of Wp and sin’
the inequality

(32) 2KA A MAX << W
p

must always be enforced , in addition to the inequality in Eq. (30). If
2KAA MAX i s not small compared to W , the feedback ioops will be capable
of tracking the switching rate of ~he biphase modulation . This situation
is undesi rable because, for example, the array weights could modulate a
CW interference signal to make it match the biphase modulated reference

19
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signal. The inequa lity in Eq. (32 ) is equivalent to having the integra-
tion time window of the array feedback long compared to the bit interval
T~ . If that condition is not enforced , the phase switching will not
d~correlate the reference signal from the interference .

When the inequalities in Eqs. (30) ,  (31) ,  and (32) are combined ,
the fol lowing ordering of parameter values results:

____ = 2KA AMIN 2K~ AMAX ~~~

- min{ •p~
w mj n } < ‘umax

VI .  RELATIONS BETWEEN THE ANALOG ARRA Y
AND ITS DIGITAL SIMULATION

In the next section some initial results of an adaptive array simu-
p lation with phase modulated AM signals are presented. The simulation is

based on the discrete form of the LMS algori thm. In this section , we
briefly discuss the relation between the discrete and analog forms of the
LMS algorithm.

The adaptive array is simulated by using the complex discrete LMS
algorithm[ll], in which an iterative correction to the weights is made
every T seconds. The discrete algori thm is

(34) W(J+l ) w ( J )  + 2K0(J) c*(J)

where J = sample index

K0 = digital feedback loop gain constant

Equation (34) is a forward difference approx imation of the analog LMS
algori thm in Eq. (13). Equation (34) can be manipu1ated into the form

• (35) W(J+l) = [2K0Rx (J) - 1 ] W(J) = 2KDX(J)R*(J)

which is the control loop difference equat ion for the weight vector W(J).
For a two-element array with CW desired , interference and reference
signals,

JWDJT
10 (J ) = A e
I Jw1 JT

(36) <1(J) = B e
I J(AJ0JTIR ( J )  = C

20
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the solution of Eq. (35) when the time-varying components of R
~(J) areneglected is

2 j~,JT
(37) w~(J) = + r

~ij [1 
- 2K0A~]’~ + q~ e

or
f ~n[l -

2 - ( -  T )JT JW JT
(38) W

~
(J) = + ~ c,.. e \. / + q1 ej=l ‘~

where

= complex constants

A .  jth eigenva lue of the (time-averaged ) matrix
~ Rx (J). (Uote that the A~ are the same for

both the analog and discrete array.)

— WD

In these equations it is assumed that

0 max{2K0~~} 1

so the frequency response of the difference equation Eq. (35) models a
lowpass filter similar to Eq. (14). (For

1 max{2K0A~} 2
J

the difference equation Eq. (35) is stable but does not have a lowpass
characteristic). Moreover, we assume Wt~

T << 2~i 50 W is within the first
period of the (periodic) frequency response of Eq. (~5).

By analogy with Eqs. (16) and (17), we note that for WA >> BD,
where

(39) BD = - ~ ~n{l - 2KDA MAX ]

(but still W << 2,n/T) the coefficients qi will be small , because the
components o~ 2KDX(J)R*(J) at frequency WA will be outside the l owpass
cutoff of the weights. This behavior is similar to the behavior of the

in Eq. (16) for the analog 1oop.
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If Eus . (14) and (35) and their 5oluti ons dre compared , we find the
ol lowing relationshi ps. First , the two solutions have the same steady
state values (n). Second , the transient responses of the analog and
discrete algorithms will not be the same unless they are properly scaled .
It is possible to do this scaling in two ways:

(1) ~~~~~tching the Bandwidths

• If we choose KA and KD such that

(40) 2KA
kMAX = - J_ ;n[l - 2KDA MAX ]

which requires

1-I V- r\D~ MAX(41) KA = _
~

AMAX

or
_2KA~MAX T

(42) K0 = 
L- 

2A MAX

the bandwtdths of the analog and discrete arrays will he i dentical. How-
ever , in this case the speeds of the two arrays w i ll not usually be the
same . The speeds of the analog and discrete arrays are given in terms
of their time constants , which are related to the m i nimum e i genva lue ,

(43)
A A M I N

and 
•

(44) TO = - 

~n[l - 2K D~M~~]

In general , once KA and K0 are chosen to satisfy Eqs. (41) or (42), ~and T0 will not be the same.

(2) By Matching the Speed

Matching the speeds requ i res that KA and K0 satisfy

(45) 2KA A M I N - ~n[1 - 2K D AMIN ] ‘

22
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or

~n[l - 2 K A ]

A 2AMINT 
—

and

• _2K
A AM J N T

(47) KD = ’ - e
2AMIN

In this case, the speeds of the two arrays are the same, but not
their bandwidths.

In the special case of a two element array (so there are only two
eigenvalues) it may be possible to match both the bandwidths and the
speeds, if the sampling interval T is properly chosen.

To do this, both Eqs. (40) and (45) have to be satisfied , which
requires that KD, AMIN and AMAX satisfy

(48) (1 - 2KDAMAX ) MIN = (1 - 2KDA MIN ) MAX

and then the sampl i ng time T must be

zn[l - 2KDAMAX]
(49) 1 = - 2KAAMAX
Al so , KA will be given by

0 — ~
n[l - 2KDAMIN] 

— ~n[1 - 2KDAMAX]
(5 ) KA - -2AMINT 

- - 2Ap,~~T

Usually in a computer simulation it is more important to match band-
widths than to match time constants, so that the effects of partial cor-
relations between the interference, desi red and reference signals are
properly modelled. That procedure has been used in the next section.

Finally, we note that for the discrete algorithm , the parameter
relations in Eq. (33) take the form

1 9.n[l — 2KDA MI N ] s~n[l - 2KDAMAX ]
(51) TMAX T

<< min{w~~~ 1~ } << ‘
~max << 2ii/T
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The last inequality in Eq. (51), 
~ii~ax 2r~/T , is necessary in a discrete

simulation to prevent the signal spectra from overlapping into the next
period of the discrete frequency response, which is periodic with period
2Tn/T.

VII . TYPICAL SIMULATION RESULTS

In this section , we present some simulation results for a two-ele-
ment adaptive array with phase modulated AM signals and CW interference.
The curves shown are intended merely to illustrate typical results . A

• more complete discussion of the simulation results show i ng the effects
of various system parameters such as interference and switching frequen-
d e s , etc. is conta i ned in a companion report currently in preparation[16).

In the simulations described below , the following signals have been
assumed:

d(t) = desired signal = A{ l  + m cOsc~,t] p(t) COSW Ct

1(t) = interference signal = B cOSwjt

r(t) = reference signal = C p(t) coskt

• where p(t) is a square wave with swi tching frequency 
~~~~~~ 

The array ele-
ments are assumed isotropic and spaced a half wavelength apart at fre—
quency wc. The parameter values used are shown in Table 1. Table 1 also
shows the feedback l oop bandwidth and array time constant as obtai ned

• from Eqs . (39), (44), (54) and (55). The values of A, m and B in Table 1
result in an input signal-to-interference ratiot of -22.3 dB[17]. The
desired signal was incident on the array from broadside and the interfer-
ence was incident from an angle 

~ 
off broadside .

The frequencies shown in Table I are scaled frequencies chosen to
allow a reasonable computer running time in the simulations. If realist ic
frequencies are used with the digital LMS algorithm , impractically long
computer times usually result. To illustrate this problem, it is inter-
esting to calculate the speed of the analog and digital array for a typical
set of signal parameters :

~Defined as Total incident desired signal power (including sidebands )
divided by incident interference power.



A BLI 1

PARAMETER VALUES OF THE SIMULATED ADAPTIVE ARRAY

Parameter Value

2~ (100 x lOs) rad/sec .

2Tn (100 x lOs) rad/sec.

W
m 

2n (8 x lO~) rad/sec.

1O~) rad/sec .

B 10.
p C 1.

m 0.3333

KD 0.00015

1 2.5 x 10.6 seconds

B0 2rn (4.8 x l0~) rad/sec.

1 666T

Consider:

wc = 2in (20 x 106 ) rad/ sec

= 2in (10 x 106 ) rad/sec

• A = 0.75

• B = 1 0.

(52) C = 1 .

m 0.3333

I = 12.5 x i0~~ sec
A O

U0- ’ ,

0
~~=

60°
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The estimates of the eigenva lue s are

(53) 1’M IN = 2

(~~MAX
r 242

The eigenvalues shown have been estima ted as follows . Since
‘MIs’ MAX can be approximated by

~54) MA, Trace Rx (t) = X 1 ( t ) 1 2 + X2(tfl
2

and in order to have a worst case estimate , 1X 1(t)1 2 + ~X2(t)f
2 has been

rep laced by i t.  ~‘ax i rnuni  instantaneous value. AM IN is the actual eigen-
value for the time-averaged R~(t) with CW signals , viz.,

(55) 
~M I N (A 2+B2) - J (A

2+B2)2 - 2A2B2 (1 - cos (TnsinoD - 
~~~~~ sin o~))

where and are the angles of arrival of the interference and desired
signals , respectively, as shown in Fig. 10.

• 8:o
I (t ) :Be jw1t

=Ae j~~
t

I$t ELEMENT 2 2nd ELEMENT

= WAV ELENGTH AT THE DESIRED SIGNAL 1 •
•

:1 CARRIER FREQUENCY

Fig. 10. Direction of arrival of the input signals.
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Satisfying the bandwidth requirements of Eq. (30) gives ,

(56) 2KA (242) ~~~
- 2~ 100

or

KA •‘ 1.298

For KA 1 , we find from Eq. (42) that K0 = 0.0000012497 and the time con-
stants of the two arrays are,

(57) 1A = 2K = 0.25 (sec)
A M IN

(58) = -T 
~~ 200,0501 = 200,050 iterations

- 

~
fl( l_ 2 K DA MIN

Thus the response time (say 5 time constants) of the analog array
is 1.25 sec. For the digita l array it is 1 ,000,250 computer iterations .
With the size of the computer programs needed for the simulations , this
number of i terations requires an impractical amount of computer time .
To increase the array speed, large va lues of Krj must be used. However,
using large values of K0 causes the bandwidth to be large ; and to satisfy• Eqs. (33) and (51), large value of and 

~~ 
are needed . The frequencies

shown in Table I thus represent a co~promise ~o allow reasonab le computer
times.

Figure 11 shows a typical set of weight transients that result when
the interference angle 01 is 60°, where the two complex weights are written

(59) W1(J) = w 11 (J) + j W 12 (J)

(60) W2(J) = W21(J) + j W22(J)

and initial values of the weights were arbitrarily assumed to be W11(0) = 1,
W12(O) = 0, W~1 (O) = 0 and 1422(0) = 0.

From the weights, the array response to each signal can be calcu-
lated . In general , the voltage response of the array with weights W1(J)
an d W2(J) to a signal at angle 0 and frequency ~ is 

•
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—1.0 —

Fig. 11. Transient response of the complex weights (e~~6O°).
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From the weights, the array response to each si gnal can be calculated .• In general , the voltage response of the array with wei ghts W1 (J) and W2(J)to a signal at angle o and frequency is

j•, 
~~—- sin •,

(61) AF( ,.,J) = W (J) + W~(J ) e

The magnitude and phase of the array response to the desired signal arethen

(62) GAIN ,O D(J) = IAF(O D ,U C ,J) I

- ; and

(63) PHASE ,-.
0 (J) 4 A F(~0,~~ ,J)

and for the interference, the amplitude response is

(64) GAIN , j(J) = IAF(0 i,wi ,J)I

(Since phase shift for the interference signal is of little interest,
PHASE ,o1(J) is not discussed.)
Fi gure 12 shows the transient behavior of GAIN ,OD(J), PHASt ,~D(J)and GAIN ,n 1(J) corresponding to the weight transients shown in Fig. 11 .

Also shown in Fig. 12 is the Gain Ratio, -defined as the ratio of the
desired signal response to the interference signal response:

(AF(0D ,WC,J)f
(65) Gain Ratio = ~

—

• 1 AF~O j ,w1, j

The behavior of these quantities after the initial weight transients
have ended is shown on a more expanded scale in Fig. 13. As may be seen,
small fluctuations occur in these quantities , particularly in the inter-

• ference response GAIN,e1. The reason for these fluctuations is that the
products COR(t) = D(t)R*(t) and C I R ( t )  = I(t)R*(t) contain spectral lines
that cause the array weights to have a small fluctuating component. The
fluctuations are more noticeable on the interference than on the desi red
signa l , because the interference is in a pattern null . The bounds for
the fluctuation in each parameter are given in Table 2. Also listed in
Table 2 are the corresponding bounds for the output signal-to-interference
ratio.
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Fig. 12. Transient response of the array gains and phase (01 =60°).

30



(.3(25 —

p 0

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~S 

zI.2500 -
4

• 0

1 1875 - I I I I
29200 29400 29600 29800 30000

• w
• 0w 9.0 -

0

w c I I I
29400 29600 29800 30000

—9.0 -

0.025 -
H

z

~ A’~kA4tAA&A.AA A-~#~ A.~~AJV%,AJV\ A4~A,IV’tA kA A kA~~A.&1
29200 29400 29600 29800 30000

I00

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

29200 29400 29600 29800 30000
TIME ( NUMBER OF ITERATIONS )

Fig. 13. Steady state array gains and phase (o~=60°).
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j
TABLE 2

FLUCTUATION BOUNDS OF THE ARRAY RESPONSES (-~j=60°)
— 

MINIMUM MAXIMUM

GAIN ,’0 1 .26086 1 .26203

PHASE ,O~ 0.00360 0.08640
(DEGREEs)

GAIN ,0 1 0 .00011 0.00459

GAIN RATIO 46.6 81.0
(08 )

S
~

R?B~ 
24.3 58. 7

Note:

Figure 14 and Table 3 show similar results for the case where the
interference arrives from 90° (endfire). Figure 15 and Table 4 shows
0 1 30° .

TABLE 3 
-

~~

FLUCTUATION BOUNDS OF THE ARRAY RESPONSES (e~=90°) - ,

MINIMUM MAXIMUM

GAIN ,o0 1.26172 1.26283

PHASE ,0~ 0.00000 0.00000
( DEGREE~
GAIN,e1 0.00001 0.00591

GAIN RATIO 46.6 100.0
(DB)

SIR
8~ 

22. 3 77. 7

Note: ~ = 90
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Fig. 14. Steady state gains and phase (o i=9O°).
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TABLE 4

FLUCTUAT ION BOUNDS OF THE ARRAY RESPONSES ( I =30c )

MINIMUM MAXIMUM

GAIN ,c
D 1.21039 1.21627

PHASE ,o~ 1.404 1.68840
(DEGREE7

GA IN ,0j 0.00016 0.00512

GAIN RATIO 46 .2 77 .4
(DB)

SIROUT 23.9 55.1
(DB )

Notc’ ~ = 30

Finally, Fig. 16 shows a curve of the gain ratio an~ the array
ou tput signal -to-interference ratio as a function of the interference
ar ri va l ang le 

~~~~
. The value plotted is the average of the minimum and

max imum values obtained during the weight fluctuation cycle.

VIII . SUMMARY AND CONCLUSIONS -

In this report a technique for integrating adaptive arrays into
conventional AM conrnunication systems has been discussed . This techni-
que utilizes an extra biphase modulation on the desired signal , in
addition to the AM . The biphase modulation is derived from a pseudonoise
code. The reference signa l for the adaptive array consists of a constant
envelope si gnal biphase modulated with the same PN code . A method for
locking and tracking the code is available.

The signals described here would be transmitted in the same band-
width as conventional AM signals and hence would be compatible wi th
existing AM systems. Inclusion of the biphase modulation on the AM signal
produces some envelope distortion , but this distortion does not appear to
be serious if the code modulation frequency is chosen near the low fre-
quency end of the audio band.

Digital simulations of such a system have been done and a few of
the results are shown in this report. These results indicate that the
array will provide suitable interference protection wi th such signals.
A companion report[l6] containing extensive simulation results and show-
ing the effects of various system parameters on performance is currentl y
in preparation .
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