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INTRODUCTION

The physical principles of the deterministic properties pf surface
waves have been studied for over a century. The work by Lamb is one of
the classic studies in this f~èIU The consideration of the statistical
properties of the ocean surface was first started about 20 years ago.
One of th~ first publications on this subject was by Pierson, Nenm~nnand James . This manual is informative and readable. 3Two excellent 14
surveys of ocean statistics have been given by Kinsman and Cartwright
One of the original.- and much quoted work on surface statistics ~as done
under project SWOP .in 19605 . A conference in ocean wave spectra contains

~~~~ be work of many scientists in the ield.
The purrse o~$~his study review~~he work on ocean surface

stat istics~~ EEI1 evie some new approa~Ties are considered. A
brief discussion of some similarities between oceafl surface statistics
and underwater sound noise fields 1~ incLuded.~~It is hoped that this
review will be helpful as an introduction to th~~field. /
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~ADMINISTRATIVE INFO1~(ATION

This memorandum was prepared under NUSC/NL Project Title: Acoustic
Statistical Applications to Sonar System Design , B. P. Cron Principal
Investigator. The Sponsoring vity was Chief of Naval Material,
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Single Frequency Plane Waves

Let us first consider a single frequency plane wave moving in the
direction ~~ . Let the amplitude of the wave be and the phase

I~et 1ICZ,4j ~
) be the displacement of the water height frc~i

its equilibrium position, where Z and ~ represent a point on the surfaceand t is the time. Then

#1

In this equation, we have assumed that the surIace waye is for the deep
water case and for this case the wave number.~~~ 

Ci~~/’~~ , where• is the gravity acceleration constant. Equation #rdefines the sur-
face height for all points on the surface and for a].]. time. It is a
three dimensional wave, two of the dimensions are the x and y coordinates
and the third dimension is the displacement of the surface in the ~
direction given by 

~ 
CX, 

~, 
6). Let us now assume that there are

single frequency plane waves of the same frequency each travelling in
a different direction. Then the displacement is

In equation 2, we have assumed that the principle of superposition holds,
i.e. that the total displacement is equal to the linear sum of the
individual displacements. In general this is not true. However, for
small displacements, the approximation of assuming linear superposition
i8 good. In addition, it makes much of the theory considerably simpler
and many experimental results may be predicted from the linear super-
position model. A given plane wave travelling in the ~~ direction, hasan amplitude (2,, and phase E.1 Up to this point the description has
been deterministic. We now introduce the random model by considering
an ensemble of surfaces similar to the deterministic surface. Each
surface consists of P1 single frequency plane waveb 4he fl~4 plane
wave is travelling in the G,~ direction with an amplitude Q,, . For the
?i~~ plane wave in a given surface, the phase ~~~~~ is selected from a
population with phase between 0 and 21?’, all phases being equally
likely. In this model, each surface is identical except for the phase

If we obtain the probability distribution of the phase over an
• . ensemble of_surfaces, then the probability density is shown in Fig. 2..
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Fig. l.

Because of the random phase cond.ition, each surface displacement conf ig-
uration is different than the otners. It should be noted that the model
could be constructed by having random amplitudes (2., in addition to
random phase, or random amplitudes alone.

Let us now obtains ome of the statistical properties of the ensem-
ble. However, before we do this, let u~ review some definitions that

• will be used. A stationary random process is one whose statistical
properties do not change with time. An ergodic process is a stationary
process such that with probability one, the time average of any single

H function of the ensemble is equal to the ensemble average. It should
be noted that a process to be ergodic is that each sample of the ensem-
ble go through all possible points of the set. The model as described
above is stationary but not ergodic. For example, a given surface is a
superposition of sinusoidal plane waves of a given frequency, so that
it is a sinusoidally oscillating surface in time of the same frequency
as its components. The configuration that the individual surface can
take is quite broad, but the frequency of each individual spatial point
ii still sinusoidal. However, the amplitude of the oscillations at the
point is fixed and will thus not necessarily reach al]. possible values.
There are several ways to circumvent this problem. However, the method
of single frequencies is very helpful intuitively and since the process
will become ergodic when continuum of frequencies is introduced, we will
use it here.

We will now average over the ensemble of systems. In order to hold
the amount of symbols to a minimum, we will consider a two dimensional
wave surface. The extension to a three dimensional surface is obvious,
once the two dimensional surface is understood. For a two dimensional
surface,1. Ii (x, t) ceo., ( — En) #3

17 ’g /
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We now assume that the process is stationary in the wide sense in both
• space and time. That is the second order properties, such as correla-

tion, depend only on the difference in x and the difference in ‘t and
not on where we begin. We let ~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~
then

~~~

The symbol denotes the expected value over the ensemble. We
now use the trigonometric identity that relates the product of cosines
to the sum and differences of the arguments of cosines. Then

C”~(’(,t) h(z-~ t-’~> ~~~~~~~~~~~~~~~~~~~~~~~ ~~~

We note that the fir’~t term on the right hand side is always zero when
averaged over . That is, the phase difference remains wheni~’i, ~~l,and when ~~~‘ ~ ~~ <

‘ c~~ (a..~ e) > = o
1Then .u,~~fl the second term is also zero, but when the phases in the
second term cancel , we have

~~L c~,( ‘~~~ii c~~r)
The mean square surface height 

~ 
is defined as

We now define the spatial temporal correlation of the surface height as

Then using similar arguments as in the two dimensional case

~~
bL
e(~ v, v) ~ v ~~

. ~~~~ e,, v-. ?,) #~S
Equation I~, related the spatial-temporal correlation of the ocean sur-
face, for single frequency waves, to the value of ~~~ which is propor-
tional to the power of a given component wave in the e0 direction.
We can now extend this approach to, include other frequencies. Then
C~ is a function of direction 6 and frequency 4) . Finally, we
can let this double sum increase and let the increments between values
decrease so that the double sum increase and let the increments between

• values decrease, so that the double sum approaches the double integral.
An appr~ach of this type has been given by Pierson and is reported by
Xinaas&. Kinsman’s equation in our notation is

~*e( U,b
~?~~k J’d ,fdwA’C”i 8)co3(~~~uo. 6 4 v ~~ e I ”~) #5
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called the directional wave spectrum.
is the relative amount of power of the component surface waves at (Ci’~ a)
in the ran~eJ(&’,IO. A three dimensional plot of A~C’~’

,6) is given
I by Kinsman-’ in Fig. 8. 3-1. This equation 5 represents the relation

between the spatial-temporal surface correlation and the directional
wave spectrum.

In this section, we have gone to great lengths to treat the single
frequency case and to obtain the relationship given by equation 4• We
have indicated that the same type of reasoning could be used to obtain
equation 5.

• Another form of equation 5 that is useful is to express the right
hand side in terms of wave numbers rather than &) and G

• Then

~~‘(-~ ,4,) ~ A~~~~ )J(~~4)
When J is the Jacobian and

~~ t4)

• T(~~~~~~~j )  ~~~~~
30 ~~

• 
~~~~~* 

.

~~~~~~

- 

_

~~~JJ ~~~~~If we use these transformations, we obtain the following two equations.
The first relation is

~~~~~~~~~~~~~~~~~~~~~~~~ ~I*))The second equation is

• 

L ~ 

A ~~~~~~~ (~ i 4, 
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Properties at a Single Point

is very difficult to obtain experimentally. The method
of attack as explained in the literature, is to consider various aim-

• 
• plifications of this quantity. That is, various parameters are held

fixed during a given measurement.
The simplest quantity to measure is the time variation of the aur-

- face at a given point. We use an instrument to measure the height ver-
sus time at a given point of the ocean surface . A capacitance wave pole

p is an example of this type of instrument. We’ then obtain a time history
• as shown in Fig. 2.

?~d$O)~ )

H Fig. 2.

j From this time history, we obtain the autocorrelation as

~~

The power spectrum at t1~i/point is the Fourier transform of the auto-
correlation ~unction. Thus

~(f) c fvi ?~ ec o~, ~)?~) ex rc-j ~z ~f 
7)

:~ A great deal of the work in ocean statistics and the literature are
concerned with the quantity 

~~ 
Returning to equation 5, we have

f~• J~ ’ A’ (’s.’1 ~~~~~ 
c~o-.(c’~ ~~~)

~~~~
- j ~ de AL( ~.‘r lf/~ e) ~r A Z(~~)) ~~~ �~. ~~

Jote that .~~~)is a double sided spectrum and A~{’~)is single sided . 
S •

Ii Now consider the right hand aide of the last equation , i.e.

f ’Je AtCw, e)

1 6

1 1
( f
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A’C”~ a) is the directional wave spectrum. In the equation, we Into-
• 

S 
gra t. over all 0 . Thus all knowledge of the direction of the waves
is lost , if we conside r only the quantity A’(~”) 

. For the Neumann-
Pierson spectrum S

A~(’~e)’ ~~ exP C_ 
~L)c.~~e ) ~~~ #7

CM ~~~~~~~~~~~~
The n

ce., ~~~~“‘~~~~~ *

= O , otherwis*
where $ = 98O cm/s.c~

2
U = wind speed ln cm/sec.
C 3- 3. O5zI O~~c1rxI2/sec. 5
W~ ~ 

= is a cutoff f*equency
~~~~~~

-..
°
• 

forafully aroused sea. lf we plot

S 
‘Va t~) we obtain a curve as shown in Fig. 3.

~~~~~~~~~~~~~~~~~~~~~~~~Fig. 3. -

For a higher value of wind speed U , the peak of this cur ve shifts to a
H lower value of w and becomes narrower. If we define 0 as

~~~~~~~~ 
~~~

where fp is the peak frequency and and
are the fr equencie s at the half powe r points ,, then Q . ,‘. 9 for all
values of U. Thus the Neumann-Pierson spectrum represent s a wide

_  _  S ~~~~~~~~
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band process. The integration over C~~ in equation 8, gives the total • :• 
-

I power atapoint. Thus

I ~ow e.- ~ = fcir .-L~ ex ~t ) ~
S Pro perties for a Given Time

Let us now return to equation #6 and consider the spatial corre-
lat ion of the surface height at an instant. The n

• 
~~~~ e C ‘.‘, I~ o) ‘:: JJ ,4~fd45 ~~~ 4g) c~ ~ ~~~ v)
We can now express ,4’C .4x, 4,~) in terms of its even and odd 

S

components . Thus

- P4 (~L~’ + [‘~(& ~
) + - 

~~

S A0~ ~~ .~~~~) 
.
~~ ‘ [A V t’4~, A,) A v 

~~
-. ~ -A~ )J

Thus 5

5
S 

~ (.44k, ~
) ~ o) Coi ~ i-4 v) d~o’v

and

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
S

Now the instantane ous height of the surface may be obtained by photo- S

gram metric techniques as shown by Pierson 5. From the instan taneous
1 height., th. correlation ec “, V,$may be computed. If we then use

equation 9 we may num. licall integrate the ri ht hand sides of this
e~uation and thus obtain As,’ (.L, -4~) and ~~ (.&~, .4,) .  Finally

S 

i~’ c.*i., £~) 
is obtained from {ts even and odd components. It

should be noted that e(”~o) may be obtained by stereo methods.
However , (VI~~ L) req uires photographs at different times. This
value is difficult to obtain in pr actice. The difficulty ii overcome , if

S - it is assumed that the directional wave spectrum occurs only in two S

I 
S 

~~~63 ~46~ 
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S adjacent quadrants about the wine axis. That is, the surface wave
S directions are always within ± 

~ 
of the wind axis. Methods of this

S 
- type have been used in project SWOP (Stereo Wave Observation

Project)5.
For analytic purposes , the problem is simplified if it is assumed

that there is 180° symmetry in the directional wave spectrum, i. e.

c’
~
ec

~~
o)-

~~ ”d44d.4 ~~~~~~~~~~~~~~~~~~~~~ ~ o

From equ~tion 10 it is seen that the tw2 dimensional Fourier trans-
S form of AL(.~ ai,A~)is eCt’, V~ o). Thus A’C~~,4~)is the inverse two
dimensional Fourier t~ansform of ~~UM That is,

S 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ 
S

We now make the additional assumption that the s~~face is isotropic.
S An assumption of this type was made by W. Marsh and also by Nuttall

and Cron 8. By an isotropic surface, we mean that the directional wave
• spectrum is the same in all direc tions.:

Let ,,~ 
~~~~~~~~~~~ 

Ø~ 
4[;.+.4

Then C(v,~~o)_ ~~~fr)
Let .L A ~ ,Ji and Q~~ f t C - d  9)

then
5 

v .  ~~~~~~~~~ a ~
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 
fda~ O fr)_./o/Ø ,c,oI:60c’ Ce4(~ - -‘

If we use the relation for the Bessel function of the first kind, i. e.

~~~~~~~~f e,cp(6xco.e) d~
Then )

~ (,øØ -= 
~~ ~C “ds —

. Cl- P~fr)’3’ &( ft-) #12

This is a Fourier-Bessel trans form. The inverse transform is of the
same form. That Is

~~~7rJ~L~’( 
a( A~j,~() ’3 (e(r) #13

9
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S In the preceding discussion we have considered the rectangular
form of the directional wave spectrum, i. e. A~’(4 , t~). We then
found the relation between the spatial correlation of Ehe surface and

k • the directional wave spectrum, for the isotropic case. The two
S quantities are Fourier-Bessel transforms of one another. The direc-

tional wave spectrum is usually exprassed in the polar form. For
example the Neumann-Pierson spectrum in polar form is given in
equations #7 and #8. We will now derive the relation between the spa-
tial correlation and the directional wave spectrum , expre ssed in the
polar form , for ~~e isotr opic case. Let ?~ 0,  in equation #5. Then

6’~
’(’C’~ Y~ o)~ f fdGfA’O~.~, 9) co.o 

~ 
c... e + ~ V.o~ a)

— A1-~~~~For the isotropic case, 1-~ 
3- ) WJ  -S f~ •

iàt ,v_~ ~~
. 

~~ 
. Then S

• 
c~-t°fr) 

.~ I J’~ eJ~
c,, A’(w) e~~ ( ~~~ (ê

The n using the definition of the Bessel tnction of the first kind, we S

obtain

Equation lh. ha s been used in Marsh7 et al. The inverse ~‘ ourier-
Bessel transform of e (tv) is S

-1- ~ fr) 3 (~~~
_) #15

Cron and Streit 9 have numerically evaluated equati on 14, for the case
of the Neumann- Pierson spectrum. This was done for various values
of wind speed. Nuttall and Cron 8 have numerically evaluated equation
15 for var ious assumed values of spatial correlation.

S Cross Spectral Density

Let us now consider two points of the sur face. We let time vary
4 and obtain (~(u1 ~ i) for these two points. The cross spectral 5

density, denote d bj  Ø(’.’~ v,f) in this article, is

~~~~~~~~~~~~~~~~~~~~~~~~~~~ #16 
~~ 5 S

..Note that U and V are held fixed in the integration process. Barber
has shown, as referenced by Car twr ight4 that a linear array of ele-
ments and their associated cross spectral densities can be used to

4 
S

10
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• obtain the directional wave spectrum. For example , for two points in
apace , we could obtain the height versus time of each point, as given S

in Fig. 4.

S 

Fig. 4.

Let

u V?.) ).6~~
L ~~~~~~~~~~~~~~~~~~~ S

S ‘ ‘ ‘ ~~~~~

1 Thu s e’(V, v, r) can be obtained experimentally. The Fourier transform S

of F’(&~~r)would yield ~~(u , v1 1) . An alternate method is to FFT ‘~~ ) S 5

and so as to obta in and 1~k~~) respectively. Then

~ Cv v, ~
) ~ Hj f ) Ma~~~) where ~ represents the complex conjugate.

For a large number of elements , this procedure is repeated for all
pairs of element s.

S We will now review Barber ’s method. Let A’(c) be the power
spectrum at a point. The autocorre lation ,Lunctian is 

S

1 ’  e c ,~,-)~ < ‘lCo,cy) lCo ,o,é-I -) >  ~~~~~~~~~~~~~
I ~~~ Thus f ’Co, o,l ’) *—, A”~f) where e—~ 

-

S represents the Fourier Transform. We again let A~cf , . represent

11 

‘S
~~~
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• : the directional wave spectrum for a plane wave of this powe r ,
S approaching the two elements as shown in Fig. 5, we have

V

Fig. 5.

S 
> A~CF 9) e~~ ( j4dc ~~o)

The right hand side represents the cross spectral density of a plane
S wave. We now consider the ocean surface to consist o~ plane waves

from all directions. Then the total cross spectrum is

~~C~’, i~~~) ’~ fA ,6) e cp ( j .~dc ~.4 9) aI e
Since A2(

~ e) is periodic in 0 with period 21r we may
express it as a Fourier series. Then

S A~ C J~,, 0) ~ _ _ _ _  + A~ ~~~~) 
co-o C ~ #1?

S In this expression , we have assume d symmetry in . Physic ally,
thi s would correspond to taking the wind direction as the axis and
measuring e from this axis. We also have the line of the linear S

array along the wind axis. For the general case we need two linear
arrays , one along the axis and one perpendicular to the axis. Substi -
tuting equation 17 into equation 16 and using the definition of the

S 
Bessel function which is 

~~~~

I..1c~) ~~~~~fexp r ) c I~
S We then obtain

~~~‘,v,fl- J7A . (~ ) ~~ + i ’A.~~~
)) I

~~~~
)

4 We can measure ~Cu1 v, f ) .  We can compute
If we terminate th,e infinite series at the (~ _ ,)~~‘l term , we have N
unknowns in A.. (~~) where ~, 

0,, ’, - -.. N - / . If we now use
N receivers , we will have N equations and N unknowns. We can then
solve these equation s , to find the N value s of A~ (&) . From these

S N values , we can compute the approximate value of At(F, ~) from 55

;

equation 17 • Thus cross spectral measurement s may be used to obtain
the directional wave spectrum . 

S

12

55 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ S .



---5 - ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
55555555 s555S55 S . . S.555S~~~~55 - 555’S ~~~~~•~~~~~ •S~ ~~~~~~~~~~~~~~~~ 5555 55 5 ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 5555555 5 ~~~ SS55~5~~ 

~~~~~~~~~~~~~~~

-5-- --5—-- .~~~

Nt~ C Tec~b Memo
No. 2211-128-70

A variation of the above techniques was used in the underwater
sound case , by Cron , Hassell and Keltonic ’0. In that reference ,
various directional wave fields were considered and corresponding to
each wave field , the spatial correlation of a vertical array of elements
was derived analyticall y. Cross correlation measurement s were then S

I made on a vertical array of elements and the experimental value s were S

S compared with the value s obtained from the theoretical model of
various assumed directional wave spectra. The directional wave S

spectra that gave the best agreement was chosen as the actual direc- S

tional wave spectrum . Anothe r variation of this technique used in
S underwater sound is that by Von Winkl e et al”. 

S

We will now consider the probabili ty distribution of the ocean
surface height. However , before we do , let us summar ize the last
section. We sta rted by indicating how the relation between the spatial
temporal correlation and the wave directiona l spectrum could be
obtained. The spatial temporal correlation was expres sed as

We then took the special case of one point on the surface. For
this case , we obtained the expression 1~’CO IP OJ )~), This expression was
relate d to the power spectrum . The directional pr operties of the

S 

waves were lost. We then specialized the general spat ial temporal
-j correlation to the case of a fixed instant of time and thus obtaine d

ecu v, o) . This expression was related to the wave directional
S spectrum. We then considered two fixed points on the surface and

obtained CC “
~ ‘Y’) . From ~~~ i) ,  the cross spectral density was

obtained.
All of these prop erties are second orde r properties. For

example , fltb 4t)~is a second orde r property . We have not covered S

higher order moment s such as<)~
3(. i ,d , a)> ~~~~~~~~~~~~~~~~~ w-v,t-Pc>

which are third order moments. If the process is Gaussian , only the
first and second orde r momenta are needed. Fortunately, for the stir-
face height distributi on, the Gaussian process may be as sumed for S

5 many cases.

Probability Distributions

• Let us now consider the probabili ty distribution of the surface S

height at a point . We will return to the princip le of linear supe rp osition.
The height of the surfac e at a point is the sum of many sine waves 

S

travelling in different directions and with different frequencies. For a
broad set of conditions , the sum of a large numbe r of random van - S

ables result s in a random variable with a Gaussian distribution , as F

S -SS.
S
’~

13
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may -be obtained fr om the central limit theorem. The probability di..
F 5SS tnibution of the height is

S
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
S where Pk is the height and 6Z ~~ <~$ “) is the mean square height. This

distribution has a bell shape and is shown in Fig. 6.

S Fig. 6.
It should be noted that the principle of superposi tion holds for small

S amplitude , low frequency waves. High frequency waves result in non
linear interaction terms and thus one would not expect a Gaussian

S process. This is borne out by experiment~
S 

MacKay, as referenced by Kinsman ’, made an exhaustive study I
of the wave height distribution , by the mean s of bottom pressure
recorders. He used the chi-square test , Kolmogorov-Smirnov test
etc. , to show that the Gaussian hypothesis was accepted. Howeve ?,
it is known that the high fr equency surface wave s are greatl y attenu-
ated. Thu s the high frequency surface waves were not include d in
MacKay ’s experiments . Kinsman 3 obtained the probabili ty distribution

S of the surface height by means of a capacitance pole. He thus included
the high frequency component s~, A comparison between the expenimen- S

tal values and the Gaussian distribution showed that the two were
different , but only slightly different . There is a small amount of
skewness , i. e. The third moment was not zero in the experimental
value s, whereas the Gaussian distri ~~ition is symmetric. Since the
two distributions are close , for some practical purposes , we can

S assume that the surface height will also be Gaussian.
If the surface is stationary in the wide sense in both space and

time and if the process is Gaussian , then the directional wave spectrum 
55

55

or the spatial-temporal surface correlation completel y specifie. the
statistical properties of the surface.
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SUMMARY
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5 
We have outlined’~ths method for obtaining the equation showing

the relation between the spatial- temporal correlation and the direc -
S tional wave spectrum. Methods of measuring the spatial-temp oral

correlation of th~ ~urface-iP. ~~~J!~ioned along with the equations, a.,,d
,$~iecial cases oEitT~ sps tial-t.!!~poraFcorr.1ation ~ e~~~ onsidered.
The most Importa nt on&1i~~~ the priaán t measurement viewpoi1~’( i. e.
the simplest to measvr e) is the temporal correlation ~~t a point on the
surface. The Four ier Transfo rm of this corr elationj leads to the
power spectr um of the Neumann-Pierson type . Fina lly, a method of
obtaining cross spectra between pairs of a linear array of elements is
waI diuicussed and similarit ies between this method and the under-
water sound problem of obtaining the directionali ty of ambie nt noise ‘S

S 
—was mentioned.
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