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The physical principles of the deterministic properties Pf surface
waves have been studied for over a century. The work by Lamb is one of
the classic studies in this field. The consideration of the statistical
properties of the ocean surface was first started about 20 years ago.
rst publications on this subject was by Pierson, Neumann
Two excellent
surveys of ocean statistics have been given by Kinsman™ and Cartwright .

., One of the original and much quoted work on surface statistics gas done
under project SWOP in 19605. A conference in ocean wave spectra” contains

; the wo scientists in the field.
9 The purpose ofPthis study review

8 review some new approaches are considered. A

+ brief discussion of some similarities between ocean surface statistics
and underwater sound noise fields is included.
review will be helpful as an introduction to tlﬁ%

One of ths fi

and James

statisticsi"

This memorandum was preparedv under NUSC/NL Project Title: Acoustic
Statistical Applications to Sonar System Design, B. F. Cron Principal

NUSC/NL Technical Memorandum No. 2211-

@1.131;'72] @%‘

INTRODUCTION

This manual is informative and readable.

n

Investigator.

J. H. Huth, Program Manager.

he work on ocean surface

ADMINISTRATIVE INFORMATION

The Sponsoring

@rity was Chief of Naval Material,
1

128-70 D

It is hoped that this
ield.

blem Ko.

NUSE...
A-05
ZR 011 01 O1

Og g
O s




o Sy

-

NUSC “Tech Memo
No. £2211-128+70

Single Frequency Plane Waves

Let us first consider a single frequency plane wave moving in the
direction ®» . Let the amplitude of the wave be Qn and the phase
€, . Let h(x ’ ,t) be the displacement of the water height from
its equilibrium position, where % andg represent a point on the surface
end € is the time. Then :

109 9,6) =@y o0 (E o0 0,2 4 Whin b, - wt- )

#1
In this equation, we have assumed that the surface \1& e is for the deep
water case and for this case the wave number - , where

is the gravity acceleration constant. Equation #1 defines the sur-
face height for all points on the surface and for all time. It is a
three dimensional wave, two of the dimensions are the x and y coordinates
and the third dimension is the displacement of the surface in the ¥
direction given by {(X, 9 €). Let us now assume that there are
single frequency plane waves of the same frequency each travelling in
a different direction. Then the displacement is

N k3 *,.
A(%,9,€) = Z Qo Coo(Y ool X +.c§.4-e.3-wt-e..) #2

In equation 2, we have assumed that the principle of superposition holds,
i.e. that the total displacement is equal to the linear sum of the
individual displacements. In general this is not true. However, for
small displacements, the approximation of assuming linear superposition
is good. 1In addition, it makes much of the theory considerably simpler
and many experimental results may be predicted from the linear super-
position model. A given plane wave travelling in the ©, direction, has
an amplitude @Ln and phase €, . Up to this point the description has
been deterministic. We now introduce the random model by considering
an ensemble of surfaces similar to the deterministic surface. Each
surface consists of N single frequency plane waves .he /) h plane
wave is travelling in the ©, direction with an amplitude @, . For the
n'“‘ plane wave in a given surface, the phase €., is selected from a
population with phase between O and 27, all phases being equally
likely. 1In this model, each surface is identical except for the phese
€n . If we obtain the probability distribution of the phase over an
ensemble of surfaces, then the probability density is shown in Fig. 1.
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Fig. 1.

Because of the random phase condition, each surface displacement config-
uration is different than the others. It should be noted that the model
could be constructed by having rendom amplitudes @, in addition to
random phase, or random amplitudes alone.

Let us now obtains ome of the statistical properties of the ensem-
ble. However, before we do this, let us review some definitions that
will be used. A stationary random process is one whose statistical
properties do not change with time. An ergodic process is a stationary
process such that with probability one, the time average of any single
function of the ensemble is equal to the ensemble average. It should
be noted that a process to be ergodic is that each sample of the ensem
ble go through all possible points of the set. The model as described
above is stationary but not ergodic. For example, a given surface is a
superposition of sinusoidal plane waves of a given frequency, so that
it is a sinusoidally oscillating surface in time of the same frequency
as its components. The configuration that the individual surface can
take is quite broad, but the frequency of each individual spatial point
is still sinusoidal. However, the amplitude of the oscillations at the
point is fixed and will thus not necessarily reach all possible values.
There are several ways to circumvent this problem. However, the method
of single frequencies is very helpful intuitively and since the process
will become ergodic when continuum of frequencies is introduced, we will
use it here.

We will now average over the ensemble of systems. In order tc hold
the amount of symbols to a minimum, we will consider a two dimensional
wave surface. The extension to a three dimensional surface is obvious,
once the two dimensional surface is understood. For a two dimensional
surface, '

Mt = 2 Ancon (8% - wt = €0) .
N=) : :
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We now assume that the process is stationary in the wide sense in both
space and time. That is the second order properties, such as correla-
tion, depend only on the difference in x and the difference in € and

not on where we begin. We let y = 2 -4, y T~ = ta."' €,

then h(x, eIh(x-ue-m)> .
= <{25G,.a,c0 (€% wt -Em)cos (% Cx-v)-w o )= 6>

The symbol ( D denotes the expected value over the ensemble. We
now use the trigonometric identity that relates the product of cosines
to the sum and differences of the arguments of cosines. Then

SANOGE) h(x-0, M) = 4<{zzqman cos["'f x+ f(z-u)-wr.v(a-r)

2
~€m=€n] +co LY uv-wr- (é_‘-e,,)j>
We note that the firSt term on the right hand side is always zero when
averaged over € . That is, the phase difference remains when.m 9

b iic bt L 7 <=<>-‘»Ca..~re)>‘E =0

Whenaw #/ the second term is also zero, but when the phases in the
second term cancel, we have

L NOGEYN (-0, €-T)> = 2" Q. cons %“u- w?)

a=I
The mean square surface height § * is defined as

& = <btcx1 b t)>

We now define the spatial temporal correlation of the surface height as
ey V¥, 7) =<, 9,8)h (-9 4=V ¢-1)>
k™
Then using similar arguments as‘in the two dimensional case
a N : .
6 Cyy,7%)= . . 8 A Oy V- w
OXAS, Z Q0 coo (% cosuU + 20l 0, ) #

Equation U4, related the spatial-temporal correlation of the ocean sur-
face, for single frequency waves, to the value of Q:’ which is propor-
tional to the power of a given component wave in the ©, direction.
We can now extend this approach to include other frequencies. Then

Q 1is a function of direction @ and frequency €& . Finally, we
can let this double sum increase and let the increments between values
decrease so that the double sum increase and let the increments between
values decrease, so that the double sum approaches the double integral.
An ;pz:gach of this type has been given by Pierson and is reported by
Kin . Kinsman's equation in our notation is

T o9
6CCo, VM) L { 40 it dwA () )cas( Y vece® +,«5_’v4&.9-w1'> #5
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A* (“’lo):ls called the directional wave spectrum. A*(W, ‘)J“’J 6

is the relative amount of power of the component surface waves at (W, @) 3
in the dwdO. A three dimensional plot of A"( w,8) is given ]
by Kin in Pig. 8. 3-1. This equation 5 represents the relation ;
between the spatial-temporal surface correlation and the directional

wave spectrum.
b | i In this section, we have gone to great lengths to treat the single 3
E ' frequency case and to obtain the relationship given by equation 4. We 1
' have indicated that the same type of reasoning could be used to obtain :

equation 5. :
Another form of equation 5 that is useful is to express the right E

hand side in terms of wave numbers rather than & and © . §

Let ]
= &: 4
] = @ e 8
A A= %
: ; Then
‘ f AL w, 6
R Al 4) < 140 T (g7,
' When J is the Jaeobian and i :
w A 2_1
sigte)- | o
e 26 960
ok 3,

= - 1_9_ - W e

¢ If we use these transformations, we obtain the following two equations.
‘ The first relation is

ArChyh)- T A (GRS o[£
e T £)
The second equation is

et 7)= J3b, (7, A8 R o kv 44y -G AT
~o0 . P

L

X
§

e
i At —

e A R S TN T

= L AL o DA a5 st
S e A DA
CINARS SRR Y

A ARARFUAE S
GV

- 3

S s iz el s PRI RS St A IR SR i




NUSC Tech Memo
'No. 2211-128-T0

Properties at a Single Point

is very difficult to obtain experimentally. The method
of attack as explained in the literature, is to consider various sim-
plifications of this quantity. That is, various parameters are held

fixed during a given measurement.
The simplest quantity to measure is the time variation of the sur-

face at a given point. We use an instrument to measure the height ver-
sus time at a given point of the ocean surface. A capacitance wave pole
is an example of this type of instrument. We then obtain a time history

as shown in Fig. 2.

No,0,¢)

A
L Fammeea

: Fig. 2.

From this time history, we obtain the autocorrelation as

L 8
6 €(0,0,)=<h(o,0, )N (0,0, E-M)>
The power spectrum at tﬂis} point is the Fourier transform of the auto-
correlation ;unction. Thus

§(’ﬂ= ~‘£df' eco o) exrc—jarrf-r)

A great deal of the work in ocean statistics and the literature are
concerned with the quantity Q‘F) . Returning to equation 5, we have

6€20(0,07)x £ [0 [Fuw A*(w,8) So2(=T)
g'eé) = ivdTexp(-Jaﬁf ™) 6 “Ccoo0,7)

= 71',.4’"46 A"(?-’T"F/, ®) = ITA‘(U)) w2 p

Note that W)is a double sided spectrum and A*(“Jis single sided.
Now consider the right hand side of the last equation, i.e.

AYw) = Jdo A*e, 0)

00903 Ll i
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A*(Y, 8) ig the directional wave spectrum. In the equation, we inte-
_grate over all © . Thus all knowledge of the direction of the waves
is lost, if we consider only the quantity A*@) . For the Neumann- |
Pierson spectrum

iA‘(«’,e): %‘exp( :;‘-a(-)" Co“e) 5 £e < = ”m
. W gw L o0
{ Then o .
- W L
Arlw)= € E Lyexe( —3—0‘“..) o -
j =0, otherwise
. where = 980 cm/sec,2

[
U = wind speed in cm/sec.
€ =3.05x10% cm?/sec. ®
: W, 1 = is a cutoff frequency :
[ @, l'. for a fully aroused sea. If we plot A@)

‘s W we obtain a curve as shown in Fig. 3.

#e)

W

I‘e‘ R

i+
Fig. 3.

For a higher value of wind speed U, the peak of this curve shifts to a
lower valx of w and becomes narrower. If we define Q as -
(7%)
Q= % -5 - g
» >~ Ya
where fp is the peak frequency and E_ and f“

are the frequencies at the half power points, then Q =/ ¢ for all
values of U. Thus the Neumann-Pierson spectrum represents a wide
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band process. The integration over ¢ in equation 8, gives the total
power at a pomt Thus

Power = [Az@)clw fCI— exp( J— )dlo

Properties for a Given Time

Let us now return to equation #6 and consider the spatial corre-
lation of the ourface height at a.n instant. Then

0o,y 0)= Jahe [ dhy ACR, B cos (Ao + by V)

We can now express A“( 14,,' .ﬂd) in terms of its even and odd

components. Thus

A3 By = L[ R, )+ KRR |
AL Ay Ay - LAk 4))- A (-4 4,)]

Thus
2; («&., ﬂﬂ: %,};Uf‘e(v,no) cos (fxV f-#, v)dudV
and

IA: (-Qx, ﬁ,) = ‘;’7;1.[_/6“3‘“1"1 57'!.:’):;4 (-&.u-ﬁ-&av)du dv
W= wCU, V)

Now the instantaneous height of the surface may be obtained by photo-
grammetric techniques as shown by Pierson5. From the instantaneous
heights, the correlation €(Y,¥Pmay be computed. If we then use
equation 9, we may nmcxica}lllintegute the right hand sides of this
equation tnd thus obtain Ag (' and A (. A y) - Finally

C*-, ul is obtained from to even and odd componentl. It
lhould be d that €(v,%,0) may be obtained by stereo methods.
However, 'Cv,v, E) requires photographs at different times. This
value is difficult to obtain in practice. The difficulty is cvercome, if
it is assumed that the directional wave spectrum occurs only in two
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adjacent quadrants about the win#_ axis. That is, the surface wave
directions are always within - G of the wind axis. Methods of this
type have been used in project SWOP (Stereo Wave Observation

Pro;ect)
For analytic purposes, the problem is simplified if it is assumed
that there is 180° symmetry in the directional wave spectrum, i.e.

A-4, J&,) = A(4, ,Ry)
€Teyo)= ffd-ﬁ.d’aé; A (Llly)exp[)céxu+ﬂa"ﬂ icid

From equation 10, it is seen that the tw% dimensional Fourier trans-
 form of AT(#x ,L)is @C(v,¥,0). Thus ‘CQ.,‘;,)!; the inverse two
, dimensional Fourier tran-form of ey, 0) That is,

Wk d)= o Sfavaw teconorenicheo s ¥S]  m

We now make the additional assumption that the s ;face is isotropic.
. An assumption of this type was made by W. Marsh'and also by Nuttall
and Cron8, By an isotropic surface, we mean that the directional wave

. spectrum is the same in all directions.:

Let.ﬂ_,_' b‘*l'vt) = I_&xs‘k‘;
Then C(v,¥, 0) = Cal”)
Vet R v hcond, Ayn L4in P

V’ﬂ’we 1r

and U = 7 Ceo9 9)
then

An_(.d ®)= q,,t{f" Pn(n—)e,‘r[..é(-lrc«ec“¢+-(/r~.64~.¢]r&ub

A‘, ("(1¢) thff},k)rfda exfEJt’(ﬂ' coo (6 - ¢‘)-J
If we use the relation for the Bessel function of the first kind, i.e.

T 00 35 {exrlﬂwe) g
s s () = {'dm,rG‘ Eeb) g (X)) #12

This i- a Fourier-Beuel transform. The inverse transform is of the
same form. That ic

C o) = afrfd«« Ark) T (4) 3

|
|
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In the preceding discussion we have conﬁldered the rectangular
form of the directional wave spectrum, i.e. A* (L ) We then |
found the relation between the spatial correlation of t’.he surface and {
the directional wave spectrum, for the isotropic case. The two
quantities are Fourier-Bessel transforms of one another. The direc-
tional wave spectrum is usually expressed in the polar form. For
example the Neumann-Pierson spectrum in polar form is given in
equations #7 and #8. We will now derive the relation between the spa-
tial correlation and the directional wave spectrum, expressed in the
polar form, for the uotropu: case. Let 7= © , in equation #5. Then

ik ad08,

For the isotropic case, A“(w,0) = A* @)
Let A“‘"mv_‘- )' 'CZ,.."(-K) . Then | 1
)z-—_fde[de"(w)w(Q-r(e -7)) | 3

obtain

)= 2[4 MO T, () i | 3

Equation 14 has been used in Marsh? et al. The inverse Fourier- i
Bessel transform of e" (,r) is : :

w3 wr
Arlo) = ge L ﬁ;n—r— 6% Col) Jo 2 ) 5
Cron and Streit? have numerically evaluated equation 14, for the case
of the Neumann-Pierson spectrum. This was done for various values
of wind speed. Nuttall and Cron® have numerically evaluated equation
15 for various assumed values of spatial correlation. 3

Cross Spectral Density

Let us now consider two points of the surface. We let time vary
and obtain (v, v, 7) for these two points. The cross spectral
density, denoted lzx §(v,v ) in this article, is

9Co,y £) = fd’l" €CY, v, T) exp(-§3TFT) #16

. Note that U and V are held fixed in the integration process. Barber
has shown, as referenced by Cartwright‘ that a linear array of ele-
ments and their associated cross spectral densities can be used to

10
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obtain the directional wave spectrum. For example, for two points in
space, we could obtain the height versus time of each point, as given
in Fig. 4.

h, &)

4
Ny

K.__ &

' h, &)

/z/”w\rmﬂ :
e X7 o

Fig. 4.

i

Lt nE)=n(o 0 ¢)
h._‘.&\ = n(x,, a9, é)

3 Then T J
g -7

et %) w N £ L MBI CE-TT 08

T—=>=

/| i Thus G(U,V,r) can be obtained experimentally., The Fourier transform
of P(u,.‘r)'would yield vy, §) . An alternate method is to FFT n®)
. andp, [¢) ®o as to obtain N, () and Nu @ ) respectively. Then
i 9Cv, v #) = Nilf) “;*F) where » represents the complex conjugate.
3 For a large number of elements, this procedure is repeated for all
4 pairs of elements. :
‘ We will now review Barber's method. Let A*(f) be the power
' | spectrum at a point. The autocorrelation function is

| co, 6,7 = <N(o,0,£)1(s, 0,6~ -..[A‘(F) exp(-42TF M) Jf
Thus PCO, o, ™) €—> At(f) where &—>

represents the Fourier Transform. We again let {2(f, o) represent

ey RS AT T TRTRN =

11




SEIEGH S A i st

RIS

P—

NUSC Tech Memo
No. 2211-128-70

the directional wave spectrum for a plane wave of this power,
approaching the two elements as shown in Fig. 5, we have

Fig. 5.
ey T+4f) « 5 A, 0)exp (jAd o) |

The right hand side represents the cross spectral density of a plane
wave. We now consider the ocean surface to consist of plane waves !
from all chrectmns. Then the total cross spectrum is

9coy, £) fA‘(J-' 8) exp(fLdcov6)de | =

Since A"({-‘, ®) 1s periodicin @  with period 27T , we may
express it as a Fourier ser1es. Then

A* (£ 0)~ Ao (k) §"A #) cos ci 0) #7
In this expression, ;we have assumed symmetry in O . Physically,
this would correspond to taking the wind direction as the axis and
measuring © from this axis, We also have the line of the linear
array along the wind axis. For the general case we need two linear 3
arrays, one along the axis and one perpendicular to the axis. Substi- !
tuting equation 17 into equation 16 and using the definition of the
Bessel function which is a9

Tn) 2 L7 [expigxcee)do
We then obtain
Jeuv, )= 7 Ao )To@.{)+21r2 4 A @) @—J)

We can measure J(v, f) We can compute T@'{) ¥

If we terminate mﬁmte series at the (N ,)*‘\ term, we have N
unknowns in A; where (20,0, .... N=! . If we now use
N receivers, we will have N equations and N unknowns. We can then
solve these equations, to find the N values of A . From these
N values, we can compute the approximate value of A"(f‘, 9) from
equation 17. Thus cross spectral measurements may be used to obtain
the directional wave spectrum,

12
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A variation of the above techniques was used in the underwater
sound case, by Cron, Hassell and KeltoniclO, In that reference,
various directional wave fields were considered and corresponding to
each wave field, the spatial correlation of a vertical array of elements
was derived analytically. Cross correlation measurements were then
made on a vertical array of elements and the experimental values were
compared with the values obtained from the theoretical model of
various assumed directional wave spectra. The directional wave
spectra that gave the best agreement was chosen as the actual direc-
tional wave spectrum. Another variation of this technique used in
underwater sound is that by Von Winkle et a1ll,

We will now consider the probability distribution of the ocean
surface height. However, before we do, let us summarize the last
section. We started by indicating how the relation between the spatial
temporal correlation and the wave directional spectrum could be
obtained. The spatial temporal correlation was expressed as e(d,v,?').

We then took the special case of one point on the surface. For
this case, we obtained the expression (9,9, *), This expression was
related to the power spectrum. The directional properties of the
waves were lost. We then specialized the general spatial temporal
correlation to the case of a fixed instant of time and thus obtained

Cw,Vv, o) . This expression was related to the wave directional

spectrum. We then considered two fixed points on the surface and
obtained C(V,v,T), From €(yv, 7)), the cross spectral density was
obtained.

All of these properties are second order properties. For
example, c"*("""‘d,-&)?is a second order property. We have not covered

higher order moments such as{A3(x, g, &) and(h‘(x,ugy,(t.u, §-v, €MD

which are third order moments. If the process is Gaussian, only the
first and second order moments are needed. Fortunately, for the sur-
face height distribution, the Gaussian process may be assumed for
many cases.

Probability Distributions

Let us now consider the probability distribution of the surface
height at a point. We will return to the principle of linear superposition.
The height of the surface at a point is the sum of many sine waves
travelling in different directions and with different frequencies. For a
broad set of conditions, the sum of a large number of random vari-
ables results in a random variable with a Gaussian distribution, as

13
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may be obtained from the central limit theorem. The probability dis-
tribution of the height is

£ o exp(-"a6" ) .
where R is the height and 6*= <*> is the mean square height. This |
distribution has a bell shape and is shown in Fig. 6. :

—~4

Fig. 6.

It should be noted that the principle of superposition holds for small
amplitude, low frequency waves. High frequency waves result in non
linear interaction terms and thus one would not expect a Gaussian
process. This is borne out by experimentg‘

MacKay, as referenced by Kinsman~, made an exhaustive study
of the wave height distribution, by the means of bottom pressure
recorders. He used the chi-square test, Kolmogorov-Smirnov test
etc., to show that the Gaussian hypothesis was accepted. However,
it is known that the high frequency surface waves are greatly attenu-
ated. Thus the high frequency surface waves were not included in i
MacKay's experiments. Kinsman> obtained the probability distribution
of the surface height by means of a capacitance pole. He thus included
the high frequency components. A comparison between the experimen-
tal values and the Gaussian distribution showed that the two were 1
different, but only slightly different. There is a small amount of E
skewness, i.e. The third moment was not zero in the experimental ;
values, whereas the Gaussian distrillmution is symmetric. Since the |
two distributions are close, for some practical purposes, we can
assume that the surface height will also be Gaussian.

If the surface is stationary in the wide sense in both space and :
time and if the process is Gaussian, then the directional wave lpectrum 1
or the spatial-temporal surface correlation completely specifies the ]
statistical properties of the surface.
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Q’ SUMMARY !
1 Tig aalhen outdivies ' |
' We have outlined)the method for obtaining the equation showin |
the relation between the spatial-temporal correlation and the direc- |
tional wave spectrum. Methods of measuring the spatial-temporal j
correlation of gnrheoiﬁ“igg_%:nod along with the equations, and |
%
|
!

am———— e i,

Special cases of thé spatial-temporalcorrelation wePe,considered. *.,
The most important one’Trom the present measurement viewpoint (i. e.

E | the simplest to meascre) is the temporal correlation at a point on the

E! | surface. The Fourier Transform of this correlation/ leads to the

E | power spectrum of the Neumann-Pierson type. Finally, a method of |
E | obtaining cross spectra between pairs of a linear array of elements 's !
E ) wa® discussed and similarities between this method and the under- .
’ water sound problem of obtaining the directionality of ambient noise /< ]
—was mentioned.

restow-
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