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ABSTRACT

A digital computer program for the geometrically
nonlinear analysis of totally arbitrarily loaded
shells of revolution (SATANS-II) was modified to more
accurately account for the conditions at the pole, of
the shell. This program was used to determine the
buckling load of shallow spherical shells of various
sizes when subjected to static axisymmetric, dynanmic
axisymmetric, and dynamic nearly axisymmetric
step-pressure loads of infinite duration. A
comparison was made between the new buckling results
and previous results obtained without the new pole
routine. The comparison. revealed a significant change.
in the buckling pressures, due solely to the change in
the pole routine. The new static axisymmetric,
dynamic axisymmetric, and even the dynamic asymmetric
critical buckling pressure loads appear to be fairly
reliable results for perfect, shallow shells.
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I.  INTRODUCTION

In 1973 a digital computer study was presented by Ball
and Burt (1] for the dymnamic buckling 1load of clamped
shallow spherical shells subjected to axisymmetric and
nearly axisymmetric step-pressure loads. A static buckling
analysis of the same spherical shells had been carried out
in 1970 by Stilwell and Ball [2]. In these two studies the
digital computer program SATANS~I [3] was used to calculate
the critical buckling pressures for a large range of shell
sizes. Other studies of the buckling of shallow shells have
been conducted by Huang {4,5], by Stephens and Fulton {6],
by Lock et al. (7], by Stricklin [8], and most recently by
Akkas (9]. In Reference 1 the results from these other
studies, except for those by Akkas, are compared with the
results from SATANS-I_for both static and dynamic buckling.
*In the axisymmetric static analysis tae comparison with the
fesults obtained by Huang [4] revealed that the SATANS-I
results were higher than Huang's results for several shell
sizes. In the dynamic, axisymmetric buckling analysis the
SATANS-I results again either agreed closely with, or were
somewhat higher than , the results by Huang [5], Stepheas .
and Fulton (6], and Stricklin {8]. However, it was noted
then that there was a general lack of consistent agreement
among any of the sets of results. As a consequence, it
appeared at that time that the axisymmetric buckling problenm
had not yet been totally resolved and that additional
studies would be appropriate.

In the asymmetric dynamic buckling analysis of Reference
1 the few comparisons that could be made for the critical
load also indicated that the SATANS-I results may be too




high. A ccmparison of the recent estimates for the
asymmetric dynamic buckling load obtained by Akkas [9] with
the SATANS-I results also reveals the SATANS-I results to be
well abovevthose of akkas [9]. However, it should be noted
that the results obtained by Akkas were from his attempt to
obtain a lower bound on the critical asymmetric loag. This
bound on the buckling load is obtained without the execution
of a complete transient response analysis on the asymmetric
part of the response of the shell, as is done in SATANS-I.
In Akkas' analysis (Problem 1) the transient nonlinear
axisymmetric response is computed, and a determinant is
examined for possible bifurcation into asymmetric moticmn at
each time step. The minimum load at which the determinant
becomes zero is defined as the lower boun¢ of the, 6 critical
load.

As a consequence of the generally high bucklirng 1loads
predicted by SATANS-I, a re-examination of the static and
dynamic buckling of the shallow spherical shell was made in
an attempt to determine the pbssible cause, or causes, of
the high buckling loads. In our search we discovered that a
nodification of the manner in which the pole conditions are
numerically approximated significantly lowered the buckling
loads to values that are now in good agreement with the
other results. The new procedure for handiing the pole
condition is given in section III of this thesis. The new
buckling results are given in section V.

In addition to the pole condition modifications and the
new buckling results the author has also made another
significant change to the SATANS family of codes. 1In
particular, the SATANS-II program for the geometrically
nonlinear analysis of totally arbitrarily loaded shells of
revolution, developed by Ryan [10] in 1972 to handle more
complex and 1larger problems, was modified to make the
computer memory requirement a variable gquantity. This

10




quantity is specified by the wuser to fit the particular
problem being run. It eliminates the large core reguirement
of SATANS-II for small problems and allows for much larger
problems to be solved than could be solved by SATANS-II.
The new program with the pole condition and memory
modifications will hereafter be called SATANS-IIA. It is
described in section II.

11




SATANS-II was developed by Ryan [10] from SATANS-I and
incorporated the full trigonometric expansion of the applied
load and solution vector, and introduced the handling of
imperfections into the code. These modifications allow the
analysis of shells under totally arbitrary loads, as well as
imperfection studies on actual shells with measured
imperfections {(11]. Unfortunately, the ofiginal deck of
cards for SATANS-II was destroyed. Professor Johann Arbocz
of CALTECH had a listing of SATANS-II and punched a deck of
cards with the changes to SATANS-I given in that listing. A
copy of this deck was sent to Professor Ball. These cards
have been added by the author to the original SATANS-I
described by Ryan [10] and a complete version of SATANS-II
has been reconstructed. SATANS-IIA is a modification by the
author of the reconstructed SATANS-II program. A listing of
SATANS-IIA can be found in Appendix A. The listing contains
an example problem for the dynamic analysis of a clamped,
truncated cone subjected to an impulsive loading which is
uniform alomng the meridian and varies in a cosine
distribution over omne-half of the circumference. This
problem is a sample problenm 'suggested by the Lockeed
Missiles and Space Corp. [12]. A condensed version of the
output from the example problem is given in Appendix B.
Input data prepaiation for SATANS-IIA can be found in
Appendix C. The basic users manual, which includes
preparation of input subroutines and the theory of the
program, is contained in Reference 3, which can oe obtained
through COSMIC (M70-10098, LAR-10736), or ASIAC [13]. A
users manual which includes preparation and handling of
imperfection data within the SATANS programs can be found in

12




Ref. {10]. The above information, along with the followiag
discussion, will inform the user on the capabilities and
proper use of SATANS-IIA. ‘

The @nmodification of the SATANS-II program to make its
core requirement variable was accomplished by putting in a
single dimension statement at the beginping of the progranm,
with subsequent dimensioning within the subroutines to only
the first element of the vector or matrix. This is a
convenient feature of the FORTRAN-IV language in which the
program is written. The actual vector and matrix sizes are
transmitted to the subroutines by an individual parameter
list. Construction of the initial dimension statement and
core request size is as follows:

The basic size of the program on the IBM-360/67 Digital
Computer, without the initial dimension statement, is
272,000 bytes. This figure includes approximately 19,000
bytes of buffer space required for execution. Within the
main dimension statement are fifteen variables. However,
only three parameters are needed to specify the sizes of
these fifteen variables.

Let a= The number of stations along the meridian of the
shell times the number of harmonics considered.
Let b

a, plus two fictitiocus stations times the number

of harmonics considered.
Let c

The number of harmonics considered.

The main dimension statement would then be constructed

as,

DIMENSION P(4,4,a), DEE(4,4,a; . DST(4,4,a), X (4,2),
PHIXB(a), PHITB(a), Z(4,b), 20 (4,b),
z2(4,b), Z3(4,b), ZDOT(4,b), IS(99,c).,
Js(99,¢c), 1ID(99,c), JdD(99,c)

13




The 99's above limit the user to 99 karmonics in any one
run and an unlimited number of meridional stations. The
core requirement for the general case would be,

272,000 + 216a + 80b + 1584c = bytes of core required.

For a sample calculation of the core reQuirements
consider the example of a spherical cap with 40 stations
along the meridian, and an asymmetric analysis with two
harmonics. Therefore,

a= 40(stations) x 2(harmonics) = 80
b= 80 + 2 x 2(harmonics) = 84
c= 2 (barmonics)

Thus, for the variables P, DEE, DST,
3 x (4x4x80) = 3840 (words) x 4 = 15,360 bytes

for the variable X,

4 x (80) = 320 (words) x 4 = 1280 bytes
for the varibles PHIXB, PHITB,
2 x (80) = 160 (words) x 4 = 640 bytes

for the varibles z, Z0, 22, 723, ZDOT,
5 x (4x84) = 1680 (words) x 4 = 6720 bytes

lastly, for the varibles ID, JD, IS, Js,
4 x (99x2) = 792 (words) x 4 = 3168 Ltytes

Therefor~=, the total size of the main dimension
statement would be 27,168 bytes. This figure would be
rounded up to the nearest even thousand bytes, ie. 28,000
bytes. PFinally, the core requirement for this example
problem would be

272,000 + 28,000 = 300,000 bytes.

14
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The SATANS code is based upon Sander's geometrically

nonlinear equations under the conditions of small strains
and moderately small rotations. The formulation is in four
second order nonlinear partial differential equations in
terms of U, V, W, and us, where U, V, and W are the

meridional, circumferential and normal displacements

respectively, and M is the meridional bending moment. The
s

nocplinear partial differential equations in the coordinates

s, ® , and t are reduced to uncoupled sets of linear
differential equations in s and t by expanding the variables
in trigonometric series in the circumferential coordinate ©,
and treating the nonlinear terms as pseudo loads. The first
and second derivatives in the meridional coordinate s are
replaced by the conventional central finite difference
approximations, ie.

’

{z}, = 1728 ({z}, - 2y ) (1)
i i+1 i-1
and
P 2
23, = /& (2}, 5 - O N ) S (2)
i i+1 i i=-1
th
where {z}i is the vector of U, V, W, and us at the i

station, A is the uniform dimension between stations, and

primes denote partial derivatives with respect to s.
Applying these approximations to the governing set of domain

15




equations leads to

(C], {2}, + [B] {2z}, + [A] (2}, = 19} . (3)
i i-1 i i i i+1 i

When the shell does not have a pole, fictitious stations
one increment off of the shell are introduced at each end.
Both the governing domain egquations and the boundary
conditions are applied at the two boundary points. Thus,
all finite difference approximations to the derivatives,
including those of the boundary conditions, are of order
A 2. However, prior to the development of SATANS-IIa, the
treatment of the conditions to be applied at a polie at
either end of a shell was handled by a simple Euier forward
or backward dif ference approximation to the first
derivative, with truncation error of order A . For exanmple,
for a pole at s= 0, where i= 1, the first derivative at the
pole was approximated with

(zr1 = 174 ({2}2 -z ) (4)

At the time this procedure for handling the pole
conditions was developed (1967) it was thought that this
would not significantly alter the solution. However, it has
since been discovered that such is not the case.

For the new pole routine, an expanded forward difference

approximation of order 4 . is used at s= 0 which takes into
account the two stations after the pole, instead of just one
station after the pole as in the Euler schene. This
approximation is

| = 172 -3 4 - - 5
{z}1 728 { (211* (2}2 {2}3) (3)

16




The the
variables at a pole are derived in Reference 14.

conditions to be imposed upon

/ 4

For N= 0, u =v =w'=p0" = 0.
1 R [

dependent
They are :

Applying equation (5), these conditions can be pnt into the
matrix form
1000 u 0000 u 0000 u
0100 v + 0000 v + 0000 v = 0.
0 0-3 0 W 0040 W 0 0-1 0 Uj
00 0-3 m 00O0U4 m 0 0 0-1 n
s/ 1 s’ 2 s/ 3
where the above 3 matrices are DL, DG, and DF within the
SATANS programs.
For N= 1, u tv =ud=w=m =0,
1 1 s
where the plus sign applies at an initial pole, and the
minus sign at a final pole. The matrix fcrm £for these
conditions is
-3 000 u 4 000 u -1 000 1
1¢1 0 0 v + 0000 v + 0000 v 0.
0010 W 0000 W 0000 L]
0001 m 0000 m 0000 m
s 1 s 2 s’ 3
For N=2, u= v= w=n’ = 0
s
the matrix form is
1000 u 0 0 u 0000 u
0100 v + 0 0 v + 0000 = 0.
0010 U] 0 0 W 0000 “
0 0 0-3 m 0 4 m 0 0 0-1 m
8 1 g 2 s 3
For N > 2, u= v= w=nmn = 0
s
17




and DL= identity matrix, DG= DF= null matrices.

The sclution procedure in SATANS is an elimination
scheme and starts with

{z} Kbty [911 [2}2 * {X}1 ' 6)

where the values in [P]1 based upon the Euler approximation
are defined in Reference 14. The higher order approximation
defines a new [P]1. This new [P]1 is obtained by

simultaneously solving the pole conditions
[(DL] {2}1 + [DG] {2}2 + [DF] {213 = {031, (7

and the domain equation at station 2 next to the pole

B A = . 8
[C%ﬂ}l*[lzug-*[]fﬂ3 w5 (8)
to eliminate {2}3. Thus,
= [aq} - [c - [B . 9
{213 L ]2 ({9}2 [ ]2 (2}1 [ ]2{2}2) (9)

Substituting equation (9) into eguation (7) gives
DL DG pr](a)? - [c -
( ]{2}1*'[ ][2}2+[ ¥ i ]2({9}2 C ]2{2}1

B = 0. 19
C ]2 (2}2) (19

Combining like coefficients of the {z} vector leads to
DL] - [DF] [AT'[C + DG] - [DF] [A)'[B
({bL] - [DF] [ JZ[ ]2) £2}1 ([Dbs] - [DF] [ 12[ ]2)

i = -[DP](A]" i 1
{232 [DF] [ ]2 {9}2 (1

Finally, solving for [z}1 yields

18




-

2z} =-[DL-DF x A" x C DG - DF x A" x B z
{ }1 [ 5 2] ( 2 2] { }2

- -t - " . 12
+« [ DL - DF x Az x c2] [ - DF x Az] {g}2 (12)

-1
Thus P = - [DL - DF x A™ x C DG - DF x A" x B and
. ]1 ( 2 '2] _[ 2 2]

- -1
x} =[DL - DF x A" x C - DF x A" . The new
{}1 ( 5 2] ( 2] {9}2
{ P]1 matriy has been placed into the "PMATRX" subroutine of
SATANS-IIA and the new [x}1 vector has been placed in the

"FORCE" subroutine.

A listing of the pole routine may be found in Appendix
D. To inccrporate this néw routine into a SATANS-I or-II
program, first proceed to the "PMATRX" subroutine and remove
the fifteen cards that are between, but not including,
"IP(NN.GT.2) GO TO 90" and "11 CONTINUE". These cards are
located after statement number "14" and Jjust before
statement number "11". Replace the cards removed by the
ones listed in Appendix D which read from™ C IN PMATRX " to
" 90 M3=MN"., Then proceed to the "FORCE" subroutine and
remove statement number "10". Replace statement number "10"
with the nine cards listed in Appendix D which read frcem " C

IN PFORCE"™ to "DO 11 I= 11,4% ., Also place " COMHON
/IBL5/IBCINL, IBCFNL " into the common area of the " FORCE "
subroutine.

This completes the implementation of +the new pole
routine into either SATANS-I or II.

19




; IV. PROBLEM DESCRIPTION

The geometry of the shallow spherical shell used in this
study is identical to that used in Refarence 1. Briefly,
the shallcw shell can be specified by the non~dimensional
parameter A\ , where

2 1/4 1/2
A =2l 3 1=V )] (H/ h) " . (1)

H is the rise of the shell, h is the thickness, and Y is
Poisson's ratio. The mass density of the shell is m. All
shells analyzed had the following dimensions;

Radii of Curvature B =Ry = 250 inches
S

Thickness h = 0.25 inches

Modulus of Elasticity E= 30,000,000 psi

Poisson's Ratio Yy = 0.3

All buckling pressures obtained will be 1listed as a
percent of the classical buckling pressure of a complete
sphere, qo, where

2 2 1/2
9,= [ 2 E( h/RS) JZE 3 V=~V )] (2)
Forty stations vere used over the meridian. The
. nondimensional time increment § t, where
2 1/2
. L L A A Rsﬂ / E) v (3)
20
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was taken as 0.05 for 3000 time steps, which is a total
nondimensional time of 150. 1In addition, the axisymmetric
analysis was repeated with a larger time step of § t= 0.2
for a total time of 600. In this study m was selected such
that t is equal to T. The necessity for the long response
time is explained in Reference 6.

In the axisymmetric analysis only the N= 0 harmonic is
considered. However, in the asymmetric analysis a second
harmonic is excited by applying an incremental load in that
harmonic. In addition, analyses of the shells A = 6, 7.5,

and 11 were made using five harmonics. The step pressure-

load for the axisymmetric harmonic is

(0)
a9 31 =P 1, {11, %)

and the step pressure 1load for the asymmetric second
harmonic is
(n) (n

)
g =R £ £ {1}, (5)

(n)
where n> 0, and ¢ is taken as 0.0001. The value taken

for the second harmonic in the asymmetric analysis was the
same as the «critical harmonic for the static buckling
analysis presented by Stilwell and Ball [2]. When there was
an uncertainty as to which was the critical static harmonic
the two harmonics in gquestion were both tested. Run times
using SATANS-IIA with a two-harmonic analysis for 3000 time
steps and 40 stations on the meridian took an average of 28
minutes on the IBM 360/67.

The parameter used to determine the minimum 1load at
which dynamic buckling occurs is the peak value of V, called




{
|-

T YR

v , where ¥ is defined as

4AX

x

- ) 0 »

V=Sri()dr/5r§dr (6)
(] °

r is the normal distance from the axis to the shell, ro is
; L (0) .
the maximum value of r, W is the normal displacement of

the axisymmetric response and § is the vertical distance

from the Lkase plane to the undeformed shell. The V is a
measure of the volume of the shell deformation. The Fortran

statements computing V and Vuax are given in Appendix E.

When working a problem that requires these calculations the

nineteen cards are inserted directly into the "“DYNAMIC®
subroutine right after the “IF" statement that calls thke
“QUTPUT" subroutine.

For convenience, the response in each asymmetric

(9)

harmonic 1is also measured using equation (6), with W

(n)

replaced with W . The parameter V for the asymmetric

harmonics does not represent a volume of deformation as it

does for the axisymmetric harmonic. It can, howvwever, be
used to indicate the relative excitation of the asymmetric

harmonics.

The buckling criterion for both the axisymmetric and the
asymmetric dynamic buckling analysis defines the c¢ritical
load as that load P where a very small increase in P causes

‘a very large increase in Vuhx. This is the same criterion

22




as that used in Ref. (1].
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V. RESULTS AND DISCUSSION

A et

A. STATIC AXISYMMETRIC BUCKLING ANALYSIS

Table I presents the new results from the static
axisymmetric buckling analyses for A = 4 through 13 using
the ncw pole routine. The two upper curves in PFigqure 1
present a comparison of the new results obtained by

SATANS-IIA with those obtained by 3Stilwell and Ball ([2]

using the SATANS-I program. As can be seen in this figure,
fairly significant changes in the buckling load occurred in
the neighborhood of X = 4,5, and 9; and somewhat smaller
differences cccurred in the region A = 10 through 13. The
upper data points in Pigure 2 present the comparison of the
new results from SATANS-IIA with those obtained by Huang
[4]. This comparison shows a very good agreement between
the two sets of results, excépt for the largest values of A.
The new results have eliminated the differences that existed
between the SATANS-I results and Huang's results.

B. DYNAMIC AXISYMMETRIC BUCKLING ANALYSIS

Figure 3 presents the new results for the peak value of

VHAX versus P for the various values of A tested. Table

II presents all of the new results for the dynamic

axisymmetric buckling load. These loads are selected from
figures constructed just 1like Figure 3. 1In every case,




except for X = 4, a value of P slightly above the PCRIT

value caused a VHAX indicative of buckling, as vell as a

nonconvergence of the iterative solution procedure.

The 1lower two curves of Figure 1 present a comparison
versus X of the new axisymmetric dynamic buckling results
with the previous buckling results obtaired by Ball and Burt
[1). In every case the new critical pressure is lower than
the critical pressure obtained using the Euler approximation
at the pole. '

The 1lower data points of Figure 2 present a comparison
of the new results with those obtained by BHuang [5], by
Stephens and Fulton [6], and by Stricklin [8]. Just as in
the case of the static axisymmetric buckling analysis, the
new results compare much more favorably with the other
results than did the results of Reference 1. Its
interesting to note that the new results now tend to be
slightly lower than the other results, whereas the results
of Reference 1 were hnigher for almost all values of A .

C. DYNAMIC ASYMMETRIC BUCKLING ANALYSIS

Table III presents the new results for the critical
pressures obtained from the dynamic asymmetric analysis.
The second harmonics, or critical static harmonics, used in
the analyses are also presented in Table III. A comparison
of the critical pressures from the asymmetric analyses,
Table III, with the critical pressures from the axisymmetric
analyses, Tatle II, reveals that only the shell A =6
buckled at a load below the axisymmetric buckling load. For
the shell A = 7 the critical buckling 1load was slightly
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larger when asymmetric motion was considered. In all other
cases the buckling was not influenced by the presence of the
second harmonic. These new buckling results and those by
Ball and Burt [2] are plotted in Figure 4. The new results
can be seen to be significantly different from the SATANS-I
results, where the asymmetric buckling lcads were lower than
the axisymmetric 1loads for five out of the ten values of
tested.

Except for X = 6 and 7, the relationship between vqu

and P for the N= 0 harmonic, in the two-harmonic analyses,

wvas found to be essentially identical to the relationship
found in the axisymmetric buckling analysis shown in Figure
3. Table IV A presents the VHAX versus P data for both the

N= 0 harmonic and the second harmonic, for all values of A

tested, except for X = 6. Note that, except for X =7 and

11, VHAX for the asymmetric harmonic 1is generally very

small, even when the Vuax for the N= 0 harmonic indicates

that the shell has buckled. Thus, except for the shells A=

6 and 7, the presence of the asymmetric motion does not
influence the axisymmetric motion, and except for the shells
A= 6, 7 and 11 the asymmetric motion is very small prior
to buckling in the axisymmetric harmonic.

A more d2:tailed analysis of the shell A = 6 has been
conducted since it was the only shell that revealed any
significant axisymmetric sensitivity to asymmetric motion.
This shell was studied using two two-harmonic analyses (N=
0, 1 and N= 0, 2) and a five-~harmonic analysis (N= 0, 1, 2,
3, and 4). Figure 5 and Tables IV B and IV C contain values

of vqu versus P for both of the asymmetric harmonics, N= 1
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and N= 2, in the two two-harmonic analyses, as well as the
values of Vuax for the axisymmetric harmonic, N= 0. PFigure
6 and Table IV D present the values of Vqu versus P for the

N= 0,1,2,3, and 4 harmonics from the five-harmonic study. A
comparison of the critical buckling load predicted from the
results of the two two-harmonic analyses in Figure 5 with
the critical load from the five-harmonic analysis obtained
from PFigure 6 shows that the presence of the additional
harmonics results in the shell buckling at a slightly lower
load (0.50), with significant motion in the N= 1 harmonic
instead of the N= 2 harmonic (see the norcoanverged solutioa
at P= 0.51), which 1is the critical harmonic for static
asymmetric buckling. Studies using five harmonics have also
been conducted for A = 7.5 and A= 11. As can be seen in
Table IV D the critical harmonic for A = 7.5 remained N= 3;
however, significant motion occurred in that harmonic at P=
.41 and .44. In the case of A = 11, relatively 1large
asymmecric @motion occurred in the asymmetric mode of N= 5

vice 6 at a value of P= .46.

The comparison of the new results for the critical
pressure for dynamic asymmetric buckling with those obtained
analytically by Stricklin (81, by Akkas [9], and
experimentally by Lock et al [7] is iliustrated in Figure 7.
The comparison reveals an agreement with Stricklin in every
case, in general a higher value of PCRIT than those obtained

by Akkas, and most importantly a very good agreement with
Lock's experimental results.

When making the comparison betweeu the new results and
those obtained by Akkas, it is necessary to 1look at the
differences in the problem solution parameters used in the
two studies. Por example, buckling results obtained froa
SATANS-IIA using the same time increment as used by Akkas,
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§ t= .2 for 3000 time steps, were significantly higher

than those using the time step of &§t= .05 for many values
of M. Purthermore, the new results had , in some cases,
instauces of buckling occurring as far out in time as 130.
Akkas, to shorten computer run times, observed the cap only
for a time of less than 5. Furthermore, only the harmonics
N= 1 or 2 or 3 were studied by Akkas for shells M = 5
through 12. If the critical harmonic is not studied, the
predicted load will be too high. Thus, it appears that
Akkas' lower bound loads may not be true lower bounds.

Two additional features of the shell response should be
noted. First, shells X = 6, 7.5, and 11 exhibited a
non-buckled response in the axisymmetric harmonic to a 1load
larger than the defined critical buckling load. This can be
seen in Tables IV A and IV C. Second, and most importantly,
the buckling 1load proposed by Ball and Burt [1], and used
here, defines buckling to occur when the Vukx in the

axisymmetric harmonic undergoes a large change due to a

small change in P. Another criterion for dymnamic buckling
in the asymmetric analysis discussed in Reference 1 is to
define the buckling load as that tbhreshold 1load that
initiates significant growth in the asymmetric harmonic.
Re~examination of the V versus P data in Table IV A

through D reveals that shells A= 6, 7, and 11 exhibited

relatively large asymmetric motion at loads smaller that the

defined buckling load when compared with other Vu values
AX

for those shells, even though the numbers themselves were
\

small when compared with the axisymmetric harmonic. ShellsA
7.5 and 12 appear to be borderline cases. If the alternate
criterion for buckling is used, the critical buckling loads
for shells M =6, 7, and 11 become 0.47, 0.45, and 0.45,
respectively. The shells X = 7.5 and 12 could have buckling
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loads as low as 0.40 and 0.44, respectively. These values
are more conservative than the definition based wupon
axisymmetric response. These five shells are the same five
shells that exhibited an asymmetric buckling load lower than
the axisyammetric buckling load in Reference 1.




VI. UMMARY AND CONCLUSIONS

———— e —_—— E——————— =

A digital computer program for the geometrically
nonlinear. analysis of totally arbitrarily loaded shells of
revolution (SATANS-II) was modified to more accurately
account for the conditions at the pole of the shell. This
program, called SATANS-IIA, was used to determine the
buckling load of shallow spherical shells of various sizes
when subjected to static axisymmetric, dynamic axisymmetric,
and dynamic nearly axisymmetric step~pressur2 1loads of
infinite duration. The cap sizes ranged from A = 4 to 13
including A = 7.5. A comparison was made between the new
buckling results with the improved pole handling routine and
the results that did not have the new [pole routine. The
comparison revealed a significant change in buckling
pressures, due solely to the change from an order A finite
difference approximation of the first derivatives at the

pole to an approximation of order A . These new critical

pressures arte in very good agreement with the results from

other studies of the same spherical shells. This good
agreement with other results, which came about as a result
of the modification of the pole handling routine, is a
strong indication that the manner 'in which the pole
condition is handled is wvital to the accuracy of the
solutions obtained.

In the asymmetric analysis, two harmonics were included
for most of the shells; the axisymmetric harmonic and one
asymmetric harmonic. Five-harmonic analyses were conducted
for three of the shells. Two buckling criteria for the
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asymmetric aralysis were considered. One defined buckling
as that threshold 1load that caused a large increase in a

deformation farameter, Vqu, in the axisymmetric harmonic.

The other, more conservative than the first, defined
buckling as that threshold load that caused a large increase

in the Vqu value for the asymmetric harmonic. Both values

have been presented.

The new static axisymmetric, dynamic axisymm=tric, and
even the dynamic asymmetric critical buckling pressure loads
appear to e fairly reliable results for perfect, shallow
shells. The effect of realistic imperfections remains to be
determined.
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Figure 5 - PEAK DEPLECTION VERSUS P FOR THE ASYMMETRIC
ANALYSES OF A = 6 (N=0,1 AND N=0,2)
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A. TABLES




1. TABLE IV A. Two-harmonic analyses for all values of
A exept A= 6.

A =5 N= 0 and 2 N= 0 and 1
P <43 < 44 <45 P <44 .45
N= 0 }].1659 . 1676 «6606 N= 0| .1675 .6606
N= 2 L-000“787 «0000566 .0687 N= 1{.0003145]|.0687
P .46
N= 0 . 7653
N= 1 .001092

AN =7, N= 0 and 3
P

<45 .46 47 .48 .49 .50 .52
i N= 0{.09452 [.09571 |.09812 . 1005 «1029 | .1052 | . 1099
] N= 3/.000889}.007456 | .05052 | .04323} .0279 | .0335 | .07488
P .53 i .55

N= 0 1122 .1146 .2709
N= 3 05997 | .06252 | .03809

A = 7.5, §= 0 and 3
P ) .41 .42 .43 .44 .45

N= 0(.0703 .07228| .07429 .2636| .07837 .2076
N= 3(.0001094.001296 {.0004304 | .002754 [ .001188 | .000338
. 46

.200
.0003276

40




8, N= 0 and 4

P .38 <39 .40 41 42 <43

N= 0] .05893 | .0607 |.0624 <1964 | .1713 |.1957
N= 41.0000566.0000703|.0000364 {.0000333{.0000274 |.0000299
P .44

N= 0| .2297

N= 4] .0000326

A =9 N= 0 and 4 N=0 and §

P .38 .39 40 P .40

N= 0| .04738 |.04875 .1576 N= .05012

N= 4].00003597(.00004635(.00004497 N= 5(.00008385

A = 10, N= 0 and 5

P .32 .33 .34 .36 .38 <40
N= 0 .03239( .03347( .1086 [.1217 .1288 . 1235
N=_5].0000281.0000472.00004125(.00002103 |.0000449{.000114
A =11, N= 0 and 6

P .45 .46 .46 .48 .49 .50
N= 0] .03910 | .04004 | .04099 | .09814 | .04241 .08824
N= 6] .004595 | .01332 | .02232| .02864 | .03955| .02813
A =12, N= 0 and 7

P 4y .45 .46

N= 0 .03236 .03316 .08633

N= 7| .00004214 | .0004561 .00005158

A =13, N= 0 and 8

p .34 .35 .36 .38 .40

N= 0] .02119 .02185 < 06637 .07844 .07381

N= 8].00001148{.00001134 {.000006607.000008245(.000119
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2. TABLE IV B. Two-harmonic analyses with N= 0 and 1,
A = 6 cnly.
P .48 .49 «50 .51 .52 .53
N= 0 .1350 . 1385 « 1421 . 1460 . 1499 4453
N= 1}.0002797{.000195| .000245| .000926| .04081| .3668
3. TABLE IV C. Two-harmonic analyses with N= 0 and 2,
A = 6 only.
P <44 .45 .46 47 .48 .49 .50
N= 0[.1218 1250 [.1276 |.1320 [.1350 [.1385 | .1479
N= 21.000239 .0101 [.0293 |.01976 |.08768].1223 | . 1419
P «51 <52 .53 .54 <55 «56
N= 0. 1526 . 1499 .5137 .5060 .2040 .5305
N= 2}.1€54 .1816 .3878 .3996 «2156 «3617
4. TABLE IV D Five-harmonic aralyses for selected
shells.
A =6 §¥=10,1,2,3, and 4
P 47 .48 .49 «90 .51 .52 .53
N= 0/.1313 1347 - 1382 . 1460 3797 . 1498 . 2200
N= 1].00021 }.02108 |.02215 | .003676 |.3743 .01276 |.0616
N= 2|.0187 .0953 . 1069 . 1507 1502 .1279 .2385
N= 3|.000181(.006237|.01437 | .00163 |. 0405 .0123 . 03978
N= 41.0031 .04757 1.05428 | .04402 |.05896 | .0495 . 064
P .54
N= 0]|.3854
N= 1]|.3953
N= 2]|.1671
N= 3{.05298
N= 4].0613 q
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ki e e Sl sl

A

= 7.5 N= 0,1,2,3,4 and 4

P <40 <41 <42 <43 44 .45
N= 01(.0703 .07228 07429 «2592 .07837 . 2544
N= 1(.00004855f .00004198 (.00006093(.0002737(.0001167] .005952
N= 21(.0001164 L00007456 |.0004184 |.0000982 |.000788 [.000318
N= 31.0001277 | .001187 -0004597 [.0002853].00107 0003188
N= 41.0008224 } .0001898 }.0002448 }.0000526 |.000280 LL.000134

= 11 N= 0,4,5,6, and 7
P .45 46 47 48 <49 .50
N= 0| .03910 (.04004 [.0499 L 04195 04291 - 1040
N= 41.0005759|.001263 |.0009774 [.001388 .002657 001565
N= 51.009568 [.0140 .0124 L 02239 .02759 .01548
N= 6}.002560 |.007828 | .02330 [.02767 .02602 02644
N= 71.0001743].0001486f .0002021 .01202 .02048 .02064
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LISTING OF SATANS-IIA
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APPENDIX B

LISTING OF OUTPUT FROM EXAMPLE PROBLEM
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APPENDIX C

INPUT DATA GUIDE FOR SATANS-IIA
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SATANS-1I, AND

INPUT DATA GUIDE

MEANING

EXAMPLE
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LISTING OF NEW POLE ROUTINE FOR SATANS-IIA :
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