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Repeated Cascade Theory of hHomogeneous Turbulence*
C. M. Tchen

The City College of The City University of New York
New York, New York 10031

ABSTRACT

The problem of turbulent spectrum engenders two coupled
hierarchies: one originates from the development of stress, leading
to a transfer function, and the other from the development of an
eddy viscosity. In order to incorporate physical roles among scales,
the turbulent velocity fluctuation 1s decomposed into a series of
ranks in the increasing order of randomness, contributing successively
to: energy or stress, eddy viscosity, relaxation frequency, and
higher rank frequencies in the memory chain. As a result, the
first hierarchy mentioned above becomes closed at the quadruple
correlation.

The second hierarchy governs the eddy viscosities of
different ranks, related to relaxation frequencies of such ranks,
in the form of a memory chain. It 1s cut off by an implicit

viscous mechanism.

*to appear in The Physics of Fluids

uj,




For zero wind gradient, the spectrum 1n the inertial sub-
-5/3

range recovers the Kolmogoroff k law with a numerical constant 1.58,

1n good agreement with experiments. For a strong wind gradient, the
spectrum 1n the production subrange has a k'] faw. In the viscous
subrange, a law of approach confirming the Heisenberg k'7 power
spectrum, and a viscous cutoff in the form of an exponential tail are
obtained, insuring the convergence of high order spectral moments.
The critical wave numbers characteristic of the production, inertia,

viscous subranges, and the cutoff are determined, together with their

numericai coefficients.

I. INTRODUCTLON

The analytical study of the spectral structure of turbulence
by means of hydrodynamic equations has recentiy received much attention.
Since they are nonlinear 1n the second-order, the evolution of a second
order correlation will involve & third-order correlation, called transfer
function in Fourier space, responsible for the transfer of energy across
the spectrum; 1n its turn the evolution ot the transfer function will
call for a quadruple correlation, and the seguence continues.

In analogy with the moiecuiar viscosity in theories of
gases, the concept of eddy viscosity was introduced 1n single cascade
theor1es]’2’3’4

In representing the transfer function, they divide the

spectrum into a vorticity portion and a portion of smaller scales

representing eddy viscosity. The two portions interact in a cascade




mechanism. The dividing wave number Kk was considered as an
1ndependent varilable 1n an 1ntegral equation It was then necessary
to empirically postulate the functional structure of eddy viscosityz,
in order to reduce the transter function which has the form of a
tripie correlation explicitly in terms ot the spectral distribution,
rendering the hierarchy closed. As a soiution, they predicted a
power law spectrum, 1n agreement with the Kolmogoroff 1aw5 founded

on dimensional Qarounds -

The dynamical problem of the eday transter, and of the
approach to equiiibrium of the eddy viscosity, or eddy relaxation,
requires a repeated cascade of many ranks. A phenomenoiogical theory
has been proposed by Tchen6 [t helped to eiiminate several
ambiguities ot deriving eddy viscosities in a variety of applied
problems of turbulence: shear driven turbulence7, buoyancy driven
turbu]enceé, and plasma turbuaence8 On the other hand, a self-
consistent dynamical theory invelves pushing the hierarchy to its
fourth order mode-coupling. To that end, we should recall that the

closure method of cumuiant degeneration by quasi-normal approximation9

10,11 1ave not been

and the degeneration by direction interaction
successful 1n reproducing a Kolmogyoroft law5 of turbulence, due to a
lack or excess of their account ot nunlinedar randomnization of phases
for the cutott of memory chain. Vdarious attemptslz'l6 dealing with
the eddy relaxation have been discussed 1n literature. A review
of the above ettorts and difticulties hos been given by Orszag17.

The principal ditficuity of ciosure i1es in the homogeneous
structure of the four waves 1n the quadrupie correlation, with four

velocities at the same time instant, without a ciear pattern indicating




a basis for decoupling. The added condition of having a vanishing
sum of modes among the four waves does not lend any help. In order
to overcome this difficulty, we shali impress a certain self-
selectivity in the coupling of modes, and thereby destroy the above
apparent homogeneity in the structure of correlation. When we deai
ranks to the velocity field, 1t wi1ll be seen that the evolution

of a double correlation at a given rank 1s controlled by its coupling
with its neighbor ranks. Depending upon the time arguments, it may
play either the role ot a stress gaining momentum from its neighbor
lower rank, or the role of an eddy viscoSity dissipating momentum

to 1ts next higher rank. In particular, the guadruple correlation
will turn out to take the form of two correiations of different ranks
with such different roles. This provides a clear basis for decoupling
of modes and hence a closure ot the hierarchy. As the coupling may
occur between a mode and 1ts two neighbor ranks, the statistics of
weak coupling permits the transter of energy in both directions of
wave numbers. However, the statistics of strong coupling allow

the formation of eddy viscosity from iaraer wave numbers only, thus

securing a transfer toward that direction

I11. STRUCTURE OF REPEATED CASCADE

A turbulent motion has a continuous spectrum of scales
which are coupled. As a quasi-stationary process, the large scales
form a "macroscopic" background, prescribing the i1nitial conditions

for the motion of smaller scales The smaller scales move more




e R DT PR AT TRy e gy

"randomly" in the framework of the matroscopic background, and as a
result of the statistical errect ot fiuctuations, offer and shape
up certain transport properties in the bactkground medium. An
ensemble average 1s prepared tc Screen between the two entities.

The above macroscopic and random conditions are considered
relative with respect to any scale in the spectrum. A "rank"
labeling the degree of randomness wii. be introduced and wiil be denoted
by a superscript » = 1, 2, ... Nywith & higher rank having a higher
degree of randomness  The tota: number N of rdnks depends on the
refinement of our representation. Thus, In the increasing degree of

randomness, we write
O (1)

for velocities u(t,~) and u ' (t.,x) 1n the position x space, or for
velocities u(t,k) and u"(t,k; in the wave number Kk space
When a permanent wind speed U 1s present, we can add U to

u by writing

or considering U - u(-]) as the (-1) rank to be added to the cascade
decomposition (1)

In the following we shali tail

& we ’ N 3
B2 e R PR
Bl S e S T (2)
[5:? i = &

the "macroscopic" and "random" comporents, respectively, with

by o Bl R




reference to the rank = = 1, 2, ... N, and write

li-'—'\\/xwt ape ¥

~r A ~

\/ K;‘: (} + \/ ;

s

It 1s expected that a "cascade ensembie average" of rank a, or

briefly "rank average", denoted by

could separate the above two components, by averaging over reaiiza-
tions under identical macroscopic background V™'; after such averaging
procedure, the random component v”, or fluctuation, becomes

macroscopicaily negligibie. Thus, we have

v

(6)

In Sec. il we shall determine the cascade ensemble average
by means of a distribution function, and find the relation between
the cascade ensemble average applicable to a quasi-homogeneous
system and the global ensemble average applicable to a homogeneous
system. In addition, the above average rules (4) - (6) and other

rules will be derived on the bas's of that distribution function.

B




In the form (1) the series 15 purely formal. Now it is
necessary to make precise 1ts physical signiticance and assign roles
to the ranks. It should be empnhasized that (1) 1S not a series of
perturbations of decreasing amplituade as in an 1teration procedure,
but is a series ot physical processes The rank u° represents a
velocity in the portion 0t spectrum between wave numbers o and k® whizch
contributes to a kineticC eneraqy As the cascade transfer of eneray
across a spectrum 1s minifested witn the aid of an eddy viscosity,
we let u' AL contribute to such an eddy viscosity. Since the
approach to equilibrium of the eddy v1scosity &S a transport property
requires a relaxation time or freguency, we let u" u(z) determine
a relaxation frequency The pursuance to hiaoher orders requires a

higher rank eddy viscosity and relaxation frequency, and the

sequence of repeated cascade continues Such a dynamical cascade

portrays a hierarchy While 1ts closure will form the main task in
Secs. VI and VIII, nere we only mention that the number of ranks
kept in the serves (1) wil! equa! the number of dynamical processes

involved in the repeated cascaae, and, therefore, will determine
the order of the highest .0rreiat.0on to be degenerated 1n the closure
of the dvnamical hierarch,

In the context ¢t spectral Structure, the turbulent motion
belongs to a quasi-stetionary Lrocess, 1n which the large scale
motions are considerea relatively macroscopic, bulky, and inert,
while the smailer scales are more random and swift. Such a picture
has already been 1ncorporated in early treatments of turbulence
by Bousswne:qla, Richardson 9. Reynolds dnd Lorent220 In the

same way, here we associate a nigh degree of randomness to high wave
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numbers, by writing

/‘k"
6 (Lx)= [ak e by ) gt t) o
| 8
g , /“’5 ep (k) w (4, k)
i ki< o (8)

In the notation (8), u”(t,k) is the Fourier component truncated
between k% ! and k*. The truncation {(7) need not be sharp, and if
necessary can be relied upon a scaling distribution

.

F{x(k) ~ for ook k®

X -

2.0 for et e 2 : fr fe>f"

defining




I11. KINETIC DESCRIPTION OF REPEATED CASCADE

A. Kinetic Description of Locally Homogeneous Turbulence

In a stationary and homogeneous turbulence, the random
function u(t,x)in (1) can be described statistically as a stationary
and homogeneous process. However, the random function y“(t,g)
which varies 1n a macroscopic,inhomogeneous background ya(t,g) is
non-stationary and non-homogeneous

We shall first discuss the kinetic description of turbulent
field u(t,x) in a homogeneous system The kinetic description of
turbulence has been approachedZI in analogy with the kinetic theory
of gases, and has yielded a kinetic hierarchy similar to the
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy of equations.
The kinetic hierarchy begins with the one-point distribution

function

plt, x;n)da

for the velocity u(t,x) to take values between

e ul(t,x) < a+da

with the normalization

0

f de 7 = |

-

An ensemble average on the global scale, denoted by a

bar, can be defined by




S RO R R

PL: 4y /dg ?”,“,) ’/‘(6/ 48) i

where P 1s a global projection cperator. In particular, we find the

first moment:

x5

T: \{d& {(vj‘/',){/

- N

. =

=
or equivalently
x
i = }d,(z(ﬁ
U J'\,,]
-~ %0
= 0

By taking the first order moment of the first equation of the
hierarchy, we find the first moment equation, which is identical to
the Reynolds equation, governing the deveiopment of U in the

presence of a Reynolds stress,

T
Ha My

obtainabie in a simpler way, a5 we know, by taking the global average,
denoted by a bar, ot the Navier-Stokes equation for u directly. Thus,
we feel that the formal development of the moment hierarchy, without
introducing assumptions as to the physical processes, will not yield
much new information. Therefore, 1n the following we shall consider
a new set of distributions which incorporate ranks representative of

physical processes, to be governed by a new kinetic hierarchy.
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B. Kinetic Description of Quasi-stationary

and Quasi-homogeneous Turbulence

We introduce a distribution
DN(t,x;ao,.-.a’,..~aN)da°...d§N

describing the dynamical state of all the ranks o < a < N, at

time t and position x, so that the velocity u*(t,x) of rank will

take values between a” and a* + da*. We normalize DV to unity

00

J’i‘%n“‘ de* DT - (10)

— Q0

The relation between ¢ and DN is governed by the following

integration

Pl x; 8)da = Mjota"'-»cu“ D"

i X
24 =8
=0

(1)
X
For the sake of brevity 1n (10) we have represented the (N+1)

fold integration with respect to all variables ao...gN

covering the whole domain by
o0

/der daM

~ 0




and we have represented by

"{f«(, /1(4,’”,.. daM
J.

2 -

X=pn

the N-fold integration with respect to a(]).,.qN, while go is

replaced by

.\
B
il
\O
\
o
S .
+
(&
o
\_/

As a consequence, we have

oo
fia°‘.da" q DN

— 0%

n
O

for 0

A
3
A
Z

By integrating over all the low ranks covering the macro-
scopic component V* in (2), we find the distribution governing the

velocity components of the random variable v*

A \ (<] X~ M
r“(m; o N [40° da " D fn &2
-0
(12)
L) - N
F =P for x= 0
It is also normalized to unity, as a consequence of (10)
k& v da 4 > 4

it (13)

=}2-
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The distribution F%(t, 32 ...QN) gives the probability of the velocity

X
components u®,..... . gN composing the random variable v, in
realizations of an identically given set of low rank velocity compon-

ents g°,...g“']

composing the macroscopic variable y“; therefore, it
is expected that the distribution F* will be prepared to screen out
any component in the repeated cascade. When that distribution is
used to define an average, called a "cascade ensemble average", or

rank average, and denoted by
e (W”“f = /"&“--M” FA) s

it will smooth out all random ranks of v*, and produce a stationary

macroscopic component

X (4

(%f’f”x“'”{? s

in justification of the rank average rule stated qualitatively in

(4). If we apply the operator P to itself, we have

0o

P P 4 (4) - /ruy"-- o 3" F"HM,T LN Fx{(&n)]

-0

since the integral within the brackets does not depend on g“,...g",

we can use the normalization relation (13)and obtain

in
X
in
Z

A fie - 0

~13-
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a necessary and sufficient condition for a projection operator.
Therefore, the ensemble average (14), can be regarded as a projection
with the projection operator P* specified for rank o in the cascade
description.

It is to be remarked that, with o = 0, the projection

operator P°, as defined by (14), reduces to

the projection operator P, as defined by (9). The procf, which uses
the relations (9), (11), and (12), has been omitted. The projection
operator P has customarily been used in statistical mechanics of a
homogeneous system23, while the cascade projector operator P* has
the advantage of incorporating the distinctive roles of macroscopic
and random scales in a non-homogeneous system. Once the macroscopic
component is obtained by the ensemble average (14), the random com-

ponent follows from the difference

Yu e Ve
according to definition (3).

The above macroscopic regularity and the finer randomness,
as represented by V* and v*, respectively, are relative, as the
bounding wave numbers k®(o<a<N) are permitted to vary as independent
variables.

From the averaging procedure by means of the cascade
ensemble average (14), we derive the following relations, the proof

of which is elementary and, therefore, will be omitted:

-14-
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Since we are not interested in the cascade kinetic
hierarchy at present, we shall develop the cascade hierarchy of
moments by a direct application of the cascade ensemble average
(14) on the Navier-Stokes equation of motion. For this purpose,
we can transform the Navier-Stokes equation governing u into a
system of equations governing V¥, v*, and u® through the use of
relations (15), (see Sec. V). The hierarchy of moments thus
generated will be discussed in Sec. VI. The discussions given
here are not intended to develop a kinetic hierarchy, but to help
make precise the cascade ensemble average (15) which are necessary
for generating the moments, and at the same time to clarify the
distinction between the global ensemble average (9) and the cascade

ensemble average (14).
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IV. PROPERTIES OF CASCADE ENSEMBLE AVERAGES
A. Average of the Product of Two Velocities

As the hydrodynamic equation of Navier-Stokes or its
Fourier transform is nonlinear to the second order, in view of the

presence of the inertial term u-vu, a nonlinear term of the form

</\v—' X4 | A X+ > ol
\
B

A

will appear as a Reynolds stress in the equation of evolution of

u*. Therefore, we require that it be of the rank o or equivalently

; !

* is of rank u®™', as a condition of identification of Tike

o o
<\! y>

ranks. More snecifically, we write

x

SEXD WD s i e o e e

1

to be of rank ga' . This requires that all the remaining products

vanish upon averaging, as being of higher ranks:
It 14 X_
Quup <o (17)

because 8 > o and v > o. It 1s not difficult to verify the

following

<16
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and

: B % R
E ' u ) = Wiw (19)

|

. if 8 < aand v - a. The properties (16) - (19) enable one to

select the non-vanishing correlations.
B. Average Related to Eddy Viscosity

As will be discussed in more detail Tater on, a
turbulent Reynolds equation governing'u? will carry a Reynolds

stress

u(¥+] a+] >a+]
1 J

On a phenomenological basis, this stress, representing the
statistical effect of smaller scale fluctuations, results

in a transfer of momentum from rank o to rank a+l, proportiunal

to the velocity gradient of the large scale motion ga, and to

atl

a transport property, called eddy viscosity n formed by
small scales. Thus, we have
RTINS 2 BN E ) ) Y
= <H.t. Ww . 7 = ceounst. 7 oW (20)
d % 3k

4

o -




From the energy consideration, this Reynolds stress will

contribute to an eddy dissipation

ot o . R
<<LL“,H u'o(.% l> >M‘l:> S :‘6, A I(}(A_f 9 u'L‘ (2] )
L d ; i S
) X 7J$ X ) X;
{ g

It is to be noted that an additional term, which could be obtained

by interchanging i and j if symmetry is imposed wupon (20), has not
been written there, because it does not contribute to the above
energy consideration in incompressible turbulence. As the left
hand side of (21) has a rank value -1, according to (16), we can
presume that n?g] is of lower value in rank than a-1, in order not
to alter the rank value on the right-hand side of (21). In analogy

with the derivation of transport coefficients in irreversible

at+l

thermodynamics, the eddy viscosity njg can be calculated from a

time Lagrangian integration of the correlation between two

s +1
velocities u®

» on the basis of a Langevin equation of turbuience.
As that velocity correlation is of rank value a, the smoothing
procedure by that time integration is expected to lower its rank
farther down, confirming the above rank evaluation of eddy

viscosity, and giving

) e (22)

~r "
~

= 0

if g is of lower rank than «, including 8 = a+l, a+2. On the above

; 2 =l
thermodynamic basis, n;s is a tensor of second order and not




T

higher. An analytical investigation of (20) will be given in

Sec. VIII.

C. Average in Fourier Space

The stress tensor at a given point can be written in its

Fourier transform

In view of the homogeneity of turbulence, the foregoing expression
should not depend on x. Therefore, upon taking a space average,

we have
EEIGEL = XL ) THE)

where

XS )

to reduce (23) to

We shall write the stress tensor in X space, as

X | o L4 o
E; (6x) = L il hut (4, 59

«]9-
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and in k space, as

o X « X &
ep (b8)= X Q)G (o)) 25

in terms of the shear E?J(t,x) and its spectrum E?j(t,g) related by

20

Eﬁ; ({/ X ) = /f“i EL‘; ({/k)

-®

They contain those portions of the following functions

E, =Ly .
g (tx)= W, (X ug (¢, x)

% (R U (GF)

truncated between the limits appropriated to their rank. Hence, for
an arbitrary function f(k). we have
o kS ‘
[erdtoreey) - /%%(/:)@(té)
-0 J ’ kw—n
It 1s necessary to distinguish between "rank truncation"

and "rank value." For example, the energy E?i’ being formed from
velocity uo, has its truncation between o and k°, while it has a
value -1 as a rank, in view of definitions (16); therefore, the

average




corresponds to a global average in a homogeneous space. In
particular, E?1 will be called an energy spectrum in three dimensions.

It is to be noted that the kinetic energy
B Rt e D

has a rank value -1, according to the rank definition (16), and
that the two ensemble averages, global and cascade <onex0 2GD)

are identical.
V. DYNAMICAL EQUATIONS OF CASCADE
A. Langevin Equation of Turbulence
Consider an incompressible fluid of permanent wind speed
U(x) and velocity fluctuation u(t,x). While the total velocity

u = U+u satisfies the Navier-Stokes equation of motion, the

velocity fluctuation u 1s governed by the following equations

+(U+u)-Y7J% = -’;’,V/o ~W VU VY - WV (26)

(27)

Here, p(t,x) 1s the pressure fluctuation, o is the density, and

v 1s the kinematic viscosity.

«Pta

e
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In order to describe the mode coupling more conveniently,

we make a Fourier transformation, reducing (26) and (27) to

¥ iy 1

dt k]
YUt ;

x
Y. f‘*’é' By (k) ik, w, (4 K) T (644 )

i / b A Ue) ks U () w (U 4-4) - IR (8, 8)

- n

(28)

where

AL‘M (E) % g(‘fm —kL' ’?m, /kl ‘|

PR

Now, we can apply the rank average rules (4) and (15)

to transform the Eq. (28) for u into equations for y“*‘ and V%,

T TR — .

and subsequently into an equation for g“. Alternatively, we can
transform (28) into an equation for v® and subsequently into an
equation for g“ with the aid of average rules (15). We list the

equations of evolution of V¥, v*, and u® as follows:

L\’M@f_}. ¥ J[C%Iﬂgm(/g)(és Vi (66" ) V., (4, ke ¥)

- ®

x

= & fdﬁ’ Aow (£) ks UY (4') VS (L E-F)
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- - [ A lk) ck VR v (6 1) -0 R (L) |

~ pY »y/"k‘ i | ~ K f

d, ui(tk)= M‘A‘:'“) 5 frbﬁ Do (£) ks wt (L0 )\/ (t N
3t (6 kR |

Ul

g'“(é,fi) LA ({,ﬁ)

(29)

where

A @0

(J—: (f'ﬁ) 2 ﬁ\/ d/'/i/ A‘Im (‘:\) [/?S {VM‘\ (f’é/)u': {é, E"é’)

LGOI

and the term

J# sk ot (v 100y

]

is omitted in (29), as being of lower rank.
Equation (29) describes the time evolution along the

Lagrangian path of u” which 1s endowed with a velocity Y“+]s @a + u’.

The motion has a friction -ukzux, and a driving force ga which

consists of a production due to the inhomogeneous mixing of g“

2%
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with its background, and an eddy degradation due to the Reynolds'
stress <u;+1(g')u2+](g-g')>“+1. In the operation of transforming

(28) into (29), terms like
: X+ |
Cus (8w (k-£) )

with B<a+l and y>a+l or g>o+l and y<atl cannot intervene on account
of the average rules (15).

Equation (29) can be considered an a Langevin equation
of turbulent motion, when g is treated as a parameter, and the
variable t in dt is a one-dimensional variable in the Lagrangian
Fourier representation, instead of a variable of four dimensions
in time and three wave numbers in the Eulerian representation.

It can be formally integrated, giving
é.
R /dé’up [-ole‘(.é-t')] g (k)

4wl (o k) exp -0k*)

where u?(o,%) is the velocity at time t = 0. We note that the
upper limit t is a time of macroscopic scale of the order of the
duration of correlation tc, and belonging to the macroscopic
component y“, 50 that any statistical quantity issued from the
“unction u?(t,k) at time t, and would forget its initial value

u?(o,g), thus simplifying (30) to:

Ol
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| 0

B. Equation of Energy in Cascade Process

Equation (29) for o = 0 is an equation of momentum,

which multiplied by u?(t,-g), gives an equation of energy in wave

number space:

Z( ;T(LL?(’S)W?)(~£)>O= - 9/<1<ut.° (E)M.:.w[-t)>°

x

& chJ/oLg’i’{\Z (k')(wl (k-F') ! (-’3)>0

'
¢

+ <<“f () w (’1—}1')>/ W /*9)o

“(r>) |

-0

Upon further integrating with respect to dk, with the notation
(25), we find the energy balance in the following non-equilibrium

form

ll%c J&H Xl (—‘sh)>o= -T+S'- ¢ (39

- ®

with the transport functions
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[45' ki {W\/u."(&’)u;/&"- k)u; (-k">*('i"*"5')}(33)

S| /Atz"ﬂ:’&%’;‘ ALY KRiCE)y+ (K=-k) ) (34)

-®x

0
T s " L
&[4 1) (0] (4
S
called transfer, production, and molecular dissipation functions,
respectively. The notation (k" » -k") represents the complex con-
Jugate part obtained upon replacing k" by -k".
Equation (32), with the transfer function (33), indeed
forms a hierarchy, since the evolution of energy E?i involves
a triple correlation, and the evolution of the latter will call
for a quadruple correlation, so that the sequence continues.
In Sec. VI, we shall show how the quadruple correlation will be
cut off, upon degeneration into a product of twu double correla-
tions: one to be expressed in terms of E?i’ and the other in
terms of an eddy viscosity n'. The evolution of n' generates
its own hierarchy. The closure of the second hierarchy will be

studied in Sec. VII.

-26-

e , e




V. TRANSPORT PROCESS: TRANSFER FUNCTION

A. Phenomenological Theory of Transfer

and Production Functions

The transfer function determines the energy transfer
across the spectrum. We shall first present a phenomenological
theory which portrays the fundamental mechanism of transfer in a
simple physical sense, and then in Sec. VIB, an analytic theory
will follow, giving the mode coupling precisely, without arbitrary
numerical constants.

As the phenomenological approach does not enter into the
coupling between modes, it suffices to write the transfer function
in the physical space, instead of Fourier space. Hence, we obtain

an equation of energy of 0 - rank, identical to (32), with

i i R A Pt g
[ <<“‘“d> >, > (35)
o AV,
'bxd- (36)

el (ufuj} e
$n= Q<('bu?AXJ.)Z>o

where terms like

0 9 z 0o 1 IS T i Jrod Rl i
2D, LAY, () %«u;u4»>uc>
d ’)KJ' rd )g

have been omitted since they vanish in a homogeneous turbulence.




Since the Reynolds stress <u$uj> appears in both functions

(35) and (36) with o = 0 and « = 1, respectively, we shall discuss it

with a general a.

From the phenomenological point of view, a stress <u?ug>“
occurs when the background shear ov?/axS transfers a momentum u?,
X \\7.“
e = -4,
Dx. (37)
so that the stress is
3\
x \ X x (X .
W == o L
Quiny G R
5
Here 22 is a mixing length contributing to an eddy viscosity.
x &\ X x
. = £ ¢ o RS
<LL4’€5> “749 ) x o
Hence we can rewrite the Reynolds stress in the general form
g K D\y'x
<1Lc e >' o L
( ¢5 %
or, in particular
6 oU.
<ﬂ¢7 T ;> - 2 ,7 ; ‘
v d J’S 'bx
" (38)
¥ / ‘a_ .
(o S 7, (.3._“_ A
‘ AN S TR (39)
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The formula (38) agrees with the Boussinesq -~ formula for
Reynolds stress.
Upon substituting (38) and (39) into (36) and (25),

respectively, we find

.\:o: CG A/;( >[j; >L/;
DXJ IX,

0 / A : e
g
d 2Y: })(S

{

In 1sotropic torm, T0 is

from (38) will not contribute to T°, since 1t vanishes on account
of property (22).

The phenomenological method, based upon the assumption
(37), puts the triple mode coupling in (40) in the form of the
product of a pair ot double correlations and thereby closes the
hierarchy. The transfer function (40) represents the transfer of

energy across a spectrum in the direction of high wave numbers,

and 1ndicates that the transfer in the opposite direction should

(40)

T P A0 ST W AT N




T e —

N

be absent. However, the metucd is not able to determine the
numerical constants < and Cq. An analytic theory which follows
in Sec. VIB, and is based upon the solution (31) of the Langevin
equation, will calculate the Reynolds stresses and the triple

mode coupling

(@) wiie))y

characteristic of the transfer function (33). The analytic theory
will consolidate the result (40) of the phenomenological theory,

and, in addition, will determine the numerical constants to be
0 ) i (41)

In addition, it will determine the direction of transfer of energy
across the spectrum. Readers who are less interested in such an

elaboration of mathematical details could pass over Sec. VIB.

B. Analytic Theory of Transfer

1. General formulation of Reynolds

stress and transfer function

We first calculate the Reynolds stress as appearing in (33)

i (k) ur(, g”—ls))'z (v (k) v () !s'-/sD/ (42)

=30-




3 To this end, upon muitipiying (31) by uj(tgk"-k;, we find
i’ \/ ~ 0 ¢ ! \ - ° i3
; ! byt f B i s L ) B
Qulamyw k) = BIL G ER) v BF ()
;
! with
Rk 54 0 < <k a0 [ V(1)
e N
- ';L'/ {1 IS / s 2
. (44)
}
: ]J‘;' (,l/,ﬁ) f) F)[F/\ = 'L/'(,— i {(IF) ) [ (}f/ 3 f
| (J : o ¥ i :
f J g
P + -3 an -® %
B
4 {lr‘,f,'«/;‘u.!r /1/})( // I/‘..;l y ’ Dk ;
A G R (B )N oL k) e(ls[— (f—t)]
/ \ e

B e

Here we have replaced V'(t',k') by V' (t,k') 1n view of 1ts

quasi-stationarity 1n rega:d to the mot on ot u' of higher rank.

P?] and D?J of (44) and (45) contribute to a supply
Tg and a Toss TE in transfer function e have from (33)
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(47)
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(48)

We shall caicuiate TS and 12 separately n the foilowing.

2 D

2. Supply (or transter toward large wave numbers)

Let us introduce an eddy visCosily

)
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in the x space The corcelation 'n (49) 15 an even function in

A

By integrating {(44) as indicated by {(47) and applying

the property of homogeneity [24), we can write

PJ (b bk )= -tk ARV ¢ ”“*)7(/ K1) e

so that

& / 4k’ Q((u”(ﬁ)u (k’))/ufd (k)L /M’y (1k- A) [/e~>~é)}

2w
is reduced to an 1s0tropic form
s W HGRIE [a 64 Y] s

recognizing that

and that commutability in compiex conjugates can be written as an

absolute value
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In view of the rapid deccease of «'(|k'-k"|) with its

argument as a result of the guasi-homogeneous r' having rank <-1

according to 1ts property (22), we can approximate

~ 7\
! L § 1t 2 I‘ "vl
gk =k

where k' ana k" are unit vectors along the directions of k' and k",

respectively, and reduce '52) to

Rl ‘{l\" PRI AN r/rdk')f’. L 16k
Rl Ny ARk /V)/j g 17(/1 "9(53)

- 2 -9

In the above combination of double integration with respect to

ranks 0 and 1, we can approximate

as k" k' Thus, 1n spherical polar coordinates we can calculate

the 1ntegrail with respect to dk' as

X :DA:
i AT

{ 'L/ (:/ Z/I ";.)!l//ﬁ‘v"_k i) R TN )\u W l(kl)
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./eh) o
/”‘5 i /@)"/4# Il 7 ')
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and write the 'ntegra’ with respect to dk" as

o %0 K
A T " S P M 0 5 [ 1 A& I
! i 1€ ’a°<u.'.,w'xt/-i<)\ 2 | R FE) (s
- j ~ £ D 7 J
3 i -0 (4]
{
{ §. where .  k"-k', F is the energy spectrum, k° and k(]) are
§ gi th= bounding wave number of r' Upon substituting (54) and (55)
i
: we reduce (53, to
[ { kf
/ GIEN ;
e i xfie) 2 Lk KT FER
i /k) 2 |d Jo Bl (56)
with
ap L i
as mentioned 1n (41 The result (56) contirms the result (40)

trom the phenomenologica'! theory. Equation (56) indicates that the
transfer ot energy across the spectrum takes the form of a cascade.
A single cascade would suff-ce, :f »' could be postulated. But the

analytica! determination of ' requires the knowledge of a relaxation

frequency which w1l involve a chain of memories

3 Loss {(or transfer toward small wave numbers,. 1

In order to show the hierarchy more explicityly, we shall

study TD for an arbitrary rank. For the sake of abbreviation 1n
writing, we shall omit the viscous eftect and the explicit writing |

of any complex conjugate part Introducing the notation i

=35
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we can generate (33) and (45) (o be
i / " o X /1 i s /| Y
T - | L (BB E)
10

/ ! / 4 / /
LR L Bl N TR g "/ i ]
HESHE - T e S e S SR JER /%— -k
kT [E2 LA B LA (59)

The evoiut on ot U~ 'n the Reynolds stress

s'milar to (43) 15 governed by (31) and invoives P’ and Dzr;

P

after substituting for P:r and D*{ trom expressions similar to
{44) and (45) but of higner rank, we find the dynamical equation

governing $5S

/
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thu mnediatel, )5 NG gy ot T5, we are taced with a

new dynamicai n.erarchy (60) und (62) qgenerated by

(0) and (62}, { expedier t 1 d
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which enables the writing of (60) and {62) 'n a more compact form:

20
als /o oxd) 2
. |k bW flu//‘ Ny, ¥ '::>
= AT o 4 L+ _ +-k
i Jj’““/\k (%)% F)us(6-K) (63)
and
'+ ‘ ’(T)W‘
t&a //) /fh/; i vw /A /J"“
t>a
! (A" (KK VR Bk (g
[ [FE)is t(@/e)f e (u}
o
(64)
where
@)Vﬁl "
b (8/e8") < 474, 04)a,, ()4 (k)& kN, -

- 0

',.!'”“/{’/;:(f,’/f’é DK ) s

‘s a driving torce of the integral equation (64).

112

When we consder - o to be stationary i1n the aradient

tield of u‘T', according to the property (22) we can approximate

- X+ 2
A ((: 'k'/— h’ ) ~ n /{t \)/— k” i)
D) 2 7 A8
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and simplify the driving force w;D)ﬁ+] to the form

2
D) x+1

i /i i R TR S "y
Vo) k) 2 /dg A8, (84 (k%) ik bk AYE

X+ 12 q+/
' ¢4 A ¢ 4
/7°-f ( /) N ~ ) 7/4? ()

When we substitute (64) into (63), we find the expression

oc l. I X X D) o«+1 e NG
Jag ”ds ik /5/%. (k/t LAY W (4 k)>
b S
-
t->0 %
fac (o o, ik
0

~ 0

AX“<\ o(+2 ,‘em/{ /e“ %:H’({l E'_ E“)>°H’MJ“

(65)
Repeated substitutions of w:Tz, from (64) taken at
higher ranks, generate correlations of the following types:
A xu,tf 2 L my, %/ T i
5 i -k jU %-k
/fu‘ ( /6,;) (/,\, ~ / l(') ~) 3-(é') (66)
'{-—/70
X+ '
Xt 3 1! S A,
f /(Z Lk k) ] ( ’,ﬁ,»)zt"‘({,fq»
&~ (67)
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and similar high ranks, including products with a larger number of
eddy viscosities of high ranks. They all vanish on account of the
property of n® stated in (22). In this respect, we note that the
mechanism of repeated cascade involves couplings between neighbor
ranks, as seen from the character of the dynamic equations (29) of
cascade. The couplings in (66) and (67) govern non-neighbor ranks
and do not have a physical basis in the cascade scheme. Thus, we

can state that the total contribution (66) of Tg is negligible:
== 0
[, » 0 (68)

reducing (46) to

where Tg is given by (56).

We conclude that, through the dynamical equation (29)
or (31), we have transformed the triple correlation in the trans-
fer function Tg (47) into a product of two double correlations, as
a degenerate form of a quadruple correlation, and thus closed the
hierarchy for Tg. The hierarchy for Tg, which starts with fifth
order correlations between non-neighbor ranks is found to be zero.
The closed form of Tg involves an eddy viscosity, the dynamics of
which generates a memoury chain which 1s a new form of hierarchy to
be discussed in Sec. VIII.

It is to be remarked that Tg is a transfer by degradation

of energy of rank 0 into fluctuations of rank 1 forming an eddy




viscosity, while Tg represents an energy flux in the opposite direc-
tion, i.e., from ranks 1 and 2 toward rank 0. The above derivations
(56) and (68) demonstrate that the flux of energy in the cascade
model occurs only toward the direction of increasing wave numbers.
The phenomenological theory of Sec. VIA intuitively recognizes

this fact by relying upon the Boussinesq hypothesis of transport
(37).

An alternative analysis of the build up of the Reynolds
stress (42) in the transfer theory is to use the equation for Dty“
as a new Langevin equation 1n lieu of (29), and to calculate
<v%v3>' of (42). Such a scheme automatical!ly eliminates T°, but
bears the disadvantage of losing a mechanism of degradation of

eddy viscosity by relaxations into smaller and smaller scales.

VI1 ~ TRANSPORT PROCESS:
PRODUCTION FUNCTION

The production function 5" has been written in (34) as
a coupling between modes, we shall transform 1t into an explicit
expression of the spectral distribution. The same method used for
the derivation of the transfer function as in Sec. VI will be
followed.

We rewrite (34) 1n terms of the supply ng]) defined by

(44), and call this contribution S

0

0,
p:

, . 3 2 i . "
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which, after substitution of (51) rewritten as

Gl TR / 1 k ’ ”
Rk -k D) 0 (K Y ()

becomes

S;=/o¢€'%° U () U (k) /f“f k) / o k"))? (1¥-£1)
: (69)

Here we have assumed that the mean wind has a velocity gradient

of component aU1/ax3 only. When this gradient is strong, the

wave number k3 becomes negligible as compared to k]. As mentioned

earlier, r33(‘k" -k'|) is a rapidly decreasing function, so that

(69) can be reduced to
&> {0 2 )T‘]‘ 5
& /33 <___, o (70)

a result agreeing with the formula (40) found eariier from the

phenomenological theory of Sec. VIA.

VIIT. TRANSPORT PROCESS:
EDDY VISCOSITY IN A WEAK WIND GRADIENT

A. Evolution of Correlation
The eddy viscosity, as defined by (49) and (50), can be

found by a time integration of the Lagrangian correlation. To

this end, we multiply (29) by




yielding a gain Q“ and a loss L“ in the development of the correla-

tion. We have

A CRELIICT) m;(g-g))“ - 1Xk k)b{(f,"f}x
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(71)

with

3; (4t ,g)__]u k! AV v‘,t))(< I /e)>
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x ! t et L 4
Ly bkt ) n ,4 DX iy R k)Y (g-@
(

72)

L ey

The contribution of Q?J to -~ involives a backaround
gradient vy% which may teke both posytive and neaative values,
and which consequently vanishes after an ensembie average in that

coarse grain scale. Since n” shou:d not carry a rank denomination

>a-1, the contribution of Q:J 15 not present
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This means that the evolut:on of eddy viscouity
has a relaxat on t:me cCharacteristic ot its approach to equ’'i-
brium, and that the time ‘s contributed by smaller scales rather
than targer ones, in agreement with the process ot cascade toward

sma’ier and smalier scales, demonstrated by (56) and (68). The

correlgtion in (74)

%; eddy viscos:ty in @ strong wind gradient toliows a ditferent
2 process and wili be studied in Sec. i
8 for the calcutat on of 172), we use the same method as
: ;
g . in Sec Vi, and write
2 . \ 4’ i, [ Fa /"/-':' » ! / . {
[ [tk:t-k]= (k' — J ik A (R)X ([P [{k.¢ M;)+D ‘ ;
= ~ / | A B S < / \ L ~ ) A Y ¢
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; 74)
i
E
i The last term ot {73), estimeted by 1teration, can be shown to give
i a negligible contribution, as in (68). Thus, we have succeeded in
| transtorming the triple corretatton in {(/2) 1nto a quadrupie
i
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using (51) and changing the variables k' -k = k%, we reduce (74)

to an 1sotropic form

L (b k) = =3 K2t b w (e ) /Aﬁ‘")‘(?v r(kk)s)

where, for the sake of abbreviation, we have written
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The details of calculations are uninteresting and have been

omitted

Introduce

e k
. LB pe—— - 2ol BN Ty 4




2. s AR R RS R TR M O AR 5 i . e

which var:es between
Ply=1) = 3

and '
- 4

can be considered as a siowiy varying function, and therefore,

permits the following approximation
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as analogous to (50). This reduces (75) to
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Hence, we can rewrite (71) in the 1sotropic form as
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: B. Relaxation and Memory
1. Memory chain of high ranks
The eddy viscos:ity 1S easily obtained by integrating
(77) giving
. » o«
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In accordance with the property (16), and the definition

(76), we can write i1dentically

T = (k)

thus we can rewrite (78) 1in the form

09
r

.37’:’“{/.'5/@-‘/: o L K')? fi("?') (79)
/ )7 )

gkt

2 Mechanism ot cutoff of memory chain

at high wave numbers

The sequence ot memories is represented by the integral
difference equation (79) It indicates that the approach to
equilibrium ot eddy viscosity is controlled by a relaxation process,
consisting of a viscous reiaxation frequency 2k'2v' and an eddy

1 +1

k), with k'>k*7) In turn, 7%

relaxation frequency k'zr
is governed by a higher order relaxation formula, similar, to (79),
and hence an i1nfinite chain of memories continues.

On a simpie scheme, we can assume that the relaxation

frequency at a sufficientiy high rank is viscous, thus approximating

X

x4 ‘ n /«lf”)—z F//F”)
& / i e (80)

2!
k

This helps to cut off the s~quence (79), provided it be pushed to

a sufficiently high rank. This 1s the scheme of an explicit viscous

-48-




cutoff. In view of 1ts siow convergence, we propose an alternate

scheme, by means of a mechanism ot dynamical cutoff, which relates
~at
n® . to a lower rank by

< K4 |

R e ) s ) / fx /n’\'“ X x
] (%/e" oo (£/k )] (a3

The scheme (81) will provide an mplicit viscous cutoff, in lieu

of (80) to close the hierarchy (79} to the form:

A///(}\,/kl)

[ Y

7 [1/7”/&//3‘)] (82)

3. Approximate formula of viscous cutoff

As a basis of providing a mechanism of degradation of
ol along the scheme (89), we use Eq. (32) which governs the
energy balance, and formuias (56) and (68) which govern the
energy transfer. In the isotropic torm and in the absence of wind

gradient, we have

e d™ )7 < 2 [ FLK)

/ /
I 1T |
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where

s
K
I

e zj Ak’ Ky F(K)
o=\

k

A differentiation with respect to k™ gives

Ao

(7" LMD oty el orc e - EOT e
rr 2t

We choose k“'] = 0, and kK near a cutoff wave number kC so that

we can approximate

)i

Trstfo 2k E() & 2K EGR

where e 1s the totai rate of energy dissipation, and rewrite

(83) in the form

s )vf/’mo T ~ ot ! QF(kx)
L5 D B e i e k)jz
y *1-’.‘“ 4 )& '/ (A/ ?’E
or
)"z‘.—f & é\;l )-17)“("{ I/vé:)(.) . J('-lJ H i P F (k )
o l G e (84)

with the frictional coefficient in (84) to be

W OGN B T e
Il\’C P v F‘c 4 \/)\c)

»
<
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or

| ‘ ke = [2— F(hc)j (85)

If the cutoff is to follow a Heisenbera law of spectrum

T e
Fk) = A (¢/02) "k )

then we find, upon substituting (86) into (85),
e /7 )" /4
R A (c/w) S = (“z) (87)

Hence, the mechanism of cutoff is a viscous friction. It is to
be noted that we are presently talking about the cutoff of the
memory chain (79) into (82), by means of the degradation scheme
(81) which is implicitly viscous. This cutoff is a relaxational
cutoff, and is not related to the critical wave number kv

dividing the inertia and viscous subranges, sometimes also inade-

quately called "viscous cutoff".

Equation (84) can be regarded as an equation of propaga-

tion n® *l across the spectrum, with a frictional coefficient

k;], and with a driving force |
Y HF(kO
I |

We would like to express the input in terms of 7»*. For this

«5]w
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purpose, we write a similar equation of propagation for ﬁ“(g/k“']);

A a-1
at its own rank wave number k>

)/VN‘X(X\-/R“-' -1 T ~u / X=| | 3F k‘-')
) )+k Z/ (% /k¥") + 9/‘,(' (_‘D_i a({:

3 km-l <

s it is

and at a wave number k* higher than its own rank, it is

A’\l.(l k“\/) =5 ~ X l‘x D ) O At(kn‘)
lLLZ;_+g[7 Saldc e

5% G & 2t

Since n* is set at a higher wave number than that its rank would
normally permit, it becomes negligible with respect to v/C],

reducing (88) to an approximate form

39 “(x/k") s s R
2k X clhc GE il =

This is to be svhtracted from (84), giving an approximate equation
~ot]

Ofn s
e
e lE -t

with a frictional coefficient k;], and now with a driving force
an*(x/k%)/3k* as an input.

In the process of resolving (89) we remark that n%,
being of Tower rank than h“+], is quasi-stationary, so that

an%/3k® behaves like a s-function, simplifying the solution to

G (¢ o) = ﬂ)’(x//a“)e‘ﬁ (- k*/k) (90)




- AT i o,
S Rt

.. ¥

T

V2R NS

pLESSS,

i
!
!

suggesting an exponential cutoff as expected. Equation (90) is an

approximate cutoft relation replacing (81).

4. Inviscid eddy viscosity

If v = 0, we find k;} : 0 according to (85), and

X1 A
| (x/k*) = 7] (t/k) (91)
according to (90). The closure of the hierarchy (82) at ﬁ“+1
is obtained, when we solve (82) and (91), which, after elimina-
tion of Ba+], can be rewritten in the form ;

50

) o i e
e

The solution 1s

e A
/7“({/%«—'/\ y: [Zng*,iy //y)-z[:(k)] (o)

k-!

As a first order closure, we take o = 1, reducing (92),

and therefore also the hierarchy (82), to
© " ‘/2-
ﬁ’({/k”): (zfzjikl (k') F(‘z’)] (93)
k(‘

In applications studies in the following sections, we

shall use diverse formulas of eddy viscosities (91), (92), or

(93) depending on special interest.
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IX. UNIVERSAL RANGE OF TURBULENCE

A. Fundamental System

% With the aid and substitutions of (56), (68), and (70),

we can write the energy equation (32) in terms of Eii as follows

T e o
S v S E ' ljs d5> Jf'kca' i (94)
(6} (o]
4 For infinite k, (94) reduces to
ey R, g \"Ul | -
S (55

where

is the rate of dissipation, and the bar denotes a global average

defined in 19).

Equation (94) describes the evolution and propagation

of the kinetic energy E?] in the portion of the spectrum between

wave numbers from o to k°  Since k° 1s an independent variable,
covering values between o to =, of an intearal equatioﬁ, such as
(94), we have changed the independent variable k° into k in the
integral equation (94) for the sake of simplification in writing.
The integral equation (94) can be solved for the spectrum

Eii(k) for any range of the spectrum for k between o and =,
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including non-universal and universal ranges. It is the purpose

of most theories of turbulence to be concerned with the universal

E ] range. It holds for sufficiently large k, when the evolution (94)
becomes independent of k. This turbulence 1s in quasi-equilibrium,
as the total transport (including production, transfer, and
dissipation) across the spectrum occurs at a constant rate independ-
ently of wave numbers. Under such a circumstance we can write, by

equating (94) and (95):

k
T <>< ) i ((,N/”.fmg.s)f af kike Eul¥)
? Js
L re S E e 1
or, equivalently
k
< - mo [ 2 z Py I/?_’k, )
7&3 /33 )'\;;) 4-2,(Cf )d's+7d’5> o% : SE;.L'(/?): < (96)

0

The spectral energy equation (96) together with the

system (82) and (90) for viscous eddy viscosity, or the system

(82) and (92) for 1nviscid eddy viscosity, forms the fundamental

framework of study of turbulent spectra in various subranges.

They will follow in the next sections.

B. Comparison Between Repeated Cascade

and Single Cascade

It should be emphasized that the independent variable

-Hh.




k¢ in (56) which 1s changed into k 1n (94), should not be confused
or related to the critical wave number parameters, which are to be
determined from external physica! conditions: viscosity v, rate
of dissipation =, wind shear, etc. We shall determine those para-
meters later on. It should also be emphasized that the fundamental
system of equat.ons (96), (79}, (90), or (92) do not put any
restriction on the above physical parameters, and even less on the
domain of variations of the independent variables k°,...ka...,
except the domain normaily understood for an universal spectrum.
The independent variables of repeated cascade L e
had appeared in the two hiyerarchies {(43) and (79) for stress and
for eddy viscosity with memory  lhen the two hierarchies are
closed and resolved in Sec. VI, VII, and VIII, there remains only
one independent variable ko, written as k in (96). It is not
correct, based upon the appearance of (96) with one variable, to
judge that the mechanism ot (96) eventually involves a single cas-
cade. Under the single cascade theory, 1t would not be possible to
analytically derive the eddy vwsco;1ty f','even if one managed to

arrive at the form (96)
X. SPECTRUM OF 1SOTROPIC AND HOMOGENEOUS TURBULENCE
A.  General Formulation

When the wind shear 1s absent, and the turbulent motion

is isotropic, we can write {(94) :n a reduced form
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/ v/ (7R S
Al “”/’/0‘é iBgiie s e (97)

7

When we use the zero-order closure formula (93) for n',

we can transform F in terms of »', and reduce (97) to
/‘\l, o \) ) s _'_ & z /?
y /f‘/’? +¢"/’ = 3 (;\"_ & (98)

5 3 The root n', substituted into (93), yields the spectrum F, covering
2 both the inertial subrange and the approach to the viscous subrange.
We shall study 1n Secs XB and XC the spectra for the

two subranges, separated by a critical wave number kv.
B. Inertia Subrange k - kv

In this subrange the molecuiar viscosity is negligible,

reducing to

47, & ¢, & k—‘?
2¢ (99)

Upon substituting for -', trom {93) we can write (99) in the form

(m/ I/( C s _q
& ‘ ('\—2 — = 2 k
((,c)_ J de (R)™° | / Y3
k
or
5 %
1! 2t ye 2 - o ! Cld ” z/3
jkk LA ARy (zc‘ ) :




yielding, after differentiation,

3
-~
w

s s L (100)

I |

with

R
2

A': %% (2/tfc2)dz 526
This law (100) has been the focus]7 of recent analytical theories
of turbulence, as a required prediction.

The solution (100) agrees with the power law of the
Ko]mogoroff5 theory. The present theory, in addition, enables
one to determine the numerical coefficient. The present theoretical
value A] = 1.58 is in good agreement with the measurement in

atmospheric turbulence reported by Wyngaard and Pao24

25

, and Wynaaard

and Cote™ as 1.6.

C. Law for the Approach to

Viscous Subrange kv k< kC

We shall determine k. later as the transition from the
inertia to the viscous subrange. With k > kv, we can approximate

(98) by

Use of formula (93) for n', and differentiation yield the solution

FH, in agreement with the Helsenberg2 law

F-F =a, (¢/3)* k™t (101)
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where

D. Validity of the Heisenber Law

kC>kv

For the Heisenberg Taw to be valid, it is necessary
that kC > kv. Therefore, it is important to determine those two
critical wave numbers. For the transition wave number kv, we

take the transition spectrum
-4/3

B A ey T [H (b /)" | (102)

which satisfies the Heisenberg law (101) at large k. Since it

should satisfy the Kolmogoroff law (100) at small k, we find

Ry = A, (2/03)‘/", A, = (Aa/A.) 20,049 (103)

On the other hand, from (87) we find
/4
~'3
A = AC (L /") (104)

(o

with




B,
« T, T AT IR WS R ORROENT 5, TR TD 500 s "

... o NS

A, = (zA_,)'/‘* 2o e

Hence by comparing (103) and (104) we find

! Rat o B 423 - (105)

Although dimensional theories could predict kv and kc’

1/4, but not their numerical

to both be proportional to (53/v)
coefficients A and Ac' Therefore, this created doubts as to

L whether the Heisenberg law of approach k'7 could ever be developed
before it is cut off. Its validity on the basis of its divergence

to high order moments was also doubtful. The present analysis of

cutoff, with the ratio (105), establishes that there is a
sufficient range of wave number for the Heisenberg law k'7 to be
developed before its ultimate cutoff. In addition, the present
theory reveals that the Heisenberg law is only valid as an
approach to viscous subrange, and should be followed by a cutoff.

Such a cutoff law will be studied in Sec. XE.

E. Cutoff of the Viscous Subrange
kwkc>kv

If k. > k, so that the k7 law of approach into the
viscous subrange is permitted to develop, then the viscous cutoff
of the memory (52) may follow it with a cutoff law.
We employ a different method than that used to derive (101),

-60-
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Upon differentiating the energy balance (97) with respect to k,

we can write:

since the tail of the spectrum occurs at large wave number

permitting the approximation

J°% T: ¢/ and 9+C,47’ x )

We shall calculate the eddy viscosity from the memory chain (82),

stopped at o = 2, rewritten as follows:

The system is resolved to give
[

(106)

e -Yo
7”’: szolk' o [MJM" k)7 F exp (k'/kc)]
[

k
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which, upon substitution, transforms (106) into the form

) -]z
Ze, Lkl (b2 IR L
¢ jk (k')* F xp ( /k 2} o k

Upon squaring and differentiating, we finally obtain

P ean - k/h) (107)

The spectral cutoff law (107) consists of a Heisenberg spectrum
FH given by (101) accompanied by an exponential tail, which
secures the convergence of moments constructed from the spectrum

(107).

XI. TURBULENCE IN A STRONG WIND GRADIENT

A. Eddy Relaxation Frequency and Eddy

Viscosity in a Strong Wind Gradient

The eddy relaxation frequency, as derived in Sec. X,

has been based upon the Langevin eq. (29), when we approximate

In a strong wind gradient, the reverse is true, i.e.,

VU | >> |9




Under such a circumstance, the solution of that Langevin equation

can be approximately as follows:

0

&
diys f,w u )
d X,
(3]
;f and similarly
f
15 YU "
| Mf [t,) = - i JM" wh )
{5 \XG
%

The product, averaged and integrated with Langrangian time T1,

4 is

i - W e Sl

,l / / - o UL‘ )UL- ‘ " 3 St
Jd(z,(ut./t)ut.(t‘» e fatt, [olt JC& Gl ()ul (£
£ o) s o )

|

? I

o Lo Jdé fd{»’ ‘(dt" <u'({’)-u’(’c">

b e g { ~

§ 3 4 1
- B i

with the assumption of the isotropic property of small eddies

of rank 1. Here,
&
e DU
IR,

When we observe that the velocity correlations

(%)

CORIO RO &’(f—f.)>l




and
/
)W) = ooy o (te)

are functions of the difference of the two arguments only, and
choose the duration of correlation tc as the upper limit of

integrations in the place of t, we transform (108) into

£
Jit %"/o)-%’/r)>/= < dyfrlé /M w! o) - g tp
()
=5 4 /d{/,{ A" - £ )<y w (- t">

(8]

‘:{‘SI' w.t,) /t{s ((A/O/ u’(')>

yielding the relaxation
[ 2
E <(\J'- £C) 5
which finds the eddy relaxation frequency to be

4 -1 I (109)

By equating the expression for the relaxation frequency
obtained in (109) and that as occurring in (82), we find

- W = {'L !

!
J—Z v
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If we identify k! to be a mixing length, the formula (110)
resembles the Prandtl formula for the eddy viscosity for flows

in a boundary layer.
B. Energy Spectrum

The turbulent motion, in the production subrange of

the spectrum, is primarily controlled by the wind gradient

without viscous effect, so that we can write the equation of 1

energy balance (96) in the following inviscid form:

pet L )_U_‘ L_f c N’J’“ oY, E £
33 )Xg, /7 :“733 W; ot (]]])

where the secondary effect of inertia is approximately represented
in its isotropic form.

The eddy viscosity “33 may be considered proportional
to n°, so that the production function will be written approximately

as

(O
@ Bu & oew o] o 2
3 {x, g s

where wg is the effective wind speed gradient, taking into account

the above proportionality correction. Hence, the equation of




e s

energy balance (111) now simplifies to

0 2 Al o 2
_clf7 W, +c,7 J =-c,7ws = o

or to

G 7//“'2 27l (112)

Upon applying the formula (110) for n', we can rewrite

Eq. (112) for the energy balance as follows
2 (o] 2
¢ (05+T°)= V3 (¢/w,) k
which,after differentiation,yields,

Eo=d, B/a) & (113)

with

W

The power law k™! in the production subrange (113) has

7,26 on a separate basis, and agrees

7,26-28

been found earlier by Tchen
with experimental observations
The production subrange has a negligible dissipation

spectrum and a negligible vorticity function; therefore, we have
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") (114)

so that the end of the production subrange can be determined by

(113) and (114) to be
L ‘,'//2/’/2’

with

XII. CONCLUSIONS

(115)

0. 185

A. Double Hierarchies and Closure

In view of the nonlinearity to the second degree of the

hydrodynamic equations, we expect that the velocity fluctuations

in Fourier space, their double, triple, and quadruple correlations,

etc. are coupled through their respective dynamic equations of

evolution, forming the so-called hierarchy.

One such hierarchy,

as represented by (43) - (45), is for the development of energy

and Reynolds stress, and the other is for the development of

eddy viscosity (79) in the way of its approach to equilibrium.

=67~
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The above double hierarchies are coupled.

The first hierarchy is closed at its quadruple correlation
(56). By decomposing the velocity fluctuation into a series of
ranks (1), forming a repeated cascade, the quadruple correlation
becomes degenerate, as it appears in the form of the product of

two double correlations of different ranks, see (56). The second

4
i
i
i

hierarchy (79) describes the chain of memories governing the relaxa-
tion of eddy viscosity of different ranks. Thus, the eddy vis-
cosity n® of zeroth rank in (94) controls the transfer of énergy
from external wind shear into turbulent energy E?i in an arbitrary
portion of spectrum between o and k = k° (k, or k°, is the
independent variable of an integro-differential equation having

values between o and =). The eddy viscosity n' of rank 1 controls

the transfer of energy away from Eg into all higher wave numbers

in (94). It turns out that the evolution, or approach to equilibrium, ‘1

o]

of an eddy viscosity n~ of rank o requires a relaxation frequency i

to be determined by an eddy viscosity ﬁa+] of higher rank, and so ?'

~atl . ;

% and n in

the chain (79) continues. The relation between n
the integral form (79) reproduces a memory chain with increasing
ranks. It is true that the hierarchy of ranks involves many
variables as k%, but they enter as independent variables in multiple
integral equations. This gives the advantage of leaving all wave
numbers k%, denominating the ranks, to be perfectly independent of
any physical conditions or parameters. A scheme given by (81)

for the cutoff of the memory chain is devised, on the basis of a

dynamical equation (84), for the propagation eddy viscosity in the

presence of mode transfer and molecular dissipation.
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In summary, two fundamental assumptions are introduced:
(a) A turbulent fluctuation can be decomposed into a series of ranks
which exhibit relative macroscopic (coarse grain) and random behavior,
and hence relative degrees of quasi-stationarity. This assumption
permits the closure of the hierarchy on Reynolds stress which has
its quadruple correlation degenerated. (b) The degradation of
eddy viscosity follows a pattern of memory relaxation which is
mainly due to eddy scrambling, but is cut off by a viscous dissipation.

As a result, the hierarchy for the eddy viscosity becomes closed.
B. Homogeneous and Isotropic Turbulence

In the inertial subrange, the theory predicts the
Kolmogoraff law (100) with a Kolmogoroff constant A1 = 1.58 in
good agreement with experiments.

As an approach to the viscous subrange, and with a compound
eddy and molecular dissipation, but with an inviscid eddy viscosity
appropriate to the approach region, the Heisenberg law k™’ (HO])
is recovered with a coefficient A2 = 0.148. The inclusion of a

relaxation cutoff modifies the Heisenberg Kk’

law to that entailing
an exponential cutoff (107), thus securing the convergence of the
spectrum.

The condition of validity or occurrence of the above
Heisenberg approach law, together with its entailing cutoff law,
is also established. The cutoff wave number kc is calculated in

(105) to be larger than the transitic wave number kv, so that

the Heisenberg law can have a chance of development.
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C. Effect of Wind Gradient

A spectral law k™! is found in (113), valid in the

production subrange.
D. Critical Wave Numbers

The following critical wave numbers separate the

production, inertial, and viscous subranges (115), (103), (104):

k. = 0.145 (cof/s)'/z

Ky

O_”)cl (E/DB)‘/q—

A
i}

0.332 (2/33) ¢
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