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E.P. Cernocky and E. Krempl
Department of Mechanical Engineering,
Aeronautical Engineering & Mechanics
Rensselaer Polvtechnic Institute i
Troy, New York 12181

ABSTRACT

A rather general method is given to construct classes of functions with
an arbitrary almost constant (linear) initial interval followed by a non-
prescribed interval of monotonic nonlinear behavior. This region of non-
linear behavior is succeeded by an unbounded interval of almost constant
(linear) behavior. They contain not more than four selectable parameters

and are synthesized from analytic, monotonic, normalized and bounded base

functions through the introduction of two separate kernel sets, subseguent
addition and integration. As examples we give the special functions based
on the error, the hyperbolic tangent, the inverse tangent, a rational and the
incomplete gamma function. Limitina function forms, such as the bilinear

form, are derived for limiting values of the parameters.

We have found these functions useful in the total strain approach to
viscoplasticity, i.e., the analytical modelling of stress-strain diagrams,
strain (stress)-rate effects, creep and relaxation curves for monotonic and

cyclic loading. Also these functions offer great flexibility in the curve

fitting of experimental data generated in the above-mentioned tests.
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Introduction

In an attempt to model time (rate)-dependent as well as time (rate)-
independent behavior of metals without the use of a yield surface and without
the normal decomposition of the small strain tensor into elastic, plastic and
creep parts a new total strain approach to inelastic behavior was proposed
in [1] after a careful review of the predictive capability of currently used
constitutive equations vis a vis experimental evidence [2].

The new approach employs total strain only and recognizes four different

phenomena which require different repositories in a constitutive equation.

They are
® nonlinearity
® rate (time)-dependence
® history dependence in the sense of plasticity
® aging.

Rate (time)-independence is obtained as a special case of rate (time)-dependence.
Aging shall be excluded from our considerations in the present paper.

The repository for the modeling of history dependence in the sense of
plasticity rests with a microstructure memory function which can discontinu-
ously change at points of unloading [1]. Between successive points of unloading
(as defined in [1]) the constitutive equation is a nonlinear elastic and non-
linear viscous law for the rate-independent and the rate-dependent case,
respectively. The stress and strain tensor at points of unloading are intro-
duced into the constitutive equation to affect initial elastic response upon
unloading. The sign of the differential of the second invariant of the stress | il

(strain) tensor measured from the last point of unloading is the loading and ;‘ﬂ&;

unloading criterion [1].
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A total strain approach to plasticity or viscoplasticity must be able to
reproduce the almost linear behavior of metals for small strains over an almost
arbitrary range followed by the strongly nonlinear behavior azt the onset of
plastic flow. Moreover since the "elastic range" may be changed as a function
of prior deformation (cold-working, see Fig.4a in [3]) or of temperature the
functions used in a total strain approach must be capable of representing these
changes. Our approach requires that this be done by merely changing the con-
stants in the functions used without altering the function form.

An example of such a function is given in (3] for the rate-independent
case, whereas the rate-dependent case is treated in [4].

It is the purpose of this paper to give - rather general method of con-
structing functions of almost constant (linear) behavior over an arbitrary
interval followed by nonlinear monotonic behavior over an adjacent interval.
Finally, almost constant (linear) behavior is obtained after the region of
nonlinearity. We propose a whole family of functions in closed form using
not more than four selectable constants. Depending on the value of these
constants the value of the function can change within wide limits which make

these functions very useful in their applic.tion to viscoplasticity.

Construction of Nonlinear, Differentic>le Functions with Selectable
Intervals of Almost Constant or Linear Behavior

An examination of real stress-strain diagrams and the required properties
of functions used in our constitutive theory (1,3,4] indicates the need for
the development of a flexible function Y (X) shown together with Y' (X) in
Fig.l which fulfills the following requirements.

The function Y (X) must be odd in X, with Y'(0) = si; Y (X) must be linear

in X over an initial interval |X| < X,, followed by a non-prescribed interval
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on which Y (X) must again and thereafter be linear in X with constant slope Sf.

We

the case S, > 0, S
e

Cha *
analytic function in X for all finite X . We turn to the development of Y-
functions which are approximately linear over the selectable intervals le < xi
and IXI > X

which can be arbitrarily selected.

and then integrating in X to obtain Y(X). We obtain Y'(X) from the sum of a
constant plus two functions such that on specified intervals the net contribu-
tion due to the two functions is approximately zero, leaving only the constant

behavior. For this purpose we now introduce the function F (X); let F(X)

monotonic nonlinear behavior. Finally an unbounded interval |X| > X, follows

must of course have X

We choose to develop a representation of Y (X) which is a real valued

We accomplish our synthesis of Y(X) indirectly, by first constructing Y' (X)

£ xi > 0 and while we are primarily interested in

£ > 0, we may consider any other finite values of Si and sf.

£ The degree of approximation is controlled by a quality factor

satisfy the following requirements:

F(X) must be a real valued analytic function of the real variable "
F(X) must be odd in X

F(X) must be bounded at X = » and normalized so that F(») = 1

F(X) must be monotonic increasing as X increases

F' (X) must be finite, positive, and monotonic decreasing for non-

negative X.

The Zorm of F(X) is that shown in Fig.2a. It indicates a property of F (X)

which follows from our requirements: For IXI beyond some selected non-negative

¥
We subsequently consider cases of functions which are differentiable but
not analytic at X = 0.
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value which we will call KO (no relation to the Lamé constant) which is shown
in Fig.2a, we may regard |F(X)|as approximately constant and equal to 1. We may
select Xo as large as we deem necessary in order to consider F (X) constant

for IXI > Ao'

We define a quality factor Q by the relation Q@ = 1 - F(Ao). Then Q is the
upper bound of relative error from F being exactly equal to one which we are
willing to accept. Exactly constant behavior of F(X), corresponding to perfect
quality, would have Q = 0; while a total lack of quality, which would regard any
deviation of F(X) from unity as negligible and which would enable us to regard
any F(X) value on [0,1] as constant in X and equal to 1, would correspond to
Q =1.0 or 100%. Within the scope of our theory we may choose any Q within the
range 0 < Q < 1, with Q = 0 not an admissible choice. Thus we are free to select
the quality of our approximation to constant behavior (constant slope) over a
continuous range from total lack of quality to any arbitrary nearly perfect but
never exactly perfect quality.

We may select Q = .5% if we wish to regard F(X) as constant and equal to
one when its true magnitude is on the interval (.995, 1.0] and F(X) as noncon-
stant, varying with X, when its magnitude is less than .995; this choice of
Q = .5% would then correspond to a choice of A = F_l(l-Q)==F—1(.995).

We see that the choice of Q, with Q restricted to 0 < Q < 1, and the
particular function chosen for F determine uniquely the value of AO. Henceforth
we will use the term "constant behavior" to mean behavior which is approximately
constant to an accuracy commensurate with the value of the factor @, and we will
use the term "linear behavior in X" to denote the behavior of a function which is
approximately linear in X, and where the slope of this function is then approxi=
mately constant to a degree of accuracy commensurate with the value of the
quality factor Q.

Appendix A lists particular F(X) functions which we have used so far.
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Kernel Forms

We now introduce two sets of kernel functions of X: the set Ul(X), Vl(X)

and the set U, (X), v, (X) which enable us to develop two distinct forms of Y(X).

The First Set of Kernel Forms

Define Xi -
000 = Ay + 2 (Fo) i
£ i
and xi - x
Vl (X) = AO + 2)\0 (-}T_—_)-(-—,.) - (2)
£ i

Note that Ul(O) = Vl(o) > 0 since Xf > xi > 0. Recalling the form of F(X), we
have for F(Ul(X)) and F(Vl(x)) the forms shown respectively in Figs.3a and 4b.
We may interpret Ul(x) as a translation of the vertical axis and a rescaling
(stretch) of the horizontal (X)~axis; and we may interpret Vl as a translation
of the vertical axis and a reflection and rescaling (stretch) of the horizontal
(X)-axis. We now add the two functions F(Ul(x)) plus F(Vl(X)) to obtain the
form indicated in Fig.3c. From the required behavior of the F-functions,

and as is indicated in Fig.3c, the sum (F(Ul) h F(Vl)) is constant on the
interval |X| < X, and again constant on the unbounded interval [X| > X_ to
within an accuracy commensurate with the choice of quality factor Q. It is
extremely important to observe that while these two intervals of constant
behavior of F(X) must be joined by an interval of nonlinear behavior whose
curvature depends upon the particular choice of the function F, the intervals
of constant behavior may extend beyond the value of ixi and may commence
before |X| attains the value Xe. That is, X, and Xe absolutely do not denote

the points at which F(X) respectively begins and ends nonconstant, nonlinear

behavior; rather they specifically denote those |X| points at which F(X) must

for |x| values less than X, or larger than Xe be constant in behavior. The
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particular choice of F will determine the size of any excess interval of constant

behavior in |X| exceeding X, or preceding X_.
We now obtain Y' (X) by multiplying (F(Ul) + F(Vl)) by a scale constant Al

and adding the constant Sf to this sum:

Y'(X) = sf + Al(F(Ul(x)) + F(vl(x)) . (3)

Since Ul(O) = Vl(O) and since Y'(0) = Si we have
(Si - Sf)

1=2ﬂ%wn {4)

A

Clearly Y'(X) is constant over the desired intervals since Y' (X) is con-
structed from the sum (F(Ul) + F(Vl)) which is constant on these intervals.
Let T(X) denote the integral of F (X)

X
TM)=IF@)%.

Then from (3) we have

Y(X) = sfx + Bl(T(Ul(X)) = T(Vl(X)) ) (5)
B1 = Alle = Xi)/(2ko) 6)

3 -1 >
with 0 < Q <1, KO =F (@-9), and with X_> Xi > 0 Si‘ S_. as defined in

£ £
Fig.1l.

Although the parameters Xf, X5 Ses S; may be selected to be material
parameters which characterize a given specific material, Ao is absolutely not

a material parameter. The parameter Ao scales the kernels of the Y'-function

to obtain the desired constant behavior, and consequently Ko is a quality-
controlling variable which must be selected. A change in the selection of

the F-function used to represent Y'(X) and Y(X), for a fixed chosen quality

factor Q, will result in a change in the value of Ko,
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For the special case of some limiting values of the parameters xi’ ey Sy,

S Y(X) in (5) can yield indeterminate limits. In this case we reconstruct

f,
Y (X) from the limiting parameter form of Y'(X) in (3) which is then integrated.

The results are given in Appendix B.

The Second Set of Kernel Forms

An alternative, useful set of kernel forms is

UZ(X) == )‘o = R(Xf + X) (7}
and

VZ(X) == )\o + R(Xf - X) (8)

where R > Xo/Xf. Here we have completely abandoned utilization of the
parameter Xi and have instead elected to introduce a new parameter R, not
related to X which we shall refer to as the "amplitude constant" and which

is subject to the constraint R > KOX Figures 2b and 2c illustrate graphi-

*
£
cally the forms of F(U2(X)) and F(VZ(X)). As in the case of the previous
kernel forms, we may regard the kernel U, as a translation of the vertical axis

2
and a rescaling (stretch) of the horizontal (X)-axis, and we may regard V2 as
a translation of the vertical axis and a reflection and rescaling (stretch) of
the horizontal axis. Again we add two F-function forms to obtain the sum
(F(UZ) + F(Vz)) which appears graphically in Fig.2d. Note that in this case, as

a result of the use of our new kernel choices, although the resultant function

sum is again initially constant on a symmetric interval about the origin, we can

no longer discuss or suggest a minimum bound (Xi) upon the size of this interval.

*

In Appendix B we consider the limiting case R - Ko/Xf.
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However, since we have retained use of the parameter Xe in our new kernels, and
| since R is greater than A /X ., and since F(X) is constant for |X| greater

| than Ay We are able to conclude, exactly as in the case of our previous kernel

? forms, that the function sum (F(UZ) + F(Vz)) is constant for all X on the
‘ unbounded intervals |X| > X.. Multiplying the sum (F(U,) + F(V,)) by a scale
constant A2 and adding the constant Sf enables us to represent Y' (X) in terms
1 l of the second set of kernels:

‘ I Y'(X) =S, + AZ(F(U2(X)) * F(VZ(X)) ) (9)

£

since Y' (0) = Si and UZ(O) = V2(0) > 0 we have

$; - 8
[, - (10)
2 2F (U, (0))

i and integration of (9) in terms of T (X) results in

: Y (X) =SX+B2('I‘(U2(X)) -T(Vz(X)) ) (i)

e

l with
== o
B2 AZ/R. 12}
Clearly Y(X) is linear in X for |X| > X, because of our synthesis of ¥ (X)

from the function sum (F(UZ) + F(V2)) which is constant on the interval

; [x| > X.i because of this linearity we will refer to the region [X| > Xe as
VJ ‘ the region of steady-state behavior of Y(X), or the steady-state region. H
{ Because Y (X) is linear in its steady-state behavior, the effect of varying the
’ selection of the amplitude parameter R is to translate vertically the steady- H
' state Y-curve. Then over the range of admissible R and the limiting R-values,

positive X and steady~

i.e., Re[ko/xf,m], for any fixed choice of Si, S

£’

state X, there is one R-value, denoted as R oin’ which renders the smallest
possible value of |Y(x)|, and there is one R~value, denoted as Rmax' which

renders the largest possible value of steady-state amplitude !Y(x)i. The

.
T
| .
-
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values of R . and R are independent of the specific values of S, and S
min max < i

and depend only upon the ranges of Si and Sf. Examination of the Y (X)-function

indicates that for the cases si positive and greater than sf or Si negative

and less than S R . 1is finite and R = o; for the converse cases of S,
£2 “man max i

positive but less than S_. or Si negative and greater than S RmaX is finite

£ s

and R ™ @ Consequently, the effect of the choice of Si’ S¢ combinations

determines whether R = o corresponds to Rmax or to Rmin; and whether a particular
finite critical R-value corresponds to R . or to R -
min max

£ =z @. In this

Throughout this report we will consider the case Si > S
case R = o and R , must either be the lower limit of the range of admis-

max min
sible R, equal to ko/xf, or Rmin must be an R-value which satisfies '.ae on-
straint 4y (X;R)/dR = O.

Since the numerical value of R.min is independent of the particular values

of Si and S_ while depending upon the ranges of these values, the numerical

£
value of Rmin then depends only upon the F-function used, the chosen quality

factor, the value of X_, and the choice of the steady-state X-value. As a

fJ
consequence of the linear behavior of Y (X) in its steady-state regions, varying
the choice of X within the steady-state region will not change the minimizing
value of Rmin' By considering the limiting case of X — = we obtain a trans-
cendental relationship enabling us to write and use R . = R . (X_.) for any
min min " £

given particular F-function choice and desired quality factor Q. A derivation
of the relation Rmin(xf) for a particular function choice appears in
Appendix C.

While a decrease of R below the value R . and on the interval R ., >

min min

R 2 xo/xf, will result in an increase in the steady-state amplitude, this range

of amplitude is contained as a subset of the amplitude range corresponding to R

increasing beyond Rmin' Consequently for X in the steady-state regions and
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{ Xf fixed, increasing R beyond Rmin allows us to sweep the entire range of
available steady-state amplitudes. The parametric dependence of ¥V (X) upon the
amplitude parameter R is illustrated in Figs.4 and 5. 1In Fig.4 the band of
available Y (X)-curves for Rmin < R € » is shown. Figure 5 shows the variation
of Y as a function of R and the value of Rmin is clearly identifiable. It is
further evident that Re[Rmin’ »] contains the amplitude values of steady-

- stat» Y (X) for Rs[lo/xf, Rmin]'

Because of this parficular parametric dependence of the Y (X)-function

upon R, we now propose to reduce our admissible range of R to Re[Rmin, ©] ; no

other R-values need be considered.

Discussion
Both sets of kernel forms can be used with any of the functions listed in
\ Appendix A. A great variety of F(X) function choices are at our disposal. If
| necessary, the set of available function choices can be enlarged by adding new

functions satisfying the requirements placed upon the form of F(X), and by

i e e

considering linear combinations of available F (X) forms.

To describe a particular Y(X) four independent parameters must be selected.

The initial and final slope, S; and Ses respectively are common to both kernel
K. sets. In addition, for the first kernel set Xi and Xf can be prescribed pro-
vided Xf 2 Xi > 0. In the case of the second kernel form R and Xf can be
selected subject to the restriction Rg[R . , =] where R . = ) _/X_.
min min & E
Both kernel forms yield linear (B2,B1l1l,B20,B24) or bilinear behavior (B15 %
and B28) for limiting values of the parameters. These “"linear" forms of Y (X) !

are independent of F (X).

To obtain numerical values of Y(X) calculators must be used. For the

hyperbolic tangent, the inverse tangent and the rational function representations
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of F(X), Y'(X) and Y(X) can be easily calculated using an "electronic slide-
rule". We have found it useful to employ a central computer and illustrate
the results by graphs of Y'(X) and Y(X). Some of them are reproduced below to

illustrate the properties of the functions.

Figure 6 shows the behavior of the normalized Y' (X) function, Eq. (3), for
F(X) based on the error function (Al) and the hyperbolic tangent function (A5),
| respectively. The constant behavior for |X|/xi < 1 and |X|/Xi > 3 for both
functions is evident as well as the different behavior in the nonconstant
region. (The ratio y = xf/xi determines the interval of constant behavior.
We emphasize that Q = 0.005 in both cases.)
The influence of the selection of y = xf/xi on the behavior of Y' (X) is

illustrated in Fig.7. As y increases from 1.1 to 3.5 the transition from S

to Sf becomes more gradual. This graph also shows that although constant '

behavior is definitely obtained for [X[/Xi < 1 and fo/Xi > u, it may extend

beyond fXI/Xi = 1 and commence before lxl/xi w. (The comparison between
the p = 1.1 and the p. = 3.5 curves illustrates this point very well.) Although

the transition for 4 = 1.1 appears very sharp on the graph, the Y'(X) for

p = 1.1 is analytic. (Note, that a jump discontinuity would be obtained at

|X|/%; = 1 for u = 1, Eq. (Bl4).
Figure 8 shows the parametric dependence of Y' (X) on the ratio Sf/Si

illustrating that sf and Si may be arbitrarily selected. ]

The next three graphs are illustrations of the capabilities of the second

set of kernel forms for Y(X). In these illustrations Y (X) is identified with

Cauchy stress ¢ and X assumes the role of strain ¢ because of the obvious
resemblance of the Y(X) vs X-curves to the stress-strain diagram.

Figure 9 shows o/si vs strain based on Egs. (11) and (Al) for various values

f of Xf for fixed si and S_. At each value of X R =R so that we have

5 i min’
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drawn the lowest possible curve for each X -value. Therefore, at each value

of Xf higher curves could be obtained by increasing R beyond Rmin’ see Fig.4.

For Xf = 0.002 we have graphed the bilinear limiting form for R = = in

addition to the curve for Rmin' By increasing R beyond R.mi Y (X)-curves

n)
higher than the curve for Rmin but lower than the curve for R = = can be
obtained.

In the discussion of the rational function form of Y (X), Eq. (Al6), we
mentioned that each choice of the exponent £ determines a different function.
This is illustrated in Fig.1l0 where stress-strain curves for £ = 3 and £ = 11
for the same Xf-values are displayed, respectively. At each Xf, R==Rmin(xf).
It is seen that the curves for £ = 11 are higher than those for £ = 3. By
coincidence the curve for Xf = 0.004 and £ = 3 overlaps almost everywhere with

the curve Xf = 0.001 and § = 11. The curve for xf = 0.001 and R = » is drawn

for comparison. This limiting curve applies to both values of the exponent E.
The flexibility of the rational function is obvious.

Finally Fig.1ll uses a different scale for the strain and a negative value
for Sf and illustrates that this choice is also possible for Y (X) based on
Eq. (11).

AEElication

From the discussion of Figs.9 - 11 it is obvious that the VY (X)-functions
developed from the second set of kernel forms are most suitable for approxi-

mating experimentally determined stress-strain diagrams. The slopes Si' Sf

as well as the value of xf are immediately obtained from these diagrams. For

each F (X)-function Rmin can be calculated by the procedure given in Appendix C.

The resulting minimum Y (X)-curve can be computed and compared with the diagram

the R that results

nY

to be matched. If the diagram is above Y (X) for R = Rmi

L e .t g

o A
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in the best approximation can be found. If the diagram is below Y (X) for

R = R . , another function F(X) must be chosen and the procedure repeated.

We recall that the use of the second set of kernel forms does not permit

an easy identification of the extent of the linear behavior of Y(X) in the
vicinity of X = 0. It would therefore appear that the first kernel form would
offer advantages if an initial interval of almost linear behavior is of interest.

However, the choice of the first kernel set permits the specification of this

interval but does not allow us to control the amplitude of the steady-state

Y (X)-curve. It is for this reason that the second set of kernel forms is
preferred for application to stress-strain diagrams.
Another application of the ¥'(X) and Y (X)-functions is in the identifica-

tion of coefficient functions of nonlinear constitutive laws such as the dif-

! ferential form proposed in [4], Eq. (3). The Y (X)-function is then identified

: with g(e) and the Y' (X)-function assumes the role of m(c). This function is |

‘ responsible for modeling the nonlinear stress dependence of the creep rate
which is observed in metals, see Eq. (9) in [4]. It is shown in [4] that
"numerical experiments” using the same functions but different values of
parameters can change the "character" of the results. As a specific example,

Sf = 0 in the Y(X) used for g(e) reproduces secondary creep whereas Sf >0 |

N )
i

produces primary creep only; see Eq. (10) and Figs.7 and 8 in [4].
Also the almost linear-elastic, rate-independent initial range found in

stress-strain diagrams obtained at various strain rates can be reproduced with

-

the differential form, Eq. (3) in [4] if g(e) has the initial almost linear

T Y

region of Y(X) and m(c) and k(e) are almost constant as is the case for the |

; Y' (X)-functions; see Figs.l and 2 in [4].

A further potential application is in the modeling of history dependence

- in the sense of plasticity. By making xf and R depend upon prior deformation
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! history, which is possible through the structure memory function f1,3], the

graphs in Fig.9 could be irnterpreted as stress-strain diagrams after various
amounts of prior cold work.
The parameters in Y (X) can also be considered to be dependent on tempera-

ture and the graphs in Fig.9 can be interpreted as having been obtained at
various temperatures. Although Si and sf are kept constant in Fig.9, they can
1_ be changed to any desired value if such a neeé arises in application.

1 Basically the functions developed herein serve the same purpose as the

’ one proposed in [3]. Also they permit the application to rate~dependence 3

(viscoplasticity). Their closed form makes them comparatively easy to use.
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FIGURE CAPTIONS

Schematic representation of the function Y(X) and its derivative
Y' (X) (stress-strain diagram). For [X| <X, and for [x] > x_

almost linear (constant) behavior is observed.
Schematic illustration of F(X), Fig.2a; the axes are translated

stretched (Fig.2b); translated, reflected and stretched (Fig.2c)
The addition of F(Uz) and F(V2) yields within a constant the

desired Y' (X)-form, Fig.2d.

The axes are translated and stretched by Ul (3a) and

translated, reflected and stretched by V. (3b) before F(Ul)

3
and F(Vl) are added (3c). Figure 3c represents (within a

constant ) the desired Y' (X)-form.

Schematic showing the dependence of Y (X) on the parameter R for

Rmin < R £ ©», Note that for R = » bilinear behavior is obtained.
The other parameters Si’ Sf and Xp are held constant.

The dependence of Y on the parameter R for X = .003 at three
different values of Xf. The curves are based on F(X) = ERF (X)

and exhibit the minimizing value of R. In our application we
restrict R to R > KO/Xf.

The normalized function Y' (X), Eq. (3), based on the error function

Yérf’ Eq. (A3), and on the hyperbolic tangent function Yéa

Eq. (a7); B = XC/Xi = 3, Sf/si = .25, Q = 0.005 in both cases.

nh'

The influence of the choice of p Xf/xi on Y'(X). ¥Y*X) is

.25, © = 0.005.

f

based on Egs. (3), (A3) and Sf/si

Y' (X) at different values of Sf/si with constant p = xf/xi = 3.

Y' (X) is based on the error function, Eqgs. (A3) and (3); © = 0.005.

O/Si-curves based on Egs. (11) and (A4). At each Xf. R = Rwin(x

For Xf = 0,002 the bilinear form (R = ) is also shown.

o= Y(X); X = e(strain); Si = 21,7 X 106 psi (=~ 150 GPa),
S./S; = 0.02, Q = 0.005.
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Figure 10 o/si-curves based on Egs. (11) and (Al6) for € = 3 and £ = 11 at
.001 the

various Xf. For each Xf, £

bilinear form (R = ) is also shown. si o 3T % 106 psi

(~ 150 GPa), Sf/Si = 0.02, Q = 0.005.

R = Rmin(xf)' For X

v

F Figure 11 o/si-curves based on Egs. (11) and (A4) for negative S-values

i and expanded scale. R =R . (X_.). For X_ = 0.0l the bilinear

. min £ £ 6

t form (R = ») is also drawn in. Si = 21.7 X 10" psi (= 150 GPa),
H

} S¢/S; = -0.005, @ = 0.005.
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APPENDIX A

PARTICULAR CHOICES FOR THE F(X), T(X), Y'(X) AND Y (X) FUNCTIONS

For convenience we will be using generalized kernels U, V and constants

A, B. Then if use of the first kernel set is desired, the set U, V, A, B are

¥

to assume the values of the set U Vl’ Al, B, as defined in Egs. (1), (2), (4),

1! 1
(6). For the second kernel set U, V, A, B will assume the values given in
Eqgs. (7), (8), (10}, (12).

1) Error Function

F(X) = erf(X) with erf(o) =1 (Al)
T (X) =Xerf (X) +—l exp (- Xz) (A2)
bl
Y'(X) = sf + A(erf (U) + erf (V)) (A3)
il 2 2
Y(X) = sfx + B(U exf(U) - V erf (V) +—— (exp(-U") -exp(-V))) (a4)
m

2) Hyperbolic Tangent Function

F(x) = tanh (X) (A5)

T(X) =0n (cosh(X)) (» is base e) (A6)

Y'(X) = Sf + A (tanh (U) + tanh (V)) (A7)

- ) M)
Y(X) = SX +B m(cosh & (A8)
3) Inverse Tangent Function

2

F(X) = — arctan (X) (A9)

T(X) = -ZT-TE arctan (X) - -Tl;% (1 +X2) (A10)

Y'(X) = S, + 2~ (arctan(U) + arctan(V)) All

et w ( )

5 2
2B 1 1+U )
Y(X) = St.x + -+ ('I arctan (U) - Varctan(V) 3 on ('l—:—v—2> (Al2)

e




A2.
L |
|
4) Rational Function*
| . 1-€
' F(X) = sign(x)(1 - (1 + |x|) ) oy (a13)
| - el Taley 2-¢
T(X) = |X| + o3y A+ (x]) (a14)
; 1-§ ; 1-%
Y'(X) =S + A [sign(U) (1 - (L+|u|)""2) +sign(v) (1= (1 +[v])" )]
! (a15)
K] = 8K s ((E-2)(ul - |[v]) + @ + |u|)2'g - (1+|v|)2'§]

!‘ £ G-A (A16)
i *
| 5) Incomplete Gamma Function

F(X) = sign(X) Y(% . |x|w)/1“<%>, w>0 (a17)

v = [y ) v 0] a9)
)

A ; 1 : 1 w
Y'(X) = sf ok 171-) [s:.gn(U) Y(m 4 |U|w)+s:|.gn(V) Y(E , vl )] (A19)
\w.

LT I w 1
le ¥ (X) =st+F.1) [IUIY(G, |u] )- vl v($ > |V|w>-
Y(E |U|w) *Y(% ) |V|w)] (A20)

w ’

where vy is the incomplete gamma function (5] and sign(X) is defined as

; IS0
1 sign(x)={0 X =
: =1 X<0,

¥

! ! Here we introduce F (X)-functions which are not analytic but are differentiable
| at X =0,




Sy

A3,

For both the rational and incomplete gamma function each value of §
and w, respectively, represent one possible Y (X)-form. Therefore an infinite

class of functions with different nonlinear behavior is available.

N 1

4
1
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APPENDIX B

Y' (X) and Y (X) FUNCTION REPRESENTATIONS FOR LIMITING
VALUES OF THE PARAMETERS
In some cases the limiting parameter values result in indeterminate
forms of Y (X) when Egs. (5) or (11) are used to represent Y(X). This is a

consequence of the construction of Y(X) in (5) or (11) from Y' (X) in (3)

l or (9) for nonlimiting parameter values. Consequently, when these indetermi-

nate limits arise, we reformulate Y(X) as the integral of the limiting
parameter form of Y'(X) in (3) or (9); this procedure is fundamentally con-
sistent with our construction of Y (X) from Y'(X). Alternatively the inde-
terminate limiting form of Y(X) may be resolved when specific forms of Y (X)
are chosen; and in some, but not all cases, general forms of Y(X) can be

used for the resolution of the indeterminate limits.

Both sets of kernel forms.

Limit Sf =* Si.

From Egs. (3), (4), (5), (6) and 9y, o), @iy, (12), we obtain

lim Yy =5, (B1)
S_—8S, =

i i

lim Y(X) = S.X (B2)
S8, >

£ Tk

First set of kernel forms.

Limit X, - O.
1

From (1), (2), (4), (6), the following limits are easily derived

ilS() Ul(X) = Ko + ZKOX/Xf (R3)
S 4
lim Vl(X) = ko - 2)\°X/Xf (B4)

X, <0
i

I
!
-
t‘,
b




B2.

8. = 8
i

+
| L R e I (B5)
| x.-»0 1 2F(Ao)
! b
' ¥ 18, ~ B.)
lim B U N (B6)

x. -0 1 4XOF(A°) :
i
Then Y'(X) and Y(X) are of the forms appearing in (3) and (5), respectively,

where the above limiting kernel functions and parameter values are used.

imit - ®
L1 Xf

! The following limits result:

lim Ul (X) = A (B7)
o

X — O
lim V. (X) = A (B8)
X _—® 1 o

! S,.-85

' @ f

| 1im R, = ———— (B9)

| X —® 1 2F ()\o)

I

1

Consequently, we have

Tim YU (X) =S (B1C)
X —® 1

Proceeding consistent with our construction of Y(X) as the integral of VY'(X),

- we integrate (B10) and obtain

1 lim Y(X) =8.X . (B11)
l X —® 1

£
Limit X, = X
& £

For finite positive Xf we have




SER— S

R . 3

VR R PRI < e = s,

for X > xf lim Ul (X) =+ ; lim V:L (X) =~
X.»X X X
2 O F 1. F
for |x| <X lim U (X)=+®; lim V. (X)=+
£ x-x 1 X.—X 1
i “F s SR
for X < =X lim U, (X)==->; lim V., (X)=+®
£ 1 E 1
X. X X.—X
s = 1 E

and

lim A, = (s, - Sf)/2

Proceeding as before, we obtain first

: [x] < x
lim  ¥'(X) {Sl *

X, ~X, S, x> %,

and integrate to obtain
s.X +Sf(X—Xf) % =X

9 E
i = ==
Xl_l.n)l( Y (X) { s.X x| =%,
i - -
S Xg + Sf(X+Xf) X < -Xg

(B12)

(B13)

(B14)

(B15)

It is significant to note that bilinear behavior is obtained in the limit

Xi - X_ independent of both the particular F(X)-function and the quality

£
factor Q.

Second set of kernel forms

Limit X_ = o,
£

From Egs. (7), (8), (9), (10), (11) we obtain

lim UZ(X) =+

X =@

lim V2 (X) =+4+o

X =

(B16)

(B17)

B3.

e




lim A
X =

f
lim Y'(X) =

X —c

2

X =

We note then that for each set of kernels, as X

tion exactly linear for all X, with slope Si'

o i
Limit Xf

when X

For the second kernel set, £

tion R > A /X.; that is, while X

£

greater than the constant Xo.

approaches zero. Then we have

for X > 0O lim
Xf*O

R—®

U2M)=+m;

lim U2 (X) == ;

Xf*O

R—;m

- 0 the product RX

Consequently R must approach infinity as X

(Si = Sf)/2

Y(X) = S.X.
i

£~ ® Y(X) approaches a func-

- 0, we must recall the restric-

£ attains a finite value

£

lim V2(X)=-°o
Xf*O

R— ™

lim V2(X)=-+m

Xf—'O

Ro®

lim A_ = a positive constant " .

2
Xf*O

13md

%

Because of the limits involved, the particular value of this constant will

not enter into Y' or Y.

U2(0) and consequently in performing the limit of A

Further, note that A

is fundamentally defined using

u, (0)

2

we must use lim

2 X_—0
f

R—.x

rather than using limits on UZ(X) and V2(x) and then letting X — O.
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]
Consequently, 4
lim  ¥'(X) = S, (B23) a
X —0 ]
' £
i RO :
and %
lim  Y(X) = S.X (B24) 4
-0 E 3
| s |
R ® i
z’
Limit R = «, Xg finite, positive |
] :
‘ v
} We have j
| |
for X > X lim U2 (X) =+ ; lim V2 (X) ==
f R ® R—® ]
‘\
for [X| <X lim U, (X)=+®; lim V_(X)=+x i
x| <x, N e %y (B25) |
é
for X <-X_. lim U (X)==-=; lam V (X} == :
3 f R—om 2 R—om 2 |
! |
{ and %
é Iliilgo A2 = (S:.L - Sf)/2 5 (B26)
)
Therefore ;
< :
J sy x| <x; |
lim Y' (X) = (B27) .
R—® '
Se x| >x, }
e and 1
.- Sin o Sf X - Xf) X = Xf !
2 lim Y(X) = {s.x [x] < x (B28) ‘
: Ro® & £
- < -
Sin + Sf(X + Xf) X Xf 4

We note then that taking the limit as R approaches infinity, results in a

bilinear form for the Y (X)-function and Y' (X) is discontinuous at X = Xf' j

The maximum amplitude |Y(X)| at any steady state range of |X|, for fixed Xy
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B6.
|
.
is then sf|x| + X (S, - S.) corresponding to the steady-state amplitude of
|
i the bilinear R = @ response*.
1]
; This bilinear Y(X) response for the U,, V, kernel representation and the
limit R = » is identical to the bilinear Y (X) response which results when the
Yy, vy kernel set is used with the limit xi - Xe.
i Limit R ~ A /X, X finite, positive
1
lim U_(X) = A X/X B29
: R\ /X Sy siy- i
1 o £
lim V_ (X)=- ) X/X (B30)
R—\ /X 2 o] f
o £
iim A2 = ® (B31)
R o/xf
i lim (F(Uz) + F(Vz)) =0 (B32)
: R-A /X ‘
| o £ .
| |
, In this limit both our Y' and Y-forms in (9) and (11) are indeterminate. }
: |
Resolving this limit we have
‘ ; F' (A X/X,) f
" 1i '(X) =S_ + (S, = S.) ——y7mr— 3
E . R")\n}‘x Y' (X) £ ( i f) F7(0) (B33)
. (A -
X s X F (A X/X0)
lim Yi{X) =S X + (8§, = 5 e B34 |
s /Xf (X) £ ( i f) )\oF' ©) ( ) I
' o i

.

*
i For 8, >8, = 0.
b >

i
.
*
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APPENDIX C
DEVELOPMENT OF THE REPRESENTATION Rmin (Xf)
Herein we will construct the representation of the Xf-dependence of 4
R . for the case when R ., 1is finite and R = ». We recall that in the i
min min max

complementary case of either S_ > S, 2 0 or S_ < S, < 0, the values of R .
3 & 2 m

f 3 in

and R reverse so that R ., = o« and R is the finite R-critical point.
max min max

Note that Rmin denotes the R-value that minimizes the steady-state amplitude

of Y(X) and Rmax denotes the corresponding maximizing value of R.
Proceeding, we regard Y as a function of R, write Y(X;R) and restrict

X to |X| > X_; then for R > A /X, Y is an analytic function of R. To

f;

determine Rmin we seek a finite R > }\o/xf which is a solution to 4

ay !
3R (X;R) =0 {cl)
and which satisfies
2
3 (X;R) > 0. (c2y
.
dRrR

From Eq.(él) and Egs. (7) - (12) we have, for R > ,\o/xf
Fﬂb)mf+x)-Fﬂe)ﬂf-X)- U/RHTﬂh)- TWZH(1+
RXfF‘(RXf - )\o)/F(RXf - xo)) = 0. (C3)

A similar equation results for the representation of Eq. (C2).
We recall that because Y (X) is linear in X in the steady state X-

region, Rmin is independent of our particular choice of steady-state X.

Then to greatly simplify the relation (C3) and the representation of (C2), 3

T AR T TR g RN SR TN o SPT WER

¥
This is the case for all functions proposed in Appendix A.
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we perform the limit of these relations for X — » and introduce the para-~

meters B and Bo defined as

B = RX_ - Xo 20 (c4)
Bo = Rminxf - Ao =0 {C5)

We note that when R = R

- ecomes " e case = 0 corresponds to
min’ Bb Bo h 8 po

the lower limit of admissible R, R = Xo/xf.
We then get from (C3)

B(B'*XO)F'(B) = XOF(B) =0 (C6)

and from the representation of (C2)

- (2F'(B) + (B + KO)F"(B)) > 0. (C7)

If Eq. (C6) possesses no positive beta-solution, then Rmin corresponds
to the lower limit of its admissible range, and hence we have Bo =G, £
a unique positive B-solution to Eq. (C6) exists, then this is the beta value
which determines Rmin’ and consequently Bo is the unique solution™. If
Eq. (C6) possesses multiple solutions they must be substituted into Eq. (C7)
and the beta values which do not violate (C7) form a set of admissible beta
solutions. To this solution set we must add the lower limiting value B=0.
We then evaluate Y (X;R) for each of the beta values of this modified solution

set. The beta value which results in the smallest Y-value is Bo.

*
These two cases apply for the particular F(X) functions presented in
Appendix A.

.~ & o o e T e T



For the Y-value comparison test, it is sufficient to consider any value

>
of X Xf and any Sf

considering the limiting value X — @, the comparison process is greatly

which satisfies Si > sf 2 0. By choosing Sf = 0 and
simplified. Substituting beta into Y(«,R) and dividing by Sixf yields the

following function of beta for the comparison test

2 p B + Xo\
= L} = Poe) ——
B = A /(B + 1 )TF(B)) = ¥(=, X, )/S;Xe (c8)

When multiple solutions to Eq. (C6) exist, we proceed by calculating ¢ for
the beta values of the modified solution set. The beta which results in
the smallest value of ¢ is Bo.

Once we have obtained the value of Bo’ Eq. (C5) allows us to determine

AT, (Bo o xo)/xf. (C9)

Equations (C6) and (C7) show a parametric dependence on Xo. Should we
decide on a different quality factor Q and hence ko’ we must repeat the
process to obtain R . related to this new ) _.

min o
Next we consider for illustration the Y (X) function

relation which result from the hyperbolic tangent function for F (X); hence
F(B) = tanh (B) (c10)

and (C6) becomes

2 —
BB + Xo) sech™ (B) - Xo tanh (B) =

We now select Q = .005 and ko = 3 so that

2B(B + 3) - 3 sinh(2B) = 0.

The unique solution is B = .4777 and consequently

R.min = 3.4777/Xf; Ko = 3,
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c4.

1f we instead change the quality so that Q = .0009, then ho = 3.853

and Eq. (C11) has the unique solution B = .3783; then

Rmin = 4.2313/Xf; Xo = 3.853. (Cl4)

We see from Eq. (Cll1) that for all admissible xo’ we always have a unique

i positive Bo' This is similarly the case when F(X) is the error function.
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