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A PLASTICITY FORMULATION represents all the important cyclic material proper-
FOR CYC L IC INELASTIC ties and that can be readily incorporated into exist-
STRUCTURAL ANALYSIS ing finite element nonlinear structural analysis corn-

1 
puter codes.

INTRO DUCTION
Approach

Background
A previous CERL report 2 extended a cycl ic uni-

A structure ’s energy absorpt ion capacity is impor- axial stress-strain model to the generalized state ot ’

tant to its safet y during dynam ic loading such as that stress by det ining an equivalence between the two
occurring during an earth quake. Inelast ic hysteretic states. One problem with this approach was the
defo rmation is a major source of energy dissipation necessity of reducing a general nonp ro portional
in structures under such loadings. Therefore , est i- loading path into only two events - (loading and un-
mates of energy dissi pat ion should be based on an loading) to deline load reversals.
inelastic detormation analysis appropriate to cyclic
loading conditions, Such an analys is would be useful This problem has been eliminated in this report by
for eva luating plastic structural des ign procedures as adopt ing a different approach based on Mroz’s con-
well as inelastic instability and cumulative fatigue cept of multiple and nesting hardening surfaces , 3
damage criteria. Inelastic analyses and design proce- The translational and dilatational properties of these
dures wil l also help achieve safe and economical surfaces are determined from a set of cyclic uniaxial
structures through et’tèctive use of’ their strengths in properties developed by Jhansale,4 The inelastic
the inelastic range. deformation analysis using this formulation should

help achieve an accurate and reliable evaluation of
A review of current structural analys is procedures structural response under dynamic loading.

and plasticit y formulat ion indicates that the material
constitutive equations (multiaxial stress-strain rela-
tionships) used in these procedures do not ade- - 

LITERATURE REVIEW
quatel y represent mater ial characteristics under
cyc lic loading. Using such an analysis would cause Many recently proposed mathematical niodels~”
serious errors in est imating energy dissipat ion. describe deformation of materials in the inelastic
ductility, and inelastic deformation , range. However, for rate-insens itive materials , only

t he classical theory of’ plasticity and its various modi-
Extensive low-cycle fatigue researc h during the fications have been used successfully in general

past two decades has pros ided considerable insight structural analysis. This is due to their relative
into various plastic hysteresis phenomena and cyclic mathematical simp l i c i ty  an d their a b i l i t y  t o  simulate
history dependence of the uniaxial stress-strain actual material behavior at least under monotonic
behavior ot meta ls. Based on these findings, a uni- loadings. The classical theory of plasticity w ith a
tie(l approach of character izing the cyclic uniaxial constant yield surt~tce (perfect plasticity model) or a
properties has been developed. 1 Sufficient experi- monotonically expand ing yield surface (isotrop ic
mental data u t i  cyclic material characteristics under
multi-axial stress states are not yet available. There- 

2 J. F. MeNaniara and S. K Sh,irnia. lMitrop,C’Ku,,. ’P,i IIu
h ardening Model ~or Lla.ct ie-P laut ic ’ Stru - tur a l A, ia l i - u ,s . - i echni-

lore , the otily feasible approach is to develop a cat Report M-t4 M/ADAO t494 5 (Construciton Engineering Re
formulatioui wit hin the framework of the established searc h Laboratory ICERLI. August . t 9 ’~~).
classical theory of pl astic ity, which can simulate the ‘7.. Mroi . “An Attempt to Describe the Hehati r i t  Mii i.
sa lient cyclic uniaxial material characteristics. Lm nder Cyctic Loads Using a More Gcnt’rat W i’ rkhardening

M uide t ” ,4cta Mechani ca , Vot ~~. No , 2 -3 I t  91s’)) i 94 - 2 t 2.
~ihansatc, ‘‘A I-’rtciion Stress Meihod t i  the ~~~~ Inelast icPurpose Hehasior of Metats ”

‘i. R. Rice, “On the Structure nt Stress Surai t i  Ret a t u ns t i
hi’ piirpuise of th is ri’porl is to present a plasticity I’int - -Dep .ndcnt t’tasiic tkto rnta tu un it Mu’ iats . ’’ J our nal If

torrnulation f ur  s t ructural  materials that adequatel y -t iup liu ’d Mechan ic s . Viii -~~ I t I’tt). 
~ ~2$-

- - —  — ~‘i. Mura, ‘‘( ontinuuunu rh~~r~ uui t ) ist ,s’at , ns ,,tuit hi,usih IS
H - N J t i a t s s , u l ~ - 

- S I- rtct i n Stress Niethuid b r  the Cycl ic tn - i14,’u ’hanii ’., r~f (i, ’neru/i : ’.l ( ‘op l t i f l ua ,  I - Kr iit’r . t’it I Springrr
eI ,Is lIe FIs h i s  S r  ~ i i ut ~ . I rin,sat (u ,,, of thi’ 3rd Internat ional Serta g .  t %$). PP 21,9- I’M

p Ste p  (u r uul  S I  s h i n s - s  ,,, Reaci r Tr, ’hnologu’ , Vot ‘K - (‘ . V i t nis , ‘A t hei rs it Vtss ’opiasi is - u t s  W i i h , u i  ,u u’Id
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hardening model) has been presented in detail.S,9 A theory .’2 A s imilar procedure for a combined iso-
constant or expanding yield surface conflicts with tropic-k inematic hardening theory has been used
the exper imental Batishinger ef fect phenomenon , where a method to determine another material con-
w hich is denoted by a reduced y ield strength after a stai i t  for isotropic hardening is also given .’3 Re-
stress resersal follow ing plast ic straining. To sin~u. cet tt l y. a niultiaxial plastic deformation in any direc—
late bIte I-3atislti iigei’ et ’lcet . I’rager t° introduced a t ioit has been considered as a case of either con-
k inc iii at ii’ Ii a 1(1 en tug ins ide! iii w Ii jeli y ield surface iii t ied load iii g. pa i’t ia I ly reversed loading, or lu I Iy
rati s In t es with out rot at ion or (list on ion in the d ire ’— reversed load 111g. 14 A eve tic u iii a xi a I curve has been

Lion of’ plast ic strain increments. ‘I’his kinematic i’epresented by branches of a Ramberg-Osgood
hardening model was modified by Ziegler11 to make curve, ’5 which is essentially a power law relationship
trans lation of the y ield surface invariant under a between stresses and strains , The three material
reduct ion of’ t he dimension of’ stress space. parameters of this curve are adjusted according to a

scalar product of previous and current normal
The use of the classical plasticity theory with vectors in the direction of deformation.

isotropic or kinematic hardening models requires a
material constant which is usually determined from A more consistent theory which can account for
an exper imental uniaxial stress-strain curve. A the directional dependence of reversed multiaxial
correspondence is established between multiaxial plastic deformation has been proposed by Iwan ’6
and uniaxial stress-strain paths by defining equiva- and by Mroz.1’ In Mroz’s model, a uniaxial stress-
lent increment of plastic strain from multiaxial strain curve of an initially isotropic material is
plastic strain increments. The material constant is approximated by piecewise linear segments of con-
t hen determined from the slope of the experimental stant tangent plastic moduli. In a stress space. this
un iaxial stress-strain curve at a point which corre- approximation is represented by concentric and
sponds to current stress state for the multiaxial case. similar hypersurfaces defining regions of constant
This approach for determining the material constant plastic tangent moduli. The first ot’ these surfaces is
experiences several difficulties when cyclic plastic the conventional yield surface. The yield surface
deformations are involved. If only a monotonic translates during plastic deformation , coming in
exper imental uniaxial curve is used, then multiaxial contact with and then pushing larger hypersurfaces.
plastic strains in any direction , including the corn- Motions of these surfaces are governed by the condi.
pletelv reversed direction , must be reduced to a t ions that they preserve their orientations and that
monotonically increasing plastic strain. If reverse no two surfaces can intersect each other. These con-
plastic straining for the uniaxial curve is also per- ditions give rise to a kinematic hardening rule that
mitted , then every increment of multiaxial plastic dit’fers from those of Prager ’~ and Ziegler. ’9
deformation must be defined as a case of either load-
ing or reversed loading. There is no smooth transi-

“ F. G, Plummer , A New Look at Stru ctura l En.’rgi I) ss s ipa -tion from a case of continued loading to a case of - - -lion. Technical Report M-$2 ’A D#7$080 t (CERL. Mas 19 4 1
comp letely reversed loading. Moreover , an analytical “1. F. McNamara and S. K. Sharnia. lsosrru p ic ’Kinemut,c
model for generating cyclic uniaxial stress-strain Hardening Model tar Elastic -Plastic Structural Anali’,s i.s , Techni.
must he formulated. This curve cannot be obtained cat Report M- t 4 8 - ’ADAOI494 S ICI RL. August 197 5),

experimental ly because the history of ’ deformat ion is ‘4M. A. Eisenbvrg, “A General ization of Plastic I-loss Fhessr~
not known a “non W ith A ppticaiion to C~clic Hardening and Softening Phens,nie-

na ” Jou r nal of ’ Eng ini ’ering Materials and I i’ehnolog ’t ,  V t  914 -

Series H. No. 3 (July l9”bt . pp 221-2214.
A definition for determining loading or reversed ‘1W. Ramberg and W , R. Osgood . f)i’scription 01 Stri ’,ss- St raun

load ing from niultiaxial plastic deformation and a Curu ’i ’s be Three P ara m ’t. ’r ,s TN 902 INatuonat Adrisors- Corn-

rheolog ical material model for steel have been used rnutiee For Aeronautics , 1943).

in the application of the kinematic hardening ‘SW . ft Issan. “On a Class sit Models tor the S ieldtng Behasuor
of (‘ontinuous and Conipostte Svsten ,s , Jou r nal ,,f  Ap p /s. d
Mi ’ch a n ic,s . Vol 34 tt 9h ’), pp tui 2-t t ’7 .

SW . Prager and I’. G. Hodge, l ’hi ’or,’ o f  Perfrctls’ Plastic .Solids “7 Mroi . ‘‘On the Description of Anisotropic W usrkharden
John Wiley. 19511. ing. ” Joprnal of Meu ’hanu -s of  Ph i’.cu’a/ So/id, ‘s uit IS It

‘R. Hi l t , ( ‘hi ’ ,%lathenta tical i ’hi ’or i’o/ Plas~ cj r ~’ (Oxford , t 9~ )(, pp ltui-175 ,
‘°W , l’rager , “A Ness Method s t  Ana lvting Stresses and Strains 11W, Pr ig er . “ A Ness Met hod iii Anals,ing Stresses anul Strains

in Ws rk.Hardening t’l us ts Solids ,’’ Journal u / A p p lied Med ian - in W rk-Hardcning Plastic S ,t,ds , ’ ’  Journal of .4 pp/si’S %I. ’ han
fri . V uit 23 ( l tSh t .  pp 4’ui - 4%, ( u s , V t  23 I l~~~ a) , pp 491-4%

‘‘H - logIer. ‘ ‘A Ms t,t is at l ’ n  of I’rager ’ s Hardening Rule, ’’ “H / ,eg lcr , ‘ ‘A Musslit lc,utiu,n s t  Pr,ugi ’r s Hardening K,u te
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Recently. Krieg 2° and Dat’alias and Popov 2’ have CYCL IC UNIAX IAL
proposed a sintp litieatioii ot ’ Mruv ’s niodel through STRESS—STRAIN BEHAVIOR
cons iderat ion oI on Iv two surfaces—a yield surface
ss hich is & ‘uicls ised h~’ a t t in iting surface. Both of ’ these In order to nieaning t’ul l ’, describe the cyclic uni-
stur  I aces are a II u ’ ss cut to I t’ .t us late a iid change in si ie as ia I iti at eria I propert a’s , a br ief sin II i tie ot’ the
d utrt t t t ~ plast ic det sir istatto it - I he rates of translation plastic hysteresi s phenomena ot uteta ls and a re-
a in I I he ~‘Ii a ii t~cs tit s i,’e .t re .tssu med to he tn tie t io i is cent Iv developed unified approach 23 for I heir q u alit i -
of a veet sit ’ tro u t t h e  cut- rent xl i’i’xs state to a projected tative charaeteri,.ation is necessary.
stress s tate on the liniit ing surface. However .
I)ata l tas .ind I’opov have let ’t these functions un- Transient Behavior
def ined because of ’ a lack ot’ experimental data.
Krieg has defined these functions intuitivel y to Cycle-dependent va riations in the hvsterc’li e
iii at cli e ~ pen ni cut a I dat a for a ti ii ia x ia I specimen . behavior of’ niet a Is are usu a I lv observed u nsf ci’ con -
but iheir valid ity for niultiax ial deformations has not st ah l stress— or strain-limits u.’vcling conditions.
been demonstrated. Moreover , t he use of only two ‘l’hese variations are classified as cyclic hardening.
surtace s is inadequate for a satist ’actory simulation cyclic softening. cyclic creep. and cyclic relaxation.
of the “memory effect 22 in which a material appar- In general . t hese phenomena are transient , an d a
entlv remembers certain previous points of stress- saturation or stable state is rap idly approached at a
strai n reversals. The material exhibits discontinui- continuously decreasing rate with cycles. In general.
ties in its stress-stra in response at these points on materials exhibit an initial cyclic hardening or
subsequent loading or unloading, softening, depending on their initial condition arid

sometimes on the magnitude of’ t he stress sir strain
In most of ’ the t heories presented above, isotropic amp litude imposed . Whenever the stress or stra in

hardening is taken into account by changing the limits are changed . a transient behavior ensuc’x arid a
rad ius of the yield surface as a function of’ a monoto- new saturation slate corresponding to the new stre ss
nicallv increasing parameter (e.g.. equivalent plastic or strain limits is approached.
strain , plast ic work ) . ‘[his usua lly implies that the
rad i us of ’ t he yield surface increases (or decreases) Based on the observations of a large ntuniber of ’

nionotonicall~’ , reac hing a stable value asvm ptoti- structural metals ot’ widel y rang ing strengths and
eall~’ . An obvious drawback of this approach is that cyclic cha racteristics , it has been slioss n24 ’25 that
the y ield radius is restricted to increase (or decrease) transient behavior is essentially caused by a history-
nionotonieally regardless ot ’ whether the amp litude dependent variation in the material’ s ield stren gth.
of loading cycles is increased or decreased. On ce the ‘[his variation is effected by st uhstrt uct ura l changes
yield radius has reached a stable value. •st remains caused lr ~ the reversed plastic strains in the rliaIerial ,
unchanged even it ’ the amp litude of loading cycles is
changed si gnit icantlv. To overcome this problem. Figure 1 schematicall y il lt isl ra les a cyclic harden-
the idea of’ nesting livpersurftices is extended in the ing situation that compares the first three hss ier cst s
formulation presented in this report to define a field branches. Each hysteresis branch is composed ot an
ot isot ropa’ h,irdeni rig moduli. All material con- initial linear elastic portion and a nonlinear inelastic
slan t s required las the l)resc’iIl approach are obta ined portion. In the case of ’ cyclic hardening . the initia l
lru ’tti c~cl ic t ,t i t .ux ia l experiment s described briefly in elastic port ion increases in length front fine branch
(‘li.tpl ci’ 3. to the next. hut the elas lic modt ilt us remains un-

changed. ‘I’he nonlinear inelastic portions remain
v irt u a lIv sine hanged in shape during tr aits ic nt
be havior. ‘l’he histtsrv’dependent ~‘h auigi ’ in I he

10R I) K, s i c  l’r,uslus it l a s s Ssu r t , i cs ’ I’t. ust ,c its I hc’ss rs , ’’ ‘‘II R Jhans ,ute . ‘ -‘s I ris ’t iu’n S i ru s s  Mu’t huat I,’ , lii ’ 4 i s  u s  lii
ls ’,ir’uiil ‘i ‘i, ’~’Is ,  d ‘if, ’. I su ’ ,us  s Su i t  4~ 19’S) , pp b4t - ti4ta , e t a s t i s  It,’h.us si r it St u’ t s i ts . ’ ’  F rus ,i, ssss gns,us u, t ,h,- ?rsl l n r , ’rnaI,s ’ ’u , u/

1t~t F I i,ut j t u, us ,i tuu t I’ I’ l’si pirs - - ‘s Stsa t t ’ t  sit Niiiiluttt’arls s , ~ i f , ’n i s , .  is ’s Slr f l s u u srsu /  ‘i f s ’ s hss,u i, ’ s up, k i s s s  f i r  I i ’s h ’i ss l u sj,’ u \ u.l
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(a) Three Rcversals ot’ C’s’elie (h) Branc hes AB , BC and CD Ic) Branches AB and B(’ are
Hardening. are superimposed on their translated along the elastic

initial points A . B. and C, slope to match nonlinear
respect ively, portions.

Figure 1. Comparisons of hysteresis branches under cyclic hardentt ig phenomenon .

linear elastic portion ts termed ‘‘yield range m ere - Figure 2 shows the saturation YR I plotted as a
ment ” (\‘Rl). s ince it represents a change in the fun ct ion of strain amplitude f’or three materials
yield strength. The invariant nonlinear inelastic exhibiting dif ’f ’erent cycl ic characteristics. ‘ I’he
portion represents an intrinsic material stress-strain saturatis in YRI cosuld also he expressed a s a  function
characteristic that is independent of cyclic history . sit stress amplitude or plast ic strain amplitude. In

the c~sc s it .SAF (04 5 norniali,,ed steel . sv hich
Saturation Behavior exhibits c s c ’ttc softe n ing at lo~ stra ins (approxi-

niatel y < O.(E4) and cyclic hardening at high strains.
Any two esanseeut is’e hysteresis branches form a the saturation YRI Increases with strain amp litude.

hysleresis loop. Under transient conditions , a Iii the case of ’ SAF 104 5 quenched and tempered
hysteresis loop is not fu lly closed (Figure Ia) since its sled, which cyclically softens , the saturation Y ‘

~ I
two branc hes arc nsfl identical. However , in the decreases with strain amp litude. Cyclically harden-
satsurated ‘s t a t ’ . a h~ s nc’t ’es ,is loop is fully closed sinc’c’ ing 2024—T4 aluminum us snie of ’ the few materials
the two hvst .,’t ’esis branches are identical , w hich whose Saturation ~‘RI is inu ’ - ’pendent of strai ui
means the y ield strength s or YRIs in both branches amplitude. Figsure 2 shosi s sonic evidence of prior
are equal. Ii) iiisist metals , t he saturation value of’ history independetice sit saturation Y RI itt the cases
Y RI is a I’uuic’ t ion u t  the stR’ss or strain amplitude, sit ’ SAI~ 1045 tiornialiied steel ansI 2(124 14
Based on as a ii able dat a • a rid for t he pu r pose of’ engi — a I urn inium
neering analysis , it is reass nahle to assume that the
saturation YRI is independent of pris r cyclic history. Cyclic Uniaxial Properties
Mic’rsislructural studies 26 have shown that certain
typ es oF niater mals develop a substructural disloc’a’ Three suniax ial rnatc’rt,tl prsmpert les appropriate to
isan cell xi ie at ‘sat su rat lout that is independent of ’ I he cyclic sat turat ion state are den s ed front .u sel ssl

prior history. (its tact letids sonic ssupport to the hss tc rc ’sts st t ’ c ’ss-s l rau n loops corresponding to that
assum litior) til prior history independence of sat in ‘ t-  sl ; un ’: cyclic sIri’ss~s Ira in curve; skeletoti s l rcss - s l ra , t i
liOui \ ‘RI. curse ; ansi sa t st ra t is a n yield strength increment. Suc h

ioops may be obtained f rom t’sillv reversed constant

— 
strain cs-cling t e s t s  on niulliple identical specimens.

- 

- - - - - c ;i c’ 11 spec tti iet t being c s c  tc ’d at .u spec ’ ill CsI xl ra inI- t s ’ l ts ’i anti i I .nrul - I ss ’ l u s Str es s Strat i ,  Rt’’,p.snst ’ sit
I ( 5  \ ls ’ i , s l s  i nst ‘\Ii , ’s~~,’’ ‘it I - I  t1. ’hu ~II urgis ’is , ‘c ur l I S  (Oc’toht’r amp litude’ sunl i l satt ir,it ioli is achicve’(I . Smnict ’ . t t i

i%” t ideal s t . u I e  sit ’ saiu rat ion m.u s t i c s  ur he achieved in an
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1 r;t l)td uiiet hstd si t  delcruiiitit tig t hc ’ c s c ) t c

- - c’t tt ’v e ’ by nie ;t uus ot an “iiicrenieuiial slc ’p” test us
C desc’i’ibest las l a u t s h grat . c l  al. 27

lb the h ysteresi s5 loops are supe niuiipsisc’d on their
~~~~~ 0 C0~~~~~~ STR A sN lower ti ps (Fignure 5), the locus s it the tll)PCt tips

—
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0 MiX ED STRAIN desc’nihcs a c’urvc that is geometricall y siti it lar to the
~ 1016S F 

~~~
‘
~~
‘ 

HI STORY ‘ ‘ - -cycluc stress-stra In curv e . but t n.tgnt tt ed by a sca lc ’
O tac’tor of ’ t sso ,  ‘I’his relatiot ish up resti Its from the

~ 0L_ _ 0’~
_ - ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

symmetry propcrt~ of t he hysteresis branches .

2011361 Y R I ’ O ,  CORRESPONDS TO Sku ’l , ’tu,p , ,S t rs ’s ,s- .Sir at , n ( un- i ’MINIMUM Y I E L D  STRENGTH
CONDITIO N

‘[he ske leton stress-strain curve is that part of the
I0i691 stress-strain characteri s tic tha n is history-independ-

I c’nt : it ts therefore geometricall y similar to the invani-
SAE 1045 STEEL IOtT 720’FI ‘ ‘ - 

-

I alit nonlunear portIon of the hvs teresus curve , hut re-
0 0 004 

- 
0006 00 12 ~~ 0 02  duteed by a factor of two. A cons ’entent method of ’
STRAIN AMP LITUDE determining the history-independent portion ot the

hysteresis curve is to tra u is late the hysleresis loops
Figure 2. Sztt iurat i st n y ield range inic’renietit for I hree plotted in Figsu re 5 alonig the elastic slope until their
rnaienials, upper branc hes are matched as wel l as possible

(E:m gture 1’,). ‘I’h e port ion OA B of the hysteresis curve
act uta l lc ’si, ihc condition at ~ htch the transient in l—’igture ii , when redtuced h~’ a f’acts a r sit ’ t o s s . ‘sill
c) u,tt icc’ s ;tre t i itt i T h ai iiia~’ be e’onsidered to represent det ine I he skeleton s t r e s s - s t ra in  curve - ‘l’he ci ci Ic
satur;ution for the presc’iit psirpsise Alternativel y, the stress-stra in curs-c and the skc lc’ton s l ress-s trai ui
sat iu r a te d hysteresis loops may also he ohtaiiied in a estrve can also he expressed as s l re ’ ss - ) a l . u s t  Ic st rain
singlc’ niu ltt- bls ic ’ k ehecren ieiital step test ;ts i l lus— relationshi ps by eliiiiin~ti iiig elasiic str ,tin c’slt ih po-
t r,tted in I’ tgsure 3. In t h is lest ,  the speciuueii is lie’t its t’rsirn ts ta l strains.
sn rauii c s s c ’tc’sI at a constant amp litud e until satura-
I t s ’  ii is ac’li ies ed at t Ii at Ics cI the’ sa ft pIe is then ,S’iit ii ratio,, Y,i ‘Is! Si ru ’hs),’t II Iiis ’i’s ‘~inu ‘U I
nc ’sl cst at the ttc ’\ t  le’s’el . an d sul tin,

I he sa t t l ra t i ui t i  Ytc ’ ls l St rcr ighlm li t e ’ rs - u i i u - mm u i ’i’S h) .
sshieh is sine-half uit YR I  , i ’s t u s t i a l l ’, express e d ;ts
t t tnc ’t is ini of ’ st ne— s s . straun . or pl;ts iie’ s trai n anip litude.
Ii us given by the dit ’f~rence in stre ss , level hciweet i the

Saturat ion
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If the sau urat ion \‘ SI sir YRI us independent (if the in which n = 0, I. 2 , . . . .  N — I. w here a scm Muse’ s
hs s iercsts loop ‘~~e’ . ~ ‘s in the case of 2024- 14 alumi- yield couiditioui (g iven bs f - lo t  = 0 (‘or pla s t mc f ls m~ I us
uiuni , t he’ui t hue c, c i te  s t ress-st ra in curve and the nused , auud
ske’Ie ’ Iu s iu s l ie ’ss - st r ,uu nu e’ ru rse ’ s t u t te r  t inil y in their elast ic
portions its- a c’s iu i s ta iut  sa ltu c , l’hese materials are I

- ‘ . .  ‘ ‘ p~
0 = O i~ 

- I si 1 (o ~~ ~~~ I I q 2desug niated as ‘‘Masung l \pc materials , since ii ii .1 kk

Masuuig ’ s postu lat ion imp lies such a property. 28

where ~ = current radius ot the surface f ’ ’
Oij = current stress state

4 MULTIAXIAL THEORY d
~1 = Kronecker delta ,

OF CYCLIC PLASTICITY
Fields of Plastic Tangent Moduli

Generalization of Uniaxial Cyclic Properties and Isotropic HardenIng Modull

‘l’he previoust~ dtscussed observations for uniaxial A s is ipe at  aniy ps iint sit the skeleton c’Lurve s it Figiure
cyc lic’ beh avior can be generalized (‘or multiaxial Ma is detit ied as plastic tangent modulus , ‘l’hus sfe tuu iu-
stress s 1 ace fo llowing the theory proposed by Mroz2° tioni of ’ plastic tangeuit modulsus ms generaliied ton a
and lwan . 3° i’hc skeleton stress-p lastic strain curve mtultiaxia l stress sta le as tol lows , It is assumed that
(iS slis is~ ii schematically in Figure 8(a) is approxi- the prolectiout of in crem en t of s iu’cs ,s vector do 11 sin
mated by N linear segmeults OA , All. BC, . , . ,  MN, the’ exterior normal to the yield s u rtac ’e is propor-
Nodal st res s  values correspst-nding to points A . B. C. lisnial Isi the plastic strain vector dt l heret ’ore. i t

- . . . N are ~~~~~ 0( 11 ~ 12~ Q I N II res~)ec ti scl~ - the projeetisin (it do ij on the’ e’x t e ’nis ir nsmrtiia l to the’
In a general ‘stress s pace , t his approximation ts yielsl snurt ’ace us cds~’. w here c us a proportism nia lity
represen ted by n esting hvpe rssu rt~uces f5 0i , fS l) f52 ) constant , then a vector (do 1, — cdo~,) is perpeuisticular
- - ,, I N ’  t I - t ~ t irs ’ MIa( ss i th initial radii ~~~ ~ u 1) ~ 52 i to the exte’ rio r uist rnial , Mathen iatica lhs , this c’Ct n he

- - a s ’ s  II , re’s pcctrs c i v ,  l , n i t i , t l I y- . these ln ’pe rsut r- c’~presses) as
i .s i ’ e ’s  are eIIi1~

- s- - t 1 i t ii’- . ss uth their c-ti llers at a psiinl 0
i s I 5 i 5 \ i ’ i l t l i I L  ,cro ‘s tr es s ic ’ s e ’ l uii t h e ’ ‘ s t ress  s PCte’e. ftc’ ,

- ‘ (do’l — cdt I () Eq 3 Jt ur s t (smallest ) s i t  t h e s e  s tu u’ t .u c ’es , 110 1 , is the c-o t i s _ c u t -  s i ‘O Il

t t s s t i . u i  s ue’ ish ‘ s i i t t , i s  c and t’c’l)i cscults s ’ l . lslic ’ liuiiit -

ss lieu-c s f ’101 _ s is the exterior nstrni a I 151 the’ yield
‘I he livpersurt~tcc ’s t r . m t i s i a t c  and expand or co n- s i i r t , tc -c . ,tu t s l the’ proportionality csa nstan i c’ is plastic ’

lrac ’t diuning plastic ’ flow , lnstanl.u iie ’s inus pos i t ions  sit t .utig e ’t il modulus ,
t hese ss u r fa ce ’s t i  the stre ss ‘space’ are given by csiordu-
nales sit their onigiuls . ss

~
’’ . n = U . I , . . . .  (N - - I), In Figure ’ Ma . t he ske’le’tsiu i cs urse si t lhc’ uniaxial

I lie hiv persi irtac ’e’s c all (td~ nma t hen iatuc allv repre— c as e’ has be,e’n ~u i a i s r s rs iu i i a le ’d by’ piecess use t u ne ’ .ur se’ g-
setite d as nients , N s s s t . t t  ps ilui ts 0, I. 2 , . , ,.  iN — I t  arc

stress tes e ’ls 47 5 0 1  5 l i’~ (7 l 2 ~ , , ~~ , ,  ~ 
IN II

I I I X  I ‘ s  is e l s - F .uel i nsi sial psiuni t mit us 1ssss ic i . i l c ’s t  ss ilh a
= P p - - (ii ~2 = ( )  1 1. 1 I I2 ii tI 3 pl~ssIic tauiu, ~e’u1 t iii sisltul iu s i’~~~ i I 1  

~ bitc h re’mauuls c’s ’ t i

s t .u nit bt’ tss ccii I he nsid a I psiu mi t s m a nsf iii I - For I he’
(st lnmni i at i s r tt is inip luecf ) ui i ui i uax ia l sires’, s l O e , thus app rstsunhatusi,i is i~e’r i i ” t

alii esh Its asstu nt iutg that lilCis ite tau u ee’ ui t nisidnulus c’ sit
‘‘II 14 Ils ,u i rs. s ls ’ - -  ‘5 I I~~! 5 ’ ri S i t r ’ss S I, ! is s t t im the C Ss is tnt l’q reniains constant between aui s ts, ’5s i s i ir t ae ’e’s

r I,isii,. I t s - I s , ’ I s ’ s - - I  51 -  - - -  “ Is - ,s ,s ss l ,  t i ns , , !  ik . lr’ui I,iti rns utmu s ns u! I hi ts s.’ s i t i s l . I nT  v i t i t is ’  s i t  c hets~eeni ihe’ s is t ’ t . i c ’ s ”s t
C ,, ,s is ’r’ s ’rs , s - is S i rs ,  i ,s r ’ , s /  ‘5~ s - h,s,ii, s s ’ s  ks ’ s ,  i s, ’ I, ’ , hnsi/si ~ i ‘ 5 s ’ I  tnt Ii ‘ m u  l u l l

- autsi t us i_’ I\ s ’fl Its .5, ’ 3 ss he re’ i’ is thc’s 4 ~‘s ‘- inst II N t t i , i r i s ,s tr ‘% \ s - .i t ’ , s t .o is s ’ t c ’t t im -
it,,’ t l s ’ ,I s rs Is,  S i r s  ‘,~ S t r u t , ,  14, 1 , , s , s t , s I  \ I s r ,uI ’ , / - , u , r , i ,s/ I f  ~~ 

c- uirrc ’s~)onsIiuig plas iic i~uuige ’nt nisuds ult us s i t  th e ’ P~’~i”
, m’sruy i f ~ s , 

~~~~ ~~~~ I , / , s . /~~,’ s ‘ 5 . ,~ ‘1 ’ ‘5, I I i’) ’~ I, pp ss ist ’ i n I s . u r  s l s s ’ i s ’ l m s t i  ei i rs c ’ I t i t is . a tielul sa t pias iuc
ii 5 t ,It l g e ’ilt iiisi~ltui t  us e’ s r t i s n i t i I te ’s t  has ( ‘ s s i s ~- i . u t u i i g  .1

15/ ‘s t  I),, ~,s i i’ , r s p i u s s t i  ‘I \ I s s s s ’ I r s s l s I s  5’s ,  i kh ,urs ls ’ is  tang ent t iis iul uu l i u s  ~~~ t i m the’ hs pe ’rsturt ae-e l ull
ni” ,

’’ ! - ,s , rn .a I  s O I I, , I s , s r ss , s s s ~ / 4,, 55 , s/ ‘,,s/i,ji ‘5. ‘ ‘I iS I

l i t  I

~~‘.% Ii I s i t s  ‘ I i i ,  ,s C I.,ss - ‘ I  S i .  I. i,, ills ’ ‘~ t c ’ t s t t r t K  ICs ’ t s . s s i s s i  \ t i s ’ t u t  u t  t s i u t r s s ( i i s  l i s t  s t t t l l i h g  uiiodnlu us sle’tined
I s - l i t  ‘ - s ~ - ’ s s ~ , i , s l , . u rs ;m. s ’ s i i s ’  ‘. s s T s ’ i s s s  - / s s , m r X , u f  m s f - 1 / ( . / I s s f  sn ii i t ,m i ’I ’ , us the Iis ’I sI ‘I lti, tslis ’ t . t t i C s ’ i t l  n is us lu i t i  I t t  the’

SI , ,  Is , , , , ,,  ~s s s I  14 s ~~~~~ l’I’ ‘~~~‘ ‘‘~ 
‘ ii nu,u si , sl c,uss ’ , stress l s 5 L ’I’s f
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\STRAIN CURVE

~~(5) - 

~~~~~~~~~~~~~~~~~~~~~~

g~
~~(3)

(‘) 
~~(2) ’ - 2’

~’—c~~ C:PLANE OF THE STRESS_PLASTIC
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PLASTIC STRAIN

(a) Skeleton stress- p lastic strain curve.
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(h) Hvperssurtaces in sIre’s’, sp it es ’ .

FIgure S. Sc heniatie represenlattsmn sat hvpersurtaces.

I’S



piecewise ahml) rs isiuui ~u t  isii t 5)1 the’ ske leton curve . are

give ii i ne’re’uiic it t s s st d ~ l i t Is m u-c t lect uss at rsipuc ha reteui -
iu ie .  ,\il th ic’se iiicu’enleuits are assumed to be t he same ~
t o  insu re tI me Ii ist ol-y- - iuicte pe tide nt m u ~tt Lure of I lie ~
skele lsmn e’t u rve’ - I Itcse iuie’reme’uits are ass unicd to be
prsmpsmrt isa ita I to t he inc’renient of ’ plastic strain .

U

sta h l  = ksI~ ’, i - 0 , I, 2 , . . . , (N - - I) I Eq 4)

ss here k is the’ c’smns t a itt of prsqismrt ionahiiy’ , ‘I he’ e’sin- 
4

stant k is sti utasned trsmnn lIt” ships’ of the sat ura lusium
y ield 51 reuigth inue ’re’tnent ‘5e’rsus plastue strain anipli’ ~ 5

Rude e’urve ,
a

h-or a niultiaxtal stress state , Eq 4 ix gencraliied as

clo (il = hithP i=0  1 . 2 (N — I) (Eq 5)
0

PLAST IC STRAIN AMPLITUDE , a.”
ss ’ he’t- t sh~31u1 iu icrcnients in the radii sat ’ surfaces 11/

h = isotrop ic hardeuming esiet ’tieient Figure 9. Piecewise linear approximation of yield
diP equivalent plastic stra in detined by- ‘streniglh increment versus plast ic straIn amplitude

curse.

= ~~~~~~~ iEq h’ umitid ulsts hm iOi is ch os eu i t o approximately retleet the
non- M~ts ing and t r~t lisle mit characteristics sat real

sv here sI is i nie’rc’nie nut s it pta site’ ~train~ materials in the ci ii ia xial case:

The’ issitro pie’ hardening c’ s a et ’t ’ie’ ient hi us asxunied do~ dO 1
5
15 )

- - ~~lO i ~ ‘ ‘ I( : —
t sm he csnust ~um ii be’tss e’e’n aui y Iss su h~-persurtaces ~ 

Intl -q
a ti sl 1’lm + ~ ii nsl is g is-en bs- a v a I sue hi In,) associated
ss’ iili tile’ suuu ’ t ’acc’ t Im) . ‘this c s a u i s t a u u t  value h’°° u s ss here’
sabt a i tiest I’rsauii a piee’es’5 isc ii mica r a pprsi xima t isan of
t he sat t t t ’ at is a mi \ ‘St sc ’rsiis plastic strain amp litude do., current \S I
curs e’ (Figttre 9). Nodal psmin ts 0. 1. 2 (N — - I) dO t ’ ’  and ~ tPO 1 = satt i r al is in ‘

~ SI and plastic s ir~uin
sin lb iS etur ’s e’ are at t h e  same stre ss ics cl’s as the ns dal range e’smr respsansl m u g  ts i  nsasie I
poiiits s a t the piecewise ti umear skeleton csu rve and I = ssatt enu m ig harde’uiitig I ,te t Ill m l  N

t hei’e’tsi re e’orrcspouid t i m su rfaces f t o m , f lIt , $~~ , , , ,  li i I
1IN ii , respect is clv . lhe slsape sat a linear segment
hic’lwee’uu nis usl~ul ptsi nts i and Ii + I I is dexignate ’d a’, I he’ sa lute sit I I e’luiiiiii~ttes t rai isie ’ t a t Ia e It,is s i t  ~i p

h’’ . a grasittal approach h iss ,i ist s~t lu r , u thu i Iu  I - I ‘_ I prsi-
isle’ s l i t  the tr ansie ’uit he’h~us us sr , butt this ’  s ’~~.us I s.si t l ra

Ihe’ ti t ’st Ou t u e ’ ~ stress path ext en ds into the ,sinue’ lion va huu s ’ of ‘~ SI us not u ’ i,i~ lt s ’ mf \ s a l t u s ’  si t  I = Ii ~ Is’

bet ‘5% ccii ssu rt ’ac ’es ~t it and F l  + I / , the iss t ropic hard — (1,9 se’em s ts r  he’ a gs is itt e,s it t  proni us e -

enuing iiiuuslutlui s lt ’° e’sa rre’ s~)unm ding ts a the surface f m u ) u5

‘ii c ut Irs h 1s~ , l u s t ’  a nt s subsequent stre ss exceursion Translations of the Hypersu rfaces
ti l t s ’  thus /one, ti m I l  is set  e’elt ta l  isa s ine-halt ’ sit ’ ktm ’ t , c’s’

s ept ss he’n i = 0 , l’his t a c l sa r  sat ’ san e-half ’ us necess ary l’ rans t at is i ns sit these hvpersuurlaces are e m s ’ s  t r i m s ’ s 1

is’ ~ai’sipe’i’ls reflect t Ime scale tae ’ts r sit ’ twsi that is by the esatidilioim’, that i h~’ surfaces it, i not Intersec t
, s sss  mc t, ul e’s I hic’ t ss cc i i  I lie’ monsits inic and cyclic paths htut cs afl ’ ,ec ut is e’l~ contact .und puush c~u,’hi u t  lis t - I his ’s
iii he’ ii ti i ~t xi al c ,use (se’e’ Cyclic UnlaxIal PropertIes may’ cciii I act  s u i t ’ , ,u I a pot rut is h k’ hi c’s i l ls’., ps snsh s t i  this ’
s s e l t s i ui it ) ( ‘ ha pus ’m ’ 3), current stress s ta t s ’ , I-’ms r cs u it m s ’ s ant i u/,’s ’ui i s ’ tr t s ails

su nit i Ian su rfo ct ’s . t hess’ s ’s ins t liii ins ni .1% las’ sat us liesi hs
i s  suul rse ’ s 1uus ’uit stress s ’se ’tursis uu is into the tone lx’- reqtuining thai inst au i t a i t s ’i i tus msriu s ’ uis itt t hs’ stirl ,us s-s

l5.S e’C it  ‘,IIl l i s t ’s I ’  ans i 1 ’ u t , the i ssat r o p ie ’ ha rshe nii itg he iii .u sp s ’c’t hs slt rs ’e’tts in , I hits m I t t S ’s t us it i  us along
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Figure 1(1. Schemat ic translatio ums of’ hypersurt’aces in stress s pace .

sector c’smn i ltect ilig the potuit of cs a um tact (current stress — 
6lu + 

~~~~ F 9
stale ) w ith a psat ut sa ul the umexi surface to be encoun- i ’S I ~ 

— 
~ t 0t  0tJ ~ ii

I e’i’esl , ss Ii ic’hi it as a sa int e’ ums innm a I direct isin as t h e
misa rnia l I o the viel sh siu rt 1ue ’c’ at t ime’ point sat cs mum tact - (‘siordinates sit ’ ps mitmt 0 are given by

1 r,iu islaiis iui se c tu s rs  u~~~
1
. iii = I) . I. . .. (N - I) o~ = (X) 5 4  +0~~~Q (E q l t ) (

c’aum umosv be’ urh tai u ies i l’s c’s at is is le’r it ig the example
give nm in i” is~ut re ’ It) , St ur t ’ac’cs I’50 . P1t t’ ht ) art. in Substi tt uti ng tsa m’ U~ ~

Q from Eq ‘I
contact ,u t a pot mit I’ e’srrrc’s pstu msl u umg tsr tIme en nrent
st ress s ta t e ’ ~~ 

(‘sut’re ’ um t s m m ’ ug uu u s u ut  t lmese s u ur t , t c’ e’s are ‘I = • II 3hi 4 I t  
- usOi )

sIc ’ uisr t e’s I Its ()
~
, 0k , , . . ,  (I, , I lie next su rface’ ts a he’ ~‘il it ~ 5 Oi  u _ I

ene’sis u um te’re’d is 1° ‘ l b  .,~ it im s ut ’ tguui at () , lum s t ~uu m—
a mi e ’sat us nisat isans s it all t h e ’ stu u- lace’s wi ll he along the Ins ta mit a umeotu s nmot is mt m of ’ the vie’lsl su rt ace’ ca mu ums rss
s ’s’ t m O ’  PQ. ss luc re’ Q us ~u psa u m it has-t ug tIme sanme he wnutteui its

uisiu’i t i~t l ~ 
‘ ,us t ile’ iis irnma l Is a ihe’ vielsi sturf ’ace at

I’ “a t  t e s s  sl i t s ’ .11 1,) is sIe ’sug uu~ile’s I .i5 proj ected stu’ e’ss da ’°t = d~ (o
~i 

- - o~
) IEq I I )

sta le. I ts  e’osa rs lin~u t e ’s are s let isitcd t ry - a~ .
ssl mcre sla 101 is an iimcrenment of ’ t h e ’ t ra ims l a t im m t i  se’c t i s u

I s u  sabl,t iti csisar siiti. il e’s o~. a seets a r ()“T~~Q us s irawn s m t v iels l stu t
rt~uce ans i sl~ is a scal ar pitl’ itl mme’ le r , I-q I I

parallel Isi 0~l’ , Ils attt sie~e.iie ’tl m , sit I-q I \ie ’isls ‘s’5 ,us tirst intrsidue’ed by Mrsi, m’ ans i us s ut le ’n u’e’ts’rrs ’st
Iii as Mnsr, ’s kinenmatue ’ Iiai’s lc ’ n i um~ lass .

I 5 ~~ ii -

0, t O = 
~ o1’ I~’ s~ MI l ime paranieter d~ us sah tainesl ii’ , s a t t s h s i u t g  this ’

c’s ru is liiiuiti that 11w e’t irre’ ,mt sti ’ e’ss s la ts ’  us - nu a l p u s  s uit  thu s ’
te lsh ssI n’ l~ue’e’ , -\ ppe’t is hi~ s~ pisis i( ts ’s tbs sls ’n’is .41 t5 i tt sil

ss hue- re (~I0i e’t ut ’ re ’nt l r ,us l it is s s t  time y’ielsI s u u i f ~ue ’c’
its i

l b  = c’ i i rr em ut t’ .u s t l ( us  s i t  th i,_’ st ut ’ t~ue ’c ‘‘  ‘ I’

‘~/ Slu m, , ‘ ( u s  I l l s  t h ’ s s r i 1 s i  m , ’ us , s t S ,s ~
,, l i m s i m u m  5% - ’ , L t s , , , s l s  rs

! ‘ s n m m s , s /  u I  S l u m  h~u~ui~ s~~.i I ’ h m s i , m u /  ‘5 is/Is/ i  ‘5 ‘I I” I I ’ M s ’ i
I l I t  s ’ l s ’ t ’ l’ - pp t m  I I 
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an expre ss ismum I’or dja in terms of stresses and stress A ppendix 13 prsrvieles t ime den ivation m ot Eq I’S and
iimcremelml s - the suthen equat ions cused in the plastic a m ma lv sts.

(‘saum ns f inates suf the new origin sit ’ the y ield surf ’ace Algorit hm for Num erical An aly s is
a re ohat at iiec l las add in g sI a t su (lie etisird i uma hex iii ’

h m u ’ c’s iosus s si’ igi uu (‘ s , ssis t iuu ~ites cm l utc ’w sir igins s r i ’ the i-c I hu is se’ch iout gRe ’s an ~ul giiu’tt hiuuu Ioi’ c-~u Icsi lahuuig .1

Iuu i u i l u i l u g  s t um ’ t ~ue’e’s mu e’s s m i t ac ’t a t  l’(t ’ 11 > . ,‘t2) , , , , ,  I’~
) t ie ’ss sli’ess sla te ’ I5

~ 1 1 t u uu u5 i t t  t h i s ’ ciusi sit .u guseil strai n

a re slet en uuu i imcsh tr y ’ nequ ii’i mm g t hi at these surf aces re — iulc’reulue’ui t d hay - thi s’ Imlits t met  t~ ( s m u t  u lii Ins si t  pre-
ui a j ut iii c sa u m tac t  at t Ime new stress stint e a umd that t imeir seuited u n t hi is report - ‘I’he t~il loss- i mug sa ri a tiles are

san igins remain suit a strai ght line joining the umew ass iunmied to he knsrss mm at the beginning suf the gis’enm
stress state anmd uuew sirigin of the yield surface . stniuim m increnteni:
Hemmee, it can he easily’ showmm that

I. Current strain

= 0 — —
~~~ 

(a - — as,~t) . IEq 121 -.1 o i ii 2. (urrent stress

in which nm = I, 2 . . . . .  i. 3, ISURF = nunuher ot’ t he largest sunt ’aee in coui-
tact at t he current st re ’ss state. (If t he current stress

I’he sstr fac’es wh ich arc uisit in contact at the cur- state is within the y ield surface , then ISURF is xci
remit stress state are aissi trans lated along P0 to equal to — I.)
retaiti the shape smf the skeletsum curve under uniaxial
c’ve lic hsaading. Any increments in the radii (if these It is assumed that strain increnments are small
surfaces t end tsm slistont the skeletonm curve, To offset ensaugh that chaumges iii the plastic tangen mt mod sulus
this effect . sani giums of these sur f’aces are translated so and the issitrop ic hardening nmsidultus are snmall, If
that tuie ’ast urc ’ s of’ their trans latis mns are equal and s1~ arc not snmall . thet u they’ are subdiv ided into
smppos ite tsm the iumc nem mie mm ts in their radii. ‘rherefore. sma ller increments before the folloss- inmg algorithm us

applied .
da ’s11I l = d y~~. ,uui i 4 1 . i + 2..... N — I IEq 131I I Step I. Detinme new variables a m m d de

~1 liv
svh’ue’re sly is the measure (niagimitude) of d a~~: 

T =

dy = h’°di P, IEq 141 sk , =

and rj is a ci umit s’ectsin alsrng PQ: Assuming an elastic behavior , calculate
dr 1 h’rom stra in increment dc,1. Lusing Eq

(o~ 
- - c u b

) 
~~~~ ~~ A ppendix 13.

= 
~t ‘I 1/2I (c ,~ -‘ o~1,, ) ( o ,,1,1 — Onun )I 

Step 2. Calculate a trial stress sta te -r
Eej s ‘S . I I . 12, anud 13 cornpletel~’ spec if y expan- ~ = T

I 
+ dr 1 .

sioums (on csmn tniu ctioims) ansi traumsiatis ins sit’ these sun-
Lice’ s . ‘I’he plasticit y t ’s mrnmtu lat ismn caui nsiss’ he corn- Step 3, a, If the y ue’lsl t’uun icti simi f’~0~ = t’10

~(’1’ 1 a ’s ° 1,
plcte ’sl ss- ith the’ t ’sm l lowing how rule 32: o50 ’ i  

~ (I. t hen the iussuimmp lioim sat elastic ’
helmav isar us valid . Thenefsine. time new

di t’ = cIA ‘~ I Eq 151 
stress 51 ~ste ’ us guvem i bs

‘I s o ii ia, ~~ 
= l’,~.

ss lucre ciA is ~t se-alan p~tr~umml e’ tc r ~is cii liv - . -lSt~Rh- us updated liv setting it e’qt ial Isa

l nbom (Io 
I - I Ii is coni pIet ~~ ea It’ll I~tt m mmx for thi s’

dA = 
t 2c ~~~)l ~,tO))2 

I Eq I ~i cturre’nl straimu increnment ,

Ii. it t’ 50 ’ — I t  ansi Ist’RF I , then Iran
- 

‘ U 11,11 . Ih, SI,silis ‘‘i so -il /h i - mm rr us ~ I ’ I , i s i u ,  ru ( ) s l s s r s l , ‘ ,mh uu mt i trsrmi i s’l~iS t ie ’ I i i p ii ls ’ IC ’ iteha’, liar
I’b” SI I  t ,uI ’,s ’s p1~~’s’ ( ,ur is’ Step (a ,

IN
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c. II’ I~°~ ~
() ansI ISL l I-~I—’ ? (I, t hemu plastic ’ t uu ’ s’ , h - tn - st  - thus ’ lri’e’s e ’ mul ,u 1m1ai’ si ,se ’li (use ’s .5 s kel e’t ,s m u

lsm as l iuug c - s nut i lmcuc s , (Jo to Step 4, c’t ui” 5e ’ s ie’niss ’s l Ii’ssiuu t uu t u a s u a l e’’ ,s I ts le’s is u i ts t s ’.us t sit
uiu i~a xi~d uuusi n usit s uuui c 51 l ess -s i  u’ . u t mu c- c ur s e ’ - I lit ’ se’s’s i t us i

Step 4. I:i.s iiu u time ’ st l’ 5iiu u iutc ’ne’nuenl d c i . dct e rimuium e’ iuiit lou’ ciit ku’ e’tue ’e’ is t l m is t lime’ suelst slne ’itgi iu ut cat t ie r
st u’e’ss imue ’ rem ume ’ mi t c I ~~~ usiuug Eq 1311 , Ps-I a- is inui m ci liii icnus is assu timed Is’ Ire ’ a (ci nc’i toni cii a iuioiuci-
ten ial c’sa u u s ( a u ut e in this equation is gis-ci m tcunic ’a lly itmcrs ’as iuug par~un uue ’ ie ’r I his restr ic ts this ’
Lay’ tIme plastic t a mmgen I umucid cml us c’ tub , is here uiu at cria I Isa ha i-st e’m u sil’ sc it teum nuo mus it sun tea II’s - rs’ga rd -

tu = (SURF, (‘~iIcculatc a ,ucw trial stale ’ ‘1’~ Ip,’’,s sit ’ Ibis’ um~i tt m ne ’ sat ’ c y c lic ’ Ic iadmi ug I Imc ’rs’tsmre . m i
liv esmul t nast is’ time ’ preseni t tsar imi ci l~tt usamu ss lucre te Id

st renmgt ii immcrenmeumts are detimmeel t ’rsamim ,u tield sa t
= T

i1 + (i’Iil. issmtrop ic hardening nmsidcul i), sathen t ’sar nmc ulatis ins
cannot exhibil transient hardcnmiimg san ssat ’ten im mg .

ami d gsa tea Step 5.
‘l’he plastic il~- formulatisan develsipeci iuu this repsiu’t

Step 5, Deteruiminme f l l ( ’ l’~ , a~~. ~ b t i ) ) ,  n = ISURF us capable oh’ close ly’ si mm iui atinm g all the i immpsrrtanut
+ I - 

- I cyc lic nmatenial eharacte ristue’s’ under the ci uuiax ial
st ress state. Hsas’,’even, tea denmomust n~ui e time real wsanth i

a. If f l i tS 
~ 0. the um t he stress state remains sat ’ (he pnesemmt apprsmac lm . its pnesiic’t is e’ e’a pahtlit us’s

within t he  surt~uee j ’ tt i l  n = ISU RE + I. nimust lie verif ied uumden nmu lt iaxia l stress s ta te ’s ,
‘l’hmenet ’sare. t he tria l stress state is the new Although a tess nmmu ltia x ia l cyclic st rs’s s-s t r~st im daia
stress state, its shsuss’n by’ arc as-ai lable in tIme l iterature . a itcums ianl c y c l i c ’ tuiii-

a xial liroPent ics tsar t lie s~t imie nm matcr ial Imave unit haeeum
0~ ~uuess = l’,~ . generated san i’epsartcsl - Si nice t hie prese mit tsa n uum nil at usan

requires cyclic utuiax ial umiate nial propent uc’s its a base,
Upsiatim ug thie radii and sari gins saf the its predictive capahilit us_s c a um m m cat lae Ies ie ’sI tsar sue’hm
hvpt’rsurt ’aees ~see (‘hiapter 4) will corn- data. A limited exlierinme’nutiml prcigniuuui ts r  le’sI the’
plclc ca lctu lat iouis for the current strain in- present forni ulatieamm sunder a biaxial stre ’ss state is iii
crc umuen l . prsagre%s.

h. I ,-t uum 
>0 gsa to Step (a. Usiwes-en . sigtmifica iut dit ’feneuiecs hae ’tsv e’e’n t he ’

present appnsaac’hm anmd alternati s e’ a pprsiac’Imes cur-
Step (a , Dcteu ’nui tme a s-aniahle RA’I’lO such that rent lv in use tsar genmer~u l struct sina I analysis 1 us sat u’ sa p ie ’

handeniuig amid kummcmi ia lic ’ h ardening ) caim lie d Ice’
t ’1
~~ r 11 I- HA’l’ IO * sli a~~

1 . ~ 1t,b 1 = 0, t ive’lv dcnms uims lu’atcs i tsrr a tv p ic’a l umu i. t xi .ul  cy’ s’Iic ’
ni at enia I Itch as’is ur, I lie’ stimu li lest a uud iii sas I m u  pori at m I

ss- iue ’rc uu = lSUl~F -+ I. feature ’ in a t uuui ax ia l  c yc l i c ’ res ponse is the sa t nu n~uIesl
hiy-si crc ’s us Is isala u mus ler e’ s i t is  I~ t mit sI r~u in Ii uuu it c- sc te ’’. -

Hes letinie r its thus ’ stress san 1 ’iit I = because tIme imu~i ts’ntal ra ~~dlv ,tja 1at’ sa ,ce’his’s t h i s  sta te
ISt T R F- + I - a nd re’uiu~u uim s h hms ’m’s’ tom’ a uiualol’ psini ica iu sit Us e’’ss ’ t i s

i lat i guc’) h Is’ , I hue ’i’s’ Ic i n u ’ , Ihus ’ ae’e’tur ,ie ’s ss ui h si lut e - lu
‘1

11 = i’ll + RA’l’IO * sir~ thuis s~ut t u ra t t ou u hm’ ,’s ie’ne’sis Issup ~ lire’s lIe ’te ’ s l g u s s ’s .1

reassamia lale iiis’~isu m’s’ si t  thus ’ asls’eI h as ’s cii .u p1 a xl is ’ ul~,
Hede h u e  st ra in i nc’ncmmu emit: li ~rn m uu l~,t lout -

de 1 1 = II --- H’s (‘10) * dc ,, Figures II . 12, 13 . .in sl 14 shciis I i y s tc ’ t s ’s is Isiss l rs ,

~‘~e’~ lis t  e’s I by cii t he remi I uiu et hod s Is in t ss s u uui .ulet’ i ,i Is
t~ asl~ut c ras h ii ~ut u s I onigiims sat ’ t ime sturt ~ucs’s -\ - 3(a steel t hm s a t ‘ss sa rks’d) ansi S ‘si  l t K ) ’ S - lt k ) ) sit ’ s - I
tse ’ c’ (‘hapter 4) . t,’ ps l: ute ’ ISI.,JRF bs’ iiu- te ’s’Isl rsilles l). Rea l h’,’sle ’ns’s is Isas ips si t  ih is ’ss ’ sts’e’Is l i ts i l
crc. bsi umg ii Its iaiis’ and gsa hack to Stt’p 4, ‘uhisi%s mu iii this ’ tigune’s ) are’ iie’.sr ly iule ’ iu ti e ’iil T m  I l t s s s s ’

5 
Imres fi c ’t e ’sl ha s this ’ hiresciii liIilsiie’ uls t s m t ’u t t tu t .u l isi i u - It

DISCUSSION h u e ’ 1al,t s t t s ’ tit niu.~s-, tt iiusis t ui l tu s s ’ t  .i n u r , ut s ’ri ,uI us nu ia uu, e ’nss
tsr i’ l ,urge ’ s’alues u t  1a las t ie ’ str~s ui u , t hus ’nu u ss i t rs a h m u c

I tuc ’u’c’ . t t s ’ Iss o mii . t ~ s mr dit ’tc ’ re ume’cs laet isecn t h e hars len inug is ill pre’d ue ’t c m l i i i  u u t t isuuu s l’, s: t ’,i%% ut l e !  s i t  s u i t
lrrs’se’nii ts a rniu il~uI icrn .tuus i nim s ust urthers in this’ Iitc ’i’,i Ir~us’t imig, it lbs n i tsas lc t l tu s  is uus ’ C ,u t s i ’ b  t i ’ , s t s’ is ’sis lsass j as

I s )
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sc ’ ISuuuis s h s ’su ct i  I ii c 5 , u i t i I i I s  - s , i u t s t u l s i l I s s  i S  l)Is ’.tl
‘.s ’ i s I i s i s  sIs ’su gu u iu m i c e - s t i l t  I’ s i s u l t t u u s s I  l’s “is 55 uu i .ui Is . u i u u t

I I  i t t ’ ’  ,s tu i t sI ts ’ s ’ ,  it i i  i cc us u s  I t li~ lu l l s  s s l i  i t s ’ tu , u ’~
r ‘ - It,, - s t s ’~is i u i s i . iii c s i l l ’ s  , tt .,,’. u p s t ’ s s ’ u  ‘s s i s u t i t s
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‘ 

—‘ 
,,_ __

~ 
u is is us s c ’ ts ’ s t s ’ sI i s ’ u  ,c s i t u  I s ,s ’ . m s t  c l i i  i l ls  5 s  ‘Ci .u 1ah uie

— lsss ’ ,i t i ss tu  ci i  t i t s ’  s ip t o b i l l s  Is s u s  l i i i ’ , Ii s u it i t t  iS t ’
/ 

t , i t i l ls , s s s t l  c’ c i iud t i t u m i u s  .11 l ie s i ts ’ , .si t s l ; s _ i s t  s’ai’ n lu-
clt iaks’ ,ic’h is  ui~ in t l u , ut It  CI II Ss ’e ’ uu iu s t ,  .1 s,mt( ’ns Iac ’isur.

.t llsiis ~uhhs’ s f i ’ t s s i  t i l , i t  is ilt htn uit - ~m is i at l su ss ,ilr le pm’si l a —
a bul u s  s t  ii .ini ,s u.! c ’ a t e ’ sels ’ s t e s t  I h e s s  select tons are
t t i t luc’nc ’e’s t t i ’ s  t he  t t u iue ’ i isuui.i I re ’qt utre ’ in me n ul s of the

- — —‘ st rc ue ’Iurs’ .u nsi t h e ’  costs s ’ t  a t , u i l t i re ’ umu te’nmims cut hmuimi~um m
S icA IN - - ‘ -li ’s s’s . d isru Fated ‘is’ rs is - C’s , 1 ,51 u5  s r - a nus l nut ate ’ ni~u Is, I he’
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s ines mucit a Usi’s’s a mis e’h at m gc tnt the iclei range cat ’ t lie a u’ e’ c’’it inn at ed iii sure’ ,s cc i i  r.i I e’ lv las ad’. a ns’es l st rue -
miu~s t e ’m’ ial, Imu Ills ’ cast ’ s a t  the’ kin u enmatic hmardc nmi mug t tu n~ul le’c’him iid lt ies , Sit t - It amu .u i ia lsst s  iiu,i’s uu us i ie ’iute umees i
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I ~ SELECT EARTHQUAKE HAZARD]

I SELECT SAFETY FACTOR,
2 ALLOWABLE DEFORMATION LIMIT,

- ALLOWABLE PROBABILITY OF DAMAGE

I SELECT THE TYPE OR LAYOUT OF THE
I STRUCTURE. ESTIMATE APPROXIMATELY

lT~ DYNAMIC PROPERTIES (NATURAL FREQUEACI~DAMPING OR ENERGY ABSORPTION, DUCTILITY, ETC.)

VERIFY THE ADEQUACY OF THE STRUCTURE,
MAKE ANY NECESSARY CHANGES IN STRE’NG77’I
OR OTHER PARAMETERS, OR IN THE COMPLETE

LAYOUT OR PLAN.

- 

MAKE A MORE ACCURATE ANALYSIS OF THE FINAL
DESIGN. VERIFY ESTIMATED VALUES OF NATURAL

5 FREQUENCY, ENERGY ABSORPTiON, DUCTILITY, ET CETERA
IN STEP 3, MAKE FURTHER CHANGES THAT MAY

BE NECESSAR)~

* ‘ Figure 15. ‘s seismic dcstgmm procedu re’.

7 SUMMARY AND FUTURE WORK heeti shsiwn ~o be ‘s ig uim h ie-ant ls dittenc nu t Insarn thsase
pu’cdicted by’ srt lie’r p l~cst c i t y  th icsarne’ s e’urrent ls used
in Iiniite elemiicrm t csade’s, ‘l’here’t ’sarc ’ . using t he present

Summary t’srmmuI~u I isa m i imu e’s.is ttt ig nsami hinc ar pndagnitmiis will
ach ieve a rehiat ilc arid ~ccc utn~tte est inmat isaum sat ’ c’ns’rg~‘l’his report has presented ~t pl~tst m ci t v forni ulat is rn ci issi pal iuuii a iust c lef onimu at ion rcs ps~iise -

~uds’qiu~ute’ tsar  cyclic imme’l zu st ic’ sIrcue’ltun ~tI ~u nials s u s ;
itppndapruitl e cyclic material properties required by’ Future Work
this t ’sarnu cu hat Omi cani he dcter m inuesh t’rsrni simp le’
c y c l i c ’ i inuu ~u s i ~ut t s ’sls , ‘I’h is t s un n i c i l a t ion  us capable ’ sat E’um te mre ’ n’s’s,c~src-h ts ar th is prss~s’et includ es I I) c’s
si i ui nihatiii g all t h e tu ii h )sart iui ut c y clic ’ nm ia teni~t l hie’ninlienlal vs’nitic’~uti srm i s t  this’ p last i c - i t ’ .  t’sarn i iuu lat isan
pl ue’ iu ci m m ue u ua sit det ’san mi iat isuni nespsrtise inch tisl ing t a r t -se ’ ill c’s h i ti Iii is re’pirrl sinister .t c’s c ’I i s ’ ten i sisa t i  -

nieniory sit pnu sar hi stsarv ~tnd nsan-M as ing ty pe’ sa t  tm m ns us an u  s t a t s ’ , .u n uu l 21 a m a i i a l ’ s s i s  sat ’ nuuht ia ’s ia h iii-
taehi~ty isur , Fhe mieed tm mr e-lassut \-inug a general tsaadinig el astic - lus s ls ’ne’l ic hicha’s- icar s i t  reinfore’es l e’onmeretc
1aanhi i i i l s i  it pla s t ic ’ Iuiaiiuu tg sin it ph iu stu c lsa acl re’’sc’rs,il ‘s i t  uc ’ t uur l u l uite ’uuuhas ’ rs , I hue ness ults sa Lat~c incs) tnt tIns
cyclic lu nial y sus hu~us been elinui ui ated , i l ’ ss t -rcs t s li auu p s ‘ ‘l ’ s t ‘s ’si ll t u e  tratis h ,ute’st m Ist simu ip litie’il st s ’’sig ut Jarcr ’
bireshuetcd Irs- the prcss’tlI tsi rni imi t~u t isaui ~une ‘ s c r ’ s  e’ Iurss ’ t s r  s t - s t i l t s ’ s ts r  hae inis ’ s u u’ l asmu’ iu tc ’st unu t s u  Ii ae ’ Ss ’ t ’ s o t i s  I),’ ’ su~,’,ua uiu~iten iaI’ s ; mc - I t ua l lu ssu e ’ u’ e’s us l us i m ps ,  I lis’ss’ si t u ps ha’sc ms f / ? l s l / m/ l i l l,’ ’ s  I \ l 5b )~ It) ss ’ i ’ t s ’s
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APPENDIX A:

DERIVATION OF AN EXPRESSION 
Partial dit ’t’eneumt iatisan is at ’ 1 5 0 1  w ith respect to anud

FOR THE PARAMETER d, - a 11 5unc given by

,t -a o i ,~ a O )
t he currenut stress s t a t e ’ remains mu t he yield sun- = ~~ iFs-i A 3 J

I~Idc sluring plastic ho w ;  thenet ’one. °5 t 
0~~ ~

d1101 =0 (Eq Al l 
I- ram Eqs A2 . A3 . and II

where t tO t  is given by Eq 1. 
P~~ do~ — P~ ’ d~(o~ — o~) — ~ ( 0 t  d~~

5 0 t  = 0,

Eq A l  y ields 
‘[henefore ,

f ’lO i ~1f ’50i ‘~ f ’(01 ~~ do + ~~t 0 i d ~~
lO t

d~~ + aIr da~~’ + ~~~ d&°~ 0 ~Eq A 2J d~~~ — - p( O) (~~’l 
Eq A4j
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APPENDI X B:

DERIVATI ON OF .EOUATIONS
OF INCR EMENTAL PL A STICITY

Fronu s’Lust mc cs mulst it ut ivc equatis anis . do 5 1 is w n utienFrom-n Eq 1 , y ield sur face is given by as

t -soi = plot 
~ iP~ (~bQ ) )2 = 0, (Eq BI I do ,, = E lk ) d~~1 (Eq B~ j

Dit ’tene uiti ;st ismn i sat’ Eq BI w ith respect to o, gives where E k I  are e lastic c’ocl’ficients,

= p5~) (Eq B2( Fnsanu E qs Bo and B’ ,
ao

i l 
it 

(lO s , = E lki (d
ki  — ds-~1 ) I Eq B8JFrom Eqs IS and B2. the flow rule can be wri tten as

Eqs B3 and 88 yield
ds-~ = dA P~~ (Eq B3(

do~ = E
lkl 

(ds kI  - dA P~~
) ft-~i 

Be)(Substitsution of Eqs B2 and B3 m is’s Eq 3 yields
By stuh ist i ts ut in ug do 1 t’rs m mi u Eq 8’) im uto h s t  83 anusi re-(cIo ~ — cdA i’~

? m ) P~
1 = 0. arranging terms . dA caum he ~ ritten as

‘I’heretsare , P~~’ Ei b kj  d 
~~,dA 

I2c ,3) (~ 5 0 t )  + p5Oi E 
~~~ 

(i - .q HIUJ
~~~ do us rs ttu tuu

dA = 
~~~

> (Eq B4( 
dA from Eq Bit) can maw be suhsi it uiest into i c ~ H’)
to express do , 1 ni tennis sit isa t al str~u im i c i snu ip cmmus ’n itsFnsunu Eqs BI and B4

P 50tm do 1’ h’s5~ F F P~°t 1= 
(2c ~~~~~~ 

IF4 851 d o , = LE Ik I 2c 3R si ’ ° R2 + ~~~~ 
-

, 

q
1, -

l~ i si hilll u iu &IA i t t  ie ’rm uis si t s trai n incncmenit’s du ,, . II q H I llIsii~u I s lr ;u imu iuuc ’rcmcnuls au~e dec’s m muu pc msecf m Is, their
elast ic ~u m u c 1 plastic c ’ si n iu ps u m memut s Maten i~ul e’ s m nu ’ s t . un t t  c’ usc ’s- I iii Eqs BIll ,uuu s t lilt us
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