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RESEARCH LABORA TORIES FOR THE ENGINEERING SCIENCES

The School of Engineering and Applied Science of the University of V irginia has long believed that
strong research capabilities go hand in hand with effective teaching. Early in the development of its
graduate training program, the School also recognized that men and women engaged in research should
be as free as possible of the administrative chores involved in sponsored research. In 1959, therefore , the
Research Laboratories for the Engineering Sciences (RLES) was established and assigned the
administrative responsibility for such research within the School.

Currently, approximately 60 members of the faculty , who also teach at the undergraduate and
graduate levels , and 30 additional professional engineers and scientists, whose primary responsibility is
research, generate and conduct the investi gations that make up a vigorous and wide-ranging program.
The Director of RLES, a faculty member and active researcher himself , maintains familiar ity with the
support requirements of all research under way. He is aided by an RLES Academic Advisory Committee
made up of one faculty representative from each academic department of the School. This Committee
serves to inform RLES of the needs and perspectives of the research community.

In addition to administrative support , RLES is charged with providing technica l assistance where it
is needed. Because it is not practical for each department of the School to become self-suff icient in all
phases of the supporting technology essential to present-day research , RLES makes services available
through the following support groups: Machine Shop, Instrumentation, Facilities Services , Publications
(including pho ographic facilities), and Computer Terminal Maintenance.

The purpose of RLES, then, is to provide administrative and technical assistance for sponsored
research carried out within the School of Engineering and Applied Science of the University of Virg inia.
Such research has played an important part in the University ’s contribution to scientific knowledge and
service to the community and continues the successful partnership of University, government , and
industry.

For information on current programs and capabilities , write to Director , Research Laboratories for
the Engineering Sciences, Thornton Hall, University of Virg inia, Charlottesville , Virg inia 22901.
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I ABSTRACT

This fina l report summarizes the work accomplished with in the

$ Department of Applied Mathematics and Computer Science at the University

of Virginia through support of the United States Offi ce of Nava l Research

I under Contract No. N000 1 4—76—C—0073 wh ich exp ired July 31 , 1976 . (See
Report No. AMCS—3560— 102—74 , “Mathematica l Investi gations of Dynamica l

I Systems,” for an account of the results obta ined under the previous
ONR Contract No. N000 I 4-69-A—0060—00(O.)
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I. Lukes, D. L., “The Geometry of Differential Equations on Banach

I Space ,” Cal cu l us of Variati ons and Contro l Theory, Academic Press (1976 ),

pp. 93— 1 38.

I Summa ry.

F(X) denotes the class of bounded C1 vector fields with bounded

I derivative on an arbitrary Banach space X. An appropriate Banach space

2(X) is sel ected so as to contain xF, the collection of so lutions X~ to

I the ord i nary differential equations x = f (x )  on (—T ,T)xX for f ~ F(X).
This article studies the dependence of X upon f and the geometry of

I in 2(X ) .

All but the l ast chapter dea l with the prob l em in wh i ch T is finite .

I The first chapter def ines the spaces F (X) , Z(X), and studies an

appropriate nonlinear operator on 2(X ) as a foundation for later sections .

$ Chapter 2 proves that the map X~~~:F(X) -
~~ 

Z (X ) (which applied
mathematicians call “solving the differential equation ”), sending f ÷

I is a closed embedding of F(X) i nto Z(X). In particular ~~~ has a

continous (Frechet) derivative and is a closed , non linear , sub—

manifold of 2(X), modelled upon a Banach space. A corollary show s that

x~~lt ,x and the partial derivative X~~~(t ,x)f agree and a variation of

parameters formu l a for comput i ng is thereby atta ined .

The geometric nature of the embedding is clarified by chapter 3 which

recogn i zes ~~~ as a section of a vector bundle d:Z(X) -~~ F(X). A host of

rel ated vector bundle i somorphisms appear.

I Chapter 4 describes how the differential equations (i.e. F(X)) as we ll

as their sol utions lie naturally embedded In 2(X). They are a pai r of

I closed submanifolds of 2(X) whose i ntersection Is g iven five equivalent

geometric characterizations . One of these Identif ies the i ntersection

with the norm—invariant elements of F(X) unde r the embedding

1 and another with the sol utions to a quasi—linear partia l

differential equation in F(X). A genera l so l ution to this equation

I is computed for the cases where X is a finite dimensiona l or separable

HI ibert space. Finally the equation is shown to be the steady state form

of a partial differential equation , i n it i a l va l ue prob l em in X which is
- 

then solved and shown to satisfy a maximum pr inciple.
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I
The point of view taken in Chapter 5 is that of the calcu l us of

var iations. The i nvar iance of curve l ength under the map X 1’
~ :F(X) ÷ 2(X)

is studied for the situation wherein the vector space 2(X) is turned

into a complete Finsler manifold by a change in the measure of curve
length wh ich does not disrupt the norm topol ogy of 2(X) .

The results of Chapter 6 indicate the ex istence of some i nteresting

re lationsh ips between dif ferential equations on X with those on F(X).

This prob l em brings out the functorial properties of the constructed

bundle d:2(X) -+ F(X) and leads to a natura l transformation (in the sense

of category theory).

Examples in the l ast chapter show that a toss of differentiability

and continuity of occurs at some points in F(X) when I = ~~~.

II

I



-- ~‘~~~~~~~ ‘ - - , ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~

I
I
1 2. Young, 0. F., “Delay Equations in Banach Space and the Control of
p Linea r Vo lterra—Stie ltjes Equations ,” Ph.D. dissertation in the

I Department of Applied Mathematics and Computer Science, Un i vers i ty of

Virg inia , August 1975, 112  pages.

Summary.

In this dissertation, we study fami l ies of linear operators {K
T
:t C JI

I and functiona l equations

( I )  x = K ~x i - g

$ where J is any rea l interva l , V is a Banach space and K :C(J ,V ) -
~~ C(J ,V ) .

The properties of {K} abstract properties of the operator family

I ~~
:CJ ,R”) + C(J R~) given by

I 
(
~~
x)(t) = J~[d5~t(t,s)Jx(s) 

+

for each t £ J , so that (I) reduces to a Volterra—Stieltjes equation

when V = Rn. Sufficient conditions on {K1} are g iven wh ich guarantee the

I existence and uniqueness of a solution to ( I) .  When V = C([—r,O],R”) and

K is defined appropriately, (I) is shown to include as a special case

1 the class of neutra l funct i ona l equations studied by Hale and Meyer. In

this case, our results broaden Hale and Meyer’s existence and uniqueness

I results. In the case V = Rn , whenever (I) has a unique sol ution for all

t and all g, this sol ution is shown to be of the form

1 (2) x(t) = •1(t,’r)g(’r) + f~~2(t,s)dg(s).

The representation (2) is used to study controllability and time—

I optima l control of (I) , with g(t) x0 + f~(v(s) + B(s)u(s))ds, where

Is the initial state, u is the contro l funct i on and v (t) and B(t) are

given . With compact, but not necessarily convex, contro l restra i nts, the

re l atIonship between l oca l controllability and globa l controllability

I is studied, and a weak form of the bang—bang princi ple is derived. Under

certain conditions (examp l es illustrate that this does not hold for all

I 
cases), it is shown that •1(t ,s) = i~2 (t ,s) and a sufficient matrix crii erion

for controllability is derived. With compact convex contro l restraints ,

the existence of a time—optimal contro l function Is proven for certain

I special cases of (I).

I
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UNIVERSITY OF VIRGIN IA

School of Eng~neering and Applied Science

The University of Virg inia ’s School of Eng ineering and Applied Science has an undergraduate
enrollment of approximately 1,000 students with a graduate enrollment of 350. There are approximately
120 faculty members, a majority of whom conduct research in addition to teaching.

Research is an integral part of the educational program and interest s parallel academic specialties.
These range from the classical engineering departments of Chemical , Civil , Electrical , and Mechanical to
departments of Biomedical Engineering, Engineering Science and Systems , Materials Science . Nuclear
Engineering. and A pp lied Mathematics and Computer Science . In addition to these departments , there are
interdepartmental groups in the areas of Automatic Controls and A pplied Mechanics. All departments offer
the doctorate; the Biomedical and Materials Science Departments grant only graduate degrees.

The School of Engineering and Applied Science is an integral part of the University (approximately
1,400 full-time faculty with a total enrollment of about 14,000 fu ll-time students), which also has
professional schools of Architec ture , Law , Medicine , Commerce . and Business Administration. In addition,
the College of Arts and Sciences house s departments of Mathematics , Ph ysics , Chemistry and others
relevant to the engineering research program. This University community provides opportunities for
interdisciplinary work in pursuit of the basic goals of education , research , and public service.


