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GENERATION OF INTERNAL WAVES BY A MOVING REGION OF PRESSURES IN A SEA WITH

A DISCONTINUITY LAYER

(Dotsenko, S. 7’. and L. V. Cherkesov, Cenera tsiya vnutrennikh voin dvizhushcheysya
oblas t’yu dav7’eniy v more so sloyem skachka , Morskoy Gidrofizicheskiy Institut,
Trudy, No. 1972, pp. 25—38; Russian]

Steady internal waves in a sea, caused by displacement of a /25*
region of baric disturbances, are investigated~J The continuous
density stratification is such that the V1s~1~~~runt frequency is
zero in the upper and lover layers and positive in the middle layer
(discontinuity layer).

It is known from observa ions that the inhomogeneity of seawater appreciably
affects the nature of the wave ~rocesses developing in the World Ocean. Thus,
whereas in a homogeneous sea the wave processes are manifested most strongly in

• the surface layer, in a continuously stratified sea, wave disturbances in the deep
layers are frequently much more intense than in the surface layer.

Theoretical investigations of wave processes in a continuously stratified
sea have been dealt with in a number of studies. Free oscillations were investiga—
ted by Fjeldstad ,’ Krauss ,2 Ter-Krikorov,3’4 Tareyev,5 March~uk and Kagan,6 and

• others. Internal waves generated by periodically time—varying atmospheric dis-
turbances for density models approximating real density stratification8 were dis-
cussed in Ref s. 7—9. Waves generated by a band of baric disturbances moving at
constant velocity perpendicularly to the pressure front, in cases where the density
changes over the entire depth or only in the upper layer, were studied in Refs. 10 /2
and 11. The present paper examines an analogous problem for a sea with a discon-
tinuity layer.

1. Let a region of ban e disturbances of the form

p0 f (.r+v~) (1 .1)

move over the surface of a continuously stratitied sea of constant depth , where a
and v are constants, and f(x1) i.s an even function equal to zero when jx

1~ 
> ~~~•

We will study in a linear formulation the steady internal waves generated
by pressures (1.1), assuming that the density in the undisturbed state p0 

= p
0
(z)

changes in accordance with the law

_pf ,  ~~~~~~~~~~~ 
S
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1.

where k and p
1 
are positive constants and —H ~ ~ a1 E 

0.

For such a dens ity model , the expressions for the horizontal (u) and vertical (v)
velocities of disturbed motion are obtained as in Ref. 11. Finally ,  when VN+l < v <
we obtain the following representations for u and w:

( 1.3)
• 

• 

~~~ 
(x , z), . •x ~ —€ ,

~~(z)~os ~, ~~ + i~~ (~. z ) ,  ~ > € 
S 

- 
•

(1 4)
S w9 (v ,z) , -

where 
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in~ (s 1,..., N) are positive roots of the equation i~(m) = 0, numbered in decreas ing
order; vk 

(k 1, 2,...) are the values of v > 0, numbered in decreasing order, for

which m = 0 is a pole of the func tion m~1~~
1; F(m) is the Fourier transform of the

function f(x); Oxz is the coordinate system with respect to the moving pressure re-
gion, the Ox axis co incides wi th the undis turbed free surface , Oz points vertically
upward; u0 

and w
0 

are the even and odd functions of x , exponentially approach ing
zero with increasing distance from the region of application of ban e disturbances.
In the expressions for u and w when v > v1, terms harmonic in x are absent.

2. We will analyze the dependence of the number of waves N and their lengths
on the basic parameters , and also the behavior of the ampl itudes u5 and w5 wi th
depth. It is easy to see that such an analysis includes the case of free stationary
waves in an inhomogeneous flow moving at constant velocity v.

The number of harmonic waves forming the velocity field of undamped wave motion /2E
is determined , as was noted above, by the relationship between v and the values v = v~,

for which m 0 is a pole of the function m~~A
’. It follows from expressions (1.5)

and (1.6) that v = v should be the solutions of the equation

- S -

. 

(2 .1)

- 

I 
From (1.5) and (2.1), to find v~, we obtain the transcendental equation

S 

. , 
‘~~~ 

f (o;, -I- o:2) S

S tan ~~~~~~~~~~~ .1
~~ ~~~~~~~~ (2 .2)

S ~[‘-~- 1%~vi—~’ o,o;-~~~~ - S

where 
~~ 9hL v~~~~~

h,hz~~
, &
2
_ h~ h2 ’. z =:\~~~~Je 2. v1 may be found from (2 .2 )

In the form of a series in powers of c 4~ 1. We finally have

v r / ~~Q c j ~+ O(t 2)
~ 

~: 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S (2~~ )

Since wave motion undamped with distance is possible only when v < v1, ~~
S follows from (2.3) that it occurs at velocities of the region of ban e disturbances

somewhat lower but close t~, the propagation velocity of long waves in a homogeneous
liquid (0 < ~3 < 0.1 when >. 0).

Equation (2.2) has a countable set of roots v = v~ such that

V,> Vp. ..., 11/7, V4 0. (2 .4)

4 In the general case, they can be found only numerically. For a sea with an inhomo— S

geneous upper layer (h1 
= 0), approximate expressions for v~ (n ~ 2) were obtained

_ _ _ _ _ _   

5 5

-5’. . S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~-5’~~~ ~~~~~~~~~~~~~ - -—-—.~ •• S•~’•_ ~~~~~~~~~ 55 ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~ 
- . I1. ~~ ~~~~~~~~~~~~~~~~~ ~



- ~~~~~~~~~~~~~~~~~~ S

~~
,i•. .• v_,—

~~
•-”••.. ,•,.S 

~~~~~~~~~~~~~~~~~~ 5_S S 5 -~

- - - ---- 
S

in Ref. 11. In the Boussinesq approximation , asymptotic formulas for v~ when
n + ~ were obtained in Ref. 12. Numerical analysis of the roots of Eq. (2.2)
showed that v~ (n ~ 2) increase with increasing layer thicknesses and parameter c,which represents the drop in density in the inhomogeneous layer. Moreover, v
(n 

~~. 2) are directly proportional ~~~~ to a high degree of accuracy, and when”
62 ~ 4, are close to the values obtained in the case h

3 
= +~~~. Table 1 shows

V~ (n = 1—5) for h
2 

= 102 rn , h3 
= 2.lO~ in, C = io.2 and three values of h

1 
(in). 

S

For large h1 (deep—lying inhomogeneous layer), v,, may be fa irly large and exceed
3 2 2v3 by a factor of 7—8. Thus, for example, for h1 = h

3 
= 10 rn , h2 10 in, c = 10 /29

we have v
2 

= 7.05 rn/see, V3 
= 0.98 rn/sec. I

-. Table l L

i~
ii_

~
- 

~~~-~~~~~- ~~~ i~ i10 143 1,05 0,66 0, 40 0,28

20 144 2 ,32 0,77 0, 45 0,31

100 117 3,4’O 0,01 0 , 40 0,33 5

S An analysis of the wavelengths A,1 = 2irm ’ showed that  A 1~ d i f fers  little from 
S

the wavelength i~ the homogeneous liquid , and A,.~ (n ~ 2) depend substantially on
the inhomogeneity of the liquid and decrease with increasing thicknesses of the
layers, drop in density c and decreasing v (v < v

11
). At the same time, X1 

is much S

smaller than A (n ~~
. 2),  which are proportional to i /v’E to a high degree of accuracy.

When 
~2 ~ 

10, A
11 

(ii ~ 2) are weakly dependent on 5. When h1 
= 20 m, h2 = 102 in,

S H = 2-10~ m, C = io 2
, the val.ues of A,, (n = 1—5) for four values of v (rn/see) are

presented in Table 2.

Table 2

~~~~~~ 
~~t ~~2 

- 
AJ j f~~ $

1,6 1 ,04 60! — .— —

0 ,6 0,23 135 243 — — .  I
0, 4 0 1 0  85 104 225 —

0,3 0,00 02 ‘70 01 205
- 5 . - - . — -  -5~~~ _SS~~~~~ ~~~~~~~~~~~~~~ -—S.— ~~~~~~~~~~~~~~~~~~~

: :~ 
: 

Let £ = 0 and v < v1 = viii. In this case, undamped wave motion is generated S

by exactly one wave , for which (u 1f anti (w 1~ increase smoothly with increasing z ,

and reach their maximum values on the free surface. Numerical calculations showed

that the difference of u1, w1 and A1for O ~ C~~ io_2 
from the correspond ing val ues
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when C = 0 is small and does not exceed 0.1%. Therefore, the shortest wave in the
wave group (1.3) may be considered to be an ordinary surface wave slightly per turbed
by the inhomogeneity of the sea.

Waves with numbers n ~ 2 are caused by the vertical change in density. The
behavior of u (z), w

11
(z) (n ~ 2) is qualitatively differe nt in the homogeneous

and inhomogeneous layers. They have exactly n — 1 fields in the interval z2 < z < 0; /3
S 

in the lower layer, the nodal points of amplitudes u , w are are absent, and their
absolute values increase smoothly with increasing z.11 As”is evident from the ex-
pression for 

~13’ 
the degree of velocity damping with depth i~ the lower layer is

determined by the ratio A
11
h
3~~
. Furthermore, the law of variation of w~(z) is

quasi—linear, and u (z) is almost constant if A h~~’~2’ 1; when A h 
I 4~ 1, u (z),

- “~~~ 11
w11
(z) damp out exponentially with depth. The cases A~h3 ~ 1, A h ~~ 

4( 1 are
realized when v are close to v

11
(v < v

11
) and v 9~ 0, respectively.

S 
Similar conclusions may be drawn with regard to the behavior of the amplitudes

in the upper hom~~eneous layer, if the ratio Xnhe~
’ is replaced by A

11
h
1~~
. For

~ 20 m, h2 ~ 50 rn, 0 .~~ 5 ~ 21O~ m, 1O~~ .< £2 � 10 2
, Iwn

(0)I is smaller than

I w(z1)~ by a factor of over 102 , and w (z) has one nodal point in the upper layer
near the free surface; u

11
(z) has no nodal points when ~ a ~ 0. In the inhotnogeneous S

layer , the amplitudes u
11
(z), w (z) have an oscillatory character in the general case.

This is explained by the fact that for internal waves, the wave numbers satisfy the
inequality

and therefore the hyperbolic functions in formulas (1.5) and (1.6), which contain
the factor y in their arguments, are replaced by trigonometric functions, in the

arguments of which y is replaced by .~~~
-. ~~~~~~~~~~~~~~~~~ The expression A12 for

an internal wave may be represented in the form

i1,,(m,z) - ~,c~m)e.~o 
~~~~~~~~~ sin (z_ s~,,)9~,~,~~rn)J, - (2.5)

•1 where A , c~ arc known functions of m . It follows from (2.5) that both the nodal and
the extreme points of u,~, w,~, located in the inhomogeneous layer, may be considered

equidistant; in view of the smallness of ~~, the zeros and extreme points of w are
close to the ext rem e points and zeros of the harmonic u , respectively.

For H = 2 101 m, h1 20 in, h2 
= io2 m, = io

_2
, Fig 1 shows tue profiles

w (z) (a), u (z) (li), normalized to e = max w ( z ),  0 = u (0), respectively ; the

values of v are 2.2 rn/sec (Ia, ib) and 1.2 rn/sec (2a , 2b). The ratios A2h1 , /31~ ... ,

A25 for curves la and lb are 108.2 and 2.2, respectively , and for curves 2a, 2b ,

18.1 and 0.2. It is apparent that in both cases A
2
h
1
’ is fairly large , and therefore
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Figure 1

w2 changes linearly in the upper layer, while u2 is nearly constant. As v decreasea 1
the extrema and zeros of the functions u2 , w2 move upward , the values of Iw2

(z~)I61 ’
-! decrease, and Iu 2

(z
1)l01~~ 

increase (I. = 1, 2). The same distortion of u
2 and w2

profiles takes place with increasing e and layer thicknesses h5 (s = 1, 2, 3). As

the parameters change, the harmonics u,,(z) and w11
(z) for n > 2 become similarly

S distorted. S

It follows from the above analysis of amplitudes u , W~ that in expressions S

(1.3) and (1.4), waves with numbers n ~ 2, caused by the inhomogenelty of the liquid ,
are typical internal, waves whose velocity amp litudes re~’ch their extreme val ues in
the discontinuity layer.

We Introduce the  quantities A
11 

= maxIw~(z)J~ B = maxlu (z)I. As was noted

abov e, the values of A1 and B~ 
are close to those otitairted in the case of a homo-

geneous l iquid. For v outside a certain vicinity v = v1, the wavenumber in1 is equal

to gv
2 

to a high degree of accuracy,  and the ratio B1
A
1
1 is close to unity. This

case takes place when v < 0.2 v1, and therefore , over a wide range of variation of

.the parameters when v < v2 . For intetnal  waves , in view of the smallness of c, we

obtain from formula (2 5) the following expre’~.s1on for 4~~~ 
B
11
A

11~~ 
(n > 2)

-= 

~
‘
~ 4 ill 

~~ \J &‘~~_~~~~~_ , (2 0)

S
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It can be shown that the quant i ty  gk/m2
v
2
, which decreases smoothly, tends to unity

when v + 0. Therefore, 4n as functions of v, determined in t h e  interval 0 ~ V ~ V~~,

S increase smoothly, and $,., ÷ 0 when v -
~ 0. All A are bounded when 0 ~ v ~ v , and

B , , A increase indefinitely if v -‘ v — 0. Thus, the value v = v is a resonance
11 11 11 11 n

value for the nth wave .

Figure 2 for h
1 

= 20 rn , h2 = io2 
m , H = 2 - i 0~ m and £ = io

_2 
shows the curves

= ~~(v) in the intervals (v +1, v) for n = 2— 5. flence it is obvious that for /32

values of v close to but  gr eater than V
n~ 

the extreme value of the amplitude of the

horizontal velocity for the nth wave substantially exceeds the analogous value for
S the ver t ical  velocity (long waves), and for v close to but greater than v , t hese S

values are of the same order. When v -
~ 0, we have A + B -

~ 0, and therefore with

decreasing velocity of displacement of the region of ban e disturbances , the wave
mot ion described by the ath wave damps out .

The values v = (n = 1, 2 , . . .)  are resonance values , and therefore particular

for a linear problem. In the case of nonlinear long waves of steady type , values of
S v close to v,~ (somewhat displaced owing to the finiteness of the wave amplitude) are f 

~~.

— — 
~~~~~~~~~~~~~~
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S associated with solitary waves.3’4 It is of interest to estimate the lengths of
the intervals (v1,,~ v11

) for which the solution obtained for the linear problem will
S be inadequate to describe internal waves in a sea. We will postulate that the dis—

tribution of ban e disturbances is described by the function

eo, .~~.!, 
~~~ I > • 

S

.2 £ 
(2 .7) 

- / ~~~~

8 , ~~~~~ 
S

29. 210k m, and the condition

4,,+ 84 ~ 5. f ~’
2 (2 .8).

is sufficient for the applicability of linear theory. We introduce the quantitites

= V
n 

— v1,~, t11 
= Av

11
(v

11 
— v11+1)~~

, where v1,~ are such tha t for 0 ~ v~~ v1,
condition (2.8) is fulfilled. In the case discussed above (Fig. 2), t

2 
< 0.1,

t < 0.08 (n = 3, 4, 5) , and the lengths of the intervals (v1,  v~) for n = 2—5

are less than 1/10 of v
11 

— “
~+r’ 

Therefore, for values of v outside relatively

small surroundings v = v
11
, it may be expected that nonlinear effects will be weak.

For the subsequent n, condition (2.8) should be replaced by a more exact condition :
The v11 

values become small , and linear theory postulates that the characteristic
S amplitudes of the velocities of disturbed motion are small in comparison with v.

Wave motion undamped with distance is the sum of a finite number of progressive
S waves of different lengths and amplitudes. A complete analysis of such nonperiodic S

S motion cannot be carried out in the general case. Several characteristic properties 
-

of this motion can be established on the basis of numerical analysis . In the cal-
culations , the function f(x) was given in the form of (2.7).

We will analyze the contribution of indIvidual waves to wave motion undamped
with distance. To estimate the contribution of the sth wave to the velocity field ,
we introdude the functions a (z), ~ (z) and the quantities c1 and d1, using the formulasS S S

~ 
2
~~ i~~i/ ~ ~~~~ 

~~2(~ • (3 .1)
5 

C
, ~~~~~~ ,i / iili~-.~~I , %~ ~

‘;~i~ •~, tn i~~/i.
Su

~~~~~ 8, , 

-

S ‘where ~~~~~~~~~~ ~~~~~ 
a~~~ 

~~~ 
when VN+l < v < V

N
• The func t ions

A(z) and B(z) give estimates from above, independent of x, for the velocities w, u
of wave motion undamped with distance; ct

5
(z), 13 (z) give estimates of the conLribu— • S

tion (at a distant level z) to the wave motion of all internal waves except the sth
wave; c1, d1 

make it possible to estimate the “depth” of the minima of A and B, which

Is important, since these quantities are zero for the sth harmonic.

• 8

‘.
55
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Table 3 /34

~i ~~ ii~
; z~
; 

~ ~0.6 19,6 7,0 9,6 7,4 9,3 9,3 12,8 0,2 3

20 150 0,4 313,1 22.3 27,0 2247 26,4 26,4 32,7 11 ,6 4

H 0,2 26,5 2,3 24,8 23,8 25,7 25,7 2fl,3 15,3 7

0,6 25,8 8,4 14.6 10,0 14,1 14,1 19,1 0,4 3
20 100 0,4 10 ,2 2 ,2 5,0 3,1 

- 

.5,8 4,8 6,2 1,2 4
0,2 22,9 11 ,7 15,2 15,1 21,6 15 ,9 19,0 6.9 6

- 

0,6 5,3 2,3 2 ,0 1,8 2 ,0’ 2,0 2,7 0 3
50 100 0,4 117 .1 5,1 12~1 11 ,3 12,0 12 ,0 14 ,6 3,3 4

- o.~j  14 ,4 5,6 10,4 10,4 10 ,4 10,4 12 ,1 5,4 6

For a series of values of h1, li2 
(m) ,  v (m/sec) and H = 2•l0~ in, £ = io

_2
,

Table 3 shows c1, d1, c2 = c t
N

(z
l

) ,  d2 = 13N (z
2
) ,  C

3 
= aN

(z
2
) ,  d

3 
= 13N(z

2
) and the

quantities S

5 - ~~ 102(rn c’x ñ flt(~
J
~ lW ~~) 

/ r n a .?.~A,  
- (3.2)

representing the perturbation of extreme values of wN (z) by waves with numbers k
- 

S 
such that 2 ~ k ~ N 

— 1. Hence, it is obvious that the largest contribution to
-
S the wave motion under the free surface of the sea is usually made by the wave of

the greatest length (nth when VN+l < v < 1/
N). The contribution of the remaining

waves to the wave motion in these cases does not exceed 37%. Therefore , of parti—
cular importance in describing the distribution of velocity amplitudes with depth

S
-
S are the values of v = v , since, as the sign of v — v~ changes , the dominant wave

is replaced by another one, and the character of the variation of amplitudes with
• depth becomes qualitatively different (the number of nodal points and extrema Lor

a given point x usually changes). For h1 
= 20 m , h2 

= 150 m, H = 2-103 m , £ = 10—2

and v = 0.4 rn/Sec (to within the factor l0~~ a/p1
g),  Fig. 3 shows the profiles of

S A ( z ) ,  Iw %(z)I (Fig. 3a), B(z) , 1u 4(z)I (Fig. 3b) in the z2 ~ z ~ 0 depth range.

• It is immediately apparent that the fourth wave determines the character of the
v~riation of A(z) and B(7) wi th d cp t h  (N = 4)

We will consider the quantities A0 mix A(z), B0 
= iirix B(z) as funct ions of v /3’

~k-~ 
‘

•?~~~~~
‘• ‘ .

The presence of resonance values v = v is responsible for the fact that the char—

acter nf the variation of A
0

(v) , B
0
(v) for v close to but smaller than v5 

is deter—

mined by A
11, B11. Therefore, the values of V = v

11 
are resonance values for the total

S velocity field. Moreover, if v is close to v11 
(n = 1, 2,...) on the left , the S

- ~~~~•

;‘ 
~~~~~~~~ i

SS

~~~~
S
~~~~~~~

•,
S 

9
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Figure 3

S horizontal wave motion is much more intense than the vertical one; for v close to
on the right , the extreme values of the amplitudes of the horizontal and vertical
velocities are of the same order.

Let us consider the question of the dependence of the wave motion on the thick-
nesses of homogeneous layers. Analysis showed that when h

3h2~~
- > 2.5, the wave motion

is practically independent of h3. To within the factor io—~ a/p
1
g, for a series of

values of h 3 Cm) and v = 1 rn/see, h1 
= 20 m , h2 = 10 2

, £ = io
_2

, Table 4 presents

• A1 
= A(0) + 1w 1(0) I , A0, - a1 2  A(z 1 2 ) ,  z = 102 1z + h1jh2~~ , where is the

point where max A (z) is reached. Hence it is evident that when h
3 

> 120 in , the
values undcr consideration increase somewhat with increasing thickness of the l ower /36
layer , but their change is small. A

1 
is practically Independent of h3

.

The ampl i tude  of internal waves substant ial ly depends on the thickness of the

~~ upper layer. When h Increases , a marked decrease in the maximum possible amplitudes
• 

‘ of in ternal  waves takos place; this is explained by art increase in the distance of -~~

the discontinuity layer from the free surfa ce, to which the perturbing pressures are
• : ‘ •~~ applied. Quantities analogous to those given in Table 4 are presented in Table 5

to within the factor l0~~ a/p
1g 

for v = 0.6 rn/see, h2 
= 102 in , H = 2 1 0~ m, C = 10 2
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5 Table 4 S

-- _ J _ ’~ 
If z J ~~,I  j 5~

80 0,256 5,076 53 0,092 0,165

100 0,091 5,076 58 0,2-13 0,451
S
. 120 0,959 5,077 58 0,343 0,62~

200 1 ,078 5,077 50 0,3P.5 0,709

300 1,081 5,077 50 0,380 0.711

4~’~0 i ,O~ 1 5,077 59 0,836 0,711

Table 5

S 

• h,I ~ , 1q,

20 4,flC3 6,020 2,907 4,035

50 2 ,~~ 2 0 , 6:~O 2 ,&;3 ~,4-i 3

io2 0,4-12 6,028 0,367 0,360 -

3.102 0,001 6,1;28 0,001 0.001

and a series of values of h1 (in) . Hence it is evident that for h = 300 m, the am—
3 1

plitude of internal waves decreases by a factor of more than 10 in comparison with
the case h1 

= 20 m. The surface wave motion, characterized by the quantity A1, de-

pends little on h
2
.

It should be noted that  a change in the thicknesses of homogeneous layers (at
constant  C, v , h 2) causes a change in the resonance values of v

11
. Cases are possible S

(for v close to but smaller than v), in which the internal waves have an amplitud e /37

• much greater Cha it that of the surface wave and for a deep—l y ing discont inui ty layer .
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