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NOTICES

When U. S. Government drawings, specifications, or other data are used for
any purpose other than a definitely related Government procurement operation,
the Government thereby incurs no responsibility nor any obligation whatsoever,
and the fact that the Government may have formulated, furnished, or in any way
supplied the said drawings, specif ications , or other data, is not to be regarded
by implication or otherwise, or in any manner licensing the holder or any other
person or corporation, or conveying any rights or permission to manufacture,
use, or sell any patented invention that may in any way be related thereto.

FOREWORD

This report constitutes the final report for the Space Shuttle portion of the
AFRPL Motor Component Vibration Study, Contract F04611-73-C-0025. The final
report for the Coin~onent Vibration Study portion of this contract was issued
prev ious ly. The work reported was accomplished at Hercules Incorporated,
Bacchus Works , Magna, Utah

This report is submitted in accordance with data item B-004 of the referenced
contract. Contract F04611-73-C-0025 was issued to Hercules by the Air Force
Rocket Propulsion Laboratory, Edwards , CA, 93523. Mr. W. C. Andrepont, Chief ,
Combustion Section, was the project engineer.

Some of the analysis data used in this report was furnished by the North American
Rockwell Space Division at Downey, CA, 90241. The data were gathered by Mr. S.
Yahata and transmitted by Mr. R. P. Bergeron.

Additional data were supplied by the Marshall Space Flight Center at Huntsville,
Alabama. Mr. F. Bugg was responsible for these data.

All of the acoustic mode and natural frequency data for the solid rocket motor
were supplied by the Naval Weapons Center at China Lake, CA. The acoustic
analyses were performed by Mr. C. Bicker under the direction of Dr. R. Derr.

Dr. D. Wang of Hercules assisted with the SRM NASTRAN analysis. Dr. F. R. Jensen
was the Principal Investigator.

c This report has been reviewed by the Information Off ice/DOZ and is releasable to
the National Technical Information Service (NTIS). At NTIS it will be available
to the general public , including foreign nations.

This tecnnical report has been reviewed and is approved for publication.
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The NASTRAN computer progr am was used to analyze the various finite
element shuttle models. Finite element models of the SEE , ET , and Orbiter
were supplied by Nor nerican R~ckweIlr~Space Division, at Downey, CA.
A det.if[éd finite element model of the i~1id rocket motor (SEX) was con-
structed for use with the cyclic sysinetry option in NASTRAN. The models
were analyzed separately and results were combined to represent the total
structure by using a mechanical impedance-type approach. Some hand calcu-
lations were performed to estimate the axial connection point force and
displacement. The good agreement between hand calculation and computer
solution provided some confidence in the computer solution.

Due to limitations in time and budget, only the first longitudinal
acoustic mode at 15.25 Hz was studied. Acoustic analyses were performed
at the Naval Weapons Center (NWC) at China Lake, CA. The acoustic natural
frequencies and mode shapes were transmitted to Hercules for use in this
analysis program. — •-
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,-A maximum attach point loaf ~of 1600 lbs was calculated for a £1.0 psi
pressure oscillation level. Therefore, maximum attach point loads of 16,000
to 3 2~~~~ lbs can be expected for maximum pressure oscillation levels of

~1 10 to 4 20 psi. The attach point loads would be applied at a frequency of
-
~~~ ~ 15.25 Hz. Space shuttle engineers must determine the significance of such

loads. ‘S
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LIST OF SYMBOLS

A Subsc ript indicating asymmetric boundary conditions

I~I Viscous damping matrix

c Subscript indicating response due only to interconnection
forces for free body structure

IDI Dynamic matrix

ET Subscript indicating external tank portion of space shuttle

F Subscript indicating response to internal forces at inter-
connection points between nose cone and SEN

IF I IF(t)I Applied load vector

Element in the j  row in the load vector
.1

g A damping constant

• i Subscript used to indicate response of SEN model at the
SEN/nose cone connection points

Ii The identify matrix

iNC Subscript indicating degrees of freedom on the nose cone
modeL at the attachment point between the nose cone and the
SRM

Stiffness matrix

- 
• [NJ Mass matrix

N Subscript indicating matrix partition for nose cone receptance
matrix

NC Subscript indicating nose cone , i.e., all SRB structure
above the 5PM

o Subscript indicating response due only to internal acoustic
pressure oscillations for free body structure , i.e., not
attached at usual attach points

ORB Subscript used to indicate orbiter

p Subscript used to indicate response to acous tic pressure
oscillation similar to subscript o
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SECTION I

INTRODUCTION

Most solid propellant rocket motors exhibit some degree of combustion
instability, which is characterized by chamber pressure oscillations. The
hot combustion gasses in the combustion cavity can oscillate in various
natural acoustic modes much the same way that the column of air in an organ
pipe resonates. Special pressure transducers , that are designed to measure
the alternating component of the chamber pressure , are used to measure the
unstable pressure oscillations. The oscillations are considered to be un-
stable because a small perturbation can excite a particular mode which in
turn increases in amplitude in an unstable (eat envelope) fashion until some
limiting amplitude is reached. As burning in the motor continues , the condi-
tions required to sustain oscillation in a particular mode change and the
mode typically dies away before the end of motor operation. Motors that
exhibit unstable pressure oscillations in more than one acoustic mode during

• motor operation time are cousnon.

In the past , unstable acoustic pressure oscillations in upper stage
motors on certain ballistic missiles have produced relative ly high amplitude
vibration levels on the motor case and attached components. Vibration levels
as high as 300 g ’s have been measured during upper stage motor operation.

- • This past experience with solid rocket motors has been cause for the concern
with possible acoustic instabilities in the Space Shuttle Solid Rocket Booster

-• (SRB) motors. The objective of the work covered in this final report is to
analyze the Space Shuttle vehicle to determine structural response to possible
acoustic combustion instability in the solid rocket boosters. The analysis
is to provide an estimate of the forces to be expected at the attachment points
between the Solid Rocket Boosters and the External Tank (ET).

Work to define the likelihood of any particular acoustic mode being
unstable , to define the natural mode shapes , and to estimate limiting ampli-
tudes of unstable modes is being carried on at the Naval Weapons Center (NWC)
at China Lake, California under the direction of Dr. Ron Derr. For the work
reported herein , a mode was assumed to be unstable and the response was calcu-
lated for a normalized (1.0 psi maximum) pressure mode sh~ipe. Since the
solutions are linear , different pressure oscillation levels can be accounted
for by direct multiplication of the 1.0 psi results; e.g., for 10 psi ,
multiply by 10. The acoustic natural modes and frequencies used in the
present work were supplied by Mr. C. Bicker of NWC.

The second section of this report gives a general overview of the
general approach used in the analyses. The third section contains a de-
tailed discussion of the theory upon which the analysis is based and presents
all applicable equations. Details associated with the NASTRAN computer
solution are discussed in Section IV. The final two sections cover a dis-
cussion of results and conclusions. In Section V, it should be emphasized
again that force and displacement values given in the text are for a pressure
oscillation level of 1.0 psi unless otherwise stated. Since pressure oscil-
lation levels of 10 to 20 psi or higher are conceivable , the values given in

• the text should be multiplied by 10 or 20 to obtain probable maximum values.

5 
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SECTION II

GENERAL APPROAC H

The general approach consisted of following procedures used in a
previous program’. Finite element models were used to represent the
ei,rire space shuttle structure . Mass and stiffness matrices for half
models of the orbiter and the external tank with both symmetric and
antisymmetric boundary conditions were supplied by North American
Rockwell Space Division at Downey, California. In addition , Rockwell
furnished a model , (mass and stiffness matrices), for an SRB . A separate
model of the SRB structure above the solid motor was provided by the
Marshall Space Flight Center at Huntsville , Alabama . Hercules constructed
a detailed finite element model of the solid motor as a part of the effort
on this program .

The NASTRAI4 program on an IBM 370/155 computer was the basic ana lysis
tool used in the program . Two versions of the NASTRAN program were used :
(I) A NASA level 15.1 version , and (2) a MacNeal-Schwendler Company (MSC)
program that is approximately equivalent to level 15.5. The MSC version
contains a cyclic symmetry option in the Frequency Response Rig id Format ,
(RF 8). The cyclic symmetry capability in MSC NASTRAN was used to ana lyze
the Hercules solid rocket motor (SRM) model .

Attaching the models together to obtain a sing le large model for the
total shuttle vehicle would have violated the conditions that allow the use
of a cyclic symmetry model. Therefore , a mechanical impedance type approach
was used which allowed each model to be analyzed separately . Results from
the separate analyses were then combined to obtain the response of the total
assembled space shuttle vehicle . Details of the approach are given in the
following section.

iF. R. Jensen , Analytical Prediction of Motor Component Vibrations
Driven by Acoustic Combustion Instability, Final Report AFRPL-TR-
76-Il , Hercules Incorporated , for the Air Force Rocket Propulsion
Laboratory , Edwards , CA , February 1976. 
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SECTION III

DETAILE D ANALYSIS METHOD

• The purpose of this section of the report is to provide details on
how the analysis was performed . The various finite element models are
described in detail , general application of mechanical impedance is discussed ,
and the equations and other details app licable to the shuttle analysis are
provided .

A. FREQUENCY RESPONSE ANALYSES

For a finite element model with viscous damping, the equations of
motion are :

+ [z]~U~ + [K]~U~ = ~F(t)~ (1)

where: [M] = the mass matrix
[B] = the viscous damping matrix
[K] the stiffness matrix

~U} 
= the displacement vector

~F(t)} = the app lied load vector

For a harmonic forcing function at a particular frequency , such as
j F ( t )~ = tF~e~~

t , the equations representing the steady state motion 2 are :

(-w2[M] + iu[B] + [K])~U~ = 
~~ (2)

A common method of handling the damping is to assume that elements in
the damping matrix are proportional to corresponding elements in the stiffness
matrix3

[B] = (g/w) [K]

Equation (2) then becomes

(-w 2[MJ + (1 + ig)[KJflU~ = 
~F} (3)

U 
_ _ _ _ _ _ _ _ _ _ _ _ _ _

0
2The NASTRAN Theoretical Manual, (Level 15), R. H. MacNeal , Ed ., April 1972,
NASA SP-221(O1), NASA , Washington , D.C., page 12.1-3.

3 lbid ., p9.3-8. - 

~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~~~ •



equation (J) is solved by the NASTRAN pro~ran when analyses are performed
using the f requenc y response rigid format~ . Let

[DJ (-w 2[M] + (I + ig)[K])

Then equation (3) can be written

[D]tU} ~F}

and the solution to equation (3) can be written

l u t  = [D l]F~ (4)

Let

• 
- 

=

Then equation (4) can be written as
4

= [R]~F~ (5)

Using the terminology suggested in Reference 5 , [R is called a receptance
matrix .

- 
• 

Where a receptance matrix is desired for only a fraction of the degrees
of freedom in the finite element model , the displacement vector can be
partitioned

= I i~~~~12j ~~~ (6)
• (U2 LR21 : R22J (F 2 )

Solving for ~~~ with ~F2~ 
= 0:

(7)

This method of obtaining a reduced receptance matrix is not efficient
because the large D matrix must be inverted to obtain the R matrix.

c .

14 
_ _ _ _  _

4 Th e NASTRAN User ’s Manual, (Level ~~~~~~~~ C. W. McCormick , Ed., June 1972 ,
NASA SP-222(01), NASA, Washington , D.C., p3.9-il.

5 Bishop , R. E. D., and Johnson , D. C., The Mechanics of Vibration ,
Cambridge at the University Press , 1960, London , England .

8
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A more efficient way to obtain a reduced R matrix is to apply unit
I is at each of the coordinates in F1 and solve for U~ , using the regu lar
NASTRAN R.F.-8 solution. To clarify this approach , equation (7) can be
written as follows :

~ll r12 r13 --- rln fI
U2 r~ 1 r22 r23 --- r2n f2
U3 r 3~ r32 ~33 --- r31~ £3

m l  rn2 rn3 ~~
-- ~~~ f fl

or:

U 1 = r11f~ + r12f2 + r13f3 + + rln f~
U2 = r2ifl + r22f2 + r23f3 + ---  + r2nfn
U3 = r3ifl + r32f2 + r33f3 + +

= m I t1 + r~ 2f2 + r~ 3f3 + --- + rnnfn

In the above equations , when f1 = 1.0 and f1 = 0 , i # I, the solution for
the (U~)’s gives the first column in the desired reduced receptance matrix :

r2i U2

:~‘ 
r31 U3

= U n

The other columns in the receptance matrix can be determined by solving
for other force terms of unit value . For examp le , a solution with f2 = 1.0
and all other f j = 0 would provide the second column in the receptance matrix .

A D~~ P ALTER must be used to save the disp lacements calcu lated by
NASTRAN :

ALTER 14 1
OUTPUT2 UDVF , ,, ,/ /C ,N ,-1/C ,N ,l7/C ,N , UDVFTP$

• END ALTER

When the above ALTER is used in the executive control deck , the disp lacement
matrix UDVF is written on tape unit 17 and can be saved for later use. In
the same computer run or in another run , UDVF can be partitioned to obtain
the R matrix .

In the space shuttle analysis , the receptance matrix at the inter-
connection coordinates was required for each model. The appropriate
receptance matrices were obtained by app lying unit forces at each connection

V coordinate for each finite element model.

9 4
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B . MECHANICAL IMPEDANCE TECH1~IQUES

‘ Impedance ” and “admittance” are terms generally associated with
electrical circuits. The terms “mechanical impedance” and “mechanical
admittance ” are normally used to indicate that an analogy is being made
between an electrical circuit and a mechanical system . The literature
on mechanical vibration analysis contains a large amount of information on

— mechanical impedance-type approaches . For example , the Shock and Vibra-
tion Bulletin contains many papers on app lication of mechanical impedance
techni ques . b

Mechanica l  impedance is a r a t i o  of force to velocity. Mechanical
admittance , commonly called “mobility , is the i nverse of mechanical
impedance , i.e. , ~i ratio of velocity to force. A basic discussion on
mechanical impedance and mobility can be found in Reference 7. The term

• “receptance’ is used to denote the ratio of disp lacement to force . The
concept of receptance is discussed in References 7, 8, and 9. A d d i t i o n a l

• discussion on electromechanical analogies are contained in References 10
and 11.

The te rm “ i m m i t t an c e ’ has  been used to rc~ r~ se~ t impedance  or a d m i t t a n c e .
Mechan ica l  imm i t t a n ce  and t r a n s m iss i o n  m a t r i x  concepts  ~~~ d i s c u s s e d  in
R~~f~ i~ ’nces 12 , 13 , and 14.

6 lndex to the Shock and V i b r a t i o n  Bu l l e t i n s ,  F e b r u a ry  1968 , The Shock and
V i b r a t i o n  I n f o r m a t i o n  Cen te r , Nava l Research  LahL- i~~t L ry , W3 sh in~ r o n , D. C .

7 H ar r i s , C.  ! .,  and Crede , C .  E . ,  Shock and V ihrdtion Uandbook, V o l .  1,
Chap te r  10 , M c G r a w -H i l l  Book C o . ,  New York , l~ 6 l .

8 Bi shop  R .  C .  D . ,  G i adwel i , C .  M. C . ,  and M i c h a e l so n , S . ,  The M a t r i x
Ana lys i s  of V i b r a t i o n ,  S e c t i o n  5 .5 , Cambridge  a t  the U n i v e r s i t y  Press ,
London , 1965.

9 Bi sh op , R .  E .  D . ,  and Johnson , 0. C . ,  The Mechan ics  of V i b r a t i o n,
Cambr idge  a t  the  U n i v e r s i t y  Press , London , 1960.

10 C r a ft o n , P .  A . ,  Shock and V i b r a t i o n  in Linear  Sys t ems,  Harper  and
Bro the r s , New York , 1961.

‘1Ma cNea l , R .  H . ,  Electric Circuit Analogies for Elastic S tructures ,
Vol 2 , John W i l e y  and Sons , New York , 1962 .

12 R u b i n , S . ,  Review of Mechanica l  I m mi t t an c e  and T r a n s m i s s i o n  Concep t s ,
Presented  at  the 7 1st Mee t ing  of the A c o u s t i c a l  Soc ie ty  of Amer ica ,
Bo ston , M a s s . ,  June 1966.

‘3R u b i n , S . ,  C lass  Notes  d i s t r i b u t e d  at  UCLA Short  Course on S t r u c t u r a l
• 

~~ Dynamics  Ana lys i s , Los Angeles , C a l i f o r ni a , 1967.

14 R u b i n , S . ,  On the Use of Ei gh t -Po le  Parameters  for Analysis of Beam
- •  . S y : s te r ns , Soc. of A u t o m o t i v e  Engineers ,  R e p r i n t  925F , October  1964.

10
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When a sinusoidal force drives a linear system , the steady state
response displacements , velocities , and accelerations are sinusoidal at the
frequency of the driving force . For a damped system , the response is out-
of-phase with the driving force . The relationship between driving force
and response can be expressed by algebraic equations invo lving complex
numbers , (such as equation 5). The analysis of such a system is called a
“frequency response analysis.” The use of frequency response-type analyses
is implied when mechanical impedance is discussed .

The concept of impedance or receptance of the space shuttle structure
at a set of points was used to allow the individual shuttle models to be
analyzed separately . The results from the individual analyses were combined
to obtain solutions that represent the total structure .

- 
- Equation (7) represents a linear system . Since the system is linear ,

- 
- 

the response for two different load sets applied simultaneously can be
determined by app lying each load set separately and summing the results.
Consider one SRB undergoing acoustic pressure oscillations . The SRB would

• be subjected to two separate loading systems :

(1) The acoustic natural mode would load the solid motor by means
• of a certain pressure distribution in the motor combustion

cavity.

(2) The remainder of the space shuttle vehicle would apply loads to
the SRB at the SRB attach points as the total vehicle vibrates
in response to the pressure oscillations .

The objective of this work is to calculate the second load set .

In the NASTR AN finite element models , a certain set of disp lacement

~~ 
~

•
q coordinates represents the SRB attach coordinates . The SRB is attached to

the ET at nodes 303, 310, and 311. The node locations and x , y, z
coordinate directions are defined in a later section of this report. The
attach point displacement coordinates are:

U 303x
U303y

= 
U3o3z 

(8)
I- 

U 31o~

For this linear system , the total response at the attach points , ~~~~ 
can

be obtained by summing the responses due to the two separate load sets
- 

. 
discussed above

= 
~
Uo~sRB 

+ 
~Uc~ (9)

‘I
.

_ _ _ _ _ _ _ _  
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where : {UO}SRB = the response at the attach coordinates due only to the
acoustic pressure mode

lU c k  = the response at the attach coordinates due to the
attach loads applied by the remaining shuttle structure ,
i.e. the total shuttle less one SRB .

5 .

The displacement response 1Uo~ can be calculated directly by using a
NASTRAN model of an SRB . To obtain ~U0}, a cyclic symmetry model of an SRM
was analyzed to determine response to the first acoustic natural mode at
15.25 Hz. Details of the calculation are discussed in a following
section.

I f  the receptance of the  SRB at the attach points is denoted [RSRB ,
then ~U C~ can be expressed as

[R SRB 1F c~ (10)

- . where: ~Fc~ 
= the set of forces app lied to  the SRB a t  the SRB attach

p o i n t s

By way of f u r t h e r  exp l ana t ion  of ~FJ ,  the set of f o r ce s  1F C~ are i n t e r n a l
~or c e s  tha t  occur a t  the  a t t a c h  p o i nt s  between the  SRB and the ET due to
pressure  o s c i l l a t i o n s  in the SRM. C u t t i n g  the s t r u c t u r e  at the a t tach  p o i n t s
to show tree bod y diagrams would yield a diagrau showing in t e rna l  forces

F c~ app lied to the  SRB mci equal , but  o p p o si t u , forces , HF c~~, app l ied
to the ET.

An equation similar to equation (10) can be written for the remainder
of the space shuttle vehicle. When one SRI3 has bef n removed , the remaining
structure consists of the ET, the orbiter , and the other SRB . If the
receptance of the remaining structure at the attach points is denoted
[RRSS], then the forces app lied result in 

~UT~ displacements

~U T~ [~ RSS~~~
-
~~C~ 

(11 )

Fo r th i s  a n a l y s i s , the only forces app lied to the remaining shuttic
s t r u c t u r e  are the forces  t - F c 1 therefore , the disp lacements in equat i.n
(11) are the to ta l  d i sp lacements , ~~~~~ r a the r  than  the d i s p l a c e m e n t s  due
to c o n n e c t i o n  forces , U c ’

~, as in equa t ion  (10) . E q u a t i o n  (11) can be
solved for connec t ion  forces  ~FC~ and the r e s u l t  s u b s t i t u t e d  into  equa t ion
(10) to e l i m i n a t e  the unknown forces

~ — l  ~= SRB [R Rss . J~~U T~ (12)
I-,

When equation (12) is substituted into equation (9), then the total
disp lacements are found to be

I U T~ 
= ( I I ]  + [R SRB] [R ~~~S ’

~ U O~ SRB (13)

12
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The solution to equation (13) represents the desired response of the
shuttle to acoustic oscillations . The connection forces can be recovered
by using the solution of equation (11)

IFd = -[R
~~sflUT~ 

(14)

An equation similar to that of equation (13) was used in the component
vibration program . The Component Vibration Final Report15 contains a
simple example showing that the technique of equation (13) is applicable.

C. SPECIFIC SHUTTLE ANALYSIS DETAILS

To obtain the desired solution to equation (13) the matrices ERSRB~ ,
[RRSSJ, and ~UO~SRB 

must be available. The calculation of these three
matrices is discussed below . The calculation of each of the three matrices
is somewhat complicated by the fact that each depends on solutions from
two different finite element models. Two different models were used to
represent the SRB , a cyclic symmetry model of the SRM and a model of the

• nose section above the SRM. Models of the ET and the orbiter with symmetric
and antisymmetric boundary conditions are used to represent the remaining
shuttle structure for calculation of ERRSS\.

• Locations of the nodes that represent the attach points are indicated
in Figure 1. The figure also shows the basic X, Y , z coordinate system
used throughout this report. The coordinate system shown in Figure 1 was
adopted because it coincides with the coordinate system used for definition
of the ET, orbiter , and SRB models furnished by North American Rockwell.
The actual mass and stiffness matrices involved were transmitted to Hercules
on a computer tape .

The calculation of R SRB J is discussed first. Figure 2 shows a
sketch of one SRB divided into two parts , an SRM and the structure above
the SRM. For purposes of discussion , the structure above the SRM is
referred to as the nose cone . This use of “nose cone” is not in agreement
with official NASA nomenclature . The SRM was represented by a cyclic
symmetry NASTRAN model. Since 10 degree sections were used in the cyclic
symmetry model , there are 36 nodes around the circumference of the model as
shown in Figure 3. The cyclic symmetry SRM is described in a later section.

A NASTRAN cylindrical local coordinate system , R , El , Z, was used to
define node locations and displacement components in the cyclic symmetry
model . The Z axis of the local system is paralle l to the X axis of the
global (Rockwell) coordinate system . The relationshi p between the local
R , El and the Global Y, Z axes is indicated in Figure 3. Attach nodes 310
and 311 are located circumferentially as shown in Figure 3. The transforma-
tion below was written to relate the displacements in the two coordinate systems .

15 Arialytical Prediction of Motor Component Vibrations Driven by Acoustic
Combustion Instability, op. cit.

I
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NODE 301

NODE 302
~ FORWARD SRB ATTACH POINT , NODE 303

NODE 304 ~~_ NOSE CONE (SEE TEXT )

(Uj ) NC , (Fi) NC
Uj ,  F1

F ORWARD SKIRT

— 
SRM

AFT SRB ATTACH POINTS , NODES 310 & 311

I- ., 
______

Figure 2. Sketch of the SRB Showing the Division into SRM
and Nose Cone Models

15



~~~~~~ J~~~~~3~~~~~~~:
36

3 5/ ~~~~~Th 

oTh~ )< ~~~~~~~~~~~~ ~I’/~~~6 \ I 32(S5~~ \ /7 310 
31

(650) 8 U 
30 (2~~~

(75 0
) ~ 29 (27 5°)

(85°) io _ _ _  
_ _ _

~~~5O)  11 
27 (25 ()

12 
N 26 

(2~5~.~~l3 311O j

- 

- 
15 

23
16 22 r~ j

19 2O 2
~~~~~~~~~~~~~5

LOOKING FORWARDI ~~ ~~~ - -JI-,

H
Figure 3. Nodes Around Forward Skirt Showing D i f f c r ~ iicc Be tweenLocal R-O and Globa l Y-Z Coorinatcs

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



- -~ --~~--~ .---- —. -~~——-.~~ —.--~~~~~~ ,- —.---.—-—=‘- -.—-.-,

1u3io~1 
-Cos 30 Cos 60 0 (u310~

U3100 ( 
— 

-Cos 60 -Cos 30 0 kU 3i
‘\U 311R I 

— 
0 -Cos 30 lU3liy

• . 
(~U3iioJ 

0 0 Cos 60 ~

Using compact notation

H ~~3lO ll~ 
= [~ ]lu 31o , 111 (15)

Also

lU 3lo, 111 [~“Jl u~10 , ~i l  (iSa)

The unprimed displacement vector in the Y and Z directions contains only
three components because the SRB is attached to the ET in only those three
components at nodes 310 and 311..

The cyclic symmetry model was used to obtain a receptance matrix for
the SRM by applying unit loads at all connection points , as explained
previously . The nodes numbered 1 through 36 in Figure 3 are located at
the forward end of the forward skirt of the SRM and are therefore the

• connection points between the SRM and the nose cone . The receptance matrix
obtained from analysis of the cyclic symmetry model had the form shown below .

U1R r11 r12 . . . F~~\
U18 r21 r22 . . . F 10
U1g . . * F lz
U~~ . . . F 2R

U368 
= 

F360
F~ 6~ 

.1 

i”  U 31.OR F 3j~~
U 3i08 F 31~0
U 3111~ F 311R
U3119 - F3110

— 

I

J~. Using a compact notation :

(Ui ) rR5ii : R 5l21(Fi . - -

(16)

— — - - 

U~~0, 1~ 
R s21 R 522 F~ 10 , ~~~ 

- 

- 

• .

- 

-- ~~~~~~~~~ ~~~~~~ - ~--~-1 - ~~ITTIT



• The receptance matr ix from the SRM analysis was par t i t ioned in
• equation (16) to separate the Uj displacements from the attach point

displacements. Equati- .. (16) can be expanded as follows

Ui = R811 F i + RS12 F~ 10, 11 (l7a)

U~~10 , 11 = Rs2l Fi + ~s22 
F~ 10, 11 (l7 b)

The transformation oi~ equation (15) also holds when forces are substituted• for displacements

-

, 

~F~~10 , 111 = [~~~F310, ll~ 
(18)

Substituting equations (15) and (18) into equations (l7a) and (17b) gives

r~1 U i = R s11 F~ + (R 512 f)F310, 11 (l9a)

T U 310 , 11 ~s21 Fi + R s22 T F 310 11 ( 19b)

Since multi p lying (TT) by (~) g ives the  i d e n t i t y  m a t r i x , £quat i on  ( 19b) can
be r e w r i t t e n  as

U 1 1 ) ~ Il = (1~T Rs2i)F
~ 

+ (1T R s22 ~)F 310, 11 (19c)

The nose cone model  onl y c o n t a i n s  four  nodes as shown in F igure  2.
D e t a i l s  on how the nose cone model was obtained are given in a la ter  s e c t i o n .
U n i t  forces were  app l i ed  at nodes 303 and 304 to o b t a i n  the nose cone
r e c ep t a n ce  m a t r i ’c :

r~~ r 12 . . . F 3o3x
U 30~~ r~ 1 r22 . . . F303~
U 3031 . . . F 3O3z 

.t 
U304)( = ..~~~ r304X

- F30~~
U304Z -‘ F30~1

~3O4RX 
F304Rx

U3~~~y F304Ry
U 304R z F 304Rz

~1
In compact form :

U 303~ RN l l  R N 12 f~3o3~
~ 

~~
-- - -

~~
----.. .

~~~~

--c 
(20)

• •

~
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Aga in , the receptance matrix is partitioned to separate the ET/SRB attach
degrees of freedom from the SRM/nose cone interface degrees of freedom .
Equation (20) can be expanded as follows :

U303 = RN11 F 303 + RN12 F iNC (21a)

U iNC = RN21 F303 + RN22 FiNC (2lb)

• At this point , another transformation equation is needed to relate the
U~ disp lacements at 36 nodes on the SRM to the UiNC displacements at the
single node (304) on the nose cone . The angle Cp1 is measured counterclockwise
from the R axis as shown in Figure 3. The required transformation for the
ith node of the 36 SRM interconnection nodes is then

lu iR) 0 -Sin (CP~+5) Cos(~~+5) 0 0 0

b - 
~U~~~’= 0 -Cos(Cc1+5) -Sin(Cc1+5) r 0 0

~UizJ 
1 0 0 0 rCos(Cpi+5) rSin(cc~+5 U 304~

.
~~ 

U 304R X

U 304Rz

When the above equation is written to include all 36 nodes , the following
compact expression is used

u~} = [TJ~ U iNC 1 (22)

The internal forces applied to the SRM are equal in magnitude but
• opposite in direction from those app lied to the Nose Cone . Therefore, the

force transformation corresponding to equation (22) is:

= 
~~
T
~~

FjNC~ 
(23)

Substituting equations (22) and (23) into equations (19a) and (l9c) gives

T U iNC = -R5l1 T F iNC + R512 ~ F310, 11 (24a)

U310, 11 ~T’~ Rs21 T F 1NC + T’t R 522 ~ F310 , 11 (24b)

Substituting equation (2lb) into equation (24a) and rearranging gives

U —(T RN22 + R511 T)F iNC R~~2 T F310, ~ 
- T R N2I  F303

Premultiply by the transpose of T

TT (T RN22 + Rsll T)F j NC = TT RSI2 ~ F310, 11 TT T RN2 I F303

Let

= TT(T RN Z2 + Rsil T) (25)

19
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Then

F iNC = 
-l TT Rs12 T F 310 , ~~ 

- c~~
1 TT T R N 2 1  F 303 (26)

E q u a t i o n  (26)  L , I I 1  be used to  e l i m i n a t e  F iNC from e q u a t io n s  (21a) and (24b)

U 303 = (R N l l  - R N I 2  TTTR N 2 I )F 3o3 + R N l2 :,~~~T
TR Sl7 TF 3lO 11 (27a)

11 = ~~R S2 l To~~ TTTh N2l F 3O3 + ( T R S22 T - T R S2l T~ T R 512 T)F 310 , 11

• (27b)

E q u a t i o n s  (27a) and (27b )  can be combined to give an exp res s ion  for the  SRB
receptance matrix

u 303 1 [~~N 11 - RN 12O T I R N 2I ) (R N l2~~~ TTR sl2~ ) 1 F 303

[~c~~ :i;~~~~) ~~~~~~~~~~.;T~~c”~j ~
;;
~:;;,
(28)

The square m a t r i x  in equa t i on  (28) i~ the  r L c c p t a n c e  m a t r i x  for one SRB ,
[R S R B J .

The c a l c u l a t i o n  of U (~~SRB is d i s c u s s e d  below . U O } SRB is the response
of the SRB .~ t the  a t t a c h  p o i n t s  to a p a r t i c u l a r  a cou s t i c  n a t u r a l  mode .  The
c a l c u l a t i o n  of (U O~ SRB is s i m i l a r  to the  ca l c u l a t i o n  of [R SRM d i s cus sed
above . The response cannot  be d e t e r m i n e d  by d i r ~~c t  a n a l y s i s  because one
a t t ach  poin t  icc on the nose cone whi le  the o ther  two d t ta c h  p o i nt s  are on
the SRM.

C o n s i d e r i n g  the SRN to be i so l a t ed  from the nose cone , the response
at the  SRM a t t a c h  p o i n t s , nodes 310 and 311 , is ob ta ined  by a d d i n g  the
response due to acoustic mode (p) forces to the response due to interna l
(Fi) forces a t  t h e  SRM/nose cone i n t e r f a c e

~~3lO , 1LT = U 310 , l l t p + U 310 ].1~ F (29)

The response at the SRM’nose cone interface is ~xpr essed  in a s i m i l a r
manner :

- I ~~~~~ - -U~ T — ~~ ‘ p + ~~~ F (3
I

The response of the SRN to  the a c o u s t i c  mode i s  o b t a i n e d  d i r e c t l y  by
app ly ing  loads that  r ep resen t  the acous t i c  mode p ressure  d i s t r i b u t i o n  to the
NASTRAN cyclic symmetry model. Therefore , ~U3~çj 11 and II j~~i~ are obtainedby p a r t i t i o n i n g  the UDVF d i s p l a c e m e n t  mat r ix  from a N~ STRAN s o l u t i o n .  Note
that equations (29) and (30) are similar to equation (9).

4
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The terms lu 3io 11IF and IU L}F represent the response of the SRM
to the interface fortes, Fi. Using equations (19a) and (19c) with

* F310, 11 0, the following expressions are obtained

(U j)F = Rsll F j  (31a)

(U 310 , 1l)F = (~
T R521)F i (31b)

Substituting (31a) and (31b) into equations (29) and (30) gives :

(U 310, l1~T (U 310, l1)~ + (
~
‘
~ R521)Fj (32a)

(U i)T = (Uj)p + R 51l F i (32b)

Substituting equation (23) into (32a) and substituting equations (22) and
(23) into equation (32b) results in

(U 310, ll)T = (U310, lOp - (
~~ R~21)T FiNC (33a)

T(U jNC)T = (U1)~ 
- R511 T FiNC (33b)

For the nose cone, only the response to interface forces ~
FjNc l is required .

Using equations (21a) and (21b) with F303 equal to zero gives

(U 30 3) T = RN 12 F iNC (34a)

(UiNC)T = RN22 FiNC (34b)

Substituting equations (34b) into equation (33b) premultiply ing by TT and
rearranging gives

: 4  TT (R 51l T + TRN Z 2 ) F INC = TT(U1)~

The coefficient of F1NC in the last equation can be recognized as o, as
defined in equation (25).

H Therefore ,

FiNC = ~~~ TT lU 1)~ (35)

Substituting equation (35) into equations (33a) and (34a) gives

(U 310 , lOT = (U 310, lOp - (~
TRS2l)T a

lTT(U j)~ (36a)

(U303)T = R N1Zo
1TT (U j )

P 
(36b)

In equation (36a), equation (iSa) is substituted to obtain the result in
the primed system that corresponds to direct NAS TRAN ou tpu t :

(U 310, lOT = 
~
‘
~~‘~ io, lOp 

- (~
TR ) T  o~ LrT (u~ )~ (36c)

21



Using equations (36b) and (36c), an expression can be written for IU OISRB

1(U303)T r(RN 12 ~~l TT) 0 11(Ui) p 1 L
~
UO~SRB 

= = I ~ (37)
(~(U 3io , lOT L(~ ”~s21T ~ T ) I T J ~(U~~10 , ll) pj

The remainder of the discussion in this section is concerned with the
calculation of LRRSS]. Equation (11) defines the displacement and force
vectors that are associated with receptance matrix [R gss~~. The U T~ vec tor
in equation (11) has individual components as defined in e-cjuation (8) .

NASTR AN finite element models of the ET and the orbiter were supp lied
• by the North American Rockwell Company , Space Division , at  Downey , C a l i f o r n i a .

The fu rn i shed  models r ep resen t  only one-half  of the s t r u c t u r e  and s e p a r a t e
models  were supplied for s y m m et r i c  and asymmetr ic  b o u n d a r y  c o n d i t i o n s . The

- 
- X-Z plane as show n in F igure  1 was taken as the p lane of symme try for the

• mode l s .  When the  models w i th  symmetry  boundary  cond i t ions  ar e  anal yzed ,

• the results should r ep re sen t  a symmet r i c  s t r u c t u r e  s u b j e c t e d  to symmet r i c
loads. Therefore , a solution for a particular acoustic mode using the models 

—

with symme t r ic boundary conditions should represent the condition where
- - • both solid rocket motors are being subjected to u n s t a b l e  a c o u s t i c  oscil la -

tions that are in-phase. Use of the -cedels with asymmetric boundary
cond itions would represent the condition where both SR 1 s  were osc i1l~~ting• o u t - o f-p hase w i t h  one another . The d i f f e r e n c e  between the symmet r i c
and asymmetr ic  s o l u t i o n s  should g ive r e s u l t s  fo r  the s i t u a t i o n  where onl y
one SRM is unde •going unstable acoustic oscillations .

• The receptance equation for the ET i s  as fo l lows

r u rR l l  i~l2 11F  ~
~U ET I = ~~~- = -  I - - --

~~~
- - - -

~~~~~
- - -

~~~ 
(38)

IT LR 2 1 R22J [F J
The ~~ vector in equa t ion  (38) has components  as d e f i n e d  iii equation (8)
for  both symmet r i c  and a symmet r i c  so1~~~~~- L c , .  The U~ ve c t u r  of - ‘4 •d ion (38)
has d i f f e r e n t  components for  the symmetr ic  and asymmetr ic  models  as fo l lows

U90z
P 5 = U9~~ (39a)

U 9ly
U 9lz

~~~~
U
~A 

= (39b)

~TJ 9 l z J

I ~~~~~~~~~~~~~~~~~~~~~~~~ —--~~~~~~~~~~~~~~~~~~~~~~~~~ - _ _
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In equation (38) , ~3 is de f ined  as the i n t e r f a c e  force vector  appl ied
to the ET. Equal and opposite forces ~-F} are app lied to the orbiter .
Therefore , the disp lacements at the ET/orbiter attach points are

= 1R OR B ] I - F ~ (40)

The ET and Orbiter receptance matrices defined in equations (38) and
(40) wore both c a l c u l a t e d  by app ly ing u n i t  loads at  the f requency  of i n t e r e s t
as exp lained in a previous section.

• Equation (38) can be expanded as follows

U = R11 F + R 12 F (41a)

U = R2l F + R22 F (41b)

Equv ion (40) can be solved for the unknown forces , 
~~~~

-

= -[R~~~]~U~ (42)

- Substituting (42) in t o  equa t ions  (4 1a) and (4lb )

U = Ru F - R 12 ~ORB U (43a)

= (I + R 22 R o~ B ) ’ R21 F (43b)

- 
• The des i r ed  receptanee equation can be ob t a ined  b y substituti ng equation

(43b) into equation (43a)

• -; U~ = - R
~~ 

RO~B 
(I + R22 R~~3)

’ R 21~ -F~ (44)

Therefore , the  desired reccptance matrix is

r R R S S
T 

= [R 11 - R 17 R~~~B ~ + R 22 Ro~BY
’ R21~ (45)

c
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SECTION IV

NAS T RAN COMPVT Ec ~ SOLUTION

p r e c e d c n - .~ se c t i o n  ( S e c t ion  I i i )  c u i i t c i n s  a d isc u s s i on  of the
t l i , - o \  upon which this analysis t5 based. In t~i i s  se c t , o n , ~i i l i c ~~i i o n  of
the t ie  cry  is discussed. The NASTRAN c o m p u t e r  p rog ram was used as the baa I c
,~naIvsis t~~u 1 . The ~-vclic symmetr\’ anal ys i s ot the SRN model and L i :  -

;‘r~i~;rain u c — l y s i s  o~ t h e  R - -kw - 1i i i  :lc I models are furnished under
sep aro te headings .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Recent vorsi ons of NASTRAN (I . e .  Level 15.5 and L.ve l 16.0) contain ft -
capability to n a t - re cyclic svcruc ,-tric struct ures us cia  t h e  S T  - t i c  a n a 1 y s is
(R . I . -1) or te~ i eic’eavol ue analysis (R.F. -3) r i g id f o r m a t s .  Co r r e s p o n d in g

- 
- 

::‘is R -\N ,I,cornci~tation th contains a description of ey c l  ic: svnrne t r y ;  t ie ’  de s -
Cr i t  [on w i l l  not  h r cp ’ ’n t e i l u r e .

A spec i a l  v e r s i o n  of h -\hJ RAN wa-c  us’:- - [ri the cyclic svmsnt-trv analvs •

of the  SRN code . Th~ Mac Neai—Sch wendl - 
~iompany (l’i ,SC) , ‘or k i ng under c -n t r

w i t h  H e r c u l e s  Inc r i rp r i L e d , ci~ od the  cod ic a emim. try capabil ity to the f r ~ —

quency response r i g i d  f o r m a t , (I c . F. — 8 ) ,  in ~1AS .I ’it,AN . ‘11cc work was - -)nr re-,l by
the Air  Force  Rocket  P r o p u L s i o n  Laboratuc e or Edwards AFB tLnd~-r -

tft-i~b l  l — ] 3 — C — 0 0 2 5  with H- ’rcules . TI~~ USC version of i’ -~S f R\t1 can he o b t a i n e d
from th e Mac Neot -S ci sc-ndler Corporation at 74c 2 t-ha . Figueroa Street , Los

—
, 4 :-n 1e~ , Co I i  [~~r n t a  ( i 0 h 4  1) or it c fl be u s ed  rn a cme c f  tIn I arg~ c )rnput 11

sys t ems  t h a t  I. i s o  i t  f rom MSC; e . g .  , t i c  CDC C - - b  m e t  s v r - t ’ w .

- 

- T h e c y c l i c  :~~~~~~c i ’ ;  annls ’~ I ca p~ ic i i t u  i n NAS TPAN ~l lows •c c i i i  c i.~nt
rTL’neral t i m  c—dimension al n~ 1 ’si .~ to be p e r t o r c d  on a structure that is
Cyc l ic s~~ ac’tric by mod ’l.ing only a portion at  t i e  s t r uc t u re .  Fo r a rocke t
m o tor  wi Ll t h e  usual  s l a t te d  g r a i n  d e s ig n , a r , d i - a i - c o : i  al p lon p c -  s’ -n tics - c
the  c e n t e r  of each s l o t  divides the  m o t o r  m t  - s e c t i o n s  oh i oh: i - at around
the c i r c u m f e r e n c e  of Li: - - motor . ~ lor e each such sectiOn is •1 ~ - sylmaet r i
about  a r ad i a l - a x i a l  p lane that u-o ld bisect it , ASTRAi requires a m:dc’I
ef onl y o n e — h a l f  of a s e c t i o n .  ‘ftc ’ 5 1 1  c as 11 SlOtS 10 the p ram desi gn .
i i  I f  section mo d e l would  therefore cover  l/, i of the circumference or abou t
16. 4 degrees . F - c V ‘ U S  u o r k ~ h as  l i d  c a i ~ d that a gr i  (I s l i c e  s om e w h a t  less
t a n  15 degrees i s  d e s i r a b le  b e c a u se  of the b e t t e r  a p p r o x i m a t i o n  of curvc ,1
surfaces that a narr - ’-.’ slIce would offer. To obtain ci s l i c e  n a r r o w er  t a n
16.4 Or- . c - - a t c- -j different approaches could be used : I .) The (.4 dr - Cr -cc-
motor u -~~tiOfl could be modeled wi th: a grid containing two S .2 l e v e e slices

p. or 2.) a model could be constructed for a -: - t :’r with a greater number of s i t  3 -
0:-I on 1.) r e s u l t s  in i gr id  w i t h  more  degrees of Erer-lon and a St  ffness
mid m ix w i III  a i an - cr  b~ adwi.dth. A si pn ificant ly 1-i r~: c - r  i c c  t ime  w o u l  ci i ’ ’  i i ?

f r o m  t e  ij g e  c i  op t i on  I

1b 
~14Si ~ -AN T he or e t i c . i l  M a n u a l , o p .  c it .

17 “~ocaiyt icui Prediction of Motor Crn 1 : - rn en t  V i t , r i t  in s . . . “, op. cit.
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In an effort to maintain reasonable run t imes on the  c omputer , o p t i o n  2 .)
was adopted. A motor  model w i t h  18 s lots  was used to r ep resen t  the ac tua l  motor
w h i c h  has 11 slots. The slot shape in a radial-axial p lane was not changed and
s lo t  w i d t h  was ad jus ted  to keep the volume of propellant in the slotted area
of the motor approxima tel y cons tant  between the 18 slot and 11 slut configurations.
The 18 slot mode l should provide a good representation of the 11 slot motor in
the most  impor tan t  long i t u d i n a l  fundamenta l  mode s ince the major  s t r u c t u r a l  c - f f e c t
the s lo t s  have is to reduce the hoop stiffness of the propellant grain in the
slotted area. Hercules has obtained good results from a 2-D axisymmetric finite
element computer program tha t  u t i l i z e s  s lot  a p p r o x i m a t i o n  elements  t h a t  have
mu hoop sti f f n e s s .

The grid layout in a radial-axial plane is shown in Figure 4. A projected
view of the gr id  is shown in Fi gure 5. In both Fi gures 4 and 5 , the ac tua l  grid
has been r o t a t e d  180 degrees about  the motor axis  and p l o t t ed  at both the 0 and
180 degree locations to show the moto r  ou t l ine . The gr id  is q u i t e  coarse com-
pared w i t h  the usual  sol id  rocket  motor f i n i t e - e l e m e n t  g r id .  The coarse gr id
is a r e s u l t  of e f f o r t s  to model a very large s t r u c t u r e  w i t h  an adequate mode l
and still maintain reasonable computer run times. Based on pas t experience ,
the gr id  should provide adequate  resu l t s  for  low f requency  anal yses but  w o u l d
have ques t i onab l e  accuracy  at h igher f r equenc ie s .  More d iscuss ion  on g r id
re f inement  is conta ined  in the Component V i b r a t i o n  Program F ina l  Report 18 .

To avoid a length y descr iption of the model ge ome try ,  m ateri al proper ti es ,
— - 

etc. , a copy of the NASTRAN bulk data deck is inc luded as Table I. The corres-
pending case control deck is shown (abridged) in Table II. Only the f i r s t and

• - l a s t  pages of the case c o n t r o l  deck are shown in Table II because intermediate
subcase  cards are very r e p e t i t i o u s .  The corresponding execu t ive  cont ro l  deck
l i s t i n g  is shown in Table  I II .  The a l t e r  s t a t emen t s , w i t h  the excep t i on  of
the OUTPUT2 statement , were required to use the cyclic symmetry option in MSC
NAS TRAN . The OUTPUT2 a l t e r  was used to w r i t e  the disp lacement so lu t ions  on
a computer  tape  t ha t  could be saved for later use.

The NASTRAN solution represented by t i c -  d a t a  at  Tab l e s  I , II , and III was
- 

- run t i  ob t a in  data  for  the SRM r ecep t an c e  m a t r i x .  A t o t a l  of 10 un i t  loads
were app l ied  to the SRN mode l to determine the receptance matrix. Four unit
loads were app lied at the a t t a c h  po in t s , ( load  set F 310 i i)~ 

and six u n i t
loads were app l i ed  at  the SRN /Nose Cone i n ter c on n e c t ian ’p o i n r s .  U n i t  loads
were app lied at po in t s  1 and 2 as shown in Fig. 3. P o i n t s  1 and 2 repre-
sent the onl y types of unique poin ts  among the 36 d i f f e r e n t  i n t e r f a c e  nodes
of F ig. 3. Node I represents nodes that are h a l f  way be tween  s lo t s  and
node 2 repri-sents nodes that are in line with slot ti ps. The computer soluti on
represen ted by Tables I, II , and III was run on thc- IBM 370/155 w i t h  1000K of
core. The CPU time fo r  the run was 7 .07  hours  and the t o t a l  run time (CPU
p lus w a i t )  was 8.07 hours .  The problem had 1832 degrees of f re e d o m  in the
anal ysis set.  The 1/36 sec t ion  g r id  t h e r e f o r e  r epre sen t s  an equ iva l en t  f u l l
360 degree e q u i v a l e n t  model w i t h  18 x 1832 = 32 , 976 degrees of f r e e d o m.
Results from the analysis were the disp lacements at all nodes for each of the
10 different loads . All disp lacements are in data block UDVF ~hich was written
on an OUT PtJT 2 tape.

18 0p. Cit.
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A relatively long computer run t ime was a n t i c i p a t e d  for the uni t load
solutions . Therefore ) an effort was made to reduce the anticipated run time .

• The method investigated for a reduction in run t ime was the use of a cyclic
index, K, less than ~(nax. When the Mac-Neal-Schwendler Company presented the
modif ied  NASTRAN program to Hercules , th ey st a ted that some problems could
probably be solved with sufficient accuracy with a cyclic index less than
the maximum value. During the Component Vibration Program , Hercules irtvesti-
ga ted the possibility of reducing the cyclic index by running real eigenvalue
solutions . The conclusion was that all K indices were required for the parti-
cular motor being studied to obtain all natural  frequencies up to at leas t
500 Hz and probably f o r  h igher  f requencies  as we l l .  Based on that study , all
cyc l ic  indices w ere us ed fo r the ana lyse s pe rf ormed du r in g the component
vibrat ion program.

For frequency response type solutions , a more appl icable  way to study
• the need for high values of the K index is to conduct f r equency  response typ e

solu t ions  w i t h  various K val u es . One section of the SRM model consis t ing of
15 propellant  elements and 9 case elements was analyzed for K = 3 , K = 6, and
K 9. The value K 9 is the maximum value f o r  the 36 slice SRM f i n i t e
element grid. Some r e s u l t s  f rom these three analyses are shown in Tab le IV.
Based on the r e s u l t s  of the comparison analyses , the decision was made to use
a K = 6 in the main  anal ys is .  The K 6 r e su l t s  were judged to be s u f f i c i en t l y
accu ra t e  r e p r e s e n t a t i o n s  of the 1< = 9 so lu t ions . Using  fewer  th an the maximum
number of cyc l ic  indices in a so lu t i on  is s i m i l a r  to omit t ing  some of the
hi gher f r e q u e n c y  modes to reduce degrees of f reedom of the system when modal
coord ina tes  are used to solve a p rob lem.

C As ment ioned above , only  10 u n i t  loads were app lied for  the SRN re-
a ,, ceptance  m a t r i x , [R S~n~j ],  c a l c u l a t i o n  run .  To o b t a i n  the RS~iJ.I m a t r i x  more

d i r e c t l y ,  three loads would have been applied , one at  a time , to each of the
36 nodes a t  the  SRM/Nose cone i n t e r f a c e .  Ins tead  of ob t a in ing  3 x 36 = 108
solutions , the results from six unit loads at  two nodes were used to ob ta in
a l l  required i n f o r m a t i o n .  The r e s u l t s  of app ly ing loads at  node 1 (F ig. 3)
could be ro ta ted  to app ly to loads at any other odd numbered node. For example ,
the radial response at node six due to a un i t  axia l  load at node three would
be the same as the radia l  response at node 4 w i t h  the un i t  ax ia l  load applied
at node I. The responses due to loads appl ied at nodes 1 and 2 were ro ta ted
as required by using PARTITION and MERGE operations in a DMAP program . The
UDV’F data block was operated on in the DMAP program to obta in  the desired
receptance matrix. The ttslP.P program used consisted of about 300 DMAP state—
ments and the program required three separate runs to complete due to NAST RAN
program limitations . The matrix CRSRM] is a complex m a t r i x  of orde r 112, The
large E RSRJ1~ mat r ix  is not included in this  repor t .

:; A separate computer run was made to ca lcula te  the [U o} SgJ~ vector.  Since
app lied loads were symmetric , the run was made with cyclic index K = 0. Using
a 500K core , the CPU time was 70 minutes and the t o t a l  run tim e was about
83 minutes.  As in the previous case , a I~’1AP alter was used to write the UDVF
data block on tape. A separate DMAP program was used to form [U o1sp,~ f rom the
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UDVF data block. The l~’1AP program l i s t i ng  is g iven in Table V. The calcu-
lated [UO}s~~ 

v e c t o r  is shown in Table VI. The c omp lex displaceme n t s  show n
in Table VI r e p r e s e n t  the  response  of the SRN cyc l ic  symm e t r y  model to the
15.25 Hz f i r s t longi tudina l  acous ti c mode , (see equations 31a and ilb).

Calcul ati on of 
~
RSRB~ and [U o~ SRB

The equations for the calculation of [R SRR~ and [U C)ISRR are given in
Section III of this report , (refer to equations 28 and 37). The DMAP program

I
-
. 

used for these calculations is shown in Table VII. The resulting da ta are
give n in Table VIII.

During the time when computer runs were being made to set up the calcu-
lation of [R SRB~ , the series multi p ly and add nodule (SMPYAD) was found to
contain an error . The SNPYAD module does no t work cor rec t ly with complex
m a t r i c e s .  T h e r e f o r e , the  ~~4AP programs all use only the MPYAD multip ly and
odd module.

- The Nose Cone r e c e pt a n c e  matrix was required in the calculation of

I £RSRB 1. The Nose Cone receptance matrix was obtaine d from the 64 degree-of-
freedom SRB model  f u r n i s h ed  by Rockvell. The DMA P program used to calculate

- 
the Nose Cone receptance I ) 5 C t r i x  is shown in Table  IX. The Nose ’ Cone r ecep tan ce
matrix , [R NCON1 I ’ is pres e-s ted i~n Tab l e  X.

- , \ C L , I I ’ , -, s s  f the Rock~ e-11 El and Orb iter Models

I’~,s Rockw ell u nit 3 element models are characterized by moss and
S t S C t I I a - S S  matrices. Tise mass and stiffness matr ices for cad s mode l were

• transmitt ed to Hercules ‘5 5) comput ’.r tap€- ” A FORTRA N program was written
- to r .sd t h e  Rockwe l l  t Cspe  and w r i t e  a NASTRA N compa t ib l e  t ape .

- The NASTRAN t .spt- was u’.’ed as input to the DMAP sequence shown in Table XL
The ~ ‘.IAP program calc ulates receptance matrices by app lying unit loads t o  t h e
app licable attachment coordinates . The equations of motion .is defined in
equation 3 arc solved to determine disp lacement respon”.e t i  the unit loads.
A structural damping factor of g = 0.06 has been used in the calculations .

• The receptance matrices obtained from the EtIAP pr ogram are given in Table XII.
1~
it Cal culation of the Force and Displacement Response

The disp lacements and forces at the a t t C S c : C  points wer e  c a l c u l a t , d by

• the ~ 1AP program shown in Table XIII, (Refer to equations H, 14 , ~~~~ 1 1 1 1 ~. 3 - ) .
The outpu t from the program shown in Table XIII , is g iven in ‘r able XIV. The

-- f o l l o w i ng  t e r m i n o l o g y  is used in Table  XIV : 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
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M a t r i x  Name in Table  M a t r i x  Bounda ry  C o n d i t i o n s

UTOT [UT) Symmet r i c

- FTOT 
~~T

1 Symmetric

S 
U BAR [U) Symmetr ic

F BAR [F) Symmetr ic

RRSS Symmetric

UTOA [UT) A n t i s ymm et r i c

FTOA [FT) A n t i s ym i ne t r i c

UBPIA [U )  An t i symnie t r i c

I FBAA [F) Antisyminetric

RRSA [R p’,~5] Antisymm etric

USIa [U
1)~~~~ 

+ [U
1

’s~~~~~~ Not App l i c ab l e

FSIG {F
T

:
S~~ 

+ [F
T

’
~~~~~ 

M-~t App licable

U BSG [U) 5~~ + (U)A,s,~~ 
No t Applicable

‘ ‘ F BSG [F~~~y~ + 
~~

‘
~ ASYM 

N o t  Ap p l i c a b l e

I ’4

‘1

‘

I

’

- ‘It

4

-1
~ 
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DISCUSS I ON OF RESULTS

- 
- S R e s p on s e  of  r.hs-  Space S h u t t l e  V e h i c le  t - -  t~~s a - ~ir  t l s~~’s~~i t i d i t sa1 S

- - a( ’oU55~t i C  ta-sode hIS C.5 been c al cu l a t e d  . A ske tch  of s , 1 ) s ’  ‘s’ s s h i  ~ ) , m d  i c at i :~ s
- nodes  at the i t ’5t e r c o n l ’5 e c t i o n  points  , lb C ! su ~~’n in F l  55 U - 51 455 1. As ,15 1 s S,.,. , 5 5  1 is

S P i I-y lre  I , N O d e  303 ‘5’epres~1ssts r h u ’ forward SRB/ET a t t s~a- s po in t  ~-~-D~ie~ 310
- 

a n d  311 are the r i f t  SRB/E ’f  t t 5 5 5 5 : i 1  po~ i l tS .  Nodes 90 and 91 i’ t ’ S p r - ’ ’ Sa- s l i t  the
c S ) 5 5 1n~sC t ~ 

5 , 5 5 5 1 5 5  het wI5 : a-~ s I  11555 -5 El’ and  the Or h i  ter  The X , Y , Z ~~~- I 
) r s I j  - ‘i t  -55 SyS t S 1 ,i1

‘ 
ShSa -W s~. In  F ig u r e  I is I h sy s te m  ti ; s ,~ s~i Wit h the Rock ’-~el~ / N A~ - - \ !:s s ) S J a - l S ’  o f  the

‘ ~5T , SRB , and O r b i c e s ’ .

- -s Based o’i SVI ’SIi ’ : I 5 5 L L  ‘S abe t the  X — Z  p L’5ne , the problem was a-”lvc ’d w i th
I :~- a t u  synanet ri - s- s d  a:-ti-symm ’55tric boundary cond itions. The solution based

051 S yCsr’a t i’v bs )ufSdd rV CsOrIdft i ons repres s  ents the situation -.- ‘le er c- t i  55th SP2’lS I s
are under a -tog uss~ tsibie , 115— p ha se  pr~55ssure oscillations. Tb -- So~ uc on based
a- it ’- t i l lS alIt L - - S y C I I I l I ’C t r y  b o un d s :  ‘

~
‘ cond i t i ( I I I S  r ep r e s e n ts  t i l l  co r r e spond  f s g  o u t — o f —

p Iiasa -~ s tt ; uat,iors , The sum a t  the sysa : le : t ic  a v J  asymm e t r i c  s o l u t i o n  r ep r e sc -”l ” s
- t i m’- 5 t uatis,sn whore - ‘Suly C-inc SidI I C I 5 5 4 I l’l ’ > S uric  t a b l e  p r e s s u r e  usc illati InS -

- ‘ 
The s os’s -c ’- and die; ; iac’ements f rom the  : — r i s n 5 5 a -e a n a l y s is  a r e  g iven  in

I Tables XV and XVI, The largest force for the ± 1 ps i  p r e ’ S . su r~ - o s ci l l a t i o n
l-’vel is r3 10 pound s at  t~ode 303 i-i the  Y d i r e c t i on .  l- ’ -”sr a lsreE - a - s l e
usc th at Lou lesoel of -i- 10 psi , th~’ silaxiuIum force woula-~ increase to 16 100
p s s ’~n d s  Tb- co r r ,-spon ding d isplacements arid f o r c e s  Lrom the o’e1’ 3~~ aj a - l 1 O 5 ) U

‘5 , a nsi lvs  i s  a r e  shown in Tables XVII and ,~VI1I - The 1 ,11115-: L s ’ssum force from t hìe

- 
1 os i c ’- o F -p hsse ’ s o lu t f . nn is  1 , 012 pound s at  t~ode 303 in the X d i r e c t i o n .

55 - ’he;i the in—p hese and out “ o f — phase s O l u t l s I ’n ;- , ’S’5 ’5j c ada-h - - S to  ‘ I s e s  C I I  t i s s -
- 

- rr, - su i  r s for  t h e  - i~ sj~~t ion s .i i i o r s s  Sil l y one ho~~st e r  [5 0155 -Is. r g ’  inc u s i st ab  L ’s
p r e s s u r e  o s c iL l a t i o n s , :5 mnx~~mum i nt c - r f ac e  forc e sf 2 , 1,27 p ou n d s  is ‘Sbt I ned

ç ,~ t N sa - d c  30 ’i in  the  X d i r e c t i o n . hloasever , s m i t h a d d i t ion  of t h e  solutions
l e C t  - ‘ cut s  a p r e s s  LICe o s c i l l a t i o n  leve l  of ± 2 p s i  The nos ’m a l i 5 :ed i555C~~~ lmUl’I

fo rce for a + I ps i  p r e s su r I - -  level nsS S , I l d , there fo re , be l , Ob- 5- pounds .  Thc
S ~

‘ 

- 
‘ ‘  .-

~ — p l I S  c o n d i t i o n , t h e r e fo r e  , pt- selii ces the g r ea t -a- st  i ’ o cc ’ 5,- t ’ S

5 5 ;  t~1thotm gh r e a s o n a b l e  ca re  s-sa~ taken d u r i n g  c o n s t r u c t i o n  and checkout  of
the f i n i t e  elIn - :-srl t: ::sodel-s 115155 (1  i n  t :h is  an a l y s i s , a-a- nd in the S0t 155 1) of  he

~ nn1 55 sis p n’oced s’~ t i le  r e s I l i t s  cou ld  be in e r r o r .  Bs .caes e  ( It L i l a -  r s f l a c i v e l )
involved pr-scedurc tha t: was i s sad  to  5 ’ a l c s u l a t e  , i t i - ’sa - h 

~
‘ ,a -j , ss t force-s  , ais e r r o r

cs ’,s ,sl-:l be j f fj c s i l  t to deter t - S oni~- - kind of a t b - i s ,  k nsa - cs- - c  s ilts  ia-- e l - !

desi rab le . Since, t ime alsd bud get would not allow for analysis ol a very
s 1 SISP I C  model by t i m e  detailed procedure for , l ss’- - u-a - i t t  p s S c ’o ses , an a t t e m p t

~~ has b est iss ad- ’ t i  obtai n at l ea st  a s’osigh order—of—magnitud e a-’h:’s-lsoss t Ia-v

• p ci ’ f o r - a - i  ng snme s imp l e  ha: ! c a l c u l a t  lori s

‘5 - 
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-. TABLE XV

Disp lacements at the Attach Points
Due to Symmetric Oscillat ion in the First

Acoustic Mode at 15.25 Hz. (± 1 psi pressure oscillation level)

DISPLACEMENT DISPLACEMENT DISPLACEMENT
C OMPONENT ~~j~~~fl~DE IN . PHASE (DEG.)

.00094 96

.00063 38

.00005 -179

.00054 87

U3],oz .00024 97

- 
, .00056 88

I 
U 90~ .00039 -32

U 9OZ .00012 172

000l9 -6

-: ‘ 
U 9~~ ~0000l -117

.00011 144

I ~~
‘

U

-I-

~1
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TABLE XVI

Forces at  the A t t a c h  Po i n t s  Due to

Symme tric Oscillation in the First Acoustic

- 

h4e ie a t  15.25 l Iz . (± 1, psi pressure oscillation level)

- FORCE FORCE FORCE

- A~a-ff’LIT 1JDE ( L B . )  P}lAS~~jD EC.)

F.tcj 3x  
1306 95

— 

~~: 
F 30

_
3v 

1610 49

28 176

391 91

1 
F tIOZ 8P -64

I r 311Y 356 93

; - F 1 11~x 1 32

F
90z 

14 148

F 9~~~ 152 -67

I -~ F 911 38 82

Y ‘ 91Z 
—1 1)4
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TABLE XVII —

Displacements at the Attach Points Due
to Asymmetric (out-of-phase) Oscillation in

the First Acoustic Mode at 15.25 Hz.
(± 1 psi pressure oscillation level)

DISPLACEMENT DISPLACEMENT DISP LACEMENT
COMPONENT AMPLITUDE (IN.) PHASE (DEC.)

-- U 303~ .00048 136

.00029 -20

-

, 

U 3~ 3~ .00012 117

• U 310,y~ .00044 95

- U 31~~ 00008 -98

.00056 99

-
~ U 9~y~ .00045 -i Sis

0000l 139

U91.~. .00012 29

U 91~ .00017 -82

1
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______________________

~~~~~~~~~~~~~~~~~~ _ _  _ _ _ _ _ _ _ _  -
~~~~

--
~~



TABLE XVIII

I
- Forces at the Attach Points Due to
-

- Asymmetric (out-of-p hase) Oscillation in
the First Acoustic Mode at 15.25 Hz.
(± 1 psi pressure oscillation level)

FORCE FORCE FORCE
COMPONENT AMPLITUDE (LB.) PHASE (DEC .1

F 303x 1012 142

249 51

a-
H F303z 64 117

- F310y 507 -108

F 3l0z 219 -77

- - F 311~ 599 -108

F 9~~ 150 93

~ 9lx 184 81

F 91
~ 

235 89

F91z 83 85

4
.

‘I

¼
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Estimation of Longitudinal Mode Attach Forces by Hand Calculation

To make a crude es t imate  of the a t t ach  forces , the SRB was considered
to be a rigid body. When forces representing the chamber pressure are
app lied to the SRN finite element model , a net axial force on the model
is produced. The net force occurs because the nozzle opening in the aft
dome does not carry any load to offset the force produced on a correspond-

• ing area in the forward dome. If the pressure applied to the finite ele-
ment model were an oscillatory pressure, then the net force would be
oscillatory. The net force thus app lied would cause oscillatory axial
accelerations of the total SRB cons idered as a rigid body.

A uniform internal static pressure was app lied to the SR,M finite ele-
ment model. The model was constrained in the axial direction at the SEM /
Nose Cone attach points. For the 10 degree slice model with symmetry
boundary conditions applied at the slice sides , (i.e., radial-axial planes),
axial constraint forces of 49.58 lbs were calculated for each side of the
grid , a total of 99.16 lbs for the 10 degree slice. For a comp lete 360
degree motor the 1 psi thrust would therefore be 36 x 99.16 = 3569.76 lbs.
For a chamber pressure of 850 psi the thrust of 850 x 3569.76 = 3.03 x
106 lbs compares well with the 3.1 x 106 lbs estimated by Space Shuttle
engineers. This good agreement gives us confidence that the SEN model

• is yielding reasonable rigid body results.

For the static analysis discussed above a uniform positive 1.0 psi
pressure was app lied to the SEN model throughout the combustion cavity.
When the first longitudina l acoustic mode is active in the combustion
cavity, the pressure mode shape calls for a positive pressure in the head
end at the same time the pressure is negative in the aft end . Thus,
because of the pressure mode shape , a net positive thrust can be produced
by the aft end pressure acting over the aft dome area , (less the nozzle

5 
opening), and acting simultaneously with the positive thr ust caused by

- - the integra l of the pressure over the forward dome.

To estimate the forward dome thrust load , the 1.0 psi p res su re  is
m u l t i p lied by the motor cross sectional area:

F
~~ d 

= (l.O)-,r(72)2 = 16286 lbs

The net thrust as determined above for a uniform pressure load was:

F - F  3570 lbs
fwd aft

Therefore , Fa f t  = 12716 lbs

Adding 
~ fwd to Faft to account for the pressure mode shape gives a total

net thrust of

FN = 16286 + 12716 = 29,002 lbs
44

The pressure mode shape is assumed to have an amplitude of ± 1.0
psi in the forward end and a -1.0 psi in the aft end .

75
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The total thrust of 29,000 lb s acting on the mass of the SRB would
cause a rigid body acceleration of (29 ,000 lbs/W), where W is the SRB
we ight . If the SRB weighs 1.26 x l~

6 lhs , then a 15.25 Hz osci ll a t i on
would occur wi th acceleration amp litude of

2 9 x  l0~a = 
1.26 x 106 

= 23 x 10 g s

For harmonic  mot ion  the cor responding  d isplacement  would  he:

_~~~~~ 23 x lO~~ x 386. 4 — 4X = (c,2 ) (2 1r15.24)2 
-

~~~~~ 

= 9.69 x 10 in .

Tl~ above results show that the SRB could be expec ted to mo ve back and
i -)rth as a rigid body at 15.25 cycles per second with a disp lac ement  amp li-
tude of 9.7 x iü-~ inches in response to  the f i r s t  l ong i tud ina l acous t ic
mode .

In operation , the SRB is attached to the ET in the axial direc tion (Ist

a sing le point (node 303). If a rigid SRB were attached to a rigid ga-- con-i,
• the total net oscillatory thrust of 29,000 lbs could be transmitted through

the attach point. At the othe r extreme , if the ET attach point were very
sof t , the SRB would oscillate near the rigid bod y disp lacement of 9.7 x io~~~
inches and attach point forces would be small. Based on this simp l i f i ed
r i gid body analys is , attach point forces in the range of 0 to 29,000 lbs
would  be expected . The corresponding expected disp lacements would he in
the r an g e  from 9.7 x l0~~ to 0.0 inches wi th  the larger forces correspond-
ing wi th the smaller disp lacements .

To o b t a i n  a b e t t e r  e s t ima te  for the upper l i m i t  ~~IlL’a - s
~: 

~~~~~~~~~ m ig ht be
expected , consider  the receprance n~~t r ix  for the combined El and Orbiter ,
RRSS . For a crude estimate of the axial force , assume that onl y F 303x

is non zero in the equation:

1ui~ 
= ERRSSI IF~

(Refer to equation 44 for the components of and IF !. Then the first
e q u a t i o n  from the above matrix equation would be:

U3O3x = r11F 303

The matrices IR RSSIS~~ = RR SS and I R RSS) AS~~~ 
= RRSA are g iven  ~n

Table XIV . From the table ,

(r11)5~~ = 7. 9596E-07 - 7.1221 E-08 i 7.99 E-7 ~~~-5.1

(rll)A5Th = 4.6010E-07 - 4 . l6 9~: E-08 I = 4. b2 E-7  4~~~~~2

‘4
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Now , suppose the maximum free body displacement of 9.7 x lO~~ inches is
applied to the ET/Orbiter combination at attach node 303 in the axial (X)
direction :

-41 9.7 x 10(F 303x)syM = 
(r l l) syM 

(U303x ) = 
7.99 x ~~~~~~~~ 

= 1214 lbs

-
~~ -41 9.7 x 10(F303x)AsTh = 

(r11) 
= 

4.62 x iO~~ = 2i00 lbs

- 
For comparison with the numbers calculated in these rough estimates,

- 

the corresponding values from the computer analysis are recalled :

(U
3o3x)sy~ 

= 9.4 x lo~~ in.

(U
3o3x)As~~ 

= 4.8 x 10 in.

- (F 303X)Sy.M = 1306 lb

(F
303x)ASTh = 1012 lb

Based on the relatively good agreement between the rough estimates and the
computer solutions , we can justify added confidence in the accuracy and
applicability of the computer solutions .
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SECTION VI

CONCLUSIONS AND RECOMMENDATIONS

This a n a l y s i s  program has r e s u l t e d  in es t imates  fo r  the a ttach  poin t
f o r c e s  between the solid rocket motors and the ex te rna l  tank and has there-
fore met the program objectives. Good agreement between hand calculations

• and  c omputer  a n a l y s i s  r e s u l t s  show at least that the computer  r e su l t s  are
of a reasonable order of magnitude. The significance of the maximum attach
poi nt force of 1610 lbs for a ± 1.0 psi  pressure oscillation leve l, (or
16 ,100 lbs for a ± 10 psi level) must be determined by Space Shuttle engineers.

Due to t ime and bud get limitations , this analysis only covered the first
longitudinal acoustic mode at a zero burn time . Future work could includ e

- other modes and other burn times. Some simp lified hand calculat ions could

- 
hc made fo r  a transverse mode . The desirability of additional analysis

- work  cou ld  bes t  be de termined by Shuttle eng ineers who are familiar with
• ~r acs - shuttle structure capabil ities and requirements .
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