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The NASTRAN computer program was used to analyze the various finite
element shuttle models. Finite element models of the SRB, ET, and Orbiter
: were supplied by North American Rockwell, Space Division, at Downey, CA.
E Fﬁ"déféilea finite element model of the solid rocket motor (SRM) was con-

: structed for use with the cyclic symmetry option in NASTRAN, The models
were analyzed separately and results were combined to represent the total
: . structure by using a mechanical impedance-type approach. Some hand calcu-
¥ lations were performed to estimate the axial connection point force and
- displacement. The good agreement between hand calculation and computer

solution provided some confidence in the computer solution.

Y

Due to limitations in time and budget, only the first longitudinal
acoustic mode at 15.25 Hz was studied. Acoustic analyses were performed
at the Naval Weapons Center (NWC) at China Lake, CA. The acoustic natural

frequencies and mode shapes were transmitted to Hercules for use in this
analysis program,
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Lﬂfﬁ maximum attach point load of 1600 lbs was calculated for a £P1.O psi I
8 pressure oscillation level. Therefore, maximum attach point loads of 16,000
Eid to 32,000 1lbs can be expected for maximum pressure oscillation levels of f
'} \ "(j\jf 10 to f 20 psi. The attach point loads would be applied at a frequency of f
; & C 15.25 Hz.__ Space shuttle engineers must determine the significance of such 4
. loads. {
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LIST OF SYMBOLS

: A Subscript indicating asymmetric boundary conditions

%{ [Bl Viscous damping matrix

3 c Subscript indicating response due only to interconnection

4 forces for free body structure

%7- [D] Dynamic matrix

é ET Subscript indicating external tank portion of space shuttle
F Subscript indicating response to internal forces at inter-

connection points between nose cone and SRM

o8 IFI s IF(t)‘ Applied load vector

¥ fj Element in the jth row in the load vector

; g A damping constant

¥ i Subscript used to indicate response of SRM model at the
§~' SRM/nose cone connection points
E lll The identify matrix

{Q iNC Subscript indicating degrees of freedom on the nose cone
‘“’ model at the attachment point between the nose cone and the
L. }.‘J. SRM
e Ey

e [Kl Stiffness matrix

Eyi [M] Mass matrix

;- N Subscript indicating matrix partition for nose cone receptance

matrix

Subscript indicating nose cone, i.e., all SRB structure
above the SRM

o Subscript indicating response due only to internal acoustic
pressure oscillations for free body structure, i.e., not
attached at usual attach points

B Lome
2
A

ORB Subscript used to indicate orbiter

] Subscript used to indicate response to acoustic pressure
oscillation similar to subscript o
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RSS

RX, RY, RZ

SRB

SRM
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Receptance matrix
Radius

5 .th .th
Element in the i row and j column of the receptance matrix
Subscript indicating the remaining space shuttle structure
after one SRB has been removed, i.e., the connected ET,

orbiter, and second SRB

Subscripts indicating rotation about the X, Y, and Z axes,
respectively

Subscript indicating matrix partition for SRM receptance
matrix

Subscript indicating symmetric boundary conditions

Subscript indicating solid rocket booster

Subscript indicating solid rocket motor

Superscript indicating matrix transpose

Subscript indicating total response to two or more load sets
Time

Trans formation matrices

Displacement

Velocity vector (first displacement derivative)

Acceleration vector (second displacement derivative)

Subscripts used to indicate vector components in the x, y, z
rectangular (space shuttle) coordinate system

A matrix as defined in equation (25)

Angle defining circumferential location of points around
the NASTRAN motor model

Circular frequency (rad/sec)
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SECTION I

INTRODUCTION

b b

Most solid propellant rocket motors exhibit some degree of combustion
instability, which is characterized by chamber pressure oscillations. The
hot combustion gasses in the combustion cavity can oscillate in various
natural acoustic modes much the same way that the column of air in an organ
! pipe resonates. Special pressure transducers, that are designed to measure
1 the alternating component of the chamber pressure, are used to measure the
unstable pressure oscillations. The oscillations are considered to be un-
stable because a small perturbation can excite a particzular mode which in 3
turn increases in amplitude in an unstable (e“t envelope) fashion until some
limiting amplitude is reached. As burning in the moter continues, the condi-
tions required to sustain oscillation in a particular mode change and the
mode typically dies away before the end of motor operation. Motors that
exhibit unstable pressure oscillations in more than one acoustic mode during
® motor operation time are common.

In the past, unstable acoustic pressure oscillations in upper stage
motors on certain ballistic missiles have produced relatively high amplitude
¥ vibration levels on the motor case and attached components. Vibration levels
; as high as 300 g's have been measured during upper stage motor operation.

This past experience with solid rocket motors has been cause for the concern
with possible acoustic instabilities in the Space Shuttle Solid Rocket Booster
_ (SRB) motors. The objective of the work covered in this final report is to
& analyze the Space Shuttle vehicle to determine structural response to possible
acoustic combustion instability in the solid rocket boosters. The analysis
is to provide an estimate of the forces to be expected at the attachment points
' between the Solid Rocket Boosters and the External Tank (ET).

Work to define the likelihood of any particular acoustic mode being

unstable, to define .the natural mode shapes, and to estimate limiting ampli-
o tudes of unstable modes is being carried on at the Naval Weapons Center (NWC)
at China Lake, California under the direction of Dr. Ron Derr. For the work
reported herein, a mode was assumed to be unstable and the response was calcu-
lated for a normalized (1.0 psi maximum) pressure mode shape. Since the
solutions are linear, different pressure oscillation levels can be accounted
for by direct multiplication of the 1.0 psi results; e.g., for 10 psi,
multiply by 10. The acoustic natural modes and frequencies used in the
present work were supplied by Mr. C. Bicker of NWC.

The second section of this report gives a general overview of the
general approach used in the analyses. The third section contains a de-
tailed discussion of the theory upon which the analysis is based and presents
all applicable equations. Details. associated with the NASTRAN computer
solution are discussed in Section IV. The final two sections cover a dis-
cussion of results and conclusions. 1In Section V, it should be emphasized
again that force and displacement values given in the text are for a pressure
oscillation level of 1.0 psi unless otherwise stated. Since pressure oscil-
lation levels of 10 to 20 psi or higher are conceivable, the values given in
the text should be multiplied by 10 or 20 to obtain probable maximum values.




SECTION II

GENERAL APPROACH

The general approach consisted of following procedures used in a

‘ previous program~, Finite element models were used to represent the
: eitire space shuttle structure. Mass and stiffness matrices for half
" models of the orbiter and the external tank with both symmetric and

antisymmetric boundary conditions were supplied by North American
Rockwell Space Division at Downey, California. In addition, Rockwell
furnished a model, (mass and stiffness matrices), for an SRB. A separate
model of the SRB structure above the solid motor was provided by the
Marshall Space Flight Center at Huntsville, Alabama. Hercules constructed
a detailed finite element model of the solid motor as a part of the effort
on this program.

The NASTRAN program on an IBM 370/155 computer was the basic analysis
tool used in the program. Two versions of the NASTRAN program were used:
(1) A NASA level 15.1 version, and (2) a MacNeal-Schwendler Company (MSC)
program that is approximately equivalent to level 15.5. The MSC version
i contains a cyclic symmetry option in the Frequency Response Rigid Format,
! (R.F. 8). The cyclic symmetry capability in MSC NASTRAN was used to analyze
the Hercules solid rocket motor (SRM) model.

Attaching the models together to obtain a single large model for the
total shuttle vehicle would have violated the conditions that allow the use
of a cyclic symmetry model. Therefore, a mechanical impedance type approach
was used which allowed each model to be analyzed separately. Results from
the separate analyses were then combined to obtain the response of the total
assembled space shuttle vehicle. Details of the approach are given in the
following section.
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ﬂ 1F. R. Jensen, Analytical Prediction of Motor Component Vibrations
_j Driven by Acoustic Combustion Instability, Final Report AFRPL-TR-

76-11, Hercules Incorporated, for the Air Force Rocket Propulsion
Laboratory, Edwards, CA, February 1976.




SECTION III

DETAILED ANALYSIS METHOD

The purpose of this section of the report is to provide details on
how the analysis was performed. The various finite element models are
described in detail, general application of mechanical impedance is discussed,
and the equations and other details applicable to the shuttle analysis are
3 provided.

PR

A, FREQUENCY RESPONSE ANALYSES

For a finite element model with viscous damping, the equations of
motion are: |

(31T} + (B){0} + [K1{u} = {F(D)} (1) 4
where: [M] = the mass matrix
[B] = the viscous damping matrix
[K] = the stiffness matrix
o {u} = the displacement vector
{F(t)} = the applied load vector
1! For a harmonic forcing function at a particular frequency, such as
{F(t)} = {F|e!™Wt, the equations representing the steady state motion? are:
. (-w2(M) + i0[B] + (KD {U} = {F} (2)
;} A common method of handling the damping is to assume that elements in

3 the damping matrix are proportional to corresponding elements in the stiffness
>y matrix

[B] = (g/w)[K]
Equation (2) then becomes

(-w2[M] + (1 + i) [K]D|U} = {F] 3

o e MR,

2The NASTRAN Theoretical Manual, (Level 15), R. H. MacNeal, Ed., April 1972,
NASA SP-221(01), NASA, Washington, D.C., page 12.1-3.

3 1bid., p9.3-8.
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Equation (3) is solved by the NASTRAN program when analyses are performed
using the frequency response rigid format*. Let

(0] = (=?(M] + (1 + ig)[K])
Then equation (3) can be written
(p]{vf = {F}
and the solution to equation (3) can be written

{u} = [p~11{F} (%)

Let

[r] = [p"]
Then equation (4) can be written as

v} = [(R]IF} (5)
Using the terminology suggested in Reference 5 , [R] is called a receptance
matrix.

Where a receptance matrix is desired for only a fraction of the degrees
of freedom in the finite element model, the displacement vector can be

partitioned

U R IR F
10 SEO o 3 B0 - B Rl )
U2 R21 { R22 Fy
Solving for {Uj} with {Fp} = O:
Uyt = [RepdiFyd )

This method of obtaining a reduced receptance matrix is not efficient
because the large D matrix must be inverted to obtain the R matrix.

4The NASTRAN User's Manual, (Level 15), C. W. McCormick, Ed., June 1972,
NASA SP-222(01), NASA, Washington, D.C., p3.9-11.

5Bishop, R. E. D., and Johnson, D. C., The Mechanics of Vibration,
Cambridge at the University Press, 1960, London, England.




A more efficient way to obtain a reduced R matrix is to apply unit
loads at each of the coordinates in Fy and solve for Uy, using the regular
NASTRAN R.F.-8 solution. To clarify this approach, equation (7) can be
written as follows:

-

) 1(;
U1 r11 r12 ¥13 " rin||f1
Uz ry1 ¥22 T3 "7 T2q||f2
U3 r3] T3 T33 ~°° r3p ‘f3
Un Tnl Tn2 *n3 ~°° Tan Lfn
J L L
or:
Uyl = x)1E) + r12f2 + r13f3 & == e
U2 = r91f1 + T99f9 + ro3f3 + --— + wonfy
U3 = r3151 4= r32f2 =+ 1’33f3 L MC T r3nfn
Up = rn]_fl + rn2f2 + rn3f3 h o= st S

In the above equations, when f; = 1.0 and f; = 0, i # 1, the solution for
the (Uj)'s gives the first column in the desired reduced receptance matrix:

L % el
rat =Yg
T3y = U3
rh1 = Un

The other columns in the receptance matrix can be determined by solving
for other force terms of unit value. For example, a solution with f, = 1.0
and all other f; = 0 would provide the second column in the receptance matrix.

A DMAP ALTER must be used to save the displacements calculated by
NASTRAN:

ALTER 141
OUTPUT2 UDVF,,,,//C,N,-1/C,N,17/C,N, UDVFTP$
END ALTER

When the above ALTER is used in the executive control deck, the displacement
matrix UDVF is written on tape unit 17 and can be saved for later use. In
the same computer run or in another run, UDVF can be partitioned to obtain
the R matrix.

In the space shuttle analysis, the receptance matrix at the inter-
connection coordinates was required for each model. The appropriate
receptance matrices were obtained by applying unit forces at each connection
coordinate for each finite element model.




B. MECHANICAL IMPEDANCE TECHNIQUES

"Impedance" and "admittance'" are terms generally associated with
electrical circuits. The terms '"mechanical impedance" and "mechanical
admittance" are normally used to indicate that an analogy is being made
between an electrical circuit and a mechanical system. The literature
on mechanical vibration analysis contains a large amount of information on
mechanical impedance-type approaches. For example, the Shock and Vibra-
tion Bulletin contains many papers on application of mechanical impedance

techniques.

Mechanical impedance is a ratio of force to velocity. Mechanical
admittance, commonly called "mobility," is the inverse of mechanical
impedance, i.e., a ratio of velocity to force. A basic discussion on
mechanical impedance and mobility can be found in Reference 7. The term
"receptance" is used to denote the ratio of displacement to force. The
concept of receptance is discussed in References 7, 8, and 9. Additional
discussion on electromechanical analogies are contained in References 10
and 11.

The term "immittance' has been used to represent impedance or admittance.
Mechanical immittance and transmission matrix concepts are discussed in
References 12, 13, and 14.

k 1 0 Index to the Shock and Vibration Bulletins, February 1968, The Shock and
#d Vibration Information Center, Naval Research Laboratory, Washington, D.C.

; 7Harris, C. M., and Crede, C. E., Shock and Vibration Handbook, Vol. 1,
e Chapter 10, McGraw-Hill Book Co., New York, 1961.

E 55 8Bishop, R. E. D., Gladwell, G. M. L., and Michaelson, S., The Matrix
) Analysis of Vibration, Section 5.5, Cambridge at the University Press,
London, 1965.

9Bishop, R. E. D., and Johnson, D. C., The Mechanics of Vibration,
Cambridge at the University Press, London, 1960.

it A

lOCrafton, P. A., Shock and Vibration in Linear Systems, Harper and
Brothers, New York, 1961.

o

T HTTERD

1IFMCNeal, R. H., Electric Circuit Analogies for Elastic Structures,
Vol 2, John Wiley and Sons, New York, 1962.

e 12 :
G| Rubin, S., Review of Mechanical Immittance and Transmission Concepts,
3 Presented at the 71st Meeting of the Acoustical Society of America,
2y Boston, Mass., June 1966.
&7

13Rubi.n, S., Class Notes distributed at UCLA Short Course on Structural
Dynamics Analysis, Los Angeles, California, 1967.

14R.ubin, S., On the Use of Eight-Pole Parameters for Analysis of Beam
Systems, Soc. of Automotive Engineers, Reprint 925F, October 1964.

T
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When a sinusoidal force drives a linear system, the steady state
response displacements, velocities, and accelerations are sinusoidal at the
frequency of the driving force. For a damped system, the response is out-
of-phase with the driving force. The relationship between driving force
and response can be expressed by algebraic equations involving complex
numbers, (such as equation 5). The analysis of such a system is called a
"frequency response analysis." The use of frequency response-type analyses
is implied when mechanical impedance is discussed.

The concept of impedance or receptance of the space shuttle structure
at a set of points was used to allow the individual shuttle models to be

analyzed separately. The results from the individual analyses were combined

to obtain solutions that represent the total structure.

Equation (7) represents a linear system. Since the system is linear,
the response for two different load sets applied simultaneously can be
determined by applying each load set separately and summing the results.
Consider one SRB undergoing acoustic pressure oscillations. The SRB would

be subjected to two separate loading systems:

(1) The acoustic natural mode would load the solid motor by means
of a certain pressure distribution in the motor combustion

cavity.
(2) The remainder of the space shuttle vehicle would apply loads to

the SRB at the SRB attach points as the total vehicle vibrates
in response to the pressure oscillations.

The objective of this work is to calculate the second load set.

In the NASTRAN finite element models, a certain set of displacement
coordinates represents the SRB attach coordinates. The SRB is attached to
the ET at nodes 303, 310, and 311. The node locations and x, y, z
coordinate directions are defined in a later section of this report. The
attach point displacement coordinates are:

U303x
U303y
U303Z) (8)
U310y
U310z

U3l1y)

For this linear system, the total response at the attach points, iUTE, can
be obtained by summing the responses due to the two separate load sets

discussed above

{Ug} = {UoisRB + {U.} 9




_—

where: {UO}SRB = the response at the attach coordinates due only to the
acoustic pressure mode

{Uc} = the response at the attach coordinates due to the
attach loads applied by the remaining shuttle structure,
i.e. the total shuttle less one SRB.

The displacement response {Up} can be calculated directly by using a
NASTRAN model of an SRB. To obtain {Uy}, a cyclic symmetry model of an SRM
was analyzed to determine response to the first acoustic natural mode at
15.25 Hz. Details of the {U,| calculation are discussed in a following
section.

If the receptance of the SRB at the attach points is denoted [Rggrp.,
then {Uc| can be expressed as

{Uc} = [RsrBI{Fc} (10)

where: {Fck = the set of forces applied to the SRB at the SRB attach
points

By way of further explanation of {F.}, the set of forces {F.| are internal
forces that occur at the attach points between the SRB and the ET due to
pressure oscillations in the SRM. Cutting the structure at the attach points
to show free body diagrams would yield a diagram showing internal forces

{Fc| applied to the SRB and equal, but opposite, forces, i-Fc;, applied

to the ET.

An equation similar to equation (1l0) can be written for the remainder
of the space shuttle vehicle. When one SRB has been removed, the remaining
structure consists of the ET, the orbiter, and the other SRB. TIf the
receptance of the remaining structure at the attach points is denoted
[Rggg], then the forces applied result in {Up| displacements

{Ur} = [Rrssl{-Fc| an
For this analysis, the only forces applied to the remaining shuttle
structure are the forces {-F.|; therefore, the displacements in equation
(11) are the total displacements, {Ur}, rather than the displacements due
to connection forces, {Uc}, as in equation (10). Equation (l1) can be

solved for connection forces {Fc} and the result substituted into equation
(10) to eliminate the unknown forces

1 r sy e )
{Uc} = -[RsrB1(Rggg]{UT] (12)

When equation (12) is substituted into equation (9), then the total
displacements are found to be

fop} = ([2] + [RSRBJ[Rﬁésl)-liUo§SRB (13)

12
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The solution to equation (13) represents the desired response of the
shuttle to acoustic oscillations. The connection forces can be recovered
by using the solution of equation (11)

{Fe| = -[Rgag]{Up} (14)

An equation similar to that of equation (13) was used in the component
vibration program. The Component Vibration Final Report1 contains a
simple example showing that the technique of equation (13) is applicable.

C. SPECIFIC SHUTTLE ANALYSIS DETAILS

To obtain the desired solution to equation (13) the matrices [Rgppl,
[Rrss)s and {U,lgprp must be available. The calculation of these three
matrices is discussed below. The calculation of each of the three matrices
is somewhat complicated by the fact that each depends on solutions from
two different finite element models. Two different models were used to
represent the SRB, a cyclic symmetry model of the SRM and a model of the
nose section above the SRM. Models of the ET and the orbiter with symmetric
and antisymmetric boundary conditions are used to represent the remaining
shuttle structure for calculation of [Rrss].

Locations of the nodes that represent the attach points are indicated
in Figure 1. The figure also shows the basic X, Y, Z coordinate system
used throughout this report. The coordinate system shown in Figure 1 was
adopted because it coincides with the coordinate system used fer definition
of the ET, orbiter, and SRB models furnished by North American Rockwell.

The actual mass and stiffness matrices involved were transmitted to Hercules

on a computer tape.

The calculation of [RSRB] is discussed first. Figure 2 shows a
sketch of one SRB divided into two parts, an SRM and the structure above
the SRM. For purposes of discussion, the structure above the SRM is
referred to as the nose cone. This use of "nose cone'" is not in agreement
with official NASA nomenclature. The SRM was represented by a cyclic
symmetry NASTRAN model. Since 10 degree sections were used in the cyclic
symmetry model, there are 36 nodes around the circumference of the model as
shown in Figure 3. The cyclic symmetry SRM is described in a later section.

A NASTRAN cylindrical 1ocal coordinate system, R, 6, Z, was used to
define node locations and displacement components in the cyclic symmetry
model. The Z axis of the local system is parallel to the X axis of the
global (Rockwell) coordinate system. The relationship between the local
R, 6 and the Global Y, Z axes is indicated in Figure 3. Attach nodes 310
and 311 are located circumferentially as shown in Figure 3. The transforma-
tion below was written to relate the displacements in the two coordinate systems.

15Analytica1 Prediction of Motor Component Vibrations Driven by Acoustic
Combustion Instability, op. cit.
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Figure 1,

Sketch of the Space Shuttle Vehicle Showing SRB and
Orbiter Attach Points and Showing Location of the
X, Y, Z Coordinate System
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Usi0r -Cos 30 Cos 60 0 Usjoy
U3108 -Cos 60 -Cos 30 0 U310z
U311R = 0 0 -Cos 30 U311y
U3116 0 0 Cos 60

Using compact notation

(U310, 11} = (T)U310, 11 (15)
Also

{Usio, 11} = [TTJiUélo, 1t (15a)

The unprimed displacement vector in the Y and Z directions contains only
three components because the SRB is attached to the ET in only those three
components at nodes 310 and 311.

The cyclic symmetry model was used to obtain a receptance matrix for
the SRM by applying unit loads at all connection points, as explained
previously. The nodes numbered 1 through 36 in Figure 3 are located at
the forward end of the forward skirt of the SRM and are therefore the
connection points between the SRM and the nose cone. The receptance matrix
obtained from analysis of the cyclic symmetry model had the form shown below.

&
Ui T1q Typ + » - E T ’%1R
U19 1'21 1’22 GGl O E F19
U].Z it ] FlZ
Uz ; For
1]
i
& [}
© = E Y r
U366 ; F360
LETY ; Fi6z
T C SR || |-~ =S S SRR Gy -E-..-- -—--
U310R : F310m
U3106 i F3106
U311R ! F311r
U3116 E ] 3116
=

Using a compact notation:




™ The receptance matrix from the SRM analysis was partitioned in

E- equation (16) to separate the Uj displacements from the attach point
Le displacements. Equatic.i (16) can be expanded as follows
‘ Ui =Rgyy Fi +Rg12 F310, 11 (17a)
/ 1w / |
U3lo, 11 = Rg21 Fy * Rgyp F310, 11 (17b)

i

| The transformation of equation (15) also holds when forces are substituted
1 for displacements

tF410, 11} = [T){F330, 11} (18)
Substituting equations (15) and (18) into equations (l7a) and (17b) gives
Ui = Rgyp Fi + Rgpp DF310, 11 k199)

T Usig, 11 " Bsz1 Fi ®*Raop T ¥ 'y (95
Since multiplying (TT) by (T) gives the identity matrix, equation (19b) can
be rewritten as

2 _ =T -
Ugro, 11 = (T° Rgp1)F; + @ rgyy T)F310, 11 (19¢)

The nose cone model only contains four nodes as shown in Figure 2.
Details on how the nose cone model was obtained are given in a later section.
Unit forces were applied at nodes 303 and 304 to obtain the nose cone
receptance matrix:

r gl e

% Uaosxw 1 Fip - ' F303x ;
5.} U A : F i
3037 21 T22 , 303y }
F U303z ... i F303z }
e ! |
IR A R S e L e e R M e A e e S ) ol e s ) |
i f (S £
- Usosx | _ o) L 4304 i
g U304y : i P304y !
s Usosz \, }* : F3047 !
?—‘; .- < 304RX ! F 304X f
i e = U304RY ; F304RY |
: : :
de s U304R2 ) : F304r2 i
e - 3 |
b2 In compact form:

%
’-3 Usos| | Ry11 i Rwi2}|F303
& Y = (20)

s Uinc| | Bwz1 ¢ Frnaz| |Finc




Again, the receptance matfix is partitioned to separate the ET/SRB attach
degrees of freedom from the SRM/nose cone interface degrees of freedom.
Equation (20) can be expanded as follows:

U303 = Ry11 F303 * Ry12 Finc (21a)

Uinc = Rn21 F3p3 + Ry22 Fyne (21b)

At this point, another transformation equation is needed to relate the
Uy displacements at 36 nodes on the SRM to the Ujnc displacements at the
single node (304) on the nose cone. The angle @i is measured counterclockwise
from the R axis as shown in Figure 3. The required transformation for the
ith node of the 36 SRM interconnection nodes is then

Uir 0 -Sin(®;+5) Cos(¥;+5) 0 0 0 Us04x

Ujgp = |0 -Cos(®;+5) -Sin(®;+5) 0 0 U304y

Ujz 1 0 0 0 rCos(¥i+5) rSin(y;+5 U3047
U304rx
U304ry
U304rz

When the above equation is written to include all 36 nodes, the following
compact expression is used

{vil = [T]{Uinc (22)
The internal forces applied to the SRM are equal in magnitude but

opposite in direction from those applied to the Nose Cone. Therefore, the
force transformation corresponding to equation (22) is:

{Fyt = -[T1{Finc! (23)

Substituting equations (22) and (23) into equations (19a) and (19c) gives
T Uijne = Rs11 T Fine + Rg12 T Fa10, 11 (24a)
Usto, 11 = “T¥ Rgpp T Fyng + TF Rgpp T F3p0, 13 (24b)
Substituting equation (21b) into equation (24a) and rearranging gives

(T RN22 + Rg11 TFiNc = Rg12 T F310, 11 - T Ry21 F303
Premultiply by the transpose of T
TT(T RN22 + Rgq) DFinc = TF Rg12 T Fagp, 11 = IT T Rya1 Fygs

Let

@ = TE(T Rypp + Rgyy T) (25)

19




Then
-3 - -1
Fine = @ 7T Rg12 T P310, 11 = @ T Ry21 F303 (26)

Equation (26) can be used to eliminate FyNc from equations (2la) and (24b)

§ U303 = ®Ry11 - Ryige TRy, DF305 + Rypoe 1RG5 TR 0 ) (27a)
- LT == g AN S
Usto, 11 = T'Rga1To "T"TRyp1F303 + (T'RgooT - T'RgpTa "T'Rg)TIF3y9 4y

\ (27b)

Equations (27a) and (27b) can be combined to give an expression for the SRB
receptance matrix

=3 e
(Rled Sy RslzT) F303

......................................

=T = =T Ry
(T'Rgp2T - T'Rgp Ta™ T Rgy,T) | [Fa10, 11
”

: -1,T
Usp3 (Ry11 - Rypoa” "T TRyoq)

!
= e e

The square matrix in equation (28) is the receptance matrix for one SKB,
|
[Rgrp -

The calculation of {U,jggp is discussed below. BUO}SRB is the response
of the SRB at the attach points to a particular acoustic natural mode. The 3
calculation of {Up{grp is similar to the calculation of [RgrM] discussed
above. The response cannot be determined by direct analysis because one
attach point is on the nose cone while the other two attach points are on
b the SRM.

| Considering the SRM to be isolated from the nose cone, the response
| at the SRM attach points, nodes 310 and 311, is obtained by adding the

] response due to acoustic mode (p) forces to the response due to internal
(Fi) forces at the SRM/nose cone interface

{Us10, 11lr = U310, 118p + (U310, 11l¥ (2%

- -
o

The response at the SRM/nose cone interface is ecxpressed in a similar
manner :

Uily = Uglp + {U3lp (30)

The response of the SRM to the acoustic mode is obtained directly by
applying loads that represent the acoustic mode pressure distribution to the
NASTRAN cyclic symmetry model. Therefore, {Uusio0, 11}, and {Uj}, are obtained
by partitioning the UDVF displacement matrix from a NASTRAN solution. Note
that equations (29) and (30) are similar to equation (9).
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The terms iU310’ 11}F and {Uj|p represent the response of the SRM
to the interface forces, Fi. Using equations (19a) and (19c) with
F310. 11 = 0, the following expressions are obtained

’

(Ui)F = Rg1] Fi (31a)
=T
(U310, 1)F = (T" Rgy()Fi (31b)
Substituting (3la) and (31b) into equations (29) and (30) gives:
U330, 10T = (U310, 10p + (7 Rgo)Fy (32a)
(Uidt = (Ui)p + Rs11 Fy (32b)

Substituting equation (23) into (32a) and substituting equations (22) and
(23) into equation (32b) results in

U310, 10T = Wago, 110p - @F Rga))T Finc (33a)
TWinc)T = ®)p -~ Rs11 T Fing (33b)

For the nose cone, only the response to interface forces iFiNCl is required.
Using equations (21a) and (21b) with F3g3 equal to zero gives

(U3p3)T = Ry12 Fine (34a)
(Uine)T = Rn22 Fine (34b)

Substituting equations (34b) into equation (33b) premultiplying by TT and
rearranging gives

TT(R311 T + TRsz)FiNC = TT(Ui)p

The coefficient of Fijyc in the last equation can be recognized as «, as
defined in equation (25).

Therefore,

Fie = @ T TRV, (35)

iNC
Substituting equation (35) into equations (33a) and (34a) gives

@310, 107 = ®a10, 100p - T RsoDT Q-lTT(Ui)p (36a)

3097 = Ry1ze” 1T W), (36b)

In equation (36a), equation (15a) is substituted to obtain the result in
the primed system that corresponds to direct NASTRAN output:

(U310, 1)t = TT(Uﬁlo’ 1p - (TTRSZI)T a.]'TT(Ui)p (36¢)




Using equations (36b) and (36c), an expression can be written for {U,lgrp

o (U303) (Ry12 o1 TT) '
Uolsre = 7o ===~ e Sl S S, o e R (37)
(U310, 1107 (-TTRg21T oL 1T) 1

The remainder of the discussion in this section is concerned with the
calculation of [Rpgg]. Equation (11) defines the displacement and force
vectors that are associated with receptance matrix [Rpgg]. The {Up| vector
in equation (11) has individual components as defined in equation (8).

NASTRAN finite element models of the ET and the orbiter were supplied
by the North American Rockwell Company, Space Division, at Downey, California.
The furnished models represent only one-half of the structure and separate
models were supplied for symmetric and asymmetric boundary conditions. The
X-Z plane as shown in Figure 1 was taken as the plane of symmetry for the
models. When the models with symmetry boundary conditions are analyzed,
the results should represent a symmetric structure subjected to symmetric
loads. Therefore, a solution for a particular acoustic mode using the models
with symmetric boundary conditions should represent the condition where
both solid rocket motors are being subjected to unstable acoustic oscilla-
tions that are in-phase. Use of the models with asymmetric boundary
conditions would represent the condition where both SRM's were oscillating
out-of-phase with one another. The difference between the symmetric
and asymmetric solutions should give results for the situation where only
one SRM is undergoing unstable acoustic oscillations.

The receptance equation for the ET is as follows

: U R1as @Ryl B
iUET§ Siers = | emmndacaa]lenn (38)
U R21 1t Rog

The {U} vector in equation (38) has components as defined in equation (8)
for both symmetric and asymmetric solutions. The {U} vector of equation (38)
has different components for the symmetric and asymmetric models as follows

U90x

o U902z

{Ulg =4Ug1x (39a)
Ugly
U912

Ugoy

[T}y = | L% (39b)
9ly
Ug1z




= In equation (38), ifl is defined as_the interface force vector applied
to the ET. Equal and opposite forces |-F| are applied to the orbiter.
Therefore, the displacements at the ET/orbiter attach points are

{U} = [Rogpli-F} (40)

The ET and Orbiter receptance matrices defined in equations (38) and
(40) were both calculated by applying unit loads at the frequency of interest
as explained in a previous section.

Equation (38) can be expanded as follows i

: U=R; F+R), F (41a)
U=R21 F +Ryp F (41b)
Equation (40) can be solved for the unknown forces, (F)
IFi = ~[Rorp) (7] “2)
Substituting (42) into equations (4la) and (41b)
U =Rit F - Ryp RééB U (43a)
T = (1+Roy Rygp) Ry F (43b)

The desired receptance equation can be obtained by substituting equation
(43b) into equation (43a)

1 . =l Al =1 (
{U} = [R11 - Ryp Rorp (I + Rpp Ropp) ~ RppliF} (44)
Therefore, the desired receptance matrix is

[Rrgg] = [Ryp - Ry, RaéB (I + Rpp Réég)-l R21] (45)
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SECTION IV

NASTRAN COMPUTER SOLUTION

The preceding section (Section III) contains a discussion of the
theory upon which this analysis is based. In this section, application of
the theory is discussed. The NASTRAN computer program was used as the basic
analysis tool, The cyclic symmetry analysis of the SRM model and the DMAP
program analysis of the Rockwell furnished models are furnished under
separate headings.

SRM Analysis Using the Cyclic Symmetry Model

Recent versions of NASTRAN (i.e. Level 15.5 and Level 16,0) contain the
capability to analyze cyclic symmetric structures using the static analysis
(R.F.-1) or real eigenvalue analysis (R.F.-3) rigid formats. Corresponding
NASTRAN documentation!® contains a description of cyclic symmetry; the des-
cription will not be repeated here.

A special version of NASTRAN was used for the cyclic symmetry analysi
of the SRM model. The Mac Neal-Schwendler Company (MSC), working under contract
with Hercules Incorporated, added the cyclic symmetry capability to the fre-
quency response rigid format, (R.F,-8), in NASTRAN. The work was sponsored by
the Air Force Rocket Propulsion Laboratory at Edwards AFB under contract
F04611-73-C-0025 with Hercules, The MSC version of NASTRAN can be obtained
from the Mac Neal-Schwendler Corporation at 7442 No. Figueroa Street, Los
Angeles, California (90041), or it can be used on some of the large computer
systems that lease it from MSC; e.g., the CDC Cybernet system.

The cyclic symmetry analysis capability in NASTRAN allows an efficient
general three-dimensional analysis to be performed on a structure that is
cyclic symmetric by modeling only a portion of the structure. For a rocket
motor with the usual slotted grain design, a radial-axial plane passed through
the center of each slot divides the motor into sections which repeat around
the circumference of the motor. Since each such section is also symmetric
about a radial-axial plane that would bisect it, NASTRAN requires a model
of only one-half of a section. The SRM has 11 slots in the grain design.
half section model would therg¢fore cover 1/22 of the circumference or about
16.4 degrees. Previous workl? has indicated that a grid slice somewhat less
than 15 degrees is desirable because of the better approximation of curved
surfaces that a narrow slice would offer. To obtain a slice narrower than
16.4 degrees two different approaches could be used: 1.) The 16.4 degree
motor section could be modeled with a grid containing two 8.2 degree slices,
or 2.) a model could be constructed for a motor with a greater number of slots.
Option 1.) results in a grid with more degrees of freedom and a stiffness
matrix with a larger bandwidth., A significantly larger run time would result
from the use of option 1.).

16 NASTRAN Theoretical Manual, op. cit.

17”Annlytical Prediction of Motor Component Vibrations...", op. cit.
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In an effort to maintain reasonable run times on the computer, option 2,)
was adopted. A motor model with 18 slots was used to represent the actual motor
which has 11 slots. The slot shape in a radial-axial plane was not changed and
slot width was adjusted to keep the volume of propellant in the slotted area

of the motor approximately constant between the 18 slot and 11 slot configurations.

The 18 slot model should provide a good representation of the 11 slot motor in

the most important longitudinal fundamental mode since the major structural effect

the slots have is to reduce the hoop stiffness of the propellant grain in the
slotted area. Hercules has obtained good results from a 2-D axisymmetric finite
element computer program that utilizes slot approximation e¢lements that have

no hoop stiffness.

The grid layout in a radial-axial plane is shown in Figure 4. A projected
view of the grid is shown in Figure 5. 1In both Figures 4 and 5, the actual grid
has been rotated 180 degrees about the motor axis and plotted at both the 0 and
180 degree locations to show the motor outline. The grid is quite coarse com-
pared with the usual solid rocket motor finite-element grid. The coarse grid
is a result of efforts to model a very large structure with an adequate model
and still maintain reasonable computer run times. Based on past experience,
the grid should provide adequate results for low frequency analyses but would
have questionable accuracy at higher frequencies. More discussion on grid
refinement is contained in the Component Vibration Program Final Report18

To avoid a lengthy description of the model geometry, material properties,
etc., a copy of the NASTRAN bulk data deck is included as Table I. The corres-
ponding case control deck is shown (abridged) in Table II. Only the first and
last pages of the case control deck are shown in Table II because intermediate
subcase cards are very repetitious. The corresponding executive control deck
listing is shown in Table III. The alter statements, with the exception of
the OUTPUT2 statement, were required to use the cyclic symmetry option in MSC
NASTRAN. The OUTPUT2 alter was used to write the displacement solutions on
a computer tape that could be saved for later use,

The NASTRAN solution represented by the data of Tables I, II, and III was
run to obtain data for the SRM receptance matrix, A total of 10 unit loads
were applied to the SRM model to determine the receptance matrix. Four unit
loads were applied at the attach points, (load set F310 11),> and six unit
loads were applied at the SRM/Nose Cone interconnection’points. Unit loads
were applied at points 1 and 2 as shown in Fig. 3. Points 1 and 2 repre-
sent the only types of unique points among the 36 different interface nodes
of Fig, 3 Node 1 represents nodes that are half way between slots and
node 2 represents nodes that are in line with slot tips. The computer solution
represented by Tables I, II, and III was run on the IBM 370/155 with 1000K of
core. The CPU time for the run was 7.07 hours and the total run time (CPU
plus wait) was 8.07 hours. The problem had 1832 degrees of freedom in the
analysis set. The 1/36 section grid therefore represents an equivalent full
360 degree equivalent model with 18 x 1832 = 32,976 degrees of freedom.

Results from the analysis were the displacements at all nodes for each of the
10 different loads. All displacements are in data block UDVF «hich was written
on an OUTPUT2 tape.

18

Op. Cit.
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1 TABLE 1 = NASTKAN UULK DATA LECK FOR THE ‘RM CYCLIC
" SYMMLThY MOLEL
LR RS
* %%
CBAK Sl 01 13y 140 141 2
CHAR “Hoe LU 151 102 149 2
1 CbAR 503 S0 163 Loa 161 2
. CbAR Sua Lo 17¢ 176 173 z
E CBAR 505 50 15 100 163 .
1 COBAR St 503 203 <Ca 201 2
¥ CHBAR S07 SUs 215 210 2139 2
CHEXAZ L01 200 101} 103 10 33 102 104 +H101
'3 +Hi01 1006 34
CHEXAZ 102 300 163 10v 111 105 1064 110 +H1027
+HI02 112 10
x CHEXAZ 103 3o 101 107 109 103 107 jor +r103
44103 Y10 104
CHEXA? 104 300 109 115 3T 111 110 11c +Hl04&
+H104 118 112
: CHEXACZ 105 300 107 1313 115 109 10 114 +H100
3 +H105 ilo 11¢
E.d CHEXAZ 106 300 114 RrEs 121 117 110 124 tHl1Go
Fi 4 +H106 122 11¢
Bl CHEXAZ 107 300 113 119 § PG 115 114 L2060 +H107
£ +H107 124 116 .
A CHEXAZ 108 AUC 119 ) 157 > 8 ) s 120 126 +1410¢
: +H10b 126 L4
¥ CHLXAZ 109 S00 11 A, 135S 5 0T P2 124 +H10Gy
3 4H109 136 a4
L CHEXAD 110 300 123 ; 137 135 124 128 ++111 0
+H110 1568 ¥ 3
CHEXAZ 111 SCU 125 129 137 127 12¢ 150 +H111
EL +H111 138 12+
: CHEXAL 112 200 S PSS 146 145 132 134 +i1) ] 2
+H112 146 144
CHEXAL 133 SC0U 133 139 147 145 134 i30 ¥y k4
ol +Hi113 148 1 4¢
R CHEXAC 114 A0 135 37 14¢ 147 13¢C 138 +hlla
id +rilla 150 1ad,
CHE XA 115 300 14 145 157 ) 5 461 144 140 +ti1 15
+H115 1456 14
CHEXAZ 110 30 (C 14 L0 159 157 14¢ 146 XA L
+rillo 1.0 190
CHE XAZ 137 300 147 149 161 159 la*% 150 trl i 7
+H117 | o 16¢
CHEXAZ 14t 3006 15% ST 16% lo7 140 156 +4H3 18
+Hlle 1 7¢ 1o4
CHE XA? 119 300 LS 159 b W 48 | 1649 Y58 100 +H1 1Y
LR B A i 170
CHEXAY 120 30t 154 101 173 171 160 162 4H1Z0
4120 174 y 7
CHEXA L 121 300 167 109 179 177 1ot 170 +H121
+H121 160 W
CHEXAZ 122 30U 169 171 161 179 170 } T2 +H 2
PHYE 162 160
CHEXAZ 123 300 171 | 7 183 161 173 174 A2 P
+H123 154 16
CHEXAZ 124 30G 177 179 149 187 176 160 +H14
+rlca 140 186
CHEXAZ 15 300 179 181 191 1859 | o) 162 +Hi 2L
+HIZ25 192 190
CHEX A2 126 300 1651 e 193 191 1 104 *HACE
+H126 194 1v?2
CHEXA? 127 30U 1687 159 197 195 16¢ 190 *H127?
+H127 198 19¢
CHE XA 126 30( LeQ 191 199 17 140 192 +H1 0L
+H128 200 1t
CHE XA 2 129 300 191 193 201 149 | L 14 +1)
+H129 202 eGo
CHEXAZ 140 300 ) K231 197 204 207 196 1Yo +1 1 a0
+H130 21U 20
CHEXAP 131 3uo 1a7 149 211 209 19¢ 200 +H131
+H1 31 clu
28




-l T,

[ S

R

I

¥
.

e B

-

-
a-

_"i‘

Table I
CHEXAZ 152
+H]132 £la
CHE XAZ 124
+H135 2¢0
CHEXAL 1354
+H1234 2
CHE XAZ 1 2%
+H135 4
CHEXAZ [RRTH
+hd sG I
CHE XA 2 127
*HLIS7 33
CHLXA2 138
+H) 58 3o
CHEXAZ 129
+H1 3% 37
CHE XA 140
+H140 370
CHEXAZ 141
+H141 31¢
CHL XAZ Laz
+H142 330
CHEXAZ 143
+H14 3 3co
CHEXAZ 144
+tH144 e o
CHE XA L 144
+H145 238
CHE XA I TS
+nla6 346
CHEXAZ 147
+hH147 3.4
CHE XAZ 141t
+hH1l4¢t Sl
CHL XAL lac
+H149¢ b4
CHE XA 106
+H15%0 A
CHE XA Z 141
+H151 Ay
CHEXAZ | 8 pts
+hl5e 3
CHLXAZ § &3
+H1153 340
CHE XA Z 194
+H154 36
CHEXA: LS
+H155 Jou
CHE XAZ 156
41156 340 &
ChEXAY 1.7
+H1IS7 370
CHE XAZ 158
+H15¢t I6GH
CHE XAZ 144
+H154 RIS
CHEXAZ 1ec(
+H160 41«
CHE XA ? l1ul
+Hl101 41
CHULRAAZ 162
+HIGZ 410
CHLXAZ 163
+H163 4
CHL XA 7 16
+H164 4G
CHEXKC 1et
+H1LY 41t
CHEXAZ oo
+H1CO6 4 50
CHE XA - 167
+H1C7 4t
CHEXAZ 164
+hiloo 4:6
CHELXAZ 169
4169 4 sk
ChEXAZ 17¢C
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357
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340
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Aca
3
360
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404
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414
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Q.4
4
40
a5,

450

207
210
212
<14
306
504
v ]
314
312
210
3722
30
31&
330
328

320

s3e

400
404
1O

414

+hil o
+Hlsc
thilo4
+thlcoo
+H1loc
+r1o7
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+H140
+Hl4a ]
+ril4ac
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A relatively long computer run time was anticipated for the unit load
solutions. Therefore, an effort was made to reduce the anticipated run time.
The method investigated for a reduction in run time was the use of a cyclic
index, K, less than Kpax. When the Mac-Neal-Schwendler Company presented the
modified NASTRAN program to Hercules, they stated that some problems could
probably be solved with sufficient accuracy with a cyclic index less than
the maximum value. During the Component Vibration Program, Hercules investi-
gated the possibility of reducing the cyclic index by running real eigenvalue
solutions. The conclusion was that all K indices were required for the parti-
: cular motor being studied to obtain all natural frequencies up to at least

500 Hz and probably for higher frequencies as well. Based on that study, all
8 cyclic indices were used for the analyses performed during the component

vibration program,

For frequency response type solutions, a more applicable way to study
the need for high values of the K index is to conduct frequency response type
solutions with various K values. One section of the SRM model consisting of
: 15 propellant elements and 9 case elements was analyzed for K = 3, K = 6, and
3 K = 9. The value K = 9 is the maximum value for the 36 slice SRM finite
element grid. Some results from these three analyses are shown in Table IV.
Based on the results of the comparison analyses, the decision was made to use
a K = 6 in the main analysis. The K = 6 results were judged to be sufficiently
. accurate representations of the K = 9 solutions. Using fewer than the maximum :
& number of cyclic indices in a solution is similar to omitting some of the
higher frequency modes to reduce degrees of freedom of the system when modal
coordinates are used to solve a problem. '

As mentioned above, only 10 unit loads were applied for the SRM re-

ceptance matrix, [RgrM], calculation run. To obtain the RgrM matrix more
. directly, three loads would have been applied, one at a time, to each of the

! 36 nodes at the SRM/Nose cone interface. Instead of obtaining 3 x 36 = 108
solutions, the results from six unit loads at two nodes were used to obtain
all required information. The results of applying loads at node 1 (Fig. 3)
could be rotated to apply to loads at any other odd numbered node. For example,
the radial response at node six due to a unit axial load at node three would
be the same as the radial response at node 4 with the unit axial load applied
at node 1. The responses due to loads applied at nodes 1 and 2 were rotated
as required by using PARTITION and MERGE operations in a DMAP program. The
UDVF data block was operated on in the DMAP program to obtain the desired
receptance matrix. The DMAP program used consisted of about 300 DMAP state-
ments and the program required three separate runs to complete due to NASTRAN
program limitations. The matrix (RgrM] is a complex matrix of order 112, The
large [RgRMJ matrix is not included in this report.

% Lo e

e o

s

Since

A separate computer run was made to calculate the {Uo}sryM vector.
Using

applied loads were symmetric, the run was made with cyclic index K = 0.

a 500K core, the CPU time was 70 minutes and the total run time was about
83 minutes. As in the previous case, a DMAP alter was used to write the UDVF
data block on tape. A separate DMAP program was used to form {UQ}SRM from the
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UDVF data block. The DMAP program listing is given in Table V. The calcu-
lated {Uo}SRM vector is shown in Table VI. The complex displacements shown
in Table VI represent the response of the SRM cyclic symmetry model to the

15.25 Hz first longitudinal acoustic mode, (see equations 3la and 31b).

Calculation of [Rgrp] and {Uy}SrRB

The equations for the calculation of [Rgrp] and {U,}lgrr are given in
Section III of this report, (refer to equations 28 and 37). The DMAP program
used for these calculations is shown in Table VII. The resulting data are
given in Table VIII. i

During the time when computer runs were being made to set up the calcu-
lation of [Rgrpl, the series multiply and add module (SMPYAD) was found to
contain an error. The SMPYAD module does not work correctly with complex
matrices. Therefore, the DMAP programs all use only the MPYAD multiply and
add module.

The Nose Cone receptance matrix was required in the calculation of
[RSRB]. The Nose Cone receptance matrix was obtained from the 64 degree-of-
freedom SRB model furnished by Rockwell., The DMAP program used to calculate
the Nose Cone receptance matrix is shown in Table IX. The Nose Cone receptance
matrix, [Rycong] is presented in Table X.

Analysis cf the Rockwell ET and Orbiter Models -1

Ihe Rockwell finite element models are characterized by mass and
stiffness matrices. The mass and stiffness matrices for each model were
transmitted to Hercules on a computer tape.~ A FORTRAN program was written
to read the Rockwell tape and write a NASTRAN compatible tape.

The NASTRAN tape was used as input to the DMAP sequence shown in Table XI.
The DMAP program calculates receptance matrices by applying unit loads to the
applicable attachment coordinates. The equations of motion as defined in
equation 3 are solved to determine displacement response to the unit loads.,
A structural damping factor of g = 0.06 has been used in the calculations.
The receptance matrices obtained from the DMAP program are given in Table XII,

Calculation of the Force and Displacement Response

The displacements and forces at the attach points were calculated bv
the DMAP program shown in Table XIII, (Refer to equations 13, 14, 42, and 43b).
The output from the program shown in Table XIII, is given in Table XIV. The
following terminology is used in Table XIV:
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Table V (Continued)

MERGE UlZ1,3UL2Z2090sRPA/UZIZR/CoalNgl/CoNos4/C sNo2 %
I MERGE  U131sU1320050sRP4/UZ13R/CeNs1/CoNed4/CoNo2Z &
MERGE Ul81 U182 45 09hkP4/7UZ14R/CeNs1/CeNs4/C 4N W2 1
MERCE ULS1sU152009eRPA/ULLILR/CaNs 1/CeNs4/7C N2 3
MERGE ULEL UL6Z 909 o RHEB/ULLIOGRZC N1 /7C a8 /70 oy ?2 3
MERGLE Ul71+sUl 700 0sRPA/ULITR/ZCINs L/ CoeNs4/CsNsc 3
MEKGE ULlLl qU182 900 o RHG/ZUZIER/ZC Ny 1/7CsNsA/C oNo 2 3

MERGE U2061 3U2062 999 skPE ZUZI1YRZC N 1 /C N4 /L sN o $

MERGE ULIR3UZLZR 9 93 skPHZULCA/C oNs 1 ZCsNsd4/CaN w2 $
MERGE ULAsUZSR s 90 s RP7/UZB/Coing 1 /ColNs4/CaNs 2 %
A MERGE UZbsULAR 99 9 s RPE/ULZC/Calvg 1 /CsNsQ/CoaNs & 3
] MELRGE UZCsUZERe 9 9 s RPYZULZD/CsNg 1 /CeN o4 /ColNy 2 % 3
MERGE UZOsUZObOK s 99 s RP10/UZE/C N1 /CoNs4/CaNo? 2
MERGE UZE sUL7Re 90 s KP11ZULF/ZC oN9 1 /ZCoNs4/CoN o2 $
MERGE ULF sUZER 2 99 9&kP12/ULG/CoeNs1/CaNs4/7C o N2 4
MERGE UZ2GaUZ Koo 9 s RP13/UZNH/C N 1/CoeNo4/Coalvec %
MERGE UZLHsUZ10R s 99 s RP1A4/UZL I/ CoeiNo1/CoaNsb4/7CoaNoZ 3
MLRGE UZ1oUT1IR e 99 skPI1IS/ZUZJ/CoaNs1/C N4 /7C o N2 4
MERCGE ULJUsUZ12R o9 9sRPI6/ZULK/Coahe1/CeNs8/Cohs2 %
MERGE UZKoUZ13R s 03 sRPL1I7/U/ZL/CeNs1/CesNsd4/( s No? $
MERGE ULL2sUZL14R s 9 s sRPLIEZULM/CoaMNes 1/CoNs4/7C o N2 +
MERGE UZMoULLISR 999 sRPI9G/ZUZLN/Colne 1/ CaNsb4/CyNo?2 L 3
MERGL UZNsUZ10R s 22 sRP20/UZDZCaNs1/CeNs4/C e N2 %
MERGE ULUDsUZ1 7R e 93 s RP21/7ULF/CoaNel/CeNed4/C s Ns2 $
MERGL UZFsUZL1BR s 09 o RP22/UZG/ Cotin 1/CoNs4/C o N2 : 3

MERGE UZUWeUZI9R 3 09 s KH23/UZ KU /ZC e N 1/C N 4/7C oMo ? 1
MATFRN UZRUss /7 $

GUTPUTZ2 UKDy o997 /CeNes—1/CeNelH/C eNsUZKUTF 3
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Matrix Name in Table Matrix Boundary Conditions
UTOT {UT} Symmetric
FTOT {FT ] Symmetric
UBAR {6} Symmetric
FBAR (F} Symmetric
RRSS [Rrss] Symmetric
UTOA { U} Antisymmetric
FTOA {Fr} Antisymmetric
UBAA (n Antisymmetric
FBAA {F} Antisymmetric
: RRSA [Rrss] Antisymmetric
USIG {UT} S50 + {UT}ASYM Not Applicable
V‘I FSIG {FT}SYM + [FT} ASYM Not Applicable
, UBSG {E}SYM + {G}ASYM Not Applicable
bi FBSG {F}SYM + {F}ASYM Not Applicable
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SECTION V

DISCUSSION OF RESULTS

Response of the Space Shuttle Vehicle to the first longitudinal
acoustic mode has been calculated. A sketch of the vehicle, indicating
nodes at the interconmnection points, is shown in Figure 1. As shown in
Figure 1, Node 303 represents the forward SRB/ET attach point. Nodes 310
and 311 are the aft SRB/ET attach points. Nodes 90 and 91 represent the
connections between the ET and the Orbiter. The X, Y, Z coordinate system
shown in Figure 1 is the system used with the Rockwell/NASA models of the
ET, SRB, and Orbiter.

Based on symmetry about the X-Z plane, the problem was solved with
both symmetric and anti-symmetric boundary conditions. The solution based
on symmetry boundary conditions represents the situation where both SRM's
are under going unstable, in-phase pressure oscillations. The solution based
on the anti-symmetry boundary conditions represents the corresponding out-of-
phase situation. The sum of the symmetric and asymmetric solutions represents
the sitvation where only one SRM undergoes unstable pressure oscillations,

The forces and displacements from the in-phase analysis are given in
Tables XV and XVI. The largest force for the + 1 psi pressure oscillation
level is 1,610 pounds at Node 303 in the Y direction. For a pressure
oscillation level of + 10 psi, the maximum force would increase to 16,100
pounds. The corresponding displacements and forces from the out-of-phase
analysis are shown in Tables XVII and XVIII. The maximum force from the
"out-of-phase’ solution is 1,012 pounds at Node 303 in the X direction.

When the in-phase and out-of-phase solutions are added to obtain the
results for the situation where only one booster is undergoing unstable
pressure oscillations, a maximum interface force of 2,127 pounds is obtained
at Node 303 in the X direction. However, such addition of the solutions
represents a pressure oscillation level of + 2 psi. The normalized maximum
force for a + 1 psi pressure level would, therefore, be 1,064 pounds. The
"in-phase'" condition, therefore, produces the greatest forces.

Although reasonable care was taken during construction and checkout of
the finite element models used in this analysis, and in the set-up of the
analysis procedure, the results could be in ervor. Because of the relatively
involved procedure that was used to calculate attach point forces, an error
could be difficult to detect. Some kind of a check on results would be
desirable, Since time and budget would not allow for analysis of a very
simple model by the detailed procedure for checkout purposes, an attempt
has been made to obtain at least a rough order-of-magnitude checkout by
performing some simple hand calculations.
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Acoustic Mode at 15.25 Hz.

:§ Ug1z

TABLE XV

DISPLACEMENT DISPLACEMENT

COMPONENT AMPLITUDE (IN.)
Ugg3x .00094
Usg3y .00063
U303y .00005
U310y .00054
U310z .00024
k. U1ty .00056
: Ugox .00039
¥ Ug1x .00019
Ug1y .00001

.00011

Displacements at the Attach Points
Due to Symmetric Oscillation in the First
(¥ 1 psi pressure oscillation level)

DISPLACEMENT

PHASE (DEG,)
96

38
-179
87
97
88
=32

72

1L

144
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TABLE XVI

Forces at the Attach Points Due to
Symmetric Oscillation in the First Acoustic
Mode at 15.25 Hz. (X 1 psi pressure oscillation level)

FORCE FORCE FORCE
COMPONENT AMPLITUDE (LB.) PHASE (DEG,)
Fa03x 1306 95
¥ anioy 1610 49
F303z 28 174
F310v 391 91
i Faioe 89 -6l !
: Fa11y 356 93
Fg0x - e
X F‘?(]Z 14 148
Foix 152 -67
.
: Fo1y 38 82
59 -104
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TABLE XVII

Displacements at the Attach Points Due
to Asymmetric (out-of-phase) Oscillation in
the First Acoustic Mode at 15.25 Hz.

(X 1 psi pressure oscillation level)

-

DISPLACEMENT DISPLACEMENT DISPLACEMENT
COMPONENT AMPLITUDE (IN.) PHASE (DEG.)
3 Us0x .00048 136
U303y .00029 -20
U303y .00012 117
1 Usi0v .00044 95
U310z .00008 -98
Uspny .00056 99
¥ Ugoy .00045 =159
‘ Ugix .00001 139
S .00012 29
! Uotz .00017 -82
e
i
73

gb
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FORCE
COMPONENT

F303x
F303y
F303z
F310v
F310z

Fa11v

Fo1x
Foly

Fo1z

TABLE XVIII

Forces at the Attach Points Due to
Asymmetric (out-of-phase) Oscillation in
the First Acoustic Mode at 15.25 Hz.
(X 1 psi pressure oscillation level)

FORCE

AMPLITUDE (LB.)
1012

249

64
507
219
599
150
184
235

83

FORCE

PHASE (DEG.)
142

51
117

-108

-108
93
81
89

85
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Estimation of Longitudinal Mode Attach Forces by Hand Calculation

To make a crude estimate of the attach forces, the SRB was considered
to be a rigid body. When forces representing the chamber pressure are
applied to the SRM finite element model, a net axial force on the model
is produced. The net force occurs because the nozzle opening in the aft
dome does not carry any load to offset the force produced on a correspond-
ing area in the forward dome. If the pressure applied to the finite ele-
ment model were an oscillatory pressure, then the net force would be
oscillatory. The net force thus applied would cause oscillatory axial
accelerations of the total SRB considered as a rigid body.

A uniform internal static pressure was applied to the SRM finite ele-
ment model. The model was constrained in the axial direction at the SRM/
Nose Cone attach points. For the 10 degree slice model with symmetry
boundary conditions applied at the slice sides, (i.e., radial-axial planes),
axial constraint forces of 49.58 lbs were calculated for each side of the
grid, a total of 99.16 1lbs for the 10 degree slice. For a complete 360
degree motor the 1 psi thrust would therefore be 36 x 99.16 = 3569.76 1bs.
For a chamber pressure of 850 psi the thrust of 850 x 3569.76 = 3.03 x
10° 1bs compares well with the 3.1 x 10° 1bs estimated by Space Shuttle
engineers. This good agreement gives us confidence that the SRM model
is yielding reasonable rigid body results.

For the static analysis discussed above a uniform positive 1.0 psi
pressure was applied to the SRM model throughout the combustion cavity.
When the first longitudinal acoustic mode is active in the combustion
cavity, the pressure mode shape calls for a positive pressure in the head
end at the same time the pressure is negative in the aft end. Thus,
because of the pressure mode shape, a net positive thrust can be produced
by the aft end pressure acting over the aft dome area, (less the nozzle
opening), and acting simultaneously with the positive thrust caused by
the integral of the pressure over the forward dome.

To estimate the forward dome thrust load, the 1.0 psi pressure is
multiplied by the motor cross sectional area:

2
L (1.0) w(72)° = 16286 1bs
The net thrust as determined above for a uniform pressure load was:

- F = 3570 1bs

Therefore, Faft = 12716 1bs

Adding Fguyq to Fage to account for the pressure mode shape gives a total
net thrust of

Fy = 16286 + 12716 = 29,002 1bs

The pressure mode shape is assumed to have an amplitude of + 1.0
psi in the forward end and a -1.0 psi in the aft end.
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R The total thrust of 29,000 1lbs acting on the mass of the SRB would

- cause a rigid body acceleration of (29,000 1bs/W), where W is the SRB
weight. If the SRB weighs 1.26 x 10® lbs, then a 15.25 Hz oscillation
would occur with acceleration amplitude of

29 x 10°

136 % 106 = 23 x 1073 g's

For harmonic motion the corresponding displacement would be:

% o o o A3w i s ascl 4

(wz) (2"15.24)2 e 9.69 x 10 in,

The above results show that the SRB could be expected to move back and
forth as a rigid body at 15.25 cycles per second with a displacement ampli-

tude of 9.7 x 10~% inches in response to the first longitudinal acoustic
mode .,

In operation, the SRB is attached to the ET in the axial direction at
a single point (node 303). If a rigid SRB were attached to a rigid ground,
the total net oscillatory thrust of 29,000 lbs could be transmitted through
the attach point. At the other extreme, if the ET attach point were very
soft, the SRB would oscillate near the rigid body displacement of 9.7 x 1074
inches and attach point forces would be small. Based on this simplified
rigid body analysis, attach point forces in the range of 0 to 29,000 lbs
would be expected. The corresponding expected displacements would be in
the range from 9.7 x 10~% to 0.0 inches with the larger forces correspond-
ing with the smaller displacements.

To obtain a better estimate for the upper limit force that might be
§ expected, consider the receptance matrix for the combined ET and Orbiter,
! 'RRSS . For a crude estimate of the axial force, assume that only Fyg34
is non zero in the equation:

9 o] = [%ess] (A

(Refer to equation 44 for the components of ’Ui and 'Fl. Then the first
equation from the above matrix equation would be:

-

g
ER S

"
i -‘uj Uso3x = T11F3034
‘ i The matrices IRRSS]SYM = RRSS and RRSS]ASYM = RRSA are given in
r i Table XIV. From the table,
b
| (t11)syy = 7-9596E-07 - 7.1221 E-08 i = 7.99 E-7 _7-5.1
E

4,.6010E-07 - 4.1699 E~-08 i

W
£~
>
N

(r11)asvM 2 B-7 5.2

~er
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Now, suppose the maximum free body displacement of 9.7 x 10-4 inches is
applied to the ET/Orbiter combination at attach node 303 in the axial (X)

direction:
1 9,7 ¢ 10°*
(F303x)symM (;IIS;;; (U303x) = Tl * 1214 1bs
O s Kt SR A P
(£ gy O03X 4.62 x 1077 = 2190 1bs

For comparison with the numbers calculated in these rough estimates,
the corresponding values from the computer analysis are recalled:

(U3paxdsyy = 94 X 107" fn,
Wigadions = a8 x 107 1d.
(F303X)SYM = 1306 1b
F303x)as M L

Based on the relatively good agreement between the rough estimates and the
computer solutions, we can justify added confidence in the accuracy and
applicability of the computer solutions. '
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SECTION VI

CONCLUSIONS AND RECOMMENDATIONS

This analysis program has resulted in estimates for the attach point
forces between the solid rocket motors and the external tank and has there-
fore met the program objectives. Good agreement between hand calculations
and computer analysis results show at least that the computer results are
of a reasonable order of magnitude. The significance of the maximum attach
point force of 1610 1lbs for a + 1.0 psi pressure oscillation level, (or
16,100 1bs for a + 10 psi level) must be determined by Space Shuttle engineers.

Due to time and budget limitations, this analysis only covered the first
longitudinal acoustic mode at a zero burn time. Future work could include
other modes and other burn times. Some simplified hand calculations could
be made for a transverse mode. The desirability of additional analysis
work could best be determined by Shuttle engineers who are familiar with
space shuttle structure capabilities and requirements.
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