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THE BRAGG CRYSTAL SPECTROMETER AS A DIAGNOSTIC TOOL

1. INTRODUCTION

The Bragg crystal spectrometer, consisting principally of a diffraction crystal and a
detector sensitive to the diffracted radiation , is useful for determining source characteris-
tics in the X-ray region of the spectrum. Not only can it be used for identifying spectral
features, but also for determining quantitatively the flux in spectral lines and in the con-
tinuum. Because its response is sensitive to the source polarization direction , it can be
used , with some limitations, as a polarinieter. If sufficient information on the diffraction
characteristics is known , it can also be used to determine spectral line shapes.

In the following, we will .first outline the theory of crystal diffraction phenomena.
We will then develop a mathematical description of the interaction of source, crystal , and
detector . Using this description , we will discuss employment of the Bragg crystal spec-
trometer for determination of the properties of source spectra and , simultaneously, define
the required spectrometer characteristics. Finally, methods for determining the spectrome-
ter characteristics will be given with examples of results obtained.

2. CHARACTERISTICS OF CRYSTAL DIFFRACTION , THEORY

2.1 Bragg’s Law

Consider a small parallelepiped of a crystal lattice. This parallelepiped is defined as
a unit cell containing lattice points only at its corners. If one of the corners is chosen as
the origin , the location of an adjacent corner (lattice point) in the unit cell is given by
one of the vectors A, B, or C. The volume of the unit cell is then given by

V = ( A X B) C. ( 1)

The location of all other lattice points in a perfect crystalline block of such unit cells
(referenced to a c~rner ) may be specified by the vector,

r — n AA+ nB B + n (~C , (2)

where the n are integers of the form

nA = O ,~~, . . , NA l

~B 0, i, . , NB~~~
“ic = 0 , 1, ..., Nc 1.

The total number of lattice points in the block is then N NA NBNC.
Manuacript submitted September 2, 1976.
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JOHN F. MEEKINS

To describe the diffraction (scattering) phenomena , we introduce the vector,

S =i - s 0 , (3)

where and ~ are unit vectors in the direction of the incident and diffracted beams,
respectively. For such a three-dimensional array of scattering centers (assuming negligible
absorption and rescattering and unit index of refraction), the intensity of the diffracted
beam will be essentially that which we would expect from a three-dimensional grating.
That is intensity 1 will be proportional to [1]

sin 2(NA .~~~ 
s..)~ sin2(NB ~ 

s.)~ sin2(NC ~ s.c)
sin 2 (‘

~ 
S.A) sin2(~~ S.B) sin 2 (.~: s.c)

where A is the wavelength of the diffracted beam.

For NA,  NB, and NC >> 1, the intensity of the diffracted beam will be strongly
peaked and is given by

I Cr (NANBNC)
2 =N 2 . (5)

The conditions necessary for these maxima to occur are

S •A = h X

S B = k X  (6)

s.C=~x,

where h, k, and ~ are integers (known as Miller indices). Now S is a vector normal to the
reflecting plane and of magnitude 2 sin 0 (0 being one-half the scattering angle); thus, the
conditions of Eq. (6) become

2A sin 0 cos a = hA

2B sin 0 cos~3 ” k X  (7)

2C sin 0 c o s 7 — Q X ,

where cv, ~3, and ‘y are the angles between the norm al to the reflecting plane and the vec-
tom A, B, and C, respectively. The direction of S is therefore uniquely defined for given
h, k, and Q , and , further , there is a constant “spacing ” of the lattice planes given by

A B C
= -

~~
- cos a = 

~~~
- cos = -

~~
- cos ‘y (8)

2 
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so that our maxima occur for

A 2 D hkQ sin O , (9)

which is known as Bragg’s law of diffraction. If h, k , and Q have a common factor , we
arbitrarily remove it , so that

dh/m k / rn  2/ rn ~~
mDhkQ, (10)

and Bragg ’s law becomes

mA = 2d h/m k/ rn  Q/m ~~~
0rn ’  (ii)

which we may interpret as nzth-order diffraction from the plane (h/ rn , k/ rn , 2/ rn )  with the
appropriate 2d-spacing.

For the particular case of cubic crystals of one element ,

Dhk2 = A(h 2 + k2 + Q2 ) 112 (12)

since A, B, and C are orthogonal and of the same magnitude. For a more general
parallelepiped unit cell , Dhk Q and the reflecting plane normal are most easily determined
by using the reciprocal lattice. We define vectors

a = ( B X C )/ V

b (C X A)/ V (13)

c = ( A X B)I V

so that

a’A b’B c’C l. (14)

Then the vector

r0 ha + kb + Qc (15)

is in the direction of the normal to the reflecting plane (h , k, 2) and , further ,

d~p ,, e~= (16)

In practice, for parallelepiped crystals , i t is therefore possibl e to specify an approximate
spacing d and to obtain a slab of crystalline material cut and ground so that the surface
of the slab is parallel to the reflecting planes.

3

~ 

- . .



JOHN F. MEEK INS

Because the index of refraction to xrays for most materials is less than unity , i.e.,
n = 1 — ~ (where ~ is small), Bragg’s law , as expressed in Eqs. (9) and (11), is not com-
pletely accurate. For wavelengths considerably less than any critical absorption wave-
lengths [21 ,

e2

2lrmec2 mH A

~ 1.36 X 10 6 p A2 , (17)

where wavelength A is in angstroms and crystal density p is in g/cm 3 . The deviation of
the index of refraction from unity is usually small , but for very accurate wavelength
determinations, we must modify Bragg’s law so that our dispersion relation becomes

mA = 2d(1 - 15/sin2 Orn ) Slfl Orn (18)

where 0m is the angle measured in vacuum. The error made by using Bragg ’s law can be
expressed as

= - 
& 

- 544 X i0_6 pd 2 , (19)
Sifl 2 0~

which for most materials is ~ 10~~, far from absorption edges (regions of anomolous
dispersion). Nevertheless, if the wavelengths are to be determined very accurately, the
modified Eq. (18) must be used in lieu of Bragg ’s law as expressed in Eqs. (9) and (11).

2.2 The Small Crystall

The above equations may be derived solely by the use of physical optics. They are
by no means complete, because we also will require a measure of the diffracted intensity.
We introduce the differential scattering cross section d a / df Z , defined by

do 
= 

Energy scattered/time/solid angle
Energy incident/time/area

The scattering of xrays is due almost completely to electrons , so we consider scattering
by an assemblage of electrons located instantaneously at positions x1. For the case of
our small crystalline block (negligible absorption and rescattering and unity index of
refraction), the scattering is then given by [3)

-~~~~ = ~~ ~~~~~~~~~ e(2 ~i / X ) ~~*iI2 >sin 2 0, (20)
A j  mec

4
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where 8 is the angle between the observation direction and the electric field vector of
the incident radiation. The average is taken over all possible values of x1 (a time average).
(This average will not be important to our treatment here , but su ch averaging is needed in
analysis of temperature effects.) For the case of the electric field perpendicular to the
diffraction plane E~’, sin2 0 = 1; for the case of the electric field lying in the diffraction
plane ~~~ sin2 8 cos2 20m ’ 0m being the Bragg angle of diffraction. For now we con-
sider only the former case E~’.

We now reference the electron positions to the center of the lattice points of Sec.
2.1; then the position of each electron is , from Eq. (2),

X — f lA A + f lBB + TZCC 4 R , (21)

where A is the electron position relative to the lattice point or scattering center (atom) to
which it belongs. Then the summation in Eq. ( 20) becomes

.—~~~~ — e( ’ X ~~~j 
e2 

~~~~~~~~~~~~~~~ e(2 nBS B

J m~c me c ‘1A

~~~ e
(2

~~~~~C~~~~~~ e(2 1lk , (22)

where we have assumed that the crystalline block consists of atoms of one kind only and
where A k is the position vector of the kth electron in that atom (lattice point) designated
by 

~
‘
~A ( 

0, 1, ..., NA - 1), 
~
B(= 0, 1, ..., NB - 1), and ~~~(‘ 0, 1, ..., Nc - 1). Since thesummations are independent, we may treat each separately. Now,

NA -I 
e(21ri/X)NA S~

A 1L e
(2lTi/X)nA S.A = 

—

e(2~~~
)
~~

DA — 1

~~~~~~~~~ ~~ (7r NA S.A)
= (23)

e(hh1
~~

) S A  sin (
~ 

S A )

and similarly for the summations over n
~ and n

~
. The summation over !~ may be

replaced by an integral of the form

f fp(R)e(21
~~

) 5R d 3 R, ( 21 )

where p(R )  is the number density of electrons in an atom relative to its (-enter. The
quantity I is called the atomic form factor or atomic scattering factor.

5 
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JOHN F. MEEKINS

By inserting Eqs. (23) and (24) into Eq. (20), we find , for a block consisting of
atoms of one kind only, that

e2 
2 

2 ( A  3~ 
S.A) sin2 (NB -

~~ S.B) sin2 (NG 
• s.c)

i~ m~c2 sin 2 (~ 
S.A) sin 2 (~ 

S.B) sin2 (~ 
s.c)

If more than ’ one kind of an atom is contained in our block , we use, in lieu of f i n  Eq.
(25), the structure factor , which follows immediately from the above treatment and Sec.
2.1,

F = ~~ y2iri/X)S .~~, (26)

where the sum is over all the atoms in the unit cell. Vector is defined as

= UAJ A + U~ B + U~1C , (27)

where UAJ, UBI, and U~1 (~~~ 1) are the distances along A , B, and C, respectively, in the
unit cell where atom j is found . For diffraction by the plane (h , k, 2),  Eq. ( 26) becomes

FhkQ = ~~ fje
2
~
1
~~~

i+ B1~~~~~. (28)

Now, the total power in the diffracted beam is just

P a =f J ~da

Since the diffracted beam is extremely narrow , we let

d~2 = d7df3

and

S = SB +

where &S is small and

SB A hA

S8 B = k X

S8~C = 2 X .

6 
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Then , from Eq. ( 25),

/ 2 \2 r sin 2(NA ~~~ &S.A) sin 2(N8 -
~~ &S.B) sin2(NC ~ &s.c)p ° = ~0 e 

I F ( ° 0) 1 2 I d-~d(3A 
\m ec2J sin 2 (~ 

&S.A) sin 2 (! &S.B) sin2 (! &s.c)A ~A (29)

This result is for a particular incident angle 0. By using the reciprocal lattice vectors a , b,
and C from Eq. (13) and letting

= X (g~a +g~b +g~c), (30)

we find ,

~~ ö S A ~~ irg0, (31)

and similarly for the other dot products. We now wish to integrate the power over all
incident angles. That is, we wish to find

J P O (o) de .

Now the element d ydf3 in Eq. (29) is effectively an angular area element in a plane
perpendicular to i We may express small changes in ~ produced by small changes in y
and /3 as

where is a unit vector perpendicular to the diffraction plane and ê.~, lies in the diffrac-
tion plane. (See Fig. 1.) We note that ~~6s = 0. Now , f rom Fig. 1 we see that a small
displacement in 0 produces a change in of

= - 60 cos 20ê7 + 60 sin 20ê0,

where ê~

Thus, since S = —

= (b~y —  60 cos 20 )è7 + 15jlé0 + 60 sin 20ê7.

So, the volume element in our Cartesian coordinate system (ê,1, ê~, ê~ ) is given by

dy d/3 d cv = d7d/3 dO sin 20. (32)

Now 6S is also given by Eq. (30), so a di fferential volume element is also given by

[(Xadg~)X (Abdg~)J.(Acdg~)=x
3(ax b)~cdg~dg~dg~. (33)

7
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A

Fig. I — The relationship between the (~ , ~~~~, 
&~ ) coordi-

nate system and the incident and dif7racted direction
vectors . For appreciable intensity in the diffracted beam ,
0 0~~~ . Note that S = sin (0 + °~~

)
~~ 

+ cos (0 + 6 0) i .

Since diffraction takes place only over a small range of angles, we let F(2 0 ) become
F (2 0 0) and sin 20 become sin 20~ , where 0~ 

is the diffraction maximum . From Eqs.
(31), (32), and (33), the integral of the power over all incident angles is given by

J P O (0)d O ~ (-
~~ 

IF(20~ )I2 X3 (a X b) c

r sin 2 (N~ 7rg~ ) sin 2 (N~1rg~) sin 2 (N~ii-g~)
X J dg~ dg~ dg~ 

. (34)
J sin 2 (irga ) sin 2 (7rg~ ) sin 2 (irg~)

For NA,  NB, and Nc >> 1, the sin2 terms in the denominator become their argument and
the integrals may be extended to ±°°. Equation (34) then becomes

/ 2 \2  N N N
f P a ( 0) d O  = 1~ t

\m~c~)  
IF(20 0) 12X3 

V sin2 O 0 
(35)

If n is the number of unit cells per unit volume, we find that

f P a o d o  = 

~ (
~

-)
~ 
F(200)12X3 

~in2~~~ 
(36)

where (vol) is the volume of our crystalline block. This discussion is found to app ly very
well to “powder diffraction ,” where many small crystals are employed.

2.3 The Mosaic Crystal

We now consider a large crystal composed of smal l blocks of the type discussed in
Sec. 2.2. The blocks are assumed optically decoupled from one another , and t.he entire

8
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crystal is assumed to be so thick that no radiation is transmitted through (mosaic crystall .
In this case, absorption of incident and diffracted xrays must be taken into account. We
therefore introduce an attenuation coefficient into the intensity relation:

i~:~ d 0f  e 2
~ 

00 csc0 0~~ dA ~~ 
~~~~~~~~~~~~~~~ 

F(20~ ) l 2 X3 
2p sin2O 0 

(37)

where ~z is the linear absorption coefficient and A is the cross-sectional area of the
incident beam , and we have used Eq. (36). Now the total energy per time incident to
our crystal is I~ J ~ A. Then , f or th e special case of the mosaic crystal ,

f P o (o) do 
~~~~~~

)2 F(2 0 0) ~
2 

2p sin20 0 
- (38)

Note that if we accumulate diffracted radiation E , as a crystal is rotated at constant
angular velocity w , we find that

E =J P ( 0) d t = w 1 fP(0)d O . (39)

The ratio Ew/ 10 is known as the integrated reflection coefficient , integrated reflectivity,
or , more loosely, reflectivity from a crystal face R0.

Inserting now the polarization dependence, from Eq. ( 20) and the following discus-
sion , we find that for the mosaic crystal ,

E° / 2 \ 2
Rg= —s ~~~~~ F (20 0) 1 2 

~ (40a)
I~ \m~c~J 

2p sin 20~
and

E~R~ = —
~~~ 

= R°~ cos2 20 g. (40b)

These equations are incomplete , however , since they consider neither secondary nor
primary extinction. Both forms of extinction occur for angles of incidence near the
Bragg angle; i.e., they are diffraction processes. Primary extinction takes place within a
small block and is due to the reduction of incident beam intensity at a g ven layer in the
block by previous diffraction of other layers and by interference between the incident
beam and the rescattered diffracted beam. Secondary extinction takes place because the
beam inciden t to a small block has been depleted by diffraction of other (previous) blocks ;
interference does not occur because the small blocks are optically decoupled in a mosaic
crystal.

9
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2.4 The Perfec t Crystal

Diffraction from a large perfect crystal must properly take into account absorption,
index of ref ract ion , and rescattering of the diffracted beam . To do th is, we depart from
the above procedu re* and consider a plane sheet of similar atoms regularly spaced. We
let a plane-parallel incident beam strike the plane at an angle 0. The beam is then dif-
fracted from the plane at essentially the same angle.

We let the plane of atoms be the x - y plane; the position of each atom in the plane
is then given by a position vector , so that

r = x ê~~+yê~. (41)

We let the y — a plane be the diffraction plane. Then the incident beam is described by a
wave vector , such that

= ~~~~~ (cos0ê~, — sin0ê~). (42)

Incident to each atom , then , we have wave radiation of the form

A0e’ ’ ~’~ ” ’~~ Aoe 1 o ) ~c0~~ ) (43)

where w = 2 ircfX and A0 is the amplitude of the incident beam . Each scatterer (atom)
will scatter the incident beam in all directions in the form of a spherical wave . The
amplitude of the scattered wave will be (c-radiation only, i.e., F° is perpendicular to the
diffraction plane)

e2 ,i(w t — Kyc o s O— Kp)
—A 0f (2 0 ) —i (4 4)

meC

at a distance p from the scatterer. If we now observe the scattered radiation at a point
in the di f fraction plane at an angle 0 above the plane of scatterers and a distance R from
the origin (i.e., the position vector of the observation point is R = R (cos0ê~ + sin0ê~ ))

we find that

p I R 2 + r 2 - 2Ry cos0 1~~
2 . (45 )

Now R >> r and for our purposes the factor p in the denominator of Eq. (44) becomes
simply R. This simple substitution may not be made in the argument of the exponential
term , however. For this purpose we expand Eq. (45), findi ng (to second order in r and
y)

p R — y cosO + r 2 (1 — sin 2ø (‘os2 O)/2R ( 16)

The procedure we employ is similar to that of R . W. Jam es, The Op t ical &znc:p les of  the l) , ffracl:on of
X- Rays , Vol. Ii of The Crystal l ine State Sir L. Bragg, ed. pp. 52-66 . Cornell University Press , Ithaca ,
New York , 1965.

10
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where we have substituted r sinØ for y. The amplitude of the scattered beam from one
scatterer , given by Eq. (44), is now

e2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~—A 0f (2 0)  — 

R 
(47)

me C

We define

= 
amplitude of the scattered beam from a single scatterer (48)

amplitude of the incident beam

We then see that the total contribution at our observation point due to all the scatterers
in the x - y plane is

q =N f1
~ 

f 
q5rdrdçb, (49)

where N is the area density of scatterers and we have assumed the plane sheet of scatter-
ers to be large. From Eqs. (47) and (49), we f ind that

2 i ( w t - KR )  2ir
q = — Nf(2 0)  

m c 2 
e 

R f  f  e
_ T 2/2 5

~~~~~
052O) nfrd~ . (50)

The integrals are quite straightforward and yield

2 2q iNf (2 0)  ~~~~ ei(~~t 1c ~~) ~
m 2 ,c sin0

e

which is again a plane wave. This equation can be rewritten as

2 Aq = indf (2 0)  !. — ~~~~~~~ (51)
m ~2 sin 0

e

where we have replaced t~ by 2ir/X and N by nd (the product of the number density of
scatterers and the distance between planes of scatterers). If we translate back to the
origin (R = 0) and ignore the time factor (an unnecessary complication in the following
treatment), we have finally, for the ratio of diffracted to incident amplitudes (including
the effect of a phase lag of very nearly ir/2 , which takes place on reflection),

/_ 2 \
— iq = i (ndX/ s in 0) f ( 20 ’) ( 

e 
2 

(52)
\mec /

11
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II PLANE

d
I I k+I PLA PIE

Fig. 2 — Relationshi p bet ween the reflec t ed , incident ,
and transmitted amplitudes and the reflection pla nes

The same sort of developi~ient of the ratio of the amplitudes of the forward scattered and
the incident beams gives

I e2 \
— iq0 = i (ndX / s i n0) f ( O)  ( —)  . (53)

\m ec j

Let us now consider a crystal composed of many layers of such planes , st rictly parallel ,
and with all scatterers in register. Let Tk be the incident am plitude to the kth pla ne and
Sk be the total amplitude of the scattered waves from all planes 2 ~ k. The fraction
transmitted by each plane is ( 1 — iq0) ; the fraction reflected is — iq. Then , as shown in
Fig. 2,

Sk = — iqT~ + (1 — ~~~~~~~~~~~~~~~ (54)

and

= (1 - iq0)e ~~2 X dsmO Tk - ~~~~~~~~~~~~~~~~~~~~ ( 55)

where we have included phase fac tors to account for the distance d betw een planes
(assumi ng plan e-parallel radiation ), and q, rescattering from the reverse side of plane k.
These two equations lead to an equation for the transmission ampli t udes only and
another for the scattered amplitudes only. Then setting

Tk+1 XTk and Sk+l YS k

(where x l and ly l are assumed to be very nearly, hut less than , uni ty ) we find ,

( 1 — iq0 )(! + ~
) 

= q~e~~2~ clsinO + (1 — j q0 ) 2 e _ (: 2lr IX)dsin O + e(12 ~~~ d15mO ( 56)

and an identical equation for y. From our assumptions , x = y, and th erefo re also S,..~ =

xSk . If we assume that 0 is nearly the Bragg angle for the wavelength of the incident
radiation, the phase factor becomes

e~~ 21~~~~5u~ =~~~1m~~1t (5 7)

12
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where v is small so that

e~
V 1 - iv. (58)

~~so, since xl is nearly unity,

x (1 — ~)e ’m~ . (59)

Substituting for x in Eq. (56), we find

q~ (q0 + v)2 (60)

Using Sk+1 = XS k and Tk+1 = xT~ yields

S0 = - iqT0 + (1 - iqo) e~~m~~~ xSo.

Thus the ratio of diffracted amp litude S0 and incident amplitude T0 is, from Eqs. ( 58),
(59), and (60),

-iq -q 61)
T0 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ q0 + v ± ~~~~~0 + v ) 2 -q ~~

The ratio of diffracted to incident intensity is then just 1S0/T0 12 , and we choose the sign
of the radical to guarantee that the reflection coeffic ient is

R0(v ) l S 0/To I 2~~ 1. (62)

We now consider the special case of negligible absorption. If the crystal does not
absorb , q = ~~and q0 and q are real. Then ,

So -
— =  

q (63)
T0 ~~~~~~~~~~~~~~~~~~~~~~~~~~

and for 1q0 + v i ~ q,

R° (v) 1. ( 64)

Again , outside of this region the sign of the radical is chosen to ensure the validity of

Eq. (62). Note that the peak of R °(v)  occurs for v = — q0 . If O o is the Bragg an gle , the

peak occurs for an angle O~ + ~0, where

= 
ndXif(0)i(e2 fniec2)

2ird
—

~~
-- cosO 0 sin0 0

(65)
sin0 0 t’oSO 0

13

_ _  ~~~~~~~~~~~~~~~~~~~~ 

..- - - -

~~~~~~
~—



JOHN F. MEEKINS

corresponding to the modification of Bragg ’s law expressed in Eq. (18). The width is
approxi mately

= - 2q.

This corresponds to an angl e

~O = 2 ~ 0 ~i.
q0

Then, for c-polarization ,

(66)

and for ir-polarization , the angular width is

2M icos2Oi. (67)

For negl igible absorption , the integrated reflection coefficients are then given by

f R (o) do  = ~~
. 

~0,

where the factor 4/3 comes from the additional contribution of Eq. (63) in the wings.
Then we see that

f R°( 0)d O = 

~~~

- 

~~~~~~~ 

f(20~ ) i 
m ec2 

(68a )

f R~(0)d 0 = ~~ nA2 
If(20~ ) I ! .  icos2O 0 i. (68b 137r sin 20 0 mec2

these are Darwin ’s fo rmulas for the integrated reflection coefficients of a perfect crystal
14 1.

The Prins modification of Darwin ’s treatment includes absorption by allowing b , q0.
q, and ~~to be complex 15). Then

14
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where

= Xp/4~r

(p being the linear absorption coefficient). Now

q0 sinO 0 (69)
2ir
A

and we can set

- ( A  + j B) = q sin0
2ir
A d

and

(~ -~~1~ ) q srnO 
. (70)

-~- d

Setting ~ 0 = 0 — 00 (small), we see that

v sin0 0
cos00 sinO 0~~0 = 

27r 
(71)

Then, by substituting Eqs. (69), (70), and (71) into Eq. (61), we find

— 
A + i B  (72)

T0 +~/C2 (A LB)( ~~+ i~ )

where C = cosO 0 sin0 0~~0 — — ill. For the case of a composite crystal containing more
tha n one kind of atom , f is replaced by F (Eq. (28)) in q0, q, and ~ so that ~~ , /3, A, B,
A, and B are also modified.

For a nonpolar crystal q = wand A + LB = A + LB Thus

Rg = 
f R~~o cio = 

si~~ 00 2) .1 
1 + LB/A dl?

— — :/3)
2 

- 
(

~ + :i3)
2

(where the polarization factor in A and B has been set equal to unity ),  and

R~ R~ icos2O 0 i (73h)

15
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where R~° is of the same form as R°~ but A and B now include the polarization factoricos2O 0 I.

Some actual crystals seem to be described quite well by the perfect crystal descrip-tion given here, especially when Eqs. (62), (72), and (73) are applied.

2~5 Discussion of Theory

It is not our intent to vigorously derive the theories of crystal diffraction , nor toinclude every aspect of crystal diffraction; for these and other discussions the reader isreferred to the appropriate literature ,* from which much of the above material has beentaken.

Constructing an x-ray spectrometer instrument that takes advantage of the dispersionrelation (Bragg ’s law) is quite simple. We are afforded , potentially, a great deal of flexi-bility in the choice of crystal and of atomic plane spacing, so the wavelength ran ge ofinterest can also be matched , within limits. It is therefore possible to determine whichlines are present and the ratio of line radiation to continuum in the neighborhood of thelines.

Unfortunately, we have at least two markedly different th eories (mosaic and perfect)defining the integrated reflection coefficient , only one of which (perfect) defines areflectivity curve. It is thus impossible to determine the spectrum of the incident radia-tion from diffraction theory unless one knows which (if eith er ) idealized theory pertainsand knows t 1.a structure factors (including temperature effects, not included here). Onemust therefore determine for each crystal those parameters required .
In the following, we explore the expected results obtained by a Bragg crystal spec-trometer for various types of sources and ways of experimentally determining the parame-ters needed to define the incident source spectrum.

3. INTERACTION OF SOURCE, CRYSTAL, AND DETECTOR

The typical arrangement of a Bragg crystal spectrometer is shown in Fi g. 3. Theatomic planes of the crystal are oriented at an angle 0 to the incident beam ; the detectoris at an angle 20 to the incident beam and views the diffracted radiation from the crystal.
From the theory described earlier , diffraction from a crystal depends on the polariza-tion state of the incident radiation. We will see that in some respects this is a complica-tion , but nevertheless it is potentially useful for determining the state of polarization ofthe source. In any case, we must find some means for treating it. A fu rther complicationis that few x-ray sources are monochromatic , and it is nearly impossible to obtain one

t Good texts on the subje c t of x-ra y diffraction by crystals are R. W. Ja mes , The Optica l Princip les of  theDiffraction of  X-Rays, Vol. II of The Crystalline Slate Sir L. Brag g, ed., Cornell Univ ersit y Press , Ith aca ,New York , 1965); and A. H. Compton and S. K. Allison , X-Ray s in Theory and Experiment 2d ed ,D. Van Nostrand Compa ny, In c. , Princeton , New Jer sey, 1935. A more elementary treat ment is g ivenin A.Gu inier , X-Ray Diffr action , H. W . Freeman an d Company, San Fr ancisco , 1963 .

16
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CRYSTAL 
~~~~~~~~~~~ ~~~~~~~ I

I — DIFFRACTED
RADIATION

I -‘

INCIDENT DETECTOR
RADIATION I

Fig. 3 — Typical arrangement of crystal and
detector of a Bragg crystal spectrometer

that is not divergent. In the following treatmen t, we will find that the characteristics of
our spectrometer that must be determined in the laboratory are (a) the quantum efficiency
of the detector; (b) the integrated reflection coefficient; (c) the reflectivity curve;
(d) the polarization dependence; (e) the atomic plane spacing; and (f), for very accurate
identification of spectral features , the index of refraction. The means by which the
quantum efficiency of a detector may be determined is similar to that dealt with at some
length in Meekins et al. [6] and will not be further considered here; we will assume the
detector efficiency to be known. In addition , atomic plane spacing d and index of
refraction may be obtained to sufficient accuracy by least-squares fitting techniques
applied to known laboratory spectra. Thus, they also will not be fu rther considered; we
will assume them to be known .

In the following, we will demonstrate the need for the above spectrometer charac-
teristics (or lack of them) when dealing with specific sources as well as the meth ods for
their determination in the laboratory . We first devise a means for treating rotations when
we have a polarized source.

3.1 Polarization and Rotations

Consider a source emitting linearly polarized radiation. We may descri be the radia~tion using amplitudes , which we take as parallel ( II) and perpendicular (1) pola ri zati on in
some reference frame. We thus describe the sources as

(7 4 ’,

If we simply view the source with a detector having unit efficiency to both and 1
components, we in fac t find an intensity , flux , or power , which is

17
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P =~it
t
~a-= Cjf + C~. (75)

Suppose we have a detector sensitive to linear polarization , oriented so that the
source and detector reference frames are coaligned . A workable representation of the
detector response is then

Ic 11
I (76)

\O eu
where the c are detector efficiencies. Then the intensity as seen by the detector is

~~~~~~~~ C~F 11 ÷ c~e1 (77)

Also, in our formalism , we will require the description of rotations. Since amplitudes
transform as vectors, a rotation of ,~1i about the direction of propagation is descr ibed as,

fcos,,Ii /3 sin ili \
.w

;tI ( 1 (78)
\‘y sini/I cos~L’ /

where we must determine ~3 and y. We have set the coefficients of the cos~i terms equal
to 1 so that = 1 for ,~

, = 0. Now must be unitary, so that

~~I 2 = I 7I 2 = 1

and

*
.)f = -i3.

Now, suppose we perform a rotation between the detector and source. Then ,

P

or

p~= c~[ c~ cos2
~i + C~ sin 2 i~i + C1 C2 035 + ~3) sin~~ cosi~ I + e1[ C ~ sin 2 ,~i + C~ cos2 i~,

- C1 C2 (13* 
~~I 3)  sin~’ cosil’] .

From the Law of Malus, we know that the dependence of intensity on angle of rotation
i,t’ is of the form sin 2 iji and cos2

~Ii , not sin~’ cos i,L’ . So j3* -~3, and we choose 1~ = i so
that counterclockwise rotations may be considered positive. We also find that circular
polarization may be treated by allowing ~/‘ to be a function of time. X-ray measurements
are usually made over times that are long in comparison to the cycle time of ~‘, however ,
and therefore time averages of cos2 f I  and sin 2 qi must be taken , leaving us with (C1 = 0),

P -
~~ (e 1 1 + e 1 ) C~

i.e., no information on the polarization.

18
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We now insert a polarizer (e.g., crystal), which in its own reference frame is described
by

f A 11 0\
~~~~~~~~ (79)

\ 0  A~ J

i.e., diagonal , since it cannot mix polarization states if the source polarization reference
frame is the same as that of the polarizer. If we now use a source, a polar izer , and a
detector (which is rotated by i/i with respect to the polarization reference frame of the
polarizer and source), we find that the intensity is

~~~~~~~~~~~~~~~~~

and we conclude that A 11 and A1 have the same phase, which we set equal to zero so tha t
A 11 and A1 are real.

Normally, the x-ray detector itself is not sensitive to polarization , so that

~~= e1. (80)

Then, for the general case of a multicomponent system with rotations ~~~~~~ ~‘2 ’ -
~

-
~

between polarizer s and source , we would have

P eI,wn4 ... J~i
W

~~ iI 2 . (81)

In the following, we will consider two configurations: 1. A source, a crystal
(ro tated), and a detector (Fig. 4); for this case,

P ( 6)  = el.Yi~Vy2T2

=eA~f ( C~ cos2
~j i  +C ~ sin 2 t’)

+ cA~ (C~f sin 2
~i + C~ cos2

’j i )  (82)

2. A source, two crystals (the second rotated), and a detector (Fig. 5); in this case,

P( 1 , e’~’) =

= e~~ (A~ C~ cos2 tji + A~ C~ sin 2 
~j i )

+ cB~(A~ C~ sin2 qi + A~ C~ cos2
~~) (83)

where we have indicated the rotations of each crystal by e~’ and parameters of the second
crysta l by B 11 and B1.

We see that the treatment of polarization effects and the interaction of rotations
about the incident beam are straightforward with the use of these matrix operators.

19
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DETECTOR

DIFFRACT ION PLANE
9 REFLECTI ON PLANE

* I

SOURCE

Fig. 4 — Diagram of the polarization reference frame
and a rotated cry stal. The crystal is represented by
the reflection plane . The diffraction plane contain s
both the incident and diffracted x-ray beams and is
norma l to the reflection plane.

3.2 The Source , Crystal, and Detector: Operator Approach

We will describe the source as seen by our detector or crystal by a function S~~ in
units of photons per time per wavelength interval per (angle)2 . The principal direction
will be along the x-axis , so divergence angle vector 6 lies in the y - z plane. We insist
that the centroid of the incident radiation and the x-axis be coincident , so that

f6Sxto d6
~d5~ 

= 0. (84 )

As noted above, diffraction from a crystal depends on the state of polarizati on of the
incident beam and its orientation. Whenever this must be considered we will write

S~~ =S ~~ ÷s3~~. (85)

Source function S is related to the amplitudes of Sec. 3.1 by

~ II 
~~~~~“Xtô ~~‘-‘IJ

~y1 ,-.2
“x ~ ~~~~~~

20
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DETECTOR

29

DIFFRACTION PLANE REFLECTION PLANE

* I

REFLECTION PLANE

28

DIFFRACTION PLANE

\ SOURCE

Fig. 5 — Diagra m of the polarization re ference frame
resulting from diffraction by one crystal and a second ,
rot ated , crystal. The crystals are represente d by the
reflection planes . The diffrac tion planes Contain both
the incident and diffracted x-r a y beams of each crysta l ,
and each diffraction plane is normal to its associated
reflection pla ne.
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I n nearly all -asv~, it is possible to restrict the divergence of the source to very smal l
angles , so that we may describe a specific ray incident on our crystal or detector by a unit
vector:

f ~2~~~~2\
~~~~~~1 -  ~~~~~ 

2
)e~ ÷~~e~

+o zez .  (87)

Over a small range of incide nt angles, the quantum efficiency of most x-ray detectors is
constant and independent of polarization. Thus, if we view an x-ray source with a detec-
tor , we would observe

Pi~ 
= f e ( X )SXt& d?~d~y cThz (88)

in units of photons per time. Thus , we may describe the detector with a detector opera-
tor identical for bot h pol arization states :

E ,f c( X) dX d q~dq~ (89)

where dq,,, dq1 i~dwates integration over all incident angles.

From the earlier discussions , we know that diffraction from a crystal depends on the
angle between the atomic planes and the incident x-ray beam , and that the peak intensity

of the di ff racted beam occurs when Bragg’s law (Eq. (11)) (or small departures therefrom)
holds true , i.e., when

mX 2d SlflO m .

Even with an incident beam with no divergence , there is a small spray of radiation
dif fracted. There is also a small range of incident angles over which diffraction takes
place (albeit not at peak intensity). Referring to Fig. 6, we le t the principal direction
(centroid) be along è~ ; the normal to the atomic planes is then represented by

N = cosc~ê~ + sinoê~ 
(90)

so that ê~ lies in the atomic (reflection) plane and normal to the principal directions of
both incident and diffracted beams. If we represent the incident beam s by Eq. (87), the
total diffracted intensity over all diffracted angles will he proportiona l to a function ( to

first order in 6~,, 6~ , and 0 — ~p ) Q ( O ( X)  — — &~,) ,  where 0 (X) = sin 1 (m X/2d ) and
p = i r/2  — a. Referring to Fig. 7, we let the principal direction of the diffracted beam he
ê~~. Due to mirroring at the crystal , the small divergence angles 

~~~~~
, ö~. become — - —

upon diffraction. Then to describe the ray ci the diffracted beam we use

f (T7~ 
~~~)2 ÷( i~_- b~

)
~1~fl J) = (ri., — ~~~~ + (i~ — + — - ] e~ (9 1)
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~ v 

~: 
j :RAY

Fig. 6 — Incident and diffracted beams of a
crystal , showing the crystal norm al and the dif-
fracted spray about the centroid.

A
e

v t  

jNTROW

Fig. 7 — Incident and diffracted reference frames.
The divergence ang le becomes negativ ’ on reflec-
tio n.

where i~ , and 
~~ are the spray angles in the corresponding directions for a nondivergent

incident beam. Then , to firs t order in angle , the spread about the centroid may he
described by the function Q [( t ~ — ö~, )ê~ + (r ~ — 

~~ )ê2 1. We arbitrarily employ the
normalization and centroid conditions ,

JQ(x) dx = 1 (92-a )

fxQ (x) dx = 0 (92-b)
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f~~(,yê~ +zê~)dyd z = 1 (92-c )

and

J(Yiy + z~z)~ (Y~y + zê~)dy dz = 0. (92-.d )

Then our entire diffrac tion function is

Q [ 0 ( X ) -~~- 6 y ] . R o( X ) • ~~E (? ~) -~~~)ê~ + ( ~~ 6~)ê~I ,
where R 0(X ) is a normalization factor and is a local constant.

Suppose we have a spectrometer having diffraction characteristics described by ourdiffraction function and a detector of unit efficiency. We irradiate the crystal with amonochromatic , nondivergent source of the form

S~~~ = S~~ (X - X 0) ö ( ó 2 )~~(ö~~).

Then the observed count rate will be

= s,J ö ( X — X0 )
~

(6 z) ~
(
~ y ) d~S~ d6~

~~~~~~~~~~~~~~~~~~~~~~~ •6~.)ê ~ + (r l2 — 6 ~ )ê~J
.d X d (i 7 —~~~)d (~ 2 — 6 ~ )

=S ~R0 (X 0 )Q( O ( X 0 ) — p ) .

If we now rotate the crystal at a uniform rate d.p/ dt = w, we find that the total numberof photons contained in the diffracted line is

n = w 1 S1R0 (X 0) .

Then

R0 (X 0) =  
¶~ 

(93)

which we may use as an experimental definition of the integrated reflection coefficient ,
in agreement with Eqs. (40), (68), and (73). From our above discussions , we know thatthe diffraction will depend on the state of polarization of the source and its orientationwith respect to the diffraction plane. We therefore define a crystal reflectivity operatoras 

6~°(X ,~~) J dq~dq y Q 0 [O( X )  -~~-q~ 1 R g ( X )

X~~°[ ( i ~ — q ~ )ê~ + ( r ~ _ q
~ ) ê~ ] (94)
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where we have used dq~dq~ to indicate integration over the angles of the incident radia-tion. There is a similar expression for the crystal reflectivity operator to be used withir-polarization. We have then a general crystal reflectivity operator ,

6~(X , ~ ) = 6?°(X , ~ ) + 6?~ (X , ~ ) (95)

each part acting on only that part of the incident rad iation that has the indicatedpolarization, We have, then , established a connection between our reflectivity operators
and the polarizer parameters squared , A~f and A~ . (See Eq. (79) and the following) .

Suppose we examine a monochromatic, distant point source of radiation , li nearlypolarized at orientation K ,

5Xt 6 ~~~~~~~~~~~~~~~~~~~~~ (96)

with a Bragg crystal spectrometer. From such a source , we wil l observe a count rate inour detector of

n~ =E 6 ~(X , p ) SA,& .

If we let the direction between the K-polarization incident and the normal to the dif-fraction plane be i4’ (see Fig. 4), from Eq. (82) we find that

~~ =fS ( X _ X 0) 2 )b (o~~)d~~d~~

- - oy ]R S(X )~~O [( ~~ - o~ )ê~ + (~~ -

+ sin2 
~ Q~~[0(X) -

~~~~~
- ~~~~~~~~~~~~~ - 

~~~~~ 
+ (1?z - ~~)ê21}

~E(X)dAd(??~ —~~~
)d(1?

~ —~~~). ( 97)

Carrying out the indicated operations yields

= S~e(X 0 ){cos2 
~iQ” [ O (X 0)  — ~P 1Rg ( X 0 ) + sin 2 i’Q~ [O (X0) — P I R g ( X 0 )) . (98)

If we now orient our spectrometer so that 1i = 0,

,~~~ =~~e(x0)Q°ro (x0)-~ JRg (x0) (99)

and if ~‘ ir f2 ,

n~ = S
~€ (X o) Q~ t O (X 0)  — . p J Rg (X 0 (. U00)

If we scan the spectrum at an angu l ar ra te dp / d t  = w, the total number of counts
(photon s observed by the detector) observed under the line would be , from Eq. (99),

n° ~~~(X 0 )R~ (X 0 )w~~ ( 101)
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and , from Eq. ( 100),

nr =S ~C(x 0) Rg ( x 0) ~~- ’ (102)
If we observed the source directly with our detector , the count rate would be

(103)
Thus, the integrated reflection coefficient (at X0) to a-radiation is, from Eq. ( 101 ),

Rg (x 0 ) n°w/ n~ ( 104 )

arid that to ir -radiation , from Eq. (102), is

(105)

For a rando mly polarized source , we let S~ -~ S~’ + S~ , where S~’ = S~ in magnitude.Then

~i e (X 0) (S~’ +S~ ) (106)

and the total number of counts from a randomly polarized source is

= e(X 0)~~-1 [S~R~ (X 0) # s~Rg(x0)). (107)
From Eqs. (106) and (107), the integrated reflection coefficient for incident randompolarizat ion is

R~(X 0) =  wn’/ ii~ 4 E R g (X 0) + R g ( X 0 ( ) .  ( 108)

For an arbitrary state of polarization of the incident radiation , we le t

S~’ = S + St (orthogonal) . ( 109)
Then, if we perform all the indicated operations (letting ~i be the angle between I -po lari-ration and the norm al to the diffracted plane (see Fig. 4 and Eq. (8 2)) , we find thecount rate to be

P2 = c(X 0) {Q °~O (X 0)  — p 1 R g ( X 0 ) [ S t  cos2 
~ + SJ ~ sin 2 ~ 1

+ Q~ [ O ( X 0 ) —~p J R g ( X 0 ) (S~’ cos2~ + ~~ si,~
2
~~ ) .  ( 110 )

Scanning through the line , we find that the total observed counts would be

= € (A 0 )w~~ [ R g (x 0 ) (S~ cos2~~ + 5) ! sin 2
~~) + Rg ( x 0 kS)’ ( ‘OS 2 ~ + Sf si ii 2

~~ ) J ( 1 1 1 )
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while

11, = e(A~)(Sj~ + S) ’ ).

Thus we see that we may set

= (n~’1 + n~~) cos2 %~ + (~~h H + n~
1) sin 2 i,~i

= (fl
Ok + n~~) cos2 i~ + (n Ui + nnl ) sin2 i4i

and
= + fl ’ I (112)

which will simplify our mathematics as we continue to more complex sources.

The application of our operators to idealized line sources is reasonably straightfor-
ward even when polarization effects are included. We have found experimental defini-
tions for the integrated reflection coefficients for idealized sources (E qs. (104), (105),
and (108)), which may be compared with the theoretical definitions in Eqs. (40), (68),
and (73).

4. APPLICATIONS TO REAL SOURCES AND USE
AS A DIAGNOSTIC TOOL

In this section , we will apply the Bragg crystal spectrometer to realistic sources
using our operators. Simultaneously, we will find those spectrometer characteristics
required for determining as much as possible about the source spectrum. We have
already mentioned the use of Bragg’s law ( Eq. ( 11)), from which spectral features as
observed by our spectrometer may be identified . Quantitative aspects of the spectrum
are somewhat more difficult to determine, however, as we shall see.

Real sources are divergent and nonmonochromatic and may also be arbitrarily
polarized. We will describe these sources by

5x~ ~~~~~ +sL &. (113)

Then count rate n~’t is

n~
)I 

=fSk,b db Z d~ V Q0Lo X ) _ c _ ~~V I R g X)~~or ( ? ? V -&, li~ ÷~~~ - & ~ )ê~ J

. €(A) d X d ( ~ — b ~
)d(,

~ 
—
~~~

). (114)
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Suppose the divergence is not too large. Then , since R0 and e are both local constants
(reasonably far from absorption edges in both crystal and detector) and the crystal
diffracts in only a small range of angles, Eq. ( 114) becomes

= ~~~~~~~~~~~~~~~~~~~~~~~~ — — ~~ J .  (115)

If we let the source emit both line and continuum radiation , where the continuum is
locally constant in wavelength, then

S’~~ = S3~~ (li ne) + S~~ (continuum), (116)

and it follows that

n~
1 =Rg (xO)c(xO)~fS~~d~Zd&~dxQu Fo(x) -

~~~~~
- 6~~]

~~~~~~~~~~~~~~~~~~~~~~~~~~~ (117)

Now from Bragg’s law for first-order diffraction ,

dX = 2d cosOd0

and, since p is very nearly equal to 0 ,

n~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ -& ~I +2d cos~~S3~~} (118)

where ~~~ is the number of photons p€: wavelength interval per time contained in the
continuum. If we scan over the line at a rate w dp / d t , (the elapsed time being ~~t)  we
find , just as for Eq. (101),

,~o1 = Rg ( x o ) e(x o)( ~~_ 1s~L +~~ t2d cos~ S~~ , ) ( 119)

where S~L is the total number of photons per time contained in the line over which the
scan took place. While the identification of a particular line in a spectru m (inclu ding it.s
diffraction in several orders) is usually unambiguous , identification of the continuum is
often not , so we include all the diffraction ord ers by setting

,~O1 = c~
f ’R~ (X o ) f ( X o) St ’~ + ~~t 2d cos~p ~~ -

~
-- R~ (X 0 / m) c (X 0 / m )S~~101 ~ ( 120)
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where in is the order of diffraction. Far frcrn a line , but not so far that R 0, e , p, and
S3~f  are appreciably different ,

n~
1 = 2d cos p -~~- R°o (X o / m ) c(X o / m)S~~,m ,. (121)

to

Then the number of counts in the line is

~o1L = n °1(line + continuum) - ~ tn~’1(continuum). ( 122)

Usually, a linear interpolation of n 1 (continuum) is performed to determine the con-
tinuum contribution to the spectrum under the diffracted line. If so determined , z~st n 1
is much more nearly the true contribution under the line. Now the total counts in the
line observed by the detector will be, from Eqs. (112), (120), 121), and (122),

nL (l in e)  = w_ 1 e(X o){[R~ (X 0) S).’~ + R~ (X 0 ) S 1
~] cos2 i~i

+ [Rg(x0)s)~ + Rg (x 0) S ~L I sin 2 
~i} (123)

which is identical to the result obtained from a monochromatic distant point source.
(See Eq. (111).) The continuum count rate in the spectrum is

n~’ (continuum ) = 2d cosp ~~ ..i~.. e (X o/ m ) {[ R ~~X o / m)S~~,rn + R~~X o / m )S~~,m ~] cos2
~i

+ [ R~ (X o / m )S~~im + R ~ (X 0 /m)53~’1 , ] sin~~ }. ( 124)

If we have reason to believe th at the source is randomly polarized ,

StL .5~I L  = 4 Sj ~ and s~f =s)~
’ = 

4

so that ,

flL = w l E ( X 0 )S!~Rr (X 0 ) ( 125)

and

n~
’ 2d cos~p ~~ I f

~~0/ in 0im R~ (X o/ m ) (126)

where we have used Eq. ( 108). If no higher order continuum is present (or , if any,  such
has been removed),

n~ 2d cos~~~(X 0 )S~~~R~ (X 0 ) . ( 127)
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Even for a source with unknown orientation ~,t’ with respect to the plane of diffraction ,
it is possible to find the total contribution to the spectrum from the sum of both
polarizations just as if the source is randomly polarized. We make two spectral scans,
one at some orientation ~i and the other at ~(i ± ir/2. Then the total of the two scans of
the continuum becomes

~~ f tc =f l ~J.c + f l ~7D c +~ ,1r1C ~~~ TI1 C

or

~~ n,c = 4d cospe (X 0) R ~ (X 0)S ~~, (128)

where we have again removed any higher order contributions , and Sf 01 = S’>~~ + S~~,.Similarly, for the line radiation ,

= 2R~ (X 0) S ~ w~~e(X 0 ). (129)

Thus, to find the source spectrum due to the total of both polarizations from the Bragg
crystal spectrometer results, we must know the integrated reflection coefficient R~( X) due
to a randomly polarized source. If we had instead taken the difference between the two
scans •

= 2d costp cos 2i~i ~~ ~~ — e(Xo/m)[RoO(XO /p n )_ R~ (X O /m)](51~
C
1 t~~

S
~~im 1 1

(130)

W~~nL = e(X 0 ) [Rg(X 0) — R~ (X 0 ) J  1511L _ S) I L I cos 2~i (131)

where

C Cfl 
~~ 11i~~~~ t ij i ± i r / 2

and

~~f l L nL I ~ _ n j
~I ,,~, + 7~12

At this point , we note that angle i/i for the continuum need not be the same as the
corresponding angle for the line(s) . We may now write

~~~ (R ~ (X 0 ) — R ~ (X 0 ) J (St ’- — S))~~
— = cos 2~i , ( 132)v~~L 2R~, (X 0 )
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and if we were certain that no higher order continuum were present (or that any suchcontinuum had been removed),

= 
E Rg ( x 0 ) _ R ~ (x 0 )] (S~~, —S ~~,) 

cos2~i . (133)2R~ (X 0)

By producing a number of such ratios for various angles Ji + ~ (~ varied), we can deter-mine ~ti (~~f -. 0 for ~ = Qir/4 — 1’, ~ odd). We further note that if ~ ir /4 (essentiallyBrewster ’s angle), the theories on crystal diffraction ( Sec. 2) give R~ = 0. Then (A 0 =sinir/4),

A C  IC ~llc
‘-
~‘~t 

(S~ t ” x )~= “ “ cos2~i , (134)SA
C

and similarly for the rati os of the integrated line intensity . For this particular instance(p = ir/4), the polarization ratio 1~S/ ~ S may be determined without any knowledgeabout the crystal . The more general case (arbitrary p), however , requires R~ (X 0) andR~ (X 0 ) — R~ (X 0) ,  i.e., any two of the in tegrated reflection coefficients (from Eq. (108)).
We include one other case here . Some sources are so small in .angular extent thatthey may be considered to be of the form

S~~ Sxt ä (ó~ )~ (t5~ ). (135)
We will consider here only line radiation , since the contribution due to continuum maybe readily removed. Then

Sx~ = (S ~f  +S ~~ )~ (~~) 5(~~ ) (136)
Let us now assume that the wavelength distribution in the line of our source may begiven by,

= T(X)St ’
and 

(137)
= T(A ) S) I L

where T ( X )  is a positive definite function normalized to unity . Then , from Eqs. (112)and (115),

nf’ e (X o ) {[ St1~U0 (cp ) + s tIL u1T(( p ) J  cos2 iji + [ S) ~~U0 (,p ) + s tL u1T (~,) l sin 2 i~i} (138)
where we have let

U° (~p )  =JT(x)Rg (x)QoIo (x) - v ’I dX

-~p ) dA.  (139)
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Now if the source is randomly polarized or if we are able to average two spectral scans at~l’ and ci’ ± ir/2 , we find

n~ = E(A o)St Ur (~,) (140)where ~~~~ = (~~~~~ + L~~)/2. The source line shape is sometimes very usefu l , but unless
T ( X)  is quite broad, its determination depends on our knowledge of Q~ and Q°. Even
then we must solve an integraj equatj o~ We note m passing that Sf ~, may include more
than one line, in which case T(A) will be the shape of the sum of lines.

From the above discussions, we see that the Bragg crystaJ spectrometer is an
extremely useful device, but its usefulness is limited (not ‘~‘1rprisingIy) by our lack of
knowledge of it. We have attempted above to create a hierarchy of source information
available, given limited knowledge of the spectrometer (in the sense of calibration) The
minimum requiremenf is the atomic spacing (and index of refraction if needec~) from
which the wavelength of spectr~J features may be determined via Bragg’s law , as expressed
in Eq. (11) (or Eq. (18) if necessary). Quantitative measurements of continua and total
line inte~~itj es may be obtained from Eqs. (125) througi, (129), provided that the
quantum efficiency of the detector and the integrated reflection coefficient from random
polarization are known, From Eqs. (132) throu gh (134), source polarization may be
found (in one case with very little calibration of the spectrometer) provided that the
integrated reflection coefficients to polarized radiation are known . Finally, it IS possible
with Eq. (140) to determine although with difficulty the source line shape , or to
separa te nearby lines, given the reflectivity curve of the crys~J employed .

5. DETERMINATION OF THE CRYSTAL PARAMETERS
5.1 Absolute Integral Reflection Coefficients

In the laboratory, x-ray generators are Usually sources of both line and continuum
radiation. We will assume here that this is the case. Except for plasma sources, these
generato~ generally produce line radiation that is very nearly monochromatic and , for
our Purposes, essentially a delta function , The degree of polarization is not usually known,
so we must not assume the source to be unpolarized The orientation of the poIarizatio~
can generaijy be surmised , however, by symmetry argumefl~~; so, we will assume that the
angles between the reflection plane and the polarization directions are 0 (or ir/2) .Suppose we describe the source to be used for calibration by

S~~ = (Stk +S ij )45(X - A0) +S ~~ +S ~~~, (141)Then the detector viewing diffracted radiation from a crys~~l will observ e
= E~c~(X , ~P) Sx~
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or, from Eqs. (82), (89), and (94),

= f{ rstk~
(x _ A 0) + S ~~ 1Q0 [ O( X)  -~~~- ~~ I Rg (x)

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• ~~~~~~~~~~~~~~~~~~ -~~~)ê~ + ( r ~ -b ~)e~I}

• c (X) dAd( 7l ~ — 6~ )d( ~~ — b~ ) d5~d&~ (142)

where we have set 
~
, = 0.

Assuming that the S~~ are constants locally independent of wavelength and scanning
the spectrometer in ~ at rate w, we find the total count in the line and continuum to be
(ed’ = 1),

f l ( 1) L+C = c(x 0 )[R~ (x 0 )(w
_ 1 

5 

s~kd~ dThy + 2dL~t cos4PJS~i~6 db 2 d~~)

+2d~~t ~~~~~~~~~~~~~~~~~ ( 143)

where ~ t is the time required to make the spectral scan . If we now rotate the spectrome-
ter by ir/2 about the incident beam , we similarly find (e~’P =

f l ( j ) L+C = e(X 0) [R~ (X 0 ) (0f t J s~~d~z d~y + 2d~~t cos~

+ R~(X o)(w
1 

/ Stkd~~dc5~ + 2d~~t cos~~j S ~~~d 5 z d5 y)] .  ( 144)

It wil l become apparent later that including both the continuum and the line creates
a needless complication. We might use the continuum only, but the number of photons
diffracted in some of the following procedures will be very small. The continuum can be
determined by interpolation between measurements made on each side of the diffracted
line. The diffracted continuum produces count rates of

~~( 1 ) C e(X 0) 2d cos~p [R~ (x o) 1s~y6cmz d&, + R g ( X O ) i S ~~b dllZ d5 Y]  (14 5)

and

= €(A 0 )2d cosp [R~ Oto ) f S~~ d~~d&, + R~ (A 0 ~~~~~~~~~~~~~ ( 146)
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We now let

f l ( j )L+C 
- (147)

fl(l)
L+C _~~ (1)C

which becomes

R~~Js~~d6zd6y + R~ 1S~*cThz dt5y
(148)

R~ f st&L do~d~y +R ~~J S ~
L d~iz d~ y

Now we examine the spectrum with a second crystal (parameters R 01, Q 1,  and Q 1 ). Then
the observed count rates, from Eq. (142), are (

~~
J = 0)

= c(X o) ( Rg 1 
{ J Stk Q~ [ 0 (X o ) - - ~~]d ö~d~~ + 2d cos~ j S 1x~

d
~zdb v}

+R ~1 {js~kQ~[ox o - - + 2d ~~~~~~~~~~~~~~~~~ (149)

and on either side of the line,

n~(1) ’~ = e(A 0 )2d cos~ ~~~~~~~~~~~ 
+R~1 j S ~~ do~d~~) .  (150)

Keeping this same crystal in the first position , we examine the diffrac ted beam with our
original crystal (Fig. 5). Then ,

~ t E6~(X ,~~) M i ( X , ~o) S x,~

or, from Eqs. (89) and (94) (ignoring polarization effects),

f S x,&~~~~y Qi E0O~
) _  

~ 
_
~5~ I R o i ( X ) ~ i L O?~ -.6~ )ê~ + (~~ ~~)Ô~J

• d(~~ -& ~ )d (n~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~)ê~

~~~ ~~~~~~~~~~~~~~ — c ~~)d(~ — c ~
) (151)
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where for

ct ’ O, nt (l , l) ;  ~~~~~~~~~~~~~~~~~~~~~~~~

~~~ ir/ 2 , n~(1 , i); x~, i~~- l i~ and 
~~~~~~~~~

c i i 1 r , n~(l , —l) ;  a:,, = — T ? ~~+~~~ and a~~= —ii~~+ ö ~~. (152)

The orientations of both crystals are indicated by the notation used for Eq. ( 83). Now ,
Eq. (151) can be reduced to

= J Sxt& d~~d~y Qi [ 0 ( A )  - - 
~~y 

] R 01 ( x ) ~~1 [(np - ö~ )ê~ + (
~i~ 

- ~ )è~ Id(ii~ -

d ( f l ~ — b ~)Q [0( X ) — x — a ~]R o (A) e (X) dA .  (153;

If we now sweep the second (original) crystal at rate w over the doubly diffracted
radiation ( dx/ d t  = w), we fi nd

= ~~— 1 Jsxe~do z db y Qi(o(x) - - ~~)R 01 ( X ) R 0 ( X ) c ( X ) d X .  (154)

Inserting the source and crystal polarization properties by using Eq. (83), (141), and
(152), we find that

n(1 , j ) L+C = n(1 , - l)L+C = ( A ) 1 
(R~R~1 { Js~frQg 1 [0(X0) - -

+ 2d cos~p 
J

”
S$~~d~~do~ }

+R ~R~ 1 
{ 

fs~~Q~1Eo(x o ) - - ~y 1d~z d~y

+ 2d cos~ ~~~~~~~~~~ 
(155)

and

n (1 , 1) L+C = e(X ) 1 
(R~ R~1 {j stkQg1 [0(X) — ip — 

~~~
, 1d ~~d&,, + 2d cos~p is~$6

d
~2

d
~ }

+ R~ R~1 { 
f s~~Qg 1 [0(X) - - 

~~y 
I d 6~d&~ + 2d cos~ f S ~~ d~:d~v }) .( 156)
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By setting the crystal in the first position (parameters R01, Q1, ~~~) off the line , we
obtain

n(1 , 1) C = n (1 , - 1) C = c(X 0)w 1 
(R~Rg1 2d cos~ fS~~

d
~~

d
~y

and 

+R ~R~ 1 2d cosp (
‘s~~ do 2 ds ~) (157)

n (1 , 1)C e(X o)o _ 1( R~Rg 1 2d cos~p J S~~ d
~~

do y + Rg Rg 1 2d cos~ fS~~ d~~db~).

(158)

(Normally, measurements are taken on each side of the line and averaged.) Now we may
obtain

n(1 , 1) L n( 1 , 1 ) L+C ..~n (1 1 ) C

n(1 , _ 1 ) L= n (1 , .4)L+C 
— n(1 , _ 1 ) C

~ (1 , 1) L =~~(1 , 1) L+C _~~(1 , 1) C 
, (159)

and , from Eqs. (149) and (150),

n t ( 1 )L n~( i) ~~~ _ n ~( 1 ) C

solely due to line radiation. * We now let

w G =  ~ n 
= 

wf l , _ U L 
(160)

n t ( 1) ”

RgRg 1 j S ~~Q~d& z d~y + R~ R~ 1 ~~~~~~~~~~~~
wG (161)

Rg 1 f S ~~Q~d~i2 do~ + R~ 1 JS~~Q~dS 1d~’5 y

and we fu rther let

H =  n (1 , i) 1-’/n ( l , 1) L = n (1 , 1) L /~~(1 , .4) L i 162 )

A note of caution: The measurem ents here , n(1 , 1) L~~~, n(1 , _ 1 ) L+C , ‘i(l , 1) L~ ( 
and  n j ( 1  . ar~’func t ions of ~~, the angle between the centroid of the incid ent beam and the cry sta l p I~~i i t s , great care

must be taken to ensure that th is angle is the same for all four measurem ents.
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or , 
R~R~ 1 ( S ~~ Q?do~

d
~~ 

+ R~ R~ 1 S Q ~~~2 d~~
11 = _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _—  .

R~R~ 1 ~~~~~~~~~~~~ + R~ R~ 1 J S ~~ Q~d~;:d~ y

Now source func tions s tf r and S~fr will have the same angu l ar range , wh ic h ‘ i n  Is~ mad.’
(and usual ly is) much larger than that of the reflectivity curv e of a perfect (rv st a i .  the
case for which QGI z�~ Q 7

~. We therefore let

2S[L 
* s ’g ~ —

Then

g 2 
~~~~~~~~~~ = 

~
S

~k d 5 2 d
~~

. ( l64~

and further ,

g2 
~Stk Q?do~

diS
~ 

= 

~;k ~~~~~~~~~ 
( 165

These steps would have been impossible if we had included the diffract ed u u n t i t I u u n i  a~
well as the diff racted line. We also let

f 2 R g  = R g

and we assume that

f 2 R~ = R~ 1 ( 167 i

i .e ., the two cry stals are the same in this respect. l ’h is assumption is i i  1 t .~ sarv in
cases fo r which R~ 1 f R~ 1 is known. )  We may now wr i t e . Eq. i l  l~~ .

[2 ÷ g 2

I + [2 g2
and

[2 (1 +g 2 )
_ _ _ _ _ _ _  169

1+ [1 g2

Eli mination of g2 prod uces

[6 — ;3~i[ ’ + 3,,f 2 = 1 170)

:~ 7
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where
i f  1 + h

The roo ts of th is eq uat ion are

= 1

= 
(3a i~ + 1(3a -_1~2 

- i1~~
2

\ 2 1 L\  2 1 J
and

~2 (3a_1) [(3a_1)2
1]

u /2 
(171)

Now , if ~2 = 1 is the root , H = h = 1. Thus , a 1 and we fi nd tha t all th ree roots are
the same, ~ 2 1, a trivial result. We also see that if a < 1, our remaining two roots are
complex , an unphysical result , so a ~~ ‘ 1. Comparison with our diffraction theories shows
that the only reasonable root is

= (&~
; 

1) [(3a
_ 1)2 - i]~~

2 
( 172)

since this is the only one for wh ich R~Ø / R °Q ~ 1, in general. We may now fir .d g2 , a
measure of the polariza .ion of the source. Equation ( 161) may now be written

~~ + ~
4 2~w G = R ° ‘ ‘ ‘ ( 1 73)0 

( 1 + f 2g 2 )

from wh ich R~ may he found; R~ = f 2 Rg and R~ = 1/2 ( Rg  + R~ ) readily follow. All
the integra l reflection coefficients are thus determined.

5.2 Relative Integra l Reflection Coefficients

By following the procedure in Sec. 5.1 we may determine the integral reflection
coefficien ts of a crystal , which can then he used as a standard . When such a standard
exists , integral reflection coefficients of another crystal may 1w found by companson.
By making use of Eqs. (143) through (146) , we find that the total number of count. s in a
li ne observed by our detector is (for ~i = 0)

flU )I. = n ( 1) ~~ - ~ t n ,( 1) ~ i ~~~ )~~ ~~R~ (X 0 ) ~S~~d~:d~ v

+ (X 0 ) ( S It (1,~~1~ U 74 
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and (for i,j i = ir/2),

= f l ( j ) L+C - ~~tn 1 if  = €(X 0 ~~~~~
-‘ [R~~x0 ) 1stk d

~
d
~y

+ R g ( s ~Ld~~db~ j .  (175)

Now, by addi ng these two equat ions , we fi nd

= n(i ) L + ~ ( 1 ) L = e(X 0) ( .) 12R~ (X 0)  S~~d& z dt5 y ( 176)

where S~ = S~’k + S~~ . Thus we see that direct comparison between the measurements
taken with the standard and those taken with our sample readil y provides the integral
reflection coefficient R~ (X 0)  due to random polarization of our sample.

Usually, the rad iation in a spectral line is not greatly polarized , so that taking the
diffe rence of n( 1)L and f l ( 1 ) L  often results in large statistical errors . The continuum
radia t ion , however , may be polarized to a considerable degree, so for the determination
of R~ and R~ (or rather , of their difference) we will use the continuum. From Eq. (145)
and (146) (if L~n~ = nt(i)C’ —

= e(X 0)2d cosP LR~ (X o ) - R g (X o ) 1 J ( S~~ -S ~~~) d~2 d~~. (177)

Now , direct comparison between the measurements taken with the standard and those
taken with our sample provides R~ (X 0)  — R g (X 0 ). By using R~ (X 0 ) as determi n ed , we
can read ily find R g (X 0 ) and R~ (X 0 ).

5.3 Reflectivity Curve

We will assume here that we have an unpolarized source of line radiation. (A
continuum is included in our measurements; but we have seen that its contribution may
readily he removed. ) En front of this source , we arrange two slits of equal width some
distance apart and uniformly illuminated by the source. In the x-ray region , diff raction
effects due to macroscopic slits are unimportant , so the radiation falling on a Bragg
crystal spectrometer may he described by (assuming random polarization ),

S~t5 =g, (~~~)~ (A ~ X 0) h ( ~~, )  (178)
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where

h(6~ ) 0  for

= (
~o + &,,)  for 0 ~~~ ~ —~ o

(
~o —

~~~~ ) for ~~~~~ ~~~~ 
(179)

We will require (for minimum statistical errors) that ö~ be on the order of , or less

than , the diffraction width . From the detector of the spectrometer , we obtain a count

rate,

= € ( X o) [ J gt (~z ) d~z]  f h (~~ ){R 0
oo~o ) Q 0I 0 o~o ) - - ~~y )

+R ~ (X 0) Q~ [0 ( X 0 ) —  p _ ö ~~ } d~~, 
( 180)

as a function of crystal angle sp. Taking the second derivative of n~(p)  with respect to ‘p
and integrating by parts twice, we find that

d2 n~ -
— = const.J l~ (b ,, + b o) — 2b(~~ ) + ~~~~ 

— ~0 ) I Q [0(X o)  — — 

~~ ~
d&,, (181)

d~p

where we have set Q = R°~Q° + Rg Q~ . The integral can be evaluated trivially :

d 2n~
~“ const.{Q[0(X o ) — s P +~~ol _ 2Q [0 (X 0 ) spj + Q [ 0 ( X 0 ) — s p — ~~0 ] } .  (182)

dip 2

By starting with data far from the line , so that d 2 n,Id ’p 2 = 0, we may also assu me tha t

Q [ O (X 0)  — 
‘p 

+ = QL 0 ( X o ) — ~p I  = Q 1 0(X o ) - p - = 0.

For clarity , we set y = 
‘p - 0(X 0) + ~o• Then we find

d 2 n~(y  — !~o)
_________ + 2Q(-7 + 5 0 ) - Q ( - y + ~~~~ 

(183)
dy 2

Thus, starting at a point where all terms equal zero , ~y = — 7o~ ‘~~~~~. Q(> ~~~ 0, we find

fo r - 7 o ~~~ y < -7 0  + ô t ~,

d 2 n 1(’y -

d y 2
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So we have Q(’y0 ~ - Y  ~ ‘Yo - 

~o) For the next interval , -‘V0 + 
~ 7 ~ + 2~~ ,

we find

d 2 n~( ’y — ~o)
dy 2

For the next and all succeeding intervals , we must use all the terms, since none are cer-
tain to be zero. We may continue on in the same way until we have the complete
shape (except for a constant) of Q [ 0 ( X )  — ‘p 1, the in tegral of which we set eq ual to uni ty.
Because of statistical considerations , fitting of n~ may be required , and care should be
taken to insure that the second derivatives of the fitted curves are continuous.

6. INTEGRAL REFLECTION COEFFICIENTS:
AN EXAMPLE , LITHIUM FLUORIDE

The techniques of Sec. 5.1, were used to determine the first-order integral reflec tion
coefficients of a lithium fluoride crystal (200), which are show n here as an example. The
detector used was a flow proportional counter fil,led with 10% methane in argon. The
pressure to which the counter was filled became the largest contribution of systematic
errors. Systematic errors were determined by before-and-after measurements of the line
intensity diffracted by one crystal. The errors resulting from statistical (Poisson ) varia-
tions in the x-ray source were taken into account by the methods described in Appendix
A. Errors , both systematic and statistical, are included in the error bars of the figures.

In Fig. 8, we show the determined ratio R~ / Rg as a fun ct io n of Bragg angle (1 ,
together with that expected from an ideal mosaic crystal , cos22O , and that expected from
an ideal perfect crystal , cos2OI. Neither of these idealizations describes this ratio over
the entire wavelength range included in our measurements. In Fig. 9, the three integral
refl ection coeffic ients R~ , R~ , and are shown as functions of wavelength. Since all the
data presented in Figs. 8 and 9 are derived from the same set of measurements , the error
in each da tum for a particular wavelength is not completely independen t of the error in
any other. For example , the error in R~ (X 1.54 .~ t)  is no t found by taking one-hal f the
square root of the sum of the squares of R~ (X = 1.54 ,\) and R~ (X  = 1.54 ..\).

7. CONCLUSIONS AND D’SCUSSION

In the preceding sections , we have discussed the usefulness of the Bragg single cry stal
spectrometer as a tool for quantitatively analyzing the spectra of x-ray emission sources.
With such a device , properly calibrated , we may determine not only the wavelengths of
spectral features , hut also the energy contained in the lines and continuum as well as the
degree of pola rization. Line shapes (‘an also be determined (with some diff icul ty ),
depending on the intrinsic line width and spatial extent of the source . The Bragg i rv stal
spectrometer is therefore a valuable tool for diagnosing x .ray sources (e.g ., ast rophvsieal
and laboratory plasmas).

We have presented an outline of the theory of x-ray diffraction from crystals and
discussed the qualitativ e aspects. Application of the theory to real cr stals (including

~11
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Li F

BPIAGG ANGLE. 8

Fig. 8 — The ratio of the polar ization factor , R~ / R °~, for a lithium fluoride crystal
(200 cut) .  Note that this ratio conforms to neither the perfect crystal d iffrac t ion
theory ( I co s 2 O I )  nor the ideally imperfect crystal diffr action theory (cos 2 2 O ).

iO-~
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Fig. 9 — First-order integrated re flection coefficients for a lithium f luo r idc c rysta l (2 0 ( 1  c u l l  as a
function of diffract ed wavelength. Two of the dat a points at 0. 877 ‘s~ ~~~~ disp lace d in wave
length for clarity.
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absorption effects) involves extensive numerical calculation even if , indeed , the theory
applies to the crystal in hand. We have also presented, in as general a form as possible,
the techniques and measurements required to determine the characteristics of a single
crystal Bragg spectrometer. The procedures are illustrated using a lithium fluoride crystal
(200).
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Appendix A
STATISTICS AND PROPAGATION OF ERRORS

Suppose we make m independent measurements. Each measurement will have an
associated error (e.g., if N is the number of observed photons from a source , the standard
deviation is .s/N if the photons are Poisson distributed). We associate orthogonal unit
vectors Ô1, Ô2, Ô3 ~m with the m independent measurements N 1, N 2, N 3, ..., Nm.
Denoting the standard errors by 01, 02, 03 ,  .

~~ 
0m ’ we may define error vectors 01, 02,

03 ...‘ 0m’ where a, = o.ê1. Now , suppose we have a calculation based directly on
measurements of N1, i.e.,

f  = f ( N 1, N 2, ... Nm). (Al )

Then, approx imately , the error loç l in f  is obtained from

m 

~~~~~~~~~ (A2)

Now , suppose we calculate an additional parameter:

h = h ( f , Ni, N2 ,. . . Nm ). (A 3)

In this case we would normally take

02 = ~ (
~ ~~ + 

~~~~ 
02 ( \ 4)

° ‘1 \af aN1 a~ 11 ~
For complicated expressions arrived at through many algebraic steps, the propagation

of errors in such a way becomes tedious and difficult. The same result is obtained if we
take

‘
~~‘ ah

= 57 (If + 0, ( A 5)

and let h = I be the error in h. Often , the fi nal results desired are not statistically
independent and the relationship of the errors in the final result might also be required
for future calculations. Keeping rn-dimensional error vectors is often not practical . By
using the Schmidt orthogonalization procedure , we red uce the dimension of the error
vectors to at most the number of final results desired .
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