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In 1954 Volume 51 of the '"Notes of the All-Union Scientific
Research Institute of Hydraulic Engineering'" contained an article
which examined the method for calculating the freezing rate of
water-permeable ground by a row of columns after frozen ground
cylinders had joined. This article proposes a method for
calculating the rate at which water-permeable ground is frozen
by a series of columns before the frozen ground cylinders join.

1. Statement of the Problem
The problem under examination can be formulated as follows.

Let there be given a cofferdam of length L and thickness H (Figure
1). The cofferdam is built on a base which is permeable to water and
heat. Water filters through the cofferdam under the action of a
constant difference in head between the lateral boundaries of the
cofferdam. Water does not filter around the cofferdam. The freezing
columns with radius Ty height h and total number L are arranged on
the cofferdam on a plane which is parallel to the lateral (head)
surfaces at uniform distances S from each other. Before the columns
are implanted in the ground, the filtration flow under natural
(normal) conditions has speed Vo and temperature T. The ground

freezes at temperature T The thermophysical parameters of the frozen

and unfrozen ground are known. It is necessary to find a dependency
which determines the ground freezing rate before the cylinders join.
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Figure 1. a, Plan of Cofferdam; b, Transverse Cross-Section s
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of Cofferdam.

2. Heat Balance Equation
The heat balance equation of the frozen ground looks as follows:
, & - TWRRT 0 (I (1)
Qe = Q - Qg - Q
where Qf is the amount of heat evolved per unit of time when water free:zes
on the surface of the frozen ground cvlinders;

o
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Q. is the amount of heat which is given off per unit of time by the
freezing columns (the thermal absorption by the freezing columns);

Qf is the amount of heat which the filtration flow gives off
per unit of time to the frozen ground cylinders;

%

is the amount of heat which the frozen ground loses per unit of
time (cooling of the frozen ground cylinders).

The thermal flow Qg, as is demonstrated in examining the freezing

of water-permeable ground by a single column [1] can be taken into
account by increasing the calculated value of the latent ice formation
heat by the value

. 6 le
B =00
where A

1 is the thermal conductivity factor of the frozen ground;

< is the thermal capacity of the frozen ground;

8 is the specific weight of the frozen ground;

h is the height of the frozen ground cylinder.

Therefore thermal balance equation (1) can be represented in the
following simpler form:
Qf = QC = Qfl (3)

The thermal flux from the latent ice formation heat is equal to:

. (4
Here R is the radius of the frozen ground cylinder;

L

J is the latent ice formation heat of a unit of ground volume;
is time.

Allowing for the thermal flux Qg‘ instead of (4) it is necessary to
write

- (5)
where

. (6)

——



The absorption of heat by the freezing columns changes as the «53
ground freezes. The law governing the change in heat absorption is L™
determined by the characteristic of the refrigeration device and by B
the thermal resistance of the frozen ground.

The means for determining this dependency are analyzed in o
the technical literature [2]: here we will write this dependency with ==
regard to the frozen ground cylinders in the following general form: ey

QC = f(R). J
This expression may be regarded as a known dependency; in doing this 1
we keep in mind the fact that by properly selecting the refrigeration
devices this dependency can be given any desired form. 2

If the freezing is conducted at a constant brine temperature 8, i
then -

3 2=h0%, (£, —D)
M e e

h1lg— (7)

¢

It remains for us to determine the value of the thermal influx
from the filtration flow in. The determination of this component of

heat balance equation (3) is the basic difficulty in solving the stated
problem.

3. Calculating the Thermal Influx from the Unfrozen Water-Permeable
Ground to the Frozen Ground Cylinders

We will determine the value of the thermal flux from the unfrozen

ground to the frozen ground cylinders on the basis of the following
equation:

(;-.'ﬁ.:—.cw;ws”n/;-. R S
where S is the thermal capacity of the water;
. is the specific weight of the water;
I is the number of columns;
Vo is the speed of the filtration flow in the cofferdam in the

area where the frozen ground cylinders do not cover the entire cross-section;

S is the distance between the axes of the freezing columns;

T is the temperature of the filtration flow at the approach to the

frozen ground cylinders (equal to the temperature of the filtration flow
under natural conditions);

tout is the average temperature of the filtration flow after passing

through the frozen ground screen.
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In order to make subsequent analysis convenient, we will introduce
two parameters:

U

Oy
=

Uy (8)

where Yy is the speed of the filtration flow before freezing begins and
_\_}'=I_—ﬁiui : (9)

where as before tO is the freezing temperature of the ground.

Then the equation for the thermal flux in acquires the following

form:

Qg=NAt, (10)

where :
N=e v Shiv (T—t,).
; cw'wg ; b(r fo)

(11)

In order to use equation (10) it is necessary to know the values
of v and At.

In the problem which we are examining (a row of freezing columns,
without filtration around the cofferdam) as the frozen ground cylinders
increase in size, the rate of flow through the cofferdam decreases,

and therefore the speed of the filtration flow Vo and the value of v

decrease. This problem was studied by G. S. Shadrin who used the
graphic method of constructing motion grids [3]. An analytic examination

of this problem has led us to the following relationship [4] which determines

the desired parameter:

Un . (12)

where

arc stn s

——— e — ;‘ .

b1z -

A graph of the dependency .

= f(s, y) is presented in Figure 2.
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Figure 2. Graph for Determining the Relative Change in
Filtration Flow Through the Cofferdam When the Frozen Ground
Cylinders Increase in Size.

Let us know determine At. For this purpose we will use the solution
given by heat transmission theory for the problem of wall cooling
[S]. The problem is formulated as follows.

An infinite, homogeneous wall of thickness 2X at the initial
time (t = 0) has the same temperature T at all points, and then (t > 0)

both sides of its surface are exposed to a temperature of o The
temperature conductivity factor of the wall a is known.
The solution to this problem has the following form:
SIS (16)
where
Fo- u— : (17)

A graph of dependency (16) is presented in Figure 3, the lower left
quadrant (see glued-in piece at the end of the book).

We will show how to use this solution in our case.
We will write the differential equation of heat conductivity in

water-permeable ground (the arrangement ot the coordinate axes is given
in Figure 4):

(19
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here Vy is the projection of the filtration flow's velocity vector

onto axis Y,

v, is the projection of the filtration flow's velocity vector

onto axis X. “
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Figqure 3.
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Ignoring the value of the thermal flux which arises due to physical
heat conductivity and is directed along axis Y and the component of
induced convection which is directed along X, we will convert equation
(18) into the following form:

v')t @ £=g
= it e, (19)

o o v
where
e (20)
WW

AZ is the thermal conductivity factor of unfrozen ground.

i

(- — y:Z/'.’

Figure 4.

Equation (19) can be regarded as a one-dimensional thermal conductivity
equation in which the time variable is replaced by the y coordinate
variable.

Thus, the task of cooling a filtration flow which occurs in a gap
2X thick amounts to the task of cooling a wall, the solution to which
is known (equation (16)). However, in the case which is of interest
to us, cooling a filtration flow when it passes through a frozen ground
stream, we are dealing with a gap of non-constant thickness.

We will show that the above-indicated solution can also be applied
to our problem.




. £ ~<j\'.
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As is known, the temperature distribution in an infinite planar-
-parallel wall is determined by integrating the differential equation

(21)
: If we place the origin of the coordinate axis in the middle of the

i wall (x = 0) and designate the wall thickness as 2X, then under
! boundary conditions

i L, =k, (22)
Fi—X, D=2(=X, )=t (23)

the solution to equation (21), as is well known, will be as follows [5]:

~

Flg, =t =t 1-=1) : A oS e mlexp | -4 Fo) (24)
where
i (25)
Fo~~2: (26)
7 2 (o=l -,— : (27)
A TR P 2
R TOTe (28)

For any moment in time (t = ro) equation (24) can be regarded as

an initial condition (instead of (22)) with equation (21) integrated.
This initial condition is characterized completely by the value of
criterion Fo; in this case, from the viewpoint of the subsequent
process it is completely irrelevant what the conditions are under which
the process of heat transmission has occurred during the preceding
period. The course of the wall's temperature, as before, will be
described by equation (24), and the speed of increase of Fo will depend
on the wall thickness at the given time. We will consider that the
change in wall thickness and, consequently, the change in the area of
the filtration flow's cross-section per se does not cause any temperature
changes at compatible points, i.e., we will assume that when the stream
of the filtration flow is instantaneously compressed or expanded,
dependency t = f(yl) will remain unchanged.

In this case

e (29)




And, consequently,

Therefore the value of criterion Fo which has to be substituted into
the solution of (24) is determined by the integral:

‘l“fiA (31)

In order to obtain this integral, we will express drt through X,
and in doing so we note that

jo o Y (32)
- -
From Figure 4 it follows
Vo - 'Wuuk—\-
by differentiation, we find:
S
\ Y
Qy s —mmm e e UV (33)

Keeping in mind the fact that the average velocity of the filtration
flow is inversely proportional to the area of the cross-section, we can
write:

%

= (34)

By substituting (32) into (31) and taking (33) and (34) into
account, we find:

- . Ay Pl - 5 . S g
By integrating within the limits of X = 5 to X = 5 - R, doubling the

result (since the limits cover only half of the length of the slit) and
by substituting expression (15), we find the value of the Fourier
criterion after the filtration flow passes through the frozen ground
screen:




SR

Bl P % I ! ' ) { N
L. t ‘,

and, keeping (12) in mind, we finally obtain:

Fo~—=Ni (e, =) (35)
where
Yz :)=Z—'—'1'z“- ol (36)
%
- (57)
be -- see equation (l5).

The results of calculating the Fourier criterion in terms of
dependency (35) are also presented in Figure 3. By knowing x, ¢ and
K, this dependency makes it possible to find At.

Thus, by using the graph in Figure 2 it is possible to determine
the values of parameter v, and from the nomogram in Figure 3 it is
possible to find the values of parameter At. This is sufficient to
calculate the magnitude of the heat influx from the unfrozen water-
-permeable ground according to formula (10). Below is given a
corresponding sample calculation for the purpose of illustration.

L, Sample Calculation of Heat Influx From Unfrozen Water-Permeable
Ground

We will determine the thermal influx to one of the frozen ground
cyvlinders which is in a row with others.

: 5 : ¥ kcal

The following are given: AZ =1 W he-deg °

- 1 kcal |

w m-deg ’

Y =1000}—(§;

W 3

m

Vi, = 0.04 m/hry T = 7°6; tO =R CL N SEE T e =S e =] e = T

From equations (20), (14), (37), and (11), we find:

a i 1 —_———— e "_- L v hr

'3 kcal hr.

-10-
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According to computation equation (10): in \)‘; 3

in XNAr =28y

The rest of the computations are summarized in the table. For the
sake of comparison the last graph in the table shows the results of
calculating the heat influx to a single frozen ground cylinder, with
these computations carried out according to formula of B. V.
Proskuryakov [6]:

’ 7 )(w P
in=8 ! ——_l—-/h W T—r1, )‘ (38)

TABLE 1.

i Qg+ keal, he = ‘

Al

: Found from ; Found from Row of columnsSingle column
Figure 2 ‘ Fxgure 3 from ormula ? or me 8

9.1 ] 0.0 0.i5 “:”
2 0,09 ! Wt i ‘)

W N

I

i

i

i

) « f e _l 2 g i

o it : 02~ Nt G Sl

.5 (3l 035 S

T 1
'

K GNEY i 0,42

!

!

02 e Sikg ',-.,_‘/ {
Tife Wy i

i

Commas indicate decimal points.

From Table 1 it is evident that the magnitude of the heat influx
from the unfrozen ground to a cylinder which is in a row with another
reaches its peak value when ¢ = 0.8, and then rapidly decreases.
A comparison with the data for a single cylinder shows that in the cited
case conditions for ground freezing by a row of columns are more favorable.
The corresponding calculations, however, show convincingly that under
these circumstances, for instance at higher filtration flow speeds or
when the cofferdam is quite thick, cases are possible where the thermal
influx in to the frozen ground cylinders in a row with other cylinders

is greater than the flow to a single cylinder.
5. Solution to the Heat Balance Equation

We will substitute into heat balance equation (3) the expressions
of its components (5) and (10), and by taking (13) into account we
find:

e &= -
53 v<lils 2 = Lo AR

The solution to the posed problem, determining the ground freezing
time before the frozen ground cylinders join, is found by integrating
this latter equation within the limits from = Jr”'S to « = 1 and from
2 0, totT = 1,

1
il

—— —




The sub-integral function is complex in form, and therefore the
value of the integral must be calculated by the graphic or tabular
method, and then determining the freezing time according to formula

(39) presents no problem.

6. Sample of Calculating Freezing Rate

(39)

We will determine the period of ground freezing which occurs before
the frozen ground cylinder join under the following initial conditions:

length of COfferdam. .. s weewnisssisssacns L =100 m
thickness of cofferdam.....: . cusveeeaens H=6m

helght of COLUMM. ... vuivnnansomsnssmasnsss h=28m
distance between column axes ............. S=1m

radius of freezing columns................ r =0.05m
speed of filtration Flow........<sssvasnss v, = 0.08 m/hr
temperature of filtration flow ........... T = 6°C

latent ice formation heat per unit of

SLOUTId VOIUIME . .« «. s oivwn s voiae s ones s seiaioe iy = 24,000 kcal/mJ
thermal capacity of water ................ = 1 kcal/kg/hr
specific weight of water.................. = 1000 kg/m’

thermal conductivity factor of

UNEroZen ground. .\ s ceias st s sy i oee

thermal conductivity factor of

—

kcal/m-hr-deg

Erozen grotnid v . aa e v« nvsion cne e . = 2 kcal/m"hr-deg
thermal capacity of frozen ground......... = 0.34 kcal/kg°C
specific weight of frozen ground.......... = 1600 kg/mJ.

We find
i |
o1, s i R ) ihE .
@ e T T C.001 hr ;
W'W
4a 4 - 0,001 -
7= ii i:h,
S 1
100
! ! - !i L 100;
Noewg o Skl (T-¢£,)=1-1000-1-8 - 100 « 0,086 =354000 keal/hr.
W'W b
=33
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The refrigeration device ensures the constant brine temperature
8 = -20°C; according to formula (7) and taking into account the fact

o Ty

>

that R = = , we will determine how much heat the freezing columns

“I

absorb:

=il (by—") 2= 8-.100.2-20 _ 201 - 10¢
c S } S = ipil10s)

in ?’T In { 3 0'05

The calculated value of the latent ice formation heat is determined
_from equations (2) and (6):

- 0y
Jesi, L c;.:Qc_ 24 O0() - 0,3 ___IBJ =0 - 24000197 - 1) Qc_
4=x./n = U D0 -8 Te

The rest of the calculations are summarized in Table 2, and in this
process, in accordance with equation (39) we utilize the following

) | i "

expression:
Xz = zA:
A===- - Nl oo e
= () R S s oy = WAt
ME rC
= 12605 — 2
Q=N -AF
TABLE 2.

! E o e - ' : f as i

QL =N e e g ' Accord- -

: ¢ '= 2 Eound - ‘e i rkeal ‘ing to
A : cal ' £
l e i i‘%ure Sa it il -
r PG = Ycal : , hrs
| i | fabn 3 kca |
{ | i 2
oz 01 | 250-10° ; 04 10,0151 42700 | 245200 ¢ 010 5“,:‘5..;"; ! A
) L . -

13 ;ﬁ,l i 183-10° IiLFU ' 0.150 50300 122400« 2,45: 107 2841 ; R, I' R T
o4 o1 | es o | 097 0.105 1 3000 | 000 | 33310 el 130
s or | 125100 L os foz ! ssso0 | 3800 D15 07T )z [ 76
!aﬁ 0.1 ixt:AOti 000 102901 101300 | 107C0 | A 266,89
lnu'm’,nowo~iuw1‘nma-:unm»l SI00 | 153 21077 | A A
{n¢ (”Hllbwlwi109<40'ﬂ' 111500 | 0" =
! .
[}

Commas indicate decimal points.

Thus, under the given conditions joining will not occur;
the frozen ground cylinders will cease to grow as early as ¢ = (.64,
[n the given case it is advisable to shift to freezing at a lower
brine temperature. Below Table 3 shows a calculation of freezing time
which demonstrates that if we assume that the brine temperature is

= -40°C, then joining will occur, for instance, on the leth day.
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L \)i
TABLE 3.
B R S NN e S &
| ) } Qc {Found|Found B k;;lh.“.;(“la:_a(; ' T kcal Accordmg h-rs

Rl o e T
02 lo1 1580-10 0%y oz e laao'amp 037-1077 397000 185 - 183
0.3 0.0 366105 0.0v ;n.xsuf 030030500 9231077 123600 420 ; 605
0,+ 0.1 ;;8’0-10 na7 .”195'_ 73000 “.’17(.'()0 15'4-10"_ ;-‘31:30 T.36 i3.41
03 0.1 [250-10° 404 {0240 86560 [103300 1 305.7077 30730 11y L 501
0.6 0.1 1224100 0 ?u:smi 101300 1122700 . 48 ~lu'z isoo.-:o a2 i 13,33
07 0.0 {206-10° 0.5 [0.355] 116000 [ 90000 | 7.78.1077 0830 0885 | 722
05 00 [194-10¢ 077 10450 | 136000 | 38000 [138 .10 ¢ 292300 3053 ' 1.282
0,9 iu,l 18410 0,62 ;0.690 164000 | 20000 | 45 1077 g')som' 1640 1 28692
0030051 173-102 0,37 10560 | 160500 ‘ 17400 | 238 -1077 '_swo; s6.2 !313.22
0980031 176105 0,33 10995 1 126000 l 50000 [ 5881077 1287507 2035 0:3T

|

Commas indicate decimal points.
7. Determining the Joining Conditions

The condition for the cylinders to join into a single frozen
ground mass consists of the fact that the heat absorbed by the columns
QC at all values of ¢ must exceed the thermal influx from the filtration

flow, i.e., the following condition must be fulfilled:
Qe Ui (40)

when

Instead of ensuring that condition (40) is fulfilled from the
beginning of freezing until the frozen ground cylinders join, as
a rule, it is sufficient to ensure that this equality is observed
at frozen ground cylinder dimensions which correspond to the maximum
in value. Figure 5 shows the graph which makes it possible to

approximately determine the value of parameter ¢ at which in reaches
its peak. This graph was plotted as follows.

By utilizing Figures 2 and 3, dependencies such as at-v = f(-)
were found for various values K = const and y = const, and each of

these curves was used to determine = values which Lorrespond to a
maximum value of Atvu, and consequently to the maximum in value (at

given values K and ). These additional calculations and structures are

not given here, but only their results are shown in Figure 5.

We will cite an example of ensuring that the solidification conditions

are fulfilled.

i
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Assume that it is necessary to determine the distance between the
freezing columns at which joining of the frozen ground cylinders
will be ensured, if it is known that:

length of cofferdam...........cooivuuen... L=50m

thickness of cofferdam...... c.inceosceasses H=8m
height of freezing columns................ h=10m
radius of freezing columns................ T, = 0.05 m

speed of filtration flow......cc.vvveuuen. v - 0.05 m/hr
temperature of filtration flow............ T = 5°C
thermal capacity of water.:.oconueenoncsaa C ® 1 kcal/kg-deg
specific weight of water......cvvveeeennnn L 1 kg/m°
thermal conductivity factor of

ETOZEN ZROUNA « wivivn on wiwwslsis oo sinia ol mssiealve Al = 2 kcal/m-hr-deg
thermal conductivity factor of

UnErozen Grouidi . «uv e slesiatinspmee e A, = 1 kcal/m-hr-deg
brine temperature in columns............:. 8 = -22°C

freezing temperature of ground............ ty = 0°C.

According'to (11) and bearing in mind the fact that I = L/S,
we can write

N=gu Lol T—t =1+ 160U - i7- 50 0,05 5=1250¢) keal/hr.

If we assume that S = 1.5 m, then according to expression (37) and
(14) [with allowance for (20)]:

5
R, L % - 1.0 Pk
N — = - — TE =10 D]
Cv;:’wi'bs l - XUO\) . ”,OO ® L)
g8 Ly
’ —‘:— -"1‘5 =0,

From Figure 5 we determine that the maximum heat influx of the filtration

flow occurs when ¢ = 0.94.
From Figures 2 and 3 we find that when ¢ = 0.94:

v = 0.48 and At = 0.86, and consequently according to (10):

“fi NoAf=125000 - 048 . 085 51600 kcal/hr,

On the other hand, the heat absorbed by the columns is equal to:

b : X ! TSl o34 R30 Kkeal/hr.

=15+




Thus, it has been found that when S = 1.5 m in >'Qc and consequently

joining does not occur; therefore it is necessary to set the
columns closer together. If we assume that S = 0.8 m and repeat the
course of the above-cited calculation, we find that the position

€ = 0.92 will be most difficult and in this case: in = 75,000 EE%%
and Qc = 86,500 kﬁil. Therefore this version is technically feasible

since condition (40) is maintained.
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Figure 5. Graph for Determining the Value of Parameter
e at Which the Thermal Influx From the Unfrozen Water-

-Permeable Ground to the Frozen Ground Columns Reaches

Its Peak.

Conclusions

In this article we have examined the problems of making a
thermal engineering calculation of water-permeable ground being
frozen by a row of columns before the frozen ground cylinders
join where the filtration flow arises through the cofferdam
under the action of a.constant head.

As a consequence a method corresponding to this case has been
developed for calculating the period of freezing. In this process
it was found that as the frozen ground cylinders increased in si:ze,
the thermal influx from the unfrozen ground first increased and then,

due to the reduction in the flow rate of the filtration flow, decreased.

Therefore the most difficult period of freezing occurs not directly
prior to the joining of the frozen ground cylinders, but
somewhat beforehand. [f by the time the maximum thermal influx from
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the filtration flow occurs the frozen ground cylinders are still
growing in size, then it is considered that their joining
into a unified frozen ground mass is ensured.

It should be noted that the method proposed in this work for a
thermal calculation of the cooling of a filtration flow flowing
between two frozen ground cylinders may also be used to solve a
number of other thermal problems in which the temperature conductivity
of a body and its dimensions vary according to a known law (for
instance, in the problems of water course thermics). In this
process, however, it must be kept in mind that this method 1is
correct only when there are constant temperatures at the boundaries
and if the physics of the event under consideration makes it possible
to consider that the change in wall thickness (or water course depth,
diameter of the penstock, etc.) does not per se cause temperature
changes at compatible points.
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