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I. INTRODUCTION

When the lateral surface of a long, unrestrained , sol id cyl inde r
is exposed to a nuclear thermal radiation environment such as that
indicated by Fi gure 1, both a trans ient , two dimensional , non axisylnmetric
temperature field 1 and a transient , three dimensional , thermal stress
field are produced within the cylinder. Knowledge of the magnitude and
type of these stresses is essential not only for thermal response analysis
but also for the subsequent blast response analysis. This report describes
a derivation of a set of non-dimensional equations for the stress field.
Such equations will provide a conven ient mean s for cal culating the val ues
of these stresses and for performing a parametric study of the equation
variables. The results of such a parametric study involv ing to and Q,two of the three nuclear pulse parameters, are also presented in this
report .

The stress equations are derived within the framework of classical
linear thermoelasticity theory using the plane strain assumption , and
the approach is quasi-static in which inertia effects and thermoelastic
coupling are neg lected. Although the use of the plane strain assumption
does not result in a solution valid for all the regions of the cylinder ,
it does provide a solution valid in the regions away frotn the ends of
the cyl inder.

II . TEMPERATIJRE EQtJAT ION

The equation 2 for the transient temperature field in a long , so l id
cylinder whose latera l surface is heated by a nuclear thermal env ironment
fo r  w h i c h

1. the  t h e r m a l p r o p e r t i e s  of t he  c y l in d e r  are independent  of
t empera tu re ,

2.  convect  ion and r a d i a t  ion  heat  losses  by the  cy l i n d e r  can he
n e g l e c t e d , and

3. the in~~ ial temperature field in the cylinder is uniform .

, “ P z)/ l ~~ Produced i_ n “ol ~ ( 1 n I t  r~’
ip T~~ ~~~~ I “, ARL H r  pf V .  1937, .4u~ i~ot , 1 976~ US A~~ii~1

1: 0 0 li. ~~, .11’ ‘1! ~~ o i t  P ‘, A!)1 P. !~ ~~ ‘ 7  ~ j Cr~ ‘24) 2  1, ~ n’i~ 1 2nd.
(AL; 

~~.- ~~~~~~~~~

I - ., ~
‘ i.

S

c~c~DI.~ x~~’~’~ ELAr~c.I-loT ~‘ILl i~D 

-~~ 
., - -~~~~ - . - ----- ~~—- . ,-~~~~~~~--. -~ 



______________ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

0
A- I
o II I

cv) I•0 I
• ‘.i-.

-:
II —

A- -
-

~~ 0
A-

=a

0 2

1,j

- 0
A-

3 ) NV I G V d ~ I

L ~~. - ---- -.~~~~~- -~~~~~



~~~~~~~~~~~~~~~~~~~ ~~~~~~‘

is: 
T(r ,O ,t) = T0 

+ 

ITp c f(t)dt + ~~~~~~ 
t[1 

x ~~~t’

X f(tI)dtl] J( A r) + ~~in”o
1
2 
~ 

ln pc

n=l ([A1 r ) _l]J 1 i n ~o

t 2 K

~ [j 
:~ 

~~~ 
t l

f (tI)dt

t] _l:~~~~)~cos 6
—2~~~~ ~~~ [A ~~ r j ~ cos(~~--~) e  mm p c

m=2 n = l  [m — 1 ]  [ A r ~~~ — m ]J ( X r )

x e mm ~c 
t ]  

~rn~~mn~~ 
cos mO ( 1)

where H f(t) is the functional representation of the curve in Figure 1.
A1thoug~ the temperature field is non-axisymmetric , it is readily seen
from (1) that the field is symmetric with respect to 9. Since the
temperature equation is needed for the development of the stress equations ,
it is conv en ien t to  r ew r it e (1) as

T(r,0,t) = T0 
+ ° — 

[A oo ( t)  + A (t)J (A r)cos m oj (2)
pcr  

m=0 n= l

where  t

A ( t )  = 01 
f ( t ’) d t ’ (3)

_
~~ 

_
~~

__
~~~~ ~ A 2 K

t
,

A ~(t) = 
e [ e Ofl p c f ( t ’) d t ’ (4)
J ( A  r )  Jo on o

0 

-~~ -—~~~~~~~~~~~~~- ---- -- - - --~~~~ ~~~~~~~—~~~~~~~~~~~-----~~~~~~ 
‘
~~~~~~~~~~~~~~~~~~~



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ,—---.-~~~-- - -.- - _----- -~~~ ~~~~~~~~
.

2 K
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1
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K

A
1 (t) = 

in ~ 
2 f e in pc f(t’)dt ’ (5)

2[(A 1 r )  .1] J
1

(A
1

r )  
0j

and K

2[ A mmr ] 2 
CO S ( ~ ) e ~~ pc

A ( t ) = —  —

[m
2
~ l) [(>~ r )

2..m2) Jm m n ro)

t 2 K I

~ 

~c(t t ) ~~t I (6)

for m � 2 .

I I I . STRESS EQUATI ONS

Under the plane -strain assumption , the stresses in the cylinder
can be determined from the following formulae3 :

T
rr 

= + !~- 
_
~j ~i2

1 (r ,O ,
t) - 2G l~2

(r ,6,t) (7)

Tro 
- 

äeôr [L ~O1 (r ,6,t) - 2G~2(r,e,t) (8)

T00 
= O~ (r ,0,t) - 2G O

2(r ,O,t)~ (9)

~ifl d

T
~~1 

= v (T rr
+ T00) — 2G( l  +v ) a~~ (r ,6,t) (10)

where 
~~~~ 

is the solution of the biharmonic equation ,

~ 2 ~ 2 
= (11)

3
1,11- ‘ , 7’her~77O~ l.z. ’ I c , ( t ,~ A i , U o o t l — l ~Y’O l~~2 . Pub l z o i  f H~j ( ‘0P7~~7) 2 ,/ , J t ~o. ,

.2 / i  fl1$ , ‘~tZ0.2 20~’?A0 ’ . t. t ~
‘, / at~.’?, p. ~~~~
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Q is a particular solution of I 
+2 

A
2 

~2 
= 

1 (1 2)
1 — v

and ~ is the change in the temperature field. A solution of (ll)~ wh ich
is well behaved at r=O and is symmetric with respect to 0 is

= b~r
2 

+ 

~~~~~~~~ 

[(apr
Z 

+ b~r~~
2) cos £ 6 + (c~rt + d~r~~

2) sin ~ o]
(13)

and a particular solution of ( l2)~ is

~2 (I - v

’

~~
’T

~~ J
~~~dt (14)

when the initial temperature or the final temperature is uniform .

Since the initial temperature and the fina’ temperature of the
cylinder is uniform , we can define ~~as either T(t) - T(o) or T(t) - TQ~).
By choosing the latter and allowing f(t’)=O for t’ >t ,

j
”
~~dt = - 

2H0 
A~~(t) 

~m~~mn~~ 
cos m 0 (15)

fI Kr n= n=l A mn
t ’~n

and

= - 

~~~~~ (
~ 
: ~) ~~ 

‘
~mn~~ cos m 0 (16)

n=O n=1 cm

The substitution of (13) and 116) into (7) through (10) results in

T
rr 

= 2b + 2b 1r cos 0 

~~~ 

[(m_m 2)a mr~~
2 

+ (2  + ~i n 2)brm ] cos m 6

+ 2G 
~~~~~~~~ 

(4_~t~.) 

~~~~ 
[

~
‘
~~~~r~ 

- m2 A (t)]cos m

(17)

Y. C. ~~~ ~~~~~ S~~o: j it  on.~ of ’ . ‘o Z , ’d Mechani ç,~~ Pr en t i c—Hal  1, I i ’., H,iq iC~00C I ,
~~~.. _

‘
_
‘ .‘, 0 ’  

~~~P 0 ’ 4 , ~~~~~ .
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~ . R ; 7  ‘1 ~i~ / ,~ . / ! . ~~ - “ tv~~r , TseorL.’ ~~f’ Thermal Stresses,  J ohn WI Z~~’ ~
Co , I ’ ‘ }‘ e~~, J - ~ Yor k , 19 CC , r . 83.
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T 0 
= 2b 1r sin 0 + ;~::;; 

[(m
2_m)a

m
r
m_2 

+ (m2 + m)b rm ]  sin m 0

+ 2G J ~::k (—t-~ ) £ ~ [ J~ (A r) 
- 

~~~~~~~~ 
] A (t) sin m 

01

(18)

T
00 

= 2b 0 + 6b 1r cos 0 + 

~~~ 
[m

2_m 
mr + (m 2 

+ 3m + 2)bmrm] ~~ n 0

C,, ~~4aGH
+ 

‘(2c r 
A (t)J (A r) cos m 0 (19)

and

T1 = V (T + T 00 ) - (1 + v) A (t)
m~0 n=l

X 
~

m m ( A mn I’) co s m 0 ( 2 0)

Since the cylinder is unrestrained , the stresses at the surfacemust satisfy

Trr (r
o,0,t) = Tre (r o ,0 ,t )  = 0 (21)

1 0 

--. -- - - -- -— -- -- - _ _ _



I~1
By substituting (21) into (17) and (18) one obtains

O = 2b 0 + 2b 1r0 cos 0 + 
~~~ 

[ 2~~~~~Z~2 
+ (2+~ +~

2)b
L
r~~
]

cos £ 0 + 2G { 
~ 

(
~ ~ 

) 
~ 

J (X r)

J ( A  r )
2 — m2 m ~~~~ ~ A (t) cos in 0~ (22)

( A r )n m o

and

0 = 2b 1
r0 

sin 0 + ~~~~~~~~ 

[(~
2
~~ ) a r &2 + (~

2 +~ ) b r ~~
] 

sin ~

+ 2G { 
~~~~ 

(
~

) 
£ 2  

- 

Jm~~m~~~~~

] 

A (t) sin in

where J’ ( A r )  = 0
Equations (22) and (23) will be satisfied for all values of ~~~, m , and n if

(24)

b = 0  (25)

and 

b 1 
= 

~ (~
) 

~~ 

J1 (A 1 r0) 
A 1 (t) (2o)

(m 2_m) r~
_ 2

am 
+ (m ’-m)r~ b = ( 

~ 
) m 

~~~ J ( A r )  
A~~ (t )

0 n=l m n o

*
Th z.s i~s a ~~~~~~~~~~~~~~~~ 0 . Z t ? 0 ~

’
~’ ‘~ 7 t b T ’ t7JarI ~ ( 7 0) 7 0 ?  1 0 1 7 0  ~

!e ? ’I a t i o n  of  tP ~’ t1 ’? ’7~’ € ’ Y ’ - Z t , ( ,  ~‘,‘ 7  ~~~
11 
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4 Cm li
2 m—2 2 m 0 1+v

and (in-rn )r0 
a
~ 

+ (2 + m - in ) r 0 b
~ = llpcr0 

1-v

“° J (A r )
X m’~ ) 2 - A (t) (28)

n=1 m n o

for m � 2. The simultaneous solution of (27) and (28) yields

2 GaH ~~~ J ( A  r )
am 

= 

JIpcr~~
2 ( ~ )(2+m) L.~~ (A 

mn 

)
2 

Acm(t) (29)

and 0 m n o

b 
2G mH0 (

~ 
) m ~ m~~ nm A (t) (30)

o m n o

for  m � 2 .

Both the temperature and stress equations , (2), (17) , (18), (19),

and (2 0) , can be reduced to a dimensionles s form through the use of the

f o l l o w i n g  d i m e n s i o nl e s s  q u a n ti t i e s :

* t
r = _E__ t~ p = A  r

r
0 

t 11112 11112 0

T =  
T - T 0

pcr - 0.24
0 pcr

0

* 
11m * 

b
a111 

= 

uGQ ( l+v b = 

24 ~( Q  (~~~
_\ 

~ (31)

2 cr  \ l+v / p cr \ ~~~~~ / ‘

= (
~~~~~~~~) 

~,j = r,0,z

12
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The use of these quantities yields

T = A 0(t) 
+ A (t )J ( p r )  cos m 0 (32)

rn=O n~ l

* * *  ‘v’ I 2 * ~~rn— 2 2
Trr = 2b 1r cos 0 +~~~~~~ j (m-m )am

(r ) + ( 2 + m — m )
m=2 L

~ b~ (r~)111] cos in 0 + 2 
~~~ 

~ Pmn r~~ -m 2 A ( t *) cos in 6
in m=O n=l 

L ~~~ ~~mn
T, )

T
0 = 2b 1

r sin 6 + [(m_m
2)a~ (r *)

m_ 
- (m 2 +m) b ( r ) m

sin m 0 + 2 in [ ~~~~~~~~~ - ] A,,,~,(t ) sin rn 0
(34)

0~

T
00 

= 6b
1r cos 0 + ~~~~~~~ 

[(m~_m )a~ (r *)m 2

oO QC~

I * * 1 * I ~ *
+ (m + 3 m + 2 )  b

~~
(r  ) fll

j
cos in 0 + 2 

~~~~~~ ~~~ 
A ( t  ~ J ( p r  ) cos in 0

m U  n l  ( .5)

T = v ( T  + T
00) 

- 2 ( l - V)  ~~~ A (t )J (p r )  cos in ~ (3b)
m=O ,,= 1
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IV . PARAME TRIC A \ A L X S I S

The values  o 4~ the non-d imens iona l  tempera tures  and stresses were
ca lc u l a t e d  for 6* = 0 .01 , 0.1 , and 1.0 ; for t~ = 1.0 and 10 .0; and for
0 = 0 , , Vi , and ~J . Because v appear s  in t h e  right hand side of (3d) ,

-I *
v = 0.33 w as  ni~ eC it ~ c a l c u l a t i n g  T .  F i g u r e s  2 , 3 and 4 are t h e  p l o t s

of the  t e mp e r a t u r e  d i s t r i b u t i o n s  and Figures  5 t h r o u g h 14 are the  p lo t s
of t h e  s t r e s s  d i s t r i b u t i o n s .

F o r  a g iven mat  c r101  of a cjven radius , the  i n f l u e n c e  of i~~ (a n d
conse9u ent  1Y , t ) and Q on t in e  t empera tu re  f i e l d  can be seen from Fi gures

*

2 , 3 and 4 . - Vt t = 1.0 and t = 10.0 , the  sur face  temperature  for 6 0
decre ases  is ~~ i n c r e a s e s  i f  Q remains constant . For B ~ and

C 0 7 1 5 c 1 1 ;ont 1Y , ~~
— - -
, t h e  s t i r t o c e  t er n p e r a t u r e  in c r e a se s  as ~~ i n c re a s e s  at

t
k = 1 . 1) and t 10 .0. I t  can be conc l uded from Fi gure s  3 and 4 t ha t ,

fo r  ;~~ 1 . 0 , t h e  t c 1 - 7~ r a t i i r e  in  t he  cvi  ir ider is uni  form for a l l  va lues
of Q . I - or  .i g i v e n  F~ , i t  f o l l o w s  from ( 3 1)  t h a t  ti le t empera ture  at any
0 0 1  u t  in  t h e  c c i i  n d c r  n~i 11  i n cr e ; i s e  :15 Q increases  and ~ i l l  de crease as
(~ dcc rea~ es .

The ~ - t  of  ~ and Q on t h e  t n e r m a l  stresses at t * = 1.0 and
10.0 can ho -ceo irOn Figures 5 t h r o u g h 14 . hxcept  fo r  

~~~~~ 

On 0 -
~

-

0 7 /  ~ = Oee F i y u i ~ ~~) , an i n cr e a s e  in f~ r e s u l t s  in a decrease in

st rl -~~sos i f  Q re in : ! i l l s  co r i s t  an t  . ‘~ ince  t h e  l a t e r a l  s u r f a c e  of t h e  cy ’l in d e r
1 5  1 a c t  - on f r ce  , - and . - ar e :ero for r = 1. Consequent lv  the

1’ 0
m a x i m / i a  v a l u e  of  t 7 le se  s t re s s e s  occurs  at  an i n t e r i o r  po j u t  of t i l e  cv i  i nd e r

i s  5 ( 1 0 2  i n  F i g u r e s  V~, 10 and 12 .  In a d d i t  i on  t o  i n f l u e n c i n g  t i le
71:1 I II )U 11I ca lue  ~i )  t h e s e  St l’ /. S S C S  , ~ a iso e l’fect  7; t I n e  local  io1~l of the

m a x i m u m  ~~ 1ue .  At ~~ = 1.0  and t~ = 10 1) an i n c rease in  ~Y s h i f t s  the
m ax  I n ium I i  I ne of ~ ~ t os a r i ~ t he  r e a r  l a t e r a l  s t i r f a  ce of t ine  c v i i  n d e rr I’ -

{Ooc  I i  i I 2 ( ~~~ o and l .~) ; and an i nc r e a s e  in 3~ s h i f t s  t i l e  7/OX ilnUlil ~ a 1 n t e s
01 - , t ) I ~ i i ’ds t h e  C e n t e r  of t h e  c i  h ide r  (4ee  Fi gure 10 ) .  As in t h e

cas .- of  ‘~~~ t e m p er at  ore d i  - t  r i h u t  i on , i t  f o l l o w s  f ’rouin ( 5 3 1  , ( 5 - I ) , I 55 )

m d  (~~~ ) t h a t , fo r , m g i i t ’ rI  ~~~
‘ 
, t i l e  s t r e s se s  It  any p o i n t  in  the cv1~~n dcr

w i l l  I f l c r ~ -~~-c m s  1/ t n c r o a s e s  arid w i l l  d e c r e a s e  ~is Q decreases.

0 - - I I ~~ S i n i p le  l ’c: i in  t h e o i ’~ , t h i S  : I I 1 t h O r ~ had sho i ~ i t h a t  the i i . t x  1 7 2 / I / I l

I N / a l st . r’ ’ -~ i s  s i m p l y  -. I l 1~~ r 1 ed - oct  a n g u l a r  l ’eam s e \ p o~(ed t o  a n u c l e a r
t h o  ( 7 1 / 1  01 / i  i r o r u n e u t  d d  not  o ccur  , t t  t = 1. 0 but  at  some l a t e r  t~~.

21 . - . . d - ,
, ‘ - . - - i=’

~, I . • • 
~~

- 
.~ ‘(00 - - . , . - 

~~
‘ ~ I i .~~ :‘- ‘1. ’ 7 ~~~~

/ L_ .~ — — — 
> 

— 
— i

- 7’ ’ • 
,- • .s - l .2’ ‘~~~~ ‘ :. (.‘ ‘ ‘ .‘ ) . , 

- - ‘ ‘0  . 1 ’ - 1 i - , . :.
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By trial and error, it was determined for ~~ = 0.1 that maximum v a l u e  of
T* , T~ , and T* occurred at t~ = 1.35 and that the maxinum value of
rr rO zz

occurred at t~ = 1.10. Figure 15 is a composite plot of r’
V * and T* , normalized to the maximum value of T* , at the time of their
zz r8 zZ

maximum value . It is seen from Figure 15 that the maximum values  of
~~ and T* are small  compared to tine max imum va lue  of T* - However , itrr rO
is seen from this figure that the maximum value of is not small

compared to the maximum value of T* ; the latter being only twice ii’,

large as the former. Al so , it can be seen that the axial stress is the
l a rges t  compression stress and the largest tension stress.

V. CONC LUSION

A set of non-dimensional equations for the quasi-static , thermal
s t ress  f i eld in a long,  unrest ra ined , isot ropic , homogeneous , solid
cylinder whose lateral surface is subjected to heating by a nuclear
thermal environment have been derived un der  the p l ane  strain assumption .
‘l’hie results of a parametric analysis of the stress field involving the
rise time of the thermal pulse , to, 

and tine total energy of the thermal

ern v i ronment , Q, sinows :

1. For a given Q, an increase in to results in a decrease in  t h e
maximum value of tine stress

2.  For a g iven Q, an increase in to shift s t he  loca t i on of tile
maximum va lue  of the stress fo~- those stresses which are :ero
on t he  lateral surface of the cylinder , and

3. Fo r a g iven t , the stresses at any point in the cylinder will

increase as Q increases and w i l l  decrease :is Q decreases .
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GLOSSARY OF TERMS

a = Coefficients defined by (29)

a* = Dimensionless variable define.d by (31)

bm 
= Coefficient s defined by (30)

h* = Dimensionless variable defined by (31)

7 c = Specific lneat

f ( t )  = Time dependent po r t ion  of curve in Figure  1

r = Radia l  coo rdi n ate

r = Radius of cylinde r

r * = D i m e n s i o n l e s s  v a r i a b l e  def ined by (31)

t = Time

t ’ = Dummy integration variable

= R i s e  t i m e  of thermal pulse

t~ = Dimensionless v a r i ab l e  defined by (31)

‘mn 
= foe f f  i c i  cot s  lie f i n ed  b y 1 3) t h r o u g h I b)

= Sh e ar  modu lus

U , t {( t )  = ii f ~ t
II = Maximum i rr a d i a n c e  of n uc le ar the rm al pu l s e

= O r d i n a r y  Bess e l  fun c t  ion of argument u

= dT (u)

0 =j
’ l I ( t ) d t

1’, I~~r , O , t ) = ‘l e mp e r a t u r e  in  cy l  i i i de r

/ 
= In it ju l t em llerat ure in cvi iauder

= foe ffi ci cot of 1 i n cu r  expansiO n

= l ) i r n e n s i o n l e s s  v a r i a b l e  d e f i n e d  by 51)

e = A n g u l a r  coo rO i n a t e

• = Therma l  c on i !iuc t  “ i t  y
‘ 

r = ‘ftc n - t b  p o s i t i v e  r oo t s  of 1’ 1 \ r ) = 0
r hO 0 iii mm 0

v = ‘os S l O f l  i~~~ r a t  i 0

= Dor i s i t  e

$0 
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= Dimensionless  var iable  defined by (31)

T , T
80 , T = Normal stresses

T 0 = Shear stress

T* , T~ 0, T* , T* 0 = Dimensionless variables defined by (3 1)
= Temperature difference

= Solution of (11)

= Particular solution of (12)
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