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members of the Department of Mechanical and Aerospace Engineering, UMR, is grate-

fully acknowledged.

A T ———————




porees
p R

T

ML

;;
E
;

NOMENCLATURE
Total area where condensation occurs
Condensation rate
Concentration of species m
Concentration of air
Concentration of water vapor
Concentration of liquid water
Concentration fluctuation
Specific heat at constant pressure
Molecular diffusivity
Binary diffusivity between air and water vapor
Total evaporation at a given time, T
Gravitational acceleration
Eddy exchange coefficient of concentration
Eddy exchange coefficient of heat
Eddy exchange coefficient of momentum
Eddy exchange coefficient of turbulence energy
Mass absorption coefficient
Coefficient of contact time between turbulent eddies and water surface
Latent heat of evaporation
Number of droplets per unit volume of fog
Atmospheric pressure

Pressure fluctuation
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Vapor partial pressure
Saturated vapor partial pressure

Turbulence kinetic energy

Thermal radiation of water vapor in the upward direction

Thermal radiation of water vapor in the downward direction

Thermal radiation of liquid water

Gas constant of air

Reynolds number based on x

Air temperature

Temperature fluctuation

Wind velocity in the i direction

Velocity fluctuation in the i direction
Volume of air mass

Falling velocity of a water droplet
Liquid water content in a falling droplet
Velocity fluctuation in the vertical direction
Space coordinate in the i direction
Vertical direction of the space (i=3)
Radiation layer at altitude Z

Top of fog layer at altitude Z

Surface coefficient of non-block body radiation

Emissivity function between fog layers

Thermal conductivity
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Dynamic viscosity

Density of air

Stefan- Boltzmann constant
Turbulent Schmidt number
Turbulent Prandtl number
Equivalent Prandtl number
Time, an independent variable

Heat dissipation due to friction
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ABSTRACT

Fog situations are a hazard to navigation whether they involve highways, har-
bors, airports, or sea lanes. Prediction and modification are therefore necessary
for the safety of travel and for operational economy. Field studies conducted for
this purpose indicate that many different fog situations result from a variety of
natural processes, which must be systematically investigated so that the basic
causes for their development can be understood and possibly controlled.

The systems study of marine fog situations that has been conducted has taken l
into consideration the dynamical interaction between the synoptical variations of
meteorology and the microphysical phenomena in cloud physics. The resulting
numerical program simulates the transport of heat, mass, and momentum in the
atmospheric boundary layer where condensation/evaporation, thermal radiation,
collision coalescence, and turbulent advection take place.

Although this program is fairiy complete, experimental data of the moisture
supply process affected by turbulent winds at the air-sea interface are needed to
establish a relaistic model for systems analysis. Because of this deficiency in the
current model, the radiation estimate, which is closely related to the water vapor

and liquid water concentrations at various heights in the atmospheric boundary layer,

u

i_ can only be considered as ''qualitative''. When available field data are compared to
predicted fog situations, it is found that the boundary layer model can qualitatively
'1 simulate fog situations over an open ocean, but the accurate prediction of a fog

event at a specific time and place requires a working knowledge of the moisture

supply process occasioned by air-wave interactions. Until this knowledge is acquired,

=~

L AL

.. s N SR o . . R —————
Y Lo o SR P o OIS \- bl : . . i "": - - s




the "qualitative' models currently being used in systems analysis will continue to
be a source of inaccuracy.

Fog situations are known to occur on the lee side of some topographical ob-

structions. The wind patterns associated with this type of fog generally have dif-
ferent directions with respect to the prevailing wind. A hypothesis is being formulated
to explain such situations on the basis of recirculating flows. Some ''strange' fog
conditions have been logically explained by this hypothesis. However, a realistic

understanding of all marine fog situations requires the continuous effort of dynamic

modeling to integrate laboratory experiments and field measurements. —--




1. INTRODUCTION

Fog situations are a serious hazard to everyday life because extensive navi-
gation in the air, on land, and at sea is an integral part of travel, commerce, and
defense. Thousands of lives and millions of dollars are lost each year because of
man's inability to predict and to modify undesirable fog situations.

Experimental modification of fog situations has been attempted at harbors
and airports by Walker and Fox (1942~1946), Silverman and Kunkel (1970), Magono
(1972), and Weinstein (1973), but their limited success makes it difficult to justify
the enormous cost for practical operation. It is evident that an understanding of

the formation mechanism of various fog situations is necessary if a realistic method

is to be developed for successful prediction and effective modification.
2. FOGS AND CLOUDS

The similarity of fogs and clouds prompted the author to concentrate his early
efforts on the study of basic cloud physics problems, such as condensation nuclei,
supersaturation, and collision coalescence. Field data by Leipper (1968), Mack
P etal. (1972, 1975), and Larson (1976) indicate that the marine environment has
numerous condensation nuclei that do not allow supersaturation to take place at the
air-sea interface. In other words, fog will form as soon as excessive moisture is
] available at the surface layer of the marine environment. Most likely, the sea
i, salt concentration in marine aerosols may cause fog to form even in subsaturated
conditions, because sea salt nuclei are known to grow in size by absorbing moisture
in a subsaturated environment (Mason, 1971).

The phenomenon of collision coalescence of cloud drops in a rain forming pro-
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cess appears to be responsible for fog dissipation by hygroscopic particle seeding

as discussed by Tag (1971). A hydrodynamic analysis was developed by Lin and Lee
(1973, 1975, 1976a, 1976b) in their study of the collision efficiency of free falling
drops in the atmosphere. In this analysis, it became evident that wake capture is

a very important mechanism, which increases the collision efficiency of a collecting
drop and a collector drop when their radius ratios are greater than 90 percent. How-
ever, collision efficiency becomes significantly less effective than geometric efficiency
when the radius ratios are less than 30 percent. Considerable discussion was
generated by this analysis, because earlier published statements claimed that wake
capture was not relavent to an increase in collision efficiency. Appendix A contains
the four papers in which the phenomenon is analyzed. The authors' findings indicate
that it is possible to produce rainfall through the process of collision coalescence
among growing drops when the condensation growth of the seeded particles in a
supersaturated cloud reaches the critical size of approximately 20 um radii. How-
ever, the application of cloud seeding is not effective in marine fog dissipation,
because there are enough nuclei already present in the air-sea interface.

The necessary ingredients are condensation nuclei and saturation conditions for
both fog and cloud formation; however, the mechanisms for supplying these ingre-
dients are quite different. Clouds can generally be formed by the cooling of the
available moisture at high altitudes, a condition which can be simulated in a cloud
chamber. Fogs, on the other hand, can be formed by the additional mechanism of
providing moisture from a nearby water source. This condition cannot be simulated

in a conventional cloud chamber. Consequently, it is necessary to use a systems
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study to understand the dynamic interaction that takes place between synoptical
meteorology and microphysics. Moreover, the formation of clouds in severe
storms--one of the few remaining catastrophic agents against which mankind has
no practical defense--can only be apprehended through a systematically developed
study of the dynamical and microphysical interactions in the atmosphere.
3. A SYSTEMS STUDY OF MARINE FOG SITUATIONS

During an examination of the field data of Taylor (1917), Stone (1936), George
(1940), Emmons (1947), and Magono (1972), it became clear that most fog situations
are caused by the interaction between the dynamical process of heat, mass and
momentum transfer, and the microphysical process of condensation/evaporation,
turbulent advection, and thermal radiation. The derived systems study of the marine
fog situation is illustrated diagramatically by the flow chart in Figure 1. The input
information consists of the boundary condition of the potential fog region and the
initial condition of the meteorological data, which can be obtained from nearby
weather stations and/or available weather satellites. The dynamic equations, which
are given in Figure 2, are used to analyze the synoptical meteorological conditions
that govern the temperature, humidity, and wind velocity of the potential fog region.
The microphysical phenomena, which are outlined in Figure 3, are concerned with
the interdependent processes of condensation/vaporation, turbulent advection, collision
coalescence, and thermal radiation. Laboratory experiments, which are often con-
ducted in a well controlled environment, can only provide the empirical relation of a
microphysical process as a function of other meteorological parameters in a non-

interacting environment. To consider any dynamic interaction between the synoptical
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meteorological conditions and some related microphysical phenomena, it is necessary
to include all microphysical processes as the appropriate driving functions of the
dynamic equations. The output gives the primary results of wind velocity, air
temperature, dew point, and heat budget as well as the liquid water and water vapor
contents. The drived information, such as visibility and refraction index, can be
calculated from the primary results at a given condition of concentration and com-
position of the marine aerosols. Field data can then be used to verify each analyti-
cal procedure to ensure the validity and reliability of the developed program for
marine fog simulations. When the program is in a ready state for practical applica-
tion, weather station data can then be used for forecasting fog situations in a given
region. If the predicted fog is expected to be hazardous to navigation, possible
modification schemes can be simulated to determine their effectiveness both scienti-
fically and economically. The success of such a systems study for marine fog
simulation is based on two factors:

1. The Reliability and Adequacy of Field Data

Field data have to be accurately recorded at stratigic locations during the critical
period. For example, at each fog event, it is necessary to collect all fog data both
inside and outside the fog bank in line with the direction of the wind. The formation
process can be studied by using the data taken from the leading edge (or upwind region)
of the fog bank. The dissipation process can be studied by using the trailing edge (or
downwind region) data. Field data taken in the middle of a mature fog bank are valu-
able for studying its chemical composition but cannot provide the required informa'tion

for an understanding of the dynamic interactions that occur during formation or dissipa-
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tion. On the other hand, field data taken across fog boundaries in a direction normal
to the wind consist of too many uncertainties and cannot provide the primary infor-
; mation that is needed for an understanding of the formation and dissipation processes.

2. The Ability of Obtaining Realistic Mathematical Solutions

Numerical solutions of nonlinear, simultaneous, partial differential equations
can be obtained by using high speed digital computers, but marine fog problems, which
are compunded by turbulent winds, require an appropriate closure scheme to describe
the physical problem realistically. Because of the physical and mathematical com-
plexities, marine fog analyses are primarily made of open ocean situations.

4. OPEN OCEAN FOG SITUATIONS

Fog situations that originate over the ocean and are advected to coastal regions
have been reported in England by Walker and Fox (1942-1946), in the United States
by Leipper (1968), in Japan by Magono (1972), and in many other coastal regions of
the world. A 48-hour fog event, which occurred along the coast of Massachusetts
during the 26-28 January 1975, demonstrates the feasibility of predicting fog events
on the basis of weather station information. A number of weather stations are loca-
ted in the region, as shown in Figure 4. The wind direction, wind speed (in knots),
% air temperature (in °C), dew point (in °C), and visibility (in km) are shown in the

subsequent figures for all the reporting stations. The average air temperature in

Swe gy

the region before the event was about 3°C. Warm wind moved into the region from
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B ] the east and southeast direction at approximately 10 knots during the early morning

hours of 26 January 1975 (Fig. 4a). Heavy fog began to appear at the 1500 hour (Fig.

4b), when the average air temperature of the region rose to about 6°C. The dew
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point temperature was lower than the local air temperature. As long as the warm
humid air was supplied from the south or southeast direction, fog persisted in spite
of substantial dew point depressions (Fig. 4c). The fog began to dissipate in the
inland area, when cold dry air moved intc the region from the west at the 1200 hour
of 28 January 1975 (Fig. 4d). Fog was cleared from the entire region at the 1800
hour (Fig. 4e), when the average air temperature was about 2°C and the wind moved
at 15 knots from the west direction. During the 45 hours of the heavy fog period,
two observations need to be emphasized: 1) The diurnal effect of radiation heating
did not appear to play any significant role in improving visibility, and 2) significant
dew point depressions were reported by all the weather stations where the dew
point data were recorded.
Advection fog of this type is a major hazard to navigation, and this particular
fog event makes it very clear that synoptical meteorology has to be an integral
part of the investigation. Mathematical formulation of fog analysis was suggested
by Rodhe (1962), Fisher and Caplan (1963), and Zakharova (1972). The turbulent
nature of the transport process of the atmospheric air, as discussed by Lumley
and Panofsky (1964) and Monin and Yaglom (1971), limited the author's choice of
realistic closure schemes for analyzing actual fog situations. Lee et al. (1974)
developed a boundary layer model to study the turbulent transport of heat, mass,
and momentum. Pepper and Lee (1975) extended this method to investigate advection
fog over the ocean. The air-sea interface can be treated as an atmospheric boundary
layer that has various roughnesses at the ocean surface. The amount of moisture

supply from the ocean depends on the air-water temperature difference as well as
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on the spray process resulting from air-wave interactions. In general, fog may
form during one of the following situations:

(1) Warm humid air can be cooled to a saturation condition while it is being
transported by turbulent winds to a cold region. This was the condition under
which the above-mentioned Massachusetts fog was formed as well as the advection
fog observed by Magona (1972) at the south shore of Hakkaido, Japan. Marine fog
of this type constitutes the most undesirable hazard to navigation, because it may
last several days if the synoptical conditions persist. Magono (1972) was able to
improve visibility from 150 m to 250 m for five minutes by burning five tons of
propane along half of the runway length at the Chitose Airport. This example makes
it clear why there is a need to study the scientific and economic feasibility of fog

modification.

(2) Moisture may be supplied from a warm ocean to cooler air through evapora-

tion. Fog is formed when radiation cooling drops the air temperature to a conden~
sation condition. Wind accelerates the evaporation process. Turbulent winds often.
add more moisture to the cool air by evaporating the spray. The more moisture
there is in the air, the less degree of radiation cooling is needed to reach saturation
conditions. This type of fog often occurs as a nocturnal phenomenon as observed by
George (1940) along the Gulf of Mexico, by Mack et al. (1972) along the California
Coast, and by Goodman (1976) in San Francisco, California. Radiation cooling is a
very important factor in the formation of dense fog in this situation. In other words,
when such a moisture supply process occurs in the morning, as observed by Kikuchi

(1964) at the Ishikari Bay located on the north shore of Hokkaido, Japan, a thin layer
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of the condensed moisture may soon be dissipated by the radiation heat created
by the thermal energy of the rising sun.

The dynamics involved in the systems study of predicting fog conditions at sea
are relatively well known, but the microphysical phenomenon of moisture supply
at the air-sea interface is not completely understood, especially when turbulent
winds are involved in the process. Moreover, the effect of radiation cooling can
be correctly evaluated only when the amounts of water vapor and/or liquid water
in the radiating layer are accurately known. The adjacent water is the source for
the moisture that creates a marine fog situation. This is quite different from the
situation in which a cloud is formed at a relatively high altitude. Laboratory
experiments cannot ignore the problem of moisture supply, simply because the
condition is unfamiliar to cloud physicists. Field data have to be collected to pro-
vide the maximum amount of information that can be attained in the direction of
the wind from both outside and inside of a fog bank.

Detailed discussions of the boundary layer method that is used for predicting
marine fog situations at sea are contained in the technical papers included in
Appendix B. A computer program for the method is available upon request. Be-
cause the evaluation of 4 moisture supply cannot be made with certainty, the developed
program can be used only for a qualitative analysis at the present. The data that are
currently available from laboratory experiments and field observations should be
used to improve the microphysical models so that the current program can be
developed into a practical tool for fog prediction. Moreover, it must be noted that

the boundary layer method cannot be applied to fog situations in which the topography
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and/or weather fronts cause recirculating flows.
5. FOG FORMATION IN RECIRCULATING FLOW REGIONS

Fog may form along shorelines or in harbors where the wind recirculates as
a result of the topography. The importance of recirculating flow as a natural pro-
cess was first suggested by von Karman (1934). In his autobiography (von Karman,
1967), he stated that the concept of the Karman vortex could not be accepted by the
fluid mechanics community until the collapse of the Tacoma-Narrow bridge could not
be explained by any other known phenomenon. Consequently, the reluctance of the
meteorological community (especially in the restricted area of cloud physics) to
investigate the hypothesis that fog may form in the region of recirculating flows is
understandable. However, it would be irresponsible to discard the facts, because
they cannot be satisfactorily explained by the current knowledge of cloud physicists.
The facts are as follows:
(1) The fog situation observed by Mack et al. (1975) during the expedition of the

R/V Acania in the region downwind of Cape Mendocino, California, on 25-27

August 1974 was considered ''strange'" (Fig. 5).
(2) The fog situation observed by Gathman (1976) and Larson (1976) during the
expedition of the USNS Hays in the region downwind of Nova Scotia, Canada,
on 2-3 August 1975 was never explained (Fig. 6 and Table 1).
These two fog situations, which differ from most other reported fogs, are similar
in the following respects: 1) In both, the prevailing winds were relatively strong.
2) The wind directions in the fog regions were opposite to those of the prevailing

winds. 3) Both fog regions are located on the lee side of topographic obstructions.
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A complete analysis of the flow characteristics in a recirculating flow region
requires the solution of the complete set of equations shown in Figure 2 without the
use of the boundary layer assumption outlined in the technical papers contained in
Appendix B. There are two problems. One is to develop a numerical method for
stable solutions of a system of nonlinear elliptical differential equations, and the
other is to establish a realistic closure scheme in which all the tensor components
of turbulence correlation for velocities, temperatures, and water vapor and liquid
water concentrations can be considered. The author's effort to resolve the mathe-
matical problem was discussed by Lin et al. (1976). This paper is included in
Appendix C. The Strongly Implicit Procedure (SIP) appears to be the most efficient
method for analyzing recirculating flow when the turbulence closure scheme is
replaced by an equivalent laminar model. A concept of a turbulent recirculating
flow can be developed by using the SIP method of Appendix C and the turbulence
closure scheme of Appendix B which still needs to be perfected for use in recirculating
flow regions. Ability to predict and/or modify fog situations in harbors requires a
basic understanding of the recirculating flow affected by topography. This knowledge
is not currently available.

6. CONCLUSIONS
[ 1. Fog can be formed by either decreasing the air temperature or increasing the
air humidity to a saturation condition. Once the saturation condition is reached,

excessive moisture will condense on available aerosols to form fog.

2. Because there is an abundant supply of moisture and condensation nuclei at the

air-water interface, marine fog formation undergoes some natural processes
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that have not been realistically simulated in conventional cloud chambers.

3. Prediction and modification of marine fog situations cannot be accomplished
by considering condensation from the microphysical viewpoint alone, because
the interaction between dynamics and microphysics requires the synoptical
information of dynamical meteorology and oceanography as well as the micro-
physical phenomena of cloud physics.

4. Because there are many possible combinations of natural phenomena in fog
formations, a systems study is necessary to obtain a general perspective in
analyzing the fog data that are gathered from various locations at different
times.

5. A summary of ten reported fog situations is given in Table 2. Eight cases can

be simulated by using the boundary layer model. The other two cases, how-

ever, can only be explained by using the hypothesis of recirculating flow.
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MICROPHYSICAL PROCESSES

Eddy Transport ( Pepper & Lee, 1975)

Km = L-pWU / g—g 0.3 pQ A%‘%—

Kn =x-pwWl / 2 =Kn/q,
¢ =0-PWE/ 5T = Kn/ o
Ka = -pwl5+0)/ 85 =Kn/c
Radiation Effect ( Mack,etal, 1972 ; Barker,1973)

I
%s_ = 1.GBO'TQK>‘CmEXP[—I.6K)\/:'Cm dz]

F&Zrk "O‘Tf[l-—€(Zr,2t)]—f;c'yr%['__;e(b:z’] dz
Rl(ZJ): O'T\:I[I —€(Zr,0)]+ L?T‘%ﬁ;ﬂié_’] dz

Evaporation Process ( Dankerwerts,1951; Knudson 8 Katz,1928)
E = fﬁo“(—g—g—i) Lexp[- 2] de

Z2=0 0.4
: Rex
Average contoct time T - K,%LU,—

Condensation Rate (McDonald, 1963; Asai, 1 965)

. ' ,— P 2
CS ___l_fpu Cp 0.622( R, 9) Ra T dA

TV P CpRaT+0.387L5,Ry
Precipitation Velocity (Mack,et al, [972)
Vg = 53x10° (w/ Ny

Figure 3 Microphysical Equations
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TRANSIENT STATE ANALYSIS OF SEPARATED FLOW
AROUND A SPHERE

C. L. Linand S. C. Lee
University of Missouri, Rolla, U.S.A.

(Received |1 December 1972)

Abstract  Transient state solutions of the Navier-Stokes equations were obtained for incom-
pressible flow around a sphere accelerating from zero initial velocity to its terminal free falling
velocity. By assuming rotational symmetry about the axis in the direction of motion, the Navier-
Stokes equations and the continuity equation were simplified in terms of vorticity and stream
function. The instantaneous acceleration of the falling sphere was calculated by considering
the difference between the gravitational force and the drag force in a transient state. A set of
implicit finite difference equations was developed. In order to obtain accurate information
around the body, an exponential transformation along the radial direction was used to provide
finer meshes in the vicinity of the surface of the sphere. The vorticity equation was solved by
an alternating direction implicit (ADI) method while the stream function equation was solved
by a successive over-relaxation (SOR) method. Simultaneous solutions were obtained. Transient
state solutions were compared with steady state solutions for Reynolds numbers up to 300.
Separations first occurred at a Reynolds number 20 for steady state flows and at Reynolds
numbers 22-46 and 28:24 for transient state flows with terminal Reynolds numbers of 100 and
300, respectively. Separation angles, sizes of separation regions, and drag coefficients were
calculated for both steady and unsteady states. Good agreement was obtained with existing
experimental data in the steady state.

NOMENCLATURE
a lattice spacing in radial direction
A location of grid point in the positive z direction
b lattice spacing in angular direction
B location of grid point in the positive § direction
C location of grid point in the negative z direction

C, total drag coefficient
Cps drag coefficient due to skin friction
Cpp drag coefficient due to surface pressure

d diameter of sphere
D location of grid point in the negative 6 direction
g gravitational acceleration

| wake length

0 location of grid point, the origin

p static pressure at surface of sphere

P static pressure in free stream

r radial distance

r, radial distance of outer boundary

R radius of sphere

(Re), local Reynolds number

r time

A U " e
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T.R. terminal Reynolds number
U terminal free stream velocity

local free stream velocity

> dimensionless radial coordinate

6 angular spherical coordinate

¥ stream function

w vorucity

# dynamic viscosity

v kinematic viscosity

p density of the medium

p, density of the sphere

INTRODUCTION

CURRENT INTEREST in the motions of small particles in the atmosphere has lead to a large
number of extensive investigations of flow around spherical bodies. Approximate solutions
for steady state laminar flow at very low Reynolds numbers (Re < 1) have been obtained
by Stokes[1] and Oseen[2]. Stokes assumed that the inertia force was negligible. Oseen used
a small perturbation technique to linearize the equation of motion. The exact solution to
Oseen’s linearized equation was obtained by Goldstein[3). Based on Goldstein's analysis,
the flow pattern around a spherical body was then calculated in detail by Tomotika and
Aoi[4] and Pearcey and McHugh[S]. Improvement of these analyses was made by Proudman
and Pearson[6] for the purpose of covering higher Reynolds number regions. However, from
the experimental work of Maxworthy[7], this improvement was found to be valid only for
Reynolds numbers below 1-3. In order to analyze the flow patterns in the steady state,
where the inertia force cannot be ignored, numerical solutions of the nonlinear Navier—
Stokes equations were obtained by Jenson[8] for Reynolds numbers up to 40. With modern
computers, Hamielec et al.[9] improved Jenson's analysis for Reynolds numbers up to 100
and Le Clair et al.[i0] refined the numerical computation to cover the Reynolds number
regionupto 400. Le Clair et al.’s results agree well with the empirical relations of Pruppacher
and Steinberger[11] and Beard and Pruppacher[12]. Numerical solution of the unsteady state
Navier-Stokes equations was obtained by Rimon and Cheng{13]. However, when the steady
state was approached. Rimon and Cheng’s resuits differed from those of Le Clair et al. for
separation angle in the Reynolds number range between 10 and 20, for surface pressure
distributions for ail of the cases studied (Re < 300), and for surface vorticity distributions

: in the separated flow region for Reynolds numbers greater than 100. Rimon and Cheng’s
E method was used by Shafrir and Tzvi[14], with an improved boundary condition, for
terminal Reynolds numbers up to 104. Shafrir and Tzvi's solutions gave closer agreement

3 with Le Clairet al.’s results than those of Rimon and Cheng. Experimental data of Taneda[15]
? [ also seems to support Le Clair et al.’s findings. This study was initiated to develop a new
method for transient state analysis to evaluate the flow pattern around an accelerating

particle of spherical shape.

THEORETICAL ANALYSIS

£, The governing eguations for an incompressible flow around a spherical body with rota-
pY tional symmetry in the flow direction may be written as follows:
EY = rsin o (1))
A3

—
T W
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T.R. terminal Reynolds number
U terminal free stream velocity
U, local free stream velocity

> dimensionless radial coordinate
6 angular spherical coordinate

¥ stream function

w vorucity

u dynamic viscosity

v kinematic viscosity

¢ density of the medium
p, density of the sphere

INTRODUCTION

CURRENT INTEREST in the motions of small particles in the atmosphere has lead to a large
number of extensive investigations of flow around spherical bodies. Approximate solutions
for steady state laminar flow at very low Reynolds numbers (Re < 1) have been obtained
by Stokes[!] and Oseen[2). Stokes assumed that the inertia force was negligible. Oseen used
a small perturbation technique to linearize the equation of motion. The exact solution to
Oseen’s linearized equation was obtained by Goldstein[3]. Based on Goldstein’s analysis,
the flow pattern around a spherical body was then calculated in detail by Tomotika and
Aoi[4] and Pearcey and McHugh[5]. Improvement of these analyses was made by Proudman
and Pearson[6] for the purpose of covering higher Reynolds number regions. However, from
the experimental work of Maxworthy(7], this improvement was found to be valid only for
Reynolds numbers below 1-3. In order to analyze the flow patterns in the steady state,
where the inertia force cannot be ignored, numerical solutions of the nonlinear Navier-
Stokes equations were obtained by Jenson([8] for Reynolds numbers up to 40. With modern
computers, Hamielec et al.{9] improved Jenson’s analysis for Reynolds numbers up to 100
and Le Clair et al.[10] refined the numerical computation to cover the Reynolds number
region upto 400. Le Clair et al.’s results agree well with the empirical relations of Pruppacher
and Steinberger[11] and Beard and Pruppacher(12]. Numerical solution of the unsteady state
Navier-Stokes equations was obtained by Rimon and Cheng[13]. However, when the steady
state was approached, Rimon and Cheng’s resuits differed from those of Le Clair et al. for
separation angle in the Reynolds number range between 10 and 20, for surface pressure
distributions for ail of the cases studied (Re < 300), and for surface vorticity distributions
in the separated flow region for Reynolds numbers greater than 100. Rimon and Cheng’s
method was used by Shafrir and Tzvi[l4], with an improved boundary condition, for
terminal Reynolds numbers up to 104. Shafrir and Tzvi's solutions gave closer agreement
with Le Clairet al.’s results than those of Rimon and Cheng. Experimental data of Taneda(15]

also seems to support Le Clair et ¢l’s findings. This study was initiated to develop a new
method for transient state analysis to evaluate the flow pattern around an accelerating
: particle of spherical shape.
44 THEORETICAL ANALYSIS
AR The governing equations for an incompressible flow around a spherical body with rota-
I tional symmetry in the flow direction may be written as follows:
EY = rsinl e ()
A3
4
&£
N
TP S e

250 C. L Livand S. C. Lee



= -
Transient state analysis of separated flow around a sphere 217
dw ¥ ¢ W \) ¥ é w ) v
—+——=|—) - —==—) = — E¥rsinfow 2
at or é0 (r sin 6 a0 or (r sin 0 sin 60 ) @

here E2 as +sin0<’- 1 [')
w e —+ —— = |— =
. T (sin 000
w and ¥ are the vorticity and stream function, respectively; (r, 0) and t denote space and
time variables, respectively. The instantaneous acceleration of a falling sphere can be
obtained from the difference between the gravitational and drag forces:
dU, p) 3p U2
el R (L) VR G 3
dt ( Ps 8p, R 2 @)
Introducing the characteristic quantities of length R and velocity U, , the stream function,
vorticity and the sphere velocity can be non-dimensionalized by

¥
VY= —73
U,R
, R
g “
2RU
(Re), = —
p
The independent variables t, r and 6 then become
tv
t = F
; r
ri= R (5)
0 =0

Since the flow field variations take place more rapidly in the close vicinity of the sphere
than in regions at large distances from the sphere, it is convenient to transform the radial
coordinate by an exponential function

et = — (6)

The non-dimensionalized governing equations then become (dropping the primes for
simplicity):

LY — wetsinh =0 (7)
ow  (Re), [0 F ¥ f'F] S w d(Re),
—_— et —|——= - = = -_— G+ —— —— =0
at " 2e lc"z %0 "0 az] snoer (Re), dt ®)
d(Re) 2gR? ;)) R
® -2y - 2B maic
dt v? ( Py 16 p‘( &) Co ®)
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" [0
where F = ———
e*sin )
G = we*sint

~2 2 3

] € ( S
P2=— — — +5sinf— —,————_—)

2 oz ¢t (sm 0o

Equations (7), (8) and (9) may be solved simuitaneously for the stream function, ¥, the
vorticity, w, and the instantaneous Reynolds number, (Re),, in terms of the independent
variables of ¢, r and 0.

FINITE DIFFERENCE EQUATIONS

Numerical solutions can be obtained by using central difference and forward difference
approximations for the space and time coordinates, respectively. The finite difference
equations may be written as follows:
1. Stream function

The stream function equation (7) may be written in the following finite difference form,
which can be solved by a successive over-relaxation (SOR) method:

Wi, +Whig+Weie+Wpip + Woio — (wesinf), =0 (10)

) 1 /2
where /.A:Z—a(;— I)

; I f2 \,
Ag = % (E — cot 6,

}.(-:ZLHGJr I)

1 (2
ip = % ‘; + cot HU)

" 1 | )
fo = (a2 b?
with @ = Az and b = AQ. The subscripts A, B. C. D and 0 refer to the locations of the grid
points in space as shown in Fig. 1.
2. Vorticity
The vorticity equation (8) may be written as two finite difference equations which can be

solved by an alternating directional implicit (ADI) scheme:
(1) The first half time-step, (n + {). is given in the 0 direction as

o+ w" o+ wp" Hp+ (=0 (1
(Re) : sin 0p "l cot @,
5 v :_____‘_ n+ ,,\}‘!“' \Pn_\yn_ = s
WS 0 16abe’* sin 0, (¥ . ] sin 0ge’* | b? 2b
(Re) 4 sin 0, [ 1 cot U(,‘
: :_____7\_‘ PnOI_\yu‘l ‘\‘P"—“P-" =5 ; = sy, 4
Y 16abe’” sin 0, (¥ : E: <l sin fge’® | h? 2b
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2 2
50 = Z—‘ 7 blelt
- 2w0" (Ré’), n+ n n n n
el Al _l(mhe“”‘a B PRARE U 5[ P |
1 G -2G,"+G" G, - (i(-"] " wy" ld(Re)‘]"
sin 0,e* a? 2a (Re), | dt

(2) The second half time-step, (n + 1), is given in the z direction as

a'l.

W 4 "wo ‘~.n+(U(””;( +g =0 (12)
(Re) L [ 1o
h ::________\___\pnvl_ n'l+an__\yn___________
WIEKS v Toabe™  sind, L1 8 ¥y o = ¥o') e“"’Lz2 2aj
(Re) il
o= V" =" + Y - - 5= |5 + — |
> 7 16abe® *sin U(,[ # & : o'l e Lz 2aJ ;
; 2 2
So =4t e
2"t Re
' fo = T e R WO W - WO - Ft) )
| GB"”'ZGOHH*‘GDRH G — Gy n+4 [‘*.' i
" sin Bye* b? 2b il
+ gt [d(Re)] e
(Re), dt -
The superscripts n,n + } and n + ] designate the present, the first-half and the second-half ;_'_
time steps, respectively. The term (d(Re),/dt)" denotes the slope of the instantaneous r
Reynolds number at the present time step and (Re), is the average value of (Re)" and e
(Re)"*1, ¢
BC‘-‘-i.”wn

0 alz—=m

) = ?
.,

& % "o (: o 37 atz=0
'90
¥
<
"I

F F . 2

e
A% oo a18=0 ; o ath=n

- Fig. 1. Schematic dizgram for boundary conditions and nomenclatures used in finite difference
‘ equations.
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3. Instantaneous Reynolds number

The instantaneous Reynolds number can be calculated by using two successive numeri-
cal techniques as given by Conte[16].

(1) The Reynolds number at the (n + 1)th time step may be estimated by the Adams-
Bashforth prediction formula:

At
(Re),"*" = (Re)," + % [55/" — 59"t + 37/~ 2 —9/"-3) (13)
(2) The estimation may then be refined by the Adams-Moulton correction formula:
At
(Re)""! = (Re)," + % (957 4 GF" - S 2 (14)

where /" denote the slope of the instantaneous Reynolds number at the nth time step.

BOUNDARY CONDITIONS

The initial condition is given such that the sphere begins to fall when the surrounding
medium is not yet disturbed:

t=0: ¥ =0, w =0, (Re), =0, everywhere (15)

The boundary conditions are such that, for all time intervals, the axis of symmetry
remains undisturbed; the surface velocity is zero; and the free stream denotes a uniform
flow velocity for the sphere. The dimensionless form of the boundary conditions, as shown
schematically in Fig. 1, may be written as:

0<t<oo: ¥ =0, w =0, at @ =0 for all z
Y =0, w =0, at 6 = n for all z
1 oY
Y =0, D=ty atz =0 forall 8
sinb oz
¥ = je?*sin? 6, w =0, atz—ooforall@  (16)

Numerical solutions may then be obtained by soiving the stream function equation, the
vorticity equation «nd the Reynolds number equation simultaneously for a given size sphere
falling from zero iritial velocity to its terminal velocity. No special problems were encoun-
tered in applying the ADI method to the present problem, either in the interior or at the
boundaries. However, the amount of computer time employed, while modest for low
Reynolds number (five to ten minutes on the CDC 7600) increases substantially at the
larger Reynolds numbers.

NUMERICAL SOLUTIONS

Solutions for stream function and vorticity were obtained for both steady and unsteady
states. Figure 2 shows the steady state solutions for Reynolds numbers of S, 20, 40, 100. 200
and 300. It can be seen that the recirculation region begins to develop at Reynolds number
20 and increases its size as the Reynolds number increases. Moreover, the vorticity gradient
increases very rapidly with Reynolds numbers at the surface of the sphere. Figure 3 shows
the transient state solutions for a falling sphere at terminal Reynolds numbers (T R.) of 100
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Fig. 2. Distributions of streamlines and vortices around a sphere for steady state flow.

and 300, with local Reynolds numbers (Re), of S, 40 and 90. It is noted that, at the same
local Reynolds number, the recirculating region at T.R. = 100 is larger than that at
T.R. = 300. Comparison between the steady state and the transient state solutions is shown
in Fig. 4. It is evident that a smaller recirculating region occurs in accelerating flow in com-
parison with the fully developed steady state flow at the same local Reynolds number.

DRAG EVALUATION

The drag force of a falling sphere consists of the skin friction drag and pressure drag:
The skin friction drag coefficient can be caiculated through the vorticity as:

g 5 =
CD,_mjow|,=‘,5|n 0 do (17)
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Fig. 3. Distributions of streamlines and vortices around a sphere for transient state flow.
The pressure drag coefficient can be obtained through the vorticity and stream function
: as:
- _f P sin20d6 (18)
- where
- P 4 (0" ‘w 1 1 ik 4
i p—1=l+———[J‘ [2— (‘(RP),( T ))]dz
[ tpU, (Re), \ 1o |7 80 |4-0 (Re) at e?sinf 30 |4,
. 1 — cos 6 d(Re)
2 + J. ( ) do + ——— i\ /
S 2z - (Re), dt |

Figures S and 6 show the vorticity and pressure distributions, respectively, at the surface
of the sphere at various local Reynolds numbers for both steady state and unsteady state
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Fig. 4. Comparisons of streamlines and vortices around a sphere between steady state flow and

flows. The total drag coefficient, as shown in Fig. 7, was calculated by summing the skin
friction drag and the pressure drag. It can be seen that the drag coefficient in the steady state
agrees well with existing experimental data as given by Schlichting(17]. An empirical
relation for the steady state drag coefficient is proposed as:

for Reynolds numbers up to 1000. Available formulae for calculating the drag coefficient
are listed in Table 1 for reference. Transient state drag coefficients were also calculated for
terminal Reynolds numbers of 100 and 300 and are shown by broken lines in Fig. 7.
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Fig. 6. Pressure distributions on the surface of a sphere.

FLOW SEPARATION

Comparisons with experimental data for separation angle and wake length are shown in
Figs. 8 and 9, respectively. The steady state solutions indicate that flow separation occurs
& at a Reynolds number of 20. The unsteady solutions indicate that separation occurs at
7 Reynolds numbers 22:46 and 2824 for terminal Reynolds numbers of 100 and 300, respec-
tively. Taneda reported that oscillations of the separated fiow region were observed for
terminal Reynolds numbers greater than 130. Preliminary results of the numerical solutions
v also indicated some oscillatory behavior; however this was later confirmed to be the result
of numerical instability.
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Fig. 7. Drag coefficient vs. Reynolds number for a sphere.
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Fig. 9. Wake length vs. Reynolds number around a sphere.

EFFECTS OF STEP SIZE AND OUTER BOUNDARY ON
NUMERICAL CALCULATIONS

Numerical instability usually feads to divergence of the numerical solution. However,
under certain conditions an unstable or oscillatory solution may be misinterpreted as
describing a physical phenomenon. The transient state analy  for separated flow around
a sphere is one such example. In this case, the oscillation is largely due to the choice of
step size

The grid sizes Az, A0, At are considered to be sufficiently small, when a decrease of the
step size no longer affects the solution, viz., to some prescribed tolerance. Table 2 shows the
mesh sizes chosen in this study. It is necessary to point out that the required mesh size can
be a function of the terminal Reynolds number. The mesh sizes of Az = 01 and Af =6
were origimally chosen for all Reynolds numbers and stable solutions were reached for all
cases with terminal Reynolds numbers less than [00. However, at terminal Reynolds
numbers of 200 and 300, the calculated flow patterns in the wake region of the sphere
fluctuated within certain finite limits. The dashed lines in Fig. 10 depict the variation of
wake length and separation angle, with respect to time, at various terminal Reynolds
numbers ranging between 40 and 300. Experimental data obtained by Taneda[l7] also
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Table 2. Step sizes and outer boundaries used in numerical computations

Re
5 10 20 40 100 200 300
a 01 01 01 01 0-05 0-03 0-03
b 6° 6 6’ 6 6’ 3 3f
t 0-01 0-01 0-02 003 0-03 0-002-0-03 0-001-0-03
fo 54-6 54-6 54-6 20-08 14-88 12:43 12:43

showed such an oscillatory motion at terminal Reynolds numbers larger than 130. In order
to have a reasonable assurance that this phenomenon was not caused by numerical insta-
bility, the mesh size was reduced to Az = 0-03 and A0 = 3°. The solid lines in Fig. 10 show

70° - —
68" Re~300(a-003b-3)
66° '

64" 7

62" =
60" “/ - , 8
58" A 3
56°t | /Re=200(a-003b-3")
sart |/

4 P
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\ A e

Fig. 10. Effects of step sizes on numerical instability at steady state.

that the solutions are stable even for the cases with terminal Reynolds numbers of 200 and
300 if the mesh sizes are sufficiently small. It is therefore necessary to conclude that the
oscillatory phenomenon obtained in the present solution with larger values of Az and A0
1s due to numerical instability.

A15

W PTINTRR I




B e T T . — -
v e e, e ol R S lE - ve -

)

Transient state analysis of separated flow around a sphere 249

The question of whether 130 is the critical Reynolds number in a laminar flow around
a sphere cannot be answered in this study; the analysis assumes rotational symmetry which
may prevent the development of a realistic asymmetric flow pattern. It is felt that the critical
Reynolds number can only be determined numerically by analyzing the complete three
dimensional transient flow field around a spherical body.

The accuracy of the numerical sotution is alsc affected by the location of the outer
boundary. Theoretically, the limit of the outer boundary is at infinity. Unfortunately, such
a limit cannot be used in numerical computations. Some large but finite distance from the
sphere therefore has to be assumed. The distance is determined in such a way that further
increases in the outer boundary do not affect the solution. Table 3 indicates the effect on the

Table 3. Effect of outer boundary on steady state drag calculations

Re=540: a=01, b=6°
Re=100: a=005, b=6°

Re
s 20 40 100
z. 18 4 18 4 1§ 3 18 27
% 6049 54598 6049 54598 6049 20086 6049  14-880
iy 28687 25172 1-1012 10195 07230 06744  0-5243  0-4969
Cos 55002 48751  1-8872 17848  1-1811  [1-1303 06679  0-6180
Co 83689 73923 29884 2:8043  1-9041  1-8047 11922  1-1149

solution of the choice of the outer boundary location. As the Reynolds number increases, the
effect of the outer boundary, on the accuracy of the numerical solution, gradually decreases
| while the effect of decreasing step size becomes more important.

CONCLUSION

A transient state analysis has been formulated for separated flow around a sphere. The
P analytical results agree well with available experimental data and other analytic solutions
when the steady state is approached. The transient development of the separation region is
found to be a function of the local Reynolds number. In the steady state, flow separation
| occurs at a Reynolds number of 20. In the transient, flow separation occurs at [ocal Reynolds
numbers of 22:46 and 28-24 for accelerating spheres with terminal Reynolds numbers of 100

and 300, respectively
The drag coeflicient of a sphere moving at a constant velocity is usually determined from
an empirical formula. Based on the comparison between analytical and experimental
results, a simple relation is obtained for calculating the drag coefficient of a sphere moving
: uniformly. This expression applies in the Reynolds number range between one and one

: thousand.
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The critical Reynolds number for laminar instability could not be determined. With the
assumption of rotational symmetry it was not possible to confirm the experimental observa-
tion that laminar instability occurs at a critical Reynolds number of approximately 130.
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similarly sized drops hecause of the wake effect.

growth of similarly sized drops.

1. Introduction

The method of growth of water drops in the atmo-
sphere can be classed as two types: condensational and
collisional. Condensational growth, in which water
vapor condenses on atmospheric aerosols, is the domi-
nant mechanism for the growth of water drops with
radii < 20 um. The Wegener-Bergeron-Findeisen pro-
cess, in which the ice crystal is growing at the expense of
supercooled water droplets in clouds as discussed in
standard textbooks such as Fleagle and Businger (1970),
is also considered as condensational growth of ice cry-
stals. Collisional growth, in which accretion proces
operate, is responsible for the growth of water drops
with radii > 20 um. This study is concerned with the
collisional growth of water drops, because it is directly
related to the understanding of the precipitation phe-
nomenon in clouds as well as to the scavenging process

s of pollutants.

Analy tical studies of collisional efficicncy have been
made by using moditied Stokes flow solutions, modified
Oscen flow solutions, or available numerical solutions of

i
& the Navier-Stokes equations. Owing to the nonlincar
K nature of the tlow field surrounding a relatively large
$ % drop, which is responsible for the collisional growth,

cansiderable discrepancy occurs in the literature for the
calculated collision efficiency. Extensive effort has been
made to improve the caleulation procedures for collision

ooh.

.

L 3 w ¢ . bl s

b efficieney by improving the empirical relations for drag

i coeficients. Based on an improved method developed
¢

by Lin and Lee (1973) for flow field calculations, this
study shows that the unsatisfactory flow field surround-
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ABSTRACT

A study has been made of the growth through collision of water drops in the atmosphere. The method
of superposition of flow fields obtained from the numerical solution of the Navier Stokes equations was
used for the calculations, and only inertia, gravity and drag force were considered.

The calculated linear collision efficiency is significantly less than the geometric collision efficiency
between a large collector drop and a small collecting drop because of the effect of hydrodynamic forces
The linear collision efficiency is substantially higher than the geometric collision efficiency between

To verify the valdity of the calculations, the analy tical results were compared with available experi
mental data. Satisfa tory agreement was obtained for most drop s
of electricity and turbulence the dominant factor in the formation of precipitation is the collisional

ces. [t is concluded that in the absence

ing a moving water drop is responsible for the high
order of magnitude of the discrepancy in collision
efficiency, while the improvement of drag formulas can
only account for a very small percentage of the dis
crepancy existing in the literature.

2. Historical background

Collision takes place when one moving drop (o
collector drop), whose movement is caused by gravita
tionai or other forces, collides with other drops (o1
collecting drops) which happen to be in its path. To
examine the probability of collision. the following
equation for linear collision efliciency is used

Ye=yc/R. (1)

Here R is the radius of the collector drop, and v is the
radius of the collisional cross scctional arca within
which any collecting drep of radius » will collide with
the collector drop. Fig. 1 shows schematically  the
nomenclature used in this study. Ideally, the collisional
cross-sectional radius should be equal to the sum of the
radii of the collector and the collecting drops if the drops
are not surrounded by air. The nondimensionalized
form of this ideal collision cross-sectional radius 1s
known as the geometric collision efticiency. However,
as a result of the forces generated by the rddative
motion between the water drop and the air, laboratory
observations of linear collision efficiency often difier
substantially with the geometric collision efliciency .
These phenomena were reported by Telford et al. (1935),
Schotland and Kaplin (1956), Telford and Thandike
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(1961), Woods (1963), and Beard and Pruppachar
(1968). To understand the physical processes of the
collisional growth of water drops, many investigators
have conducted theoretical studies along one or the
other of the following two approaches.

a. Fvaluation of forces between tro drops

Hocking (1939) analyzed the Stokes equations and
calculated the force exerted between two drops to
determine collision ethciency. Davis and Sartor (1967)
and Hocking and Jonas (1970) extended Hocking’s
approach to include rotation of the water drops. How-
ever, because they assumed that the inertial force is
negligibly small in Stokes equations, their approach can
only apply to cases of practically zero Reynolds num-
ber (Re=0). For freely falling water drops in a standard
atmosphere, the drop sizes and terminal falling velocities
vs Revnolds numbers are shown in Fig. 2. It can be
seen that a 30 um drop has a free fall velocity of 10
cm s~ that corresponds to a Reynolds number of 0.4.
The effect of inertial force on collision efticiency was
considered by Klett and Davis (1973) using a modified
Oseen’s equation made by Carrier (1953). Their results
indicated that the collision efficiency is considerably
larger for approximately equal size drops. However,
due to the inherital limitation of the Oseen’s equation,
this method is only valid for relatively small drops.

b. Superposition of flow field

Langmuir (1948) suggested that the flow field around
a single drop could be superposed on the flow field of
another drop to determine the relative motion between
the two drops. Pearcey and Hill (1956) developed this
approach by using Goldstein’s (1929) solution of Oseen’s
(1910) linearized equations for flow around a spherical
drop at a very low Reynolds number (Re<1). Shafrir
and Neiburger (1963), Shafrir (1965) and Neiburger
(1967) improved the superposition approach by using
Jenson'’s (1939) method to obtain solutions of the
Navier-Stokes equations for an intermediate Reynolds
number range (Re< 20). Shafrir and Tzvi (1971) ex-
tended the KReynolds number range (Re<104) by
using Rimon and Cheng’s (1969) method with a modi-
fied boundary condition. Beard and Grover (1974)
utilized the flow field calculated by LeClair ef al. (1970),
and obtained the coliision efliciency for raindrops
colliding with micron size particles. Since the particle
is assumed much smaller than the raindrops, the
existence of the particle does not alter the flow field
around the raindrop (collector). Consequently, no
superposition is necessary if the radius ratio between
the particle and the raindrop is less than 109,

A brief summary of the literature is shown in Fig. 3.
It is noted that the collision efficiency determined from
existing theories does not seem to be consistent. For
example, the calculated collision efficiency between a

Grazing Trajectory

F1c. 1. Nomenclature.

20 um collector drop and a 19 um collecting drop varies
from 0 to 2. To resolve some of these discrepancies, the
available literature was re-examined. Hocking’s ap-
proach, which appears to be limited to very small drops,
is not practical when applied to pollutant scavenging
and wezther modification. Langmuir’s approach does
not appear to have any size restriction for most atmo-
spheric applications provided that the solution of the
Navier-Stokes equations can be accurately determined.
The availability of high-speed digital computers makes
it possibie both scientifically and economically to meet
this requirement. Le Clair et al. (1970) and Lin and Lee
(1973) obtained numerical solutions for flows around
spherical drops at steady and transient states, respec-
tively. The accuracy of their solutions has been verified
by experimental data on drag coeflicients, separation
angles, and wake lengths. This study uses Langmuir’s
approach by superpositioning the flow fields obtained
from Lin and Lee’s (1973) numerical solution of the
Navier-Stokes equations.

3. Analysis

Water drops in the atmosphere may be influenced by
many parameters, such as gravity, inertia, turbulence,
updraft and electrical charge. To understand the
significance of each parameter on droplet growth,
laboratory experiments have to be conducted in a
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dVyp Cp Re\ 6muR
g‘( ) ——(V—~-U,), (2)
24 /M,

=g — ——((Vi=2), (3)
dt .

dv, (Cl) Rc) 6mur

24 /,
in which the subscripts L and s designate the larger
collector drop and the smaller collecting drop, respec-
tively. The drop velocity is V and the flow ficld velacity
U. The mass of the water drop is M, the gravitational
acceleration is g, and u s the dynaniic viscosity. The
drag coefficient ('p is given by Oseen (1910) for the
Reynolds number region of 0< Re< 1.6 as

24
(A'D=-~(]'+'f’6 RC), (4)
Re

and by Lin and Lee (1973) for the Reynolds number
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region of 1.6 << Re < 1000 as
24
Cp= R—(H»Mzm Ret4-0.0125 Re). S)
¢

The Reynolds number is evaluated by using the relative
velocity between the drop and its surrounding flow
tield, i.e.,

20| V.~ U,|R
(R g . (6)
M
2p| V.— ULl'
(Re)y=—— (7)
"

in winch pis the density of the medium in which the
water drop is traveling.

To calculate the position of each drop, Egs. (2)
and (3) are integrated numerically in both vertical and
horizontal directions. The vertical direction is along
the axis connecting the center of the collector drop and
the center of gravity of the earth. The horizontal direc-
tion is normal to the vertical direction from the center
of the collector drop toward the vertica! axis of the
collecting drop. The integration is performed in two
steps as discussed by Conte (1965). The first step is an
estimation which uses the Adams-Bashforth’s prediction
formula

4/ AVy\* BVt
oo v () s )
24 at dt 7

AV\"E VA
o2 A o
dt dt

in which the subscripts n, n+1, ..., denote the time
steps of n, n+1, ..., respectively. The velocity at the
(n41)st time step is refined by the Adams-Moulton

Yo
25359, 25628

25359, 25769u
L0 2 Oy . — -
Ye” | o e
1573 595 4
L e - s S §
S4R 15 1OR

correction formula

Al dVyrt! AN
Vrti= V"+———|:‘)<~—> +l9<——>
24 dt dt

dV\"' 74 V\"*?
S5 o

dl dt
By integrating V with respect to time again, the position
of each drop can be determined. These processes of
integration are repeated by assuming the distance of
the initial separation between the collector and the
collecting drops of given sizes. Collision is considered to
take place if the closest distance between the two drops
is less than 19 of the smaller collecting drop radius.
An initial vertical separation distance of 54 radii of the
larger collector drop is used because the flow pattern
calculations indicate that the flow fields are not notice-
ably disturbed by the presence of each other. The initial
horizontal separation distance is the variable to be
determined. The largest initial horizontal separation
distance, which results in collision between the collector
and the collecting drops, is known as the radius of the
colfisional cross-sectional area, y..

4. Resuits and discussion

The collision trajectory of a collector drop and a
smaller collecting drop is shown in Fig. 4. For a collector
drop of 30 um to collide with a collecting drop of 9 um,
the collisional cross-sectional radius is about 25 gm. On
the other hand, the 30 um collector drop can only
collide with a 3 um collecting drop within a collisional
cross-sectional radius of 1.5 um. The hydrodynamic
force in the vicinity of the frontal surface of the collector
drop pushes the collecting drop away from its falling
axis. The collecting drop, as a result of its own inertia,
terds to maintain its own course. A larger collecting

52 3074 47364u
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F1c. 5. Collision of a pair of water drops.

drop possesses a greater inertia and thereby has a
larger collisional cross-sectional radius.

The relative position of two drops of approximately
equal size is shown in Fig. 5. For a collector drop of
194 um to collide with a collecting drop of 183 um, the
collisional cross-sectional radius is 425 um. In other
words, for a pair of water drops with a radius ratio of
0.94, the linear collision efficiency is 2.19, which is
larger than the geometric collision efficiency of 1.94.
The reason for the high collision efficiency is that the
disturbed air in the back of the collecting drop drags the
collector drop into its wake region. The disturbed air
in the front of the collector drop, in turn, pushes the
collecting drop away from it. Because the horizontal
distance traveled by the collector drop toward the
collecting drop is larger than that traveled by the
collecting drop from the collector drop, the pair of
drops will collide even though their initial horizontal
separation is larger than the sum of their radii. This
condition is sometimes referred to as the wake capture
phenomenon, which is one of the important processes in
precipitation.

The variation of the lincar collision ethiciency with
drop radius ratio for various sizes of collector drops is
shown in Fig. 6. 1t should be noted that the lincar
collision efficiency is relatively high for drops of approxi
mately equal size. The numerical value increases sub-

A23
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stantially when the collector drop 2 30 um. This value
differs from the results of some previous investigators

A comparison of theoretical results with some available
experimental data is shown in Fig. 7 for the case of a
75 um collector drop. It can be seen that the agreement
is satisfactory for most of the radius ratio regions except
for those drops of approximately equal size. Re-
examination of the theoretical results indicates that the
vertical distance traveled by a pair of drops of approxi

mately equal size is very long before the collector drop
can catch up with the collecting drop. Although this
particular situation exists often in nature, conventional
laboratory apparatus is limited by its physical dimen

sions and prevents this phenomenon  from  being
experimentally observed.

Comparison is also made with the analytcal results
of Klett and Davis (1973) for a collector drop of 70 unn.
It is noted that all calculated collisional efficiencics ar
large for high radius ratios. However, the Kictt and
Davis results appear to be substantially smaller than
available experimental data.
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5. Conclusion

The linear collision efficiency of a pair of water drops
in the atmospherc has been calculated by using the
method of superposition. Based on the flow fields ob-
tained from the numerical solution of the Navier-Stokes
equations, collision trajectories between drops of various
sizes were determined by considering only gravity,
inertia and drag forces. For cases of large collector
drops and small collecting drops, the lincar collision
efficiency is significantly less than the gcometric collision
efficiency, because the hydrodynamic force upstream of
the collector drop pushes the small collecting drops
away from its falling axis. For cases of collector and
collecting drops of similar sizes, the linear collision
efficiency is substantially higher than the geometric
collision efticiency, because the low pressure created by
the viscous forces downstream of the collecting drop
drags the collector drop into its wake. The theoretical
result has been compared with existing data from
laboratory esperiments, Satisfactory agreement be-
tween the theoretical and experimental results indicates
that the theory is basically sound. In an atmospheric
environment, where only inertia, gravity and drag forces
are significant, the dominant factor in forming precipita-

tion appears to be the collisional growth of drops of
water of approximately equal size. Further investiga-
tions to include additional atmospheric parameters,
such as electric charges, updraft and turbulence, can
be developed by a similar approach for applications to
more complicated atmospheric problems.
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APPENDIX
Effect of Drag Force on Collision Efficiency

A water drop in the atmosphere is surrounded by air,
which produces a drag force when the drop travels with
a certain velocity. Calculation of collision efficiency
requires a knowledge of the drag force of various drop
sizes at different velocities. Consequently, a dimension-
less drag coefficient is given as a function of Reynolds
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numbers. At a Reynolds number region between 0 and 1,
it is not absolutely certain that the drag coefficient
actually follows the Stokes drag formula or Oseen’s
drag formula. To examine the actual derivation of the
linear collision efficiency caused by the uncertainty of
the chosen drag relation, Fig. 8 shows the comparison
of the Stokes and Oscen’s drag on linear collision
efficiency calculations for a 30 um collector drop. It is
obvious that the drag formula does not affect the trend
of the linear collision efficiency. A maximum deviation
of 109 could be expected in the vicinity of drop radius
ratio of 0.75. For larger drops, evaluations of collision
efficiencies were made by using Beard and Pruppacher’s
formulas as well as Lin and Lee’s formula based on the
same flow field data for a drop radius of 100 um. Fig. 8
shows that no appreciable difference can be found in
lincar collision efficiency for radius ratios <0.7. In the
region where the sizes of collecting drops are approach-
ing the size of the collector drop, no drag formula can
cause the decrease of collision efficiency as reported in
some early investigations. Step changes in the drag
formula are the only cause of the irregularitics of the
collision efficiency curve, and these are not readily
explainable in natural phenomena.
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Reply : Collision Efficiency Analyses

C. L. LINn anp S. C. LEE

Department of Meckanical and Aerospace Engineerng and Graduate Center for Cloud Physics Research,
Universuty of Missours-Rolla 65401

11 December 1975

In response to Dr. Klett’s comment on the article of
Lin and Lee (1975), it is necessary to keep the following
subjects in focus.

1. The purpose of a scientific article

A scientific article is being published for the purpose
of clarifying a situation which is being confused by
conflicting results. Figs. 1 and 2 show the situation on
linear collision efticiencies today for a collector drop of
approximately 70 um and 30 um, respectively. It is
evident that the method of superposition used by Lin
and Lee (1975) and the method of force evaluation used
by Klett and Davis (1973) provide better agreement
in comparison with the results in earlier studies. To
argue for the better accuracy of one method over the
other does not serve any constructive purpose, because
both are approximate in nature. [This has been pointed

24 T T T T ¥ T T T T

22 | Superposition Method
Shafrir 8 Neiburger (1963) —-- -

20 + Neiburger (1967) —----—
Shafrir & Tzvi (1971) —--—
18  Lin 8 Lee (1975 4

Force Method
Klett & Davis(1973) — -

o
T

E Y

Linear Collision Efficiency , Yc =y /R

b
o 2 3 4 8 6 7 8 9 10
Radius Ratio ,r/R

Frc 1. Linear collision efficiency for collector drop
radius of approximately 70 um.

out by Lin and Lee (1975) as well as by the original
authors of these methods, Langmuir (1948) and
Hocking (1959).] Improvement by Lin and Lee (1973)
in computation techniques can only minimize the
inaccuracy which is caused by the inability of obtaining
mathematical solutions of the Navier-Stokes equations
applying to a flow f.2ld that consists of two or more
drops of various sizes. Similarly, modification of Oseen’s
linearization technique by compromising with Stokes’
approach, as discussed by Carrier (1953) and Klett and
Davis (1973), is not a solution of the nonlinear Navier-
Stokes equations which govern flow fields of continuum
media at non-zero Reynolds numbers. A 70 um radius
water drop falling in air at steady state gives a Reynolds
number of approximately 4, and a 30um drop of
approximately 0.4. When the flow field is being dis-
turbed by another drop which occurs before all colli-
sions, the assumption of steady-state flow phenomenon

24 T T T T T T T T T
Superposition Method
22 | Pearcey 8 Hill (1956) —--—
Shafrir 8 Neiburger(1963)--— /
20  Lin 8 Lee(1975) !
Force Method
1.8 I Hocking (1959) — - —— 4

Davis 8 Sartor (1967)———
1.6 I~ Hocking & Jonas (1970)—--
Kiett &Davis (1973} —

Linear Collision Efficiency, Y. =y, /R
~

Rodius Ratio ,r/R

Fic. 2. Linear collision efficiency for collector drop
radius of approximately 30 um.
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Is in question, not to mention the credibility of super-
position or linearization. It would be a worse alternative
if this discussion were to leave the impression that the
problems caused by superposition could be eliminated
by some kind of compromise between two linearization
techniques.

2. A curve on linear collision efficiency

In Fig. 7 of Lin and Lee (1975), a curve on collision
efficiency E by Klett and Davis (1973) was used as
linear collision efficiency V. for comparison between
theory and experiment. The comparison showed that
the numerical values in the analytical result of Klett
and Davis were less than those of Lin and Lee, which
agreed well with available experimental data. This was
a mistake by Lin and Lee. The result of Klett and Davis
was presented as collision efficiency not as lmear
collision efficiency. A sincere apology is extended to
Klett and Davis for the hasty addition of that particular
curve. Our explanation here is not to find an excuse
about what was done but to present the circumstances
of turning a good intention to a poor relation. The
manuscript of Lin and Lee was prepared before the
article of Klett and Davis appeared in the Journal. The
question in doubt, at that time, was “whether the wake
capture phenomenon increases or decreases collision
efficiency.” Most earlier publications (Davis and

* Sartor, 1967; Shafrir and Neiburger, 1963; Hocking

i g s mats Cam DRGSR SRR Em S ZERCY
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FiG. 3. Comparison of linear collision efficiencies obtained
by superposition and force methods.
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Fic. 4. Comparison of collision efficiencies obtained by
superposition and force methods.

and Jonas, 1970) indicated that the collision efficiencies
tended to go to zero as the droplet radius ratios ap-
proached unity. Lin and Lee found that the trend was
exactly the opposite. The trend of Klett and Davis
agreed with that of Lin and Lee and was quickly added
to Fig. 7 during the revision of their article for sup-
porting the controversy. It was not conceivable that
those two curves, which were calculated from two
completely different methods, could be in agreement
within « few percent at a time when earlier studies had
discrepancies ranged almost between zero and infinity.
In order to clarify the situation on collision efficiency
analyses, the positive aspect of these two articles needs
to be emphasized and is shown in Figs. 3 and 4 for the
linear collision efficiency and the collision ethciency
respectively. The methods of superposition and force
evaluation are approximations which produce com
parable results for collision efficiency analyses.

3. Oseen’s drag equation

The Oseen’s drag equation was given as Eg. (4) by
Lin and Lee (1975). A table inserted in Fig. 8 of the
article misprinted the same equation by omitiing a
Reynolds number. This was an oversight by Lin and
Lee. The thoroughness of Dr. Klett in reading this
article is to be commended. We appreciate his prompt
ness in bringing it to our attention.
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The Effect of Vertical Separation on Droplet Collision Efficiency

(Reply to Comments by Cataneo and Semonin)

C. L. Lin' anp S. C. LEE

Department of Mechanical and Aerospace Ingineering and Graduate Center for Cloud Physics Research, [ niversity of Missouri-Rolla 65401
16 March 1976

The experimental data of Catanco et al. (1971) and
the analvtical results of Lin and Lee (1975) appear to
be in excellent agreement on collision efficiency, which

! Present affiliation : National Aviation Facilities Experimental
Center, Atlantic City, N. J. 08405

is the nondimensionalized distance of the maximum
horizontal separation between two free-falling drops.
However, an apparent discrepancy exists with regard
to the amount of their vertical separation that may
affect the collision efficiency. Upon reexamining the two
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papers, the following distinctions are noted:

1) The study of Lin and Lee (1973) was undertaken
to determine collision efficiency by using a vertical
separation distance, which is critical for the accuracy
of the calculation. A maximum horizontal separation
distance, which will result in the collision of two falling
drops of approximately equal size, occurs within the
range of 34 radii of the vertical separation distance. In
other words, the effect on collision efficiency calculations
becomes signiticant when the vertical  separation
distance is larger than 54 radii. 1t is necessary 1o point
out that this hypothesis was only indircetly evituated
through the effect on the drag coeflicient by assuming
various sizes of the outer boundary, which approsimates
the location of the undisturbed flow field in numerical
calculations. Detailed discussions of the effect of the
outer boundary on drag coefficient caleulations have
been published by Hamielec ef al. (1967), LeClair et al.
(1970) and Lin and Lee (1973). Fig. 1 illustrates the
test range of Catanco et al. (1971). Reynolds numbers
Re of 20 and 40 are approximately equal to free-falling
drops with radii of 140 and 180 um, respectivelyv. It can
be seen that the assumption of 34 radii appears to be a
conservative estimate for drag cocfficient evaluations.

Vorume 33

2) In the experiment of Cataneo et al. (1971) for
drops of equal size, the wake effect of the collecting drop
was observed at a vertical separation distance > 100
diameters because the collector drop was noticeably
accelerated. In order 1 compare their observation with
the theoretical value of 54 radii that is used in collision
efficiency caleulations, it is necessary to ask whether
the maximum horizontal separation distance is smadler
or larger than the critical fimit determined from the
collision etficiency. In other words, although the wake
length may be longer than 100 dicneters, the elfect on
the calculated collision efficiency becomes insignificant,
as long s the radius of the wake is less than the miaxi-
mum horizontal separation distance that determines
the collision efficiency.

The excellent agreement on collision efficiency be-
tween the experiment of Catanco el al. (1971) and the
theory of Lin and Lee (1973) indicates that the hy-
pothesis is reasonable. Direct  verification  of  this
hypothesis is desirable; however,  numerical investiga-
tion of the vertical separation is impractical because
too much computer time is required for calculating
streamfunctions and vorticitics of an extraordinarily
large flow field and for evaluating by the method of
superposition the change of vertical separation from
two seemingly undisturbed tlow ficlds. Fxperimental
investigations may be more realistic if existing facilities
are used to measure photographically the horizontal
separation simultancously with the vertical separation.
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HEAT TRANSFER 1974, Vol. II, pp. 104-108

HEAT MASS AND MOMENTUM TRANSFLR IN TURBULENT BOUNDARY LAYER FLOWS

S.C. Lee, D.W. Pepper, W.M. Byrne, and R.C. Tai
University of Missouri, Rolla, U.S.A.

Abstract

An analytical method using turbulence energy to study the transfer of heat mass and momentum in a turbu-

lent boundary layer was developed.

This approach considers the history of the turbulent motion by treat-

ing the eddy viscosity as a dependent variable to be determined as a function of locations in a turbulent

flow field.

A systematic comparison with experimental data was made.

The same empirical ccoastants es-

tablished in an incompressible self-preserved turbulent flow along a flat plate were also applicable tc
accelerating and decelerating flows with suction and blowing as well as for boundary layer flows with

heat and mass transfer.

NOMENCLATURE

C, ¢: Species concentration, mgq/cc

D : Turbulence dissipation, m"/sec

F ¢+ Dimensionless blowing parameter

I : Gravitationgl n(%elerutiun. m/sec

H, h: Enthalpy, m“/sec” " 2
K : Kinetic energy of turbulence, m*/sec
P : Turbulence production, m®/sec

] : Static pressure, newton/m*

Pt . Dimensionless pressure gradient

Pr : FPrandtl number

Re : Reynolds number

Ri : Richardson number
St : Stanton number
T : Temperature, °k

U, v: Velocity component in .:-direction, m/sec
u* Friction velocity, m/sec

V, v: Velocity component in y-direction, m/sec
X : Horizontal distance, m

y Vertical distance, m

yt : Dimensionless vertical distance

s : Coefficients of the generalized equation
Coefficient in the modified law of the wall
: Boundary layer thickness
: Exchange coefficient, newton-—sec/m2
Von Karman's universal constant
Dynamic viscosity, new&on-sec/m
Kinematic viscosity, m /sec
Density, newton-secé/mA
: Dimensionless constant
Shear stress, newton/m
Generalized flow parameter
: Stream function, hewton-sec/m
: Normalized stream function

X M O L
e se e e

E€O~AQDCT

Subscript

¢ Concentration

: Energy

Kinetic energy of turbulence
: Momentum

: Wall

: Initial x location

Free stream

goExR RO

INTRODUCTTON

One of the most commonly observed phenomena occur-
ring in many practical problems is the transfer of
heat, mass, and momentum. Most frequently this
phenomenon is encountered in turbulent flows wiich
are governed by the Reynolds Equations. Analyti-

cal solutions of the Reynolds equations are
thooretically possible if the turbulent stresses
known. In order to close the Revnolds equa-
.ons, Boussinesq /1/ related the turbulent
stress with the average velocity gradient by intro-
ducing an "eddy viscosity," also known as a "momen-
tum exchange coefficient." It is the precise torm
of this "eddy viscosity” that becomes the subject
of many phenomenalogical theories. Prandtl /2/
used momentum as a transterable quantity resulting
in a mixing length which was considered as the av-
erage distance between turbulent eddies in analopy
to the mean free path between molecules in kinetic
theory. Taylor /3/ used the vorticity as a trans-
ferable quantity and also derived a similar length
parameter. Nevertheless, neither Prandtl nor Tav-
lor could give a workable relation for this length
parameter because of the lack of a universal con-
stant. Von Karman /4/ conducted a series of ex-
periments through which a length parameter was
found to be linearly proportional to the ratio of
the first and second derivatives of the average
velocity. He named his value of proportionality
the "universal constant" which was applicable to
some turbulent flow problems. Earlier erferts in
establishing a workable phenomenological theory o1
turbulence were discussed in detail by Hinze /5/.
It is evident that the mixing length apprcach did
not provide the necessary mechanism to take the
history of turbulence into account. The use ot
the turbulence kinetic energy equation to complete
the Reynolds equations was first proposed by Kol-
mogorov /6/ and discussed in standard textbooks,
such as Townsend /7/, Hinze /5/, Mcnin and Yaglom
/8/ and many others. Kolmogorov /6/ and Prandtl
/9/ independently suggested that the turbulent
shear stress related to the turbulence kinetic en-
ergy's one-half power. This model has been the
basis of calculation procedures by Glushko /10/
and Spalding /11/. A simpler model was suggested
by Nevzglajdov /12/ in which the turbulent shear
stress related linearly to the turbulence kinetic
energy. The latter model was used bv Bradshaw et
al /13/ and Lee and Harsha /14/ for boundarv laver
flows and free turbulent flows, respectively.
Figure 1 shows the correlation of the Nevzplajdov
model with the experimental data of Klebanoft /15/
and Schon and Mery /16/. 1t is evident that the
linear relation between turbulent shear stress and
turbulence kinetic energy describes realistically
the physical phenomenon. Lee et al /17/ applied

only

shear

the Nevzglajdov model successfully in studving
heat mass and momentum transfer in free mixing
This paper is to extend the same approach
to boundary layer flows.

flows.
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The second half-ume step 15 an implicit finite-ditference
equation in the Z direction
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ANALYSIS

The mathematical formulation of heat, mass, and mo-
mentum transfer in turbulent boundary layer flows
was given by Patankar and Spalding /18/. The use
of Nevzglajdov model to relate the turbulent shear
stress and the turbulence kinetic energy was dis-
cussed by Lee and Harsha /14/. The validity of
using constant turbulent Prandtl and Schmidt num-
bers was examined by Lee et al /17/. A brief sum-
mary of the analytical approach of the turbulence
kinetic energy method for various boundary layer
flow problems can be outlined as follows:

Governing Equations

For two-dimensional, steady state, boundary layer
flows, the continuity, momentum, turbulence kine-
tic energy, mean-flow energy and species concentra-
tion equations may be written as:

3 9 v -

I puU + 3y pv 0 (1)
EIR U S 1

U Ix * p¥ dy 3y E:M dy Ix yal
3K 9K _ 3 K

B ax A dy 3y " dy i PK DK 3
3H dH 3 9H 9K
— —_— o — — € - -—

- 3z g y dy CH 3y b ('K EH) dy

L koa?
dy (4)

aC A

2t ax S dy 3y e dy 5

where U and V are the time-average velocity com-

105

ponents in the x and y directions, respectively; p
is the density; p is the static pressure, K is the
kinetic energy of turbulence; H is the stagnation
enthalpy; and C is the species concentration. Us-
ing the Nevzglajdov model as modified by Lee and

Harsha /14/, the turbulent shear stress, T, can be
related to the turbulence kinetic energy, K, as

T =-<pvu > =0.3pK g%/l%%l (6)

Tne exchange coefficients may then be defined as:

Momentum:
au au
€y <pvu > /ay 0.3 DK/’ayl (7)
Turbulence Kinetic Energy:
3K
€ -<pvK > /ay = &M/cK (8)

Mean-Flow Energy:

ay

Species Concentration:

€, = -<pvh > /

" rH/oH 9)

3C
Op = ~<pvc > /.d‘v = EM/GC (10)

where the lower letter case designates the fluctua-
ting components. Ok is the equivalent Prandtl num-
ber which is approximately equal to 0.7 determined
by Lee et al /17/. oy is the turbuleant Prandtl
number with a numerical value of 0.75 obtained ex-
perimentally by Arya /19/. Oc is the turbulent
Schmidt number with a numerical value of 0.75 given
by Fleagle and Bussinger /20/ for air and water va-
por mixture in the atmosphere. The turbulence pro-
duction term, P,, consists of the shear generated
turbulence due to the mean motion and the buovancy
generated turbulence due to flow stratification.
As used by Plate /21/, the production term may be
written as
2
3u 3T 3u

e " Gy S % i CM(I-%%)(S;) (11)
with g designating the gravitational acceleration
and R1 designating the Richardscn number. The dis-
sipation term, D,, was first used by Glushko /10/
and later modified by Byrnme /22/ as

3/2

DK = 1.8pK™" /6 for y > §/4 (12)

/2/6 for y < &§/4 (13)

3
DK = (§/4y) 1.80K
where 6§ i1s the boundary laver thickness. Bvrne's
expression is in close agreement with that of Brad-
shaw et al /13/ for the region near the wall boun-
dary.

Numerical Method

Except the continuity, all governing differential
equatijons are parabolic. Transforming to stream-
line coordinates, (x,y), the system of equation can
be solved with the numerical method developed by
Spalding and Patankar /23/ modified by Lee and Har-
sha /14/. The generalized parabolic equation takes
the form:

% T T
3x + @) Y oSt 5w O35 * o NS
B3
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Table 1l: Coefficient of a, of Eq. (14)

M a,
v imie IR
YU dx
puUtL D
x 211~£3)l;:)2 - J;
b -wib ,,
(Vo) "
puE
) M 1 1 93K 1 I U
H — o & —) - ) o (—
aw((w S )21( o 3 )bu “ 0 )aw( 2 )1}
¥y K H
€ o]

where w is the normalized streamfunction with w e-
qual to zero or unity at the wall boundary, ww, or
the free stream boundary, Voo respectively. 'lhe
coefficients ul. a,, and u3 can be expressed as
Y i
w
a, = - —2/ ~
1 3 x v, Ww]

W,

Gy = =l =g Y, =) (15)
e M __oU

P %y v’

where 0, = 1, 0 , oH or 0. for & = U, K, H, or C,
respectively. ¥he coefficient a, for various val-
ues of ¢ is given in Table 1.

Boundary Conditions

Standard boundary conditions are being used at the
free stream boundary as well as at the wall bound-
ary. However, in the laminar sublayer adjacent to

1ok i
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Fig. 2: Friction Velocity in Turb. Boundary Layer
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the wall boundary, the turbulent shear stress de-
creases rapidly to zero while the laminar shear
stress increases to the value of the wall shear,

T . Defining an "effective shear stress' as the
summation of the local laminar and turbulent shear
stresses, an "effective turbulence kinetic enerpy"
can be introduced to satisfy the linear relation
of the Nevzglajdov model. Using the "slip value"
approach of Spalding and Patankar /23, the fric-
tion velocity, U*X, can be related to the local ve-
locity, U, by a modified "Law of the Wall'':

U o Vw a
o = [2.5 lny + B][1 + T (2.5 Iny + B)] (16)
where U* = [Tw/Dlllz, y+ = yU* /v,

8= 4.9 - 10 W+ Wl yH s TPt
Riy 3u

S o, U* 3y
correlation of Eq. (16 ) with the experimental data
of Rotta /24/ and Julien et al /25/ is shown in
Figure 2 for boundary layer blowing and suction
under the influence of pressure gradient, |
Consideration of thermal stratifications was base
on the suggestion of Lumley and Pancfsky /26
where Ri is the Richardson number. In heat trans
fer studies, either the Nusselt number or the
Stanton number is being used. Modifying the ex
pression of Reichardt /27/, the Stanton number,

v,/ Pt eq. (1€) exp. ref. St, becomes:
0.122 0.0 —_——— (o} 25 5 (s U )2
0.122 -.017 == --- o 25 = o, *(U* /U ) [(Pr~o)a + 4(i=0
0.0 0.0 a 24 H Qw gqH : Hﬂ
-.072 0.0 e = — < 24 U Pr M .-1
where a = — [ [(1+ =) (14 == )] " dy
v a % OH %]
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For the case of Of equal to 0.75 and Pr equal to
0.72, a is approximately equal to 0.96. Correla-

tion of Eq. (17) with the experimental data of
Moffat and Kays /28/ is shown in Figure 3.
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RESULTS AND DISCUSSION

Application of the turbulence kinetic energy meth-
od was made systematically to a number of engi~
neering problems. Tai /29/ analyzed turbulent
boundary layer flows along a flat plate and com-

pared with the experimental data of Klebanoff /15/.

Byrne /22/ analyzed turbulent boundary layer flows
with blowing and suction under the influence of
favorable and adverse pressure gradients and com-
pared with the experimental data of Julien /30/
and Bradshaw /31/. Figure 4 shows one of Byrne's
compar isons for boundary layer blowing with fa-
vorable pressure gradient. Good agreement was ob-
tained between Byrne's analytical results and
Julien's experimental data in velocity profiles.
Only sheer stress at the wall was measured. As
expected, the maximum sheer stress for the blowing
case occurred at a small distance away from the
vall. Pepper /32/ analvzed thermally stratified
boundary layer in the atmosphere and compared his
results with some available wind tunnel data. Fig-
ure 5 shows the comparison of Pepper's analytical
results with Arya's /19/ experimental data on a
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stable atmosphere boundary laver (cold surfacel.
Good agreement was obtained for velocitv, tempera-
ture and turbulence energy profiles. Figure 6
shows the comparison of Pepper's results with Mal-
hotra’s /33/ experimental data on a simulated pol-
lutant (ammonia) diffusion process in an unstable
atmosphere. Good agreement was obtained for veloc-
ity, temperature and concentration distributions.

CONCLUSION

The turbulence kinetic energy equation was used to
complete the Reynolds equations for studving the
heat mass and momentum transfer in turbulent
boundary layer flows. By calculating the eddy
viscosity everywhere in the flow field, a set of
uniquely determined empirical constants was estab-
lished for boundary laver tlows aloug a tlat plate
with zero pressure gradient, for accelerating and
decelerating flows with suction and bdblowing, as
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well as for heating and cooling of the wall bound-
aries. This approach gives realistic solutions
not only to the engineering design parameters of

wall shear and surface heat transfer but also to the
the meteorological parameters which may be used for

studying pollutant diffusion in the atmospheric
boundary layer.
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Transport Phenomena in Thermally
Stratified Boundary Layers

Studies of heat, mass, and momentum transfer are made to analvze the formation of ma-
rine fogs in thermally stratified boundary layers in the atmosphere. The governing par-
tial differential equations of continuity, momentum, temperature, and concentration are
used to describe the transport phenomena. An additional equation of turbulence energ:
is introduced to account for the development of the turbulent motions. Simultaneous so-
lution of this system of equations allows the turbulent exchange coefficients to be treat

ed in the same way as all other dependent parameters. Vertfication of the theoretical
approach is made by comparing the numerical predictions with wind tunnel simulations
of neutral, stable, and unstable atmospheres. Application of the theory is extended to
the investigation of the formation of advection fog over cold ocean surfaces In addition
to the established criteria obtained from wind tunnel data, the fog model takes into con

sideration the radiation and sedimentation of fog droplets as well as condensation and

evaporation of liquid water

1 Introduction

Considerable effort has been made in recent vears to understand
transport phenomena in thermally stratified boundary layers Ad
equate knowledge in this area is valuable for predicting the diffu
sion process of air pollutants in the lower atmosphere as well as for
forecasting air-water circulation for weather conditions. Many
physical parameters are involved in atmospheric transport pro
cesses, such as wind, temperature, and corcentration of the diffus
ing medium as well as the geographical terrain. Studies of atmo
spheric motions, however, are hindered by the turbulence generat
wd from the interactions of all these related parameters. Moreover,
as a result of the random motion of turbulence eddies, field mea
surements are often insufficient for formulating a reliable mathe-
matical model

Simulations of atmospheric boundary layers are usually accom
plished by wind tunnel modeling and numerical computations. A
detailed survey of the literature concerning field measurements,
laboratory simulations, and numerical predictions is given by Pep
per [1]. Although many questions have been raised as to whether
atmospheric turbulence can be realistically simulated in a wind

Presently. Savannah River Laboratory, . [ ¢u Pont de Nemours & Co.,
Atken, S (
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tunnel, no definite answer is readily available. As a consequence, 1t
appears necessary to develop a realistic model to numerically ana
[yze transport phenomena which not only can be verified by wind
tunnel experiments but may also be used for predicting atmo
spheric motions.

Mathematical analyses of turbulent transport processes are dis
cussed by Hinze [2], Monin and Yaglom [3], and Lumley and Pa
nofsky [4]. Based upon their studies, transport phenomena are
normally treated by phenomenological and statistical theories
While physically more realistic than phenomenological models. the
use of statistical description requires a large volume of caretully
sampled experimental data which are not currently available. Phe
nomenological theory is based principally upon mixing length
theories and turbulence kinetic energy approaches. The mixing
length models, based upon the concept developed by Prandtl [5].
incorporate rather simple yet successful empirical relations to ac
count for the Reynolds shear stress term in the equations of mo
tion. The use of turbulence kinetic energy to complete the Reyn
olds equations, first proposed by Kolmogorov [6], is discussed in
textbooks by Townsend [7), Hinze [2]. Monin and Yaglom [
Tennekes and Lumley [8], and many others. Following the sugges
tions of Kolmogorov [6] and Prandtl [5], the turbulent shear stress
is related to the turbulence kinetic energy's one-halt power This
model is the basis of calculational procedures used by Glushko [4
Patankar and Spalding [10], and Gosman, et al. [11] A simpler re
lationship is suggested by Nevzglajdov [12] in which the turbulent
shear stress is linearly related tc the turbulence kinetic energs
This concept has been successfully used by Bradshaw, et al |13
and Lee and Harsha [14] in analyzing boundary laver and tree tur
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hulent flows, respectively.

In lieu of the many different approaches used in closing the dif
ferential equations governing turbulent flows, it is necessary to in
vestigate the validity of all available models before conducting an
analysis By using the experimental data of Klebanoff [15] and the
neutral wind tunne) data of Schon and Mery [16] as a basis of com
parison, it was possible to analyze the three methods of closure
that are shown in Fig 1. The disarray of data points in the Prandtl
mixing length model indicates that the mixing length parameter
requires modification for each particular problem. The Kolmogo-
rov model, while more adequate than the Prandtl mixing length
model, begins to show some scattering in the near wall regions of
the boundary layer. The Nevzglajdov model, on the other hand, is
simple and gives relatively less scattering for the same data. Simi-
{ar conclusions are also drawn by Harsha and Lee [17] for free tur-
bulent flows.

The approach adopted in this study attempts to make optimum
use of the current advancement in numerical techniques coupled
with presently available experimental data for the purpose of real-
istically predicting atmospheric motions with a minimum of em-
piricism. Comparison of the numerical results with wind tunnel
simulations under various conditions of thermal stratification is to
be discussed. Application of the present approach is being made to
study the formation and dissipation of marine fog over the ocean.

2 Analysis

The basic equations, which describe the atmospheric boundary
layer, consist of continuity, momentum, temperature, and concen-
tration. For two-dimensional, steady-state boundary layer flows,
the governing equations may be written as

P Pl
T =
aX Pl VA L 0 (1)
AU L e
nl ax T pW 37 37 (“TZ = g’ F Fy (2)
aT ) a7 ; 4
572= 57 @5z P £ b 3)

- pi’e’) + E." 4)

in which {7 and W are the time-average velocity compo .ents in
the X and Z directions, respectively: p is the density; €™ is the
concentration for species m; T is the mean temperature; the
primes denote fluctuating quantities; «, «, and D) are the dynamic

PRAND KLMeLRO M .

Fig. 1 Data correlation with turbulence modeis

and F,, Fy, and F.™ are the source terms of momentum, ¢nergy,
and concentration, respectively. Detailed discussion of the source
terms is given in the Appendix. Closure of this system of equations
is accomplished by using the Boussinesq [18] approxumation and
the Nevzglajdov [12] model, as modified by Lee and Harsha [14]
the apparent turbulence kinetic energy, @, can be related to the
laminar and the turbulent shear stresses as

A ————— all 8l
Wz~ pu'w’ ~ 0.3 y;(,ll—; 57 (5

It is to be noted that the magnitude of ¢ 1s contribuied b the
shear stresses of the eddy motions in the turbulent layer, the mo
lecular motions in the laminar sublayer, and both laminar and tur
bulent motions in the transition layer. An additional poverning
equation for the apparent turbulence kinetic energy is written as
} ’ 57
/)I'T:AL\J, + /)H‘T-f% —l‘—_/[,m'fll' Q)+ F, 6
where £, is the saurce term for the production and dissipation o1
turbulence kinetic energy.
Introducing the apparent Prandtl and Schmidt numbers as dis
cussed by Lee, et al. [19], the exchange coefficients of momentum,
heat, concentration and turbulence become

L /"
K,=p- ;):4’14’,’_-:7 0.3 pQ/ 55 (7)

viscosity, thermal diffusivity and species diffusivity, respectively; Ky = a —pu't! Hm/ O 8)
em—N omenclatur
a = empirical constant K» = exchange coefficient of heat
('™ = concentration of species m K.. = exchange coefficient of momentum
¢’ = concentration fluctuation K, = exchange coefficient of turbulence direction
¢ = specific heat at constant pressure kinetic energy V, = sedimentation veloaity of [og drop
(" = rate of formation of liquid water k. = mass ahsorption coefficient lets
1) = coefficient of molecular diffusion I, = latent heat of vaporization W = mean velocity in the Z direction
1, = dissipation of turbulence kinetic P = static pressure w’ = velocity fluctuation in the Z direc
energy {7 = pressure fluctuation tion
F.m = source term for concentration P, = production of turbulence kinetic X = horizontal distance
equation energy 7 = vertical distance
F, = source term for temperature ) = kinetic energy of turbuience a = thermal diffusivity
equation R = radiation energy 4 = emissivity
F, = source term for momentum equa- Ra = gasconstant of air 4 = boundary laver thickness
tion R, = gradient Richardson number u = dynamic viscosity
F, = source term for turbulence kinetic R, = flux Richardson number p = density
energy T = mean temperature a = Stefan Boltzmann constant
g = gravitational acceleration t’ = temperature fluctuation o, = turbulent Schandt number
K, = exchange coefficient of concertra [’ = mean velocity in the X-direction an = turbulent Prandil number
tion u’ = velocity fluctuation n the X 7, = equivalent Prandtl number
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E.= D ~-pcec 7(7 Kn/0 (9)
and
» Z

K, p ’(I; v Q)/ A:% K./o, (10)
respectively, in which o, is the apparent Prandtl number with a
numerical value of 0.75, obtained experimentally by Arya [20] for a
simulated stable atmosphere, o, the apparent Schmidt number,
equal to 0.75 as given by Fleagle and Businger (21}, and o, the
equivalent Prandtl number, which is approximately equal to 0.70
as determined by Lee, et al. [22]. Both Prandtl and Schmidt num
bers were allowed to vary from 0.4 to 1.0 under various conditicns
of thermal stability but proved to be insignificant in altering the
results to any appreciable degree. For lack of any reliable function-
al relation to account for the variation in the apparent Prandtl and
Schmidt numbers, o, and o, were assumed to be constant in the
study

Using the concept of exchange coefficients, the governing equa-
tions of momentum, heat, mass, and turbulence are parabolic type.
The system of equations can be simultaneously solved for the de-
pendent variables of velocity, temperature, concentration, and tur
bulence using the numerical procedure of Patankar and Spalding
[10]. It should be noted that the exchange coefficients are deter-
mined locally from the apparent turbulence kinetic energy which is
a function of the space coordinates. The detailed numerical
scheme and all necessary boundary conditions are given by Pepper
[1]. For the purpose of testing the predictability, the developed
method is verified with wind tunnel data before being applied to
atmospheric problems.

3 Verification With Wind Tunnel Data

Verification of the present model is made by using available ex-
perimental data. Comparison with wind tunnel data is made under
conditions similar to neutral, stable, and unstable atmospheric
boundary layers. While a number of experimental investigations
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Fig. 3 Comparison of results for a stable atmosphere

have been made under neutral atmospheric conditions ir. meteoro
logical wind tunnels, only a few cases contain turbulence kinetic
energy data which are pertinent to the exchange coefficient model
empioyed here. Similar investigations of experimental work in
thermally stratified boundary layers disclose even less available
data.

Preliminary investigations are made in a neutral atmosphere by
comparing the predicted results with the wind tunnel simulation of
Schon and Mery [16] as shown in Fig. 2. The subscript, o, denotes
initial conditions. A nondimensional apparent turbulence kinetic
energy profile, based upon measurements by Klebanoff [15], is
used to generate the initial profile in the numerical scheme The
discrepancy between measured and predicted turbulence kinetic
energy is due to the use of the Klebanoff profile which is for fully
developed flow, while the initial profile for the Schon and Mery
case is still a developing flow. However, the necessity of predicting
various atmospheric conditions, without having measured turhu
lence data as the initial profile, limits our choice to Klebanotf's
data for all studied cases. The good agreement in velocity profile
comparison indicates that a fully developed turbulent profile for
average velocity does not necessarily mean that the turbulence 1s
in equilibrium.

Investigations of stably stratified atmosphere are made by com
paring the predicted temperature and turbulence profiles with the
wind t:annel simulation data of Arva [20], as shown in Fig 3 The
initial temperature distribution s assumed to be uniform  The
Klebanoff turbulence kinetic energy distribution, similar to that
for the neutral case, is used for the initial profile. The underpred
iction of turbuience kinetic energy occurs within 10 percent of the
boundary layer near the surface This discrepancy suggests that
the Nevzglajdov model is questionable in the close vicinity of the
wall boundary, if the measurements are truly reliable Once out
side this region of the calculated maximum turbulence kinetic en
ergy, the predicted profiles begin to agree with the experimental
data. Because the gradient Richardson number, R serves as a
quantitative measure of the thermal stratification, the distribution
of R, is plotted as a function of Z/é6 in Fig. 4. Although a discrep
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ancy occurs in the turbulence kinetic energy comparison, the Rich
ardson number predictions agree well with Arya's data even in the
lower 10 percent of the boundary layer. The gradient Richardson
number, £, is related to the flux Richardson number, R, by the
ratio of the momentum exchange coefficient to the heat exchange
coefficient.

Investigations of unstably stratified atmospheres are made by
comparing the predicted temperature and concentration profiles
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Fig. 6 Schematics of advection fog over the ocean

with the wind tunnel simulation data of Malhotra and Cermak [23]
as shown in Fig. 5. Using the measured profiles at a distance of 0.3
m downstream of a simulated source (X, = 0.3 m) as the inmtal
concentration and temperature profiles, the predicted results
agree well with the measured data throughout the flow ficld No
turbulence data are available for comparison even though the stan

dard Klebanoff profile i ased as the initial turbulence in the 1o

merical scheme. Predictions, with reasonable accuracy for time

averaged quantities of velocity, temperature, and concentration,
appear to be possible using an approximate initial profile for tur
bulence: if the turbulence energy is being balanced simultaneousiy
with the momentum, heat, and mass, consistently throughout 4
thermally stratified atmospheric boundary laver. Extension of this
method is being made to predict the formation of advection fog o

curring over cold sea surfaces

4 Advection Fog Formation

RBecause of insufficient information regarding ocean fogs few
studies are available in the literature. However, studies on land tog
and coastal fog have been made by Mack, et al. [24]. Fisher and
Caplan (25], Zdunkowski and Trask {26], and Barker |27 Consid
eration of the microphysical processes of condensation. radiation
and sedimentation in developing the advection fog model s based
on the current information used for land and coastal tog studies

Fig. 6 shows schematically the formation of advection fog as
warm maist air blows over an aqueous surface with continuonsly
decreasing isotherms. As a result of the transfer of thermal energy
between air and ocean, the air temperature near the ocean surfice
is lowered until the dew point temperature is reached. This process
results in the condensation of water vapor into small liquid drog
lets, ‘f it is assumed that sufficient number of sea salt particles are
available as condensation nuclei. A brief outhne of the saturation
adjustment procedure, developed by McDonald [28] and Asar [y
is given in the Appendix

Fig 7 shows the effect of wind velocity on tog development

Wind velocities of 3 and 6 m/s are used for analvzing an alme

spheric boundary layer with a thickness of 940 n b
stant temperature, seen to be emitting from the surtace ar Irom
the continuous cooling of the surface, as shown for the wind vl

tv of 6 m/s case. A similar trend is also tound 10 the wind oo

of 3 m/s case. Defining the fog boundary as the hout where the hig

wid water content approaches zero, it 1s noted that an inciease o
wind velocity results in a decrease of the tog layer heht Mo

over, fog only forms wa the region where a stable thermal stoatifica
tion occurs. This result can be qualitatively verified trom held oby
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servations Leipper [30] observed that for a period of two days, fog
tormed very rapidly when the temperature distribution ot a stable
atmosphere occurred near the ocean’s surface. Liquid water con-
densed out continuously to form fog particles as long as the stable
stratification persisted. Until the temperature distribution near
the ocean’s surface returned to a neutral atmosphere on the third
dav, tag began to dissipate. Visibility started to improve on the
fourth day as the temperature inversion region hifted up from the
ocean surface to the lower atmosphere Fog became stratus cloud
on the fifth day when the lower atmosphere returned to neutral
condition
5 Conclusion

An analytical investigation of turbulent diffusion in thermally
stratified boundary layers is made by using a phenomenological
theory based upon the apparent turbulence kinetic energy. The ex
change coefficient of momentum is determined based on the modi
fied Nevzglajdox model which relates the local shear stress with
the local turbulence energy. The exchange coefficient of heat and
mass are determined by relating them with the exchange coe!(]
cient of momentum through Prandtl and Schmidt numbers. These
coefficients can only be evaluated simultaneously with other de
pendent variables of velocity, temperature, and concentration
Verification of this method is made by using wind tunnel simula
tions of thermally stratified atmosphere. Predictions for actual
conditions can only be quantitatively verified when more com-
pleted tiele data are made available. This study demonstrates that
the development of a realistic model for predicting the transport
phenomena between atmospheric and aqueous surface layers
needs close cooperation among researchers in many disciplinary
areas
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APPENDIX

I'he source terms used in the governing equations are derived
from information available in the current literature. Far the read
er < convenience, a brief summary 1s given in the tollowing

Momentum Equation. Pressure, gravity, buovanoy, and Con
olis forces may all be mvolved in the source term: however, in the

studied cases, only the pressure force is significant
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PP ~'~-Twn-~

o (4P /0X) (A-1)
and
P = P,exp(-gZ/R,T) (A-2)

in which Py, is the atmospheric pressure at sea level, and K, is the
gas constant of air.

Temperature Equation. Latent heat and radiation are con
sidered by the relation

F, = [L,C, - GR/3Z)|/c, (A-3)

in which L, is the latent heat of evaporation at a given tempera

ture, and C, is the rate of formation of condensed liquid water at a
given temperature and its corresponding partial pressure of vapor.
In order to calculate (', the saturation adjustment procedures of
McDonald (28] and Asai (29] may be outlined as follows: Assuming
air and water vapor can be treated as ideal gases, the amount of
condensed liquid water can be expressed as

]) = 1) 1) - I)
0.622 —‘7)—*‘ =627 —L——3k (A-4)

@ P

:
for each unit of air mass, in which P, is the partial pressure of
vapor at saturation, P, is the partial pressure of vapor at each
thermodynamic state of the atmosphere, and P, is the partial
pressure of air which is approximately equal to the total pressure
of the atmosphere, P. By using the Clausius-Clapeyron equation
for liquid vapor phase change, the change of vapor pressure corre-
sponding to the change of temperature can be written as
Py ~P, 0.622PL

= = (A-5)
T, ~ T R, T

The saturation vapor pressure, P, which is a function of tempera-
ture only, is given by Murray [31] as

) 17.269(T — 273.16) .
P, = 6.108 expi———azge | (A-6)

However, the first law of thermodynamics requires that the pres-
sure and temperature of vapor in an isobaric atmosphere satisfy
the following relation

b

0.6221, =ty

in which ¢, is the specific heat of air. By eliminating P, between
equations (A-5) and (A-7), the change of temperature before and
after condensation becomes

L 0.6220, — pILR,T iy
’ PCR,T? + 0.38TL, %D, g)

By combining equation (A-8), (A-6), and (A-4), the amount of lig
uid water condensed per unit air mass becomes

W, ,ilt('l', - T, (A-9)
“A

The rate of formation of liquid water may then be written as

€= f pUwd7 (A-10)
A

The radiation term occurring in equation (A-3) may be written in
the form suggested by Mack, et al. [23]
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z
RZ) -~ g, exp 1.6k, "pwmdz)  (A-11)
b
in which 7 is the emissivity of a nonblack surface (4 = 0.25), 0 1x
the Stefan-Boltzmann constant, 7', is the surface temperature, k,
is a single spectrally-averaged mass absorption coefficient (k, =
1.5 X 10 ¢m/gm), and Z, and Zy, are the top and bottom of the fog
layer, respectively. The gradient of the radiation effect then he
comes
aR i e
57 1.6307, hypw™ exp(=1.6k, l] pTdZ) (A-12)
- L3
in which w™ is the liquid water content per unit wir mass
Species Equation. Three species are considered i the tog
model: air (m = 1), water vapor (m = 2), and hquid water (m = 7
No air can be formed during fog formation and dissipation pr
cesses. Consequently,

F!=0 A-13

«

Water vapor can only be formed at the expense of Ligund water
thus

Fl=-C, A-14
Liquid water can be formed by condensation of water vapor and
also be removed by fallout as water drops. This leads to the expres
sion

B3 =G, f%“’mu') (A-15)
where Vy is the falling velocity of water drops

v (A-16)

with N representing the number of drops per unit volume. It is
noted that equation (A-15) is based on the assumption that all
drops are less than 20 um in radius. Assuming a drop concentra

tion of N = 50 em ™,

V, = 4 % 104{w™)?'3 (em/s). (A-17)

Turbulence Kinetic Energy. Production, P, and dissipation,
D, of the turbulence kinetic energy are discussed by Lee, et al
[22] and Plate [32]. The production term may be written as
Rz R

P, = Kyl =2 (A-18)

which consists of turbulence energy generated by the mean shear
flow and the thermal stratification. The dissipation term, as dis
cussed hy Patankar and Spalding [10] and Glushko [9], may be
written as

D, = apQ?"*/6 (A-19)

m which 4 is the boundary layer thickness. The coefficient for non
isotropy of the turbulence, a, is given by Byrne and Lee [33] as

a 1.8 for 7/ ;
. X (A-20)
“ l.mi;) for 7 i
which agrees with the model used by Bradshaw, et al [13]
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Numerical Methods for Separated Flow Solutions
around a Circular Cylinder

C. L. Lin,* D. W, Pepper,tand S. C. Leet
University of Missouri-Rolla, Rolla, Mo.

Numerical solutions of the Navier-Stokes equations were obtained for separated flows around a circular ¢ylin-
der at Reynolds numbers 40, 80, and 200. The flowfields were obtained by using three finite-difference
techniques. The implicit scheme solved by matrix factorizations gave the best accuracy and used the least com-
puter time. The flow pateern in the recirculating region of a circular cylinder begins (o oscillate as the Reynolds
number exceeds 40. The calculated drag coefficients, separation angles, and Strouhal numbers were compared
with available experimental data. Computational inaccuracy resulting from numerical approximations needs (o

be identified before a complicated flow phenomenon

Nomenclature
a arbitrary constant tor coordinate transtormation
/ =frequency of Kdrman vortex street
L) lower matrix atter modification
[M] = coefficient matrix
m =number of iterations
[N] = modifier ot the coetficient matrix
n =number of time-steps
lg} =column matrix
r =radial coordinate
R radius of the cylinder

Re = Reynolds number, 2UR /v
S = Strouhal number, 2fR/U

! =time

U] upper matrix after modification

L = freestream velocity

V,  =velocity in the # direction
V,  =velocity in the rdirection
Z = nondimensionalized radial coordinate
“ = vorticity

¥ = stream tunction

t = kinematic viscosity

# = angular coordinate

At = time increment

Ab = angular increment

AZ =radial increment

1P| column matrix

I. Introduction

ECAUSE  the  Navier-Stokes  equations are  non

linear, exact solutions are not currently available. The
necessity of providing reasonable estimates for complicated
flow phenomena leaves research engineers very little choice,
The numerical method is one of the very few acceptable tools
that is capable of making any contribution to engineenng
designs or environmental controls. Recent developments in
high-speed digital computers make this approach both ef
fective and popular, however, every numerical approach for a
given physical problem requires both physical assumptions
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n be realistically analy zed.

and mathematical approximations. Computer solutions,
especially in practical problems of questionable physical
assumptions such as an unverified closure scheme for tur
bulent flows as discussed by Lee and Harsha' and Pepper and
L ee.” may appear to give reasonable results by substituting
unrealistic physical assumptions with incorrect mathematical
approximations. One needs to test a numerical method for its
scuracy in the developing stage by applying it to a given
problem that requires no physical assumptons. Separated
flow around a circular cylinder at relatively low Revnolds
numbers is one of the thoroughly investigated problems that
can provide the basis for such a study in numerical accuracy

Numerical techniques for solving partial differenual
equations have been discussed by Conte.” Richtmyer,~
Roache,  and many others. Solutions for separated flow
problems usually require substantial computer time because
of the c¢llipucal nature of the governing equations
Multidimensional separated {lows occur in many engineering
and environmental problems, which require not only the
solution of the Navier-Stokes equations but also the
simultaneous solutions of the energy and species equations
Past experience indicates that some numerical techniques may
give better accuracy, whereas others may need less computer
time. To avoid an unnecessary waste of effort and resources,
we conducted a preliminary investigation in which we apphied
several commonly used numerical methods to a thoroughly in
vestigated  problem  for the purpose of comparing the
numerical accuracy and the required computer time.

T'he problem of separated flow around a circular cylinder
has been thoroughly investigated both experimentally and
theoretically. Available informauon on drag coefticients,
separation angles, and Strouhal numbers has been reported by
Schlichting,” Thoman and Szewczyk, " and many others. In
the present study, physical evidence will be used tor in
vestigating the effect of numerical approximations on
solutions of elhiptical partial differential equations.

fi. Analy
The governing equations 1or an incompressible, two

dimensional, unsteady laminar flow over a circuiar cvhnder
can be written as

S

dw I d(rwV,) 1 d(aV,) ! d du
= v + . A = (sl
ar ’ dar r at r ar ar
I d*w
+ 5 ] ()
r- a8
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I [a(rV,) al
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’ ar aH
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In these equations, w is the vorticity, and V, and V. are the
velocity components in the r and # direcuons, respectively. In
terms of the stream function y the velocity components may
be written as
V,=((1/r)(ay/d8)], V,=0d¢/0r 3)
When radius R 1s used as the charactenistic length and the
treestream velocity U as the characternistic velocity, the non-
dimensionalized stream tunction and vorticity become

¢ =y/UR, ' =wR/U 4)
I'he independent variables of ¢, r, and 6 are

¢ =tUIR, r'=riR. §'=0/a %)
in which a 15 an arbitrary constant for controlling the in-
crement ot the transformed coordinate. Because the flowfield
varations take place more rapidly in the vicinity of the cylin-
der than in regions at large distances from the cylinder, it is
convenient to transform the radial coordinate by an ex-
ponential tunction,

e“’=r/R (6)

The nondimensionalized governing equations with the primes
eliminated for simplicity then become:

dw W dw
at i Iz

A dw 2\ 9w 9w J
SE KOS - 7
aZ af k7

= Rel 3z T ap7

and
- ] (8)

in which Re is the Reynolds number based on the diameter of
the circular cylinder and the freestream velocity.

Il.  Finite-Difference Methods

Numerical solutions were obtained by writing the governing
differential equations of vorticity, Eq. (7), and stream func-
tion, Eq. (8), into finite difference forms. By using ¢ and j to
denote the locations in the # and Z directions, respectively,
and employing m for the number of iterations and n for the
number of time-steps, numerical solutions for the sepirated
flow around a circular cylinder were obtained wun the
following three methods.
A. DDE-GSI

The directional difference explicit (DDE) method, as
discussed by Thoman and Szewczyk,  was used for solving
the vorticity equation. The values of « , at the (n + /) th time-
step were calculated by using those of the (n)th time-step
through the following relation

i B I"'4( NP )l
P Re\ (A7)’ (a6’ /1"
2 l»u o Fw) GG g l
+ A
Re az)? (af) -
ay ay !
‘l(.w‘) ( ") ].\/
N \" W\ /
(2o -5 | o

Faguation (9) 15 an exphoit form of the nonhincar vortieny
cquation. In order to maimntain numerical stabihty, the
tollowing  restrictions  were  suggested by Thoman  and
Szeweszvk tor the nonhinear terms

(A (A7) > () gy w (10a)
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(dysab), ., <0 Wijets =W (10b)
(dy/a6),, .. >0 W)ty =Wig=y (10¢)
(dy/a6),, .. <0 @, =w, (10d)
(9y/02),,..,>0 Wi =y (10e)
(8y/82),, ,<0 Wy = (10f)
(dy/3Z), . ,>0 w = (10g)
(0¢/9Z),.. ,<0 W)= sy =Wy (10h)

Once the vorticity values were obtained, the stream functions
could be calculated by using the Gauss-Seidel iteration (GSI)
method as discussed by Conte.' The values of y  at the
(n+ 1)th time-step and the (m + /) th iteration were calculated
by using the following relation

s s L [ —a"é’"“/w,'_', 4

1
i (AZ)"<¢"" +415°1)

1
ym pmai
+(A0)_‘( YR ' /,)J (n

in which d,,=(2/(AZ) "] +[2/(A6) °]. The iteration process
was completed when the difference of the numerical values of
¥ between the (m+/)th and the (m)th iterations was less
than a prescribed tolerance. The same procedure was repeated
for the successive time-steps until steady-state solutions were
reached.
B. ADI-SOR

The alternating directional implicit (ADI) method was
proposed by Peaceman and Rachford® for solving linear dif-
ferential equations and modified by Douglas, ” Wachspress,
and many others for improving computational accuracy. Son
and Hanratty'' used the method for flow around circular
cylinders with the assumption that the flowfield is symmetric
to the axis of the flow direction. Lin and Lee'® used the
method for calculating transient flows around a sphere
However, it was noted that for most Reynolds numbers
separsted flow oscillates in the wake region. By eliminating
the assumption of flow symmetry in the wake region, an ex
tension of Lin and [ ¢¢’s approach was used for solving the
vorticity equation. Two halt-time steps were used. The tirst
halt-time step is an implicit finite difference equation in the
direction

T e e T i e Tt =TT (12)
in which
! 2
Tyery == g <L - ; 13
= qazas @ V) T Retan s
zﬂ[(,.‘.‘/ 4
T, = + , (13b)
At Re(Af) ?
e — [ (u‘ A - 2 “
VT 4aza6 vt Re(af) - (13c)
and
% R T e [
44aza0 " " e Re(az)" 1%+
l)a‘t”"" 4 I e I 2
+ - w
At Re(AZ) " Re(AZ)’
—_— yh \} o 13d
GAZAR IR T RS ol
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The second half-time step i1s an implicit finite-difference 4 1 / ate’?
. ; . Ei v SEtE (19¢)
equation in the Z direction Rel (AZ) (af) Al
S E S o # 80 w1 =8 (14) . S 2 s
‘ VAV Re(A8)* d
in which
g 2
i 2 H = L - (19¢)
S = = el = Vi) : (15a) Z)?
4AZAD ({200 Vi Re(AZ) EAVAL Re(AZ)
alaZ, n
2a%e’4 2 aeMw
S, = (15b) 4q Al (191)

The SIP method uses a technique of matrix factorization and

- L Uy, O )i . - (15¢) elimination, as discussed by Stone'® and Weinstein et
EAVAL) ' Re(AZ)- al.'* Detailed procedures are given in the Appendix. The 7 °
values of stream function were obtained by the same SIP -
and method through the application of the following finite i
I 2 difference equation
[uz.ww S Re (AH) - ol B A D A EL N A E N A H Y =g
(20)
[.’zl"t""” 4 ] o .
+ At Re(AG)" WLy mn which
I n n / ] 2 2
Vel “ Xty Z]w (asd) B, = e B, B e
4AZA0 Re(Af)° (AZ)~ (ag)- (AZ) - (A6)
Fl,=D'. H =B, q,=a’e®yi+ (21a-f)

Solutions of w, at the (n+ 1)th time-step were used in a suc-
cessive over-relaxation (SOR) method for calculating the

R : . heoretically, the SIP-SIP method could be used directly f
stream functions by the following relation Theoreticall; 2 It method oo e, ectly for

steady-state soiutions if the boundary conditions were known.

P }\7 aledZyn+l g priel g mtd Our problem was that the vorticity values at the surface ot the y
b & i S’ et STA T Y cylinder could not be prescribed. Morecover, we were in "
terested in investigating the oscillation phenomenon in the -
—~S Y =Sl Vi, =Sl e ) (16) \f'ake region. Consequently, vorticity solutions of successive -
time-sieps were necessary.
in which
1V. Boundary Conditions
A e Loy, == e D Based on no-slip conditions, the velocity components are
=(az)r’ TthT (ast YT T @zy? | (4e)?” zero at the surface of the cylinder, whereas a uniform
fiowfield of velocity U surrounds the cylinder. The bounaary
conditions for the stream functions and vortcities in terms of
s =S Sipai =S~ (17a-¢) the transformed coordinates (Z,f) are given i Fig. 1. 1t s
3 ) ] ) noted that the vorticity values at the cylinder surtace can only
1 T'he term A indicates the optimum refaxation factor. The value be determined from the second derivatives of the local stream
g of A, which equals 1.65, was used in the analysis based on the functions by the relation
‘ method given by Carre.'' The stream functions ¢, at ’
: the (n+ [)th time step were obtained when the difference be- ! 92y
E & tween the (m + /)th iteration and the (m)th iteration was w=| 3,57 37 " for all 6 (22)
within a prescribed tolerance. The same procedures were
3 repeated for the successive time-steps until the steady state Lt B e it e oI at 2 =3 D e vorridity valuss Boral o
£, was reached. Bedome
I €. SIPSip , : > )
£ The strongly implicit procedure (SIF) was proposed by Wiy = Wi =290, 0, )/a" (82) 23
3 4

4 Stone for solving linear elliptical partial differential
< equations. Solutions of vorticity and stream function were ob-
tained separately at each time-step. The vorticity values at the

On the surface of the cylinder, Z =0, the stream function 1y
zero, y,,=0. The stream function inside the ¢ovhinder,

» (n+ ) time-siep were calculated by using the following finite V., 1, Is assumed to be the mirror image of |»h<‘ stream fung
w1 difference equation tion around the cylinder, ¢, ,.,, because of zero gradient
f Consequently, the values of w,, on the surface for all # can be
e q )
. SRIULURCS o L ML ARy SR A AL
(18) :
in which i e B AT =
v 2 The values of ¢, . /. which are not known at steady state, can,
. =8 !
B, = 7AQ Re(AZ)? (19a) in an iteration process, be arbitranily assumed to determine
" ;
4A745 e(az) the steady-state condition. The number of iterations, if they
e = 5 converge, may depend on the initial assumptions that require
D Viget T ¥ “ (19b) some criteria 1in order to have any consistency. Because we

% ) 42750 Re(af)” were interested in finding steady-state solution for both
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g= eZsin(o2,

" N w=0
N4 y at z= 45
Pa Nforald -
A \
l'jil'l
A/ N ‘
az | 4
¥=0, w=0 =0, ,
at =082 w:ZWJ,l/(OAz)
for all z atz =(5' for all 8

/R=e%
Fig. 1 Boundary conditions.

oscillating and nonoscillating flows, it was to our advantage
to use the impulsively started flow as the initial condition. The
number of time-steps (NT) indicates the history of flow
oscillations. Because the oscillation phenomenon is a part of
two-dimensional separated flows, steady state is defined by
the following conditions: ) For nonoscillating flows, the
values of y and w remain constant at a given Z and 6 location
as NT increases; 2) For oscillating flows, the variations of
and w in the Z and 6 plane repeat themselves with a definite
pattern as NT increases. Numerical solutions for separated
flow around a circular cylinder were calculated at three
Reynolds numbers (40, 80, and 200) by using three different
numerical methods.

V. Results and Discussion

The effect of mesh sizes and outer boundary locations on
numerical accuracy has been discussed by Lin and Lee'* for
solutions of Navier-Stokes equations. The current study was
undertaken to investigate the relative accuracy and computer
ume of three different methods. Only one standard mesh size
of AZ=0.1, A#=6°, and Ar=0.02 was used for a flowfield
with an outer boundary of 90 radii of the cylinder. To deter-
mine the relative accuracy of each method, calculated results
of drag coefficient, separation angle, and Strouhal number
were compared with available experiemental data. It was
tound that the SIP-SIP method gave the same accuracy as the
ADI-SOR method, which proved better accuracy than the
DDE-GSI method. The required computer time on an IBM
370-168 computer is shown in Table 1. It is evident that the
SIP-SIP method is a more efficient method for the in-
vestigated problem. In order to provide a complete picture of
the investigated result, the discussion is divided into two
parts.

A. Flow Patterns

I'he stream function pattern calculated from the SIP-SIP
method is shown in Fig. 2 for the case of Reynolds number 40.
1t 15 noted that the separated flow in the wake of a circular
cylinder is symmetric and steady as long as the Reynolds num-
ber is less than 40. The wake length is two to three times as
great as the cyhinder diameter, and the separation angle is
about 126" from the leading edge. Figure 3 shows that
streamhine pattern for the case of Reynolds number 80. The
separation angle is about 114°. The recirculating flow in the
wake region oscillates with a definite frequency. The flow pat-
tern appears to repeat itself between 2500 NT and 3150 NT.
By using the dimensionless time increment A7 =0.02, the

Table I Computer time comparisons

IBM 370-168

Re Time (man) DDE GSI ADI-SOR SIP-SIP
40 100 100 40
X0 120 120 SO
200 60
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NT

1200

2000

2400

NT

2500

2900

3300

Fig. 3 Streamline patterns, 3 e - 80.

oscillating frequency can be calculated by the following
cquation

f=U/RAI[(NT), —=(NT),] (25)
The Strouhal number, given by the relation
S=2Rf/U (26)

has a value of 0.154 tor the case of Reynolds number 80
Figure 4 shows the streamiine pattern for the case of Reynolds
number 200. The separation angle i1s about 102° from the
stagnation point of the leading edge. The flow pattern appears
to repeat itself between 2400 NT and 2950 NT. This gives a
Strouhal number of 0.182 for the case of Reynolds number




Fig. 4 Streamliine patterns.

200. By using the ADI-SOR method, the flow pattern
calculations were obtained for cases of Reynolds number 40
and 80 only. The appearances of streamline distributions are
very much similar to those of the shown results which were
obtained by the SIP-SIP method. The streamline patterns ob-
tained by the DDE-GSI method deviated noticeably from the
shown results. In order to answer the question of the relative
accuracy of each method, it was necessary to compare the
results with available experimental data.

B.  Comparison with Fxperimental Data

Experimental data are available in terms ot drag coef-
ficient, separation angle, and Strouhal number. The total
drag coefticient s calculated by the summation of the
pressure drag coefficient,

5 slng o B
; 2 ( rh’ ; dw t N

Cp)p= 7 L cos
(Cn), Re.\‘(‘\' 9 "d/*_\” 37 |z do g«.os()d0
27

and the skin friction drag coefficient,
2 VO

(Cp) = R('\ u.'t/ Hsmlldﬂ (28)

By using the obtained values of vorticity and vorticity
gradient afong the surface of the cylinder, the drag coefficient
tor each Reynolds number case was determined and compared
with available experimental data.

Numerical solutions were also obtained by other in-
vestigators who used one of the three different methods. The
DDE-GSE method was used by Thoman and Szewezsk who
compared thew results with the expenimental data ot Relf and
Stmmons as well as with the data of Morkovin. The ADI-SOR
method was used by Son and Hanratty who also discussed the
numerical results of Kawaguatt and Jain. When we used the
DDE-GSI method tor our calculations in the drag coefficient,
we obtamed practically the same results as Thoman and
Szewczvk; however, when we used the ADI-SOR method for
our drag calculations, we got the same results as those ob
tatned by the SIP-SIP method, which is developed in the
present work. The assumption that a line of symmetry exists
i the wake region appears to be the soarce of inaccuracy in
the numerical results of Son and Hanratty at Reynolds num
bers greater than 40, When compared with the experimental
data of Perry’” and Roshko '™ as shown in Fig. S, this ob
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Fig. 5 Drag coefficient comparisons.
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Fig. 6 Separation angle comparisons.

servation was confirmed. It is interesting to note that the
discrepancy between expertmental data is greater than that of
the numerical results at the lower Reynolds number region
The experimental results were also compared with analytcal
results on separation angles as shown in Fig. 6. The ex-
perimenta) data obtained by Homann'® at Reynolds number
40 agree well with all analytical results. The DDE-GSI method
of Thoman and Szewczyk appears to give the most inaccurate
predictions at other Reynolds numbers. This s to be expected,
because the criteria given in Eq. (10) for numerical stabihity
tend to generate larger values of inaccuracy in the close
vicinity of a solid boundary where the flow separation 1S
onginated. Moreover, the assumption of symmetry in the
wake region that was used by Son and Hanratty apparentiy
gives reasonable predictions for separation angles because
thev are located upstream of the wake region. The ex
perimental and numerical results on Strouhal numbers can
also be compared as shown in Fig. 7. Because the Strouhal
number s related to the shedding of vorncities in the wake
region, as given in Egs. (25) and (26), numerical methods to
predict Strouhal numbers cannot assume the line of svmmetiy
w that region. The experimental data of Roshko ' appear 1o
be consistent at all tested Reynolds numbers. The ex
penimental data of Relf and Simmons as well as the data of
Morkovin were used by Thoman and Szewczyk tor com
parison with therr numenical results, which were obtained by
the DDE-GSI method. The ADI-SOR method used by Son
and Hanratty cannot predict Strouhal numbers, because 1t
assumes symmetry in the wake region. The ADI-SOR method
used in the present study gives simular results as the SIP-SI1P
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Fig. 7 Strouhal number comparisons.

method tor the case of Reynolds number 80 and uses more
than twice the amount of computer time than the fatter
method. Consequently, only the SIP-SIP method has been
used for studving the case of Reynolds number 200. It is
evident that discrepancies exist in both experimental and
numerical results for Strouhal numbers. The present study ap-
pears to agree better with Roshko's data than with the data in

other studies. . ) .
V1. Conclusions

It is necessary to examine 2 newly developed numerical
method  for the purpose of correcting guestionable
mathematical approximations. For solving nonlinear ellip-
neal ditferential equations, the numerical method which ap-
pears to give the best accuracy and uses the least amount of
computer time is the implicit finite difference scheme that is
solved by matrix factorizations.

Separated tlow around a circular cylinder can have a line of
symmetry in the wake region only at Reynolds numbers less
than 40. In the case of oscillating flows, there are two factors
which cause errors in numerical solutions. One s the
mathematical approximation of the nonlincar terms that is
used to achieve numerical stabibity. The other 1s the physical
assumption of the wake symmetry. Calculations of the drag
coetficient appear to be within the himit of experimental ac-
curacy if the physical reality of flow oscillations is allowed in
the wake region. Calculations of the separation angle appear
to be atfected more significantly by the mathematical ap-
proximation than the physical assumption. Calculations of
the Strouhal number, however, require an adequate treatment
of both factors.
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The question on computer simulatons vs wind-tunnel
simulations can only be answered according to the purpose of
applications.

1) For laminar flows at relatively low Revnolds numbers, it
15 economically advantageous 1o use computer simuldations
because the technology available today is adequate.

2) As the Reynolds numbers increase to the region ot in-
stability, computer simulations using unsteady-state Navier-
Stokes equations are questionable, because the numerical in
stability 1s not distunguishable from flow instability
However, wind-tunnel simulations may have the same
problem of super-positioning mechanical vibrations upon
flow instabilities.

3) In the turbulent flow region, computer simulations need
1o use tine-steps at least one order of magnitude smaller than
the smallest period of the turbulent fluctuation. This will
enable us to solve the unsteady -state Navier-Stokes equanions
by considering the fluctuating velocities as tme dependent
variables ot the momentary velocity componeits. However,
today’s computer technology cannot reach the required com
putational speed. Comiputer simulations ot twurbulent tlow
problems are presently being conducted by using a closure
scheme 1o relate the turbulent fluctuauons with the nme
averaged componemts. Owing to the limited availability ot
rehiable experimental data, there is a possibility of super
positioning questionable mathematical approximations upon
unrealistic physical assumptions. This is particularly true
when the solution of nonhnear elliptical partial ditferential
equations is required for turbulent flows in the separation
region. The present study is intended to minimize the
numerical inaccuracy before a closure scheme 1s introduced
into turbulent flow problems. Consequently, compu ¢r and
wind-tunnel simufations are both necessary to mmprove our
current understanding of turbulent flows.

4) Turbulent flows with heat, mass, and momentum
transfer often simultaneously occur in many practical
problems, such as combustion engineering, environmental
pollution, and weather prediction. A realistic computer
simulation technique will require the advanced technology in
both computational speed and computer storage which are vet
to be developed to the operational stage. In the toreseeable
future, wind-tunnel simulation is considered to be the most
rehiable method before full-scale testing for anyv successtul
engineering design can be realized. However, the econopncal
reality in conducting extensive experimental mvestivations
makes it necessary for computer simulations of approxiniaic
nature (o be used to supplement both wind-tunnel simulations
and tull-scale testing. For practical purposes, both computers
and wind tunnels are necessary to supplement cach other to
provide the reliablity and economy that are required tor all
successtul engineering endeavors.,

Table 2 Flements of matrices (M|, ||, and {q!|*

-
3 [M]
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Appendix
Using the SIP Method to Obtain the Matrix Solution
I'he governing equations, in matrix form, with five nonzero
diagonal elements as the coefficient matrix may be written for
either Eq. (18) or Eq. (20) as follows

Ml (@7 ) =(q"} (A1)

Thie term [AM] 15 the coefficient matrix of the column matrix
197" |, which represents either the stream function y or the
vorticity w at the (n+ /)th time-step for every grid point in
the flowfield. The column matrix {q"] results from the
known values of the flowfield at the (n)th time-step. The
elements of matrices (M], {®], and | g} are given in Table 2.
[n order to accelerate the solution procedure, matrix [M] is
modified as matrix [M + N], which consists of seven nonzero
diagonal elements. Equation (A1) then becomes

IM+N LR =g |+ (N] (et iy (A2)

in which 7 is the number of iterations for determining the
column matrix &} at the (n+ /)th time-step. The modifier
matrix [N] has to fulfill the requirement that the coefficient
matrix [M+ N] can be factored into the product of a lower
matnx [£] and an upper matrix [U]; each consists of three
nonzero diagonal clements in the lower and upper portions,
respectively, as follows:

M+N]=[L] [U] (A3)

/ € fi.2 (A4)

1 which

O=b

Q=0be., ,

)=«

O=d +b,f, +:,e
O-=d ¢

O=c f

O=d ./

with

b, =B (] +we ')
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c,=0,/U+af, ;)

duzfl,/ +“(b1,,e:_/—l+fl¢fl I,/)-b:,;f;,/ 1—Ci €,

1y

e,=(F,—ab, e,

Nd,

Jiy= (Hy—ac,fi 1) 1d,

The iteration parameter « is al'lowed to vary between zero
and unity. According to Stone'* values near unity tend to
reduce the low-frequency errors more rapidly. In this analysis,
ten values of « between zero and unity are evenly distributed
in the range between the high and low frequencies.

The purpose of this modification is to determine the column
matrix |$"*'} by bhaving the difference between the
(m+1)th and the (m)th iterations within a prescribed
tolerance, If a column matrix {A® ) at the (m+ /)th iteration
is defined as

(AT el s purljmel _(prtiym (AS)

then Eq. (A2) can be written as

M+N (ae )" =g ) ML 1" (A6)

If one uses the lower and upper matrices given by Eq. (A3),
Eq. (A6) can be expressed as

(LI (8@ |7 =g | (M@ 1" (AT)

The use of matrices [L] and [U] accelerates the solution
procedures by successive eliminations. Once the column
matrix {A®"" "] at the (m+ /)th iteration is equal to or less
than the prescribed tolerance, the values of {&"*/| at the
(1) th iteration become the solutions of either the vorticity or
the stream function at the (n+ /) th time-step.
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