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ABSTRACT

A conditional lower bound on the minimand of an integer program is
a number which would be a valid lower bound if the constraint set were
amended by certain inequalities, also called conditional. If such a
conditional lower bound exceeds some known upper bound, then every
solution better than the one corresponding to the upper bound violates at
least one of the conditional inequalities., This yields a valid disjunction,
which can be used to partition the feasible set, or to derive a family of
valid cutting planes. In the case of a set covering problem, these cutting
planes are themselves of the set covering type. The family of valid
inequalities derived from conditional bounds subsumes as a special case
the Bellmore-Ratliff inequalities generated via involutory bases, but is
richer than the latter class and contains considerably stronger members, where
strength is measured by the number of positive coefficients. The paper
discusses two algorithms based on cutting planes from conditional bounds.
None of them uses the simplex method (though a variant based on the latter

is also feasible). Some computational experience is presented.
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SET COVERING WITH CUTTING PLANES

FROM CONDITIONAL BOUNDS

by

Egon Balas

l. Introduction

We consider the set covering problem

(sC) min {cx|Ax > e, x, =0or 1, jeN}

]

where A = (a,,) is mxn, eeRm, e = (1,..4,1), ceRn, and aij e/{O,l},

ij
| ieM = {1,...,m}, jeN={1,...,n}. We will denote by a1 and aj the i-th

row and j-th column of A, respectively. Without loss of generality, we

assume that ¢, > 0, VjeN. Using established terminology, we call a

]

vector x satisfying the constraints of (SC) a cover, and the set of indices

J such that x, = 1, the support of the cover. A cover is called prime if

3
no proper subset of its support defines a cover.
This problem, and its equality-constrained counterpart, the set

partitioning problem, are useful mathematical models for a great variety

of scheduling and other important real world problems, like crew scheduling,

% truck delivery, tanker routing, information retrieval, fault detection,
stock cutting, offshore drilling platform location, etc., and a literature
g of considerable size exists on solution methods for these models (see [6]

¥ for a survey of set covering and set partitioning; [5] for a computational
study and comparison of several solution techniques; [3], [8] and [9] for
some of these methods; and [2] for a more recent survey of set partitioning,

which also contains a bibliography of applications of both models).
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In this paper we propose a new approach to set covering, based on the
idea of conditional bounds. In section 2 we introduce this concept for

arbitrary mixed integer programs, and show how it can be used to derive

valid disjunctions. The latter in turn can be used either to partition

the feasible set in the framework of a branch and bound approach, or to
derive a family of valid cutting planes. In the case of a set covering
problem, the cutting planes derived from conditional bounds are themselves
of the set covering type. These cuts are discussed in section 3, where

the Bellmore-Ratliff inequalities [3] generated via involutory bases are
shown to be a special case of the larger family of cutting pl#nes defined

in this paper. In section 4 we examine the conditions under which a cutting
plane derived from a conditional bound cuts off a specified prime cover.
Since the family of cuts from conditional bounds is too large to be generated
in its entirety, in section 5 we discuss a procedure for generating "strong"
members of the family. Sections 6 and 7 discuss heuristics for generating
""good" prime covers and feasible solutions to the dual of the linear program
associated with (SC), which are needed to generate convenient cuts, Next

we state two algorithms based on cutting planes from conditional bounds
(section 8). Section 9 contains a numerical example, and in section 10

we discuss some early computational experience.

2. Conditional Bounds

The central idea of our approach is to derive valid inequalities for
the set covering problem from conditional bounds. Since this concept is
meaningful for arbitrary mixed integer programs, we will introduce it in

this more general context.




A conditional lower bound on the (objective function) value of a

mixed integer program (P) is a number which is a valid lower bound if (P)

is amended by some inequalities. The inequalities used to derive the
conditional bound are called conditional. The purpose of these inequalities
is to produce a conditional lower bound at least equal to a known upper
bound. If this is achieved, then at least one of the conditional inequalities
is violated by any solution better than the one associated with the upper
bound, and this yields a valid constraint.

To be more specific, consider the integer program

(P) min fex | Ax > b, x >0, x, integer, je¢ N},

3

where A 1s an arbitrary mXn matrix (n = INI) and b is an arbitrary

m-vector. The pair of dual linear programs associated with (P) is

(L) min {cx | Ax > b, x > 0}
and
(D) max {ub|uA <ec, u>0}.

For any feasible optimization problem (S), let z(S) be the value of
(an optimal solution to) (S).

Any feasible solution x to (P) provides an upper bound cx on z(P),
and any feasible solution u to (D) provides a lower bound ub on z(D) = z(L),
hence also on z(P).

Let u be a feasible solution to (D), i.e., such that

. — o ———— e v—




(1) vA <c, u>0,

and suppose the constraints of (L) and (P) are amended with the set of

(conditional) inequalities

2y Cx >e ,
(2) x > ep

where C = (c,,) is a pxn matrix of 0's and 1's, and ep is the p-vector

1]

of 1's, with 1 < p < n. Suppose also that C has no zero rows, i.e.,

n
(3) Lo, .21 il el D
=1 Y

Further, denote by (Pc) and (LC) the problems obtained by amending
the constraint sets of (P) and (L), respectively, with the set (2) of
conditional inequalities, and let (DC) be the dual of the linear program (LC).
Let u be a m-vector satisfying (1). If there exists a p-vector v, v > 0,

v # 0, such that
(4) vC <c - uA,

then (u,v) is a feasible solution to (DC) and therefore ub + vep is a lower
bound on z(DC) = z(LC), hence also on z(PC). We will say in this case that
ub + veP is a conditional lower bound on z(P).

Now let zu be a known upper bound on z(P). If

(5) vep > 2 - ub,
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i.e., {f the conditional lower bound on z(P) exceeds or equals the upper

bound zu, then
z(B,) = z(L,)

> ub + veP > Zy

and hence every feasible solution to (P) better than the cne associated
with the bound zy violates at least one of the inequalities (2), i.e.,
satisfies the disjunction

P n
VR (RE e Bl
t=1 j=1 1)

Since C 1is a 0-1 matrix and x is a 0-1 vector, this disjunction is the
same as
p n

ViCEc

x, = 0).
1=1 j=1 13

If we denote
Q = {jeNje;y =1}, i =1,....p,

the result that we have just proved can be stated as follows.
Theorem 2.1. Let zy be a known upper bound on z(P), and let u satisfy

(1). 1f there exists a pXn matrix C = ( e{0,1}, #1i,j (1 <p<Ln),

147 Cij
satisfying (3), and a p-vector v > 0, v # 0, satisfying (4) and (5),

then every feasible solutioa x to (P) such that cx - 5 satistfies the

disjunction
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P
(6) V (x, = 0, jeQ,).
ju1 3 :

We have stated Theorem 2.1 for the pure integer case in order to
simplify the exposition, but it (and the rest of this section) is easily
seen to carry over to the case of a mixed integer program. Indeed, if

N = 0

15

anc the results are valid with some changes in

CN is the set of integer-constrained variables, N1 # N, let ¢

bl

1
Fios .0 jeN\Nl,
the notation.

Note that the disjunction (6), though derived from a’ccnditxunai bound,
is an "unconcitionally" valid constraint.
The first question that arises in connection with Theorem 2.1, is that of th

exlistence of a matrix C and a vector v satisfying the above requirements.

Theorem 2.2. Let 2y bz a known upper bound on z(P), let u be a ?

feasible solution to (D), aad let

(7N 8 = ¢C - uA,

~

Then there exists a pair C, v satisfying the requirements of Theorem 2.

—

if and only if

(8) £, >5 -ah,

Proof. ©Let u and s satisfy (1) and (7). If (8) holds, then the pair

C, v,defined by C = I (the identity matrix of order N) and Vj = Sj’ jeN,
satisfies (3), (4) and (5).
Conversely, if C and v satisfy (3), (4) and (5), then adding the

inequalities (4) and substituting s for ¢ ~ uA yields

T et —— o -




C
' JeN 7 7 =l © feN

> ve [from (3)]

>z =~ ub [from (5)] Q.E.D.

Note that, if p =1, i.e., if C has a singie row, then the dis junction
(6) becomes x, = 0, 1@Ql. Somewhat more generally, we | ave the following.
-
Remark 2.1. Let Zys U and s be as in Theorem 2.2, anc define
(2 H - b
= {jeN|s, > z_ - ub}.
QO LJERY ==
' Then every feasible solution x to (P) such that tisfies :
X, = () [ .rQn_ é
- - J
E
L : ¢ s . g - . ‘
Thus, whenever QO # @, the variables indexed by Q, can be set to ]

zero permanently.

Example 1. Let (P) be an integer program (miaimiz.tion with

10 variables, and let z_ = 35 be the value of some kr in r soluti

Further, iet u be a feasible solution to the dual of

program, with ub = 27.9, and let the reduced costs s, aisc

TR ISR —————"ny,

: L T N L g o
B i § 1 2 3 4 5 6 7 g g 1
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We have 2y - ub = 35 - 27.9 = 7.1. To construct a pair C, v satisfying

the conditions of Theorem 2.1, we first choose Vi ® 8y, V) =8, and vy = 8g;

then vy + v + vy = 7.2 > 7.1, Next we choose the 1's among the elements

10,

ey

cij of C in such a way that Vlclj + v2c2j + v3c3j < sj for § = 1,.

(Neither v, nor C is of course unique.) C and v are shown below, where

the blanks are Q's,

T e T T g TR v
1 1 i 15?
' C = g 1 ¥ 1 | 3.1 |
' 1 1 1 2.6

From Theorem 2.1, every x satisfying the constraints of (P) and such

that c¢x < 35 satisfies the disjunction

x1 = x, = xlO =0 VvV x, = Xg = X5 = X4 = 0 vV

[43

=O_

Given a feasible solution u to (D) whose associated reduced costs s

satisfy (8), it is usually not difficult to find a pair C,v satisfying
% the conditions of Theorem 2.1; but the problem is to find cne which defines
a conveniently strong disjunction (6). The following procedure provides a

iz general framework for doing this, which allows for many variants.

L% 1. Choose a minimum~cardinality subset S of N, such that

9

s, >z, - ub
j€S Jo i

e A - s ————
& - :




=0

and order S = {j(1),...,j(p)} according to decreasing values of Syc1)

' = = eo e = =1 ] T
Then set vy Sj(i)’ i 1 p, and Chj(i) I for b > chj(i) 0

for h # £, I = L,.e05P.
2, For jeN\S, define recursively for i = 1,...,p,
i-1

(183 0 s, B e s b

S —

ij
0 otherwise.

The option of setting Cyy * 1 or ciy = 0 in step 2 represents a

3

choice between including i into Qi’ or leaving it available for inclusion

into one or more sets Qi+k' This can be decided by efficiency criteria,

as will be seen later. It is easy to check that any pair C, v constructed

by this procedure satisfies the requirements of Theorem 2.1.

A disjunction of the form (6) obtained from a conditional bound can

be used to partition the feasible set in the framework of 2z branch and

bound procedure, by creating p subproblems defined by the constraints

X = & 3 ch

3
[ 2 2 By X = jCQZ

y zszl,..., Eszl;x‘=0,jeQ
’ jeQ jeQ X

3 | p-1

B3R

i, For certain classes of integer programs, this way of branching seems
o

‘3 highly efficient, It is currently being tested, for instance, in a new

penalty method for solving traveling salesman problems [1), with excellent

X computational results,

4

e

;
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Another way of using the disjunction (6) is to generate from it a
family of valid inequalities. 1In the case of a set covering problem,
these inequalities turn out to be of the set covering type, as shown in
the next section.

In a broader context, the idea of deriving a valid ("unconditional")
constraint from one or several conditional constraints may have many other
applications. One of them appears in [7], where a properly chosen inequality
is used to derive a bound from the fact that either the inequality or its

complement must be satisfiec by any feasible solution.

3. Cutting Planes From Conditional Bounds

From now on, we address ourselves to the set covering problem (SC)
introduced in section l; i.e., A = (aij) with aije{O,l}, ¥ i,j,and b = e,

where e is the m-vector of 1's. We will denote
Ni={jeN|aij =1}, jeM.

Theorem 3.1. Suppose the conditions of Theorem 2.1 are satisfied,
i.e., the disjunction (b) is a valid constraint for (SC). With each

ie{l,...,p}, associate an index h(i)eM, such that N FWQi # ¢. Then

h(1)
denoting

P
W = 1L=)1 [Nh(i)\(i] »

every cover x such that cx < 2y satisfies

(10) P ox. > 1.
Jew J




Proof. For i = 1,...,p, the i-th term of the disjunction (6) implies

z x, > L 5, YacM.
jeNh\Qi :
Hence, for any choice of indices h(i) eM, 1 = 1,...,p, (6) implies the
disjunction
p

v ( ) x, > 1,
i=1 jeNh(i)\Qi

which in turn implies (10).
Q.E.D.

The cutting planes of Theorem 3.1 are set covering inequalities,
valid in the sense of being satisfied by every cover better than a given
one. Since these properties are the same as those of the Bellmore-Ratliff
cuts [3] obtained by the use of involutory bases, we next examine the
relationship between the latter and our inequalities from conditional bounds.
First, we show in the next theorem that the Bellmore-Ratliff inequalities
are a subclass of the class of inequalities defined by Theorem 3.1. Then
we show by way of example that the subclass in question is a proper one.

Theorem 3.2. The Bellmore-Ratliff inequalities [3] a&re a subclass
of the class (19).

Proof. Let X be a prime cover, B an involutory basis associated
with §, and ¢, - c_a, the j-th reduced cost, where c, is the m-vector

j Bj B

whose i=-th component is c¢ q) if the basic variable associated with
\

j

row i is (the structural variable) x and 0 if the basic variable

ix)’




=12

associated with row 1 is a slack. (When B is an involutory basis, the
reduced costs are known to be of the above form.) The Bellmore-Ratliff

cut associated with x and B is then

(11) E 2. > 1
JeF i

where

F = {jen| ey = cpa, <0} .

To obtain this cut from a conditional bound, let I1 = {j(l),...,j(p)}

be the index set of the structural basic variables, and set u = 0, s =¢,

and v, = cj(i)’ j) eIl. Then u satisfies (1) and v satisfies (5) (with

equality) for z2y = cx.

We now construct the matrix C = (c,,) of Theorem 2.1 as follows.

i]
Let h(i) be the row index associated with basic variable xj(i)' Define
A
"Wy 1 0N
cij = I = 100505
0 3 jeF

then
Qi b N-h(i)\F s i= 1,-.-,p .

C trivially satisfies (3). To see that together with v it also

satisfies (4), note that for jeN\F,

P P

> =

bl - SRR 1Dy T
< cj - uaj;

r'* PSP T R TR T TR v -
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P
where the inequality follows from the fact that cj - 121cj(i)ah(i),j

is the j-th reduced cost (nonnegative for Je¢N\F), while u = 0, Further,

for jeF,
i=1

Thus C and v satisfy the conditions of Theorem 2,1. Applying Theorem 3.1,

we now associate with each i e[l,...,p} the row index h(i), and define

P
w o= U I \Q, ]
o Th

P
= U
=

i [Nh(i)riF] (from the definition of the sets Qi)

p
=] U 1NF.
4op B

On the other hand, from the definition of F, jeF implies ah(i) 3 =1
’

for some i€{l,...,p}, hence

P
F = Lt e
1=1 RYCH

f. Thus W = F, and the cut (10) of Theorem 3.1 is in this case identical with )
F (11). .E.D.
| O 3 |
E r
. |

| A LTS —_—
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Thus the Bellmpre-Ratliff cuts are a special case of the cuts (10).
Furthermore, they are a proper subclass of the class (10), i.e., the
conditional bound approach yields other inequalities besides those ob-
tainable via involutory bases. Some of those other inequalities- are
considerably stronger, in the sense of having fewer positive coefficients,.
This is illustrated by the next example.

Example 2. Consider the set covering problem whose costs c, and

j

coefficient matrix A are shown in Tableau 1.

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20

cj 3 1 3 F 22 3 3 3 3 3 344 4 5 6 89
1 1 1 L 1 1
2 |1 1 1 1 1 1
3 1 1 1 1
4 1 1 1
5 1 1 1 1 1
6 1 1 1 1 1
7 1 L 1 1 1
8 ) I | 1
9 1 1 i 1 1

10 1 L 1 1

11 1 1 i R

Iableau 1.

The 0-1 vector x whose support is {2,3,5,12,13,17} is a cover,
satisfying with equality all the inequalities except for 1 and 8, which

are oversatisfied. To apply the Bellmore~Ratliff procedure, one associates 1

with x an involutory basis. The variables Xy, X5, Xg Can be basic only in

5

rows 3, 4 and 6 respectively. Since rows 1 and 8 are slack, the varjcbles

- e Ane e e e v
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X19 and X, can be basic only in rows 11 and 10 respectively. Finally, x

17

é ' can be basic in any of the 4 rows 2, 5, 7, 9; and accordingly there are &
involutory bases that can be associated with x. We will denmote them by
Bz, 35, B7 and Bg, according as X19 is basic in row 2, 5, 7 or 9

respectively. The basis B2 (after row permutations) is shown in Tableau 2.

Z 3 5 12 13 17 25 27 29 21 28

3|1 !
1 |
6 1 '
' 11 1 :
10 1 |
2 1,
8 gaaaiaiatsniy iy T Rl 1
7 53 -1
9 1! -1
1 3. A4 : -1
8 i 4 s 1

Tableau 2.

21,...,x31 are slacks. The basis BS can be cbtained

from 32 by interchanging rows 5 and 2, and replacing the slack variable Xy

The variables x

e

5 in row 5, by X9y in row 2. The other two bases can be obtained in an
analogous way. The 4 cutting planes that can be obtained by the Bellmore-

Ratliff procedure, depending on which basis is used, are

+ + .
xl Xe x9+x10+x15+x16+x18+x20;1 , from Bz

X, + Xg s Xg - X0 * %11 + X19 >1 , from By
i T e T R T Bl T Il 21 , fromB,
X + Xg + X10 + %14 + X8 + X50 21 , from 89.

OR” 9 gy
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On the other hand, using the conditional bound approach, we construct

(by inspection or a heuristic) the dual vector
u = (0,1,1,1,1,1,2,0,1,2,2)
which, together with the associated reduced cost vectr-
s = (2,0,0,2,0,0,0,1,1,0,1,1,1,1,1,0,0,2,0,1)

satisfies the condition (1).
The cover x whose support is {2,3,5,12,13,17} yields zy = cx = 14;
and the dual vector u yields the lower bound ue = 12,

Since z; - ue = 2, Q, = {jeN Isj > 2} = {1,4,18}, and thus (Remark 2.1)

every cover better than x satisfies X; =X = Xig = 0. Hence we replace N

by N\{1,4,18}. Further, to apply Theorems 2.1 and 3.1, we set p = 2, with

and v, = 8

b Sl 2

1 118 i

Spp*t oy = 2

> = .
2 ZU ue

Then, using (for instance) the conditional inequalities (and the matrix C)

defined by
Q1 = (8,12,14,20} , Q, = {9,11,13,15}
we obtain the disjunction
X, = X,, = X

B e etk Gt IRR. e e | R | Shokal
Applying Theorem 3.1 with h(1l) = 11, h(2) = 10, we have (using the

newly defined set N)

Nay\@ = (6:19]

No(2)\Q, = {10,16,19}

has o B Al e e e R x - . .S G m——e . g~




]7=
and thus %
: W = (6,10,16,19] .
We have obtained the cut
T T T Ry VB 2 3

which has only 4 positive coefficients, whereas each of the involutory
basis cuts has at least 6.

The above inequality cuts off x. This is due to the way we chose
the components of v and the row indices h(i) ¢eM, as will be shown in the
next section. If we drop the requirement for a specified cover to be cut
off, we can obtain inequalities which are '"stronger'" in the sense of
having fewer positive coefficients. By a judicious choice of the column

indices j(i) for which we set v and the row indices h(i), one

1~ %34y

can generate the cuts with the fewest possible positive coefficients. Thus,

for instance, the choice Wy = = Sgs and h(l) = 8, h(2) = 5, yields

13 V2
the valid inequality

x..,+ x s

17 19

whereas V) = S13s Yy =Sy, and h(l) = 8, h(2) = 4 yields

g X4 + %49 2 1.

4, Some Properties of Cuts from Conditional Bounds

v In order to obtain a conditional bound, and thus to be able to

generate the type of constraints discussed in the previous section, one

&= B

needs a feasible solution u to (D), whose associated reduced costs satisfy
(8). This requirement is easy to meet. The next theorem and its Corollary

give a broad sufficient condition for u to satisfy them.

3
!
:
i
i
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Let S(;) denote the support of x.
Theorem 4.1. Let x be a cover for (SC) and let u and s satisfy

(1) and (7). 1If u also satisfies

u(dx - 1) = 0,

then

= CX = ue .

(12) g 5
Jes(x)

Proof. Ilet

st = (es@ |3 >0)

and consider the pair of dual linear programs

(Ll) min [cxl Ax > e, xj >1,j eS+, sz 0, J ¢ N\S+}
and
®,) max {ue + j¢§+ 8, ! ua, + sy = ¢y jeN; u>0, 8 >0} .

Clearly, x is a feasible solution to (L,), and (u,8) is a feasible
solution to (Dl). Further, X and (u,s) satisfy the complementary

slackness conditions

(a"x-l)ui - D, Lok
(g -1y = 0, jest

Hence x and (u,s) are optimal solutions to (Ll) and (D1)’ respectively,

which implies the equality of the two objective function values.

.E.D.

T —————
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An immediate consequence of Theorem 4.1 is the following.
Let

T(x) = {1eM|a’x = 1}.

Corollary 4.1.1. Let x be a cover, and let u and s satisfy (1) and

(7). 1If u also satisfies

(13) Ei =0 , ¥ieM\T(X),

then there exists {j(l),...,j(p)]<:s+'such that v defined by v, = ;3(1),
i=1,...,p, together with ;, satisfies (5).
Proof. If u satisfies (13), then together with x it satisfies the
complementarity condition of Theorem 4.1, and therefore (12) holds.
From (12), v, as defined in the Corollary, together with G, satisfies (5).
Thus, any feasible solution to (D) that has positive components only
for ieT(;) produces a vector v which satisfies (5). A procedure of the
type outlined in section 2 can be used to find a matrix C which satisfies
the other requirements of Theorem 2.1. Choosing appropriate rows h(i)eM

will then produce a cut of the family (10) defined in Thecrem 3.1.

From the point of view of having a finitely convergent procedure,

it is essential that the inequalities generated be not only valid but also

new, i.e., no cut should be generated twice.
Given two inequalities of the form (10) with associated index sets

"

Wls:wz. We will say that an inequality (10) is new, if it is not implied

by any inequality of the current problem (SC).

and wz, the first inequality implies the second one if and only if
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Theorem %4.2. The inequality

(10) z xj 21
jeWw
of Theorem 3.1 is new if and only if N\W is the support of a cover.

Proof. If N\W is the support of a cover, say ;, then x violates
(10), whereas it satisfies all the inequalities of the current problem (SC).
Hence (10) is new. Conversely, if N\W does not define a cover, then there
exists a row ieM such that NifW(N\N) =0, f.e., N, €W. But then the cut
(10) defined by W is either identical to, or implied by, the i-th in-
equality of (SC). E.D.

Theorem 4.2 gives a necessary and sufficient condition for an in-
equality (10) to cut off at least one cover. Next we give a sufficient

condition for an inequality (10) to cut off a specified prime cover X. :

As before we will denote

M, = {1eM|a“-1} el

3

Remark 4.1, If x is & prime cover for (SC), then

M, NTX) # # , VjeS(x) .

]
Proof. Follows from the definition of T(x) and that of a cover prime.

Theorem 4.3. Let x be a prime cover for (SC), let z_ be a known upper

U
bound on the value of (SC), and let u and s satisfy (1) and (7). Further,

let

A

9 L 8,22z _~ue
jesS ] %

for some S=S(x), S = {J(1),...,J(p)}. Define

i e L L e

ndamed B b ot 2 DA « . T —
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14 = i L o0
(14) Vi “j(i)’ : Py [
and let C be any pXxn 0-1 matrix satisfying conditions (3), (4) and f
(15) 1 h =1 oAk
c = = seeeyP o :
hi (i :
1) 0 h#1 y
Finally, let Q; = {jeN|e,, = 1] and
C \Q, ]
w= U|I[N Q.l,
=1 n(i) i :
where :
16 h(i X =
( ) ( ) CT(X) ﬂ Mj(i)’ i 1,--.,?-
Then the inequality
(10) = x, 21

Jew 3

is satisfied by every cover x such that cx < z_, and cuts off X.

U

Proof. By assumption, the pair u, s satisfies (1) and (7), while

the matrix C satisfies (3) and, together with the vector v defined by

(14), satisfies (4). From (9), u and v satisfy (5). The existence of

such a pair C, v follows from (9) and Theorem 2.2. The additional require-
ment (15) on C can always te met. Hence the pair C, v defined in the
Theorem exists and satisfies the requirements of Theorems 2.1 and 3.1.

Further, since j(i)eS(x), we have T(x) NM =1,...,p (Remark

i
j)’
4.1), i.e., there exists a set of row indices h(i), L = 1,...,p, satisfying

condition (16). From that condition, and the definition of T(;), we have

s<§>rmh(1) = 3] o L® 1000p s
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On the other hand, from (15), j(i)eQi, i=1,...,p. Hence

sS(x) N [N )\Qi] = ¢, 1 = Raananls

h(i
i.e. S(;)ﬂ W = @ and the inequality (10) cuts off

®)

Q.E.D.

The results of the last two sections can be used to generate a
family of inequalities whose members are different from each otfier and
from the initial constraints of (SC), and are satisfied by every cover whose
value is smaller than zy Since the family of such cuts is of considerable
size, one would like to be able to generate some of the '"stronger' members,
according to some reasonable measure of strength. This will be discussed
in the next section. First, however, we examine another question related
to the properties discussed above.

I1f the set Q0 defined in Remark 2.1 is nonempty, then the variables
indexed by QO can be set to 0. Since the vector u (and the associated s)
used in the definition of QO’ is not required to have any other property
but to satisfy (1), the question arises as to which vector u is more
likely to produce a nonempty set QO’ or more generally, a larger set QO'
While this question is hard to answer in general, there is a clear answer

2

4 1 2 |
B for the case when the choice is between two vectors u , u  such that u <w .

Theorem 4.4, For k = 1,2, let uk satisfy (1), and define

E ¥ = ¢; - I uli(ai. ,  jeN,
L - ieM J
‘. and
¢ k k k
" Qo = {chlsj > zU - u e}.
K h

Then u1 < u2 implies Qé < Qé.
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If jeQé, then

1
=c¢c, - I u,a,,
J ieM 1)
= zU = ure.,
e D u; 2 245
i eM\Mj

and 1if u” < u2, the last inequality implies

c.
J

i.e.,

hence jng.

¥ u2

= ’
1€M.\.Mj 5 ¥

K.,

Thus, the set QO defined with respect to a vector u satisfying (1)

is always contained in the set QO

defined with respect to any vector u

obtained from u by increasing some of its components (while maintaining

UA < c). Therefore, in generating the set QO’ one should always use a

"maximal' cdual vector u, i.e., one whose components cannot be increased

without decreasing some component or violating uA < c.

5. Generating Cuts

In this section we discuss two procedures for generating conveniently

strong members of the family of cuts introduced above. Since all

inequalities have a right hand side of 1 and left hand side coefficients
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of Qor 1, we will use as a measure of strength the number of positive
cocfficients (the smaller the number, the stronger the Inequality). ‘lhe
fact that an inequality A is stronger than B in this sense, i.e., has
fewer positive coefficients, does not imply of course that 4 dominates B

or implies E.

Procedure CUT generates a member of the subfamily characterized in

Theorem 4.3, i.e., an inequality which is satisfied by every solution x

such that cx < 2y and which also cuts off a specified prime cover x.

The strength of an inequality (10), i.e., the size of the set W, depends

on the intecer p and the size of the sets Nh(‘)\Q 1= Boicesp; OF

Theorem 3.1. To have p conveniently small, the procedure sets v, = Sj

for a sequence of indices j{i), L = 1,...,p, corresponding to the largest

reduced costs 8., jeS(x). Zach row index h(i), 1 = 1,...,p, 18 of course
ml

chosen from T(x)"nj(i\ as prescribed by Theorem 4.,3. Further, in order
)

to have W as small as possible, the sequence of row indices h(i) is chosen
$o as to come as close as possible at each step ke{l,...,p) to minimizing

the set W, \W where W. = § and
= k k-1’ 0

k
w = t
w, =

' \ B= lceeyie
k l[Nh(l) \Q;s ’ K ’ 5P

{=
Since |S| = 1 implies (Remark 2.1) that some variable can te permanently
set to zerc, we assume tha: this has already beea done for all variables

indexed by Q., and thus there are no singleton sets S satisZiying (9).

e
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Let M cnd N be the row and column index sets of the current pr-Llem (SC),
let x be a prime cover for (8C), and let S(;) = {jeNl;j = 1},
T(;)= {iemigiz = 1}. Further, let u and s satisfy (1), (7) and (9) for

S = S+, where

g = {jes&}(sj > 0}.

CUT

3
Step 0. Initialize W, =0, K, =S, = ue, 81 =8, Let t—1

0

(iteration counter) and go to 1l:

Step 1. Define

g t 2 t
Ve T miniz, -y, max 8.3 5 Kt = {JeKtlsj = vt}
jek
t
(s T 1
P = ‘.JCN.‘SJ' 22 Pl M(t) = U M

]
jeKx

Choose i(t) such that

min \N

g \(p, UW,__ )|
16T (x) NM(L) o

\(P_ UW

%4 () t % L i

(breaking ties arbitrarily), and let

3oy} = Ny ORE .

Then define

R
J s { .‘ { " J = -~
5 ‘s; kt—l U{Ni(t.)\Pt], )t+]_ Yt + vt'
3 If Yes: > Z,s 80 to 2. Otherwise, let
’ (
b t
« R el R JeNy () NP,
b _t+l
& 73 Yo
. 1 8, otherwise
L2 L 3 ]
K= Kt\(,(t)}, set t ~ t + 1, and go to 1.
4
g
g

L LI AT e« ——
y—— a
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Step 2. Define W = wc and add to the constraints of (SC) the inequality

L x. > 1
jew J

+| ~ .
| iterations, procedure CUT generates an inequality

Theorem 5.1. In iS
satisfied by every cover x such that cx < Zys and violated by x.

Proof. Eince K, = sT cecreases by one element at each iteration, the
procedure ends in IS+‘ iteretions. Next we show that the inequality generated
by the procedure satisfies the conditions of Theorem 4.3.

The vectors u, s satisfy (1) and (7). The vector v ;seu in the procedure

satisfies condition (14) of Theorem 4.3, while the matrix C used in the

procedure (not stated explicitly) is defined by

J ’ Jeq, = B, 01N, oo
C =

§ LO otherwise

This satisfies requirement (3) and also (15), since {j(t)]} = Ni(t)rth

is unique [Irom i(t)eT(x)] &nd j(e) # j(t-1), t = 2,...,p. From the definition

of the sets P_, it follows that C and v satisfy (4). The stopping rule

Vel 2 2y guarantees that the set S = {j(1),...,j(p)}, where p is the numbc
g of iterations, satisfies (9). Finally, the choice of i(t) in step 1 insures
: that condition (16) is met. s ot
ié Note that the above inequality was obtained for a given value of ZU'
21 If later the upper bound Zy is improved, i.e., replaced by zﬁ & Zy0 the cut

can be strengthened. Namely, we have

PP T W YT TR e . - — .- - -.--.M,..:j
W g o g 3 4 .




Ty — —— *““'“-'-E"“l'-ﬂ-I-IIllIllll!llnll-llll!-IllIlllllll'llllllllllll.!‘
! v

=0T

Corollary 5.1.1. Suppose

Eox, 21

2 j._
17 eW
(17) j vp

is a cut obtazined in p iterations of CUT for an upper bound ZU‘ and

subsequently z 1is replaced by z!' < z . Then every cover x for which

U U ]
X < zﬁ satisfies
(18) Ioox21,
jawp_k

where k is the greatest integer, if it exists, such that

K
E z = z!

(19) Vo = E s
oy B1-L =07 0

or else k = 0.

Proof. At the end of p iterations of CUT, we have
(20)

which implies that the inequality (17) is satisfied by every cover better

than the one associated with z_. Subtracting (19) from (2C) yields

U

p-k é
i = - i
L )’p-k+1 ue + iE‘Vi > ZU’ ‘
3 4 i
: |
i ’ which implies that the inequality (18) is satisfied by every cover better i
:i than the ozne associated with zﬁ. E.D. f

? The information required in order to be able to strenzthen a cut

generated 5y CUr 1 whenever z 1is improved, is the sequence of pairs

V.l

Wiy V), (W, W, Vz)""'(”p\”p-x’ b

‘.M«'t;ﬂ'?:wﬁ!& I - vwr‘mm mw« R - L . A ———————




" 5. Generating Prime Covers

Any algorithm based on the cutting planes introduced in this paper
needs to generate repeatedly prime covers for the current prcblem (SC),
and feasible solutions to the dual (D) of the linear program associated
with (SC). In this section we discuss some heuristics for generating
reasonably good prime covers for (SC) and feasible solutions to (D), '"'good"
in the sense of giving tight bounds.

The procedure PRIMAL 1, to be described below, is a kind of 'greedy"
algorithm, which selects at each step the locally most pronising column,
and in one pass produces a (usually remarkably good) prime cover X.

As before, let M and N be the row and column index set of the current
= {ieM|a

problem (SC), with M = 1} and N, - {jeNlaij = 1]. Further, let

j

2 be an upper bound and 2, @ lower bound on the value of (SC).

i]

PRIMAL 1
Step 0. Initialize R1 = m, S1 =@, t~1, and go to 1.

Step 1. If Rt =f, set S =S and go to 2. Otherwise, define

t
I¢t) = {ter_||N]| = min [N} N -« U =B
t 1 ‘h J 5 &
heRt L ieI(t)
1E NI(‘) = @, stop; the cover corresponding to 2y is optimal.
Otherwise, choose j(t) cNI(c) such that

c.,../IR_NM = mi c. /IR NM
st/ IRe MMy y | = mtn e /IR, Ny}
I (v)
if this minimum is uniqu2. TIf it is not, and it is attained for
jeJ(t), |J(t)| > 1, choose j(t) such that

PGP T TR TE (e e v . e e




29~

£ |R_NM, | = max |R_NM,
f < j(t) JeJ(t) E 1

and if there are further ties, break them by maximizing iMJ[.

.

a = | r = +1 t 1-
Then set §__, =S U (j(e)}, R4 Rt\Mj(t)’ t et , anc go to

Step 2. Consider the elements i ¢S in order of decreasing costs o
and 1if

S My =N,
jes\{i}

remove 1 from S, If all ieS have been considered, x defined by x, = )

i

= 0 otherwise, is a prime cover. If cx < z , set z = ¢x and stop.

jes, x -

j U

if z x is optimal.

U _ zL’

The logic behind the choice of j(t) in Step 1 is that, the smaller

the nunber of columns that can be used to cover a particular row, say i, i
the higher the price to be paid for not covering optimally row i is likely
to be. Therefore the procedure first chooses a row i(t) with a minimum
number of 1's in it, then among the columns which can be used to cover row
5? i(t), it selects one with minimum cost per row covered. Ties are broken

by choosing the column which covers the largest number of new rows (at

“ the same unit cost), or, if there still is a tie, the column which covers
the largest total number of rows. When all the rows have bean covered

(R_= @), step 2 checks whether the cover is prime, and makes it prime if

t

necessary by dropping redurndant columns in order of decreasing cost.

TIPS T G RTINS v - . W . ————— g




=30

The above procedure generates a prime cover for the current problem
(SC) by starting from scratch. Though this procedure is relatively
cheap, it is nevertheless often desirable to have a procedure which starts
with a partial cover rather than from scratch. For instance, if
S(;)(WQO # ¢, where S(x) is the support of the current prime cover x and Q0

is the set of Remark 2.1, {.e., 1if some variables which are at 1l {n the

current cover can be fixed at O, it is desirable to find a new cover

starting with § = S(;)\QO. Also, when x is a prime cover for the current
problem (SC) but ceases to bte a cover because of the addition to (SC) of

new cuts, X can be used as a partial cover to start the procedure for finding a
new cover. PRIMAL 2 is a modified version of PRIMAL 1, which differs from

the latter only in the initialization step, where S, = @ is replaced by

1

Sl = S(;), the support of the partial cover that we wish to start with.

Finally, it often happens that a good dual solution u is found, i.e.,

one which yields a high lower bound ue, but which, together with the associated
reduced cost vector s, does not satisfy (9) for S = S(x), where X is the
current cover. If (9) cannot be satisfied for any set S< XN, then of course

we have no choice other than to modify u and s, i.e., decrease some componei

ke

i ~of u, which will then increase (usually by more) the sum of the reduced costs.
8 I£, however, u and s satisfy (9) for S = N, then it is worth trying to change
f the cover rather than the vactor u; for if a cover (any cover) x can be

j found such that (9) holds for § = S(x), then a cut can be generated whose

; strength depends only on u, s and 2 but not on cX. [n other words, no

ko

;
A

e e
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matter how bad the new cover x is in terms of the associated objective
function, if it makes (9) hold for u, s then it provides for a better
starting point for a cut than could be obtained by keeping the old cover

x and changing u and s.

The procedure PRIMAL 3 is meant for situations like thuis. It starts
with the old cover ;, and successively introduces variables xj such that
s, > 0. Every time such a variable is introduced, another variable X
such that B, = 0, is dropped. Furthermore, xj is chosen soc as to cover
at least one row not covered by other variables with positive reduced
cost, and X, is chosen so as to leave at least one row covered only by xj.
These choice rules are intended to keep the cover prime if possible. When
this procedure cannot be continued further, then the partial cover at hand

is completed by using as few columns as possible, again in an attempt to

keep the cover prime. The cover obtained this way is then made prime,

if necessary, by removing come variable(s) xj, preferably such that sj = 0.
3 - - i— -+ —
As before, let T(x) = {ieM|la'x = 1}, §" = {jeS(x)lsj > 0}, and denote

N = {jeN

55 > 0}. We assume that

PRIMAL 3

Step 0. Initialize S_ = S(x), K, = N\s", R, =M\ U M, and go to 1.
L 1 jes+ j

Step 1. If Rt = (@, set S = St and go to 3. If Rt‘¥ J but

nak

£ 458

MJﬂRt =0, # jeK, or s, >0, ¥ jes,, set R = M\Z M, aud go to 2.

3 jes, 3

&
Otherwise choose j(t,l)cKt and j(t,2)eSt\N such that

NSRRI F T

AR S F, "

VP IWERT TY W PII T TURCTE N TR . S————— ——
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M NR | = max |M, NR_|
J(t;l) t jcKt 3 £

and

‘MJ(C,DQMJ(C‘UHRJ = max _ lMJﬂM

nR,|.
jes, W je,1) 0 e

Thea s ., = s U{I(6, DN, 2], Ky, = K\iCe, D), R, = R (¢ gy

t-t+ 1, and go to 1.

Step 2. If R =P, set S =S and go to 3. IfR, # 0 but M

. ﬂRt =0,

i
¥ jeN\Sc, stop; the cover corresponding to Zy is optimal. Otherwise, choose
j(t) such that

;Mj(t)ﬂRt\ = je:i}s( leﬂRtl,
t

= S i = \ -
set S, SeU{j(t)}, R o1 Rt'Mj(t)’ t-t+ 1, and go to 2.

Step 5. Consider first the elements ieS such that s: = 0, then the
remaining ieS, and if
U M, =M,
jes\{i} ]
remove i from S, If all i¢S have been considered, x definec by ;j =1,

jes, ;5 = 0 otherwise, is a prime cover. If

then s can be used to generate a cut. Otherwise u and s have to be modified.

Next we turn to the problem of generating '"good'" feasible solutions u

PRl

to (D).

- & 54

P
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7. Generating Feasible Solutions to (D)

s As already mentioned, the quality of a solution u to (D) is given by
the quality of the lower bound ue on the value of (SC), provided that u and
the associated reduced costs sj satisfy (9) for S = S(;). Among two
feasible solutions to (D) with the same value ue, the one with a higher |
value of 0 = T s, is likely to produce a disjunction (6) with fewer terms
and more elemiggs in each term, i.e., a stronger cut. Hence the purpose
of our heuristics will be to approximate as much as possible the lexicographic
maximum of the two-component vector (ue, o).

} This is what the procedure DUAL 1, to be described below, tries to
accomplish. It successively assigns values to components of u, which are

maximal subject to the dual constraints and the earlier value-assignments.

The order in which the values are assigned is crucial to the quality of the

resulting solution, and DUAL 1 considers the rows of A in order of increasing
Ni' Once a value has been assigned to each compoment of u, the set Q0 of
Remark 2.1 is identified and the corresponding variables are set to zero.

If u and the associated s satisfy (9) for S = S(;), then s can be used

to generate a cut. Otherwise either the cover must be changed as discussed

in the previous section (see PRIMAL 3), or the vector u mus: be adjusted

v

(see DUAL 3 below).

Let S(§5 be the support of a prime cover for the curreant problem (SC),
Ly and let zy and 2z, be an upper and a lower bound, respectively, on the value

of (SC).

el 2

4
o




NS

5
i
4
4
A
bt

and set

t+1
u =

set R
t+

Step 1. If Rt = @, go to 3, Otherwise choose i(t) such that
N = min |N |
f(t 2
(€)  yep 't
E
1 i
mi; s i=1(t) s; +up - uth I
Je i(t) st+1 ”
] t
s otherwise
Uy otherwise, b
Define
¥ s { eN ‘ t+1 :
e = U 18y =0} , M(t) = U M,
jeF
] |
3" R?\M(t), t-t+ 1, and go to 1.
£ t t -
Step 2. If ue 2 set 2, =u'e, store s 1in place of the vector s E
associated with the previous bound Z s and stop. If 2, £ Z5 the cover

associated with z _is optimal.

of the procedure. Since the rule of Step 1 usually leads to ties, one may
want to think of secondary criteria. Several such criteria are currently

being tested. One which has been found to frequently improve the quality

=34

DUAL 1

Step 0. Initialize Rl = M, u1 = 0, s1 =¢c, t~ 1, and go to 1.

U

As already mentioned, the choice of 1i(t) is crucial for the efficiency




i
f
i
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of the solutions is to give preference to ieT(;) over ch\T(;) in choosing
. 1¢t) in Step 1.

While DUAL 1 is a computationally cheap one pass procedure, it starts
from scratch every time a new pair of vectors u, s is to be found. Next
we state a procedure (DUAL 2) which starts from a dual vector u and
modifies it after the addition of a new cut and the findinz of a new cover,
by setting to 1 the variable associated with the new inequality, and
adjusting the values of some other variables.

Let m be the index of the last inequality added to "(SC) after
generating the current dual vector u = (ul""’um-l) and tne associated

reduced cost vector s. Further, let x be a cover for the current (SC),

S(x) its support, and T(x) = {ieM{ai; = 1].

DUAL 2
Step 0. Initialize
3| i=m
u;‘ ={ 0 ie[M\T(x)]
u otherwise,

1 1 -

8" =c¢ - uA, and K1 = {jele; < 0}. Set t = 1 and go to la,

[N

Step la, If K; = @, set Kz - {jeN‘s; = 0}, R, = iieMixierz = p},

and go to 1. Otherwise, choose 1(t) such that

: |n nK_| = max IN, NK
i(t i
f S8 1€M\im}|uit>0 -

Al

set
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E
uy -1 1= 1(t) Y451 jeN
i 8 + J‘
t+1 t+l1 ) i
u = -
b 3 sj
t : t
uy otherwise s . otherwise.
]

1

v 52 % t+ 3
Then set K . = {JeN|sj <0}, t-t+ 1, and go to la.

Steps 1-2 are the same as in DUAL 1.

Finally, we have to deal with the situation when a pair u, s has to
be adjusted so as to satisfy (9) for some S = S(;), where x is a given

prime cover. The following procedure is meant to achieve this,

DUAL 3
1 1 T e
Step 0. Initialize u =u, s* =8, U = {ieM\T(x)\ui >0}. Set t =1

and go to 1.

Step 1. Choose i(t) such that

3 \Ni“)nsu)\=;mx\wimsu)L
3 ieU
; t
- Then set
t
1 jeN .
uf - 1 i = L8 u, + 1 1(t)
* G s
i ¢ 3 - otherwise .
ug otherwise , j
L 1f ut+‘ and st+1 satisfy (9) for S = S(x), stop: 8 = st+1 can be
;ﬁ used in CUT 1. Otherwise, set U ., = Ut{i(t)}, t -t + 1, and go to 1.
5
o
e
/o
4
)

x d
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The heuristics discussed here find reasonably good dual vectors u at
a low computational cost. Another possibility is, of course, to solve (D)
by the simplex method. While this is more costly, only computational
testing can show whether the improvement in the bound ue is worth the
extra computational effort.
8. Algorithms
In this section we present two algorithms for solving set covering

problems by cutting planes from conditional bounds.

They use as ingredients the procedures discussed in the last three
sections (for generating prime covers, feasible dual vectors and valid
cutting planes), and the following three subroutines for updating cuts and
fixing variables whenever possible.

d
STRENGHEN (to be used whenever PRIMAL replaces 231

In every cut £ x, > 1, replace W by W , where k is the greatest
jeW = p p-k

p
old new
e < - -
integer such that vP + Vp-k+1 <z zU

TEST 1 (to be used after STRENGTHEN).

Let s be the reduced cost vector asscciated with z and let S(;) be

Ll
the support of the last cover x. Define

new

Q = {jeN\sj 28 KL

set xj =0, jeQO, and N « N\Qo. 16 5 NCTS(;), the cover associated

with z;ew is optimal.
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TEST 2 (to be used after DUAL).

Same as TEST 1, except for the fact that s, zgew and zL are replaced

by st, z and ute respectively, where ut is the last dual vector obtained,

U

t 1
s 1s the reduced cost vector associated with ut, and zU is the current

upper bound.
Algorithm 1 starts by initializing the upper bound z, at Ze, and
3

the lower bound 2 at 0. A typical iteration consists of the following

sequence of steps.

A. Use PRIMAL 1 or 2 to generate a prime cover X. if zU'is improved,
go to Cl; otherwise go to Bl..
Bl. Use DUAL 1 to generate a dual vector u and go tc C2.
B2. U+e DUAL 3 to adjust u and s and go to D.
Cl. Apply TEST 1 to fix variables, If NC:S(;), stop. Otherwise,
if x is still a cover, go to Bl; else go to A.
C2. Apply TEST 2 to fix variables. 1If Né;S(;), stop. Otherwise,
1f X is sti11 a cover and (9) holds for S = S(x), go to D; if (9) does
not hold for § = S(;), go to B2; and if X is not any more a cover, go to A.

D. Use CUT to generate a valid inequality which cuts off the last

§ § cover. Add the new inequality to (SC) and go to A.
: Algorithm 1 seems the simplest possible way to use the cuts from
: conditional bounds. Algorithm 2, stated below, is a more sophisticated
:f procedure based on the same approach, which (a) strengthens the cuts
i whenever zL is improved; {(bt) avoids starting from scra:ch ciery time a
? new cover or a new dual solution is generated by using the "updating"

o AL

procedures PRIMAL 2 and DUAL 2, with a periodic return to PRIMAL 1
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and DUAL 1; and (c¢) uses PRIMAL 3 whenever zL is improved and (9) does
not hold for the current cover, to find a prime cover X such that u and
s satisfy (9) for S = S(;). Since the chances for finding a better cover
than the current best one are steadily diminishing during the procedure,
the parameter g defining the number of iterations after which we return
to PRIMAL 1 is doubled every time the latter procedure is applied; while
the parameter 8 defining the frequency of return to DUAL 1 is kept constant.

After initializing Zys Zps @ and B, a typical iteration of Algorithm 2
consists of some of the following steps.

Al. Use PRIMAL 1 to generate a prime cover ;, and double the
value of . 1If zU is improved, go to Cl; otherwise to Bl.

A2. Use PRIMAL 2 to generate a prime cover x. If zU is improved, go
to Cl; otherwise go to B2, or (if no cut was added after obtaining last
vector u, or B2 was used B times since last use of Bl) to Bil.

A3. Use PRIMAL 3 to generate a prime cover X. 1If the last u and s
satisfying (9) for S = S(i}, go to D; otherwise go to B3.

Bl. Use DUAL 1 to generate a dual vector u and go tc C2.

B2. Use DUAL 2 to generate a dual vector u and go to C2.

B3. Use DUAL 3 to adjust u and s and go to D.

Cl. Use STRENGTHEN to strengthen the cuts, and TEST 1 to fix variables.

If NC:S(;), stop. Otherwise, if X is still a cover, go to El; else go to A2.

C2. Use TEST 2 to fix variables. If Nc:S(;), stop. Otherwise, if
x 18 still a cover and (9) holds for S = S(x), go to D; if (9) does not
hold for S = S(;) but holds for S = N, go to A3; and if (9) does not hold
for S = N, go to Bl; finally, if x is not any more a cover, go to A2,

D. Use CUT to generate an inequality which cuts off the last

cover, If g cuts have been zgenerated since the last use of PRIMAL 1 or 2,

go to Al; otherwise go to A2.
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We call an iteration of Algorithm 2 a sequence of steps, including

C2, which results either in generating a cut or in fixing some variables.

9. Numerical Example

Consider the set covering problem whose cost vector c¢ and coefficient
matrix A are shown in Tableau 3, and which is obtained from the 32-variables
example of [8] by removing 9 columns (12,13,17,20,21,27,28,25,30)

dominated by sums of other columns.

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23

c L1k EF el 22 202 3 3 3 4 4 5 5 5 8 9

1 1 1l 1 1
1 1 1 1 1 1

1 1

1
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Iableau 3.

@ s
>

We apply Algorithm 2. To start with, we set z_= L c, = 67,
Y 3
jeN
z, = 0, =1, B = 2.
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Iteration 1.

Al. PRIMAL 1.

Step 0. R, = {1,...,15}, S, = 0.

Step 1. :i; |Nh| is attained for hel(l) = (7,13}, NI(I) = {7,11,20,22,23].
1
min ¢, /|R, NM | 1s attained for j(1) = 23. s, = {23}, R, = {5,7,9,12,14].
e § gy 2 2
1(1)

Applying Step 1 four more times, we determine the sequence of indices

16, j(5) = 5, 1.e., § = {597r8316’23]'

i(2) =7, 3(3) = 8, 3(4)

Step 2. The vector X defined by ;j =1, jeS, ;j = 0, jeN\S, is a prime
cover. The associated upper bound is z, = 15, and T(x)= M\{1,2,3,8}. We
set o -~ 2o = 2.

Cl. STRENGTHEN. There is no cut yet to strengthen.

TEST 1. Q, = {jelej > 15 - 0} = @ (here Sy~ Tps jeN); we go to BI.
Bl. DUAL 1.
1 1
Step 0. R = {L,eossdB), v =0, 8 = ¢,
Step 1. min _ \Ni\ = 3, 1) = {7}, ug =1, ui = ui, 147, and

ieRlﬂT(x)

5 )
<~

[ € L T B [ U0 U0 [N E 86000280 18 8 T S P 130 (0 IS TR R 5 )

R Po= (7}, M(D = = (7], Ry = ROMQD) = (1,...,0,8,..,15)

Applying Step 1 seven more times we choose the sequence of indices

—

1(2) = 13, i(3) = &4, 1(4) =6, 1(5) = 9, 1(6) = 14, 1(7) = 10, i(8) = 15,

ki and obtain the vectors u° = (0,0,0,1,0,1,1,0,1,1,0,0,2,3,2)

R Ll s
»
¥

il (1,1,1,0,1,0,0,0,0,1,0,1,2,0,1,0,4,0,2,0,1,0,2), after waich Ry = 0.
Step 2. u9e =12 >0 = Z0 hence we set z, = 12 and store sq.
€2, TEST 2. Q= {jele? 215 - 12} = {17}, Ve set x,
Since QOfWS(;) =f, and T _ 8 =3 > Zy = u9e = 3, we go to D.
jeS(x) J

=0, N~ N\{17}.

M A
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D. CUT. T(x) = M\{1,2,3,8}, st = (5,23}, s = &°.

1
Step 0. W_ =9, K, = {5,231}, v, =12, s = .

Step 1. v, = win{15-12, max{1,2}} = 2, Ky = {23}, P, = {13,19,23},

M(1) = M,y = {1,...,4,6,8,10,11,13,15}, and

IN; 5\ (13,19,23}] _min IN \{13,19,23}] = 2.

16€T(x) NM(1)

Hence i(1l) = 13, and j(1) = N13FTKT = {23}. We have W (13) = N ,\P, =
{11,201, y,=12+2 =14 <z =15, and
¢ = (1,1,1,0,1,0,0,0,0,1,0,1,2,0,1,0,%,0,2,0,1,0,0)
(here and in the following, stars replace the entries corresponding to
variables that have been fixed). Further, K, = {5,23]\{23} = {5}.

Step 1. v, = min{15-14, 1} = 1; Ky = {s); », = £1,2,3,5,10,12,13,15,19,21},
M(2) = {5}. We have 1(2) = {5}, j(2) = (5}, W, = {11,20} U (14,22}, and
¥y = 14 +1>z = 15.

U
Step 2. We add to (SC) the cut

x11 + xl& + x20 + x22 > 1

as the 16th inequality, and store the pairs (W, = {11,20}, v - 2),
(wz\w1 = {14,22}, vy = 1),
Iteration 2.

A2, PRIMAL 2.

Step O. R, = {16}, Sy = {5,7,8,16,231

Step 1. 1I(1) = {16}, N = {11,14,20,22}, j(1) = 1ii.

(1)
s, = (5,7,8,11,16,23}, R, = 0.
Step 2. The vector x whose support is S = 82\{5} = {7,8,11,16,23},

is a prime cover, with cx = 16 and T(x) = M\{1,2,3,8,13}.
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B2. DUAL 2.
Step 0. wm = 16. Initialize u" = (0,0,0,1,0,1,1,0,1,1,0,0,0,3,2,1,),

1 -
s" = (1,1,1,0,1,0,0,0,0,1,1,1,2,-1,1,0,%,0,2,1,1,-1,4), K, » {14,22].

T

Step la. i(1) = {14}, we set 2 - (0,6,0,1,0,1.1,0,1,1,0,0,0,2,2,1),

82 = (1’1’1’0’1’0’0’0’0’1’1’1’2’0’1)1!*!1)2)19130’4>) K; = 0.

Step la. K; = {4,6,7,8,9,14,22}, R, = {3,11,13}.

Wil 3 5 /s
Step 1. Since RZIWT(x) = {11}, we set 1(2) = 11, u11 = min sj =
jeN
11
3 2 3
ui = ui. i # 11, and s = (1,1,1,0,1,0,0,0,0,1,1,0,1,0’0’1’*’0’1’1’1’0,3).

Further, F, = {12,15,18}, M(2) = {2,4,8,9,11,12,14,15}, and R, = {3,13}

In two more iterations of Step 1, we set 1(35 = 13, ui3 = 1, and

1(4) = 3, ug o 1, and obesin €he westors w = 0,0.1,1,0,1,1,0,1,1,1,0,1,2,2,1)

and s° = (1,1,0,0,1,0,0,0,0,0,0,0,1,0,0,0,%,0,0,0,0,0,1), at wiich point Rg = 0.

Step 2. use =13 >12 = Z hence we set z, = 13 and store ss in place

of sg.
¢ 5 - 5 "
C2. TEST 2. Q= {jengsj >15-13} =9, Z sy = 1<18 = 13,
jes(x)
hence we go to A3.

A3. PRIMAL 3.

Step 0. Initialize S, = {7,8,11,16,23}, K, = {1,2,5,13}, B, = {5,7,9,12,14, L¢

« 1 1
Step 1. max \Mjrwnll =1, §(1,1) = 5; §(1,2) = 11. S, = {5,7,8,16,23},

k JeK,

A K, = {1,2,13}, R, = {7,9,12,14,16}.

Y

Step 1. U Mjf'\R2 = 0; we set R, = M\ U M, = {16]}.

jcxz jcs2 e

Step 2. ;(2) = {20}, Sy = {5,7,8,16,20,23}, Ry = 0.

Step 3. u Mj =M, s = {5,8,16,20,23}. Since I _ g =2 > 15 - 13,
jes\ (7} jes ()

we go to D.
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D. CUT generates the cut

+ X + x,, + X = 2

R *Xyq *+ % 19 ¥ %) T %39 2

6 11 14
(which becomes the 17th inequality), and the pairs (W, = {(6,19,21}, v, = 1),
<w2\w1 = {11,14,22}, v, = 1).
Since ¢ = 2 and 2 cuts have been generated, we go to Al.
Iteration 3.

Al. PRIMAL 1. produces the prime cover x defined by

s(x) = {4,6,7,8,10,11,15,16}, with T(x) = M\{3,12,17} and cx = 14. Since

14 < zU = 15, we set 2y

Cl. STRENGTHEN.

=15, g~ 2¢ = 4, and go to Cl.

Since z,, was improved by 15 ~ 14 = 1,

for both cuts 16 and 17, each of them can be strengthened by

and v =
p

replacing

Wz with Wl.

X

This yields

+ x

Iteration 4 uses the sequence of steps A2, B2, C2, D. Step C2 sets

Iteration 5 consists of A2, B2, C2, D, and produces the cut Xg + Xqg 21,

=21 and x_ +3%  +x.. >1

11 20 6 19 21 =

as the strengthened inequalities 16 and 17.

TEST 1. Q, = {jeN‘si 216 - 13} = {1,2,5,13,23}. We set x) = x, = x, =

X3 = Xy3 =0, N = {3,4,6,...,12,14,15,16,18,...,22}), and since x is still
a cover, we go to Bl.

Bl. DUAL 1 produces the vectors ulo (02U 001150, 0,1,2,0,2,0,0)
and slo = (*,%,1,0,%*,0,0,0,0,1,0,2,*%,3,0,0,%*,0,0,0,1,1,%), with ue = 12,

C2. TEST 2. Q= {jele;o > 14 - 12} = {12,14}. We set x,, = x,, = O,

12 14

N= {3,4,6,...,11,15,16,18,...,22}. Since QorwS(I) = 9 and

£ _ 5;0 =1<14-12, but L s¥0 =4 > 2, we go to A3.
165(%) jen

A3. PRIMAL 3. S(x) = {4,8,11,15,16,21,22}, cx = 23.

D. CUT. Xe + X9 + %50 >l

X,, = 0, while D generates the cut X8 + X9 + X, > L.

21
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Iteration 6. A2, Bl, C2, Xy, = 0.
I = =
Iteration 7. A2, Bl, C2, x9 X8 0.

Iteration 8. A2, Bl. DUAL 1 produces the vector
u = (0,3,0,1,2,1,1,0,1,2,3,0,0,0,0,0,0,0,1,0), with ue = 15; we set z, = 15,

and since z > ZU = 14, the cover associated with Zy is optimal. - This is x

such that x, = 1, j = 4,6,7,8,10,11,15,16, ;3 = 0 otherwisc.
J

I

10. Preliminary Computational Experience

A version of Algorithm 1 was implemented by Rohet Tolani in FORTRAN for th:

IBM 360/67 computer at CMU, and a number of test problems generated by Salkin

Koncal (9] were run. The results are summarized in Tableau 1, and compared
to an involutory basis cut algorithm due to Bowman and Starr. The latter

is an improvement over the Bellmore-Ratliff procedure, in that it uses a
vector partial ordering to select a strong member of the family of involutory

basis cuts that can be generated at each step.

Iableau 1

Comparison: {

iavolutory basis |

No. | Constraints | Variables | Tterations | Cuts | cut: S
1 104 133 18 15 120
2 200 300 35 30 49

3 200 413 55 49 365 !

4 200 500 238% 237% 3000% |

5 50 450 25 17 464 %

6 36 455 2 1 32 t

7 46 683 10 5 108 1

8 50 905 19 17 241 i

*Unfinished run

dadiie RN cle ol A e T P -
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The discrepancy between the number of iterat and the number of cuts
i |
is due to the fact that, {f me variable which {s in the current cover is
set to 0, the algorithm returns to step A to ge a4 new cover i{instea |
E
of generating a cut, |
As can be seen from Tableau 1, the algorithm seems to nverge in a
surprisingly small number of iterations (and cuts), though problem 4 '
was still unscived after 238 iterations i point the bounds were
ZU = 646 and z_ = 635 (after the first iteration the upper and lower bound:
were 743 and 597 respectively)
One of the surprises produced b hese early runs s ¢ si bl
{
nunber of variables uld , ofte t
E
of the runs. This and the p ern of successivi npx ments is
illustrated by two typical ms Shown in Tableaus 2 and 3, fne numbers E
in column one refer to iterations where either t oper bound, or
lower bound, or the numbe a ¥ g anged erline mea
optimum value,
‘a0 au
| § A i
Iteracion | ']
[ e =i, SIS PRI o
1 1637 1 J

k
i
. ' 2 i
B i 3 | 1686 |
i i
' 8 i 1682 :
| 13 | 167
o | ‘
) 17 ! 1677 s
i ]
! 18 ' 1717 ’
l 4L A ' — !

L TL R e
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Tableau 3

Problem 3 (200 x &413)

Fiterationgl z. | pa ? Variables
§ 1 L { 4
i ] i left
g' Saa 1 e 5 | |
§.000 | 827 | 697 | 413 |
5 § 785 | 702 | 391
6 | 159 | |
7 . 7253 | 703 | 274 i |
19 f 712§ 237 |
i | ; .
21 ! e S 200 |
1 | ! ‘
27 {749 |
41 ! R . 161
62 | | 1 | 151 |
¥ ] H {
45 [ 748 | ’ |
46 | ‘ 740 | 119 |
53 : o743 | 108 |
54 I o747 | . E
i | , ;
55 I 743 |
| 22 | i 1

The author is currently involved in a joint effort with Andrew Hc
to implement and test several versions of Algorithm 2. Apart from the
merits of various heuristics, an important aspect of the project concern 1

the relative merits of using bit maps versus list structure. The results

of this preoject will be reported separately.
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