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ABSTRACT

A conditional lower bound on the miniznand of an integer program is

a nnmber which would be a valid lower bound if the constraint set were

amended by certain inequalities , also called conditional. If such a

conditional lower bound exceeds some known upper bound , then every

solution better than the one corresponding to the upper bound violates at

least one of the conditional inequalities. This yields a valid disjunction ,

which can be used to partition the feasible set, or to derive a family of

valid cutting planes. In the case of a set covering problem, these cutting

planes are themselves of the set covering type. The family of valid

inequalities derived from conditional bounds subsumes as a special case

the Bellmore-Ratliff inequalities generated via involutory bases , but is

richer than the latter class and contains considerably stronger members, where

strength is measured by the number of positive coefficients. The paper

discusses two algorithms based on cutting planes from conditiona l bounds.

None of them uses the simplex method (though a variant based on the latter

is also feasible). Some computational experience is presented .
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SET COVERING WITH CUTTLNG PLANES

FROM CONDITIONAL BOUNDS

by

Egon Balas

1. Introduction

We consider the set covering problem

(SC) mitt ( cx Ax > e, X
j  

= 0 or 1, i e

where A = (a
u
) is rnxn, ecRa, e = (l,...,l), c€ R ~, and ajj e (o , i3,

iaN = [1,...,ni), I eN = fl,...,n). We will denote by a
t and a~ the i—th

row and J-th column of A , respectively. Without loss of generality, we

assume that C
j  

> 0, VJ £ N. Using established terminology, we call a

vector x satisfying the constraints of (SC) a cover, and the set of indices

I such that x3 
= 1, the support of the cover. A cover is called prime if

no proper subset of its support defines a cover.

This problem, and its equality-constrained counterpart , the set

partitioning problem, are useful mathematical models for a great variety

of scheduling and other important real world problems, like crew scheduling ,

truck delivery, tanker routing, information retrieval, fault detection ,

stock cutting, offshore drilling platform location, etc ., and a literature

of considerable size exists on solution methods for these models (see 161

for a survey of set covering and set partitioning ; (5] for a computational

study and comparison of several solution techniques; (3 1 , [8] and [9] for

some of these methods ; and (2) for a more recent survey of set partitioning ,

which also contains a bibliography of applications of both models) .
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h In this paper we propose a new approach to set covering , based on the

idea of conditional bounds. In section 2 we introduce this concept for

arbitrary mixed integer programs , and show how it can be used to derive

valid disjunctions. The latter in turn can be used either to partition

the feasible set in the frawework of a branch and bound approach , or to

derive a family of valid cutting planes. In the case of a set covering

proble m, the cutting planes derived from conditional bounds are themselves

of the set covering type. These cuts are discussed in section 3, where

the Belimore-Ratliff inequalities [31 generated via involutory bases are

shown to be a special case of the larger family of cutting planes defined

in this paper. In section 4 we examine the conditions under which a cut t ing

plane derived from a conditional bound cuts off a specified prime cover.

Since the family of cuts from conditional bounds is too large to be generated

in its entirety, in section 5 we discuss a procedure for generatLng “strong”

members of the family. Sections 6 and 7 discuss heuristics for generating

“good” prime covers and feasible solutions to the dual of the linear program

associa ted with (SC) , which are needed to generate convenient curs . Next

we state two algorithms based on cutting planes from conditiona l bounds

(section 8). Section 9 contains a numerical example , and in section 10

we discuss some early computational experience.

2. Conditional Bound s

The central idea of our approach is to derive valid inequalities for

the set covering problem from conditional bounds. Since this concept is

meaningful for arbitrary mixed integer programs , we will introduce it in

this more general context. 

~~~~ 
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A conditional lower bound on the (objective function) value of a

mixed integer program (P) is a number which is a valid lower bound if (P)

is amended by some inequalities. The inequalities used to derive the

conditional bound are called conditional. The purpose of these inequalities

is to produce a conditional lower bound at least equal to a known upper

bound. If this is achieved, then at least one of the conditional inequalities

is violated by any solution better than the one associated with the upper

bound , and this yields a valid constraint.

To be more spec if ic, consider the integer program -

(P) mitt Ccx J Ax > b , x 
~ 
0, x

1 
integer, j e NJ,

where A is an arbitrary IZIXTE matrix (n = INI ) and b is an arbitrary

rn—vector. The pair of dual linear programs associated with (P) is

(L) nu n  (cx I Ax > b, x > 0)

and

(D) max [ub~~uA < c , u>0)

For any feasible optimization problem (S), let z(S) be the value of

(an optimal solution to) (S).

Any feasible solution x to (F) provides an upper bound cx on z(P),

and any feasible solution u to (D) provides a lower bound ub ott z(D)

hence also orrz(P).

Let u be a feasible solution to (D), i.e., such that

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .i~ . -
~~~~~
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(1) uA < c, u > 0 ,

and suppose the constraints of (L) and (P) are amended with the set of

(conditional) inequalities

(2) ’ C x > e ,

where C (c~1
) is a pXn matrix of 0’s and l’s, and e is the p-vector

of P s, with I < p < n. Suppose also that C has no zero tows, i.e.,

a
(3) E c~ > I , 1 1,.. . ,p .

j=l

Further , denote by 
~~~ 

and (Lc) the problems obtained by amending

the constraint sets of (P) and (L), respectively, with the set (2) of

conditional inequalities , sad let (D C ) be the dual of the linear program (L
c).

Let u be a tn-vector satisfying (1). If there exists a p-vector v, v > 0 ,

v ~ 0, such that

(4) v C < c - u A ,

then (u ,v) is a feasible solution to (Dc) and therefore ub + ve~ is a lower

bound on z(D
c
) = z(Lc), hence also on z(P

c)~ 
We will say in this case that

ub + ye is a conditional lower bound on z(P).

Now let be a known upper bound on z(P). If

(5) v e > z .
~~

_ u b ,

~ 

~~~~~~~~~~~~~~~~~~~~~~~ 
.
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i.e., if the conditiona l lower bound on z(P) exceeds or equale the upper

bound z~~, then

z(P
c

) z( L )

> u b + ve > z  ,— p — U

and hence every feasible solution to (P) better than the one associated

with the bound Z
U 

violates at least one of the inequalities (2), i.e.,

satisfies the disjunction . -

p
V ( ~~~ c1 x~~ /’ l) .

i= l j= l  ~~~~~~

Since C is a 0-1 matr ix  and x is a 0-1 vector, this disjunction is the

same as

p n
V ( E c x  = 0 ) .

i=i j =l

If we de note

= [J cN I c ~~. 
= 1) , ~ =1,.. .,p,

the result that we have just proved can be stated as follow b .

Theorem 2.1. Let be a known upper bound on z (P) , a nd let u sa t i s f y

(1). if there exists a pxn matrix C = (c~ 1
)~ c

~~. e[0 , l}, ~~i , j  ( 1 p < n ) ,

satisfying (3), and a p-vector v > 0, v ~ 0 , satis f ying (4) and (5),

then every feasible solutio.i x to (P~ such that cx z~ sa~~.~ries the

4 disjunction

.— ‘— — — - -- — — - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
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p
(6) V (x~ = 0 , i€Q~).i=l ~

We have stated Theorem 2.1 for the pure integur ease ~~~ . order to

simplif y the t.~xposition , but it (and the rest of th~~; section) Is easily

seen to carry over to the case of a mixed integer p . ‘grnm . Indeed , if

N
1
CN is the set of integer~ constrained variables , ~ N , ~~t c~ 1 

= 0,

~ i = 1,.. .,p, ~ jeN\N 1, anc the results are valid with .~~~~ changes in

the no tation .

Note that the disjunct:3n (6), ~ ‘~ugh derivcd ~~~ a cm d i t i  -~‘ - a i b ’,- i~ c’ ,

is an “UnCO~.L tj - ~~ [.l i y ? val ; d cons :ra int .

The f i rs t ~p~e-~tion arises in connect~ o:~ with :~ i~~::~m 2.~~, is rnar of ft

existence c f  a n~a r ~~x C ~ind a vector v s a L i 5 f yir~ the a o v ~ requirements .

The3re~ 2. .~~ Le~ b-~ a kn~wr~ upper bound on z (P- , i~~: u be a

feasible so~ u~~I on  to (D) , ~.id let

(7) s = c - u A .

Then t .L  ~~ ex~ s ts  ~ Dair C , v sat i s fv ’in~ ~~~ r~ qui~~enLr ~ts of fl~-~crem ~~~. 1

if and onl y if

(8) s
,~ ~ - uf ~.

j~ N 
-

Proof. Let u and s s a-L ~- f - ~’ (1) and (7). If (8) b~~1c~~, th~ the pair

C, v,defined by C -
~ T (~ -ie identity rt~ trix of order ~ ~n-~ v1 ~~~ 

j c N ,

I s a t i s f i e s  ( 3 , (/ ~) and (5) .

C3n ’~:- ly, 1. ai~i ‘i ; a t i s f v  (3) , (4) ~~~~~~ (5 ) ,  ha~ d f n g  th~

inequa l i t i e s  V.) and ;i hsticut ing s for c — ‘iA yields
I. 

1~~~~~~~~ ‘:~~~~~ 
- _ _
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E~~~ (E c  )
i=1 ~eN

~‘ vs 1 -  ~J~t (3) -

> - ub [ from (5fl

Note tLa~ , if p 1, i.e.., i f C has a s~ n~~ e ru:, Y e ~ Iii~~~ur Ic t ion

(6) become s x . = 0, ~~~ Sorne~ i L t t more ~oner~.d i y , v~- IV cL~? ol r..’ir.~;.

Remark 2 1 .  Let z~~, u and s be as in ~ih e o r c i ~ 2 . ? in~ c~

= ( j € N ~ s . ‘ - z~ - ub ’
~.

— Then every f~- .-isib 1u so~~it~ ot: x ru (P) suH ~ that c~. . ., ~~ - t l sf i e s

-‘ 0 , i~~Q~) .

Thus • ~~~~~~~~ ~ ~~~, cne variables inc~exed b~ ~~ ~~ ~~~t t o

zero pcrrnr~n-.. ~~~~~

Examp 1-~ 
‘
~~ . ( P~ :~e ~~ t ht ege r  pro~~r II r i n im i  t i  ~ r o b L em~ ~‘i ~.h

i ( -  va r i a b l e . - . , and ~et z~ $5 be ~~u v a ij e  of s i~e ~~~~ i i  ~ i~ co~.u ’~i~~’.

c~~~t h ur , ie t  ‘i be a t eu~~ib L  SO~.—IL ~On ci t - ~~ - -~~ ~~. -~i t~ - a - ~r. _ i . r i~

; r g r a r u , ~~~ = 21.9, ~et the re ducc i  cc’~ t~ ~ ~ - - ~~i t ’1 ut  ~,‘ 

j 1 2 ~ 4 5 7 - i(.i

~~~~~~~ !. i .5  2.4 ~~~~~~3~~~~~~~O 5 J 3~~ 2~~ ‘ . 2 4 ~~~~~

4.

- -
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We havu - ub 35 - — 7 . 9 = 7 . 1 . To cons t ruc t a p~~.: C , v satisf y1n~

th e condi t ion s  of Theort~~ 2.1 , we f i r s t  choos~ v~ s~~, v2 
— and v

3 
—

then v 1 + V + v3 = 7 .2 ~‘ 7 . 1. Next we choose the l’ s amo~~ the e1e~I:ents

c
11 

of C I n such a way that v
1
c
1~ + v

2
c2. + v3

c3, ~~ s~ for  j

(Nei ther v, nor C is of course unique.) C and v a re  shown iuluv , where

- ; the blanks ~re 0’ s .

- From Theorem 2 .1 , every x satisfy ing the constraints of (?) and such

that cx K 35 sat~ sf i v~ the dis~ unctfon

X 1 = X  = x  = 0  V x = x  -- - - -  — - ,£ 10 
~-. 6 ~C7 ~~~~~~~~~~~~~~

Given -~~ f e as ib l e  s i lu ~ ~ u o (D) c1~~~~~~’ I; oc~ at~~1 - -~~ jced ro~ t- s s

sa tisf y (8) , it is usually not d i f i i~~u 1t to - m d  -ì iir ~~.v s~ t~ sf ’-’~ n~’

the conditions of I1~~~~e~ 2 . 1 ;  but t~~e p r o b l um  is to f i n d  - :e which definus

r 

:- a convenIentl y s t rong d i sj u n c t i on  ( ( ) .  The r o 1 : : i ~in ~ r)roc ~ure prcvi es a

general f tamework for doing this , vhich illows for many v5:.ants .

- 1. Choose a minimum-cordinuiitv subset S of N , such t~ atI

(9) ~ 8 4 > z~ - ub ,
pp..

I

.4

- :~~~ : —-

~

--- ‘- ‘-“

~~ ~~~~~~~ ~~

. 

~~~
- = 

~
- — - — —  — - — . ,

~~~~
—.

~--------~~- — -.~~.--—————---—-.- .~~~~~ — 
.-
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and order S = fj(1),.. .,j(p)~ i uording to decreasing va1u~~ of

Then set V
1 

= S
j ( 1) .  

I = 1,... .p,  arid ch j ( . .  = 1 for h I C
01(j )  

— 0

for h ~ I , i = 1,... ,p-.

2. For j  £ N ~~~ , define recursively for i = 1, ...

(
~~0 o r l if ~ y e  + v  < S .

h= 1 h h j  I —

C = (
ii

0 otherwIse.

The option of s e t t i ng  c .~ ~
- 1 or — 0 in step 2 r~ pr~ senLs a

choice between including i :nto Q . ,  or leaving it avai lab le ior inclusion

into one or xiiore sets This can be decided by cffici~ i~cy criteria ,

as w il l  be seen la ter .  It is easy to check that a~ y pair C , v c o n s t r u c ted

by this pro i rdure  s a ti s f i e s  Jio re qu i rements  of Theorem 2 . 1.

A d i s junc t ion  of the form (6) obtained from a condit ~ u:~al bound can

be used to pa rt i tion  tk~ fe.~sible set in the framework of a branch and

bound procedure, by creatIng p subproblems defined b - r .~e const ra in ts

U 
~

E X
1 •~~ 

I ; = 0 , j c Q 2
j6
~1

E x  > 1 , ... , E x > 1 ;  ~ = 0 , j 6 Q

1 —1

For certain clasoes of integer pro~ rau~s , this way oi b:anJ ir,g seems

high ly efficient. It is c-~rrently being tested , for inst~~.ue , in a new

penalty me thod for solving traveling salesman problem s [1,, with excellent

‘
I, 

computational results .

4 

- ~~~ 

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -

~~ ~~
-
~~
-: 
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Anothe r way of u s i n g  the d i s j u n c t i o n  (6) is to generate from i t  a

fam ily of valid Inequalities. In the case of a set covering problem ,

these inequalities t- rn out to be of the  set covering type , as shown in

the next section .

In a broader context , toe idea of deriving a valid (“unconditional’)

const ra in t  f rom one or severa l condit ional  cons t ra in t s  may 1.~ ve many other

app l ica t ions . One of them appears  in [ 7] ,  where a prope rl y chosen inequa l i ty

is used to derive a bound f rom the fac t tha t either the inequal ity or it s

complement must be sa ti s f i ec  b y any feasible solution.

3. Cutting Lianes From Conditional Bounds

From now on , we addresE ourselves to the set covering problem (SC)

int roduced m n section 1; i .e ., A = (a
11

) wi th a . .€ {O,lJ, 1ç~ ~,j ,  a nd b =

where e is tie m- vector of l’ s. We w i l l  denote

N.  = 
~
j e N  a11 1~~, j eM.

-: Theore~i 3 . l . Suppose the c on d i t i o n s  of Theorem 2 .1  are s a t i s f i e d ,

I.e., the disjunction (b) is a valid constraint for (SC). ~
_ th each

ic[ i ,. . . ,p), assoc iate an index h(i)€M , such that N
h(i) ~ c. ~ Ø • Then

denoti ng

pw — U
1=1 ~~

every cover x such that cx < z~ satisfies

(10) x . >
j~W 

-~

.4

~~~ ~
_ ‘

~T ’:TT~ 
‘

~~~~~~~~~~~~
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Proof. For I = 1 ,...,?, the i-th term of the disjunction (6) imp lies

x > 1  , TheM .
j eN

h\Qj 
1

Hence, for any choice of indices h(i) c M , i = 1, . . .  ,p, (6) imp lies the

disjunction

0

V (  ~ x > 1 ) ,
i=l J cN~~1~ \Q1 ~

which in turn imp lies ( 10). -

Q.E.D.

The cutting p lanes of Theorem 3.1 are set covering inequal i t ies ,

valid in the sense of being satisfied by every cover better than a given

one. Since these propertie s are the same as those of the Ecilmore-Ratliff

cuts [ 3] obtai ned by the use of involutory  bases , we next examine the

relationship between the la-~t er and our inequal i t ies  f rom conditiona l bounds.

Firs t , we show in the next theorem that the Beilmore-Ratliff inequalities

are a subclass of the class of inequalities deftned by Theorem 3 .1. Then

we show by way of examp le t -iat the subclass in question is a proper one .

Theorem 3.2.  The Be l l inore-Rat l i f f  inequali t ies  [31 F~~e a subclass

of th e class (l~) ) .

Proof. Let x be a prime cover , B an involutory basis associated

with ~~ and c
1 

- cB a
J 

the ~—th reduced cost , where is the in—vector

whose i-th coinvonent is C ...y i f the basic variable associated with

row i is (the structura l var iable ) X
j ( j ) ~~ and 0 if the basic variable

4.

_ _ _ _ _ _ _ _ _ _ _ _  

A 
_ _
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associated with row I is a slack . (When B is an involutory basis , the

reduced costs are know n to be of the above form. )  The B e l l i no r e - R a tl i f f

cut associated with x and B is then

(11) x > 1
JcF

where

F = fi c N C
1 

- cHa
l 

< o)

To obtain this cut from a conditional bound , let I~ = ~j ( l) , .. .  ,j ( p ) )

be the index set of the structural basic variables , and set u 0, g = C ,

and v~ — C
j (j )~~ j ( i )  € I l• 

Then u satisfies (1) and v satisfies (5) (with

equality) for z~ = cx.

We now construc t the matrix C = (c
ii
) of Theorem 2.1 as follows.

Let h(i) be the row index associated with basic variab le X3(j)• Define

I a h ( i ) j  ~ € N ~F
cii = = 1,..

~0 , j eF

then

Q~ 
= N

h(j)
\F I = 1,.. .,p . -

C trivially satisfies (3). To see that together with v it also

satisfies (4), note that for j€N\F,

i~ l 
~~~~ c

j(i)%(i) .

~ C
j 

- ua
j; 

~~~~~~~~~~~~ ii~~:~i 
.-
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p
where the inequality follows from the fact that c~ - E c 

~ 
ah I3 1—1 j( ) ( ),j

is the j-th reduced coSt (nonnegative for j cN\F) , while u — 0. Further ,

for jcF ,

p
E v~ç1. = 0

— i—I

< C - u a .

Thus C and v satisfy the conditions of Theorem 2.1. App lying Theorem 3.1,

we now associate with each I € [l ,...,p) the row index h(i), and define

p
w = ~

p
— U [Nb ~ 

rFl (from the definition of the sets Q~)
1=1

p
— [ U  Nb ) r F .

On the other hand , from the defini t ion of F , j cF imp lies ah( I ) l 
= 1

for some i€ [l,.. . ,p), hence

F c (U Nh( i ) ]

Thus W = F, and the cut (10) of Theorem 3.1 is in this case identical with

(11). Q.K.D.

I

1~ 
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-
~~ Thus the Relimpre-Ratliff cuts are a special case of the cuts (10).

Furthermore , they are a proper subclass of the class (10), i.e., the

conditional bound approach yields other inequalities besides those ob-

tainable via involutory bases. Some of those other inequalities-are

considerably stronger, in the sense of having fewer positive coefficients.

This is i l lustrated b y the next examp le.

Exatqp le 2. Consider the set covering problem whose costs c
1 
and

coefficient matrix A are shown in Tableau I.

1 2 3 4 5 6 7 8 9 10 Il 12 13 14 15 16 17 18 19 20

C
1 

3 1 1 3 1 2 2 3 3 3 3 3 3 4 4 4 5 6 8 9

1 1 1 1 1  1
2 1 1 1 1 1 1  1

- :  1 1 1 1

4 1 1 1
5 1 1 1 1 1

6 1 1 1 1 1

7 1 1 1 1 1
8 1 1  1

9 1 1 1 1 1

10 1 1 1 1

11 1 1 1 1 1

Tableau 1.

The 0—1 vector ~ whose support is (2,3,5,12,13,17) is a cover ,

satisfying with equal i ty  al l  the inequalities except for 1 and 8, which

are oversatisfied . To app ly the Beilmore-Ratliff procedure, one associates

~~ wi th ~ an involutory basis. The variables x2, x3, x5 
can be basic only in

rows 3, 4 and 6 respectively. Since rows 1 and 8 are slack, the varh.bles 

_ _  

- - --
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x12 and x13 can be basic only in rows 11 and 10 respectively . Finally ,

can be basic in any of the 4 rows 2, 5, 7, 9; and accordingly there are 4

involutory bases that can be associated with ~~. We will  denote them by

B2, B5, B 7 and B9, according as x17 is basic in row 2, 5, 7 or 9

respectively. The basis B2 (after row- permutations ) is shown in Tableau 2.

2 3 5 12 13 17 25 27 29 21 28

3 1  I

4 1 $

6 1 I

11 1
• 10 1

2 i~
5 1 $ — i

• 7 i i  — 1

9 i 1 —1

5-- 1 1 1~~ —l

8 1 1 —l

Tableau 2.

- The variables x21,...,x31 
are slacks. The basis B

5 
can be ob tained

from B2 by interchanging rows 5 and 2, and replacing the slack variable x25

in row 5, by x22 in row 2. The other two bases can be obtained in an

analogous way. The 4 cutting planes that can be obtained by the Bellinore-

Ratliff procedure , depending on which basis is used , are

X
1

+ X
6

+ X
9

+ X 10 + X + X + X
8

+ X ~~~~~~~~1 , trom B~

X
4

+ X
6

+ X
9 

+ X 10 + X 11 + X 19 , from B5
+ + + + x19 + x20 ‘ 1 , from B7

L X
6

+ X
8

+ X 10 + X 14 + X 18
+ X 20 ~~1 , frotn B~ .

-s

_ _ _ _ _ _ _ _ _ _ _ _  _ _
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On the other hand , using the conditional bound approach , we construc t
- 1 (by inspection or a heuristic) the dual vector

u — (0,2 ,1, 1,1,1,2 ,0,1,2 ,2)

which , together with the associated reduced cost vect”—

a — (2 ,0,0,2,0,0 0 ,1,1,0,1,1,1,1,1,0,0,2,0,1)

satisfies the condition (1).

The cover x whose support is [2,3,5,12 ,13,17) yields z~ c 14;

and the dual vector u yields the lower bound ue — 12.

Since — ue = 2, = [j eN � 2) = [1,4 , 18) , and thus (Remark 2 .1)

every cover better than ~ satisfies x1 
= x

4 
— x

18 
= 0. Hence we replace N

by N\(l,4,l8~ . Further , to apply Theorems 2.1 and 3.1, we set p = 2, with

v1 — s 12 and v
2

= s 13,

812 +8 13 — 2

> z~~ - u e .

Then, using (for instance) the conditional inequalities (and the matrix C)

def ined by

= [8,12 ,14,20) , Q2 = [9,11,13,15)

we obtain the disjunction

‘
~l2 = X14 — = 0 V = = = = 0

Applying Theorem 3.1 with h(l) 11, h(2) = 10, we have (using the

newly defined set N~

— [6,19)

= (10 ,16 ,19) - -

Li 
_ _ _ _   

_  

_

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ _ _ _  
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and thus

w — (6,lO ,16,19 ,

We have obtained the cut

x6 + x10 + x16 + x19 > I

which has only 4 positIve coefficients , whereas each or the involutory

basis cuts has at least 6.

The above inequality cuts off . This is due to the way we chose

the components of v and the row indices h ( i )  cM , as will be shown in the

next section. If we drop the requirement for a specified cover to be cut

off , we can obtain inequalities which are “stronger” in the sense of

having fewer positive coefficients. By a judicious choice of the column

indices j ( i )  for  which we set v~ = 

~j(i)’ 
and the row indices h ( i ) ,  one

can generate the cuts with the fewest possible positive coefficients. Thus,

for instance , the choice v1 = 

~l3’ v2 = s9, and h( 1) = 8, h(2) = 5, yields

the valid inequality

x17 + x 19 ~~ 
1 ;

whereas v1 = S
j 3i  

v2 s14 and h ( l )  = 8, h(2)  = 4 yields

x
3

+ x 19 .? 1.

4 . Some Properties of Cuts from Conditional Bounds

In order to obtain a conditional bound , and thus to be able to

generate the type of constraints discussed in the previous section, one

needs a feas ible  so lu t ion  u to (D) , whose associated reduced costs sa t i s f y

(8). This requirement is easy to meet. The next theorem and i t s  Corol lary

give a broad su f f i c i en t  condition for  u to s a t i s f y  them .

4

I.~
uIp• — -• 7. - r  — 

._ -~~~~~~~~ I - - ~~~
• -• - - •~ •

5 — - - — - . — —5— — - -~~~~~~~~5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •!•~~~~~
-5-
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Let S(x) denote the support of .

Theorem 4.1. Let x be a cover for (SC) and let U and ~ satisfy

(1) and (7). If u also satisfies

u(Ax - 1) 0,

then

(12) 
— 

S~ = cx — ue
jcS(x) -~

Proof. Let

s~ 
= [5 e S( ) I 

~~ 
> 0)

and consider the pair of dua l linear programs

(L1) mm [cx Ax > e, 
~ 

1, 5 eS~ 1 x1
� 0, j € N\S

4
3.

and

(D 1 )  max fue + E .~ 94 ua + a 4 — c4, 5 eN; u > 0, ~ � 0)
JaS •~ S

Clearly, i is a feasible solution to (L1) , and ~~~~~~~~~ 
is a feasible

solution to (D
1
). Further, ~ and ~~~~~~~~~ satisf y the complementary

slackness conditions

i(ax— l)u~ = 0 , L e N

(X
j 

_ l)s~ = 0 icS~

• x
5
s
1 

= 0 , J e N ~\S
+

Hence and (ti , )  are optima l solutions to (L1) and (D 1), respectively ,

which imp lies the equality of the two objective function values .
QI E.D.

-5~~~~-5 _ _
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An inisediate consequence of Theorem 4.1 is the following .

Let

T(x) = (icM 1a ’~ = 1).

Corollary 4.1.1. Let ~ be a cover , and let u a nd a sa tisf y ( 1) and

(7). If u also satisfies

(13) U. = 0 , ‘,~ ieM\T(x),

then there exists [j(1),...,j(p))cS
+ such tha t v defined by v~ =

i — l,...,p, together with u, satisfies (5).

Proof. If u satisfies (13) , then together wi th x it satisfies the

complementarity condition of Theorem 4. 1, and therefore (12) holds .

From (12), v~ as defined in the Corollary , together with u , satis fies (5) .

Q. E.D.

Thus , any feasible solution to (D) tha t has positive components onl y

for icT(x) produces a vector v which satisfies (5) .  A p rocedure of the

type outlined in section 2 can be used to find a ma trix C wMch sa t i s f ies

the other requirements of Theorem 2.1. Choosing appropriate  row s h ( i ) e M

will then produce a cut of the family (10) defined in Theorem 3.1.

From the point of view of having a finitely convergent procedure ,

it is essential that the inequalities generated be not on.7 valid but also

new, i.e. ,  no cut should be generated twice.

Given two inequalities of the form (10) with associated index sets

U1 
and W2, the first inequality implies the second one if ~-~d onl y if

W1
cW

2. We will say that an inequality (10) is new, if it is not implied
‘4

by any inequality of the current problem (SC).

- - - ~~~~~~~ 
-- -

~~~ — — — - 5 —  ——~~~~~~
—-

~~~~~~~~~ 
-
~~~~ ..~~ -, ~~~ S 

= 
~~~~~~

- - 
‘ — — — .5=--. —~~-• - - S — —- — 
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Theorem 4.2. The inequality

(10) E x  > 1
jew

of Theorem 3.1 is new if and only if N\W is the support of a cover.

Proof. If N\W is the support of a cover , say x , then x violates

( 10) , whereas it sat isf ies  al l  the inequalities of the current problem (SC) .

Hence (10) is new. Conversely, if N\W does not define a cover, then there

exists a row i€M such that Ni
fl (N\W) = 0, i .e . ,  N~~

cW. But then the cut

(10) defined by W is either identical to, or implied by, the i-th in-

equality of (SC). Q.E.D.

Theorem 4.2 gives a necessary and sufficient condition for an in-

equality (10) to cut off  at  least one cover . Next we give a suf f ic ien t

condition for an inequality (20) to cut off a spec if i ed  prime cover x.

As before we will denote

— [ieMI a~5 
— I) , J a N  .

Rema rk- 4 .1. If x is a prime cover for (SC), then

N
5 

fl T(x) ~~ 0 , VJ c S (~)

Proof. Follows from the definition of T(~) and that of a cover prime.

Theorem 4 3 .  Let x be a prime cover for (SC), let be a known upper

bound on the value of (SC), and let u and s satisfy (1) and (7). Further ,

let

(9) E s � z
~~

= u e
S a s s

for some S~~S(x) , S — [j ( 1) , . . . , j ( p ) ) .  Def ine

— - 
- —— -~~~. - ~~ -., ~~~~~~~~~~~~ .. . - 5  ~~~~~ . . — -— .-—--•

—-5— .- -5——-- -5— —s—- 5- — —— — —5- -5-- ~— — ~ —— -5— —-5—— ____ .___ I ~~~~~~
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(14) v~ R
j ( j ) b  I —

and let C be any pXn 0-1 matrix satisfying conditions (3), \4) and

(15) (1 h = j

C h (i 
= 4 i

i ) 
(~
o h~~~i

Finally, let Q~ 
= tjeN~c15 

= 1) and

p
U = U [Nh (j ) \Qj l )

i=l “

where

(16) h(i) € T(x) fl M
j(i)~ 

I

Then the inequality

(10) E x � 1
• J e w 5

is satisfied by every cover x such that cx < z~ , and cuts off x.

Proof. By assumption , the pai r u , s sat isf ies  (1) and (7) , while

the matrix C satisfies (3) and , toge ther with the vector v de f ined by

(14), satisfies (4). From (9) ,  u and v sati sf y (5) .  The existence of

such a pair C, v follows from (9) and Theorem 2 . 2 .  The additiona l requ~ re-

meat (15) on C can always be met .  Hence the pair c , v defined in the

Theorem exists and satisfies the requirements of Theorems 2 .1  and 3.1.

Further, since j(i)eS(x), we have T(x) flMj(i)~ 
i l,...,p (Rema rk

4.1), i.e., there exists a set of row indices h(i), 1. = i,...,p, sa tisf ying

condition (16) . From that condition , a nd the de f in i t ion  of T(x) , we have

S ( ) f l
~~~(i) [j (i) ) i = l,...,p . 

~~~~ - 

- --‘ --~~- -
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On the o ther  hand , from ( 1 5 ) ,  i ( i ) € Q ~~ i — 1, . .  . ,p .  Hence

S(~) fl [N
h(j~~

Qj] = 0 , i l ,... ,p,

i.e. S(x)fl~! 0 and the in~quality (10) cuts off x.
Q.E.D.

The results of the last two sections can be used to ger~Lra te  a

• famil y of inequa l i t i e s  whose members are different from each ot~ er and

from the in i t i a l  cons t r a in t s  of (SC) , and are satisfied by every cover whose

value is smaller than z~~. Since the fami ly  of such cuts is of c o n s i d e r a b l e

size , one would like to be able to generate some of the “s t r o n g e r ’ memh-~rs ,

according to some reasonable measure of streng th . This will be discussed

in the next sec t ion .  F i rs t , however , we examine ano ther  ques t ion  re la ted

to the properties discussed above .

I f the set Q
0 

defined in Remark 2 .1  is nonempty , then the va r i ab les

indexed by Q
0 

can be set to 0. Since the vector u (and the a s soc ia t ed  s)

used in the d e f i n i t i o n  of Q ) I  is not  required to have any other property

but to satisfy ( 1) ,  the question ar ises  as to which vector  u is more

likely to p roduce a nonempty set Q0, or more general l y ,  a 5.~~:ger set Q0.

Whi le this question is hard to answer in genera l , there is clear an swer

for the case whm the choice is be tween two vectors U1 , u 2 ;uch tha t  U1 - _ U
2
.

Theorem -~~ .4. For k = 1,2 , let satisfy (1) , and defi ie

k
= c

~ — E u 4 a~ . , je N ,
-j ‘ i€M L £3

and 

k k kQ0 — (jaNLs
5 

z
~ 

- u e) .

1 2 1 2Then u < u  implies Q
0~~~~Q0

.

___________________________________ ———--5— —5-5-5-— —--5- - -5_•g_ _ -5---— -5- -- 5-— 5- —-5 ~ _•_L~ ~~_•~_ ~~_-5_ -
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Proof. If jcQ~ , then

1 1
8 . C - ~~ u a  -

~ icM 
I I ;

I

i . e . ,

1c . + ~ U . ‘z;
-~ i €M\14~ 

~- —

and If u1 
- - u 2

, the last  inequa l i ty  imp lies

c + E u ~~z• ~ 1€~ ’\M~~~ ~

i.e.,

2 2
8 = c ~~~- E u a .

~ ~ i€M
u 1

~

> Z~ - u~e ,

. 2hence je Q
0
. Q.E.D.

Thus , th e set Q
0 

def ined  wi th  respec t  to a vector  u ~ i~~isf y ing (1)

is always contained in the set defined wi th respect  to any vector

obtained f rom u by increas ing some of its components (whi le  ma in t a in ing

CiA c). Therefore, In genera t ing  the set Q0, one should always use a

“i~aximal” dual vec to r  u , i . e . ,  one whose components cannot  ~e inc reased

without  decreasing some component or v iola t ing uA c.

5. Generating Cuts

¼ In this  b ect ion  wc discuss two procedures  fo r  gene r~ t~ ng conven ien t ly

st rong members of the fami ly of cuts introduced above . Since all

~aeq ’l i ti ~~s have a right hand side of I and l e f t  hand si~-e coeff ic ients

-4

_ _  

• - •  
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of 3 or t , ‘ -e ~i1l use uS a ~e~ :j’,lr(’ of sire~~~tL N e  uuznh er ~~~~, po8i~ 1ve

c f i c  ien~~-~ he s~ia l1c ~r 1h’ iitnnbcr , lie s tronger th e  In c .  ~~11 t y) . The

fact th at ai-. ~
-ieiu ality A ii stronger than B in this  senae~ .e. , has

fewer posit :v coefficients , du es not Imp ly of course that ~ domi na tes B

or implIes

£ ‘e o c e u Lr ~- CLI’ e n e L : ~tes ~ member of th~ su bf Li m~ lv cha~~ cter~ zed in

~~I.~-o t :. 4 . 3 , i . e .,  an inequ~i1 ity ~ — ich is satisfied b y every solution x

s~~ h t~~~~ t c:~ < z~~, and whio~ also cuts off a specified pri:-~. cove r x.

‘2~~ strengt. . ~f an i~~u~ u a l i :y  (10) , i .e . ,  the s ize of the s~~ ~~~ , d epends

t he i nt c  ~: p ~~~~ the st ~~ of ~~e se t s  ~~ ( 4 ) \Q I l , . . . , p ,  of

2~ eore~i 3 . l .  To h~ v~ p c n v e o~ eT1t l y sma l l , the procedure s~~ s v~

so—- a sequ ~ . ~~ of iu~ ices j (~~~) , 1. = 1 , . .  . ,p ,  cor responding  ~o the l arges t

:L’JUC - .~ c~ s& -s a . ,  ~~S ( x ? .  ~ach row ind ex  h~ i ) ,  1 1, ... , , Is of course
-I

~i-~~sa~-~ from T~ x) fl~ 1j(j) , as pr cr l~~ed by ~-ieorem ~ .3 .  Fu :~~•~er , in order

~a have W •~~~~ srrall as ~os-i i~ la , t i e  ~~-~ uen ce  of row ind i~~ s •~(i~ is chosen

~~ as to -
~~~~~ ;, u - d o  as 1os~~ib1e at  ~ach step kc~ 1 

~ 
5-o m irLmi~~tng

z~-ie set ~ , where ~—? = 0 and
k ~-1

k

~ 
U E N 1~~~~ Q~ , K = l ,...,p.

I_ —I (~~j

S . . nce j S~ I i r n p l i e r  (~~~~- - r k 2 . 1) t h a t  some vu~~:~-h 1e car. ~~ perma nent l y

set to zeu , we a s s u~~ - th•~: t~vis hos aireacy be~~ done for ~ l1 variab’es

ic~de~ ~ci by ç ,  • r i - .t I1US th~~~ are  no s i n g let o n  s e t s  S sat~~~~y L n g  (9)

•~~~~~~~~::~~~~:‘ ~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~ 
- -
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Let M ~r -~- N he the row and column index sets of the cur:ent pr - -~~lem (SC ) ,

let x be a ~r~ me cover for  ~SC ), and l e t  S(x)  = Ci~~~N~~X~ =

-r(x)= ~icM~~~• i). Further , let u and s s a t isty  (1) , (7)  u~ d (9) f o r

+
S = S ,

= [i c S ( x ~~~s~ 0~~.

CUT

S~~ p O .  In itia lf~:t = 0 , K 1 
= S+

, y 1 
= ue, = a .  Let t

( it e ra1 ie~t ~~~uflt er)  and go o

St~ p 1~ D e f i n e

- t, . t
v m~ n z e — ;~~, max sj , [3€K ~jS . = v,J

- 
J e K  ~t

p = ~j € N ~ s ’ •••
~ , M ( t )  = U M

Choose i ( t )  such ~~at

~~
-; \(P~ ~

W
~~ 1) = mm 

~
N j\ (P

~ 
U W

~~~j
)

- ~ ,(t) I cT(x)  f l M ( t )

(b reak ing  ~~
- e~ arhI t ruri1 y~~, and let

= N~~( 
K .:

Then o ne

= W~~ 1 U 
[N

(t)
\P

tl , ~~~~ 
= + v~ .

If 
~~~~ 

z ,~ , go to 2 .  Otherwise , let

(
I t

“1 
— v~ i € N j ( t )  Pt

- 8
5- otherwIse ,

~

5-i:I i I IIIJ
I°
:~

°

__
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Step .~~~ J e l in e  W = 
~~~ 

and add to the constraints of (SC) the inequality

~-- x -
~~ I--

The or cT - J .  In i :e r a t i o n s , procedure CUT generates an i n e q u a l i t y

s a t i s f i e d  b y ~ve rv  - v e r  x s uch that cx < z~~, and v io la ted  b y x .

Proof. ~ t nc e  K
1 S~ cecreases  b y one element at each i t e r a t i o n , the

pr ocedure  ends in L S~~ i t e r~ t i on s .  Nex t  we show tha t  the i nequa l i t y  genera ted

b y the p r o c c - c - u r e  s i ti s f i e s  Lii e c o n d i t i o n s  of Theorem 4 .3.

The vectors u , s s a t l s :y  ( 1) and ( 7 ) .  The vector  v u~~~- . in the procedure

s a t i s f i e s  cor:~. i t t ~~n (14)  of Theorem 4 .3 , while the matr ix  C used in the

?r ocedure (~ • c~t s t a t ed  exp 11~~~t 1y) is def ined  by

i = P~~I : N ~~~~

~~~

0 otherwise

s ’ — a t i s f ~~e~ r j - - ~~~ re r ; ien c  i 3 ~ end also  (15) , s ince  1( t) 1 N j ( t )  fl

is unique [ f r s n  i ( t ) € T ( ~~) }  ~.nd J ( t )  ~ j ( t — 1 ) , ~ = 2 , . . . , p .  From the d e f i n i t io n

of the sets P , it thilows that C and v sat i sf y (4) . The p~ ing rule

- 
• 

> guarantees  t h ~a t  ftc set S = [ j ( I ) , . . . , j ( pf l ,  whe :~ p is the nu~i~~

of it e r a t i on s , s a t i s f i e s  (9~~. F i n a l l y,  the choice of i( t )  ~n step 1 insures

~r &t  cc :~- 1 l t ior .  ( l6~ is m e t .  - Q . E . D .

- ~
_ No te taat  the  above Ln ~ q u al ity  was ob tained for  a given val ue of z~~.

la ter  th~ ~pp er  bound z
~ 

is improved , i.e., rep laced by &‘
~ < z~~, the cut

can be s tr e •~~~~~ned . ~~ime ly ,  we have

_ _ _ _ _ _ _  

~~ 
_

~~~~~~~~~~~~~~~~~~~~~~~~ ±
-
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Coroll r•’ 5 . 1 . 1 .  Sup?ose

x
( 17) j~w

is a cut obtained in p i terat ions of CUT fo r  an upper  bound z~~, and

subsequently z~ is rep laced by z~ < z~~. Then every cover x for which

cx < z~ sa t i s f ies

(18) x~ :~ I ,

where k is the greates t  intager , if i t  exists , such that

-C-

~~~ 7 — “ ‘

~~~~~ 
p-fl-i  - - U ‘ U ’

or else k = 3.

Proof .  At the end of D i te ra t ions  of CUT , we have

• p
(20) y~~~1 

= ue 4- v~ z~ ,

which imp l~ es tha t  the inecua l i ty  ( 17) is s a t i s f i e d  by every cover be t t e r

than the one associated wie~i z~~. Sub tracting (19~ from (~~I) y ields

p-I:
Tp-k+1 ue -

~ E v ~ > ~~~

which imp Le~ tha t  the inec,uality (18) is s a t i s f i ed  by every cover be t te r

than the o~ e associated wi th  z~~. Q.E.D.

The i~~for m et I o n  requi red  in order to be able to st r e n i th e n  a cut

generited ~y cur I wh” ’ve:’ n , is improved , is the sequence of pairs

(W1, v1) ~~~ ~W1, v2
) , . . . , Ol

p
Wp_ l~ 

v~)

, 
~~~~~~~~~~~~~~~~~
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‘ . Gen erat ing  Prime Covers

Any a1~~~~~thT ~ based on the cutting p la nes introduced in this paper

needs to -~~e . -a te  r epea t ed l y prime c overs fo r  the current  problem (SC) ,

and feas ib1~.. s o l u t i o n s  to t h e  dual  (D) of the l inear program associated

with  (SC) .  In th i s  sect ion we discus s seine heuristics for generating

reaso nabl y good pr ime cover~i for (SC) and feasible solutions to (D) , “good”

in the sense of giving tigh t bounds.

The procedure PRIMAL 1, to be described below , is  a kin d o f ” greed y”

al gor i thm , yh~ ch s e l ec t s  a t  each s tep  the locally most prou .~sing column ,

~~d in one ,;ass produces a •usually remarkably good) prime cover x.

As before , let  M and N be the row and column index set of the current

problem (SC) , w i t h  M~ 1i€ ~t~ a~~ ~~ 
and N

i 
= ~i~~N~ a

1~ 1~~. F u r t h e r , let

z
~ 

be ~: up~ cr bound and Z
L 

a lower bound on the va lue  of (SC) .

‘5- PRIMA L I

Step 3 . I n i t i a l i z e  R
1 

= m , = 0 , t 1, and go to 1.

/1 ~~~~~~~~ If  R t 
= 0, set S = S~ and go to 2 . Otherwise , defir .e

1(t) (i eR~ f 1N 1~ = mm I N h i )  , NI( t) = L N1hcR
~ j~~

- 
( t )

I f  0 , s t o p ;  the cover correspond ing to z~ is opt imal .

Otherwise , -2hoose j ( t )  € N
I(t) 

such that

cl ( t) /IR t
f l M

j(t)~ 
= mm 

~
cj I~

R
~

flM j 1)
~ 1( t)

¼
it thi’-~ : n ir i ~iuw is  ‘tn - -

~. If i t  is not , and i t  is a t t a i n e d  fo r

~s.J(t) , t J ( t ~~ ~~
- 1 , ch oose j(t) such that

- - -~~~~~~~ -~~~— ~~~~~~ — -
•~~~~~ ,~~~~~~~ -~~~~~ - -5 ~. — ~~~ - - - -5 - ---5— — - — --~~~~------ - -
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{R~ 
~~J (t )1 = max IR

t
f l M . I

j € J ( t )  -~

and i f  t h e r e  ~ e f u r t h f r t ies , break them b y maxim i z ing M~I .
Then set S~~~1 

= S~ U t j ( t ) L  R
~~~1 

= R t\M .( t ) ~ 
t 4- t + 1, anC. go to 1.

Step 2. Consider the elements I e S  in order of decreasing costs  c~~,

.it’ ~~ if

M ~~ M,
I

remove I f- c~ S . If all i~ o have been considered , x de f ined by X
1

j  ~~S , X
j 

= 0 oth cr .j i se , is a prime cover . If cx < z~ , set z
T 

cx and stop .

if z
r 1

L’ 
X is optimal.

The to , it behind the choice of j ( t )  in Step 1 is tha t , the sma l ler

the number of column s t h a t  can be used to cove r a p a r t i c u l a r  row , say I ,

the hig he r r±e pr ice to be ?a td f o r  not covering o p t ima l l y  row i is Uke l y

to be. Therefore the proce~1ure first chooses a row 1(t) wi th a minimum

number of l’ s in i t , then a’ong the column s which can be used to c over row

i (t ) , i t  selects  one w i t h  minimum cost per row covered . Ties are  b roken

by choosing the column which covers the largest number of new rows (a t

the same unit  cost) , or , if there s t i l l  is a tie , the column which cove rs

the largest tota l number of rows . When all the rows have been covered

(R
~ 

= 0), step 2 checks whether  the cover is prime , and makes i t  prime if

necessa ry b-j dropp ing redundant  columns in order  of decreasing Cost .

¼

I
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The above procedure gen2rates a prime cover for the current problem

(SC) by st a r t ~ ng f rom sc ra tch . Though th i s  procedure is relat ivel y

cheap, i t  i~ :,av€ ’r theless  o f t e n  d e s i r a b l e  to have a procedure which s t a r t s

with  a pa r tia l  cover ra ther  than f rom scratch . For ins tance , if

S(x) f l Q0 ~ 0, where S ( x )  is the support  of the cu r r en t  prime cover x and Q0
is the set of ~ ema rk 2 . 1, i . e . ,  if some variables which are at I in the

current  cover can be f ixed  at 0 , i t  is desirable to f ind a new cover

s t a r t i ng  wi th  S = S ( x )\ Q 0 . Also , when x is a prime cover for  the cur ren t

problem (Sd - ~ut  ceases to te a cover because of the add i t ion  to (SC) of

new cu t s , x can be used as a pa r t i a l  cover to s tar t  the proce dure for  f i n d i n g  a

new cover .  PRIMA L 2 is a modified version of PRIMAL 1, which dif f e r s  f rom

the l a t t e r  ~nl y in the i r i i r :a l i z a t i on  st ep,  where S1 
= 0 is rep laced b y

S~ S(s), the support c f  the p a r t i a l  cover that  we wish to s tar t  wi th .

Finally, it often happens that a good dua l solution u is found , i . e . ,

one which v -:lds a high lowt:r bound ue , bu t wh ich , toge ther with the associated

reduced cos : ~‘ecrm s , does not s a t i s f y  (9) f o r  S S(x), where x i~ the

current cover. If (9) cannot be satisfied for any set S~~ N~ then of course

we have no choice other than to modi fy  u and s , i. e . ,  dec rease some compone~ ..

of u , which wil l  then increase (u sua l l y by more) the sum of the reduced cos ts .

If , however , and s satisf/ (9) for S N, then it is worth try ing to change

the cover r~ rher than the vector u ; for  if a cover (any cover) ~ can be
I

found such that (9) holds f-3r S = S(~~) ,  then a cut can be ~~~ era ted  whose

strength de?end s only on u , s and z~ , but not on c~~. In cth~ r words , no

— - 

. 

—- - - - - -
5- 
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ma t te r  how bad the new cover ~ is in te rms of the associated objective

function , t it makes (9) hold for u, s then it provides for a better

starting point for a cut than could be obtained by keep ing the old cover

x and changing u and s.

The procedure PRIMAL ~ is meant for s i t ua t ions  like ~~~~ It s t a r t s

with the old cover x , and successivel y introduces variables x . such that
3

;‘ 0. Every t ime such a variable is introduced , another variable xh ,

such that  = 0 , is dropped . Furthermore , x . is chose n sc~ as to cover

at least one row not covered b y ot her variables wi th  positi ve reduced

coa t , and x.~, is chosen so ~s to leave at least one row covered only by X
1

.

These choice rules  a r e in tended to keep the cover prime if possible.  When

this procedure cannot be continued further , then the partial cover at hand

is comp lete-i 5y us ing  as few column s as possible , agai n in an a t t empt  to

keep the cover prime . The cover obtained this way is then made pri me ,

if necessary , by removing some va r i ab l e ( s )  x~ , pre fe rab ly  such tha t s • = 0 .

As before , let T(x) = 
~ieMla

1
x l}, S~ = U C S ( x )  S

j 
> 0) ,  and de note

[iaN~s~ > 0). We ass~.me tha t

- 
z
~ 

- ue.

PRIMA L 3

Step 3. I n i t i a l i z e  S
1 

= S(x ) , K
1 

= N+\S+, R1 
M\ U M

1
, and go to 1.

-i cs

Step 1. I f  R t = 0,  set S = S~~ and go to 3. If Rt ~ 
-~~ but

M
J
PR

~ 
= 

~
, ‘

~~ 
j cK~~, or 5

j 
>0 , 

~ 
jcS~ , set R

t 
= M \ E  M . ~~ d go to 2.

3€ S

Ot herwise choose j ( t , l) cK
~ 

and j ( t , 2) cS t\N
+ such th at

-
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lMj(t l) f l R
t I = 

~~~~~~ 
flR

~
j

and

Ll(t ,?) f lMj ( t  1) f lR
~~ jeS

t
\N
~ 

LM flM
j(t l) 

f lR
t I .

Then S~~ 1 
= S

~~
U[j(t,l)}\[J(t,2)), Kt÷l = K

~~
\ C j ( t , l )) ,  R

t÷i 
= R t\MI ( t l) ,

t — t + 1, and go to 1.

Step 2. If R
t 0, set S = S~~ and go to 3. If ~ 0 but M f l R

5 
= 0,

~ 
j cN\S~~, s top;  the cove r corresponding to z~ is optima l. Otherwise , choose

J ( t )  such t ha t

~~j(t) ~~~~ 
m~x t M  ~~~~~

set 5t+l ~~U ( j ( t ) ) ,  R t+l = R
t~~ j(t)~ 

t t + 1, and go to 2.

Step i. Conside r f i r s t  the elements icS such tha t s~ = 0, then the

r~~aining icS , and if

U M . = M ,

remove i from S. If all  icS have been considered , x d e f in ~ c~ by x = 1,

j€S , x~ = 0 otherwise , is a prime cover. If

L a  > z
~~

_ u e ,
I

-
~ then a can be used to generate a cut. Otherwise u and a have to be modified .

Next we turn to the problem of generating “good” feasible solutions u

to (D). 

~~~~~~~~~~ ~~~~~~1 _ 
.
~~~~~~~~~~~
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7. Cenerat; n~~Fea sible Solutions to (D)

As already mentioned , the quality of a solution u to (D) is given by

the quality of the lower bound ue on the value of (SC) , provided that  u and

th e associated reduced costs S
j 

s a t i s f y (9) fo r  S = S(x ) . Among two

feasible solutions to (D) with the same value ue , the one with a higher

value of ~ = E s . is like1y to produce a disjunction (6) with fewer ter~ns
j€N

and more elements in each term , i.e . ,  a st ronger cu t .  Hence the purpose

of our heur is t ics  w i l l  be to approximate  as much as possible the lexicograp hic

maximum of the two-componen t  veCtor (ue , c) . -

This is - / n a t  the procedure DUAL 1, to be described below , t r ies  to

accomp lish . It successively assigns values to components o~ u , which are

maxima l s u b j e c t  to  the dual cons t ra in t s  and the ear l ier  va iu e -a s s ignment s .

The order in which the values are assigned is crucial to the quality of the

resulting solution , and DUAL I considers the rows of A in order of increasing

N1. Once a value has been assigned to each component of u, the set Q0 of

Remark 2 .1  is identified and the corresponding variables are set to zero .

If u and the associated s satisfy (9) for S = S(x~ , then can be used

to generate a cut. Otherwi3e either th e cover n ust be cha i~~d as discus—ed

in the previous section (see PRIMAL 3), or the vector u must be adjusted

(see DUAL 3 below).

Let S(x) be the support o~ a prime cover for the current problem (SC),

and let and be an up~er and a lower bound , respectively, on the value

of (SC).
~*1
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DUAL 1

Step 0. initialize R
1 

= M , u1 = 0 , 
~~l c , t 1, and go to 1.

Step I. If Rt 
= 0, go to 3. Otherwise choose 1(t) such that

Nj(t) mm IN 1 L ,
icRt

and set

i = 1( t )  s~ + - ~~~~ 
- 

J €N
i(t)

t S otherwiseU~ otherwise, -~

Define

t+lF
~ 

= [i€ N i(t ) l s j  
= 0) , M(t) = U N

j€F
~

set R
~+i 

R
~
’\M(t ) , t — t + 1 , and go to 1.

Step 2. If u
t
e z~~, ~~~ = u t e , s tore  s~ In place of the vector s

associated wi th  the previous bound Z
L~ 

and s top .  If Z
L ~~ the cover

associated wi th z~ is optimal.

As already mentioned , the choice of 1(t) is crucial for the efficiency

of the procedure . Since the rule of Step 1 us ual l y leads to ties , one may

want to thirk of secondary criteria . Several such criteria are currently

being tested . One which has been found to frequently improve the quality 

5- 

-

— 5-_~_J~ 5- _ _



— - -

- 3 5 —

of the solu~Aons is ~o give pr e f e r e n c e  to i c T ( x 1  over  t cN\T ( in  choosing

i( t~ in Step 1.

Whilt~ DUAL 1 is a coviputationall y cheap one pass procedure , it starts

from scratch every time a new pair of vectors u , s is to iC found . Next

we state a procedure (DUAL 2) which starts from a dual vector u and

modifies it after the addition of a new cut and the findin~ of a new cover ,

by setting to 1 the variable associated with the new inequality, and

adjusting the values of some other variables .

Let ti. be the index of the last inequality added to (SC) after

generating the current dua l vector u = (u1,... ,u 1
) and trie associated

reduced cosc vector s. Further , let x be a cover for the current (SC),

S(x) its support , and T(x) = ~i c M t a 1 
= 1) .

DUAL 2

Step 3. InitIalize

1 j = m

0 i€ r :~\Tc~) J

u~ otherwise,

= c - u ’A , and K~ = {jcNit~ ~ 0). S t  t — 1 and go to L.

Step Ia. If K = 0 , set K° = = 0 ) ,  R
~ 

= ~icM~~c f l K~ = 0),

and go to I. Otherwise, choose 1( t) such tha t

= max IN I n IC I,i €M\ t m ) j u 1~~ O t

set

(
-- 5--

~

- 5- -
. ~~~~~~ 
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I 

u~ — 1 1 = i ( t )  
t+l 

s~ + 1 ~IN l ( t )

u~ otherwise otherwise.

- 

- 

Then set K +. = [jcN~~~
+l < 3), t — t + 1, and go to Ia.

Steps 1-2 are the same as in DUAL 1.

Finally, we have to dea l w i t h  the s i t u a t i o n  when a pai r  u , s has to

be adjusted so as to satisf y (9) for some S = S~x), where x is a g
iven

prime cover. The following procedure is meant t~ ach ieve this .

_____
DUAL 3

Step 0. Initialize u
1 

= u , = s, U = ~icM\T(x)~~u~ 0 ) .  Set — I

and go to i .

Step I. Choose i ( t  such that

1N (t)
flS(x)

~ 
= nax

Then set

- 1 i = 1(t)  ç U~ + I 
I C N I ( t )

t+1 
— 

~- t+l 
=

3 

~
( t otherwise -

- 
u1 

otherwise , ( 3

If u and s s a t i s f y (9~~ fo r S = S(x) , st op~ s = s can bet+ . N-I —

used in CUT 1. O the rwi se , set U = U ~i (t ~~), t t -1-- 
~~~, a~ d go to I .

t

- - — 5- 

.
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- - Th e heur i s t i cs  d i scuss€ — d here  f i nd reasonably  good dua l vec to rs  u at

a low computationa 1 cost. Another possibility is , o f course , to solve ( D )

by the simp lex m e t h o ~~. Whi e th i s  is more costl y, onl y comj)utationa l

testing can show whet 1~ - i  the improvement  in the bound ue is worth the

extra compu~~tiona l e f f o r t .

8. Algorithms

In this section we present two algorithms for solving set covering

problems by c u t t i n g  p lanes from condi t iona l bounds.

They use as ingredient ; the procedures discussed in the last three

sections (for generating prime covers , feasible dual vectors and valid

cutting planes), and the following three subroutines for updating cuts and

fixing variables whenever poss ib le .

STRE NC ?~~ N ( t o  be used wheneve r PRIMAL rep lace s ~~
1d 

by z ) .

I n every cut E x . ~ 
I , rep lace ~ by W -k’ where k is the g reatest

j€ W~~~ 
p p

p old new
integer such that V +. . .+ Vp k+l ~ 

Z
U 

-

TEST I ( to be used a f t e r  STRENGT}TEN~~.

Let s b~ the reduced cost vector ~issc cia~ ed with Z
L~ 

and let S(x) be

the support of the l-s t cover x. Define

— [1€Nt8
3 ~~~~ -

- set x
3 

= 0 , jcQ0, and N .- N\Q 0. ~f N c S ( x ) , the cover associated

new .with z~ is optimal. 

~~~~. ~~~~~~~~~~~~~~~~~ __ 
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TEST 2 ( to  be used a f t e r  DUAL) .

Same as TEST I , except for  the fac t  that ~ anew and Z
L 
are replaced

by 8~ z~ and u
te respectively, where u

t is the last dual vector obtained ,

s~ is the reduced cost vector associated with u~~, a nd z~ is the current

upper bound .

Algorithm 1 starts by initializing the upper bound Z
U 

at and

the lower bound z
1~ at 0. A typical iteration consists of the following

sequence of steps .

A. Use PRIMAL 1 or 2 to generate a prime cover x. If z~~is improved ,

go to CI; otherwise go to B:.

BI. Use DUAL I to generate a dua l vector u and go to C2.

B2. L’ e DUAL 3 to adjust u and s and go to D.

Cl . ~~~~~ TEST 1 to fix variables. If NcS(x), stop. Otherwise,

if x is still a cover , go to BI; else go to A.

C2. App ly TEST 2 to fix variables. If NcS(x), stop . Otherwise,

if x is st:ll a cover and (9) holds for S = S(x), go to D; if (9) does
- 

- 

not hold for S = S(x), go to B2; and if x is not any more a cover , go to A.

D. Use CUT to generate a valid inequality which cuts off the last

cover. Adc the new inequality to (SC) and go to A .

Algorithm I seems the simplest possible way to use t~~ cuts from

conditiona l bounds. Algorithm 2, stated below , is a more sophisticated

procedure based on the same approach , which (a) strengthens the cuts

whenever z
L 

is improved; (r) avoids starting from scra .ch ~-~er’- time a

new cover ~-.r a new dua l solution is generated by using the “updating”

procedures P~.IMAL 2 and DUAL 2, with a periodic return to ?RIMA L 1 

~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~~~~
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and DUAL 1; .~rid (c) uses PRIMAL 3 whenever ZL is improved ~nd (9) does

not hold for the current cover , to find a prime cover x such that u and

s satisfy (9) for S = S(x). Since the chances for finding a better cover

than the current best one a~-e steadil y diminishing during the procedure ,

the parameter ~ defining the number of iterations after which we return

to PRIMAL 1 is doubled every time the latter procedure is app lied; while

the parameter ~ defining the frequency of return to DUAL 1 s kept constant.

After initializing z~ , ZL, ~ and ~, a typical iteration of Algorithm 2

consists of some of the fo l lowi ng s teps .

Al.  Use PRI MAL I to generate a prime cover x , a nd double the -

value of c~. I f ZU is imp r oved , go to Cl;  otherwise to BI.

A2. Use PRIMAL 2 to generate a prime cover x. If is improved , go

to Cl; otherwise go to B2 , or (if no cut was added after obtaining last

vector u, or E2 was used ~ times since last use of Bi) to 81.

A3. Use PRIMAL 3 to generate a prime cover x. If the last u and a

satisfying (9) for S = S(x), go to D; otherwise go to B3.

81. Use DUAL 1 to generate a dual vector t i  and go tc C2.

82. Use DUAL 2 to generate a dual vector u and go to C2 .

83. Use DUAL 3 to adjust u and a and go to D.

• Cl. Use STRE NGTHE N to strengthen the cuts , and TEST 1 to f ix  variables.

If NcS(x), stop . Otherwise, if x is still a cover, go to El; else go to A2.

C2. Use TEST 2 to fix variables. If NGS(x), stop. Otnerwise, if

x is still a cover and (9) holds for S = S(x), go to D; if (9) does not

hold for S = S(x) but holds for S = N , go to A3; and if ( 9) aoes not hold

for S = N, go to 81; f i n a l l y ,  if x is not any more a cover , ~,o to A2.

D. Use CUT to generate an inequality which cuts QE~ the last

cover. If ~ cuts have been generated since the last use of ?RIMAL 1. or 2,

go to Al ; otherwise go to A2.

~~~~~~~~ 

-.
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We cal l  an i t e r a t i o n  of Algor i thm 2 a sequence of steps , including

C2, which results either in generating a cut or in fixing some variables.

9. Numerical Example

Consider the se t covering problem whose cost vector c and coef f i c ien t

matrix A are shown in Tableau 3 , and which is obtained from the 32-variables

example of (8] by removing 9 coltnnns (12 ,13,17,20,21,27 ,28,29 ,30)

dominated by s~mis of other columns.

1 2  3 4 5  6 7 8  9 lO ll 12 13 14 15 16 17 18 19 20 21 22 23

c . 1 1 1 1 1 1 1 1 2 2 2 2 2 3 3 3 4 4 5 5 5 8 9

A 1 1  1 1 1  1 1

2 1 1 1 1 1 1

3 1 1 1 1 1 1
4 1 1 1. 1

5 1 1 1 1 1

6 1 1 1 1

7 1 1 1
8 1 1 1  1

9~~ 1 1 1 1
1 0 1  1 1 1 1

11 1 1  1 1 1  1

12 1 1 1  1 1 1
13 1 1 1
14 1 1 1 1

-:1 15 1 1 1 1 1 1

Tableau 3.

P1~

We apply Algorithm 2. To s tar t  with , we set z — E c 67 ,

Z
t

O, Q l ,~~~~~
2.

~ 

:~~~:~::~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~
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Iteration 1.

Al. PRIMAL I.

Step 0. = [i ,.. . ,l5), S
1 

= 0.

Step 1. mm LNh~ 
is attained for hct (1) [7 , 13), N1(1) = [7 ,11,20 ,22 ,23).

mm c
1
/IR 1 flM

1 I is attained for j(l) = 23. S
2 

= [23), R
2 

= [5,7,9,12,14).

I (1)

App lying Step 1 four more times , we determine the sequence of indices

j (2 )  7 , j ( 3) = 8, j(4) = 16, j(5) = 5, i.e., S = [5 ,7 ,8 ,16 ,23 1.

Step 2. The vector x ciefined by x . = 1, jcS , = 0, 3sN\S, is a prime

cover. The associated upper bound is z~ = 15, and T(x)= M\11,2,3,8). We

set ~~ — 2~~ = 2.

Cl. STRENGTHEN. There is no cut yet to strengthen.

TEST 1. Q0 = [jcN~s1 ~ 
15 - ol 0 (here s~ = C

1
, jaN); we go to 81.

81. DUAL 1.

Step 0. R.1 = [1 , .  ..,is), u’ = 0, a
1 

— c.

Step 1. mm 
— IN .~ 

3, i(1) — [7) ,  u~ — 1, u~ u~ , i ~ 7, and
i€R1

flT(x) ~.

~2 (1 ,1,1, 1,1,1,0 , 1, 2 , 2 ,2 , 2 ,2 ,3, 3 ,3,4 ,4 , 5 , 4 , 5 ,7 ,9 ) .

F1 
= ~7), M(l) M~, = [7), R

2 
— R1\M(l) = [l ,...,e ,8 , .  . . ,15).

- - 

- 

Applying Step 1 seven more times we choose the sequence of indices

i(2)  = 13, .(3) = 4, i(4) 6 , i(S) = 9, i(6) 14 , i (7 )  = 10, i(8) = 15 ,

and obtain the vectors u9 
= (0,0,0,1,0,1,1,0,1,1,0,0,2,3,2),

(1,1,1,0, l ,0 ,O ,O ,O , 1,O ,1,~~,O , l , O ,4 , O ,2 ,O , l , O , 2), a f t e r which R9 0.

Step 2. u9e = 12 > 0 = z~ , hence we set Z
L 

= 12 and store S
9

.

C2. TE~~ 2. Q0 = [jeN ~ s~ > 15 — 12) — [17). We set x17 = 0, N -

Since Q0 f lS (x )  = 0, and ~ — 
s9 = 3 ‘ - u9e — 3, we go to D.

j€S (x)

r

~ 

--
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I). CUT. T(x) = ~~~[1 ,2,3 ,8), s~ = =

Step 0. W
0 

= 0, 
~~ 

— (5 ,23), y1 = 12 , ~ 1 
—

- 
-

- 

Step 1. v1 
= min [15—12 , max [1,2)J = 2 , 9 = ~23j, P1 

— ~l3 ,19,23),

M( l)  = M23 = ~1 ,. . - ,4,6,8,10,l1 ,13 ,15), an~

~
N13\[13,l9,23)l = m m  

~
N
~
\[I3,l9 ,23U 2

i€T(x) flM(1)

Hence i(1) = 13, and j(l) = N 13 119 — [23). ‘~~~ have ~~(l3) — 13 ~~~
1 

=

[11 ,20), 
~~~ 

= 12 + 2 = 14 = IS , and

— (1,1,1,O ,1,0,O ,O ,O ,l ,O ,l ,2 ,O ,l ,0,*,O ,2 .O , 1 ,O~~O)

(here and in the following, stars rep lace the entries corresponding to

variables that have been fixed) . Further , — 1S ,flj -i23~ —

Step 1. v2 = min [15-14, 1) 1; 9 — [5); P2 
= [1 ,2 , 3,S , 1O , l2 , 13 , l5 , 19 ,2 1j ,

M(2) = [5). We have i ( 2)  — [5), j(2) ~5), w2 
= [11 ,20) L 114 ,2 2 ) ,  and

— 14 + I > = 15.

Step 2. We add to (SC) the cut

X fl + X 1~ 
+ x

20 + > I

as the 16th inequality, and store the pairs (W1 
= [11 ,20), v1 = 2 ) ,

(W
2
\W

1 
= [14 ,22), v2 

= 1).

Iteration 2.

A2. PRIMAL 2.

Step 0. R1 
= (16), S

1 
[5,7,8,16,23)

Step 1. 1(1) [16), N1(1) [11 ,14,20 ,22), j(1) 1..

s2 
= [5,7,8,11,16,23), R2 = 0.

Step 2. The vector x whose support is S = s2\[~ ) = [~ ,8,I1 ,16 ,23},

is a prime cover, with cx -= 16 and T(x) = M\[1,2,3,8,13}.

~

- -  

~~T~_1T: - •
~ : -

~~~

‘ =

~~~~~ 
- -
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B2. DUAL 2.

Step 0. ~n — 16. Initialize u1 = (O ,O ,O ,I ,0,l ,l ,O ,1,l ,0,0,O ,3 ,2 ,1.),

8
1

= (1,1,1,O,1,0,O ,O,O,l,1,1,2,_1 ,1,O,*,O,2,1,1,_ 1 ,4) , K~ - (14 ,22).

Step Ia . i(l) = [14), we set u
2 

= (0,0,0,1,0,1,1,0,1,1,0,0,0,2,2 ,1),

= (1 ,l ,1,0,l ,O ,O ,O ,O ,l,l ,l ,2,0,l ,l,*,l ,2 ,l ,l ,O ,4), K; — o.

Step Ia. K~ = [4 ,6,7,8,
9,14 ,22), R

2 
= [3 ,ll ,l3L

Step 1. Since R2
11T(x) = [11), we set i(2) = 11, u~1 

= mm s~ = 1 ,

u~ = u~, i ~ 11, and S
3 

= (1,1,1,0,1,O,0,0,O,l,1,0,1,0,O,l,*,0,l,l,l ,0,3).

Further , F
2 

= [12 ,15,18), M(2) = [2 ,4,8,9,ll ,l2 ,l4 ,15~~~, and R
3 = [3 ,13)

In two more iterations of Step 1, we set i(3) = 13, u~3 = 1 , and

i( 4) = 3, u~ = 1, a nd obtain the vectors u5 
= (0,0,1,l ,0,l,1,0,l,l ,l ,O,l ,2 ,2,1)

and = (l ,1,0,O ,1,O ,O ,O ,0,O ,0,O ,l ,0,O ,0,*,O,0,O ,O ,0,l), at which point R5 
= 0.

Step 2. u
5e = 13 > 12 = hence we set ZL 

= 13 and store s~ in p lace

of s

C2. TEST 2. = {j€N ’ s~ > 15 — 13) = 0, i s~ = I < 15 - 1~ ,
jcS (~~) 

‘

hence we go to A3.

A3. PRIMA L 3.

Step 0. Initialize S
1 

= [7,8,11,16,23), 
~~ 

= [l ,2 ,5 ,l3~~, R 1 [5 , 7 ,9 , l2 , lt , f

- Step 1. max ~M1
11R

1~ 
= 1 , j(1,l) 5; j(1,2) 11. S

2 
= [5 ,7 ,8,16 ,23),

jeK1

K2 [1,2,13), R2 [7,9,12,14,16).

Step 1. U M
1 

11R
2 

— 0; we set R2 = !~\ U 144 [16).

!1 
~
‘
~2 

_j€S
2 ~

Step 2. ~(2) = [20), S
3 

= [5 ,7,8,16,20 ,23), R
3 

= 0.

Step 3. U 14 = 14, S = [5,8,16,20,23). Since E 
— 

S
5 

= 2 15 - 13,

~~ jeS\(7) ~ JcS (x)
we go to D.
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D. CUT generates the cut

+ x 11 + X 14 + x 19 + x 21 + x22 > I

(which becomes the 17th inequality), and the pairs (W1 
— [b ,i.9,21), v1 1),

(W 2\W1 
= [11 ,14 ,22), v2 — 1).

Since ~ = 2 and 2 cuts have been generated , we go to Al.

Iteration 3.

Al , PRIMAL 1. produces the prime cover x defined by

S (x) = [4,6,7 ,8,10 ,11,15 ,16), with T(x) = t .1N[3,12 ,17) and cx = 14. Since

14 < z~ = I~ , we set z~ = 15, - = 4, and go to Cl.

Cl. STRENGTHEN. Since z~ was improved by 15 - 14 = i , and V = v
2 

= 1

for both cuts 16 and 17, each of them can be strengthened oy rep lacing

with W1. This yields

x11 + x 20 > 1  and x
6 + x 19 + x 21

> 1

as the strengthened inequalities 16 and 17.

TEST 1. Q0 = [jeNts~ ~-‘ 14 - 13) = [1,2,5,13 ,23). we set x
1 

= x
2 = x5 

=

— x
23 = 0, N [3,4,6,...,l2 ,i4 ,ls,l6 ,l8 ,...,22), and since x is still

a cover , we go to 81.

Bi. UAL 1 oroduces the vectors u1° = (O ,2 ,0,1 ,0,1,1,i,0,1,0,1,2 ,0,2 ,0,~~)

and 810 (*,*,],O,*,O,O,O,O,l ,O ,2,*,3,O,O,*,O,o,O ,l ,l ,*), with ue = 12.

C2. TEST 2. Q0 = (J€N ~ S~~
0 
� 16 - 12) = [12 ,14J . We set = x

14 
— 0,

N — [3,4,6,.. .,1l ,15,16 ,1.8,...,22). Si nce Q
0
11S(x) = 0 arid

E 
— 

~l0 = 1. < 14 - 12, but E a
10 

= 4 > 2, we go to A3 .
J~ S(x) -~ J aN -~

A3. PRIMAL 3. S(x) = [4,8,11,15,16,21,22), cx = 23.

D. CUT. x
6 + x

19 + x 20 �l .

Iteration 4 uses the sequence of steps A2 , B2, C2, D. Step C2 sets

= 0 , while D generates the cut x18 + x19 + x20 ~ 1.

Iteration S consists of A2 , B2 , C2 , D , and produces the cut + x19 ~ 1. 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ -~~~~~~~~~~ - ~~~~~~~ . _ _T1

~~
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Iteration 6. A2 , BI , C2 , x22 
= 0.

Iteration 7. A2 , Bi , C2, x9 = x18 
= 0.

Iteration 8. A2 , Bi. DUAL 1 produces the vector

(0,3,0,1,2,1,1 ,0,1 ,2,3,0,0,0,0,0,0,0,1 ,0), with ue 15; we set Z
L

and since Z
L ~ 

z~ = 14, the cover associated with z
~ 

is opL~~al. This i~ x

such that x . = 1, j = 4,6,7 ,8,10 ,11,15 ,16 , x = 0 otherwisL .I

10. Prelimina ry Computat iona l Exper ience

A version of Algor i thm I was imp lemented b y Rohet  To 1~~~. in FORTRA N f cr t~ --

IBM 360/67 computer at CMU , and a number of tes t  p rob lems  gen erat ed by Sal~-~ r~ ri

Koncal (91 were run . The results are stmmarized in Tableau 1, and compared

to an involt tory basis Cut algorithm due to Bowmen and St~:~ . The latter

is an improv~~ent over the 3ellmore-Ratljff procedure , in t~ jt it uses a

vector partial ordering to select a strong member of the f~~ :ly of invH - - t~~rv

basis cuts that can be generated at each step.

Tableau 1

-; 1 1 C - ~~:~~r i~~-~-i 
-

~~

i~~ lu t o rv  basis
No. Cons traints Variables Iterations Cuts c-J :.

1 104 133 18 15 120

2 200 300 35 30 49

3 200 413 55 49 365

4 200 500 238* 237* 3000*

5 50 450 25 17 464

6 36 45S 2 1 32

7 46 683 10 5 108

8 50 905 19 17 241 -
_____________ ___________ ____________ _______ ___________—-----—- ---

~

*lj nfj nj shed run

~~~~ -

-. 

- -~~~~~~~~ - ~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 1~~~  
- -_ _
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The d~~~
_
~~~~nicv t- c~ - t - t u :~~~- aoi -’~ .-~~ a t  i~ e r-t ~ o~is arid ~~:, au;- t~ -r 01 cute

~~~~ c.ut- to  t i :  ~~J (- k  t h a t , ~~~~ ~i irts h -e w~~i~~l ~ ~ri ~he ~~~~ :erit c v u- Is

to ~~, th~. ~ 1~’, t t t ! ~s m ’t r~-~ ‘a ~ 5- t~~~ A tC ~ ~~~~ - - o ~~• u -~. ~j Vc~ L u _ t o o ’ i

oi ~;cin rarin , ~ c u t .

As can ~~ se c-n f r - ~- ,~ Tab i~ -~~~i I t u e  a 1~~o. I tb’.~ s~~ I~ rnB to ~~~~~~~~ I n a

-
~ ~:-rising ly .~i1 I nu~ibe r  o1 i :-~r a t i u u s  (~~nb c u t s) , tb ~~~ ~~ 1~~n 4

wa~ st ill j~~~~ , 1ved a f e -  2 kb 1 ter~ ti ma , at wk je-u ;‘o5 mit t~!€ ‘ m n d s  t-~~

a 64e a~ c :~ = i5 ( a f t e r  t h e  F i r s t  i c o r a c ’  or _ h~ un;~e~- ~:~-i 1—, wer b~ im nd~-u -

were 743 and 597 r~ sp~-c~~i-J e~ y).

One ot - c ~ur r~ s.~s p i~~~~~~~~~~
-
~ o ~ese ~~r1v r~~r ’~- - -~~~~~ ~.e or siu ,~r~~~l - .

a~~ 5ec of v~ ~u a 1 e ; ~~~~~~ b 1 :~~c , of~~ ~~~ ~~:1~ sta~~~

of ~he ~‘ia ~ . :nis amid t ie ~i ce- r :~ ~f ccesslve ~~ - d - .mp L 5-c - : e ~~t s  ja

L .~ust rat -~ C ly ~~~ ~iyp I~~&.. :ui s S i c w i i  ci ~~~~~ 1~ aa~ u . ~~~

an cH-: :~ O~~t. reler L~~ it~~~~rions ah~- ie e~~t~ -~r ‘ ‘ cn~-c r b~~ ;d , or cl~e

low er bo~~~ - )r ~~~ n iuher  v ar L~ b has ~~an~~ c . j~ - . -
~ ~erIine ~~~~~

o? : ’ir v-~1~~e .

~:oDI~ n1 I ~ 1 3 ,

_ 1_ n~ ~U ’ L
~~~~~ 1

I j h r  i t~~; lub

2 Iuo 3

3 ~~~~~ 
-

1 8 
-

- !I I

I)h 1 7( ~I I

18 1 7 11

~ 

~~~~~~~~~~~~~~~



- - -y-- -— -- 5-

-47-

Tableau  3

P :obicmr 3 (200 ~ 41i)

I l t e r a t t m :  
- - 

i - 7~~ iahles~J

1 52 7  697 4 13 
-

5 785 702 391

6 759

7 753 703 274

19 712 237

21 721 200

27 749

- 41 
- 

730 161

42 731 151

45 748~~~
46 740 119

53 -
~ 

743 ~O8

54 
-~ 747~~

55 ‘43_____i_~~~~~ I

The au~ c~~r is c u r r e n t l y  invu  yea j~ a lo in t  effort ~~~~~~ Ai~1re~ H c

~u imp 1~-ccen~ and test se-;€- r~~ :cr~-ions of A ;ori 7.~ - 2 .  A ç-~~:: f r o m  the

c~crits of v1.rious heuristics , an important aspcc~ c-~ ~ oj~-c~ r~c er n

- - 
thc relative merits of usir~ bit mapr vor~ - .c list structu :- , The r~ sui~~

of this ~rcject will be rep-u r~ ad separately.

—- - - —_

_ 

. 

I - — - - - — e .— --S - -  —~~ — —
5- - — —--5-—— -— — ——-~----— --— — — — _ _ ~_ j _ ~~~~~~~~.. -
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clas~ ama contal : considerably ~tronge r -ierrhers , ~heLe stre ngrt. ~I me~~cred by the cit2- ber of positi-ie coerfi cients . The paper dIccu~eea two

j al guri-- ims based an. cutting p lan-e s f r o m  coriditloas i bounds. ~ c oi_ of ther
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