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ABSTRACT
‘I I (

I. I- -

Experiments on the propagation of na~~row , hig h amplitude pulses
along a p lasma colum n have been c onducted. The evolution of the pulse
in space- t ime has been observed as a funct ion  oi initial pulse s t rength .
Thi s technique gives insig ht into the competitive effects due to dispersion
and nonJ .inearities .

For a plasma , the positive c olumn of a hot cathode , D. C. discharge
in Argon is used. The pressur e varied fr om I to lOin çr orr W~ . and the
averag ed electr on densities are of the order of 1O 9 .~, I0 0 crn’~~ . The pulses
for excitation are generated by a home made device capable of producing
subnanosecond pulses with 3200 volts peak amplitude, into a 5O~2 line, at a

repetitive rate of appro2c.matel y 100 p. p . s .  ~
‘ 

A .

At each operating point , i . e . , for a given pressure  and discharge
current , recording s were obtained for different values of excitation puls e
amplitude and background static magnetic field.

For zero static magneti c field , two types of recordings  were  taken .
For the f i rs t  type , the position of the receiver was fixed and oscillogram s
in tim e were recorded. In the second type , the sampling time is kept fixed
and the r eceiving pr obe is moved along the column. From the oscillograxn s ,
we observe that the disper sion is negative and tha t t~ e group velocity increases
with plasma density . As the amplitude of the input pulse is increased , non-
linear effects start  to play a role . Under experimental conditions , these
effects did not lead to quantita tively different  behavior than linear phenomena .
From numerically taken Fourier t ransforms of the observed pr opagating
wavepackets , the transfer of energy between different  frequency components
forming the disturbance have been observed. The reg ion of interaction in
the frequency domain is seen to be a functi on of distance along the colum n
and of wave velocity.

For finite static magnetic field , recordings of the f i r s t  type were
obtained as a fun ction of pulse amplitude. Again , the dispersion is negative
and the group velocity increases with both and w~~. Contrary to the B 0 0
case , for large pulse amplitude , qualitatively d if f e r en t  wave phen om ena were
observed: in par ti cular the nonlinear waves show modulational sp litting .
This phenomenon was observed both in tim e and in the fr equency domain .

ii
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I. Introduction

The general problem we are concerned with is that oi the inter-

action of a plasma medium with an electromagnetic  field. At linear

level of excitation, the var ious problems of wave propagat ion have been

explored at length and a fair  amount of understandin g has ~ee n reached.

At nonlinear levels of excitation , due to the lack of a general method

of attack , the analysis made to date are mostly ad hoc and under va rious

forms of idealization and approximation. The purpose of this investiga-

tion is to study some of these interactions both theoretically and ex-

perimnentally . The results have yie lded new data and insight into the
problem of the c ompetition between dispersion and non-linearity in a num-

ber of plasma configurations. The comparison between theoretical

r es ult and exper imental data is generally favorable.

Theoretical studies in the linear and weakly nonlinear regimes

may be grouped into two categories , namely, analysis in unbounded

and bounded plasmas. Experimental investigations on the other hand

must be performed with plasmas of bounded geometry. The re are ex-

periments, however, where the pertinent dimensions are such that to

a good approximation , the waves under consideration may be thought
as propagating in an infinite medium and the results behave as predicted by

unbounded plasma theory. ( 1) Studies in unbounded plasmas have been

many, and several text books have been written on this subject. Corn-

prehensive expositions have been done by Ginzburg~
2
~ and Stix~

3
~ for

the linear regime; and for the weakly nonlinear reg ime by Tsytovich~
4
~

(5) . . (6)
Davidson and F. E~naudi et. al.

The bounded geometry considered in this investigation are:

a circular plasma column imbeded in an infinite dielectric (free space)

and a circular magneto plasma column surrounded by a conducting
waveguide of the same dimension as the plasma column. These struc-
tures are known to support numerous types of waves. The work in

this study is concerned with the propagation of the slow mode whose

characteristics do not depend on ion motion. These waves are some-

times called “space charge” or “elect r on plasma ” wa ves. They differ

from the “true” electron plasma waves in an infinite plasma since the

boundary conditions posed by the system have al tered the wave
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st ructure.  Practical interest  in these modes are  the possibilities oi
(7 ~app lications in laboratory plasma dia gn ostics ’ ‘ 

~~
‘ 

, hi gh gain mic r a -
(10 1 ’ )  (1 ’’wave devices ‘ ~ , and p lasma heatin g ‘ .

The basic experimental results of linear slow wave propagation

have been well doc umented ~~ 14) and good agreement s with theoret-
ical analysis have been obtained~~

5’ 16) However , the s ituation is
different  for the weakly nonlinear regime. Very few theoretical anal y-

(17 18 1~ 20 )
s~.s of the boundary value problem have been done . The
emphasis in most of these studies has been on the nonlinear coupling
of waves, in particular three wave interaction~~

1
~ . This problem

takes a variety of forms.  Perulli, et. al. (22) studied the decay of a

slow wave into two other slow waves with different azimuthal var iation.
I.~arsen~

23
~ used the method of the averaged Lagrarigian to analyze

the interaction of three slow waves.  KUhn~
24 > fo r mulated the s ame

problem from a coupled mode formalism. Aside from experiments
on surface wave echo (spati al ) ’25

~, experimental work has been confined
to the mixing of two pump waves of different frequencies to produc e a

(26 )third at the beat frequency

AU of the theoretical and experimental efforts  mentioned thus
far have one feature in common: they are all concerned with steady

state situations. Recently, tr ansient techniqu es have been employed

in the experimental investigation of wave propagation in plasmas.
Voltage steps and pulses (ba se band and RF) have been used to exc ite
transient waves. Schniitt~

27
~ was one of the f i r s t  experimeritalists to

use pulse excitation to study plasmas. He observed the dispersion of

base band pulses propagating through a plasma filled coaxial line.
Proni, et. al. (28) and Tregruis , et. al. (29) used microwave pulses to

excite transient electron plasma waves in systems where the boundary
had no effect. The only reported applications of base band pulses to

(30)
study the propagatton of space charge waves were by .Anic .n, et. al.

for the syrnetric mode, and by Demokan, et. al. 
(31) for the dipole

mode. Recently Landt et. al. used, various types of t ransient  input s to

study the linear properties of these modes~
32

~. These experiments
were limited to the linear regime.

In the nonlinear regime , pulse excitations and time domain
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observations have been reported by Sindoris , Cheo and Grody ~
33

~ in a

Tonks-Daftner type str:ct~ re using a home developed de u ce calied a

B ounc ing Bali Genera tor  3BG) ,  which p roduced ba~ eband p ui.ses 1 20
p icoseco nd wide at 1. 1 KV into 50 ohm . Other nonlinear  t r ans ien t  ‘york
includes the observation by Ikezi et. al. ( 34) o f the propagat ion of elec-
t ron plasma waves excit ed by voltage steps , and the observation by

(4 8) (4 °)K. Sacki et. al. of electron plasma wave shocks.  Maniieimer
has studie.. the development of finite amplitude electron plasma waves
in a bounded plasma with infinite magnetic  f ield us ing the method of
expansion in terms of a complete Set of l inear solut ions.  ~ e did n~;t

include the effect of d ispers ion , but predicted the steepening observed
in (48 ) .

The work in this effor t  cons is t s  of a comprehensive i.~rre s ti gat ion
of linear and non.linear phenomena affect ing the propagat ion of ve ry short
base band pulses along a glow discharge magn eto plasma column. The
advan tages  of this approach ove r nonlinear steady state studies are: 1)
by keeping the duty cycle low , heatin g of the back ground electrons (a
major proble m in CW experiments ) need not be conside red; 2) ii the
transient response is short compared to ionization times, background

electron densi ty changes will, not occur; 3) the ability to observe shor t -
lived phenomenon is greatly enh anced because of the expanded time re-
solution. The major advantage of t ransient  s tudies both large and small
amplitude excitations is that we can observe the development in time or
in space of an initial disturbance produced at some point. Tremendous
insight  is gained into the competitive effects  of dispersion and nonlin-
ea rity.

The source that was used to exc ite the t ransient  waves is an im-

proved version of the BBG mentioned in the experiment of Sindoris
et. al. ~~~~~~~~~ The new BBG produces a pulse 0. 50 nanosecond wide at

3. 2 KV into 50 ohm. This generator  and the techniques developed

presented us with the unique tools for  such comprehensive studies.
In chapter LI of this report the experimental program is presented.

To analyze the experimental observations a nonlinear theory f o r wave

propagation along plasma column was developed. This theoret ical
analys i s  is presented in chapter III. In Chapter IV the experimental

results are then anal yzed.
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~I. Experimental Pro~zram

The basic experimental set up is shown schematically in f igure

2. 1, where the plasma is the positive column of a glow discharge con-

fined in a glasss tube 175 cm long, with A and K the anode and cathode

respectively. M-M ’ re presents a set of coils providing an axial D. C.

magnetic field up to 1 . 2K  Gauss. WG is a removable conducting wall

surrounding the plasma tube. L is a pair of para lle l plates connect ed

to the pulse generator (BE G) which establishe s an impulse like elec-

tric field in the plasma. The wave evolution in space-tim e as a func-

tion of initi al pulse strength is monitored by the receiving structure R

on a sampling scope. The work was done in two stages. The f i r s t

consisted of a comprehensive investigation of linear and nonlinear

phenomena affecting the propagation of pulses along the positive

column of a glow discharge. The second stage involved the addition of

a uniform longitudinal magnetic field variable up to 1. 2 K Gauss and

the surrounding of the plasma column by a conducting wall. Subse-

quently, a desc riptiou of the experimental apparatus and procedure is

given.

2. 1 Description of the Apt a ra tu s

2. 1. 1 the plasma

For a pla sma , the positive column of a hot cathode , glow dis-

charge in argon is used. Fig. 2. 2 shows a layout of the discharge tube

and its associated vacuum and electrical systems. The discharge

tube comprises two Western  Electric mercury ..ra por cathodes con-

tained in a round flask and connected by means of a quick glass to glass

jo ints, to a 175 cm long glass tube , the end of which is terminated with

a hallow anode. Becaus e of the quick coup ler , g lass tube sections of

different diameter may be used.

It was necessary,  due to the type (sa mplin g techni que) and

amount of measurements that had to be performed , to provide a. clean

and, stable discharge. By allowing Argon gas to flow throug h the dis-

charge tube at a slow rate;  contamination, due mainly to ion bombard-

ment of the cathode , is reduced since such impurities are ~tonstant1y
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removed from the tube. To provide eifecti ie regulat ion of the gas

p r e s s u r e , the argon inflow is regulated by a flow meter valve and

needle valve and the evacuation rate by a hi gh vacuum valve. Adju st-
ment of these valves provide the desired pressure.

Once the discharge is operating, the desired range of electron

densities is obtained by varying the current through the pentode re-

gulator circuit. Stability of the system , over all range considered ,

was excellent.
Basic param e’:ers of the po s itive column , i. e. elect ron tempera-

ture , den sity , and collision f requency,  were measured.  Electron

temperature is obtained using the well known method of Langrnuir

probe~
35

~. To measure average electron number density , the cavity

perturbation method is tised~
9
~. The cavity is mounted in a ca r ri age

which can move along the plasma column. The electron density varia-
tion along the column is found to be less than 0. 5~’1~~ Dur in g the ex-
periments , the density is constantly monitored to prevent  drl.its f rom
the operating point , due primarily to p ressure  variations.

The cavity is also used to measure the total collision frequency
of the electrons. By measuring the change in Q of the microwave

cavity due to the plasma , this parameter may be calculated~~
6
~. The

collision frequency of electrons with ions and with neutrals is also
calculated using the equation~~

7
~

z, = n  Q v (2 -1 )e~3 ~ e~3

whe r e

~ imp lies ions or neutrals

~~collision corssection for  collision of electrons with

~ - type particles
v ~~average velocity given by f lm

~ density of ~ particles

For neutrals , at 20 0 C:

- 
A P 2730 3~~ 22400 760 293

where A 6.02x 1023 pa rticles/mole

P = pressure  in mm.
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Table 2. 1

Typical Discharge Characteris t ics

Radius of column . 66 cm

Neutral density (at l~.t) 3. 3 x 1o 13 cni 3

Per c ent ionization . 0 1%

Electr on neutral collision frequency 17 . 2 MHz

Electron neutral collision din e 100 ri sec .

Debye length XD 1 mm

Electron thermal speed l. 5x108 cm/sec.

10 -3Electron density 2 x 10 cm

Electr on cyclotron frequency .632 GHz

Electron plasma frequency 1. 3 0Hz
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Typical parameters  obtained using the experimental techniques
mentioned above are shown in table 2. 1.

2. 1. 2 The pulse generator
A Bouncing Ball Generator (BEG) is the source for the pulses

used in the experiment. Thi s generator has previously been used in
time domain studies of EM precursors  and in impulse stimulated
emission from plasmas~

33
~. The generator , at the time of those ex-

periment s , produced base band pulses with peak voltage of 1. 1 kilo-
volts and a risetime faster than 120 picoseconds. For this expert-

~ment, the BEG was modified and is now capable of producing pulses
with peak voltage of 3. 2 kilovolts with approximately 200 picoseconds

rise time. The peak power int o a 50 ohm line is 259 kilowatts . The
average power , howeve r , is 4 milliwatts because of the short pulse
duration. The display of the BEG output pulse shown in Fig. 2. 3 is

an X-Y r ecor der plot of the oscillogram from the samplin g scope.
To obtain such an osciflogram, the pulse , after being attenuated 6 3 d B
is applied to the scope through a 60 nanosecond delay cable ( R G - 9 B/ u )
of 4 . 4 d B  insertion loss. The output of the scope is then used to drive
the X-Y recorder.  Also shown in fi g. 2. 3 is the voltage spectrum of
the pulse. This is obtained from Fourier  analysis usin g a computer of
the time domain signal. The spectrum is extremely wide , extendin g
from D. C. and almost flat to 1 0Hz.

To control the amplitude of the pulse , w ide band attenuator s
(CR type 874-CL) are used at the output of the BEG. Also at the out-
put , a pre-tr igger pick off has been installed to obtain a t r igger  signal
for  the scope.

2. 1. 3 Parallel plate structure
To couple the BEG pulse to the plasma , a section of parallel

plate transmission line is used. The parallel plate coupling s tructure
consists of a wide band coaxial to parallel plate transition which opens
up to a length of uniform transmission line , then tapers down again to a
coaxial line. The line is then attenuated by 20 d B and terminated with
a 50 ~2 load. The dimensions of the structure are such as to keep a
constant 50 ohms characteristic impedance along the structure over a
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wide range oi frequencies. The plasma tube is inserted perpendicular
to the plane of the plates through holes made at the center of the plates ,
as shown in fig. 7. 4. The holes are made to fit tightly around the
column.

The plate structure is a very good wide band coupler with an al-
most flat passband extending f rom 50 MHz to approximatel y 2 GHz.
This featur e of the structure made it a suitable coup ler in the pulse
experiments because of the wide bandwidth of the exciting pulse. A
similar structure is also used to couple the propagating wavepacket to
the sampling scope. The receiving plates are mounted on a car r iage  to
allow for movement along the column.

2. 1.4 Sampling scope and r ecorder
To observe the input pulse and the propagating wavepackets , a

Tektronix 564 storage scope with samplin g plug-ins is used. To
facilitate further analysis , the observed oscillograin s are also re-
corded usin g a Hewlet-Packard X -Y recorder  connected to the output
of the storage scope.

It must be remarked that the sampling technique for observing fas t
transient time phenomena requires that each experiment be identical.
Thi s in turn demands that the input pulse be identical for each experi-
ment arid that the plasma relaxes to its initial state before the follow-
ing pulse arr ives at the launcher. The last condition may be ascer-
tained by comparing the width of the packet with respect to the pulse
separation. However , considering that the BBG is an electromechani-
cal devic e , it is remarkable that the pulses it produces are identical
within a few percent of each other , to the extent that the technique
was succesfu],.

2. 2 The Ex~ ertm ent
2. 2. 1 Zero  axial magnetic field

For the investi gation , the apparatus described in section 2. 1
was arranged as shown in fi g. 2. 5. The output pulse of the BEG , after
attenuation to the desired voltage , is coup led to the plasma throug h the
wide band parallel plate structure.  A 6 0  nanosecond delay cable is
used between the generator  and the plates. For high amplitude pulses,
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difficul~~ is enco untered with re f l ec t ion s  from the plates (due to a

small mismatch) ,  that t ra~-el back to the BE G. .-it the BEG , these are
once again reilected (the BEG is an open t ran smiss ion  line)  and re-

turn to the plates generating unwanted signals .  By introduc ing the de-

lay line , the reflection arrive s at the plates 120 ns afte r the original
pulse, long after the observations are made.

The plasma column is inserted perpendicular to the plane of the

plates through the holes at the center. The holes are made to fit

tightly around the column. As the pulse propagates along the parallel

plates, the region of plasma within the plates (1 cm separation ) feels

uniformly around the column the effect of the electric field of the pulse.

The field is directed parallel to the axis of the column, such that elec-

trons ar e accelerated towards the anode.
With this mode of coupling, c ircular ly s y m m e t r i c  waves are

exc ited in the plasma and they propagat e along the column towards the
anode. To prevent waves from propagating towards the cathode , the
section of p~1.astmi a between cathode and launche r is surrounded with a

copper sheet and no wave can propagate under those conditions .
More will be said on thi s in chapter LII. Since the tube is of finite

length , wide band microwave absorbers are used at the end of the
column to prevent possible reflections from the anode and into the

receiver.

The receiver is mounted on a carriage and can be moved along

the whole length of the column. These plates pick up the long itudinal

electric field associated with the propagating wave. The field streng th

is displayed on the samplin g scope and also plotted on paper using the

X-Y recorder . A tr igger pulse from the BE G is used to properly
synchronize the time of sampling.

Two types of oscillogram s were recorded. First , for a fixed
position of the receiving plate, oscillograms in time were taken. The

analog output of the scope drives the Y axis of the plotter , while the

scope s time base is used to drive the X axis. In this manner , a replica
of the trace that appears on the scope ’s screen is plotted. Secondly,

the spatial distribution of the waves , for fixed sampling time , were
obtained. The Y axi s of the plotter is driven as in the time measure-
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~~ent s ;  the X axis howe ’~~r .s dr ven ~v a ro i ta ~~ p r o p or t i o n a l  to the
r o si t ion  of the r e c e i v e r  ~~~~~~~ r es~ ect to ~~ :a~~ :h~ r. he ar r a n ~~~ ier~t
is shown in fi g. 2. ~~. A con 5tar . t  vo~ta~~ ~.. s i~~p hed ac:o~ s the potentio-

meter. As the crank is turned to move the probe , the arm of the

potentiomete r rotate s a distance proporton~.I to the probe s motion
along the axis of the column. Thus the voltage of the arm is equi~ialent
to the distance of the probe with re s~~ect to t he s t ruc tu re .  This voltage
increases  continuo usly as the r ece iv ing  s t r uc tu r e  moves away from the
launcher.

Both types of oscillograrn s were  taken under  d ifferent  operat ing
co nditions. The argon d ischarge  was opera ted  over a range  of neutral
gas pressure and D.C. discharge current. The p r e s s u r e  was varied
from 1 to l0~~ Hg and the current  bet’.veen 20 and 300 mA. In this
domain , the electron temperature  ranged between 2. 5 and S eV. (the
high temperature corresponding to the lowest p r e s s u r e ) ,  while the
average electron densities were of the order of 109~~10

10 crn 3 (t he
low densities correspondin g to the lowest pressures and discharge cur-
rents ) .  The range of electron collision f requenc ies  has been tabulated
in sec. 2. 1. 1. To investigate the effect of column radius on the propa-
gation of the wave s , co lumn section of diameters ;  . 6 cm , . 952 cm
and 1. 32 cm, were used.

Finally, the characteristic of the waves as a function of exciting
pulse polarity and amplitude were inve~ ti gated. A BEG was also
constructed to produc e negative pulses. For a negative pulse , ions
are accelerated towards the anode . Sinc e the amplitude of the EEC
pulse (both positive and negative) is constant , attenuators are used to
obtain the lowest desired level of exc itation (this corresponded to ap-
proximately 100 volts).  Then , the peak voltage of the exiting pulse
(numerically equa l to the longitudinal electr ic  field the charged
particles between the plates feel) is p r o g r e s s i v e ly increased (b y re-
ducing the attenuation) to its maximum value. In taking the osci llo .
grams , each time the exciting pulse is increased , the received waves
are attenuated by a corresponding value to keep the gain of the system
fixed, allowing direct comparison of the profiles of the received
si gnals.
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2. 2. 2 Finite axial magnetic field

T~ s t ’udv the Dr o~ agation of l a rge  ampli~:de pu lses along m~ gn eto

?lasma colunon s , a uni fo rm magnetLc Lield of s t r e n g t h  up to 2 Y.
Gauss was added to the set-up ci ~~~ 2. 5. T~ e field was ~ r o d u c e d  ~v
seven ESI 49 coils arranged in such a fashion that the magnetic x~ield
variation over the test  region was only ± l~ o . Moreover , the test

section in fi g. ‘. 5 was surrounded with a conductor , except at the
launcher , and rec eiver locations.

Initially, the same method ( i.  e. tube inser ted perpendicular  to
the plates throug h holes made in them ) was used to couple the pulse to
the magneto plasma colu mn, it proved to be very ineff ic ient  in excit-
ing pro pagating bulk waves due to great coup ling losses.  The tube sec-
tion was then redesi gned and copper r ings were  inser ted  such that the
parallel p l a t e s  w e r e  in dir ~ ct contact with the plasma. This improved
the coupling greatly and proved to be necessary to launch the waves.
Th e modified set u p is shown~ in fi g. 2. 7. Similar recordings  as for
the case of no magnetic field were  obtained under d i f fe rent  conditions
of: plasma frequency,  magnetic field s trengt h and background neutral
p ressure .

Before  present ing the resul ts  of the experiment s (both with and
without magnetic field),  an analytical for mulation and analy sis of the

experimental conditions will be given in the next chapter. In the light
of knowled ge acquired from such anal ysis  experimental data will then
be presented and analyzed.
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ilL Analvt :cal  Formulat :on of the Lcreriment

The prob lem posed by ~he e:~~e rimen: is ~ fo l l o w s :  a p lasma coi ’~~~~
of c i rcular c r o s s - s e c t i o n  of radius b, and ixuin ite eng th . eithe r in f ree
space or surrounded by a conductor , is exci ted at z 0 by a fini te amp li-

tude source of electromagnetic radiation. In gene ral, a :hxii te axial ID . C.
Ma gnetic field is p resen t  as show n in Fi gure 3. 1. The spatial and ~em-
poral e volution of the excite d bounded mode s is investi gated. Thi s ana lys is

involve s the adoption of an apprcpriate idealized model which is mathe-
ma tically tractable.

3. 1 Ana lytical Model
Consider a homogene ous plasma colum n imbedded in the gas f rom

which it is formed by partial ionization. The p lasma is cons idered to be
a cold electron gas moving through a stationary neutralizing back ground
of ions. The dyna mical interaction between electrons and the background
is described by a constant collision frequency v c ’ The interaction is as -

sumed to be such tha t there is no loss of electrons due to ionization, re.
combinadôn or a ttachment. Since the percentage ionization of the discharge
is low (. 01%), it may be assumed that is basica lly the electron neutral
collision frequency.  The fact  that the back ground density of the d ischarge
is depend ent on radiu s, undermines the assumption of a uniform plas ma

column, but a compromise is necessary if the finite amplitude ana lysis is
to be mathematically tractable. The eff ects introduced by the inhomo-
geneity will be discussed at the proper  place.

Qua ntitatively, Euler ’ s equa tions will be used to describe the dynam-
ics of the electrons~

37
~ :

d~n + 7 •  nv 0 ( 3 - 1)

mnnd~~~+ mnv~~~V v + m n n v v # e n E + nv x~~~ H = 0  (3-2 )

whe re

n(r , t) electron numbe r density
v ( r , t ) ave rage electron velocity

v collision frequency for  momentum transfe r betweenc electrons and ne utra ls

E(r , t) ~ electric field intensity

bac kground magnetic field intensity
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W~ien stated in the fo rm of ( 3 — l ) - ( 3 — Z ) ,  a se r i e s  of ass umptions must

be appended to the exact Eule r sys tem.  These assumptions may be fo und

in a standard text on plasma dynamics~
38
~.

Since it is our in te res t  to study the interaction of the above plasma

model with an electromagne tic field , Ma~~~ell’ s equat ions must be added

to (3_ 1) and ( 3 — 2 ) :

~T x E _
~L0 dt H ( 3 - 3 )

7 x H ~~~~o dt E + J e (3 4)

whe re

3 = electric current source.
— e

involve s all electric current densitie s present, applied or induced. The

inte ra ction of p lasma and EM field occur s through the qua ntitie s 
~~e 

and

ne E in a self-consistent manne r . Exolicitly

3 = 3  ÷ J  (3-5)_ e ~app ~c

where

~~app externally applied electric curre nt

S ~ electron convection current in plasma and is
given by

= - env . (3-6)

Othe r contributions to 3e (such as polarization, currents , drift  currents

due to plasma inhoxnogeneitie s, £ x H drifts , etc; and conduction currents)

will be neg lecte d. Equations (3 - l) - (3-6)  form a determinate syste m of

equations through which any interaction problem may be studied, once 
~app

is specified.
Redefining the product nv as a new variable :

u nv (3 -7)

and conside ring n which is a function of space and time as composed of

two pa rts : a time indepe ndent part or background and a time dependent

part or fluctuatin g term:
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n r , t ) n~ + n (r , t ) ( 3-8)

whe re

back ground electron density
11 time vary ing electron density

and n >>n.

The system (3- l ) — ( 3 - 6 )  simplifies to~
39

~:

d1n + V ’  u =  0 (3-9 )

md~
u + V ‘ u u = - ne E - e~.t0 u x H - rni~ u (3- 1 0)

V x H €  d E - e u + J  (3-11)o t ~~ — app

(3- 12)

To this set of equations , we also add

V ‘ E = - e(n - n )  = - e n (3-13)

and

V~ H =  0 (3- 14)

Forma lly solving equations (3- 10) to second orde r in u (see AppendL’c 1)

and using the results in eqs. U; the system is reduced to:

V x H = € ‘ £ + N(E) + 3’ (3-1 Sa)
— — app

V x E = _
~~ 0 d

~
H (3-1 5b)

where ! is a linear ope rator given by:

E ( E d 11 + e U )

and N(E) is a nonlinear term in E give n by:

N(E) -’ fl(~~~ V n E U E  - -2 E V  E)

wtt h
; unit dyad
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and

r~ d~~H . Y
~~

) (md ~! - e~ x 1 — r~. )~~ e n

Decompos~ng the gradient operator as 7: 
- d

~ 
z 0 , Eq 3- 15 may

be cast into a form appropriate for g ided wave arialysis~~
0
~.

Writt en in operator f o r m :

+ ~ d~r)~ = N (E Li ) + I 3’a p p  
( 3 - 16 )

where , for p < b (where b is the radius of the column )

I- c d I - elI 7 ~ 1 \ /E( o t = t = \  1~~~L— j ,~ ( r ,  t )  ( 3 — 16a
- u d

~~iJ  
-

/ 0  - z z 1 ~~ /N (E)
I 0 _ \  I —

r—. ( — N(~1 )— ~( (3- 16’o)
\ z ,~x l  ° J

for p >  b , 1 1 —  0 and the equations reduce to MaxweiJ ~ equation in

free space.
Along with these defining equations , boundary conditions must be

specified. These are:
For a column in free space

a) plasma boundary is assumed sharp
b) at p = b, tangential E and H fields are continuous

c) solutions must be finite everywhere
d) conditions at the source will be deferred until later

When the column is surrounded by conductor , the above conditions

apply except that b) must be restated as: Tangential E and H fields

are z e r o @ p  = b .

Now we proceed to obtain .a solution to the above posed problem.

As a matter of convenience , the source term in Eq. 3- 16 will be

dropped until the time it needs to be considered to interpret the

experimental results.
Taking Fourier transform in time of 3-16 , one obtains :

L ( - i  
~~~

‘ 
~~ 

~~~~~~~~~~~~ + ~ d5 ~~~~~~ = N [~‘(z,~~ )] ( 3 - 1 7)
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where the t ransformed opera tors  are obtained f rom Equat ions  3 -17
by recogniz ing  that d t~

_ - i in the t r ans fo rm domain and that the
tra nsform of a product is the convolution of the individual  t r ans form
(see Appendix IL

We shall seek solutions of the problem in the form of an expansion
in terms of the eigeafunctions of the transverse, loss less operator L0,
where L0 = L 

~~~~ 0. As sume that 
~
, ( r , ~~) lies in the space spanned

by the transverse, loss less eigenvectors;  moreover , that the operators
in Eq. (  3-17)  act on this space . Then ~j, (r ,w) may be re p r es ented
as:

rb (r ,~~~~) a~(Z ,~ ) ‘b~ (r ,c~) (3-18)

where the eigenvalue problem for the is defined:

L 
~~~~~~~~~~~ 

rb = K (
~ ) r~, (3 - 19 )

the eigenvectors ~~ possess the orthogonality property

r~~ ) = (3 - 19  a)

Usin g this property of the ‘~L, ’s , the amplitudes in Eq. (3 -1 8)
are found to be given by:

= (i, , r~~) (3 -20 )

where ~, is the actual nonlinear , lossy fi eld. The equation for
determining the co-efficients a~ may then be obtained as follows:
Scalar multiply Eq (3-17) by ~4, and (3-19) by ~ and subtract:

(i, , Li, ) - (v,, L0~~~) + 
~ 

(r ,~, ~~ + ,C (~ )(r ! , 
~‘) [N ( ~,) , ~L/ QJ

or

r~, (L_ L )~ 1] + j a ~,, r ~~~ + K~~(w )  (i, , I’~j , ) = [N ~~~ t1i~ ]

identif ying (L-L 0) as the loes operator v, using Eq. ( 3 -2 0 )  and then
replacing 

~
i (p , w )  by the expansion Eq. (3 -18) ,  we obtain for the

amplitudes :
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C- (z ,..~) 4 ~~~~(~~~~~~
_ (z ,~~ )~~ i~~~~)~~Hz , ... ) =  i t ,  N (

~L~_. E 1 ~3-21 )

where ~~(~~ ) 
~~~~~~~~ ~~

Thus , the solution of the field problem is cast into a stud y of the
evolution in z of the modal amplitudes. To arr ive at an exp licit fo rm ,
we must evaluate the two inner products involved. To do this , an
explicit form for the eigerivectors, & ,  must be obtained. Keeping
in mind that the goal is in the analysis  of the experimental results , we

are interested in obtaining a set of etgenvectors to represent the guided
field produced by an electric current source directed along 

~ 
and

independent of ~. These are obtained in Appendix 2, for  both H0~ 0 ,
and H = 0. The results are summarized below:

For zero magnetic field , the dis crete spectrum contains a s ingle

eigenvector and the corresponding eigenvalue , i. e. , a 1 . The

properly normalized cigenvector , i. e. , normalized as in Eq. ( 3 - 1 9 a ) ,

is given in component form:

I * p )
(K (~~) / ~~€ ) 1/2 (1/~~~) 1/2 1 

~~ p <ba 0 K

E (3-22a)

1 ’2 112 10k 1b) K (K 2p )
(K (~~~)/w€ 

) ~ ( l / 2 ~~ ) / _ _ _ _ _ _ _  
1 p ba 0 0~K~~2 i K~~~~2

I(K p)

(
~ € / K (~~))’~~~(V 2  ~ ) V~( 1 Z

/
2) i i  p< b

H = 
I (3 - 22b)

b) K ( g  p~
(c~ € / K 2( w ) )

1
~~~( 1/2~ ) 1/2 

K ( K b) p >  b

i ( l / c
~~~ K a

((~ )) l/2 ( 1/2~~ ) 1/a 
~ 

p) p < b

£ = ( 3 -2 2 c)
I (,c b)

i( 1/ w €  K ( ~~
))
~~~~ ( 1/2~~ )1/2 

~~~~ K’ b) K 0 (K p~~p > b

0 ~‘ Z  2
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~~ 

K 0, K 1, a r e  the modified Besse l  j unctions of the g iven o r d e r ,

K and the eigenvalue ~~ ) the  2 may be ~frocp ed  f ro m the

eig’envarue ;  howeve r , it will be re ta ined on th e c igenve ct o r  so as to

different iate  it from the total field ) are related as follows:

2 ~ 2 2 ‘
K K - ( 1 - ~~~~ ) K~ (3-23a)

2 ‘ 2 ‘ 2
K = K - K

0 
K0 

= 
~~ 

(3-23b )

I ( K  b) K (K  b)
° 2 ~~~~~ 

1 
~~( 1 -~~;/~ 2 K K (K b) = ( 3 - 2 3 c )

K I (K b) ~~ o
.L 1

0 
~~1 - -

For low Magnetic fields (
~~ <~~~~~) ,  column surrounded by conductor ,

we make the assumption that the waves are slow and therefore  are

primarily of a TM type. (8) The exact eigenvectors are then approxi-

mated by the quasi-stati c ei genvectors:

E i.AJ (K p) (3-24a )
a o

€ 
3
1
(K p)

E = A K ~~~~ K 
(3-24b)

p 1

3 ( K  p)

H = A~~€0
e
3 K 

( 3-24c )

Where 3 ,  are the Bessel function of the first kind ,

2 2
€ 3= € O[1 - 

~~~~~~~ 

€
~~

= 1 - ~~~~~~ K~~~~ - K ~~~and K b :p~ (3-24d )

is the nth zero of 3o The normalization constant is given ( f rom

Eq. 3-19a) by:
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K

A = 1 ( 3 - 2 5 )
- €3bJ 1~ K b )

In the lim.it of large magnetic f ields;  i. e. 
~~~~~~~~~~~~~ 

> i~ ~~~~~ 
> >1;

the ei genvectors are obtained f rom the exact equations and are  given
by:

£ = i.A’J (K p) ( 3 - 2 6 a )
z — 1

£ = A’ ~~~— 31(K~ p) ( 3 - 2 6 b )
p

c~~€ €
H A’ ° S (K p) (3 -26 c )a8 K 1

£ 1

whe r e

2 2 2 2
K = E (~~ ~~ E - K ) = 1 - ~ / ~o o  a p

K b pn

and the nor malization constant given by:

K

A’ = ( 3 - 2 7 )
(w ,c € ) / — €bJ , (,c b )a o  £ 1

For completeness , the properl y normalized eigenvectors  fo r  the case

of a column in f ree  space with an infinite magnetic field p rese nt a re
also derived in Appendix 2, but not r epr oduced here .

Using these ei ge nvectors , the vari ous terms in equation 3 -2 1
can be evaluated explicitly. Expanding the various inner product , the
amplitude equation may be rewritten as:



~.d C ( z ,~~ )~~ K ( — ) U  ~~~~~~~~~~~~~ z,
Z 2 2 2 2

= 
~ ~~~~~~~~~~ (z , _~a 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 3 - 2 ~~)

-

w h e r e  .1’(u ..
~ ~~

‘ ~ 2 ) is the Kernel of the integral  opera to r .  The
effects of collisions have been neglected in R.H.S. ~ (u) and 

~~~~

‘

~~~~~‘ 

~ l ’ 2~
are given by (see Appendix 3):

For zero magnetic field , column in f ree space ,

eE 2
{F(u , 

~ 1’ ~ 2’ p) - W(u , 
~

1, 
~ 2’ p)J pd p ( 3 - 2 9 )

‘
~~ o

where

/ K(u
1

) K(u9 )K(u) 1/2 ~~(2) ~~
°) I~~

2)

(3 -2 9a )3 1 2 o (2)  (2)  ( 1)p) = 

~~~~~2~~~O ~ 
K K K

~~i 
£~~ L i

1/2 i(0) ~
(‘)

W(u ,~~1,~~2, p) = K(W
1

) ( K(u
1
)K(u) ) i (2 )

\~ 
K(u 2 )u 1

u 2u € ~~2
3
~ ~ 1~~2 0 (0 )  (0)

K K
L 1 Li

~(2)

~ u €~ 2~~ ~ 1~~2) [
~ 

i~
2
~ I~~ - 1 1~~ I

0 0 
~~~~ ~j1 2  o

(3-29b)

— f ( u  ) i 0, 1, 2; and the p rime denotes —
~~

- andi d p
2

P K Lu) d p + f 
Is p) I2 11 (,c p)

2 p d p ~2 2 w 2 ~~ 2 ~
0 K 0 Ka

For small axial magnetic fields , column surrounded by a
conductor:
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D C

-
~~~ ~~ 2 2 1  2 2 2\ —

~~~ 
i . . ~ —~~ c . 2 1 o

A(~~) ( J
~~(K 

1~~ 

p d p ( 3 - 3 0 )

this form of is obtained by using the assumption that the maximum
contributi on to the nonlinear t e rm is due to the coup ling of the long i-
tudinal co mponent of the tota l f ie ld . This is consistent  with the quasi -
static assu mption (see Appendix 3) .  When the axial f ie ld goes to
inf ini ty,

r . , 2 2

~~~~ 
+ 2

L~~ 1~~2 ~~i

fJ~~K P) P d p ( 3 -3 1)

Note that equation 3-30 reduces to the above equation in the
limit c~ ~~~o.

C

The collision term is given by:

b 1 2 €
y (u )  J [A

2
(u) 32 (K p) p d  p] 

~~ 
( 3 - 3 2 )

The above fo rms of 1’ and 
~
y apply for  the column in f r e e  space ,

with an infinite axial magneti c field prese nt. However the proper
no rmalization A(~~) must be used (see Appendix 2) .

To continue the analysis , the functional dependence of K on ~
must be obtained .

3. 2 Functional relation between K and ~a
a) No axial magnetic field:
Since there  is only one mode p resent , the functiona l relationship

may be obtained f rom equations ( 2 - 2 3 ) .  This set of equations is
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transcendental and an exDlicit solution f o r  K :n ter~ 1s of — is• 2

:mDo sslb ie .  Computer  so1~ tion of th e se  equations :s shown : 1  fi g c r e
3. 2. n o r d e r  to c a r ry  anal t~ca1 methods f~c r t t e r  so as to ga:n
:nsi g ht :nt~ the phenomena , a~i a~~~rox:mate anal y ical f~inct ± on of ~
will be used f o r  K ,. The approximation is d er± ~;ed f rom the beha~~or

of Ka ~fl equations 2. 23 for large and small _ .

• ( 1 6 )For  ~~— 0 , equation ( 2 - 2 3 c )  reduces to:

1 ( K ~~ ~~~ 2 7  °~~~~ 
o . ) i/ )  o ’ - ‘- (Içb - K.0b ) ln (K;b - K b )  KP I ( K ~~

where  Kp ~ K0 
= c speed of li g ht.

Equation ( 2 - 2 3 c )  may be fu rthe r reduced to

/ 2 ) \  i / ’I (Kp ) c~~b -

= I ( K p ) + ~z )
I Zc P

thus for .~— 0, K and are linearly re lated. Moreove r, for

a resonance is observed. The appropriate choice of

approximate equation must take cognizance of these facts. Such a

choice is g iven by:

2
’
\

v \ 1- 2  ~ ,‘~~~~ Jo p

whe re

= u 2b 2 
(Kp 

10 (Kp) 2b 2 

)

1

o p 11(Kp ) 2c 2

the values of ic obtained f rom (3-34 )  we re  compared with those
obtained by computer solution of equations ( 3 - 2 3 )  and (3 -34 ) .  The
values of v obtained f o r  a best fit were :0

( .5  163422 )  _~ b fo r 14 point f i t

V = (3-34a)

(. 671 65)  ~~ b f or 2 1 point fit
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S~ tc e  fo r :ie ran~ e of ir .t er e s ~ — < -~~: equat:on (3 -  :34 ’ may be ~: a ~ dec
as:

) )

K = -
~~~

- ( 1  ~~~~~~~~~~~~~ ( 3 - 3 S )
~/ V

0 -

where  only the posit ive mode will be considered . ~quation ç3-35) :s

the desired relationship for the no static magnetic f i e ld  case .
b )  Wea k magnetic f ie lds;  column sur rounded  b y conductor
From equation ( 2 - 2 4 d ) ;  solving fo r the propagat ion const ar •t~

8
~

/ \ 2  r 2 .  2 2 2
~ f p  \ - .

~~ 
-~~~ -u

K; = 

~
—
~

) 1 2 2 2 
C 3 3 )L(u -~~~ (~ - .
~~~~~~)

For < .~~, the low frequency passband of equation (3-36) is

similar to equation (3-34), except that resonance now occurs at —

~~~~

For -.~ < ‘.~ < ~ and fixing on modes moving in direction z > 0;
C p

equation ( 3-36) may be approximated by an equation similar to ( 3 - 3 5 )
as:

K (u ) = K (~~) 
-
~~~ ( 1 + 1/2 2

/
2 ) ( 3-37)

b p c
w h e r e  v = — ____________

s p 2 2 1 2n ~up C

When the magnetic field goes to infinity, K is given by:

)

~ •~ 
K

K K -a o 2 /  2[ l - w ~~~u

a g ain , in t he region of interest , i. e. slow waves , the above beco mes:
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K
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or

IC K~~~— )  -
~~
-

~~~~~
: - —  ~/ 2  ~~~~~ (3 . ’3:~ )

Wh ere  v ~ K and K ~~ ‘ (3-38a )
~ p - -

B y equations ( 3 - 3 5 ) , (3 -37 ) and ( 3 - 3 8 ) , the coef ficients that app ear in

the amplitude equation ( 3 - 2 8 )  have been explicitl y defined. in the next

section the final fo rm of the amplitude equatio n is obtained.
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3. 3 Final Form of Am~ !itude Ecuat ion
Ustng the  ao~ rox~mace r e iat io r i s , derived in 3. 2 , be tween ~ 2and ~~; Eq . (3 - 2~~) may be wr i t t en  in i ts final f o r m .

A. No Magnetic Field:
Using Eq. ( 3 - 3 5 ) ,  Eq. ( 3 -3 a ) ,  and the res ults of Appendix 3 in

Equation ( 3 - 2 8 ) ,  we finally obtain for  the m odal amplitude:
/ 3 ’

i d  ~~ (z , u) + ( --s— + ~ Q. (z ,~~ ) + i  —s--- 
~~. 

(z , u )z a v u 2! a a
o p

÷ C 3 J u 2u 1 aa ,u
i
) aa~~~

u z ) 4 J u ,aa , u z )aa(z , u I )d~

(3-39)

where: d~ — 5 (u ‘~~1
<
~ 2~ 

dw 1 d~~2

C 1 = b

2 5
. 

~~~~Z 6 v 3 
) 1/2  

(3-39a)

( 
~~1/2

C 2 = - -~~ -~~ 
~ ) (3-39b)2 u p d • o  o

1/2
C = +  ~ r~ . ~ (3-39c )3 m 4 ’  0 32 

~~~~p~’d ‘1o ~~

C 4 = - ( 2 :~ ) 1/2 (3-39d)

~ 
v d (~~

and 
d is given in appendix 3.

Multi plying by -i , and recognizing that -~~ — , t he above equation
tr an s f orm s to the time domain as~
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ci ~~~~~ — —k- ci ~~~ ‘z , t)- ~ 

~ 
d 3 0.. i~~, t )  + —~~ CL z , t )  = C~ 3 (d ~ ,

- .
~~~ 

- - - t t~~
o p

+ C 2 d
~~

(
~~

d
~

2 a )  ÷ C 3d
~~o. (z , t ) d

~~
a ( Z , t ) ÷ C 4 ol (Z , t ) d

~
a ( Z , t ) .

Expanding the R. H. S. of the above and collecting terms :

dzaa(z , t ) + + d t aa(z , t ) _  
v
’

u 2 da (z,t)÷-~~~a(z,t)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3 -40 )

where C~ = 2C 1 ÷ C 2 C 3

thi s equation is the final form of the amplitude equation. It holds for

times such that 0.. (z , u )  = 0 for  u >c2 . Moreover , the linear damp-

in g term must be modified for  cases where a (z , ~~) ~ 0 for  u v
a — C

These imp lications will be discussed in section 3. 4.

B. Infinite Ma&netic Field .
The final form of the modal amplitude equation for this case is

obtained using equations (3-31 ) ,  (3 -38 )  and the results of appendix 3

in equation (3. 28) . Note that f rom Appendix 3 , it has been assumed

that only a single mode (the lowest order)  is propagating i. e. , the

a ‘s reduce to only one. For the case of a metal conductor sur-

roun ding the plasma column,

i d  ~~ (z , w ) +  ~~~~ + 
~ 
— a (z,u )+iC a (z , u)

Z a ~~ v 2 v c ~ 2) a c a

C4 ~~~~ 
a ( ~~,~~ 1) a , ~~ 2 ) d X  (3-4 1)

where C~ = 
3 (f l3

and C~ given in Appendix 3.
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b •) )

s ince ( k  -.~~d .  . 7 2 b / 2 S kb )- 0 - 1
0 -

C = 1. 08 ~~~~~ ‘I €
~~ 

(k b)

multip ly ing by -i and t rans fo r ming into time domain :

d Q..~ z , t )+~~ — d C?_ ( z , t) - d3
~~~(z ,t ) +  C a.. (z , t)z a v t a 2 t a c a

= C 4 a~~~
t t~~~a~~P t ) ( 3 -4 2)

when there is no c onducting wall present , the constant C 4 above is

given by:
r 3 e  

_ _ _ _C 4 = 2 in 3 ~Iu v b 0

where v~~is given by: (3-38a)

Equation (3- 28) is a K or tweg-de  Vrj es equation with a damping term
for the modal amplitude. It is valid only up to times when the frequency
spectrum of Q.. (z , t) co ntain frequencies close to u ,

C. Weak Magnetic Field1 col umn surrounded by a perfect  waveguide.
The derivation follows the same fashion as that leadin g to

equation (3-4 1)  (see Appendix 3) ,  with the exce ption that the constant

coefficients are different. From eqs. ( 3 - 3 0 ) ,  for  the nonlinear term;
equation (3-37)  for the dispersion relation and (3 -25)  for  the normali-
zation constant , we have from appendix 3:

d (z , t )  d ~~-(z , t ) - 1 d 3
~~~(z , t)

Z a V t a 2v~~~~
2 t a

C’~~2- (z , t) d a- (z , t) (3-44 )4 a t a
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where C~ ~ co llision coefficient and is approximatel y given
by ( 3 — 3 ~~)

- ~~~~~~~~~~ J(u 2 +u~~
3 ~~~ JJ 0

3
k 0) d 0

4 - 
in ~ b /

1 
u
4
u

3 ~ 
~~ J 3

(k b)P C  1 J.

k 3 
u

C” — 

~6 
e ~i c _~~~• 

1 p c
4 ’ in b 4 ‘~~E J ( k b) 3w 0 1 .~p C

Equation (3-44a) is als o a Kortweg-de Vr ies equation for  the model
amplitude. For this case , it is va lid up to times when the frequency
spectrum of a.a (z , t)  contain frequencies close to the Cyclotron
f requency, u .
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3. 4 Analy s i s  of the AmDlitude Ecuation

Comp aring the magnitude of the t e rms  on the r i ght  hand side of
equa tion ( 3 -3 9 ) ,  we find that the last  te rm {the t e rm  whose coef f ic ien t
is C4 J is the dominant one. From equation ~-37of Appendix 3, ob-
serve that this te rm arises from the nonlinear coupling of the lorig itu-
dinal electric field of wave s of different frequencies.  Since , fro m
equations (2-21),  the magnitude of the long itudina l field is greate r tha n
the transverse field, it is expected that the s t rongest  nonlinearity would
res ult from interactions involving only the longitudinal components of
the field. Neglecting the other two terms in the R. H. S. of (3-39),  the
resulting equation has the same fo rm as equation (3-42 ) ,  i. e . ,  Eq.
(3-39)  reduces to the K-de V equation.

Thus the evolution in z of the modal amplitudes is described by
an equation of the K-de V type. This results in the recognit ion that
propagation of large amplitude slow wave s and surface wave s along a
plasma column belong to a ve ry general  class of nonlinear wave phe-
noniena, i. e. , nonlinear dispersive waves. It is important to note
that the sign of the nonlinear term in (3-42) is opposite to the corres-
ponding one in (3-39). This difference results in qualitatively d i f f e r en t
be ha vior of the solution which will be discussed in the next section.

Notin g from Equation (3-i 8) tha t, since for  eac h case we are
only considering a single mode , the field solution is:

~, (p ,  t; z) = f ~~~(z , 
~

) 
~~~~ )

1L~t ~~~

where a(z , 
~ ) and ~ii (p, ~

) are give n by Eqs. (3-39) and (3 -2 2 )  res-
pe ctive ly, f or surface wave s and by Eqs. (3-24) and (3-42 ) re spective-
ly for body waves. Ln particular , for the longitudina l electric field
of the waves:

E ( o , u ;z)  = a ( z , u) Ejp~ ~ )

Putting in the value for Ejp~ ~ ) for eithe r case , we find in the regime
K~ b < l

E 5 (p, ~ ;z ) - - cons t . i~ ~~~~~ w) (3-45a)
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or f r o m inver s ion :

E (p ,  t ;z) - corist 3~ ~~ (z , t). 
( 3-4 3b )

This r esu l t  is ve ry convenient since it allow s the solution of Eqs.

(3-42 ) or (3-39) to be immediatel y associate d with the long itudinal elec-

tric field of the wave. Thus the Modal Ampli tude acts as a potential

whose time derivative is proportional to the longitudinal E field.

Rewriting e quations (3-42 ) and (3-39) as

3 ~~~ (z , t) +1 
~t ~ a (z , t) - Cd 3 

~ 
(z , t) ÷ C~ ~~a~~ ’ t)

- C 4 f~ (z , t) a~
a ( z , t) = 0 (3-46 )

where

( v B 0
0

v B =~~
I __ o

v Weak E
S 0

No magnetic field

Cd = 
1/ 2 ~~~~ Infinite magnetic field

L~ l / Z v 3 c~~ Weak magnetic field

No magnetic field

C 
(column sur-

C
1 j r ounded by pe r-

C~ = 
Inf inite Magne tic field~ fect  conductor

C I I column in f ree
C 2 

) L.s pace

c Weak magne tic field
C3
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± No magne tic
/ 7 3 field0

3 e i f ~T Infinite rflag-
— — — I— netic field;2 m  3~ i € o column in

ci’ free space
_ _

~~4
3

e k~ i /v~~ 
~ 

Infinite mag-
1. 08 — -

~~
- —

~~ ~
/— ~ ~~ b) netic field;

a 1 .L column sur rounded
by per fect conductor

3 2 2 3/2
~~~36 e ~~ ~~~~~~~~ I Weak magnetic

3 in b 3 ~~~ S (k ,b )  fie ld
o 1 —

With the observation made in (3-45), Equation (3-46 ) may be
used as the starting point for the study of pulse propagation, of limited
band-width and finite amplitude, along a plas ma column with inf inite
axial magnetic field , or with a weak magnetic field , re spectively.
Ike zey et a134, using quasi-static approximation derived a K-de-V
Equation for the evolution in tirrie of the potential. of an electron acous-
tic wave propagating in a cylindrical plasma column in an infinite mag-
netic field and surrounded by a perfect  c onductor.

The K-de-V equation can be obtained for other kinds of plasma
wave s, for example ion waves in a cold plasma for the case >> u f4l}

r42 1 r43 i ce pe
hydrorna gnetic wave s~. ~, and for othe r wave phe nomena t ~. For a
comprehensive su.rvey of K-de-V literature see {447.

As previously pointed out we could not operate the experiment
in the regime >> . Results we re obtained onl y for  u = 0 andCe pe ce
w ce 

< 

~pe~ 
Even though the dispersion relation for  symmetric bod y

wave s in the regime 1ce < 1pe can be approximated by an equation of
the form (3-37), the structure of the properl y nor malized and exact

eigenvectors is rathe r complex and is not amenable to ana lytical ma ni-
pulatiozi. The coupling coefficients in the equations for  the modal
a m p litude s (more than one mode has to be considered Cl 6l ) .r,ou ld not be
s imple functions of frequency, and numerical solution woul d have been



inevitable. By pro~ erl’, approxima ting the exact ei~ envectors , the

coupling coeff ic ients  in the modal amp litude equations could be
stmoL~ :e c , ar.c the aoa ’;t ica res~ 1t the  f o r m  of E cu a t i on  ( 3 - 4 c ~
was then  poss ib le .

Since no attempt is made here to solve the K-de-V equation

e ithe r analytically or numerically the equation for the modal ampli-
tude will be subsequently normalized so tha t the results obtained by
others [42 1 may be u sed to enable us to re phrase the results  obtained
in Chapte r tEL

Introducing new variable s, and re s tr icting ourselves to experi-
mental conditions:

b J C 
~~ 

(z , t) No magnetic fieldp 4 a
~2. (z , t) = (3-47a)

~~b C 4 cc ( z , t) Weak ma gnetic field

I No magnetic field
z’ = (3-47b)

L -
~~

-
~ Weak magnetic fi eld

- z/v 0) No magnetic field

t’ = ( 3 — 4 7 c )

- z/v 3 ) Weak magnetic field

We obtain from (3-46 ) and (3-47) :

t ’) b C~~~~~(z ’, t*)  3t’~~a~~ ’ t ’)

- a’3~~ ~~~(z ’, t ’) = 0 (3-48)

~ 
~~ b/v 0 No magnetic field

where a’ ~

~ ~~~~ 2v 5 Weak magnetic field
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Equation (3-48) is in the ~ sta ndard  forni ~ (ne glec t ing the co l l i s ion  t e r m )
rj’ ~d i s c u s s e d  by B e r e z in  and Karprnan L ‘

‘ . They inves t i ga ted  the evolu-
tion, for  diffe re nt value s of ~~~, of a d i stu rbance  at z = 0, radiated fo r  a
bounded time inte rval ~~, i.e ., given~~~~(0, t ’)  ~~(t’/ ~~ ). How does

~Z(z’, t ’)  depend on ~ and a ’, if Q~~(z ’, t’) evolve s as in (3-43).
The boundary condition for (3-48) may be ob tained from the ex-

pe riment as follows: from fi gure 2 - 7 , as the BEG pulse propagate s
in the parallel plate structure, part of its energy is coupled to a radia-
tion field, part to a plasma guided field and the rest  is dissipated by
the te rmination. The amount of energy that goe s into each type depends
on how well the parallel pla te couples to that mode. Even thoug h we
measured the coupling of energy  by the parallel p late structure to the
guided field as a function of frequency, an absolute meas urement on
the percentage of energy r~f the initial pulse that goes into the guided
field could not be done. The unrxormalized modal amplitude at z 0,
i. e., a (0 , t) is re lated to the long itudinal elec tric field component of
guided field , excited by the pulse , by equation (3-45a),  and the refore
from equa tion (3-45b) :

a)  No magnetic fie ld :

3
t

1 ~~Z~~~(0 , t’ ) = -4 ~~~ 

~~ 
0, t ’)  (3-49 )

Note tha t the factor in parenthesis has the dimensions of (cou l— sec 2 )/
(kg-cm) or of (electric field)4 as it should. Since

v = b( .67 165) :
0 p

~ (0 , t ’) — 1. 9503 x 10” —y— E ( b , 0, t’ ) ( 3 — 5 0 )a

w ith
• —lin sec

b in cna
kg-cmE inz —Coul - sec
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E ( b , 0, t ’) is the long itudi nal f ie ld , evaluated at the b oundary of the
column of the ~a lr e adv  set up 5 guided f ield at z = 0. It is not the ac-
tual BEG pulse. Howeve r , since the f i e l d  is app lied fo r  a f ini te  amoun t

of time, ‘ve expect tha t the guided field at z = 0 a l s o  p o s s e s s  this char-
acteristic in time, but as mentioned before , its absolute strength is

unknown.
b ) Weak magnetic field
From (3-24),  E (p, 0, 

~
) E (0 , 

~
) S (Ic p)z ~ L.

2 2
~) ±~~ ~~

a~,a~~
(0 , t ’ ) =  + ( 3 . 6 6 4 x l 0 ” ) ~~~~ c E~~(0 , t ’) ( 3 -51)

Looking into the physical consequences of the above theory, let us

first conside r the linearized equation obta ined from (3-4 8) when the
nonlinear term, 

~~~~~ ~~~~~~ 
is neg lected. The re sulting equation is

the Airy equation with a damping term

~~ 
a ( z ’, t ’) -

~- b C L ~~ (z ’, t’)  — &9~ I ~~~ (z ’ , t ’)  0

whose solution is:

a ( z ’ , t ’) =L ~~ 
e~~~~~~

Z t -~ t ’) d~ (3 -52 )

with

~

and the normalized amplitude Aa (cu) is given in terms of the boundary
condition ( 3 — 5 0 )  or (3-5 1):

I i tAa
((
~
)) = ( i )  f (con st)  E~~

(0 , t) e ‘
~~ dt

and from (3-45) , we get for  the actual guided field :

E ( z ’, t ’) f  (const) E ( O , ~~ e
1
~~~~~

t -ut’) ~~

or

-j
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E (~ ’ , t’) = (const) e
_bC

~~ ( G(z ’ , t i  ~ tu ) E ( 0 , t ’)  d t ’  ( 3 - 5 3 )

wi th

G(z ’ , t t )  = 
(3~~z ,) l/3 Ai~~ (3a ’z ’)~~~~

where

~7 e~~~
3
”~ ~~

x-r ) d

Since the initial width of the applied signal is sufficiently small,
then for  large z ’ , G(z ’ , t1) is a slow varying function, and the solu-
tion ( 3-53)  of the linearized equation can be writ ten in the following

t 42Jform

-b C z ’
E (z ’, t ’) (co nst) e 

i/3 Ai l/3~ 
f o r  lar ge z ’(3-54)

Z (3a’z ’ )  (3~~z ’ )

E
~ 

doe s not depend on the characte r of the initial radiation as long as

its width is small. However , f or small z’ , the solution depends

strong ly on the boundary condition. The solution (3- 54) r epresents  a
wavepacket moving awa y f ro m the launcher with the f i r s t  peak moving
with velocity v fo r  = 0, and v5 for  B ’ ~ 0. The pac ket sp reads

and its amplitude is reduced as it move s. Fi gure 3-3 show s a plot of
the velocity of the f i rs t  peak as a function of plasma parame ters , i. e. ,

and The solution (3-54)  is discussed fur ther  in Chapte r III in
relation to the experimental results.

Next, for  the full nonlinear equation ,  the nonlinear ~arame ter
I ~~‘ 1
- ‘~~~ provides a measure for  the nonli~~ a: effects . To compute ~ for

typical experimental conditions, assume the boundary conditions fo r
Eq. (3-48) to be given at z = 0 + ~.z, L e.,  a few centimeters to the

rig ht of the launching plate s. Plac ing the receiving plate s close to the

launche r , we observe a wave packe t of four oscillations extended over
an inte rval of time i . Thus, take as the boundary condition for

~Z ( z ’, t ’)  a function of the type:

~~~~~(/~z’, t ’)~ z +~~~~~~ ( t ’/ r .~ .) (3- .55)

-j
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1: -‘

( A’ 1. 3503 x l0~~~) ( l / Th)  B = 0- 0 0
—•, J , — .

= — — (3- r o a )
0 

B’ (3. 66 ~ 1015 ) 0 C l/}b) B 0

and

~~~~~
=

A’ and B’ are unknown constant amplitude s iii vol ts/ cm which depend
on how well the BEG pulse couples  to the mode field. From [4 ~ ],

= 
1 ‘ry~

Putting in fo r  and a ’:
For  = 0:

a- = 4. 455 x l0~ -r-/~~ ( 3 _ 5 7 )

For E 0: /—o 
/ 2 2 \l / Z
I,

~ +~~
a- = 7. 446 7 x ( ~ 

~~

—

~~

- )
\~~~~~~ ‘

I

Taking widths of the orde r of 5 nonsec ., 10. 49 x 10~ rad/ sec. ,
— 5. 18 x l0~ rad/ sec and a 1. 4 (see fi gure 3-4 for  the behavior

of a ) ,

( • 222 .~J ~ T’ 
~~~~~~~ 

0

a- ( 3 — 5 9 )

From numerical solutions of the K-de-V equation, it is known~ 
42 J that

a critical a- = a- = -
~f~’ exists in the sense that qua li tatively di f ferent

so lutions are obtained for  a- >> a- and a- a- ~~. For a- > r
C c C
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nonlinear stat i-snar -: so iu t ± o ns of the ‘‘ soiita r’r type ” are permissible ,
wh e r e a s  f o r  -r < a- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ solu tions c o r r e s p o n d i n g  to rapidl y-
oscillating wave p acke t s  are  obtained .

Ex-nerimentallv , the maxImum f ie ld  amplitude available at the

plate s (due to the 4. 4 dB attenuation of the 60 nansec . dela y line ) is

1. 02 kilovolts/cm. Even though absolute field amplitude of the excited
wave is unknown, 1. e., A’ or B’ , the first nonlinear effects which
beg in to be observed is in the region a- < 

~~~~~ 
Therefore  in the f i r s t

assessment of nonlinear effects , we proceed as in ç45 } by expandin g

the solution of the K-de-V and the wave numbe r as~

(z,t)= € ~~ ( e )  - -€

(3-6 0)

= h 0 (~.4 ~ € K
1
(CQ) + ~ 

2 
K 2 (C~ ) +...

where

9 K z-~~t and€ = €  (,~7 ) .a a

and K
1
(~~) is chosen to be ze ro  to avoid a secula r express ion  of ..Z .
In a straightforward fashion, we obtain fo r  the C o e f :L c l e n t s  of

the expansion:

= cos 9 a = - 

2 cos 29
12Cd ~ b~p

1 3ic0 (~ ) = — ‘~~ + Cd (3-o 1)

2 224Cdc.~ bp

The critical difference between these results and the linear results  in
equation (3-52 )  is the dependence of the d i spers ion  t~quation on the am-
plitude. The specific consequence of this observa tion is that the char-

acte ristics of the modulation equations~~~~ beco me doubly  degene rate ,
i. e. , it predicts the eventua l sp litting of a wav e  packet  into two separate
ones propa gating with cha racte ristic velocitie s g iv e n



C = for  the slow w av en a ch e t
— -

( 3-a 4 )

C = fo r  the f a s t  wavepacket .
- 

‘ c~o
- 

2 ~ b
p

where  is the nor malized amplitude of the nonuniform wave t ra ln , and

K~~(~~)~~~~~~K 0
. Using these velocities , we can get  an c~ per estimate as to the

distance awa y from the source  at which this separat ion ca n be observedJ

C~ C~
z =  1~

or using (3-62):

~ C

-)~~~~~~ -
0

For weakly magnetic field , fr o m equations (3-47)  and (3-56a) :  Note

that for  surface waves we obta in a negative value for z. The conse-

quence of thi s result  is discussed in the next chapte r.

3~~~ 2
- c 

_______ _I_

15 2 2 ZE ’3.66 x l 0  ~p C

For the typical experimental parame te r previously considered:

2. 06 x 1
= ZB ’ 

(3-o 3)

thus for a wavepacket of actual field strength of 50 volts/cm, separa-

tiori of app r oximately 3 nansec. will result  at 61 cm away f rom the

bounda ry.
These results are used in the anal ysis of the experimental ob-

servations which are discussed next.



-50-

IV . R esu l t s

n l ight  of the analvt’ cal r e su l t s  de rive d in chapte r III , the data ob-
t a in ed  u s in g  the apoar a~~s desc r ibed  in chapte r II will be subsequentl y
presented and analyzed. The results for  the no anial magneti c field case

are presented in section 4. 1; and in section 4. 2, the results for the weak

a~dal magnetic field case are presented. As previously mentioned, there

are two fundemental differences between these two cases:
1. Even though a Kortweg-de Vries type equation describes the

evo lution in space-time of a give n di s turbance , diffe rent qualitative re-
suits will be obtained in both cases for  the same excitation . This is due
to the fact  that the signs of the nonlinear te rms (or of the normalized
initial distribution in Eq. 3-46) are opposite . In inte rpreting the results
of this chapte r , it is important  to note that the Electric field at the launch-
ing plate points in the - ~ direction for  what has been referred to as the
positive pulse in the preciding chapters.

2. The coupling structures used for  eithe r case we re diffe rent.
The set up shown in Fig. 2 - 5  was used fo r  the no magnetic field case ,
where as for  the weak magneti c field , the set up is shown in Fig. 2-7 .
In the latte r case , the addition of the brass rings allowed for the pulsed
field to be directly coupled to the plasma, improving the launching ef-
fi cienc y for  the body waves. For ~ o = 0, surface wave s were strongly
excited without the need of the brass  rings . For these wave s , the fields
are concentrated at the plasma boundary.

Each of the above sections , i.e ., 4. 1 and 4. 2 , are divided into two

subsections . The low amplitude or l inear resul ts  are p re sen t ed  in the
first subsection; while in the second subsection, we p resent the finite
amplitude or nonlinear results.

4 . 1 Zero Axial Mag~netic Fie ld

4.1.1 Linear Regime

For expe riments in this regime , the peak pulse electric field at the
launching plates was kept below 192 Vol ts/ cm.  At these field levels , the
integral solution , equation (3 -53 ) ,  obtained in section 3. 4 is valid. From
this equation, the mechanism that affects the propagation of the pulse is

di s oc r s ion.
The vital expe rimentally controlled parameters  which appear in the

s olution ~3 — 5 3 )  are: the back groun d neutral  pressure  (i.e. collision fre-
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cue n cy) , initial pulse po la r ity ,  plasma f r e quen c y and 7lasma column
radi us. As a matte r of o rgan iz a t ion , the ei~ect  -of each ci the above

~arancet e : s  on the p r o p a g a t i o n  of the pulse will be secuer.t ially ore-
se n ted and quant i tat ive l y compared  to the solution ( 3 - 5 3 ) .

Pressure effects had no particular quantitative interest to us ex-

cept from the point of view of being able to launch the waves . Due to
the increase with p ressure  of e lectron-neutral  collision, it was difficult
to launch the waves as illustrated in the sequence of Fig. 4. 1. High
attenuati on , column striations , and loss of s tatistical s ampling c oherence
are the factors  responsible f o r  this behavior . For the rest  of the ex-
pe riments , the pressure  was kept at a point where  collision related ef-
fects had the leas t inlluence on the w avepacket characte rist ics.

The effect , in this regime , of pulse polarity is trivial: it me rely
change s the sign of the solution (3-5 3). In Fig. (4 . 2a),  we dis play os-
cillogram in time obtained at z = 56 cm for  the “positive ” pulse and in Fig.
(4 . Zb) for  the “ne gative ” pulse0 Figure 4. Zb is just  the negative of Fig.
4. Za. The polarity of the f i rs t  oscillation is as predicted f rom the solution
(3- 54). Quantitative d i f fe rences  ~n the f reguency of oscillation and am-

plitude are due to slight d i f ferences  in plasma f requency  and initial pulse

characte ristics. In Fig. a, the “positive ” pulse generato r produces , at

the launching plate s , an Electric field puls e in the negative z direction ,
its s trength is appro~dmately 192 volts/cm and its duration is appro~d-

mately 1 nanosecond. The “ne gative ’ T generator , in the othe r hand , pro-
duces a field in the positive ~ di rection and its duration is appro~dmate1y

5 nanosecond. The seemingly reverse naming come s from the fact that
the labeling is appropriate for  the voltage of the front plate with respect
to the ground plate. The evolution in space of the initial disturbance is

shown in Fig. 4. 3. The a)sequence corresponds to the positive pulse

whereas the b )sequence corre spond to the negative pulse. This sequence

is explained , in te rms of equation (3 -53 )  as follows: at z = o , the
launche r position , a wave is radiated for  a bounded time inte rval. As the

pulse travels to the right , i. e . ,  z > 0, it rapidl y break s into oscillations
due to s t rong dispersive effe c ts . Since the dispers ion is negative , the
long wavelength are observed to propagate at a hig her speed.
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:i gur es 4.4 a ,b , and c show oscillograms in time for di f fe ren t

positions of the receiver. The part of the oscillogram marked with an
A cor responds  to f ree  space electromagnetic r ad iat ion  p r o p a g a t i n g  at

the sp eed of lig ht.  This radiation is observed even if the plasma were
not present  (see Fi g. 4. 2 . From these curves , we again observe the
negative dispessive properties of the system. This prope rty is further

dis played by fourier  analyzing the wave forms of Fig. 4 . 4. From the

re lati on

~~t ~~~~_ 1

where ~~t = spread of the wavepacket in time

= spread in frequency

Thus , as the packet propagate s and spreads  in time due to d ispers ion ,
its fourier transform becomes nar rower .  This is disp layed in Fig.
(4 . 5) .

As the averaged plasma frequency is changed , the packet charac-

te ristics, are also observed to change . The speed of p ropa gati on, f re-

quency of oscillation, wid th of the packet and the normalized amplitude
inc rease  as a function of 

~~~ 
Time oscillograms for  various averaged

plas ma frequencies are shown in Figure (4. 6) . Figure  (4 . 7) shows a

plot of the velocity of the f i r s t  peak of the wavepacket as a function of

plasma frequency. Two diffe rent methods were used to calculate this
velocity. The f i rs t  uses the fact  that the first observed disturbance

co rresponds to the free space electromagnetic radiation travelling at the
speed of li ght. B y comparing the time of arrival at the point of observa-

tion, of the first peak of the wavepacket with respect to the EM signal ,
the speed of propagation is obtained. The second method uses the time

of flight of the f i r s t  peak between two points . Also plotted in Figure
(4.7) is equation (3- 34a) . As was pointed out in section 3. 4 , the speed
of propagation of the f i r s t  peak is given by v0. The experimental values
diffe r f rom the theoretical by 20%. This differenc e lies in the manne r
that v0 was obtained , i.e. by nume rically fitting the solution of the dis-
persion relation to equation (3- 34a). In E quation (3- 34a) , 14 points were
used to dete rmine the low frequency or linear slope of equation (3- 34aj ,

i. e. , v0. If fewer points are used , a large v0 is obtained (see equation
(3- 34b) for examp le)  and a bette r approximation to the propagat ion speed.

f
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Fj r  r e c - ~i;e r posit ions f a r  a wa y  f r o~ri the launche r , i.e., at l ar g e

-.a~ ies of z, the far field solution , ec uat:o~t ( 7 _ 5 4 )  is app l icable.  ~~~~-i i i

l f e . s  that  t~ie o b ser r e d  osci l log r am s  o~.ai 1i behave as A i r y  funct ioas

of ar~~tment ( - z ’ ~~~ / ( 3 ~ . Tjs ing  the asymptotic ap—

~roximatioti for the Airy 
func tion , the s olution (3- 5-I ) takes the form:

- 
i sin [2 / 3 tt 312 +

z 
(3d~~’t ’) ~~ 

0

where t ’ =
~~ 

(t - ~ /~~~) / ( 3 d z ’) ’’~~ z ’ = z/b

the zeros of the above equation occur at:

= (n - 1/ 4 )  2 / 3  3 ~/ ~ ( 3  ~ z t ) h /  3 (4- 1)

These values can be directly compared to the prope rl y normalized zeros

of the observed osciflograms . In Table (4 - i) ,  we tabulate the zeros ob-

tai ned f rom equation (4-1) and f rom two d i f fe ren t  oscillograms . These

are  also plotted in Figure (4-8) . ~ instead of using the average plasma

frequency as measured using the C avity method, a plasma f re quenc y is

chose-n as to fit the nth experimental crossing to the nth theoretical

c rossing; we observe that all othe r (n - i )  c ross ings  fall to within 6~ o of

the theoretically predicted values. Larger  ~deviati ons are obtained for

the n = 0 and n = I crossings where the as ymptotic expansion does not

provide an accurate representat ion. The value of a~ obtained in this
- p
fas hion is 20% off from the value measured by the Cavity me thod. The

discrepanc y lies in the fact  that , the Cavity method measures  the ave r-

age plasma frequency of a zion unifo rm plasma column , whe reas the 
~

obtained by matching the zith zero is obtained f rom a theory that assumes

an unifo rm column. The plasma frequency thus derived, corresponds  to

a value near the edge of the non unifo rm column . Thus , we have de-

veloped a method for measuring the plasma frequency,  n ear  the ed ge o f

the column , f rom the zero  c ross ings  of the observed time oscillograms.

It has a higher resolution than the Cavity me thod as seen from Figs. 
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Table  4. 1

P a r a m e t e r s :

Rece iver  d is tance  (z)  = 54. 375 cm

Colum n Radius (b) . oô cm
No rmalized distance ( z ’) = 32 . 38 6
-a ’ = 1.48887

v 0 (experimental) = 3 .S95xl0~~cm/sec.

f (from cavity) = . 9 GHz

Experimental t ’ Experimental t ’
(~~ 

measured (~~ chosen so as to
Zero  crossing (n) t u~ ing cavi ty ) f~~ nth ze ro crossing)

(a)  (b)

0 9.14898 12 .16  9 .6 2 3  9. 8

1 19 .02  28 .16  2 2 .2 8  22. 7

2 33.43 43 .34  3 4 . 3 3  34 .99

3 45.19 57.11 *45.19 46.0

4 35 .56  6 9 . 3 3  54 .3 5  55 .9
5 65 .020  30. 6 3 . 3 0  64. 528

6 74.01 90.65 71. 71 73.10

7 82 .3131 102 .07 80. 75 * 8a . 3 13 1

8 90.2908 111. 23 88. 89. 7

9 97.899 1 2 1. 1  9 5 .82  97.68

10 105.1395 130.293 103.08 105. 06

11 112.28 139.4490 110.32 112 . 45

119.158 148.55 117 . 5 2  119. 79

125.821 156.187 123.56 125.9

* nth zero matched

(a) = . 712GH z
f cor responding to colum n Ip (b) = . 725 GHz
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4 . 3~. The average ~lasma frequency as measured by the Ca-ti:y was

° GHz for  both oscil lograms , whereas due to small background rres-
s u — e  chan ge , the numbe r dens i ty  had d r i f t e d  sligza tly caus:ng a change
in the propagation cha:acte risti s of the w av e p a cc e t .  The dr :f :  cor-

responded to a 5~ o change which was not detecte d by the Cavity.

Qualitatively, the behavior of the envelope of the observed oscillo-
grams is as predicted by equa tion (3-34). Howeve r, quantitatively, the

rates of deca y of the envelopes do not agree.  In Figure ( 4 - 9 ) ,  we dis-

play the envelope amplitude as a func tion of time. Two ra tes  of decay
a re observed. For rates just  to the ri gh t of the maximum amplitude ,

-3/4 . - l
the deca y goes as t , whereas for  large times the rate goes as t
The asymptotic result of equ a tion (3-54) predicts an uniform decay rate
of t~~

1 ’ ~~~
, To account for  the d i f fe rence , two fundamental assumptions

made in the de rivation of the theory must be modified if a quantitative
description of the amplitude is desired. F ir s t , in the desivation of the

collision term , the dependence of ( . . ‘ , z.’ ~~~) on frequenc y was neglected
in orde r to get at analytical results . Secondly, sheath effects which in-
troduce s t ron g landau dampling of the slow waves at high f re quenc y
must be included in the theory. The high attenuation H t~~~) observe d

for the high frequencies is an indications tha t  this mechanism may be

present.
The last parameter considered was tube radius. Figures 4-IQa

and 4 - lob  display recordings in time and space obtained using a tube of
radius . 325 cm. The behavior of the packet is as predicted by the theory
of chapte r III with the prope r value of radius b. A lar ge dis c r e panc y

is noted (see Fig. 4- 11) between the zero c ross ings  of the obs e rved
osci llations normalized to the Cavity measured plasma frequenc y and
those computed from equation 4- 1. Also shown in Fig. 4- 11 are the
crossings computed by no rmalizing the expe rimental zith c ros s ing  to the
corresponding theoretical value. The large diffe rence for  this tube be-
tween the Cavity measured 

~ 
and the nth cross ing  computed .

~ 

is con-

sistent with the previous explanation given for  this diffe rence. It lies in
the fact that the small column has a s t ronge r t ransverse  izihornogeneity
in the numbe r dens i ty  than the large r ru be.
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a) f .79 GHz z z 5 6 ctnp
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Fig. 4. 10 Oscillograms for d i f feren plasma frequencies. Tube radius • .3 cm
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4 . 4 . 2  ~:cn 1inear  R z:rn~ s

As the amplitude -of the in:tiai rulse inc rea se s , no nlinear e f f ec t s

sta rt to ?1aY a role. E:c e rinien:s in this reg ime were carried out u s i n g

?eak field st r en gths g rea te r than 4 00 volts / cm , at the launching plate s .
It is important  to note that for  all e cperiments (both ze ro  and finite mag-

netic fields) ,  the signals observed in the oscilloscope are normalized so

that if the response we re linear , the observe d oscillogram as a function

of input pulse s t rength  will coincide . This is accomplished by keeping

the total attenu ation , in the path the signal travel , constant. Thus to go

from the linear to the nonlinear regime , the attenuation is t r ans fe rr ed

f rom the inpu t of the launching plates to the input of the oscilloscope. In

this f ashion , effects that are clearly amplitude dependent are identified.

In Fl gure 4- 12 , the profile in time of the wavepacket  is shown as

a fun ction of input pulse amplitude . The positive pulse was used as the

source. Qua litatively, these diagrams are similar , although quan tita -

tively they diffe r in the law gove rnin g the decrease  of the amplitude in

ti me and in space. Moreove r , the charac te ristics of the f i r s t  two

oscillations have changed. Note that the maximum no rmalized ampli-

tude of the nonlinear response is less than for  the linear case , imp lying

that the surface wavepacke t has reached saturation . In F igures  4- 13  arid

4- 14 , the behavior of the amplitude as a function of space and time for

the linear and nonlinear cases are  disp layed. The slowe r decay rate ob-

served for  the non linear case is exp lained from the dynamics of the ~ ro-

pagation as described by the model developed in section 3. 3. For  posi-

tive pulse, E~~
(0 , t ) —  - E~~(0~ t) ~, where E 0 is the pulse field strength.

Thus for  any value of o , the solution of the K de V equation is always

oscillato ry and the charac te r of the solution is very similar to the linear

result. {42 A physical understanding of the processes  taking par t  in

the propagation of the high amplitude pulse may be gained from the

fourie r t r an s fo rm of the observed oscillograms as a func tion of plasma

frequency and receive r location. In Figure 4- 15, we displa y side by
side the nonlinear response, arid the corresponding power spectrum

as a function of plasma frequency. In Figure 4-16, the p lasma frequency

is kept  constant  and the record ings  are shown fo r  3 d i f f e ren t  positions.

These diagrams show the channeling of energy  f rom the lower fre-
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cuenc~ es to the k i -~he r ft -eau e n c : e s  vh:- :h ~o r t  ar e  t r o n g l y a t t e n u a te d  as

ex~ 1a:nec ~n sect :or l  3 - 3 .  T1~:s a c c ou nt s  f o r  the s a :ura ::on r h e no men a  co-

se r-.-e3 .  Not e  tha t  the r e g ion  of in t e  :-ac :icn io : iect :on  P0:0: r et :- Jn  :n ne -2 5.-

:::-e S I O P C  s ide  -oi the r c -v e r  s rec : run ) is a f un c t i o n  of the t:me of in te rac : ic r~
between the diffe r ent  f r equency  components  of the packe t .  F o r  a fixed

receive r position as the plas ma f requenc y is decre ased , the packet

velocity dec reases  thus inc reas ing  the i n t e r ac t i on  time . Similarly, f o r

a f ixed p lasma  f r e q u e n c y ,  the fur the r away f r o m  the l a u n c h e r  the more

time the components  had to in te rac t .  This phenomena causes  the in-

~ ection point in the power spectrum to move t o w a r d  lower  f r equen c ies .

The effects described above were  not observe d when the negative

pulse was used as the exciter .  Even though f o r  this polarity E quation

3-48 ~ red i ct s  quanti tat ively different  results , the maximum am~ 1itude

available at the plates and the width of the pulse we re such tha t  a- is al-

ways much , much less than a-~~ Figure 4 - 17  show s the p lasma response

for  the rna,dmui-n pulse s t reng th available with the negative generator.
Also showii is the power spectrum of the re sponse. As can be seen f rom

th~ diagrams , nonlinear effects were not observed using this excitation
as expected f rom the value s ci the nonlinear paramete r for  this pulse.

4 . 2 Finite Axi al Magne t i c  Field
4. 2. 1 Linear Reg ime

Since all experimental ‘ i dio syncr a si s  1 have already been discussed .
In this and the following subsect ion we riced only p r e s e n t  the resu l t s.

Pulse amplitudes corresponding to field strengths of 61 Volts/cm were

used to excite the linear 3u1k Waves . The pertinent parameters for this

series of expe riments were the plasma frequencies ar.d ax:al fie ld  s t r e n g t h .

In fi gu re  4 . 13 , we displa y t :me osci l lograms , r e c o rd ed  4S cm away f r o m

the launche r , as a fun c tion of plasma frequenc y wi th  ~ o f i x e d  and in Fig.

4. 19 as a function of axial field st r e n g t h  (with plasma f r equency  f ixed ) .

Again , the region marked with an A in these oscillograms, co rres—

pond to electromagnetic radiation that will still be observed if the plasma

were not present. From these diagrams , -.ve compute characte r is  t i c

paramete rs  that  de sc r ibe  the p ropaga t ing  wave packet  ~nd compare  them
-v ~~th the theore t ica l  value s obtained f r o m  oqu a t i o n  (3 . 5 4 i .
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When the DC axial ma netic  fie ld  is app lied , the wa ’rep acket s

are ob served to be noisier than f o r  the zero field case comDare the

osci l lograms in f i g u r e  4-13  to f ig u r e  4 -2  fo r  e x a mp l e) .  T h er e f o r e

care must be exercised in processing the data. To calculate zero

cross in gs and to digitalize , the waveforms are  retraced so as to

smooth out the jitters. In f ig .  4 -20 , the ze ro  c ross ings  of the exneri-

mental wavepacket are compared to those of equation 3 -S4 . For this

case choosing the values of ~ and ~ so that one theoretical zero-
p C

cross ing is matched with the corresponding expe rimental value , all

other crossings are matched to within 10% of each other. The

chose n value of up is within 20% of that measured by the cavity and

is within 8% of that measured using a Gauss meter .  Another

charac ter i s t ic  of the wavepacket is the velocity of the f i r s t  peak.

Fig.  4- 2 1 shows the behavior of this velocity as a function ci plasma

and cyclotron f requencies .  The behavior is as predicted by the theoret-

C 
ical model (see Fig . 3. 3 ) .  The quantitative dependance of amplitude

S 
VS. time was not determined qualitatively however , the waveforms

behave as expected from eq. 3-54.

For this regime, the experiments compared quite favorably to

the linear theory.

4. 2. 2 Nonlinear Regime

As the input electric field is increased from 61 volts 1cm , g ross

nonlinear phen omena be gin to occur . F rom fi gure 4 - 2 2 , one o b s e r v e s

that signals a r r ive  sooner than the linear wave s and con si de rabl e

modification of the orig inal wavep acket  beg ins to take place. Close

examination of the lower trace , for  which the exc it ing pulse is la rges t ,

show what appear to be superposit ion of two wavepackets .  Note  the

discontinuity in phase between oscil lations.  That this indeed is so

can be seen fro m the Fourier  t rans form of the oscillogram . The

spectral amplitude and phase for  each waveform in fi gure  4- 22 is

shown in f igures  4-23 to 4 -26 .  At l inear levels (fi gure 4 - 2 3 ) , onl y

one peak (C) is shown correspondin g to the wavepacket of fi gure 4-22a.

The slope of the phase r ep resen t s  a time delay f ro m some r e f e r e n c e

point (the point of a r r iva l  of EM signal for  example) .  It can ce

used to cal culate the g roup  velocity of the packet since the distance

the signal has travelled is also known.
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At hig her  amp litude  two d is t inc t  phenomena o c c u r r ed  ( f i gures

4-24 to 4-26). First is the appearance of a low frequency real-: at

= . 1-1 0Hz A ) ,  and second is the  sp litt in 4 of the  ori ginal ?ea~-t (C)

into two (( B ) and ( C ) ) .  Recal ling  the t e chn iqu e  osed in obt aLn 5r-g these

oscillograms (loop gain constant) it is ev ident  that these  changes  a r e

due to nonlinear phenomena. Moreover , the possibility of these peak

being higher order modes was ruled cut by the fac t  that the group

delay for these modes is much g re a t e r  than fo r  the lowest o rde r  mode

(see equatio n 3-37) .

From this f i g u r e  , the amri:t~5de of reak A ~s observed  to in-

crease  ver y rap idly as the input l eve l  :s n c r ea se d .  The f r e q u e n c y

shift is n eg li g ible. No f u r t h e r  azal’/ sis ha s been made of this r acke t

but it is sus pected that it be l ongs  to  t h e class of so l i tary  waves .

The main concern is with the sri~ttt ng of the racket (C). As the

input level is increased , t he re  is a Sh ft to hi gher  f requencies  of the

ori ginal peak. A gradual a ppearance  of another peak B at the low

f requency  side indic ates ano the r  wavepacket. From the s lopes  of the

phase at these  two peaks the dL f fe r en c e  :n group  velocity has been

calculated. The hig her f r e qu e n c y  packet (C)  was found to have a l o n g e r

delay and hence a lower velocity . Ac cordin g to the modulation t h e o r y ,  - -

the difference between the time of arr ival  is proportional to the

amplitude (see section 3.3). This is clearl y shown in f i gu re  4 - 2 7 ;

moreover  the observation that the higher f requency wavepacket

t ravels  at a lower velocity is also in agreement  with the modulation

theory results.

Si~ ce there  is no absolute measure  of the f ie ld s t r e ng t h s  :n the

plasma , a quantitative comparison of this ve locLty d i f f e r ence  between

theo ry and experiment is not possible. But f rom the measu red  ::me

diffe rence  and the group velocity of the wave , we can calculate the

—equired field amplitude. From equation 3 - 63 , to ach i eve  the

largest observed separation of 3. 4 ris over a distance of 56 cm , the

wave am plitude of the wavepack et  r equ i r ed  is about 50 v / c m .  This
- Q

field represen ts a total energy  of about 1. 3x10 - jou leS i.n the wave -

packet. The energy contained in the exciting elect r ic  f ield  ~mpu 1se :s

abo ut 3x 10 joule s .  Since most ~~~t the  e n er g y  of the impulse  goes

into the dummy load ar,d radia ted  to outs ide  the parallel plate s t r u c t u r e ,
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it is of interest to estimat e the couplin g efficiency, i. e. how rniich
energy can be coupled int o the plasma. As a roug h upper bound
estimate, assume that when the impulse field arrives at the plasma
tube , the 2kV/cm field is applied to all electrons Lu the region between
the plates durin g the pulse duration (At 0 .4  n s) ,  and each electron
would gain a momentum of eE~~t . The total kinnetic energy gained by
all electrons i.n the region in this way is of the order of 9x10 7 jou les.
Comparin g the orders of magnitude of the three energy levels , the
50 v/cm field required to produce the measured separation of the
wavepackets is certainly reasonable for  the experimental setup used.
The modulational splitting of the wavepacket has been observed.
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V . Corxcludin~ Remarks

In the foregoing , we have described an experim ental and theoretical
invest igati on of the propagation of finite amplitude slow waves excited by
hi gh amplitude baseband pulses. The subject  of symmetric  s low mode
propagation has been incorporated into the framework of nonlinear dis-
persive waves. Theoretically, it has been shown that for typical experi-
mental conditions (i .e . ,  

~ c = o~ ‘~c < ‘
~~~

‘ >> ~~~~ 
the propagation of the

symmetric slow mode is described by the Kortewi g de Vries equation , wi th
the magnitude and sign of the various coefficients of the KdeV equa tion
being different in the various reg imes considered. Thi s imp lies that
given equal initial conditions , different effects in the propagation mode
will be observed. The close interplay between theory and experiment leads
to a good understanding of the experimental results. Although linear
experiments on the propagation of thi s mode have pr eviously been done ,~

3
~~

far better resolution has been obtained here. To our IQiowled ge , neither
the experimental nor theoretical results of the nonlinear problem have been
previously repor ted.

There are two areas which need further investigation . The results
of that investigation will further substantiate the theory developed here
and will aid in the experimental verification of the general theoretical
results obtained for non-stationary waves propagating in accordanc e with
the Kde V equation .~

42
~

First , as mentioned in Section 4. 3. 3 , the nature of the initial peak
in the frequency spectrum has not been determined and second , nonlinear
experiments where the polarity of the exciting pulse is negative must still
be performed. We will not consider the f irst  area further and instead
comment only on the second. problem . The first  implication of reversing
the polarity is that , theoretically, the phenomena observed for the weak
field case should now occur for the zero magnetic field case and vice versa.
This is a consequence of the sign of the nonlinear term in equations (3-47 )
and (3-48) .

In conclusion , it must be noted tha t in order to experimentally
obtain a wider range of parameters , the experiment as described should
be modified in two ways: the duration of the pulse should be increased ,
and the cathode arrangement changed. Increasing the pulse duration
enhances the nonlinear effects (see equa tiot~~(3-57) and (3-58)) ,  whereas
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changing the cathode , to a fla t cathode for instance , will eliminate the
rotational instability of the c olumn , observed at high magnetic fields.
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VI. Appendices

6. 1 Formal derivation of on erators

Equation (3- 10) may be w ritten approximately up to second

order in the field variables as:

~ ~~( l )~~~~ (2) (6- 1)

where ,

xnd~
u

~~
’
~ 

+ mvcu
~

2’ - en0E - e~.L 0u~~~ x 
~ o (6 -2 )

and

rnd~
u

~
2
~ 

+ - V u Wu W - enE - e&~o~~~
2) x

(6-3 )
Formally solving (6 -2 )  and (6-3),

= - (md~~ - e~ 0H0 x 1 + mv 1Y~ en0E (6-4)

- (md~~ - e~ 0H 0 x i+ r m ’~~ Y~ [
~~ v. ~‘~~~~~ + E  } (6-5)

Defir4ng the inverse operator:

11 (dt, 
~~~~~

‘ 
y
~~) (md~~ - eM 0H0 x l  +mv l )

~ ~~~~ (6-6)

the total current from ( 6 - 1 )  (6- 4 ) - ( 6 - 6)  a~ d ( 3 - 1 3 )  is given by:

~~~s - f l +- -V . *~~~~~~~~~~~
-—2 E V .  E} (6-7)

0

which is used to arrive at equation s (3 - 15 ) .

Defining the time Four ier transform of a. field variable as:

f ( r , t)  r f (~~~)._ 1wt 
~~~~~
.

App lying the above to equations ( 6 - 6 )  and (6 - 7) ,  we obtain:
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/ \ 
_ _ _ _ _ _ _ _ _ _ _ _/ ~ l ~~2 0 = r (e~L H / rn*) 2

( im *~~[ 1_  ° 
2

~~(~~‘~~~ ‘~~ ) t r~2 0 J (6 -8 )
u e n e(e~~ H /m *)

0 im*w)f l2 
m* [ i ~~~~~ 0H

°~~~
*
~~~

- 
~~~~~ i~~o”c~ ~~~~~~~~~ 

~~~ ~~~ i~ ~~~~~~~~ ~~~~ 2’ ~~~~~~~~ 2~~

_ .~~9 f~~~1V .E~ 2dx } (6 - 9 )

where m* m( l+ iv ~/ w )
and for any two vectors F(~2 , t) and C(c2 , t),

I 1~~~ 2~~ 
=

Using (6-8)  and (6-9) ,  the transform of L in equation (3- 16)  is given by

~ (~~~H0,~i~ )J ~~
L(

~
iw ,V t

\ - ~~~~

6. 2 Evaluation of the eigenvectorg
The elgenvalu e equation (3- 19)  may be expressed solely in terms

of the transverse components of ~~~ as:~~
0
~

~~~~~~~~
° 

z 0 xV~Vt x z )  . 

~ 
K~~~~~ c~~~

(6- 10)
- 

2~ 
z x V t~~~

- V t x z )  . 

~~~~~~~~~~~ 

IC~~~~Z
0

X E

where
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p < b

~~~~ c..~~
+ z Z €

3 
( 6 - 1 1)

p > b

and the longitudinal field components may be obtained from the trans -
verse components via:

(:::) = 

(o 

(i~~e 3€ 0 ) 1 
~7t

xZ

’

~~\

\(a

)

-(i~~ 0 ) V~xz 0 0

Note that since the operator L0 takes different forms in the range
0 < p < ~~~~, likewise ~Li~~t s will have different representations .

In general, the total field correspondin g to Ea and Ha will
(40) . . thave both E and H components. This imp es that no

TE or TM mode representation is possible; therefore a complete set
of modes must be composed of TE and TM modes. In the following
analysis , we will restrict to the cases: a) zero static magnetic field,
b) infinitely large magnetic field and c) weak magnetic fields, i. e.

~~ <~~~ , and the column is surrounded by a perfect condition. Thete pe
first two cases result in substantial s implification in the form of the
eigenvectors and eigenvalues. For these cases, Eqs. (2-3) can be

satisfied with eithe r E or H equal to zero. Thi s implies thata5
two independent solutions are possible. Since neither the nonlinearity
nor the boundary couple the two solutions and since initially only E
modes are generated by the electric current source, only these will
be considered in the field representation. For the low magnetic field
case , we make the assumption that the waves are slow and, therefore,
are primarily TM type, i. e. , the actual field eigenvectors are approx-
ixnated by quasistatic eigenvectors.

An implicit assumption , when representing the total fields as a
superposition of modal fields , is that the modal set (or eigenvectors )
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is complete , i. e. , they fo rm a basis in terms of which any arbi t rary

vector may be represented. A statement of completeness  may be

expressed as follows:~
40

~

~ ~~~~~~ ~~~~~ 
= ~ - (6- 13)

The suxnation in (6- 13)  is to be interpreted as an integral for the case

of continuous spectrum and as a sum for the discrete spectrum. A

direct procedure for determining the spectrum utilizes the character-

istic Green ’s function for E modes. (40) The properties of the

Green ’s function in the complex ka plane are investigated; and from

pole and branch singularities, which contribute to the integral of

Green ’s function along a suitable contou r in the comp lex 1
~a plane,

the eigenvectors are obtained. In this case , the qu estion of complete-

ness is assured although no rmalization as in (3-19a) is not. This

procedure will be used subsequently for  the determination of the mode
vectors of the zero axial magnetic field case.

For the other two cases , we proceed directly to obtain that part

of the spectrum associated with guided waves.

6. 2. 1 Eigenvectors for zero magnetic field
When H is zero , then tensor E degenerates into a scalar-o -

quantity. In the plasma region , € — 1 ( 1  - ) . Since for  an E

mode 
~~~~ 

. z~~x Ea 0, we have (from equation (6-1 0)  for the scalar

Green ’s function:(40)

~~~~~~~ V~g+Eg - 8 (p -p ’) (6-14)

whe re

2 2 2
c~ . LE - E I C  p < b

~C
2

ii
IC = 

2
E - p < b
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Boundary conditions for  g may be obta ined f rom ( 6 -  14 , , i i rc e  it is

valid for  all p .  By integrat ing ac ros s  . = h and o = ~~~~. we have

the condition s:

1) g is continuous at p = b and p = p

€2 )— ~~V g / ~~ 
= - 1

K ~ / ~~- (6 - 15 )
.1. 1

3~ ~~ /b 
= o -

for  a symmetric source of electric current  located at p = b+, the

solution to (6 - 14)  satisfying (6 - 15)  is:

- J ( K  b ) J ( , ’c p)o ~ o < b
A

g (6—16)

-J 2
0c b) H (K b) H (K p)o ° ° p > b

H2 0c b)
o

e J (K b)H (it b) S (ic b) H (~c b)1 ~ .~.z ° .1. 1 1
where A = - (6- 17)

and S , I , H , H are Bessel functions of the first and second kind.1 o- o 1
respectively.

The spectral representation in (6- 13) may now be obtained by
integrating the scalar Greens function along a contour that encloses all
singularities of g. The desired relationship is given by~

40
~:
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= ~1
7j  ~$ g ( p ~~p ’ ; K ) d J (

S (
~ b ) J  (it p)d ic

I 
~ 

~ ~~ ° a

2~r i  ~~
‘

C — 

(6-18 )
- 

J2(~ b) H (it b) H ( i t  p ) d i t
1 ,#c• O il  0 ~ 2 ~ ~l.2 

a
- 

2~ri ~~
‘ 2c H (,c b) —

0

the transverse component of E0 is obtained from cb~ using ,

(i p i t h
Ea = - 

a 
~~~ 

g i =~ ~ (6 - 19)
t ic~~ € L2 p > b

.1.i o

The integrand in (6-18) is analytic everywhere except for a finite
number of poles and branch points. For real it , only a single pole

exists at A = 0; the branch point corresponds to it = 0 for  which

It = + c~ ./~ € . The pole contribution gives rJe to a guid ed surface

mode, while the branch cut contribution gives rise to a radiation field.
For the excitation problem both contributions must be included .
specially at the source. In the far field we only consider the guided

wave , but as observed in Chapte r Ifl; we do not know the absolute field

strength of the guided mod e since we neg lect to include the amount of
energy extracted from the source by the other mode types. For guided

modes , it = i j i t  , it = ij ic and from (6-18), we have for the
Li -~l -~2guided rnoaes:

1k p )o
_ _ _ _ _  

p < b
)
~~ A

/C a
a 1 kb )  K k  p) p > b

o °

K0(,c 1~ 
~~~~
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with it
0 

given by:

€ b) K (,~ b) I ( i t  b)K(it b)
ii  0 0

It 
÷ K 

= 0 (6-20)

From (6-19) the transverse field components are given by:

it I, (ic

_ _ _ _  
p p < b

4a A —
0 it

= 
a (6-21)

t 1k b) it K ’( ic p)
0 a 0

- 
_ _ _ _  

p p > bK0~ic~ 2b) 
it w€ 18 A —
i O V  it2 a

11k p)
€ ii
— 

_ _ _ _  
e p < b

K —

= (6-22)
t

I (,c b) K,(’c p)
0 

~ l 
___________

- 
_ _ _ _  

e p > b
- K0 , c )  

~ 4 8 A ’ —

~~~ 
It
o

Even though the potential functions are orthonormal ; the transverse

components of the eigenvector do not satisfy condition (3-19a) .  Proper

normalization is introduced by defining a normalization factor as follows:

~ I~~(,c p)€ it l2k b) K~k p)
a O

~~~~1 ~~
N = 2)  , ______  

p d p + 2  , J , 
____  

p dp
a 

~~ A ‘ K~(it b) ‘b t ~t4a A~L i ’ IC
0 

0 0 12 12 0 it

the above can be rewritten as:

‘C
N = ( 6 - 2 3 )

O K
2

where
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p) € 12 k b) x K2(~ p)
11 0 11 

_ _ _ _ _= J 2 pd p + 
~2 

pd p (6-24j
o it K ( i t  b) ‘6 ~0

(6-24) is evaluated explicitl y by usin g the formulae~
47

~:

b 2
fi ( i t  p )p d p ~~b

2{I~ (i t  b)- (l + 2~ ~ 
)I~(it b)}

o ~ i ~ i i t b

2
p )pd p =~~b 2 (K~~(it  b ) - ( l ÷  2 ) K 2 ( b)}

o ~ ~ 2 it b ” 12

the characteristic equation (6-20), and the approximate dis~~:
equation (3-15). In the region it b < 1 , we can expand the bessel
functions in the small argument regime and obtain:

2 22 w v
= I (i t  b) _~~ d (6 -2 5)0 11

where

1 1 1 . -= 2 ~ 
- —~ with v

0 given by (3-3 4)v w v  Cd p o

and C speed of light.

The longitudinal component of the eigenvector as defined in (3 - 2 2 )  is
obtained from (6-23) .  (6 -21)  and (6- 12).

6. 2. 2 Eigenvectors for large Magnetic fields
In the limit of large magnetization , i. e . ,  >> 1 w >>w ;

transverse electron motion is effectively inhibited and the plas ma be-
comes non-gyrotropic.  The tensor € in equation (6-10) for p < b
reduced to:

/ 1 0 0
4 ( 0  1 0 2

‘t
\

O O  1 - -~-
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The guided eigenvector components may be obtained from a

potential ~ as:

and 

= (6-26a)

H —2 z x E  (6-26b)
— a it —o —a

t a t

where ~ obeys the equation:

V~ ~~~÷ i t
2 

~~ = 0  (6 -27)t Li

2
with 2 

= (1- —j— ) it
2 p < b (6-28 )

11

2
it =

2 
= (2 ~ - it

2 ) p > b (6 -2 9 )
0 0  a

equation (6-27) is solved subject to two different boundary conditions :

1) column surrounded by a perfect conductor and 2) column in free

space.
1) for a perfect conducting boundary the solution with proper

behavior at p = 0 and p = b is:

Ø = A f ( , c  p )  (6-30)

- . thwith ~ b = p . where p is the n zero of the Bessel function S
0

Using (6 -2 6)  and (6-12 ) , the eigenvector c omponents are given by:

2
—

~~~ ( 1- -1-- ) 51k p) p + i  S ( i t  p)zp IC I
l 

— 0 11 
—

r A’ (6-31)
a 2

2.. ( 1- ...L.. 
~l (it p ) e

‘C I£ 1 1
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the normalization constant is determined f rom the orthonormality

condition (3-19a):

2 2  . 2

1 A’ f ( ( i i t)  a (1~~-f) Sj
2 

(i t  p )+iit (—~-2[1- ~~1
2 
J~ (K p)) }p dp

for it real , we havea
/C
11

A’ = 2

4
WIC € (1-. ...

~~~
.)  b S (it b)

~

If  the a index is separated into two indecis: m mode type .

mode in mode type; we have :

4i -
~~ W -‘4’ since only E modes are considered.a mn n

2) Column in free space
The solution (6-30 )  of (6-2 8 ) is still valid in the region

p < b, the plasma region. For p > b. the solution that satisfies

boundary conditions at p = b and appropriate to the discrete spectrum

is:
S (it b)o L i
K (it b) K0(it p ) (6-31)

o 1 2

where it and it are real and given by (see 6-29):

2 2 2
IC = i t  - ~~

-‘~2 ~ 0 0

and the boundary characteristic equation

it r~~ b) 1c K (, c  b)
1 .i.

1 12

I (it b) = K (it b) (6 -32 )
0 11. 0 11

from (6-30) , (6-31) and (6-26); the field components of the eigenvector

a re:
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2 3  2
Vo p  c 

•
~
• 

o c~~ 0

= L-L ~ 

( 
(W

2
+~~~~w~~ (~ 2 + v 2) 

)= 0
= 

0 0

in the regime v~/w << 1

1. 
( :v

c€o

= 
= 

.

0 01
using above , we can expand the collision coefficient as in (3-21)

y(w) = (
~ v~~~)= i fE  .E

* —a o
a —a — a 2 2 pd p

W + y
C

2 11k p )  12

— 
i W

p
VC It 

~~~~ 
0

- 

W
2

+ V ~~ 

pd p +J p dp}
0 ic 0 it

11 0

The integrals in the bracket are evaluated using the fo rmulae
in section 6. 2. After approximating in it b < I region:

.1.1
b2I2(~ b)

it 0
______  

a 
________

Z~~3 2y(W ) = 
(w 2 + 1~c

2)

using the expression for ~ from 6. 2 and the linear approximation for
IC
0 

1. e.1 ic
~ 

—

2
1y (w ) = 

( 24v 2)

for vc~~i,~ < 1 ,

— 
~
,, independent of frequency. (6-35)
0
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3
for p < b .

S (it  b)
0

K (it b) K ( i t p )  (6 -33a )
Z 0

S (it  b)o 
~ lE = -A’ K (i t  b) ~~~~ K1(it p )  (6- 33b)

p ° ~ 2

1k  b)o WE
H08 

= -A’ K (it  b) ~~~~ K 1(it ~ ) (6-33c)
o 12 12  2

for p > b, solution (6-31) holds. The normalization constant A’ is

obtained via (3-19a) as follows:

£ = ~~ , 2 K W €
0 5~~k ~p)p dp+ 2

1
~ ~~K~ (it p)p dp}

0 /c ..i K (i t  b) 12
C. 12  0 12

evaluatin g the integral as in (6-24);  the approximate value for the

normalization constant is:
It 

__________

A’ = w~ b J 0(it b) ~/ ,
~:€0 

(6-34)

the desired elgenvector is given by (6-31), (6- 33) and (6-34).

6. 3 Explicit evaluation of nonlinear and collision ope rators

Using the eigenvectors derived in the previous section and the

approximate dispersion relations presented in section 3. 2, we can

explicitly evaluate the collision and nonlinear operators in equation

(3-28).

6. 3. 1 Zero Magnetic field
When = 0 ,  the operator ~ in equation (3-21) takes the form:
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2 2  2
/ -L W E W~~ v~ 

______

2 2 2 + 2 2  0
(~ +~~)w (L + t ~~)

= L-L = i

0 0

in the regime V~ /W << 1

/ 2
/ W t ’~E 

0
=

\ 0

using above, we can expand the collision coefficient as in (3-21)

b 
* ~~ 

V~~
y(w) = = ~ f 

~~~ 2 p d p
0

C

aa 
~~ I1 (it p) ~~~~1 (i t  p)Z W ~~~V~ 

~~~ 
II ?‘ 0 11= 

W 2 +1/ 2 a pd p + j  2 p d p
C 11 0

The integ rals in the bracket are evaluated using the fo rmulae
in section 6. 2. After approximating in it b < 1 region:

I
2 2b I(it b )

~~~p C it~ 0 1 1
2 2 2w’~ 2(w +t ~c ) it

using the expression for ~ from 6. 2 and the linear approximation for

‘C i.e.1 it —
0 0

i w
2 2

(W +“ C)V

for v
~/w it 1 ,

i

— independent of frequency. (6-35)
0



-104-

the above equation is the same equation obtained by Trivel piece et a1.~
8
~

since ~ — v~ for  ~ << wo p
Neglectin g the effects of collisions , the nonlinear term in equation

(2-21) is expanded as:

+ ... .
~ [Q (z ,W l ) Q ( z .W z) VT~ ~~:

2
~~ a

1 E*~
W

+ ~~~~ c ? ( z ,w 2) [E 2
’ (Z

o
8

z Qa
(Z

~~
W i

) 
~~~~

+~? ( z , w 1) ~:a
. VT ~:1 ~ 

, E~~~} (
~~(W-~~~1

-W
2

)dW
1

dW
2

where Ea
t is the elgenvector associated with the amplitude~~~(z~W1). In

order to simplify the above equation, we expand C?0(z .W l )8
~~?0(z . ca 2) up to

second order as:

a ( z . w l )a 5~~~(z , W a ) =~~0(z ,W 1) i,
0

(w
2
)q (Z , W

2
)

Using this expansion, the first square bracket term becomes zero

‘while the second is expanded to:

CE W
2 a ( z ,W 1)c ? (z ,w ) ~ W , W 1 ~~‘~‘ Ii)~~ W

1 
W~o~~~~f 

a 4 0  2
{J[E~~ a E  E +E C. 8E  Emw W

1 
W

2 ~ 
Op p op  ~~ op ~ op az

W U W’~ U (~7
+ i ,c0(w 1)E 0~ E0~ E0~~+ i ,c0(w 1)E 0~ E0 E0~ ] p d p}ó(w -W 1-w 2)d~~dw2

(6-37)

putting in for the eigenvector components from section 6-a we obtain
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equation (3-29).

Putting in for ~ from section 6. 2 and letting i1k p ) —  it p .

~ ~
2
~/ a l  (it p ) i.e. it b < 1 reg ime . the nonlinear term1 Ij  0 11

corresponding to P is evaluated as:

~~ . _ _ _ _ _ _ _ _ _ _ _

tfl ‘~ 26 (w
~

vdv
~
b6c 

C ? (z ,~~1) a ( z ,w 2) 6(W -U 1-W 2)dW 1d~~2 (6 -38 )
0

where 2v
0Vd

_ 
2 21-v / c

and for it (w) the linear contribution has been used. Similarly the con -a
tri.bution due to w is evaluated

2
U 1 

U bI 
(2)

1 ~~~~ 
(1)

_ _ _ _ _ _  _ _ _ _ _ _  
0 1 1

= ~~~~~ (€ b6
~

6v v 6)~ 1 (1) 1 (2) 1 (0) 1 ( 1) (~ )rn
‘C ICo p o d  o o 0 11 L i

V U bo 2 ~. r {I ) i (2)
i (0) (1) 1 i

—
• 6 6 I ~~~ 

(2)
t ~~ 

0 0 0 (2) ] p dp}
0 it( v b v € )  o o oo d o  11

~z ( z ,Ui)~~~
(z ,Uz

) ó( U -w 1 -U 2) dw 1dw 2 
(6-39)

‘C

letting ~ — 
..~ 1 

~ and expanding L
~ 

to first order (for it b < 1).
2 0

the integrals in (6-39) can be readily evaluated. Combining the result

with equation (6-38),  we arrive at equation (3-39).

6. 3. 2 Infinite Magnetic field.
When the magnetic field is large. the nonlinear term in equation

(3-21)  reduces to:
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2W b ~ U
i f N ( ~~~E , E )]= 

~~:-~ 
f c ( — -  + 1)’? (z .W ,)à~~~’( z , . ~1) fE 2E 1E p dp

+ ~~ (z ,W 1) a ( z , U z) I E Q
2 VT

. E:’ E a p d p} ã(U -U 1w 2)dU 1dw 2 (6-40 )

from equation (3-13) and (3-10), we have to first order:

U
2

V E =-i~ (l_ .~E.)ET —a a 2 aT U Z

Using above equation and the expansion of (6-36) in (6-39), we obtain
for nonlinear term:

22w U U U

= 

~ + —
~

— )  i ~ (U 1
) Q- (~,~1) a, ( z .U 2) JE

1E ZE P dP }

Putting in for E from section 6.2,

• = - ~~. f { ( ~~P_ 
+ f ‘C (w 1

) Q ( z ,U1)~~ (z,w 2
)A’(w)A’(w

2
)A’ (w

3
)

(i t  p ) p d p }  6 (w -w 1-w 2)d~ 1dw 2 (6-41)

the form of (6-41) is the same for both cases: column in free space and
column surrounded by perfect conductor. The difference lies in the
explicit fo rm the normalization coefficient A’ (w) takes. When the column
is surrounded by a perfect conductor the normalization is (from section

6. 2): ‘C

A’ (w ) = 
.11 1 (6-42)

—s.- ) b J 1(~~~ b)

where IC b = p . p is the ~~~ zero of S . Assuming that only the
£ 1 it n 0
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lowest order mode is present  (highe r order  modes are  slower and
consec ueri tl y at te nuated at a faste r  r a te)~

34
~,

it b = 2 . 40~I i

and equation (6-41 ) becomes:

e (2w l~~~2) V 
~ (2 .  405)~ 

f J ( i t p p d p
- + —f {  

~ 6 3 } (z , W ~~)
U 0 b J ( i t b) 0
p 1

C( (z .U 2) ä(w -~~1-w 2)dU 1dU 2 (6 -43 )

In the above derivation, it is assumed that U < U  • so that the linearp
portion of the dispersion equation gives the maximum contribution to
the nonlinear term . For the column in free space,

= 
k b)~~~I t E  

(6-44)
~ O j~~ 0 0

and (6-41) becomes
,1’ 3

2w 4w ~ J S (it p ) p d p

= ±f { 1 Z 0 1 }c? (z,U 1)a(z,U 2)6(w -w1-W2
)dc.~1

dw
2W U b  o 5 (i t  b)0 1•j~ (6-45)

where the same assumptions leading to (6-43) have been used. (6-43)
and (6-45) lead to (3 -42) .

The collision operator for large magnetic fields is given by:

(-~~~~ ‘ 0

\ o  o

where 0 0 0

0 0 0
2 2  a

‘I ~,)

0 0 
U

3
(W

2
+I./

2 ) 
+
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The collision term take s the form (fo r v / ~ < 1),

b •

( “  •~~
) = i J E  E

0 Z Z ..~

putting in for the longitudinal component of the eigenvector ,

b U t ’ E
= i {  JA’

2 (w) J~~(ic p ) p d p j  p C  
(6-46 )

0 1 W + V c

Again , the above form applies for both column in f ree  space and column
surrounded by conductor. Using (6 -42 ) , the collision coefficient when
the column is surrounded by a perfect conductor is ,

b
2 r 2

it J 0~~ j 
p)p dp

_______ 
o 1 /y(U ) = 

~ 2 for “c ””~ 
< 1

b)
p 11

and again we have assumed that w < , so that the major contribution
to ,~ arises from the linear term.a

Similarly, for the colurrut in free space:

b
y(w ) = C f s 2k p)p dp

~~b 1 ( i t  b) o 1.
~ ~

6. 3. 3 Weak Magnetic field.
To obtain the Kernel given in (3-30);  the nonlinear term in

equation ( a -Z l )  is expanded in component form , and consistent with the
slow mod e assumption , we only retain the term arising from the coupling
of the longitudinal electric field. For U < U

~ 
< U~~ • this term is given

by:

= i ff  °z (2
~~~~~~~z

) 
U

1
W

2
W ~~

p c  l p c

(EW ~~~~ E~ ) 6(w -w 1-w 2)dw 1dw2
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Using the expression for the z component of the eigenvector (from 6. 2. 3)

to explicitly write the inner product :

2 2
- eE

= —~~ -J [ ( 2- 
U

Z
+U

Z ~ U L
U

Z
U ÷ 

UU
2

(U
2

+U
2
~P c  1 P c

A(w 1
)A( w 2

) A (~ ) (it p)p dp 6 (W-W 1 -U2
)dW 1dW 2

Putting in for the normalization coefficient A (U ) and proceeding as in

6. 3. 2 .  we arrive at the final form (3-44 ) .

•1
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