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SOLUTION OF TRANSIENT PROBLEMS
IN FREE SURFACE HYDRODYNAMICS

I ::rTr~cDucTICN

Lagrangian methods offer the most natural approach to tran sient

hydrodynamics problems which contain free surfaces, interfaces or

sharp boundaries. In practice, their use in numerical solutions has

generally been restricted to “well-behaved0 flows , since shear ,

fluid separation or even large amplitude motion produce severe :rid

distortions . The distortions arise from the migration of mesh points

which were formerly neighboring but which have crossed or become

separated in the flow. Numerical solutions cf the physical ecuaticr i c

differenced over such a mesh quickly fail because of the

inaccuracies iniierent in approximations which ignore mesh point

rearrangement and grid distortion. This problem is solved

by the implementation of a general-connectivity grid in which

local mesh reconnections are made whenever the grid distorts appreciab~ -:.

The techniques described in this paper involve the use of a

Lagrangian , finite-difference mesh of connected triangles to

represent the fluid motion , the various interfaces, and the free

surfaces. This approach is a fruition of e f for t s  carried cut at

IRL and elsewhere during the past few years. Some of the basic

concepts were develope d by Crcwley1 using the code FLA G . Our o~m

- - cr1: has concentrated on the free-surface and physical  cor. sisten cr ,

aspects of the problem. Early TRL e~fcrts .‘entere i cn L T  ~~~~~~

~ 2p ::1I~ code ~r ith &xial cy~mnetr ’, - . Attention ~ccre rece~ tiS :.~ac

turned toward sol’rin~ f ree-surface problems in naval hy~ r~ iy~ an icc . ’ -

Note : Manuscript submitted January 17 , 1977.

1
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A good ex~ nple of the t~~ e of problem requiring improve d

numerical techniques is the problem of a large amplitude breaking

wave . Then the wave top separates from the wa-je due to bottom

shallowing, nonlinear wave interaction , or stronG surface winds , it

falls back into the wave trough in a complicated flow which the

usual techniques cannot handle . One goal of thi s paper is to present

Lagrangian triangular-cell algorithms in which the crest of the

numerical wave will be able to separate from the body of the wave ,

fall under the influence of gravity and any strong winds back

into the trough of the wave , and become reabsorbed smccth~y

while following the numerical representation of the fluid at the

surface .

Figure 1 illustrates the use of a Lagrangian trian~~ lar mesh tc

facilits.te the solution of this problem. As the neck of fluid

narrows, the corresponding triangle sides shrink to zero and the

connection between the two bodies of f lu id  is broken. In this way

the tcpc1o~~r of the problem has changed self-consistently with the

evolution of the system. Clear ly , any rerresentation of the problem ,

to be adequate , must be capable of drast ic  local chan -es such as

this  to reflect complicated motions.  :t is ecually clear that a

numerical free-surface capability which incorporates such reccnnec-

tiori aLzcr ithm s for the solution of fu l ly  nonlinear f lcwc will allow

an a]~iost inexhaustible list of inDcrtant hy drc :~—~aoicc prci:’.cns

~c be solved.

~ 
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Frevious La~ ranoiar .  tre~~~m~ n t o ’ ‘ h a .’e been restrioted t~

simple flows or small amplitude rnct i .:ns be-~aos~ they use a topclc~!-

cally rectan~i1ar finite-Ji:ference rtes: . Ihe major practical

problem with these rectangular meth c  os ar ises f rom the infle~:ible

connectivity of the various mesh points. u cor:~plicated ar.Ii

strongly sheared flows, where one element of fluid may become

widely separated from a nearby element, the usual Lagrangian treat-

ments break down because a simply structured rectangular mesh

becomes too severely distorted to allow an adequate numerical

representation of the fluid f low.  . .h en the mesh becomes so distc—rte-~

that no greater Lagrangian motion can he te~ nitted , a process of

continual rezoning amounts to a fc~~s of numerical diffusion . Thus

the usual Lagrangian treatments are capable of extending linear

models significantly into the nonlinear regime but are not capable

of providing a satisfactorily accurate ion time representation of

hickly complicated flows bordering on turbulent phenomena .

Another drawback of such approaches is a difficulty in

representir~ complicated boundaries and structures because cf the

limited topclc-~; cf the mesh. :t is often necessary to require

oreater resolution simply t c - obtain a sat isfaot~- ry ini t ia l  ~cr:d.

Rectangular mesh approaches also appear to su:fer a seriou s “even—

odd ” or computational-mode instability which must  be overcome by

some form of added numerical d pin :.~~’~ Th±O i~~op in~- des~~rc ::s the

reversibility of the al~orit~m and limito It o  use.iulnecs r 1.izh

Peync s-number flows even t~:cu ::: scone care lao . es- n 1’sn

3
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Jevelorinc damping al;orithm s which rnin imi:e thi s nonphysical

difr usion.

A trian~ s1ar-e1ement mesh has several advantages. The ~rid an

be restructured. Individual triangles and sides can be bisected or

rearranged to give new grid structures which better represent chancir~

f luid  flows. Since the number of triangles meeting at a vertex is

variable, increased accuracy in one region of the flow does not

force unnecessary resolution in other areas of the flow. This

versatility also permits both re2lilar and irregular tessellations

of the x-y plane with triangles. Triangles, unlike rectangles, can

s~~~etrically cover a circle without cusps or other local represen-

tation irregularities. Thus free surfaces, complicated interfaces

and boundaries of immersed objects can be represented accurately and

economically .

The triangle is a much less ambiguous structure than a rectancte

or lit er-order polygon and hence interpolations and integrals are

usually simpler to perform. horeover, the even-odd problems

rectangular schemes appear to he absent, or at least oreatly sub dued .

in the triangular representation. ?ecause cf the three-side d fi -’cres

(rather than four-sided), there is no unmmhi.oncu s lahelliri: c-f :ri~

points as even and odd . A vertex , which is one point removed fr:m

its nei:hbor alc-n: a particular path , will be two ocints remcve~ by

another. This dccc nft mean that or. evEr~ c—i.i crob lem cannot  occur ,

cnLy that it is not a :o.7olcoicallv na~~ ’al nc.:e of inotaoibi~ -,-- aul

r~, - l - -  ~~~~~~~~~~ :r :i~~. ~ l .a t s - O E~~~~ ~~~
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counterpart . Experience with the SPLISH code suppc rt s tbis~ a

reversible algorithm, or at least a very weakly damped one, is

9,1C ,llieasiole USiflO toe Lagrangian triangular mesh approach . -

Cf course there are also problems with the triangles. A

general connectivity triangular mesh has non-trivial bccki-:eerinc.

problems associated with the grid and its connections, the sides of

the triangles, and the basic cells of the fluid dynamic system.

Furthermore , numerical experience with triangles is much more

limited than experience with rectangular meshes. The statement of

the h~rdrodynarnic equations in triangular systems recuire s that

especially good attention be paid to the spatial derivative terms

which are needed. There are , as well , some intrinsic numerical

complications in triangular systems . The major one , discussed in

detail in Section 3, is the counting of equations and free unknowns.

This diff iculty can be argued to be the price we pay for the relative

suppression of the “ even-odd ” or “ computational” modes observed in

more standard rectans. lar aDproaches.

In this paper, we restrict ourselves to the study of sy s tems in

which the fluid is inviscid and inccmrressible but has variable

density. The conservation integral acprcach and definitions of

divergence we employ, however , allow a natural extension to ccry ’ress-

ible systems. We also restrict consideration to problems in

u-hIch the gravity is constant and d irec ted  in t-i:e necative

. i ir e -c t icn .  These are not nece:’sacy restr~cticns bun s:nvi~ fy t~~~

-ina lc:es and allow the fu l l  sre c:rum cf nrchlemo of ccrre:: t

— —--~~~-—~~- 
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to c sob --ed . The basic e - :ua t t cns  of the system are:

dV
poy and ( 1)

“~~~~~~~~~~ = C . ( 2 )

where the fluid density c, pressure P and velocity ~~~, are assumed

to vary only with x and y. Ecuation (2), inccmtressihilit~- ,

removes the sound waves. We will assume that F = constant cs is

civen along free surfaces.

The basic discussion of triangular grids and connection of :r±d

vertices , triangle sides and triangle volumes i~ found in Sectien 2.

Tessellation cf the plane is considered and the representation of

complicated surfaces and interfaces by a triangular mesh is described .

Tc ncevts and a notation for this triangular mesh representation are

de-.-elored and the vector aspects which can be utilized numerically

are given .

Tecticn 3 is devoted to describing nethods for  i n t eora t inc  the

e :uac:cns of incompressible hydrcdynanics. A ccun:inc rroblem

ensountered in some schemes is described and the motion c-f the mesh

is discussed. Two essentially reversible algorithms are possible ,

leam- -f ro: and centered imrl icit , but both require ineratic

-fafl be coupled to any of the several toss ble :co ial treatments.

.~ever:ibilihr is desired because  it  re:’lo-cnc a tr . :~er ° . c: :0

m :icc id  rhysloal e- :ua t icr . :.  am-i .~~~~ it. is .io:nam-ic-d the al

6
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major sources o~
’ numerical di ffus ion  can be e l imina ted .  Throu . d:cot

the discussion emphasis is placed on the choice of alcori thm s

actually implemented in the Cartesian S?L 211 code . :Je also discuss

briefly auestions of mass, momentum and ener. -y conservat ion which

enter into the code .

Section L~ treats the important aspects of addusting and rever-

sibly restructuring the mesh , It describes methods cf setting up

the grid structure initially and the various techninues which can

be used to modify the grid to better follow the La-tranotan motion of

t h e  fluid. Cne of the most important aspects c-f this restructuring

is that strom: shear flows can be followed for 1cm: times with

minimal numerical diffusion.

Section 5 is devoted to an extensive treatment of nonlinear

free-surface waves in which detailed comparison with

theory is made . Section 6 applies the full numerical forualisa

with reconnections to the problem c-f a l~elvin-Helmholtz unstable

shear flow beneath a free surface.  A sho rt summary is conta ined  in

Section 7.

I .  Triangular Mesh Loqic

in this section we describe some of the features of triangular

meshes and the representation of the vertex interccnne~-tions . The

technicues for adjusting and restru ctur ing the mesh dun n: the

actual course of a calculation will be a t tach ed later in Sec:i.::

~-imres  2a and 2b show a section of a trian - onlar  mesh r e or o s - e n n a t i c o

with an icter face  of a f lu id  of tyre : -connected to a fluid f ~~
-

7

. - —~~~~~~~~--,- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The bas ic  elements involved in the construction of a t r iangu lar  mesh

are shumrn . Th f igur e  2a a particular tn iancle j ,  is shc~m in hea-nj

lines and the various elements of that triancle are lacelled. Thrce

vertices , h1~ and ~h , are connected consecutively by s ides

and. 3.~. ~learly, trianole j share s these ver t ices  and side s

with other tnian:les. he direction of labellino around each

trianole is taken to be counter-clockwise and the ~ direct ion is

out of tIne maoe . Since the mesh can be irreoularlv connected , an -

ars it rarh .- number on’ trianoles can meet at each vertex. For e:-:anube,

f ive nr:anole s and sides meet at vertex tj . The number of- tni~ n:le s

and sides neetinc at a verte:-: is e nual except near f ree-sur faces

there there may be no grid above the surface . Each side is bounde d

b y two tn iacn~tle s ( in general ) and each trianole share s sides with:

three other triangles.

Figure  2’o illustrates several important feature s of t r iancbo s

which are used throughout  the remainder of’ th is  mater.  t is con-

venient to define a cell surround ino, a vertex as shoum by the

shaded region surr :undino verte:-: 3. The borders  of such -.-er ’ e :-:-

centered cells are determined by cons t ruc t ing  all of the side

bi sectors for each triansle . Since the three side b i sect ors  all

intersect at a point , as shown for triangle j ,  there is no csubi~~ ity

in constru ct ing the verte:-: cells as indicated. The ncoin-t of inter-

section of the side bisectors , the -cen t ro i d  of  the triangle , is Ohio

center of cravity for the fi tore and this is true in :‘-z as well :3,:

Cartesian C :-:-y) coor i ina :cs .  The nh:r oe side b I s ec t - o r :  of aim

,8



t r iamole diviJ~ toe triancbe into si :: sub - :rman:le : .  h eoL ci:-:

suhtr iar iol es  all have the casio- area and , t nerefcre , e ach. :: one

three verte:-: cells receive s one-third on the anea of toe tr ianobo --.

P er a iuant~~ _ s ~crs a’~ over a or _ an be e ‘- _~~.~t_ c  of

that :uacctits’ from a triarm:le to each of the three -rerte :-: cell: are

also eaual . These features of side bisectors  make the calculation

of cell volumes and cell areas particularly simple .

fony computational representation of such a triangular mesh

n-cot record all imrortant aspects of the mesh: int erconnect ion .  :f

each vert ex , each side -and each: tr iangle is numbere d , h ots c-f

interconnections can simply take the form of an ordered series sf

intesers which can be stored snoite commactly in a computer. For

exam9ie , the information might be stored in the form :

1. each vertex list enumerates (A) the vertices to which

the sb--en vertex is connected; ( s )  the sides to which in is

connected. ;  and (c) the triangle s wh i ch meet at that verte:- : :

2. for each side , lists could record (A) the startino and the

± ‘inishin-: verte x of that side , and (
~

) the trianobe to the

r ioht  and the left  of that side considered as a d i rec te d ve -c:c- r

from the startin vertex to the fin i ch i in : verce:-: :

3. each triangle list could contain (A)  toe three s e m i- sec

of the tr ian :le ordered in a c :-unt er-c ~ cchmri:e d i re  sti us ,

( I) the three si ies of’ t - -e tr ian - 1e I c eveer: th:e -co rrc ms-:noin -

ver t i c e s , a cai n -:rdere d In a .-o un t e r - c b o o ~~ i.:e .I i re— : i :n.

9
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Since these l ists  are not all in desend ent , they are not all

‘-cc ed .rc -a n nIL t ’c  -~ - ‘es to - _ “- a ran erte _~~

.:crclected , for  example , still Permits all of the other verte:- :

information to be determined. :f verte:-: 2 is connected to verte:: ~~,

a search of the side lists can be r erformed to determine thick side

connects verte:-: 7 and vertex 2,and thu s the varics:s side s connected

to a given vertex can be determined. However, while maintainin :

redundant lists is costly in terms of storage , there are real

advantages gained in increased ccmputation speed , clarity and ease

of ccdi n o .

t should be clear that the arrays of nuant i t ies  used to- def ine

t~ e gr _ o and ts ~‘ot_ o~’ ~~~~~ e ~~e stcra:e o n c~oc local _ ‘ - o r~ ata~~:

There is no :bo’c-al r etresentation of the mesh in general , aln kcs: :h

for some specific oeometries , such a colobal representation may b-c

po ssible . Connection paths between vertices can be detern ine d c::l~-

by sea rchino secuentially throuch aci -oborin: vertices. Toe lack of

a :bcbal renre -sentation in which: the verte:-: number in Jenct es  a

co rres oomdmnn relative spatial pos i t ion  —~reatlv ccmrhi cn t e s

cal sula tions . Poisson ’ s F.cua ti-on , for  exan~ le , must be solve-I  h - s

_ e~’ ~ _~ r and e ml_ ’~ t tn ’- c a~ .1 scace de rii1atn ~ e.~ are t i e  -

one has any ri:-:ht to hope f-or . iievertheless , u s i n:  the inccmrre-rii-le

fo rmulation ensures that tb -no -step ldminaticri n due to acoustic t c:oit

t ine : are not  a :ro i :hem .

be will use the f-:hlo-...r ho : no sa i~~.-’ mn i ’nnswnti0:c- ,

s- . sc r i t o  I :- .-iil -ene :’-ILIL - h e  - c - S t i  lab t~l ~- c I :es as: : .0

10
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subscript j  :-rill cemerally be r :sed tc label t r ianoles .  TIn,s

denotes a sum over all -sertices and is a sum ove r tr ian:les.

The sum use r all three ver tices  of tr~ an the is dcmo ted by

i~e~’e C S r’~~~~~l : read e su”’ e~’ vert ces - a”nu r ~ ~~~“~~~~~~
- _e

Similarly a sum over t r iangles around a central ‘serte:-: c wou ld be

dens-ted by . The notation : is the sum over vert ices i axcu nd

a central vertex c. In such sums the sequence of ver t ices  is

assumed to be counter-clockwise around the central verte:-:. 11:-c: the

cuantity A . - 1 cal-i be used to represent the triangle area of the

trianole with vertices (c , i, i±1). Similarly L .÷1 ammeari r.g in

L wos;ld be the length of the side radiat ing from vern e::  c and

ser-aratino triangle j  f ro m ,  triangle j +l .

:~ Figure 2 the area c-f t r ianole .
~ 

is civen by

2A j = ( r ~~ - r 2 ) x ( r
1 - r )

and thus h
1, 

the height 01 verte:.: 1 above the apposite side ( F 2 ) ,  is

s imply

= ~(r -~~~~)~ / ( 2A .) .  ( h I

::c-tice that t hus area is a si . rr.ed - :uant i t -s  and will b-c sm ite - -die m

the vert i ces  are se venced in :ounter -- ’lccns-~f cc cr ie r ar- -un - i  t oe

“_ a” ~~e :~ ~~~~ 
— 

_ t  s C ~e” c e r e ~ ’ t use or e ~~~ 0

area to n est  wheth er  or not a tr ianole as inver te d  f u n ny the f l o w .

i . e . ,  whether  v e r t e x  1, for instance , has rassed th r o u gh  side 2 .

.-- .s ilTh sn r a n i cn s  of obe se i-: rnulae ar~d notot ions.. ~use area of

toe cell ‘e n t er ed  “n --ante :-: I is

( C ’
— 

.-,~~~~~~-
.

--
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1

and the area-s-?eic-oted average cell ve loc i ty  7k is oive n by

= ( b*A . v .) /A .. (
~

)
C: course , all the sums have to be mcdi f ie -d  near a wall , an.

in terface , or a free surface.

If a scalar function f is specified at each ‘so-roe:-: and is

assumed to be piecewise linear evermrhere between the vertices , the

vector gradient of’ f (constant throughout the triangle and discon-

tinuous at the triangle sides) is given by

~x(~~ -r ) ~x(~ -
~~~ 

) ~x(r -r )
(~‘f )  = -~ ‘-‘2 ÷ 1 3 

+ 
‘—2 —a-— j  1 2A . 2 2A .  3 2A .

3 3 3

-r ).j _ l —4+1
= i— 1 A .

3

Fo r a vector field ~V . ) define I at all the ver t ices , the z

component of the curl and the divergence of the vector are also

defined fo r the triangles as follows :

= (7x r T )~ . = ~~
. 

~~. 
± y )  . (r . — r~ ) ,  (

~
)

3 —— ‘~i+l ~~i

3

= 1~7 .d J) • = dA = ~~~~~~~~~~~~~~~. . +~~. )  -~~u 1 -r . )  .j _ __ 
~~~~~~ 

-
~~ 

.‘
~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

i~~~~~~~~~~~
’

3

Isuat i -e ms ( .‘-9) define various suant it ies  a~ t n iancle centr  i d s ,

Ike ::‘nre :ro ndir,: hUaf l t i t es can ucua t l~.’ be h e : Ine .i an t - .e -;e r~ i -an

1’ t .e f in i t e -  hh f ’ fe r e n se no -si: by crea w e h: : .o in .  t h . e  onia::

us Ia  h : .

12 
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The converse definition is also valid. A vecto r f ie ld  may be

defined on trianoles , whe re the ‘.1~ are constant throughout triangle s

and discontinuou s at the triangle sides. For example , the trian:le

velocity V . is given by

(r . -r .
V . (7 x’~i1 . = : ~~~

. 
—-a -l  ——a±l ( I I )

1 2A.

where {- is the vertex-defined velocity stream fI:nction (cnly a

single z component in 2 1).

Such a representation is appropriately ‘both uni~1ue and ortho-

oonal . 2y uni-cueness we merely mean that the trian.-nle vector ecuation

V = v ~~+ v x ~~ (II)

uninuely relates V and (o , -~~) ( a s stming well-posed condit ion s -or,

-n and i- at the system boundaries where the derivative s are act

defi ne d) ,  Given t and r~ on vertices, Fas. (71 and (lI’ ’ allow

an uria.vjsi - .rcous determination of V at the triangle centroids.

2~,r orthc -:onal we mean that the numerical fini te  difference

operators sa t i s fy  the -continuum orthc :cnali ty condi t ions

~ X Vd = 0 , ~ (v x = n. (12 )

The curl and di rergence operators in Fos .  (12 ) ~
-
~~
‘ ccu r:e act

on triangle cuant i ties  since I and - - are assume t-o b e ver’u

moantities as above (but are otn er -on se  arh i~ ra rn’ :- -alar f ie lds ) .

13 
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The second of Iks. (12), for example , can b-c :-ir itten in our f i n i t e-

difference notation as

~~~~~ ( V X ~~~~~~ ) )  
~~~~~

~l3)

~~ i+l~~~i~ ~ 
-

~= - -
- - x ‘~, . ( r  -r . , ;  + v. r . -r • 

i- 
~~ r .

±© 
—

~~-±+~~ 
L : — ~~ —-’~-ri i+l -~a~~ c c , ~i+ a _ ~: -

This is just  the f lux of V X ~j ( constant over triancles) cut of

cell c. Clearly the 4, coefficient  is zero term by term because of

the cross product.  The b . and terms have as coeff ic ients  +

and - -
~

-
, respectively, because (r . -~~~) X (r . ÷1-r .)  = 2A

~ +~~
. Thus

E s .  (13) is identically zero when summed around an interior verte:-:.

Gy a virtually identical ar~cment the first of Eqs. (12 1 can he

demonstrated to be identically zero .

Therefore, taking the divergence of V (E i .  (ii)~ eaTunges the

di term . Thu s

~r . -r . )
A K V  . “) . 7. 1 X  ~~~~~~~~~~~~~~~~~~ T ’ ~0 - iQ ian

( i b )

-r.  - ) ~x (r . -r ) ~~~(r . -r . ) .  
-

r 
~~ ~~~~~~~~~~ —a —~c —a+l ‘-a- + 1  ± - ‘

— ~~ 1 ‘+ 1  2 C O~~ , j- _
i-~--~ 

- - - -

~~~
÷-

~~

The second line ci’ F-: .  (i b )  is th e :‘ini ne- iif :’erea -e Corn of the T
2

oxe rato n an-i Ik .  ( l L )  is a tr iaos-i : lar -  ‘r i d  F o i s so n  F :~~a~~i c m .  c~~i,—e

- - - -  - — - . ~~~e - , 1 - -toan 0cc  -:oe~~i : c o e nt  c-i f c c  tern os - r~~~1-r . -~~.- - . .  -
~ an :

-

ative . Ike nathi :-: is -ill -n -lb- - m ann -n: : :  h~ o - -e or ‘—-nb

11
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iterative procedures for finding ~ by inverting Eq . ( I I )  work well .

An equation similar to (1k ) can be constructed , except for sion ,

by takin o the curl of Ik.  ( i i ) .  Then

x = x 
~ -~~- 

x (iF1

allows the determination of 4- from V.

II:.Finite-Di±ferenae Approaches.

Given the mesh and all its interconnections , we would like to

associate various physical guantit~es of interest with the vertices ,

the sides or the triangles. Since it is the mesh of vertices which

determines the structure of the grid , it is natural to assume that an

array of positions is recorded for the distinct vertices in the

problem. To update these positions, it is necessary to know the

Lagrangian velocity of the vertices. Therefore, we will also assume

that tI:e velocities of the vertices can be found in such a way that

integration of the eisuations of motion for the vertex posioi:n is

possible using these velocities. Since the velocities are assumed

knio~rn at the vertices , a velocity field could be constructed by

linear interpolation within a triangle which is then piecewise linear

throughout the entire mesh . This velocity field is continuous ,

single-valued and easily determined at any point in soace . Us inc

linear interpolation , the v e loc i t i e s  at the center of the sIdes are

sim~ ly the averace of the ‘rebc- cit ies at the st a r t i n :  an: C 1:-is in :

verth :- : ct that  s t - f e .

15
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Unfortunately, the first derivatives of this reore sent at ion are

discontinuous and the linear representation ensures that the incom-

pressible eauaticns of motion cannot be sat isf ied identioall~. - wi thi n

a single triangle except for a few simple cases such as solid bcd y

translation. In fact , a real fluid element which is initially

triangular ~~uld be very shortly transported in a real f luid to a

figure with non-straight sides. These deformations of the triangle

sides are a measure c-f the error in the numerical methods we are

crorcsiioc and are f~slly equivalent to the errors made in neglecting

the deformation of rectangle sides in a topologically rectan~c1ar

representation.

The incompressibility inherent in Ec. (2) cannot be ar~lied to

the triangles themselves for another, more basic , reason . The x

and y values of the vertex positions , the variables available to

ensure conservation cf triangle area , are fewer in number than the

constraints. This is the previously mentioned “ ‘ounting problem ” .

For rectanmolar grids a one-to-one correspondence can be made bett-reen

ouadrilateral areas and the vertices; for exantle , associating a

ouadrilateral with its lower right vertex. Icr a trian colar mesh:,

rarticularly one that allows reconnections , no such corre s~ ondence

e:-:is tc .

In a quadrilateral mesh , the one-to-one correspondence fails

cnily at the boundaries. The extra --erne:: lables at ti-c hcu::-darieo

are a--ailah le to sat isfy :he Iscundar :.- co n ~i~~ic n: .  For a orian -~ :lan

16



,~~ 2:1 (i ’ )

or there are le ss than two triangles per -serte:-: . A cne-to-cne corre-

spondence is approached only for  the very restr ict ive , and not too

useful, case f-or which all vertices lie on the boundaries , when

:1 = V - 2. Fo r most cases of interest the number of boundar’st V

vert ices is small compared to the number of interior vertices ,

and the rat io is much worse , V~ 2V,~. (See the Appendi:-: for  details.)

Although there are always fe-ocr than two tr ianoles ger ‘serte:-: ,

the nu ±er of variab le s left  free after all of the constraint s have

‘see n satisfied are extremely fe:~ in number. In this case , aft e r  all

triangle areas are conserved , the :-: an-i- :~ positions available

could not fulfi l l  boundary conditions or be used to represent the

flow vorticit:,r with acceptable accuracy.

face the idea of conserving triangle areas has been ab andoned ,

the ne:-:t lo :ical attempt is to conserve vertex-centered cell areas.

This is attractive since the cell area . v) and the cell rotat ion

(n ’ x ‘r) are both i-:no~~ for each ‘serte:-: and there are corresn ondin -ly

two variables for each verne:-: , V an d V , which are free to s a t i s f y

these constraints.  A oreat deal of e f fo r t  has been investe d in

this approach wi th mixed results. The cell area must at all times

have toe value it started with initiall-s. The cell vcrt± .:it-

inte :raL is likewise knot-rn . Vhen the curl of Ik. (1) is into

— :-r er a cell c we obta in

H



‘1?
V x = - 

— 

~ x (
~~) . d.~ ( 17)

f t  ~C C

where the term on the right hand side can he evaluated exolidit ly .

The lef t hand side , the time derivative of the average vorticity

time s the cell area , can thus be used to advance the cell ‘sc-rticit t-

in time . Knowing the desired cell vorticity and cell area , the new

vertex velocities can be iterated (ensuring momentum conservation

via the equations of motion) until  the actual cell areas and

vortici t ies are correct .

Unfortunately the effect ive  Poisson-like e-;uations which result

-are ncn-local and convergence of the i terations is oorresPonoincl :r

slow. Vhile there is no counting problem with this ap~ r ca-chi , an allied

torological constraint crops up when more than 5!:-: trianoles meet at

a vertex. Fe have been able to shot-: that  a purely local rotat ion

co nser-r ing all cell areas is not cencrally possib le t-n:ere se--en or

stcre triangles meet at a vertex (see the Appendi:-:) . Th other words ,

more than just  the nearest ne j obbor vert ices — st have ncn- :ero vclo -

ci ties to conserve all cell areas ; purely local vo rt ices  are not

cenerally possible and this gets re f lected in the convergence rate of

the iterated solution . Similarly , a purely vor~ icity-free local

exnansion is not cenerall y possible  woe n more than ci:-: tn iao -les

meet at- a ver tex.  This constra int  is  not  e nt ir e ly  :-r h i h i -  i- - c ,

l ut th e cost  of  e :aen area and --cm i ‘i-y ccn:er’.- -a~~ ::: ::i ‘ gte -urns :

c- n.:e rvatic:: is  hi n: in ner o- s ~f cro ’ pioo en oi:-~- : -n: er .  less



_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Jemandino al :oritbm s were recuired.

There is no strict requirement to maintain ohycically -conserved

.ouantities any more accurately than the truncation error levels

implicit in the f in i te -d i f fe rence  algorithms--en-en thouch such str ict

conservation is esthetically attractive. With this in mind we

considered algorithms which minimized a positive definite error

functional ov:r the whole mesh. Since the desired curl ~Cj  and

divergence ~Dj are kno~m, and since Eqs. (6), ( i - ) , and (9)  allow us

tc define at any instant the actual values ~~~~ and ~~~~. ~~, we chose as

our error functional

- c~ )2 + ‘ ( l  - 
*
)
2
j ( i i )

The weight s {w. 1 and [W .1 are free to emphasize small or large

tr iangles , fast or slow flow regions , etc. aking the partial

derivatives ~~~~ = 0 cives as many equations as one needs to

advance the f luid  velocities. We never coded up this last meti:oi ,

however, because the Drograns’ino complication is orchibitive and the

application of boundary conditions and momentum conser’sation is

obscure.

The superficially attractive approaches have been mentioned

briefly only to prevent (hopefully) as many false starts on the

part cf  our readers as we have under-tone . - c :-~ 1l now indi cate

two dis tinct .  r~poroacnes whi ch were successfu l ;  a 
~~

- —
~~~ 

o m i  a b -F

formalism . ‘W th de f in e  veloo ! ies as o-ri an- :lc-:vnceo :inc t i t ie c .

19 
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and derive vertex velocities from F- : . ( L ) .  This covia te s  the

ccuntlng and mesh problems mentioned above thr ou~oh the in t r oiu c -t i c n

of rn-c- re variables.

The fi rst method relies on tl:e crt ::oocoality of the -curl and

gradient operators discussed in the previous section. - c  fo rce the

velocity, now defined on the trianoles , to arise from a strean

function according to Es .  ( 1-3). Such a flow is divergence-free icy

construction as described earlier: the flux into or out of each

vertex cell is identically :ero . :~ fac t , such a flow , as sh:crrn in

Fi-~ore for one vertex and its nearest ::eiihor:, i.s also diverseoce-  —

f ree on each triangle . Since V . is constan t thrcn:hcue a trianole

and since the normal component of V is cont inuous  ac ross  all

trianole side s , the flow field described by V = x 1
: 
allot-i -c ito

accumulation of fluid in a t r ian_ le  or loss of material fro m a

trian rle . Figure 0 shows hot-i this can be by dicolay in -: actual

strean line s f re ts  sn ;ch a Clot- : . b :ec e  s t ream li::es are closer

t oc-e th e r  u-here the  t lew is :‘ast e r  and are ocot .1 ot :o: .s Cr-: ssio-

t r i a n  -le si- SOS eve:: theuc:: their -i!re . ’z - icn chances.

The in t r - c h :c ti cn  of tr ian - 1e ve loci ties  ckei~efore  :srk-:ec i t-

pcssii-le to -:efhtt- a :lcw which  is dive r  e: :ce— frc- c- on ~ria:: Thc r- .

Howev er , the sci-ut ion  is not  ideal , since the triast ’le velocities

can:-u- t he u~:ef  to advance vertices , the are -n - w e i - : o t e c h  -- er t e :- :  velcc~ —

tics must oe :: -p i . h - r e :  ore the ~r ian -~le arcus mus~ meeccs-cri l ’

chance t-;oen t h e  v o r°  I - - cc :tr - adv anced .  le:v: n- s - ni: ’ he cell

-coc c’r’:e :. - - -i :at r , - :- :-nii:c ~t ij ~ ve r’ - V - t i ’  ly e  F :. : ’:

20
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however.  If the ~rid is held fi:-:ed , the density cf ma rker

particles in the instantaneous flow field remains locally constant ,

while advancinc the vertices leave s cell areas unchanced .  This is

the ohysi cally me-aninoful e:eoression of ir,comoressibility t i -n ick is

sustained t-d-iere triangle velocities are the basic physical ?Janti t ies.

In either formulation the incompressibility assumption forces

a physically nonlocal character on the flow and th is gets reflected

in the numerical necessity of iteratino a Poisson-like enuation with

appropriate boundary conditions. :~ the ~~~~~~ fo rm , the vort ioit~.-

is advanced at each cell dur inc each t imestep and then

V x ( 7  x ~) = ~ must be solved for  the velocity stream funct ion

The velocity divergence is zero by construction. Tm. the orimi t ive

P-V fo rmulation, the divergence of velocity is forced to zero by

choosinc P to satisfy ~~ (IT . 
~~~~~~ 

) = - V . ~~‘7? , and change s in

vorticity are zero by construction. In either case the complicated

grid connections virtually preclude a fast direct solution or even a

globally imp licit i terat ion,  In solvin s the e eo’cati-:-n: we ha-se

be en usia:: a simple point-rela:-:ation tecon i tue with a bc:::e--’rct- t:

acceleration formula. We have found , how ever , that siarle extra-

polation using the tt-rn icc-evict : s values of the quantity beia-°

iterated (P or ~r) makes the bigoest impact. :-d-:trarclation reduces

th e residual  by one to two orders cf magnitude bef ore  i te ra tion  c--en

be-cins .  - - -hat is even :oc re imocr~ant , hc:-:e ’sc r , is th e fa ct that

e:-tt rtvc-iatior, is o:c st accura te  icr the 1cm - -.-ct’- ei- n- -tb comp onents

of the solu tion :esired . :yis is - ::t .reme ly .:ol ’ñ:i 1 ecat cc - c 1.ci: -

21
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:- ‘a--elensth comocnent s of the residual are the slo-oest to ccnver:e

u nder i te ra t ion .  Iherefore , using extrasolation not only reduces

t e ar~~s~ al ~es~~Jua~ aoorecaa~ l~~, a t effec t~ el~ creases t e ~‘a~ e

of converoen ce of the iteration itself ,

The actual temDcral intecration scheme chosen for either formu-

lat ion is rever sible , because the ohysical equations being solved

are revers± icie . T Reversibility usually means that artificial

numerical denting is absent and that higher Re:mold t s number flows

can be t reated accurately. Conversely , the total absence of

numerical damping is often accompanied by an even-odd or cooccutaticnal

mode of numerical ins tabi l i ty  in which decourl inc of the finite-

di f fe rence  mesh variables occurs in some obno:-:!ous manner or anoth er .

Fret-iously t-:e have ar~nsed that our trianThilar grid aloorit i-sos

minimize the virulence of this problem and in Sections 5 and 6 we

will show several undanped reversible calc’clations. For  now we

co ncentrate on def ining reversible alccrithm s since dastoin: can ais:

be added where and when needed.

There are two easy ways to achieve the desired re-ser ihilit-.- --

usi ng a 1eap~ rc-c x-v in tet -ra t ion  in time and usi:1: a centered

implicit x-v integration. Ei ther  arorcach cast be applied w it h  e it he r

the ~~
- - formulation or the P-V formulation of the basic e-coat ion s .

The choice appears to be a matter of convenience althcu:h n-c have

us ed centered implicit in the final versions. -of bc-tI: :‘oro:uln: ions .

Flace the flat- : is f a:ran ’ian, we can us ’ the C. l ioth : :  lea:’-

Crc -c t i c ic—i n te --c’at i :n  tca’olate

- --~~~~~ ~~ — -_---—- - -~~~~ - —
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= ( t -~ t / I ) - r ~~t a j t .  L:I . et c . ) ,

( I-?- )

~~~
(t

~~ t :  = v ( t )  ±

The subscript i labels the vertices (or the triangle centroid .

The importan t points are that the acceleration terms can be

calculated at time t using- positions and other quantities whose

values are already knot-rn at ti:te t and that this hyeaofro c~

integration is e:colicit as ex-aressed above . Alternately the

center e-i imolicit formulation can be use d .

~~j t ÷~ t )  = ;~j t~ ± ~~~~ ( t ± i t / 2 ) ,

(2 1)

x . ( t±~ t )  = T h ( t )  ± ~~~~ 

~
- (

~
) ± V ( ~~~~~F~~~~~~

u-here the accelerations a. (t--~t/2) are calculated either as the

outer average -~‘-[a .(t~ ±a. (t÷:~t)l or the laner a-:erase a. (t--~~t 2,

÷ :.(t± stl), etc.). The fommulasior, of It s .  ( 2 ? )  is -lt arl:

r-c-:ersihle and , insofar  as the velocit ies  y J t + t t ~ ar e act  :ono-n:

a or~ cri , the formulation is imolic i t  and mu st  be i terated.  CTh ce

tie are i te ra t ing  the acoustic n-a-zes ( in c -cmrre ss ib i i i t .:-; I anywa.. this

e:ctra i tera t ion ins: ses mc - -meat ham suit : . i- ’ r th c-mm .-r c- . ~h c  I:- - : Ii -

::at:-re scme~ i:--e.t means t a t IOn -or t Ine : teoo - - - s t  e ’.anen all? - . 

~~~ - -~~~~--- 
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.;e t-~~l1 illustrate the -l-~ method usia: the easier al. crit:::: ,

the lean~ro- ~-ie tCc~ Ic ~tart k”c~~~~ ~~e aos_ ~~ o’~: of ~~e r r r _ es

F . at tine t and the ‘so-rt icity at these same -sec-ti-ce: at time

t--?-c/2. :-:e also ::r,cw the parallel velocity of any free sur:ace

ver tices 1k at ti:::e t-~ t / . Since the pressure is -constan t at the

free surface , ti:e free surface boundary condi t ion can he deduced

from the component of F:. (1) resolved parallel to the free surface .

If denote s a unit  yector tancent to the free surface , then

- 2 l )

There fo re the net-: free surf-ace velocit ies ha -se a vac-allel ::nsc r.emt

is

I~~ ( t —  I t T) — ° ( t) .  ( .12 )

This is reversible ani  the vc r t i ci t :-  -am :i:- -:--h c ~ cc ad’vu::e

~. ( t÷  I t / 2 )  reversibly o:sin : A: . (17). - f -cur se  t ;o  usc -t ic - i t :,  is

c::nser’sed in the Lacr9s-aoi an franc unless  ~~ 3. Ite m ~: 0. the

pressure f ie ld  has to he determine I , a Vo:nt n-c c-c : urn to s~ - r ’:y .

The ne:-:t step is to calculate 1- from t~~e usual e u ,a:IV:

7 x x-.~) = ~~. ~i-ere we encounter  a so ac : a .:vatiai -r id  at

t+ I t/2 is re :uired if ~h ( t± -~t/ 2 )  is sc ice C c - t n - i . We do tc. Is  in

c ur  artesian cc Ie , Icy calcu l a t i n :  ‘-H c— i t ‘‘~ a: ‘Ac

auera:e cf the new and the old r1d y cc it i s m o .  ( 1  -c c- : c-se ~c c

n-P ~te5~, c -- t o t :  :: ~n the i :- -~-1I - t  :

2~ 

- -- - - - _- ~~~~~— -



n ’e  ~~~~~ 1 has - ne:: fcu-nI ~~se sc-ian-d c  v-c loc ic i t~s at c i sc  t— tj l  -a:

cc calculated usia ’ - . (1 - ). - Tr ain - the ‘n -rc~-:: a r ” a — : - . - - t -  -

:o ’=ma -es -of I’ . :r - :-n F’ . ( P - )  -i :-~~:’ T h (t — - t  2 ) 1  --co t - o h  - “ a n - c  ::e : cc

a.i, --- ~.n - e  the --erse:- : o ’s:ici :ac ‘
,. from

The bc’ n iarv c- rcotu mc ii: the Pcis :c r . ‘
~ c t - i sa  no-: si~ c le on a

wall : ~~— = con st an t .  hi the be t - t om of a fl-cu lw:er Fer~ h i- c

in H , we set 0 = C .  f a l id  were place l cm the  to -co C : ’ 
~- e  f lu i - i ,

the co~~~~ nt :-alue of -
~~ at the t sp  coal-c Ice :i :f ~-ry n - the

cm the b o t t o m .  The d i f f er - c m -se in the t : :  o:u.’canc: -.-x~,Ic io€-

t::e ra te -:f fic ’ .-i across  a vert i  :al sur f-c cc :‘ r .u-: the t.- :- to- t .  e bc ’t

:Ais r ate  is in - le co ende at  c-f the H ~- c:icioa c: th e i - - ,a c innr ’ - s- c-tn: - --

:e- - :au s~ the Clvi i  is i- .c - s:-’re:cihAe .

-‘ a’- c r  th at t e ~ ‘e-~ s~~’ e e e

ccmv o nemt cC ve loc I ty  rallel to the su rf m - :e  is sn ot -rn :cr  a fr e e -

surface  ver tex .  The ac m”al m a i i e m t  c-f - . t.rea-:oei -IV - e i  ~c the

f r e e — s u r f a c e  -.-ec -t ice s. mast  c-i-ce t: : - knot-os - .-al’ .es. - ’im - e : e : c - i : s ’-

,~.- -~ o_ mt it e raci  n of the imtcri :c’ -
~ 

IoC:m~: c:c-s he ‘-er:

mom - al :ra :ient sac be ad .h:ste i b y m o : : r - r t a t c l  c-c oin’ t - f r -- -

ci : rface -; values. ,ln e:rnl i c i t  c- c al-sat-i c:: c- f th~ cc -salves Is

cv- s tIle . :ust a: with t .e m t -en Sr ociiu - s.  h u t  we ba--c — - . - oen ar.

::tol: ‘i t fc c-av iatIon c-f th is  boun dary -condition n-hi-c:. e. :~ , i C 5 xli

of  the ar: ’ ase -? -salves in  a or i i i a : ’c-nal s’-r ~ erc . Ta ad i t h o m  to

- the in~~-ma -t- ic n t-ci±h ::e~ ‘hi - c - t i n -  c ’-r ta - :e  - -- i”  - . S c ac~ ca n’-

ae th-’-i sr- e A :c-:’s”r ‘en .- -~ -c c-e r ‘H e  - -cL lo n er : -. I - - - - . se tn-

--ci :--i s - :-mr -ch ’d ‘rer ~’H s~ s -an “ ‘c’c—c’:-:rI --a te n - :a- ’ r “ill - ’ -~r :i ‘ - :1
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iA they are reasonably close to the surlace .

- -l en an ir,ternal cavity is present in the fluid due to the

e:-:istence of a bubble or to cavitation , the -
~~
-

~~~ 
‘ocunda ry condi t ions

are .:reatly comolic ated. For e:-:anple , the formation of a but-lole

has to mo-re the free surface upward to ccnserve area. Since ~ ii l-

along the su rface is the ve locity  normal to the surface , the net

up~~~rd velocit:r , ~. ~~ dL , must he non- sec-c . Is, a periodi c system

the form-at- ion of a bubble or -cavit?- thus re-:uires c~ to be icon-

periodic even thou gh the derivative must Ice. :n other nurds , i

mus t isa-re a branch cut whose juno varies c-sit -h the rate of ecrnan: ion

or contraction of the bubble . H’hile this nasty complication is act

insu rmountable , it cer tainly recuire s the calcu la t ion  of  a self-

consistent pressure field. Since the fully nonlinear source tom:::

for internal c-caves, as mentioned earlier, also re tuires this Fressare .

a p r imi t ive  solut ion  method u s iny F and V tas d cf in it e  sAc-ant-ac-es

cse r the -h- formulat ion , even though it is int r ins ica l ly a li ttle

:::ore comoli cated in 21. A ñ.rtlser ar sa::ient in Ca-ocr of the 1-7

fo rmula t io n ar ises  utter . we c-o-r ,sider the ev entua l  :enerali :atiAa t~

t :cee dimensions . Then is a true -c -error  ha-sin.- thret- - ‘:rmcaemcs .

nrA ricree Fc-isson ecuati.o.ics m::st be scl’~ei . In the i-V

F would still be a scalar so on l y one F c- isc :n  e - :ua t icn  nec- is to cc

so lve d even in three d imen s ions .

tec au se  of the se ad -m acaces ‘--he F-V :‘:mm atici :  h a s  eec , , . o

m a c - - c -  i c - ”u s - f  cu r  n-c r.: . Al t u C  t :- :tc an :  e r a n ; -  - ‘i- c- : c l u

-,-:ill use ‘H i s  necbo~~. and all f a - ~~. .c- : ’ A s  :,osi cs W I  s - c r
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exclusively to the pr imi t ive  formulation . Ac - -ever ,  it snoald be

stressed that  the -
~
--

~~~ fo rmalism.~~~as also beer ,  c-cOed and t e s t e d ,  and

it ::as e:diibi ted very good accvrac - s and ccn-rer :cn-ce .  ‘- ,lt :sou:h i t:

‘utility is ac re restr icted , on certain flows it is the ac re arefer-

able of the two formalisms because cC its  acre simole sors-oture an-i

faster soee-d of exe cution .

Our P-V formulation has P ., V ., aiid V . ,  all speci f ied  at t ime s

t, t+öt, t÷28t, ~~~~~~~~ Using a split step alcorit~~
7 
, crc intec-rate

the velocities fo~~~ard half a timestecs . advance the c-rid 0-ne full

timesteo , and then advance the velocities fo-roarti the cohen half

time step .

= ~~L~~~(vp)° - L.~~~~ C I A

= ~~~(hT ~~ ÷ v ’) ,  ( I I )

,,n . c ,
S j  

~~~~~

~~~~~~~~~~~ 
(L-~L 

H 1 )  .4 , ( 2 )

1 4 - —

— 3 -‘--3 _
~

D j 
“— 

3 : -

- . - - -The -selc- city - . ac-rear:::: on n . (2 I~ c c  area-t-re . - :,:e : c r - c-,

front Ft . (I~~I as calculate-d at the orc . - - i ct ; s  i o ema A i t .  ‘s.

and (2 ’~ ) -contain the evc- hst-i:rc cf  .
~~~~~~~~ ac t -” o r A a  ‘- c -  ~ : ‘- - ~.t rn:. Iar

9.,



e :ua t ion o±~ mo t i on .  F : . ( 2:~) i s the numer ica l  r e f l e ct - ion  o~ the fact

tea: trian sle velocities must rotate and s t-re tch  as the - ‘rid rota tes

ac-A stretches. The transformation I is linear and ~riven by tue

fcll cwinc three scaiar ecuations:

(.
~~

fl ~~fl
) 

— ( °
L~ 0f2 - 

‘:01 — Lj A02 - 
‘:-

~1

1 1
(y fl 

- -~~~~ = (a ’0 
- ~~~~ ( c -c— - j  .~3 —2 ’ —t-j ~~ —2 ‘

-2 . (y
~~ 

- ~~ = ~~~ . ( - - C 
- ‘c ° )O j  o~l °~H ~-j ~~ son

t r a n s f o r m a t i o n  ensures tha t  the v o r t i - c i ty  late ral , cal culated

abc-s’s an:’ i n t e r i o r  a-art-c::, is in-cariant our:ng the duir lacessent  of

t~:e - m u .  Clearly F-c s .  ( 2 1 ) ,  and hen -ce F : .  (2 - i ) ,  are :a :lly r eve rs i i cl : .

:t is : ra tify in -o , f::r t :- mn-: r r , that  the ‘H ree en’oat icms are act

liuc arl :: imd ec-enden t SIOtCu csA-- ct-sc c-ooa-o::ersts of r ,t,-e i to ‘cc

h:a ,c - - -e n  e s ta i  l i s te d nre- :ioi:sI :, ’ , the- and mavi t:o nec-ac

-:anmo ’  a~~ r cue -s r ot  :1: :: e ith er .  s ince 0 ‘-: ‘TI a and - c - - cu l t ’ -  I :  a

constant. :nI-,- the :nsy:i -all~ ‘a c-c-co t v a r ia t ion s  - f  —
~
--- -car, c-c st

char, ces is. cc- r th  c I t - u , e:-:ao t -ly as they shcuic . Thy: the entire

al rorith’t nu --ance c th e De n t -ton :  of the :-erti-~ec au-i the t ri ar .  ‘Ic

-:elcscitiec rc ’:ersiicl : - whole cv - l’s::: - t :, e :cr:’-~-ot 
-or ’- ~- ‘i:’~- n i — c u t

t -ver ’r t e c e r A r  -‘erto :-: . The rres’are : ‘
~~~ t ± t t  c oo - - c c - i - s e : Cr - - --

t e ‘- ‘s ~ItA::s 
- hat the ice:-: c-el, t~ i:~ 

‘~‘1 ml ~~ i t - e r  n--nc e—:rc-e

2S



at ti:r,e t±tt. Thus, from Ia. (2~~) c-se derive tee Fr e c c ur e  1-cisson

-- - - - - f~~ -~fl \  - -

~uatiocc cy set tinc - - = - - . - -c oc t -a im toe :oressure s  ~- I

sc~cn teat

1

~~~~~~~~~~~~~~~~~~ = ( -
~~~~~

‘
~~~. .  f o ~~)2 a . ’- 1 _  “—~, J 1

3

The right hand side , which can be evaluated at each iteration

explicitly, is the exact numerical  ar.alo~~se of the ~7 . ( ‘ 7  . ‘T n - -

term c-rhich arises c-shea the di’ceroer ,ce of 1: . (1) is t sAen .

Sd -c-inc I n .  (2 - i )  iterati-:ely for  {F1 ) completes the caln~1a:ion

of the t imestep . The bo un dary  -conditions on F f o r  I-: . (20)  are

very similar to those described for the ‘C- c formulation earlier. it

a free-surface P = constant (F = 0 at the top -and a constant ‘:alue

c-ci thin a bubble , dete rmined h ts the bubble ‘~ol’ me , surface  tens ion ,

etc. ) . At the ‘cotton or on a :-iall lP/ ~ m mu st~ Ic-e chose n so that the

ve loc i ty  nc-nccsal to- the c-~a1l is zero . Thus act imolicit t -r l d ia - - -, nsA

system can be -developed linkinot all pressure s on the n-all (or

bcttooi ) to the nearest nei c-bIc or interi. r values.

Since Pressures at the b oundar ies  are all s:-re ~iCicd 4’ s:rcu;:: the

bounda ry ocr .dit ions, the velocit ies aroc:r.d the c-a:tiai cell: coo

these boundaries cannot be :-:ert diver :ence-frc- e by i t- e r at i c  c - ’  -s -oem

the bo:~nd-ary pressure :.  The Iccun dary -cell areas - a:: he ac-uc:’ i- :ce

y ni tn el , to the cell areas Iceme -~t b:  the sc :rt’ aces .  : :- cn - o- r ,  a:

in I i ” :re This c :asta:ct p e : m i t :  the :‘:‘e:, j :’-’ o’ a- no - un:trt~ -
-

to a i ,~u :t cAr di-re r orc - - - - -: r ’ ~ fl : -: I:: the e :-::- ’cn- :- ~ cell are- - .
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insuring that the divergence can be iterated to zero t~:rc-u sb-out t - s e

entire fluid.

Ti’. Adiustin: and Restro cturinc the hesu

The major  advantage of usia: a ceneral connectivity tniamnolar

mesh is the flexibility which it permits to follow -coarli-:ated floss:

with a Lagrangian crid over long times. o make ±~ ll use of tn is

flexibility recuire s that we provide for several t :~~es of adju s tm en t

and local mesh res t ru c tur int  to maintain the c:nifcrait-v and acoura-

of the d iscre te  mesh representat ion-. ~~mes1: addu :tcct-c:t is a mc::-

physical movement or adi ’ostm emt cf the P o s it i o n  of c-ne or more

vertices which i~ accomplished wi thou t ichan.:in: the -‘coaaeeti-oit-:: of

the mesh vert ices.  These ad:u stmemo s are ie :i -mme d t o s imrlif y and

reoailarize the mesh and result in the e f f e c t i v e  t r a c -o f e r  of f l u id

across triangle boundaries.

A restructurimcc of the mesh . on the c’t::er hand , does- n o t

generally involve nc-cement of any of t ,-eroicc-s hut doe : ic- ’lude

—‘ar e sorts o~ or_an ~e ano s_ dc a~ _th~ c—-- e~ ’- ~~, -~

subtractions. In a sense , ai~ ust -ment  and rer - t ,ruct: :nin - - a r - s or ’d- :- -

:cnal p rocedures - -one  leavIro ’ the verde:-: r os i t i -on s  ccr achan ed , t::e

other lean-inc the mesh connect i-r i t~, or tooclo -U un titan ‘c- . Fir. -cc

restruccurinc ins-ol:’es the chance d b csi t ics,  of a side , it also can

in-solve the nonthy sical  floss of fluid across ~r iacc -le en aries .

:coh ad:u stm emt an— i re :tr- cthri ::- - re”re -ct-rY enyr ”-c:res cr 

c- - :rel’- ha:raa-:ict,m es- ’rirti ‘cc ac-i hen-ce ‘-ur~ -tden c ‘ 

‘:5:-la nce : nuneri--al oi ::t : z i cu  int - ’ th~ c:’c’ c on. To J:s ze ~~~
-
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diffusive ani other errors , It is r,ece::ar:: t.- ray strict attention

to mass and ac-meat-sos tcon :er ’sation an d- to lea-se undisturbed the

vertices and triangle sides loin :  alon: bc iondaries, surfaces , and

inte r faces .  There are a number of d i f fe ren t  types of nec:: adjus tment

and res truc tur in c  which are possible, too many to cover in de rth here .

Therefore we will tAlly develop here only the most use±~ul of the

restructuring techniques , that of reconnection . We will merely list

with a brief description the other technicues which we have considered.

‘Se :-lill conclude this section with the illustration c-f a generalized

mesh initialization which incoiTorates man y of the ad 3ustment and

restructuring procedures.

The trian~~ lar mesh can cuickly become distorted throuch the

mi craticn of formerly neithbcring vertices in the fluid f low .

Without restructur ing, the distorted mesh forces the computation of

derivatives using non-neighboring vertices , and cuiclsly leads tc

‘cot-h computational ins tabi l i t ies  end non-~~hysi-cal beba- --lcr. This

sitl :ation is ty ified by re -c-ion s of long, narrow t r ianc l~~ s-cc -s e c-ic- s

lar :er cnes. This disparity in size alsc causes c-r-sb ,erc: in skis ’-

timestep errors become severe because c-f the sb-or ’-  t-rthisole c-i -e s .

Icr extremely distorted triangles , tp ianccle inversion rer-s ’::es

increasinely likel:r. Clearly this disparity cannot be allowe d

inc re ase indefini te ly, and some restruct ::r in .m i s n e e d e d .

Tm a triar .  -‘ular -on - i .  c--e r’: nsa -bounda ry lir.e :,ni-c::elv saccifies-

it-s tn-c b cr der im c t r ian -cle: .  These t -ri :sm ‘ I e c -  c r c - a  a :- :cc -o i  . ‘sas c-al

cAr c-:hic~t the ind uced line is sc-as-mi: us sac of t s r  c- scU:  be -:i a ‘cc -a l :- .
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Figure Sa illustrates a configuration in which the present iia°-:nal

should obviously be reconnected. in the algorithms emrboye d her ,

the shortest dia =conal for each quadrilateral is sAways chosen , u n less

reconnection crc -old produce too large a disparity in trianole areas .

This is primarily a safeguard against reccnnectin: across inverce d

nuadrilaterals , which would produce negative tri anc-le areas , as in

Figure 5b . It also hinders regions of sparse gniddinc due to an

accicmulation of area associated with a particular vertex.

In order to conserve momentum locally , tr ian cle velocities

after a necor,nection must ‘ce co nstraine d sc-cl: that  the momentum of

the -ccsadriiateral is unchanged. Fi :rthermore , to keep the s-orticity

conserved, choices of triangle veiccities are f-sot-her restricted t-o

those which leave the c-orticity about each vertex unchanged. 2:ese

recuirements are sufficient tc unicuely s~ecify post-recc-naccticn

velocities for the two new tn iancles.  The al-soc-item resu ltim: from

these constraints is reversible . Iecolaoin the recc-ax :ect-ed dia:cnal

s~~th the original one re turn s  the trian Tie - :elccit ies to- c -h e i r

initial values.

:u rt -her complications to the alcoritha s arise for re connecc icas

af fe ct-in: boundary vert-e:-: cells and by the alteration of a cc- sc - cc-

t ion term which is carried to correct for residual errors in the

pressure iteration . Of ccs:rsc , ~erteral bool-s :eeccin’ of - - r id in te r -

connections must also be uroated.

‘This reccnne ’tic- c- Pro se hire all - -:: one c--o w c-f tr ian th- c to-

slir smoothly is:: ‘~c-:ther cc ’s s-sit-bou t han-i:: - to ad -du ct  tue  ha -ru:: -d -cc

-~~~~~~



‘,-er’ce:-: positions cc- ve loc i t i es .  :c-. the ccrrcs-:n-snoim : fi:-:ed Tr io

Sr stem , the trian sles or rectamsAcs horcer in .: eith e r side of the

shear in t e r f a c e  s-~oi :ld- soon becor:e s t re tch ed  unacce c-t ably an.: a

dif:Asi’:e re:o::e procedure c-sould ila- ,’e to be aoplied . The me sh

re-:cnr ,ecticm -described here is a nyc :-, less drastic chan:e since the

-sent-es posit ions can be left alone . The f inal  -sertex velocities ,

the area-weighted averages of triangle velocities , will be consistent

with conservation of vorticity a:’,d mo mentum . end any chance s in

diven i -e nce will be resolved thrcu oh ñ ture rrossure chan ces. -~r

the s’oecial case of an unperturbed shear interface  b ordere d b :- tn-c

s~.’nmetric lai- ers of triangles , tee -:srtex velocities would be left

unchanr ed.

:~ many cases , the Lae—rang ian act-ic: : of ‘sIt e vert ices naturall-s

leads to chances in vertex density , such as ti:e concurr eztt  accurnu-

laticn and separation of vertices at- a ser arat-r h-: . ha su ch cases ,

al ohouch the re conn ect - ion pro- ce-lur es beer the m esh  a: unifo rm c-c

possib le , the -‘-r id den-ebost: re :icns of smal l an i lar ’e ‘sc-ian ‘be:.

and it- macc become neoes sc-cc ’ to ao’- ’e ‘-cc-ti c-es n -cm - ’. - ’ c i - -allu . ha

the oot:rse of s u d s  a local r e l o c at i o n  in the f la i l  “i :o ‘- oca l  c - ass

and c-:ocent::c-. c -f  the triancles ~r cell : a f f e c t e d  si:o: :bsi of  cour se

be conserved.  ::any possible fo rmulae for t :.e me:-: p os i c l oc :  i an-c

bee n t r i ed -  in LThFd2 . — I’ne of the simolest i:ac also ::rc-’sea - - he

one of the most  u s e f u l — — t h e  nc-c: ‘-ec’te :- : : co : i— i cm Is t~o. o:s  ~ O’ I t -  see

a--erase c ’ ‘ate :‘r rc- ,nil ::c p o s i t i o n s .



ha man ’, - cases the c-cu -p  - ‘si-cc -I  -con-A’ s of --cc -ui -ces “ -is: cc i  11 se

avo i ded ‘c - ,- add in g  c-ri d s-obt ract ir.: ve rtices :-::,ere needed . i-or

exanDle , it may be necessary to increase resolut ior :  i n :~ ne me ‘i-on

:-:::ere the fl-os-s is n o t  naturally acc-’onulat ic- : vert i ces. Sac -i ,  a

si tuat ion occurs in cuclin dr ical  ccor d-cnate s  n-hen ‘are f l u i d  :l-~w is

comu-ercing on the a:-:is scmewhere . Then the trianonlar zones bee-s ac

larger and larger in cross-sectional area , but the radius c: cur-sc--

‘sure becom es smaller and smaller, b et ter  re solution is clearly

r e’cui r ed.

ii:e re are at least tc~~ ways of addi n c  t r iancles to ic-sc-cs-c t he

resolut ion , tn i an sle t r isect ion and side b i s e c t i on .  ha side c-i-

sec t -icr: a new verte:-: is inser t -ed  sc:::e:-s ere cm a si-i c- which  has

be’-ome too long ( for  want - of another  p o s i t - i on  we can assume ti :e

side is b i sec t e d - I . Lines from ti-se -otsosi:i; vertices to t -:se c:e:-:

ver te :-: are added , resul t-in: fi::ally in two new t r ian -c les ,  ‘arc -ce nec:

s i de s,  and a new -serto :-: .

Ti e values of rh :ssi-cal - -amiable :  at tee new ves’te:-: c-::.st- be

lete r s ,I :c  I b - s i n t-e rc - ch at i -’n , and i :en° t’ . o:m,e nanerlcal  sc-u o: :,ing is

i -sc - li-s-i . I e  imccrc- -:c~secst in s’ecoA’ti-,i: -sri sos h e c- cuc - e  t. .e ‘hi -c - ‘ s c - s i

s ide  Isecc- :::e s ft-sc sides ac-I Ac ::o lct :o ’c- r re- c’,. i :’c- -~ to he :°rai slit .

ITh:s inc r-~as ’e:-’ radius  ot cur-cc-t are can be net c~,’ ’_ n c  rea son nec -c -

i u ti ~ n .  Il:rthe rcsore , t -se re is no c-o-:tri ’t i c r ,  inc --lie b y cc-c- ’- er ia l

~u ’-ec- f ’, scec -. f any -of t - -  e c - i d - c c -  is  an i::’ c r :a -e . - se i-Ase :tic:: c-c-c-

c-t i l l  - e

A net-s -s- r ~~
‘-: -an al:cc i-c a-:  - 1  S-? 

- - A: i. :‘i:1t1-oI- ’~— — t i e  - -- c - s i
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‘srian:be s id e - - in  a r estcc. :c:ur ino s-se -c-all tri:e-:ticn. .rise- -- ’i, c-

alone is irrelevan t be cause the teree new s:-:alAsr t r ian c-les are

:u:rc--s-::n ceo b-p a son :le har :e tr iancie n-us-se b-e: avi-: r is ccn : tr a ine -i

as if t-I:e new -sec -ce:-: were not  t - :,ere . Th ‘cc e ffe c t iv e , tri-

sect-icc-  mus t be folbc:-:ed isomedlacel : ‘op at least- a sic-the si-i c

re-oc: :nect ion. The resu l t  ti:ec-. is ‘sn-c nec-s t r iang es , t~ ree me:-: side s ,

and a nec-s vertex wi:ici: does not lie on the cri sinal quadrilateral

diagonal . FI-,ysical variables at ‘she me:-: -,erte:-: are determined by

inter scolat icn ,~iost as in tI :e case of side oisection .

Tu :btractic- : ver t ices  can be a-ccomthi :he i simsly as the i::’s-c-rse

of t::ese t-s-:c f l r c -mo sses .  b-s r ? in~,,erse t r isect - ion’ , a si-ic is

r sccc-me ccci .  so t :at- the re sul t in:  -:o ::fiomrat ios,  has a si::gle tr iac-ole

s-sc-i-n: sc:rro -onds a verte:-: and ti :ree subtrian zles. The interior -:ercec-

is ‘suen erased and ts-ro tnienoles and three s ides  iisa :cpear.

:lailarly, a ‘sec-ce :-: can be relocated unt i l  t-c-:c Cf the side :

ema::c- i ras :r:r, it f ar m  a s t ra ight  line . f these t:-:c- si-des T e b o n o

to :riaa:Les whi ch s: ase common side: , tI :e t-:-so ha t - cc -i  or s ide:

do ::st fo rm a s rai :I:t- line can ‘cc er a so~: and the t , -:c stma ioh:  li,,e s

so:::, i::ed into a si ng le line.  :~ere again the star ’s in.: soc -f l  ‘arc-ti :::

c c c -  “ i nuto rse side b i s e c t i o n ” must be a ,,adc-:latec-al s-sit::

trianoles ins ide . ~f  such a con f i  ::rat -ion does not e x i st .  it can I e

: o r - e d  by local reconnect - ion s .

s ‘~ ‘a, ~~_ 
~r_a’- _es care ~ ~~~ ‘,~y,c’ e ‘n cr t- ‘

t,:e ar ;rcrr ~ ate Ic c-nt c - cu es  on ‘ s.C mew c-c sec

this  -::eanz cc-ref  I mc r , ico’ssi::g of t oe ia ’s-er” bc - s i  f-c- n--- -- l’s’,-

,~ :,

. 



In rcc-:e caseic the accur-si:lct lcr : -or :escarc-’ic -n o s -or ’s i ces

ise cc-currin.s f a r  frost the c-cc-ic :: of  cce~, -sical  i::t-ers st - .  :t ma::

—re c c -e e~~ e ‘-“c ee~~,ra~ oe t~~ le~ t e ci, .l_ rc e

-c-r id I: call~’ . This  ‘Local Fuler ia n bei: a- -’I .r I c -  sis-sihar ‘ : ‘sue re: c-c

c-ru cedure easlo~seJ b~r -dhan ° is: a t :cccl: siscaTh : r c s t a n _-oIc-r me::, co de .

I f  course , c-ne :-:on-ld like to eli :- :inace f e c - c - c  :n :cseri -all s d i f t h c - i v e

ulerian adju sthents s-:ithin the f T h i d  re :i:n so- t :,e n’, :nec-ica :u -sd el

of the fluid c:irrcrs t:e is,sual re ros A ill’s-: sec-c-a steristbc of an

in ’.-iscid.  flc:id as ::earl :,- as ccc: s ibTh .  -l en A., ,e r ia :  :bi :c-a’e is

necessary,  bc-n-ever. ‘she rocenth :s Jc - ’th o c- e  1 thu. A r r e st e d  A’c-,::s:ssr :

aloor l thn s can be adapted to  :c:ic-is-:i:o t i . e  d i f :  u:i’a: ac-i ,i l ns-ersi ’.-e

rhase er ro rs associated :-:itb t-he fl-:’-: ac ross  the cell I oa ::laric-s.

hinall-.- , there stay arise-  o-ti:er. less :eneral . c’.esi: ro- :’sn-’,. - ‘os-

i c - s  :-d,io :s is re- calmed b~-c a sac-ti c-olar sc-s blen. Y-’r es-sac-s-cl-- , ae ri - l i - c

isoo:c-sdar” c o n d i t i o n s  are of ten i:-orccsed to r e s t - r i o t -  a

re -sic:: . hc- -:e- ,-ec- , fl-os: c’st of t I  ~
- : :er icdi-s  n- -s c-ic:: ~, :ilT~ cat-c-: toe

- -sit.: i t .  A is nece cc: - sr ’- . ‘ -S c-OS Or- C , to c- cc-ct -sc -sot - some

:-:e xns of  restoring t-rianole: s-oi:i- ’i: c -A t at -one i ’ci :ndar 1: -‘so f r i - -c: sA’:

onserin : the flo:-: a: the c c’ - c - s si::” i-c-ac-dat ’::. Sin s- - all u::y :1 sal

-:ar iab lec-  re:::-’uLn :s:e :-u-:e f-s r the ‘ s i  -At -ic-coo ’ cri c--n - l- ~

the rrccedc,re is mere . ccA-ce ts i :s  , alisolt -c o c - cb ic c - :c - s . cisc.. ‘Los

alt~’r the .iymanics of the :‘bo-:: in an:. 

-c - ‘c- n sou se  t. ,~~, o’ect cn 5-ii t :’s a c-r e: oes ’oa c-t :e: 5-S a

ic-ed s-cc-:: Thi tic - I icc-Ac - : “r: ’c i:.’,’s . dIe-u’. so’- :1, i . ’ - c ’ I f ’ -  is-

I - i sA aAl ‘se ‘ ::‘thc -l ~‘s ’~’e:: - 
,, s s : .  -Al the :is, e:~ , ‘Lb She 



cr ia:::lc-s, c - c s .  Ail s  is ‘OCt15 lad .rriocos c-no c-st to ose :‘epeat - :s t ’s:cC

ac-cl c-.’ain as the tu: :slca. c-r e then is -c -I - sc -n c- ed .  The process -c ars. c-c

antc: :aAsd u somo cenec-al u,t-Ilitv routine s ‘as oc c -_ n ect  - :er t i :es  (an d

st~src the inform at ion  in ‘site c-cur -s t r i a te  m es s.  ic-se:-: l I s t : ),  cc

b i sec t-  s ides , to reoc - : :ne-ct  ~ua-Jr i la’eral dIa.:ostaTh , an- .: t o c - d c -’:

in t e s’is- r ‘:erts:- : lc- ,a:io::s.

This routine re -~-th re s as input an orserec set c-f ‘m.uni.ar:: points

scor ’s’:coms:c-~ the -des i red  re :icc-, as ir. h i -sore c-a , u sin- sr  -out: to c-c c -c : :

c-c-, a ri ri t rar’-  c-somber cf i n t e r io r  subreoicc-s  sd-tic:: ac-c to be e :cobus r i e d .

The in it iali :a t ion pr oc-ram can then prccee-J oe -oentiul l~- arcosn i ‘site

e” ,,D ~~1 c.~ e r e_ ~~Cr o ’tm _ ’- ’” t-’nar’a~~: r — t e : e . _ _ , . e~, — ,, ~~~~

so_ c ’ s , cc’t_l e _ cr c s,s cc s_e~ el , es~~._ ~ aces : s

re ~e , t e _ r ’ce” .or s,~~” .A c- s are a to’ at~ al .. cTh_ e~, t~~~’

f t c  inc lus ion  c’s’ the -cut-s hr. floe set of loco ndarls sc-hats.

All “c:adri ’Lat-ec-als  are then recec-t -esil :’ c- c- s- c oned, reccnae-:tI::  -

::a ’:nc-_ s unti l  t-i:e rho r t er  si-u - -oath is -c s ::ne- ,- ’se i  f r  cc-cl:  sc : a ‘n-b-

lateral in tee mcci: , as I:: l i s o r e- - -c. To a d d  i :: teri-c - t’ -s- r ’ i ” c c -  ‘she

b on oe r. t :‘,c:- ,aic-is: -- in ’sec- i - ’-c- si-d c is hisso-o ~ csi c - c - ’ -- ~ ‘e i l , ‘ s i b  oi~d sc- r

t o t  c--c : - i r ’ : - -~ n- . s-sA- r of “er t i -oe s  :sc-: iseen c - i  c- all i::’ucr: r : d c :

are .-aalle:’ clan a o : ’-e c i f i ed  de:: s ’i . lv  re -oc ’u:a ‘ci::’

a ft ec- cc-c:: hAs ’~ s t is n , a c c - i c - by c-c mlar  -‘c-i : can he - : t  n - - . a: is:

‘ io- ’:re c-I . ‘The rc-c-:nne”-’ic-:: a::c ‘s--r ’e:-: ad “:.st-c ’-r’sf rc tin-~s ar-

n et: roce l i ’ s-s si-.ei;’ -o-:’ii. a :lrstul :‘A-,s -e - :n e c:: I: - b c - ’ - d -  c in

1 o’- ’. ”- ~e.

— - ~~- ~~~~~~~~~ --~~~~~~~~~ - A



This str oceoure can be reseat-c -I u n t i l  each sec -ac-a te  c-c c- icc Ic-c

c-eec -  filled :-nlth an asoroDriate c-under of -sertices and the -‘c-id

smcot : :ed .  t sr :oc:ld be o’O’:iccos that if a acre scotmetric c-rid is

desi red ( f o r  e:-:ampie , for  use in debro ,~ginc- the i ,a-iamics of a

t s:is sane scr ocedure -cam be used to force the c-rid to :‘ c lAw any

desired c-cnfiso :c-at -icn s-ci A a minima: : of e ff c r t .

Since the in it ia l iza t ion  besins ~~ th an ordered  set of bc-ac-dc-i’-:

vertices and ends :-~ th a tessellated c-cc-ion c-or r e srscndinc -  to a

seysicall; i d e n ti f i a b l e  reAct : , the appl ica t ion  0:’ ‘c-c ’:ndar-: ‘-cc- cA i r n :

an -i. the s t - c c -m o of tri anodLe an-I - erte:- : c”-h’~sl-: cr1 ~ c-r i a i sbes  -c an he

i:anclie-d smoothly . hor boundar ies  sd-Aol: fc-l]. alcmg st-c-al oe: l ine

se s c - e nt s , u t i l i t y  sc-cc- c-rams oar. be emc-lcyed sc tha t -  cnl~: romno r

sos it iorns , ‘:er:e-: sc-ac-in c and bound-ar :: c o n di t i o n s  steed be s :-e -c i f ie

as inc-i t - .

I- r o e— A c - f a c e  ha’ses

Stat ic -n c-c- : :  f r e e — s ur f a c e  n-c-cues of - s a n - - d c - -  as- sc-l it- . I —s in

f’i::ite de c-th  in c :nc- c-~- :s :h l e  :A-si 1 c e c - -~ ‘ c - c - ce n arc a ‘ser’ --r.: - 
I - - 

-
.

the c-c-sic IA ’OT-’, iI . The s’-riscsiti’.-e e~ -:ati-’a: fcrst’oIati- s n ‘ - sc- s ‘ c - s .

mc c-cc-once ‘thons c-:erc all-cs-c-e l cc r :c- - c-i ‘t clot c - c c-- A c -  : ‘- : - cc-

ne’:tal ‘:l- ” ’ -r i t ic --- cs . Ihe A::eac- ‘ I c- c r ’  ic-  s-sell u:: - - c- c -’ c - cd  cisc - r i s - -

c-:s:-:c-u: d ec-h: on the c-nc-cc-n c-al -“c-s :l~~s.  - a l i a s - c - c -  ‘: . tc - ’- r~~ . ‘0.  -

I c - c - c  - ie : -elc:ced , ssIcc- ‘A’ s u se fu l c-n -LY’ i uI - “ “ .1’:: . 1- - - ‘LA. ‘she

c-cl  i : -sell -lou .’. : ’  I:: t I c  I :g -so .

I s l e _ . r c - ,  - a ‘oc--s-cn :cc- .f ‘ e:’t -A’ ‘ I c  ‘- - s o  -

L -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~ “.



Ar these t e s t s  a ‘rid c-ca: cons ’s c - u -’ cci ‘. - re- -rese nt a cc--u-

:eneocos ic-cc-mc -ressib ie- fluid of  fi::ite delti: . Ic r i ct h :  b ct : uar~-

- ‘cr.si t i or ,s were u s e s  at ti:e s ides  os t:.e re sicr,, c~ rm i ”t in o  c- s .c

ec:asti:tAion of an i::finlte --:av-e t rain ‘.- :hil-c - r e s t nic t i n~ ti :e conc-co-

t a ’siccna l  re c-ion to one c-:a’sel-eru-ti-u It t -he c-i c-id b o r t o n  ncr~’ 

velocities mast ‘cc identically zero . In th i s  c-soc this borsn-:ar~.-

condi t ion  is met by ini tia l izinc-  ro~~~al velocit ies to zero and

then  choosing values of F at the lowe r ‘Ocunolari - which  cause

normal accelerations to vanish . I’he pre ssure at the free su r f ace

is ta -:en to be zero .

The s-save s are oemerct-e-J by sc-ecify ist:c an imsc-absi’se s in - ..scidal

c-re ssure di s tr ib -ot icn at the free surface  at t = 1 . h e r  all

la ter  times the f ree  so:rfa-c e o -c -e : suce  remai::s sec-c . The accuracy

of the nunec-ical solutions is tested through t i e  sisase , anc-litc:ie-

and c-eric- -i. c-f t’ne senerated waves.

A A 0 ~~~-,’~~ ’.~

Tee li ne ar the o ry y ield:: an e:- ’cres c-icn for  ti:e ste -n o n  of a

so-a: di n :  :-:c-’c-e in a :‘l-:i I c-f fi::i:e -d e c - t i .  c-s

— = ?~c ._ o-1.: ‘a::I: ( Ioo ’~~~~ L A )

-
‘ ,ec-e I: 2 ’

~~. g is c- r c- sAty and h is the  :‘ 1 : ’~~~~: e :  f lu i d

te st-i : .  b .c- n cur ‘sec -~ s \ = 2 .5 c-c and is = 1.1 cm s - i c - . = 9’E O - .c:c ’ - - c -~--s s ,

:- : sl : is  ‘AcId: — = 0. 12A1 sec .

T:~. t he  I~’ ”ec-r t i -e r - -  t Ie  wa-:, : ‘-er .  - i is ia ’s - u-a I~- ’s

- -ra’-e r-sc-r l i tc , i e s  b i t  toe- ‘s , .~~’s.- - is “ c - l id  c- nA c c:. toe ra ’ n 02 ’ 

- - t c - .: t .x ra ’ c- f 



d e c -t i t  ‘sc-c- d o t s ,  snails.. I or s.. r oai-::.latcin: f sc-ave c-eri:-d , t::ese

n - c - t i c :  c-core 1/’. = . 2~~ ’ ac-I A - h  = • d - ,Th , sin -ce olte anslitu ic  cc-i t-c

e bar a’ ec: nut: t-: - ,‘isnal,.l : -dCtCc -- c ic - e  :l,e crc - c - l c d .  i-cr tc- :eso ’,’aisoec

s-se c’:i At c c- crc -c ’s  sc:te - ‘li t c-s.::limear e f f e ct s  in ‘she

. 1:s-se’s-er , a: sloe - -cr-, i,elc- . -s , at t ::l5 --alue of a- ~ z:.e c-u :i inear ci:aruse

Ic-, ‘- ‘-riod ss~c-- c sl . i  be c-c -Ii Able .

di,sore I’ c-resents the numerical ly detemm,i:sed :-ca :e sser:Co: for

i i ff ’erea: - c-ri o r e s o l u t i o n s .  The d i f fe r e n t  mcci:  c-or-Li ‘ar a t ien s  are

sc-mrs-Tn irs , the  In se rt :  to tee c-i :,~~ 
- - f tee c i  -‘s re . do c-stair, a value

c- the  c-er ss-I  cd-A rc h isa -i at Least  fur si ‘ni : i ’an:  f i ’ac-es fe- c- cc- ‘-I:

cu ‘s::c-se cases ,  c-slAt-cut rescr’si:: t-~., c o n ’ t e r  :i:s:c,latic-as last s in - -’

t locc :cano: of t ime step: , s-ce i n te rr c i.ate-i do c-see :: :i::e:tec’-s So t ’  1 . 5 ’

ti c--c meata - re :c-ent- :. hIm a st a s sd ic - c  c-:a-:e . s i c - e s  can be let-u’ :- ic-ic I

c’c c-e’-clc-ely c-sc Ac ar - r ’litu se passes  t i . r c  :. zero . :,‘:,e:: c-he cc-c-c-

s’orc- a -c - ‘ u l c o iC ie :  an-:’ -c-t -~~a’e:t . - ;e defi::ed c- i .e :e,:’-.t -r ical  ‘sc-lee

:i,e s-ia’:e p e n - i s  : in- ’ a least  : I i5ac -~~ f i t  t-c c r ’ s -  circ e : 0 c c - n - c  c-A cs ’

mn-cr - :Osus:tat :oc-s lactic::  c-cc-a:,- - -c ave c -c -r i -A s .  Idse n-5’ ’ s ’ — - ,r. - is : -c -c

‘she an- re -at &t e r r r :  in the  :5cc-ic- :  due f-c- t e r n :  ,I , : ’ss. i n

‘s ir.e Ic cali:actio ::. I t in c ludes  a:: e s t ima te  -s : Sc: :o~ e:.c- ’ is  e r c - ’ - r  : ‘.&

t-c’ a IC S c - c - -IC IsA: is: :ebec’sl:: c::e sc - c - c i sc -  i:,se c- c - -u: I i

s_s-i: e:-:actly :erc.

., e fcsur,.l the  r :u:- :eric-al c r e r l o d  it: ‘s.c bAi t -I c : . - ‘a c - I -  : c-c-

lef i,ni~~::”,::c-th 1 s-’- c-ii. me::: c- c— a - : 1 - -’ :- :- n- sc- s ‘II-” :: . c., :i~ : - - Icc

c - t i  is

L - - _ _ _ _



dIe values c-f the c ’aranetec-s a as: .d — c5rc- .ietc- ts-cice :1 1’: a 1-c-as ’s

: cucc ,re s f i t  to the  cal os.:lace d s,’c-’:e y e rioos , - . The :‘abs.,e f r  ‘she

- ‘cc-i s ’ is — = .l2~’2- = . Ih 2 - ~ - . a nut-loser s-c-i t ,i:: ‘.l’~ ‘mu’ - ---a ’- c: ‘s.cc - -

t he o r e t i c a l  linear -sc-Ic -ce .

Ic nt -n b c-ct -Io n: to err-o r cot tros : t ime:’cec- size er r - r n - c -  :c-so e

been minimized  by re j u c inc  t :,e t ic-cestec- s-she:: th e ‘ccc:. size is

reduce d . Ilowever , the t imes tec-  c-sc-s r .ct inc rea sed  beyond . 2-22 , ccc ,

or ron-oIly eidIt tisne step : per -cu arte r - ser inc -i . Ic -c - i  call:: cc sc- sc I-

cr -scm systems fee ‘- .rs:ra ::t sccnd i c - i cn  -suara ::’sen-s cit-it  t in e s te r -  er:’:c-

‘sec-i-c: are snalbor t :an :cs’stia dec-i - satIn -c er r  :‘ ten-” :: L~~c ’sc-,~~c- A

c-cr:- iir,~nslonal  tio”e st -es c-tac t  Le s.-naller :i:an Ace cs-cu-u ct-et c f

s t ab i l i ty .  Isis is de :s:cnstrat -ecl ‘cv ti:e sarab-cllc ccatcore Cf

emrt -r curve , ‘-er i f ief  at- ci:-: c-:i de ly ~d i f f e r -~n ’: mesh c i sc -s .

h oc -  c-sa-ce s c-f f i n i t e  ac-:sslitudie , the s-ca-se n -m ot i l e  c- :v ’,.li. is’s no

the forc-s~~

- 1 2~~ 
L-~ b e ,

y = c , ’- : a _ ( a -r s~~~k a ” _
~~-- —-~— k a  ,‘-ct tx

- l 2 ‘c- ,
‘
~ t L’- - ‘ - -

+ 
~c ha — —--- -n- L’a ,c c-- sr 5 o n :-: — :~~ is -mr - . .  

- . ‘-t a

O c - -  , -  ~~~~~~‘
-~~~ 5~~~~~~ ~~-+ - ~~~: a  c-os —c--t:-: — —— rt a ccs ’- . : - :+ ” -

~~~

‘ r’, the  l i - - i ’ -  o:’ .scccc,ll s - s . ,  toi c- - : ‘cu’c- s’ c’i.sn t’- ” : s”c-

= I - a -c - cc -  - -s. :-: , c c ’s - I L ;  t ‘-‘ L i - s c - t : ’ s” c-ui’ . I c  “ 

:“ - : :b ’ s c  ‘sucy : ‘:“ -: i - ct a c:::c - ’i ‘ “u sIo’l ic ‘ .‘. Ias , -’ - i : a I  a

I i  



nearly trc -chcidal  fc rc:s s-Tic-is i r,cneasin: amiclit’s-Je . dun  re sults

also corroborate these c-re ’dl -ct icns, as cisc- -rn In F i , - rc,c-e 5 .  TIe

cu’ t .s :,cu’ ~e a e ~cer ncrmal,,:cc, r~a t e cu,mrm. es

.sf the ini t ial  i.~- r ’sc-:r :cos-I c-nessure -distributions ( A ) .  Inser t s  at

the c-ic-It- cf the f i gure I l lu s t ra te  ti.e actual s-ca--se heirsht :  aci :ieved

fo r each case.

A more detailed comn arison is shos-m in Tis’ssre 9 which includes

a sape~~~osi tion  of the theoretical predict ions (:c . (~~ )) and the

numerical results for t-l:e I = S case of Fi~~.:rc 5 . -I ltbcnA: tr:et’e

are sli~ lst d i f fe rences in t :e wa-se cisc-se , the-I: are c-ct oc r — n d . :

since I-sc . ~3l) is derived In the limit of !n inite dec-f-:. Ac t-,.e

inserts in Fis’nre S show , ‘site wa-se tc-cugi : in ‘s_ i s_ i s  -cc-se is a si sc-i-

f icant  f rac t ion  of the dept-i: .

Ti:e wan-e s shown in bic-ure S~ were all cenec-ated b y an in i t i al

sine s-;a-:e c-r e scur e  dis t r i bu t ion  wi th cnl~- tIre ant-lit-s he of t :c

i:cpulse earl-ic-cc fc-ost case to case . Tee c-Ta-sec at- -u labeled in: s ,e

irc~uise amc-litu-ie ( , ‘, A each case . Tee csa’:e s~-onli ’se-2-e: acs .As .~~ I ,- - 
0 - -

a
n , 

define-i as 
~IL”c - : c - : :  - i~m i n

) arc- n -in -en is’. I c - L I e  1.

Ic-c line’s: coecc- ’5- sc-ef: lct sr  an c_-sp l it -u ri c

a = 5. — ---- .

i::: the tl,-~or eAcal  vals..e f~r the b~-rcu a s-se i - - c - s c-

at 
= . T.7n-l A ( 13 )

:-s::c re c-se i,a’s’e included c’,n aodi ticn- ’,l fact - cc - of 0. -A ‘so - e - 
- 

l c i c : - .

1 ‘-‘bc -s-s . :~ cc-:: be seen fc-:’r: the t i-LI,: . the :s’:n-e -. 1oct11’; as ’ , : 1-s ‘ c-

‘cc-:- -I I ’ c : -es 2 Ae - :‘t’ -c ’:s ti.e h r - c c -n -  c u ss . ::: I !- . . — ‘ - ~.. , “ t -c-

-cuscn --li :.- :c- : t - 7.0 :- .‘-rou,: cs~ I t s ’  a - ‘c .  ‘ 5 : . d&r ’,c-— s ’ r .  IL: ‘ i s -  -~

12



t-.:e mesh ic- .t rc  sc- -sec a finite-difference trcsn-cc-tion cc-c-c-n - in t:.e

per iod , as detc-rcccis:ed b y I i r c.:r e ~
‘. f s-:~ use t: .is value a for  t::e

se r iod , ir ,stead of Ate .-‘alue Ic r c-c - infin i t ein,- small mesh , -se oss ’u,in

a 
= 

-‘ ii t ~~
-1 ( -m l 

0

as sacs-sn in the table . ?i:e errors are seen to be ne c-h -i’ll- small

fcc-  the f i r s t  three ca ses and. deviate frost the linear p red ic t i on

only for the obviously nonlinear cases. These numbers , coupled

s-si t-b , the olsen-sat-ion that there is iso meas’.:rable increase is’, the

cericci, u’s to floe A = S case an: an increase in cerio-d for A = S
- - ‘0’ - S

acu  1 _n c~~ca:e ‘s tat ‘s e - = -‘a.~e usecr. ~n- C c L ~’- rcA - “ --

D ‘ - -

is indeed a c-co d assrc:t imation to the l:::eac- er:sd. A :“sr ’s lccr

cIrcA-: ti:at tise c-cc-cent-ac-c Ic-slat-ion dcc- t:-.e A = S and 1- -oases is

indeed th:e to r,oc-llnear e f fec ts  can be :ca ie frost: th eore t ica l

-calculat ion s of the sec-ici ,  for  the  nonlinear case. 1’aJ ,Tha ,ch~ l. c- sc_ i

heller 1O determine to third ceder in a ’\ that- t-l:e c - r o o d  si:oc:ld

increase if the ini t ial  fl-t i - h  dec-t i : is i s  lam ncr fec-n C .1”:. hI

our case the r at -ic  c-1 c- = 0. 1, and cc t ic-c increase in n - en - i

is observe-I  is indeed reasonable . Ien:ce;: and Iri-cc~~ eLscr c rc- -h i s ’ s

an increase in th e i r  e:-’s:ansion tc f i l t h  o rd e r  fcc the- case ‘ f

in f in i t e  dec-t i :. lee Chan Ce ar - , p er i od  sr- s l i s te d  id: Cc--c -is. of 5 : , ’ c-c

::teonies is included in Table 1, as -Y.., act-h a — ~, , c- e on-c e - ‘- i’s -- I s . .

f-cr comparison c-si t-i: the as’split-u-Ie r esul t s .  dIce c-er-se:ccc ’u,’P sc-ac - se

should be ecu Isalent sic-cue Ate arplit s:  ic as: : ie’ -€ -  i in : c , (3:~ 
-

ic-- e ’r ccs l”  s’oc’-n -s r t l - : aal t.: Ac c-cc-icc : • as ‘a:: be s-sea . - -‘ cc-- I- --

‘ s - c  -cc-er-il ‘ n—:: f ‘he a a”mr --o-: :’s is -: :, c-cAl’

I Il 
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rc - s s :lt s  l1,.in: intermediate  bets-seen the tn-c theor ies .

I .  ,d t abiiit’,-

:~ r .umen i—sal inte  orations corc- ,-e r s’er,ce to ‘sit e- correct sol-, :t -io-c-s

is als-sa s iss-oossc-lete ansi leave s a residual e r ror .  A ensure that

t,:is resicual crc-cr dues c-ct - accumulate sio-c-i :icant l~.’ , a ff ec’sin :

both ,  accuracy and s tabi l i ty  cf ti:e code , it has been Ic-~ic-.d~ d

ex ’slioitly as “ necative feedback T ’ . bor the pressure i t-er a t ion in

which ‘s::e veic -cit-y divers-cc-ce around a mesh pcint- is i tera ted to

:es’c , (y — ‘c) / 1 ’ s  is c- :sed as a c-esioual  cor c-ect i . cn , u-here h is the

I f li t ia l  ( t  = C) ‘sc-Icc-me of ‘sloe cell anti , -: is i ts  cs.:c-re ::’s vcl’, ,suu .

r o n  pr e ss u r e s  at t-i:e bct -t -os-. c f  ‘she f lu i d , a v 50cc -cr- ce t eem: is -aside -h

to :cssc-sensat-e f cc -  a c ce l e r a t i o n s  tbrc ’sc-i: s-ress’..re n -r c- i i en ’s  f o rce s

se~’tcer,-:’ .cc-,Iar ‘so the  ri-A d ic -un-dar n -  wh i ch have accc.,ms:lc-te -d. tic-,e to

:c--c c- zstn- :ete .scnver - - e n c e .

LcLle the feedback mecears ic :-t s a: fect. s tair il i  ty i:s:i :-e. -- - I:’ ,

c,.e re e:-:ist-s a c-cc 3 f or  cc-r e h i r e  cc- ~ccn ’src l of c- :, :c-ssnIsaI i: :ctc-I Ill’s::.

Ac - ctc- : , c - i  st e-h aiu c ’ .’e. c.a li-se r c n - ’e  Is tern c - a l - ’  c-c f-c-lb ti.. -cu-to-sc

a::-: , t _‘e_ ’ c--c-- , t ch l n - .-:s a c- is cc ::ist ...ct’c cc-s cnn--os Is, I -cc--c I . Ac-

di: - :.‘ i c - s c - u s  A c - n -c in i - o r  -cc-ce r e - -sIc: : fr’s cc t a -c  li::ear t n - c - n c - —

do n-’ aA ’ r ,  a ’- ~-~:-~ t c-shiA t:,e l inear c-c alt -c refle ct - c - ‘-I’ e - -r - ’- c - :’c .r c

i t _ n c - t i -. : : I c - c - c - i c  -- the -c- i ’sc-r- ’ec -- ’e to  zer cit s, - c- - t d t -  ~st.  ~-s  Sc O t

c-- c: the fi :~~re ,  c -h i s  s ’c: , ec : , e is nar - ’ I a A I s  ccc.- I-.- wit - :,  tac -  c - si :c L, ’.t-

s-sloe :‘ ti:e .i i ’ s- n - - -c- a -e -at  ‘~ -~~ t e m : ’sI to ti - -st -it t — ’ t .

c -- is , ,-’ t , , e ’ - s ’ s d :’ ’ t~ c-eAer si1L d .:3c -- L- i’cr- ’,c ’ s c - I ’ ce:,t c- c - - : ,,- -:” -’c- ’ - -c-

: C  I i ~~se c - . .f~, n . ~ a’s t±~,t  c-si l l  i:e c-nc-I l- c- a: - , I - ” : ’c- ’e , c- c- c : : : ’ ‘s c ” : - :  c- -mr

~ 4
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se ss lc-i’ll.- . howe’.-er , Ac-is is done at ‘site s-a - -r i :  i- -ce of c- c c - f c c - -c :ic-:e

r cverc - i :-il ity  of ti:e c-Ic-critIc-.. A is the Ic-c t-er  scheme s-chi c:: was

- se-s t i : c - s :-  :s do t :~~s s-c c c-c , s ince  scan:: ~ec-n’ :s’.-’ec-e needed for

ac ’s, re ’s. s t a ti s t i c s .  h oc -  ec-c a_usle , 12 :.-:t:le’se s-ca-se seniods were

‘sc_-ten icr the fc-c..r -coarser c-i-i-is in di sc-re 7. The fcc-s-car-i 5 ’ n - t ’ s

= 0 . 3 ’ s )  is also t::e soc -cc -ce of the 0 .3c-  factor alluded to

c-re ’siouslt ’ . Since the impulse pressure is applied only for tu e

fi rs:  “‘calf ” ‘simestep , si :orteninc- the time also reduced the anc-li t-utie

of t-i ,e Ascc-s1~ e.

As ‘-sc-s sten ’s:o-ne-u ab c se , lor:c- time Ate c-nat ions arc possible  sAt -Ic

these alc-oc- ithms , s-s± ti: rutt s t~rcicalIL~: ~0C t imester s . bc -c- ‘she bee’s

ca~ es , ~‘0 c,,scer~ ,.~.1e ac- ’es of a’--es , cc,, ~.i_ t ~~ es C~ ’ ~~~~~~~~~ cc, e

- s ave s ~-o cur -.:ss til t l~~~. I’ i n-c-re 11 i l lus t ra tes  -i.e t :-c-e of i:ts ’sa-

b- -i l ity  presen ’sl:s fci:c --,ci , isere e-,-iden ’s at- t = 10- . A’s t = i-i~ ac--i

t Ilc there is a slici:t f att eni :c- ’ c-f tee c r e s t s  c:’ ‘sue scauec- crc--

sac-in:-, the mrre -si-crler,t onset  -c-f i c :stabil i t’-  at t = lii — . I’,.i: ir t :ic :-u’ io c-

re:’be- cts as’, a-ccus ’s:Iatio -n c-f truc-eatic ::  e r ro r  vlsi c:: i::itiall-- c ab- ’

:secsts:rb s ‘sloe c-c-id nec-c- the sc-cc -face - but  - - -1:1 - cr - c-s i:: Ar c- ‘nc ’- i

the -r i - c  is sc- :ff icie-rttl:: discclacc--.i I - -u-all . to t in a l iLy  Sc �:c :cc ’~ 
- n - - o n - -

c-cnstab le . A is ::c-t sur’ccri:in -‘ float the ln :’cA i I. i” :: r: - - c - c - c ’ : ,

i t  is s’ rc-ricioc - ’ that-  i ts  ac-sec-rat-cc is s-c re ’cc c -r .:: I d e c - c -A c -ct be

er: -cc ::c -a .nc men t r ,i :rclc c-h the suc-pre sc-ic:-. cc ’ rn -c-ri-erie-al ‘s’,’er’ -,- ’l :’. n - ’~s i

ar ’t ic ’ -c l - a l -sisrc sAy,  It sl’ic- c- :ld ‘th’ c- i-c :cscc e :i c ’ 0 n-re c- - a ’

a ‘ c - I d a - - a c -  -c-in - --n - ’s- ,s ’in - c -  ‘s”~’s’ c-ti -sc ‘ 5 ’ :5 -~~ili’s: in-

cs- -h I ,e ’ncA-~~ . .  a-’ - -cc-c cc: ‘ -c- -’c ‘ :  - c- 01:-? ‘ r n  l ’ s’ - -

is: c- a :- s :a r s .  “ c  f - - ‘- - - — , s c c ” cis a- c-sc ’s ~c t ct i a: c .sn :  ‘ c c - c - se  “ C

- -.

~ 
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ha--c b-ct -h excellent ac- cc-.rc-c:: art-c- st-c-bAit ’s, lee ic-ta iled e:- :ac-inati-cc ::

c: its co-c-ncr- sen-ce has fc_ :-t i :er s::c’,’rt ‘she co -ic t o be ef:’e ct i .”el’

ce -co n - i -cc - d en .  :is ll1- , it ha: sic-os-rn tha t  -c -cod s t ab i l i ty  -c an be

a.ci:ie’seoi c-sit -icc-ct a:’ ti f ic i  c-I - - i o c ’ c - s i ty  or spatial ::-,sr c cn i  cal a-sec--c- -is: ’- .

4

: e es,, cu’- eL_ c,t: - A— _ 1 t

The dunanics of a rent-c- :rb ’eO sl:ear layer :tear a free sc- c- face

fc-r ~~ i invisci-si , in ccm ’snessible flc-sid was chosen. as a tes t  of ‘she

rtu :cerical :eci:nic- ’ces devised An the n ec - c resect-ic-as. Ac- - l e Isia~

Helmi .cl’s: instabi l i ty  is ass ascsrc :r-ic ’sc -:ei:icle f..r ‘ski:: c-es ’s sl::sst

it has received a great deal of a t t en t ion  b c - - t i ,  it: ::o:::oc- cene:c-.s and

st rnc _ A.ee :.o s A re -a_ ’s  a t o  ~s - r e , _ — ., at -

r ’-_ a ±  cucau se o ‘s e cOe-’scc .c s~ ~~

:ie-.-elo:s:c:ent even numenica1l~s , l”artLcu~~c-~r ils a’s it i. Os. e;:c,clis

c-nc-i also b e-cause  areas su cit as I c -t e n - a c t i on s  wit-i: near: ;. tr ee

sur faces  ica-se renam e-i alr-t- st co ’saIl’: ’,,necn -A cre0 .

TOcuico-o cI: ‘she ~ocs rtc- - s cc- ct t h is ct -c- cd -s is to tes t  c-c-, . s:c, ,u n i  c-s.l

c-ethni c- c-nd icc r at  a:: e:-ic-c., s ’ s l  - s tc _ dL ’  .-:‘ tin e ’ c’OL-s ’- i ’ o n  cc- c- - -’

Ic-nec- i::stal.ilin:: . 9. dC-I d deal of is:-i - c ’s in ’s - t c ce : c 1 - c -  : c r C s .  c’r :- ..’ecsec

i:s’s~.l’:cc can icc- -coIne d d c - c - c c  even c-~c-s’c-cI -n - in-he- i ,  - i c :  Ic,c , i . : . :  cc ci-,

a: ‘sice se .  I:: c c an t i c , l ’ c - - , t i e  ‘ s e - c l  r,i :s~~s s ’r-c - :~ ‘tt .,,si, - n-’ , en- ti  I- .- us

to trace ‘suit e-scl .,cic  ~f t i e  int er c o - c - s c ,  ‘ 5 c initi’A cc-::’. . 0::: .

ts ’rccc: .dh ‘s::elr 1i:a— -sa’ c - c a  -cc - of ’ ‘c- ‘ ,. I c u s -  ci , — :cani:’r ,’t h -  r c A  - - -

c-os-s’ti: 01’ ‘- ‘el -i r.— ’e L- ccl ccIt c - ,  :11 1 ‘sc- -it “ -cu - :: : . d c c ” :  - s ’ th - s i :: of

a ‘ , r - - - ..l-cnt layer.

1 ~
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A. Shear La-c-er is,sn-.snoics

The c-.coctc-lete evclo:t -icc- of a site-ar layer near the free sc_r:’ace of

a fls.:id must be calculated nuoserically sic-cue c-c anal’s-t-ic, closec-

forirr solut ions e:-:ist. stone -n -er, the early .srcwt h sac-c-Id parallel

tha t- c-re sisted by linear theory ur,t il  the free surface become s

sufficiently deformed, to effect c-erturbaticns in t lte she ar la~ser.

The linear theory as developed by Rolrstboe 1 is suite anenaile to

computer cal trulat :cns c_-to’. has c-h-c focrti :er a-i’sarotac-e of o f f e  c-ic-c--

additional c-hysicei irc,sic-::t- into t-he scroblem . Ate cecrc :etc-y he

emc-loy s is that  of a f in i te  shear layer bounded by eec-al outer layers

of inc-ct -at -icc-al f lu id .  i-ic e:-:amines the ec--clcc-’siccs of s-sa’ses syssmct-ri-

-cally inc-coed on each of c-ice shear layer b-c-c-n-dan e:,

Th Pho-cre 12 we ba-ce formed a s~ccccc-setric disturbance c-f t l ce

laye r by givbc -c- a snail sinusoidal per turbat ion  to cc-cit boundar~,-

of the layer. f ti:e boundaries are deformed in PitaSe , the s:’c’sccetri -:

sca :e is in the “ a-s ta te” , For deformations  c- -hid : are out -s-f c - i cc - se ,

the wa-se is in ‘site - 
b — s t a te  . Fhvsira ll’c-, c-ac:: -ted-s ic-sc-ti-on ::as

tc-ar tsferr e~i vc z -t i ci ty  c-c c-c- sc - the c- :rtcdefcrstei layer  bcc- :stdary , f- s- n-i-cd ::

a n-cc-:ici’sy s-cave . ‘.1: c-can e in tc :rn ic:n-c ’esses a -se-i: sit :’ fiel  c-n

ts:e ss:rrc-csc-.:i:s.: fAid. ‘Ate :::i:se’cc-,ent c-tot-ion -of tice layer is

dec-i--ed frost the mutual for-cAi n- of cc-cit of Ace s;,ccc’,soetr:c hour ,.,ian-’c

naves throu -c-h these f i e lds , s-chic-i: acc- -r cent each oci .eo’  in t - c it h -s~ ate

ac-.i cc-c-cc-c cc - cc:  :t :cen -  is: Ac c- -c t -a t e -.

c- sc-c--tt :rssc-t :ci:: C: tn-sc ‘- - at’ cur- - -: r c-c:: :, -,;a’~~~ -: :s -.t

t ,, ci :t h~~s) t ic-ce: c c c  t. - c i :c -t rse -c:  -A cit _ s I a - -c - . Ac- a-~~- -t ’  “sst- i Ic- -sep
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-s ef ’c’ri -tat icas tra--el s-rd.ti : the flc-s-r ( ‘sic the n -in -h ’s c-nd left , res’-ecti’sel~s)

‘-st-t i : osci l lat inc c-i:ase speed and ac-tc-lit-ude. l . i ’  c-cas-elen . c- ’sacu c-c-eater

that : tine s the layer t -i : ickttess.  c-he ie:’ or-~cc- ’sion: ‘s— ’a - c c l  s-sAiic

the flcs-c fru :ct t.ce c--sta te  to a stationary state cl en-c-c -n ec-t ic -i  n-c-O5 .c-ti:.

IIeA ri-cc-c-ions re -c-cit the  sane stc- :ionar~,- state dc-c-:: : the b -sc-a te  b y

urotcan-at-io :t aoain:t ti-ce floss , lice c-i:ase c- f ti:e static::ar~s s’sate

is given 1y

( l - )
f- ‘~~

— ‘
~~ —- = —“s ~l— n  ~:a

s-cite-re r, = (1 — e~~~~~ l:,i,

and = (1 + e
_ t d )  ‘1:-i .

Ate :rc cAi: rate , s: , f - c r  thi s state is

= -~l-:: ) ( m -1).

wase ne 2s, cc tue c:c-u: cc on ‘se-i-c cody c-c-er tot e lon ’-sr .c- :’ c-cot ’s !: 5 .  cc-s .

:c = 2 c -, \ . i - c r \ >~— d , isd <-o 1 - c : 0 n — . din : I . e.~ c-cc- c - s ear

beha:-’e s lA ce a -sort -es-c si:eeA Ti,e --sat-c-lest c-c-,

- con - . , —, - -

-c-c-: c-as-s
For e, s:cc cc~. senecci :s ’ si cean I-c- c - i - n - .  ~c -  ‘ - - cAn-c -i ffcc- . c: - - i c”.;

c - A  cc 01 a : c ’ , ”tr Icc , s - -c a::- . a c-a-ca . . : - - “ I ,  .‘- c ’ :‘ cc-

f :‘ -r . ’- -”s -  cc :’ arc I rA .1 - - - n- s . c .  c: ” ,l :c- ,  cc

~ 

&,- r,I— : - - - - 
~~~~~~ * , r  — :::rr. ~~j~ r .:.!: : 
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‘ sa-:elier, cts :c sc::,ser t i tan t::e cc - st- od d ’, t- :ce i :t :tabilict ’- ~c-occ: in a :‘ccde

in w~ idi : ‘site- c-n-cc-er and los-icr bcuc -~ ac-ies Cd’ ‘she la::er o’e :c:ain csh ace—

lc-’ -ted and Ate c-c-Sc-c-Sit ccc--: seeds at a rate -se::eraiii-- sc-taller than

ti:at d.c-n- a -Torte:.: sheet. . isile ti:e -usrt.i:it.y associated nO’s:: cost’s

shear la-sen rescain: con stant , it: -ii stri ic cc -t icn :hac-cces , and b e-c c - c- ce -s

c-core clc- :s’sen-ed as the anpAtude of the s ta t-i c-nary  state  ic--creases

~Fiotre 12) .

a statically stable densi ty -dis t r ibut ion es-:ists s-ct -th in

t e s ear laye , iO~ eaer , spatlal _Aot ‘~~c u s  o,, c-nA les

‘site relict: of -density gradients s-sill alter ‘she - .- cn ’ s I o~ tls bc-c-c--

clinically, c-c-d the ci:artgic-o vorticity field cr111 lc-’c c-t:ce a -con-

comitant velocity field in the suc-ro -.c ::iinn- Ac-si-i . A, is  f i e l d  can

also cc-pose or ac-s~~stent the syrrctte ’sric c-cave at the bc-.,n-iaries of t ic~

layer. Yet the for --sic-c- is not - mutual , since c-he barcc-lic-,ic-all~’

c-cc-crated wave is c-nc - dc-coed locally ac--i is root direct-lu aff ~ c’sed ‘c-s.’

the def-c rmosticct s of  ‘site shear la::er i~ c-r,-ia r ies .

The beha-si- : n cf a scra’si:’ic- i sh ear ic-ye n- iepe:c :c s itea’:iI’ - on

tite n- -cc -one-tn :- cf t::e layer ast -d the surc-o:c: :c:u: irr:tsc-ti,cc-al

and on Ate :‘cc-n-ct i onal  fo r’s: of the ietcsit-” ‘,-siti-,in the Ian-er. F-c r a

co n s tan t -  densi ty c-nadient c ron th e  laien. ‘sol cistei:t~ f:-,:n i “I ca t  if

cite ,ter Ia:.en-: c-ce- re of ic-AisAte d c - c -t i , ,  ‘s:,C ‘-save-Ic-n-tot-s.c acces’si : Ic

to t-i,e nscase-locked grcwti: mode were restricted to a soectral  1 usd

s-~ c- cti: s s . cl f te - .i tc :: i. r c-c-cr s-ra-,’eien c”ti :o’ trA it in c:’easi::c- i - i c’ c-risc-c

:‘u.sd’er .  cA’ci cce :‘c : n. i si:-:i s-,n rec -” r l  - ‘ f o s s :  Ar ’ ‘sA c - - s . c-ce - - -he ::

the  c e c c c , .  cu t~ e :f .cc-s.c ’sr:e o u t e r  A:, ’ c’s 1: a:

19
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-cc-ti: I-ti cc- tic > (1 ~~ J ) / ( ~~ i d)  > ccci: I-tb + tarcu ~~~~ (~~ ‘

wise-re -I’ As the F ici ,ardsca  nc, :ciicer ,

=

A

1-ic-ear analy sis of pert-c-cc-bat -ions of 3:5Cc-c- layers in sec-crc-I

c-c-edi ct s a pita se-Ic -cI-ted Trot-ct-:: f-o r sc-c-c-t able soa-se s , co lt - i s.  ‘site c-ro ’-rti .

rat -es and allowe d s-ra .-e number: Jetemosin~ d ‘o:s Ace detai ls  c-f ‘she

c-ice-ar layer and its st-ratification. Alt-icc-c-ct ti .e li:tecc,n ‘sI:ecr~: i c c

inanc-li c able for  later ~roc-rc 1t of the lane-c-, the c-c-ic-c-i c-cal ::e .ccitan isscc

:-: c- -cue nc :t lonear crc -c-c-tot stas alreac-:.’ seen -oct-cc-stone: :.

As 5 t05’5c- In Fi-ncr e  13, at ti:e end of the l inear  sta c-c of lr-c ’.-~~i:

‘she -sc- n-ti-cit i a cc been -cc rn-cent-rate.: in-. a series c-f ‘sil’sci bcc-c-’is

Jenieted froc-. the siteared c-en-ions hetscee:c ‘she,’:. ‘tie c-cc-Ill c-all c - c c - c - cc

ccu.c e::traoicn: cc ’ -~c r t isi t y  “ core s” and ti-ce re;i-.rcs of c-rn’s::.;’ shear

co : tn ec t -t,nn -  titesct th e  ‘ bc-c-i-is” . As the -r’~rt i  cit- : I::cc-e’c-::s”cu is: t-i:e

cc-re:. thoc~s rot-ate more ctr- -::’*:: anti too- - l e ss st-re ’s-ic

tn-c-cc-c-fec-c-in- -’ cc--en nc--re ~scr t c.  ::ty tcc c-to c-c rc : .  As ‘c -c- roll-cc-c-

cc-nt-ic-cc-es, the sort-icc-s c-f t:e br ai ,? c’s nec-rest- tite cc-re: are

--ic-soc-si onto t::e -cc -re-s alc-’o , accseler’at:nn- Ace -sn- ’s” ' c , - - :  t : ~cr -coc c - :’ . r .

a itorso -ertec-’.: :‘i’ :A , tii,t c-crc -eec-s -5 1:11 ccncoi::’:e c- sA i l  c - s-

In-c-Isis c-i’e- ~c ’caiii’ .i ecc lcc ”c’.d c l -s-cu’~ icui - , 1cc-c-virus ‘s,.e ccc - ’- , is. ‘si c

c-bc -er - of cc -I c -sr 1 :-cut-c-i ilitier . : ‘ ‘ “,si : , n- -A ,c ’sct cc. a-d c- ‘c- :1” “c-c ’ on

50
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s-o r a sc - r c - t : : : e c -  :cus. o , t :se ‘,‘cr ’ toco t s  c- st tue sn-ac-o s oa .creaoe,’

tilt -, ansi .o:rc - c-- .c icl : :g i:s:eas::’:es the 1: ;aI leaslic; ‘ns.tiienc-c-

‘s: . ’src -. ~on - ”~ c~ t:s is al,o~ - :c-cu,ranod is’s ‘she ;s.res in sc - s c - i :  a ‘s’s. as

‘so hi -crc ‘she to ta l  sssrc:scl ’s :.~ cs- r n -  - ,-a-sclect :’c. s. .-s , s::ta:tt .

As e i ther  case , ‘site I-:el’.’ia-:ieI_ c_5c-1t: b illc-,:s ‘ s s . i . c : :  ass’s it

increase in s ize  due to the entrain-one-at- of rcc-,rrou:u._ .:- ’

n-crc::lence c-c Ions c-c- tc.e center cc- ‘s::e core c_to c-ra.it aIi~’ ::t co ’s-aces

as the entraic -c-c-,e::t- Trc s ire :ses .  Ar sctna ’s s l f i e f  f l u id s , Ate In - c l ., . ,’

c_ti ‘site eAses of Ate -s c-n-es becc::e re c- :-s ::s c-f ince : toe ;iccc: si ty

c-rlci’clt snalisor scale cen -t ’ :r at ioct: cc-a:: ac-c c-ear .

c-c, ~o:c-.:one ~c c-at ,,.‘coes:cc e c: s::ecac . sc-nC c-S .oensotl’ ;t’a .sor::tr ,

rac - .~os-c sc-se cue to cr.tnao:,c-csen:, an-sc a c-n-ct-so : : - .cc::’src,o sc : roo : r , s ’ s t .-e .

the i’Ii.lcu-ss c- sent - all-’ c - s a l e - c - c c  Ic:tc a iat:c’r ‘.~‘ic i - ic ,  i e  :c-:- .~c s ne-c-c-In - :

isc-t : ’cccc t caIl ,’ cc—c - - c l - - c s ’

, d,i- cc-’c-ct.’:- n-. - , c-c t o: .e i- — -us or: ‘ c. s - -,rcc-:s:

c t ’ s — la ter :  -c , ’ : -  ‘cs ’ s-ct ., c u t .  A ” ~ c u s s  c- s . - _ s :c- -, o  a ‘so s c - c  .c - c-c_ octal

,r .. -c cc,c I c r s :- . :’cu ’ce s,.c’ m ’ c:- ice acss i c u e o -. -cc- c- ,. t~ e c’i -l :.al

1,ill,c-:s crc , ’ use ‘sue r sc - .h s cc- c ,os t c - c- , - - ’ c - - f c , D  cas c ..i c :a I- - , - -c ea , ’e.

l i e  sc-c - . .c c , sc ’ cc’ c ’ s c -  t I c -  r ’-~’s~- : :cArs  ci ‘ s . c  iie- :t ’,:c: Ct ’ us- n-i

billc-s’cc- los ’ a c— en- c-c: ,e f.crr.’~’si cc cc-f ‘s.ice tcsr~ :.icut ’ l’.c;s- .’ l as’ n-c-

~~~ 
‘ T1~~~ 1.~~~~~~~~ 9~~~~c~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



- . h: ,c:teri - ’al .1. Ic -cA a:

Fin --c-re 11 i l lu s t ra te: :  the line-car .:e’;’slcc-—en’s of a cs:ec-c-r 1a:er

r:ear a free sc-srt’a cce as cal culated by Ci’LIli . lire i n c - e n - t o  in the

c-c-”- c-re calcen frccssr the  -ccsos u~cer  calculation: c-sal si:c-cs-z ‘s:se l ;-s -s , ’s i ::c

cc c-arc-er c-ic-ti ole-s. lie in it ia l  I’Ioc-r Is sc-ecifiei iccy tile cr1 c-cc Ic

veloci t ies which are cisc-sen ccc he ‘cc c s:star, ’s in eac: later of flc - si .o .

lie itave c-in -en a -c-d c - c i t - n -  U = 5 cm/sec (‘so ti:e c-i c-itt ) to all tniac: , c-le s

ab c- ne tice central  disoor .t incc-c-r,v c-nd U = - c-sc/sec for all r lan - les

eAt-s it . As ‘sec-ms cd’ :riac::le ’.elc -c i ti e s .  t -ce slear layer s- c-a

t s , est be 1c c-al ice- i  to e:-:actls’ t ic o discc::tia’:it-- . coo - ’ - r ,  ‘s -t o

scill ice-icc-ne c-c-s if it- c-ce-re c-sc -c- cell si-i s’ , sfsss l~
- he ca- sc -c ‘she -o c-’ a~ i -

-c - ‘e c-ni:: ;- i ts  c-c-tic:: are -iiff’ereot--e~ c- ’-s’-r a os-A .

A cc-in-.:soi lab Icen-t’ fbutIcn is c-i-sen t-c Ate -seatral :csi :’c ’r~~ir ’, , it ,:

at c = C ‘c-itt an a,-ccccli’s’.:sie e ‘c-al cc- 2-” :f the :‘lc-’ ii J c - c~t i :  or  A”

of ,.e s.cean la~:c -r .  ,si,e sc-cr c -sr i  ac-icc -c: ‘-ca: e sc-n- c -c r ate  to h e lp

‘‘i ,c-c,ali:e t i e  c - I .  ‘ -s in i~ s eac-1-’ c-s.c - c - - c- cc . in - c t  b~, cac,. re  o f “c - c e  s t i c c c

lan- ‘cc as-crclituie ,ncnli : :s  an e f f e  -nc -  c-s i 1.11. l ’ s  -“I ‘c d ’ s  c c - c l ’ Ic- . ‘sic-

:icc :’ , ’I.c-ti : :ico ef :’ c r” icc -c - i;~ s -c - s.c-c-nc cc- I :c .cc ;- sc  -se -i- ’ ‘c-it:: s I  c-I

c - -n,:i :tostt wit -i ,  these i n l ’ ’ I al  , :osf’r’sca ’ci c-rrcs , c-is: -o ~n1 cY’lec’

c-sill a-c ,’::c-’~ A e:’csc-I’sr~s :el:’ — ’c ns ,• f , c ~~’o t t l  ‘c- ’ s s  a : ; - ‘c c- - n - i c c -  c - c ’

As-ce . I- cr :cc-.aIl c-c-rtc :n-u’rt cs ’- , these f 1- s t c , a ’ i  c c c-:- : a ’ s

c-c- d do :c - ’t  :1 otic ’i cant-lI: cc-c’:’- -  A’ ‘she si ’c-,o,,c - , :cn -  . I’ . c ~:c - ; l 5 Ie-

.~ c l c u ’ nsc - :’ ’ r ’ i , A ’scn l - c ’ c s - - . c’’ c- ’c,A , - :’ . u ’ ” e ’ - ’..t

sc - c - c s , :” ’ .c, “- c c -  -c ss’S c- ’ ‘~~
‘ - -  _ t c -  sc us - - ‘-~c • - - - us - a - - - : - .



I 

Is abc --rn in FAst re I~~, a s~soccec n - ic  ‘c-a-re :.oas~ cisc ‘ —s’sate As

i:-. c-r - c - so--i on ‘sI.e sicear la- er by t :.e - ,ce::t rais. 1 ,c,.r t c , n i ,a’sicr ,. lni  tia..1t

the slc-csc:etric ‘,-ca,e is small ,co:ct :car - ccd , ‘t~ ‘s:,e -.‘e:tts’c-I :eth rcc-a’ c- -.-sl . TI .’s

C F:’.a~~ sc-eec C: t0e sy’c-ccetr : ‘c-ac- c c- s rsn-’ec-:enr LI. s .€  ‘seA-cc’s, :c,.e.,,s,s

associacesi c-cit-h t:,e central c-ia-ce as it A~Sse: ‘sas’Qt. si: t ., e co-state

t.::.-ar- ti-ce a— state . l’ite c-Icc -one -trio wa-.-e ‘si.en e::terr cue :‘ re ii -c ’se i

ci:a se-lccis eci mode of croc-~~is. as it nears the c-tc-t-ic:tarl’ state, As

us’ e ,, “- , t--’e n’’-ec-_cal calc — Act  c-c e”— i ~s

ccc c-ti:nar’s’ s’sat-e to Ice at = - “ ? • ~~~
“ c-ni n-in-se-s a c-rot -sc-c, . ra ’se

cc = lb .si . i ron I I S .  ( s o )  an :  (
~ -~) fcc -  i = 0.1 cm ,  ‘, = 1. 11 cm ast,i

U = cm- ’ :ee , tue linear ‘site -cr’ : ‘o’eiiots = — TA c- 
ar. l a =

_n cue c-c-cd a ee— ~~’- € r “'e- _ ,- c-~ S A

c-i ‘sc-i- c-sc-call c-c -cc -c -crc -n c : .’ is cue to ctsn , o::ear e- : :e-c ’us, e’s :-c-enc cc::

‘she c--i-al-cc -nc or. ‘s:te last- irssr,c’s, an: ‘s:,’s r e s t  c - cc - c--c to c-s.C :c-n:t.~

re- sc-lot -icc-i  c - f  the -sri- I .

To c’sce - c .c c-’he’si.c-r t-i:iz an-c-eec-ce-dc c- cc -s s;crol~s :
‘ cn -~ c : i ’ s ; cc - c -. ‘sic-

c-iso lation c s— c - c n -crc - st c A t - i .  l:aIf t-..e initial cc-c:-’ u n - s  un- i r s : .  licte-

nc--ten -i--cal r e -c -cc -Ac “- ‘en -c = — - H .i c- 
a:: : n = 1 .2.  eve:. abc- sec c- ,

tote or- f i c t i on s  of t s . ” l inear  t c .e ’- s’~’ . as’ . c :cc ’ ,, l c -  ic- c e s --s e- c c-ni .

I-:e icc-ne c-Ic-a s-er :crsced t ’ .i, ecc cc is: ‘ s t e  limi is : n - ac e  i,,t~~

le t - t i n -c -  ti c- ’ c’c-r tc- :r c-tics -c ‘s-coal zero . :: ‘s:cis -‘c-cc-c ‘cc- sc- 5.s ;”c,n- Icc ,’

ic- in ‘an cn- :s a1 le e :sc-iiii rico-c , c-:t- i an:: c rc”~n icc- “ s . c ac -c - i .  cc - cc ’s : , ” - cc ’

c - c - c t — r e - ’: r tsc e - ’’ - I : r r  “e lcc i is- : ’ s ’i :ccc A te - ‘ I r s - - cc- ‘- ‘I cc cc, c i c-i l ar loc ’

es-c’c-or,ec-A”siI’ so - -rAt’ IA ‘ : n - ’ --cs ’.s c e .  ‘ ‘ t ic  t e,: ’ cc- : ‘ccc- c - c ,

. , r s _ c-p _ e - ... c - c ,.i t - i : c-~ o c-s ’e:’ l n t,:e -c -i - c,,’l , ‘ s~ , :

— —



::.ec-c- (-sent-f ~al Ir i i  cco s i t - ic scs  iad i cac-ce error - s � l~~~ for a c-icc

ore -c - i c - ic - ct  c a l cu l a tio n ) ,  lice final c-rid 1cc-c-s ec-sac ’sl s a: it c- il

- ~~~~~~~~~~~~ e’- cc-c verte ~ e _rrAcu , c-al ~l,- , ..., a c e ~ -,

la~ser has tra-sersed t-ite entire - sri I ten ‘sine-s.

Fi Icc-re l~ Ic-resents anctiter cue-c1: on tho accc-crac:~: -of t:.e

cossoc-c-:’ser c-al cc,:Iaticns in the linear re- tine , here t-i,e s’raa’elerc-c’cs,

of ti:e comnut-atic--nal re~ ion is increased to I , = 1.5 cm i:ts’sead of

is = 1 0 c m  as ,,,r~~~”e ’sre _o s s_m1a’s__ c~ s 1 c c  ~ th e _rc - Aa .

c-er ’s’s,rba’sicn has t-i ,is sac-ne c-ia’relenc-tlst, Ate i;alf-wa’selean-tc. c-cave ,

c-lit-i1 is = ‘ ni T5 -cm , has a substantially lar ser Tr,cc-,c-:, rate. Asic is

because is = 0 .1-I and , as c-icc-c-rn ab’-c-~e, ‘si,is Is  As~ te near ‘sc-i- ‘-cc-cc-sc-

len-c-At for macci sc - sm c-rcsrth for ‘site o’c.::er. is = ‘h; ’.. :l.I:c-i-ns.ll’:. ccc

s- cull e :c-c--eet ti:at- such a la:-,’-cc- cc-cal-i de’j eloc- ‘si ,rc c -sc- : .  ‘sitC i. c-As: -

‘n a-se-icc-ct-, no-Ic due to small c-c-sac--s n Der’sc-,cc -’oac- c c — as .  Ic-c-eric- c-ILl’-, ccc

e:-sc e ct Ate san e behavior , sirs -ce the initial c; c’r”sc-:rI c-ti c-it is r,c- : a::

ethec-solc,t i--n fo r  ‘she la~.-er.

.1: :1,- s- - rn in 1j  -cc :rc- 15, the c’cc crt us.ric sc-co e ‘slat ini”’iaII--

ic - se -Ic c-s is i:t the b—st-ate (t = 0 . n i)  - l o t , i . ’sc-e it css:ci ::c,es cc - ‘r n-.:

in Ate b-s tate  at t ice es-~~er,se c-f ‘site -“c::trc-l c-ca’-e . ‘ - :5 ‘s = -1 .

the -central  r er ’s:cn-icn - ci cc’: is re -As-,’e: cc c-cc-an -i., ’ c-s:c’— tec:ti , c-f f c c

~ c-c. is’ al arcccl :tu-se aria 5cc - s .:e: ’ccn -t e fcs’ sc- o ’ss s ic - c - sc - co -c - a l  21, c-cc -

s-I c ore-a :  ts:s~- r I-~ :’c~ct-ri -c wave is s-cell .c-”sc’- lcc - ’s  Ii ‘c-sc-i i: rs ’ccc : c - ” .. Is ’,a ’ . ’-

in a f-ll- ’-c a’-elcc:, -A c ( \ =  l .5~~ i — s c c cc,te Ic-c -  c-’-’: , ‘ c i ’  -c-’ .- - ’

‘s, , ’’s1: 0 ,r ~d . ,ec  o f f ’ ‘sc sS b — s ’ s - a t e .  ‘s- c- c ’ - uo ’ e:c ‘n- -c - cis c ‘ ‘ s - c’ s - s c, ” ’ cc c -

c:’~~,l e- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



‘,-ca’sele n c’~’h ( c  = I).I2). ‘s = 0 .1-I- , ‘site - :r ..”, si cs-c -cen -cn-aI s c e r ’ sr -

bc -t ic- c - .  has in’lcsce i a I:alf-c-ra- .’elen. s’sit c-rode or’, t ic -a c-’s-c’-c-c-ce’c c - i c  ‘-sc- -c ,

c-ni a’s t = ‘0, 22 cite looser Is ‘c-lean-I’: c-re Icc - d ia ant -I I s  “er’c--:c-i e-i b:: a

‘I
icsc, lc-’-c-r a-selen c’si : -l i s turbance . Ite cc-c -nc -sec -ri cc -sc--se at ‘s:cis t ic-se

n-ct far from Ac-c :‘batic-nar~s s tat-c t o n  the i:alf-s;a’selerr cc”f: nc-ic ,

c_ ti i ts  c-arid Trcs~~i: clearly carries t -I c e laser ’ s dc-c-el-s c-scent- in to

tite nonlinear ne-zinc-re in iust  0 . II see score (t = 0 .10 ) .

Fic ’c-re l-~ m e- sent - s  the result: -of cal :ulatic-ns for ‘c-he s :cniinear

Crc-s-cc-c-i : of a c - i re - ac -  Ic-Ic-er into a c.c-l~~i c- _ :e~~.-n - t ’ s l t -: ic- i l l -o cr. Chic-

sic-eulaticn is a continuation of ‘site l ir .ear c-ta-s e- s sic-c--rn in l i- a re It .

lise 1st-se n fcc - cr  inser t s  c-resent n c -n t - ic - i t :-. -’ - ccrscc :,r :  at t .ce s c-so’ ti :c~c ,c-

as ~ e c--ar en r a rcuc_ es  c.,,s’c- J,a cc as,  e Il _ cue t’a. .cutha.,. ,~ c c--’

lan-er f cc - th i s  c-rob-le ss is one cell s-silo s-Iit i .  ‘cc-stoAt ::: ‘c-C Is c- :itA ’ c-

ab c-ne ac-i be-los-I the laye r , t - ic - sse cells - i e f i r t i r c ’c- Ace layer t r i l l  a--c a

c-c ::i fc - rc-s vc n ’sic-- i ty. III:: the in se r t- s  t ’.,e -sc r -: c-i’s1: Ic -  c- - n ’s c r-A

Ace c- Sec - it  t r i a n  Ac -n - .  The tc t -aI ,  sc-i ,t’:c c: ti.c ’ ic- er ti.eref i-c c~c-’e’c :’s’

‘-‘ I- c -c a: Ic-rn -c c - i t t - ce  t.hc- c c - n t - c - c r c -  C55 ’ sCi t  I A ne- f -ni - n - cI sc - ve r” i ‘cc .

1-s ac- cc -c “she aln-c-ri ’stc:s’c- 1 ic-at -i cc-I l  -c. c ct c e r’-e -sc r ’ci ,cI ’sc-’ . ‘vs-cr c - -o I ls

i ai t i al lc-  in A ce la1s~ r alc-ra’vi 1 ca- ’c- cue c- nc -c- - ‘:cr i - s I ’  - but  i-s

c ic - t c -ilc ’.s ticn c-: A c e - cc- c ce llc-  c-sill ’icas: ,.’e.

At Ate f i n - s ’s  insert the  -s r-” ’~ :Ic -~s c sc- cc- : 0  c-c: : t- c-l- , - -~~~c-- i c t t c

Hc-a:~s s-rI’ - c-n ‘ac-c - cc c”sar .y-Ic -r: t - ic in : r ic :  - ‘c - c - -c s ’- s ’e t c c - i a  - of - ‘

: c t s ’-A~ t - - ~~~’c-s ’ -i c - .  c- se c , ’ - ff. ::IA:sc c-c - c - I - c - t i - c : . ‘c - -  ‘- f c c i c u  in-

. i .c c-Ic 4 Is c -A  ‘~~:c-:e~ - c” i v ’  - ‘Ie” . s’ I ’-’ cc ’ ‘‘c- ‘ -  i d  ‘ ‘ — - - so’

- - - -~~‘ ‘ ‘-‘ “ “ “,st Ic - ‘ -c-sc cc, ‘ - c c  cc, I. cc ‘n- - ‘ - ,:‘ - Ic - ‘ ‘ ,-: 1 i t: ,:‘ lic e ‘ ‘
~~~ 

‘ - -

_ _



enlarce-J, lan-i  t i l t s  and icc-ca , . :,  err ’sc-aininc -  t :ce cc- ’c -rn -cc .c - . i i rsc :‘l’ cI

the roll-or and oat:ter:r .~I-:n c-f vort -f  scity Is :ic :-cm Is’; the core

rotc-tic:: as s-sell as icy ‘sI’:e c-to senent c: t;so ’,’c :-LI ’ci ’sI :- ’:aI-r ’ :i cc-c ’s’

left in the braids. In the last :‘rane ‘site -1eI’.-in-1Ie~~:tolt: billos-z

has sc-cc-cured ac-cl scontlstues to- sc-ic-I icc, the nemaini c :n - ~:cr ’s I c - i c - ’,’ .

Che scar cer c-articles carry :c,csc:’sf,ecc-en’sar 1,’ i :t :orma ’sic- :t. IIl .o

nonlinear te- S’Sif l ,2  at the end of lineai c-room:: c-acidly 1c c-Is ‘so

brea l-tinc- as the ban d t i l t s .  At f i ne r  resolu t ion  thi s i r e s_- ci c t - - at the

icc-n i edges s-s-c-all Ice represented icy smaj .1 vor t i ces .  lit s i c ’  Ic-tic :::

c-csi no smalle r init ial  rerturbaticn:  ‘sit e - se vort ices core- c.’c- rlsnse I

b’s~ a misc-h c-core c-,c-nifcrcc roll-un c-b-cu’s ‘sic-c- central c-crc . I n c - c r c - f  ccc - ::’

in those  cases is alc’cays directed tos-sar~i tite center cc.’ the c-ore .

I.e sn,a,llen s cale nc-c-ion c- ic c -con here is n-s c-c effc-c’si:-e c-st c-c

flc.ci,I . lice lo :j los-r c-crc -cs :ccc n-c raciily ci:roc-:-c-h tic-c ir,ccro-acef

t r an s f e r of fIc-cli  sc- cc- t i c --  - c - o r e  ic” t i .e  adcc ii t - i c -n’,;I emtrc -i s :c ,e : :c  c- :

sc-ta_ c-. ‘sort -c-ce:.

in tI,ese c - I c - c c  tn -c c-crc ’s ciric-,: an-i t-icic::: fc--’ c-f t i e  I c- c-c- i .ir i s

c-s o c - ct sr,ss re et’i ,:e-c~t , Icc - i -t i c  :1ar1 as ‘si,e bibl-.ts c- , - sc-c - :’ c-c , :

‘c-- c-c-in I ti ,e isr c-iI , : ar c- cc -c -.i Ace ‘cc-Cc . 11cc c .t ti,e I sc-f -: ‘i cc c - s . c

l-:-’at Ic-cs: c-f t I e  r- ’c - , a i s t i : r o  vcr ’i : it :’ cc - s- c - s co t  C .~~:Ic cJ . ic-cc- ’ -sc’s -Ic c-cc

:‘i :,i,te c-~-:c - i,, ’s-icn . I’crnseter , ti’e;: c-c.’ not c’~~’ r ’ :s ,c c : c t  a c . c - ’ ’ c -~~c -al

i:c sc-t a’s i1,L c-’s , si nce these  c - ’e r l c n - : ’ s c , c,:: cc-c do c:c”, .::.‘r-c cc--r sc-i ’ 1, - I ” ,

tic -c - ,,ètc-c-Iis of I,ese :Ic’~~l’~’s f . ’ c-c-c- - , ‘ Ic-c- I A c -cc-  ‘-c i ’ . ,

,c” ’ ’_ I l - ’ ’ i.:t,iA:-.i c - c , r- ’’ c-t I i s ’ , ‘a t - ’ :“ “ i s c i c - c c c s:c, cc 

‘ ‘c - i - c - i  icy I ’ a ’ sc c-.t ’ , et ‘c-l .~ is: ‘ c - I t ’  c- c - c c-d c - c - lI t r .‘-A c-’e’: ‘ ‘ “c’aIs-c -A s o



c - c r  ‘- .- I c i ”h  a’s sti ‘c-er t’e I ’c-cJ.c-l, s ac -cs -c -b en - s ‘cc,e ‘ore rc - ’sa ’ci c-rr  ce -ocs ’ ,es n -ac-l i .

l’ic- sr’c-.cccal-’s -Iliffererices c-sc-ear to ic--c t n - c  result c-f C- ic- :’ ne-ac-i.’: f cc-n-

t ine s -coarser -c-i 1-ic-’.~~. Ic- c- e :-t su-sc-le , n -c -nc of th eir sic-c-s.clacs icr cs ic-c-

a ccell develoc-ed c-ra id  d efcrc - c,ation , cc-rest a’s their  i t i . c - I ’,e.s t ,.e-~’nclis

ac-c-tiers, ‘,-cctici: cc-cAirns tI at ts .eic- c-i-c-san :.ec-’e is due cc : i a ic -e

re so lu t ion .

Cf coarse th e-  main difference be -tn-eec- At e-se calcc-,Isa ’sic :ts ass-i

previous ones is the presence of a free surface near the shear las-er.

In I -i  nc-re 1 , the e-scli,:t ion c-f ‘she free c-s c-face  stear a il-H bil l_ c- s

is c-resented as a fc- ,n cto cn  of ‘s ine for  two dlffc- r-cr .t c_ ’scc- Ic . i tu d er -  c-f

‘sice init ial  me-c-Cc-sc -bat-ion , line ‘Oe - cc - c - stc -  at r -coc-i :Iy ts,e ccc : cc.’ tic-c

l ine-an-  0’rcs-c’si’l sta re ar-cd en-i : at ti’,e fcc-sc-c-tic -c- cc-I a scc acc c,.t ’e I~ iII~ 
-
~~

its cc-c-is case. lic-e di ffere :t ce  ic-c snic-- ‘sic-c-es is ac-cs once .. c . c - n -  i~: t I c

Ic-rn-er initial asc-rnlitude in ‘site se-c- ::d case a::-i icy l tc s e -  -ore rcc-c’i.i

~cie ’,’e-lcc-cccc-ent of it: icilIc- .-; Joe to the c-st al l-sc-ale sc-c-c - ic-: :.

Cite ce-nec-al si c-cc -c c-f the :‘c-ee sar:ace is cue scc-r,:e is: ‘c s t - i ,

c c - c - - s - s .  Cite f ree  sccc - :-c--c - ’e c c ’  c-c--oct :c, r’a.~-c-tl’ . a: c- c-c c-re

:5: 15, 05 ’s  c- c- on - t :,e . c c .  c - ic - i ’ 5 C c - c - - c t  cc - or ,: c- c :c .ve:c- ~c- t s , ’c- : I. c - - c

‘— ::‘sraisar,ent Into d c c  b iI l~. s-c he -Ic’s. i .e c - c - - c c - c - c - c -  sc-c s - r I s c -  c-c-’ ‘ .e

c - cc -face ‘-ca-se rcc—cai::c c-iso-se ‘c-ice ‘cr c c -  - ‘ r ’ i ’-c -I ‘se-Ic-A d -c- :

‘sice -cc c ’c r a l a i c : - fi c-sid , s-c-c---rIl :c- ‘cc t i - ’  c l ’ s ’ s  ‘c-c- c - : ’ - - L I I I

Il-ct-ails c--f tc ’,e :1 c-sc-- c - s A ‘ s ” -, - - ‘ cc- - n - -  A n- i .  ‘I , ‘-c- .: Ic- 

‘ - e - ’ c - c -” s ”’ . Is,

‘sac :1 c-ce c-r e s c - -c  -vs c t -  -_ t ’ -cc is’ - - c - ’ ’ ~’~~c- - c ’ ‘ - ,-, 

~~~~~ :~
- .- - --- i.c- ,r - , ,,- — _  — ._ ,-,, — ,.-., —



the A . = 0.1 case , TIn s oc-r,rs i..eccaose ‘sic-c bill.:; ~.c .: ilis score

ra sc- ic-oy for the larc-c-e-r c-ertc-,rssc-’so:-rt, a::: ti-cc-s c-c-ore c-ac-c-: c-c-c-sc-c-cc-

bc-inc-s the billow closer to t ’ste - free- s-c- c-face.

Ti:rcc-tci:cc-,t this sect-ion all es-sc-sc-crIes ha-ce c-_ se -i i c - -c-c-c- e:teoc -.c

site -c-c- layers , an-i cc- r s :c-otat -icn s suci : as ‘i c-ra i l s ” sc -a c-c seen ucod  sic-

t ire - ic-ac -is  c-f c-c-tA line s dcc- Lac-ran c-ian Ioar ’s~~cles c-lotte . -- i ’si: tn-c

addit ion of stratification, such entities be-cc -ne I c - s i c - c r  c-s ac-c c-I ::. ’

Iceri sity oc-ra -dier, ’ss, and ic-ray in the-crc-c-elves rtos-; ic aro.clic-r i :c-i.ll .’ -emec-a ’se

cc ~ _ c1t~ ~~~ _ ~~ ese cu c~ t _ c_ t  c-~~ _ s  c-i

sic-ear layer c - s i n s -  an even coarser resoic -cc-io :t. A’s ‘s .l- , c - c - A -’- ’

-Ce-ne-ration in ti-ce- braids is already evi.ient , as s-cell as the cc - s i n - c

c-is-sic-u: ‘s’oc-’si-city dec-let-i-c:: in ‘sic-e re-c-icc- c-si c -i oh s-sc-I ll sc-on dove-Ion

icc- to —a core . ~c-, c - tic-s lat-~er c-oil: 
-c-c- at t = ~~~~~ t i c - i s  cr’cct i is Ic-site

:‘sril-:inc-, ar c - i Cite c-sc-all es-stent -of tie cc- re is emc-c, asi:e .1.

= 0 .2 ° , Cite core ’ s ‘sc-rticittr is s e t e n -e I~: ~Ieolec-c-i  cc-ct : t:ce s’:rc-

cc-ic -c-ti c-: - icr ‘sc-ce ic-c- -c “once:c- ’sra ’sic ’n : c-f “o c-~~i c i c - c ,’’ In t c - ~ 1 cc-i

- ‘s  t- = C- . °2 , Ate c-a c e -n o n - c -t~~~ c-~~
: of -- -‘cc-t i c ’ s ’ - in  t: cc ‘si ,i:tne

c- cc cc-n- cc- cs,- , :s well c- :, ier ’ca’ ’ .

It icc - -I- -ar CI ‘at- d e c - c c - I t o  c-is-~ a :11’s” , or iec-:itts ,c-c-”a t 1c-ic a~i c-c- .

ate sire -c -c -n - Ia ,- ’er is still, c sn sc - c-t —h -l e cc- cc rcc -ac -o-1c -  c - I c c - i  n- i I - . ‘ -
. - c - I c

0:-raoctil,’ s-sc ’ at- i s’  c’ceiicted ‘C’; II : . (
~~~~~~ \ ‘ Ic -c 11:-sit: cc-n - - 1.11 cc- s-c l

ar c - i  c-_ ice  ‘-c-ala-c c - f  ~i + -t ’~/ (~-c-- t- ’ T )  is- TI . -

In - ‘ ‘ , e - ’ - - - i  A’s c-~~--- i s ’ :c-t csi IL Ic- -’-,:j - : n cc ’c - ic  I i  “ ‘ c i  ‘i c-c- ‘cc

cc-nc-can’s ‘n--c 1 - .’s is;,” c rcrea-ci rs - t 9 :C ’ ’  - c - n - ”: e ,c ‘ ‘ n-’ l’s, ’

-i = I- c-ni .1: t: - II’ . I I .  -
- n- c - - c , ( c - -’) s ’ ~’ ’ ~~c’ ‘c ’c-rn-:”l” s- ct ’ .

‘-5-,



I c - s e - n -  c - o r  = 1.0 ,i i cr ’s :c rc - c - c - cc rc c e c .  ,i, e- nc -cs’ce r’i cc-I ces’.l cs  c-c :tfc  n-c--cc- ‘so

t,:is e:-aesc:ation. :c- the :c-t’evc-cu s c ase Ate :c-:cni . race fcc -  cI,e

cc-e-r’s’.,ccsa’sion ad con-ely been c-t’sen’c-ateoi by ‘sic -C c-tr a ’si:’l : a ’s ion .  lie-re-

t t ,e- J~ foc-sca ’siosc b e-c-ins cclIc-ps in~~ ic_ ’sc-e-c-ia ’seI;c -, ac-i at t = ~~~ is

nearly c-c- ste . Ate lan-er ‘continue: its c-rc c-re-c-s ‘sstro ’c-c-c- ‘she c-ste- an

positicr , and unicieroces a standino csci:,lat-ion.

TIte computer s imulat ions t-I c-erefcc-e seem cc ac-c-ce in all re c-c-e -ctc-

c--si t - ic -  c-c-r edi ’~’c-icns cf bc - t ic -  listeac- c-nc-i n-online -ar ‘sic-c-c -c- c-Is . Iic -ss é ’,’e-c-,

‘sic-crc is ‘si-ce added ad’carct a.oe in chat ‘site- sisnc-:latioa: can ‘c-ce

eat -crc --ti ed economic-c-Il l ,- to lcnc-er t ic -n ec - .  TIn fac t , s-ce Ic -a-re c- c - en - f-c -n-cu- c-

oalcs’c-iations a’s the- coarser re-so-lotions c-chi c- i ,  isa’se foilo’c-ed ‘sIte-

stc-ear :sc-sc- -c - f billcs;,: ic-c-to th e-j r  .:caiescer.ce sc-it -It n e iChb or ic-J  billcs-ccs .

A -sac-sole c-c- ic -c-d at -ion is i l lu s t r a t e-cl  ic-c- I- i c-c-sc-re 1’ At t = O.3~ -c -

cs-ce en t i re  ‘s ister c-c-ce of ti-ce billow is c-inc -el  ‘c;: dc - - c-ste-c- ‘srai~- c - c’~c-,n~I

c-nt --: ‘sic-c- ‘oillc:-c , ansi in ‘a sc -c -a t - id le  I fl ’c-ii cr c-old  ‘nc -c a I c - c c-c s f-c- c

hics’ic- density s-c-c-die-nt :. d c - i c r  tc ‘sic-is tine , ‘sIne billocs has

c-I c-ea t ’ she-are-si an si i r s - c t - c - t i - c c-sc-I f lc - si i  ic-c-S ic-~ er, ‘sc-ac-c-ce--i ce-c-see-a

dice - s :cr ea .i itt sc - i-tic -Ic-s-c c-st-c- tIc-e bc-c-il,. a-c-c-e-s:tc-c-at-i :c s ‘coo stretccicict - 
c - f

t ic-c b ra id  e’,’es’, score . .c -  :1: -s-c-st -a’s C = C. ° ” ~ c -n c  t- = Il. — l ,  t i ne -

sheared ic- iilc -c-c c - c - c -t i c - s c - s e - s  to c- .-ec- -’Iac-c-- c - ice -  ic :’c-ic-i 1st 1,1cc- re ’ic c c - . c-it-. I’::

t = ~~~~~~ “ct ‘c - :sc -t - icer lca ’c-ec- o f  i r rc - atic--na1 c-’Ic-. i I is c-i sc-c- c-c- ‘ccc

.Ici”-:se.s ‘c- -c-inst  ac-i: alread;s ‘sc--ri se ~‘,‘er1ai i n-Ac-n c - c -’ t ,.e c c - c l

In- tn -c ‘ -car - -c - ~.se:c s, c -c - ’ c - c  ~~~~~ :sc-.a._ ,,. c-c’ .,. ci ’ - c  d c-- c - : .  ot c - s

ncc- sc :I i l e  ‘s c-ce cuac a’s C = 0. b~ -~ c-:: i ‘5 = 0 . -I “ i , i , c  c - c - c c - A - s i c  of

- c - c - is is c-t Ill is:c-a’’c. c-cc- i ‘~~c’ t: -- n’ c-c-’- ’ ’ ’ ,.c- -c - ie i ,t: n - - ,,’ c- ’’ ’ s ’ l ’ i c

i n - ,  cc :s c c c ’c - r i c c  - ic-il ls ’- ,- In c- c .’ ’ ’, - sc:l’s€ ’ in ‘ e n - ”  of c- c- c - ’ - .1 cc- 

~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~__~~~~~~~~~~~~~~~~~~~~ -~~~~ ~~~~ - - -_ _



_rs ’c- ’tc - ’s:onal cIa::.

This den-d c-c-men ’s is nirc -cr ed in the- ‘s: r c -i c± ty  c c -n c - o u r s . It

I
c - c -  c-ssme-coa’sely Cc -n - c- cc - Sc- -.s:at ‘sc-c ‘sort-ic-:t-y-oarr;’:nc- srer’sc-ces c - c - c rc - sc - c ’ s

lc-,,cali:e-i ro t c -t i c-n c -  dc-c-c -inc -c- ti -ce shear , aicti tic nc -C cc-I c-c-ate hcri :’o a’calll: -

iT ;s ‘sc-ac-sc-c-sic-c an ima~ e of the- braid locu s onto the contours  ac-cd

‘sc-acinc-  the- movement cs individual ver t ices , it can be seen Ac-at- the-

braid effectively din-i-TIes the fluid into separate re-c-ions, despite

the increasins-ly isotrocic  turbulence t-hrcc-sC}tcot c - the - c -  c-cc- ions of

ti’ie sheared bi l low .

C1~e 1o~ y-~ _ cre sc-”a1a~ _ o”s t- c r c_ c r c  _ r~~_ :a~~e- ~ a ‘sc ”s_~ c-

the- braid  soc-n-i-re well into the turbulent re-disc-c , destite ‘site

fra-c-c--,ertt -ation of the billows which created then. TIne -se e :-stroscel;:

‘shinned arid c-sec-laid bc -aids inhibit scot-ion acc-css ‘s’ccecctselves, and

serv-e as an excellent ic-c-Os for the hc-ildLn~ of the micro-layers

seen in late-time tic-risc-c-lent regions a~ noted ic-I,,’ ‘Ac-c-c-sc-el

“IT.  ‘loncl:ssions

In this c-ac-er we- have described c-n entire series of ‘sec-sc-ni ~~es

ar,-i alsc-cri-ti ’ccc- s fo- c- issin.s- a Lac-c-r anc-ian ne- si-c of ‘sc-ian c-Ic-s to

reDresent arc-cl solve f ree  sc- sc-f ace ‘cc-rchi. e c-’- s in inc :s-cc-r esc id ie  - c l ‘ cc-

c-ç’ramics.  The c-e cs~~lt-s of cc- ,c- research in Isis area ha-se ‘eec::

inccrcorated into  C-i -ce - f ree-surface  hy dr ct iyna -cr i c -c -  code

s-ihic ic s-ca: used ir. cai c-ulati cc-s cc tec c-t t n-c- c-c-cc-arc--c ’,’ -c-n--c- c-t , ’c-scii: ’s’,

of Cl - se  aIL c - cr i t - i r n s .  Ti c - c -ce  c - cc - c -c c -Ac - on A ce c’-r’ch Ten s ’- cc-f :‘r — ec- — c ’s c r’ c - ”c ‘ t ’ - -c c-n- - c---

:tc-’se c i sc- -c-cr’, ‘csc c - c - C I.e Sc - ic - C c - c -  cc-st ec - :tr~-c ” ca, ’: ac --cr c -c -c e . ,ce- ’cn:- - c r  c - c - - c e

ar.d i c-cc- cCO i c- s- ’.cvc-r ‘-c-- c- 11 -c-is: icc-sc C - c as ill”,- C - -c - c - I
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l,c ’s s’— is’-e so tic -i cc-’ a s - ,c ’c-c-el’s c-si t c - c  ‘sc - to i’ -cr.cd ic- of c - c c - ” c - i c - i c i ’ a I

(t ’

~

’

~

””, ’l ‘~~ ‘ ‘ C L ’ ,’”- “ ‘ —

TIc-c c-1s’c-tnl:- ’,t i c - c - c c -  ‘cc- ’ c - s c -  l I e - t i - i n .— e lctsc-oI’s: i c - sc -c - c. 1Iic ’ i,c- ’s-~ -cs

“hat ic- is Itt Ice - c l  :c- ,c- cc-ib l~ c-s ie -’ise- c--s c’,src-c-e nec-sc- re-c-’--. n c tec ’s i cn

c-,1 ‘cc - c - c - sn - c c -: ‘cc l c - c s , - c- c-’s’cs, t Icn - ,c— ’s :sce sr c L ,c.c’s:cnts e ’ea c-n c- ste d re - 5 c - o r . c e

c-f st -ron - I os -ce -ar . ~~~ r-~ ‘sc -c . ti:e c--cc- c c -ne c - Ic - a l sclu’sicrtc- l:a’:e i c - ce - st  foc -t c ,d

‘so ‘cc ac--c-ac-ace, c- cr -ee c- c- c: c - sic - ic  bc-ti : linear and ncniineac-’ tic -es-c ’;: f o r

b c - t I -n  ic-c-no ICste -c - i .3 c-st I c - t c - c - c - t - l f i e i  dInt ’s . l’s ic - c - c ice-en cc-c-cc-.rc-c-icc- 
1 ‘sic-a’s

even cc-ac-c -el ;  -r idded  c - c - n - c - ssle -c-c c -c- Sc - c c - i c - as these no ’s c-cc-I; scre c-er”e t i c - C

t i e - t a i l s  c- f c-c-c-e” io -cs Ic - ic - i c - e r resc-c- lc-cc iors , dc-nIe-r’ic-n oal sc-cIc-c-iost,s, icc - c -c

c-sent e l ’c-ci iat -c -  c -.rc -c-en ’s c--c-c-bles t: Sac-it c-cc- Ac-c- beha’sior c-f dc-c-c

sorfa ’sc-s nec -c- ’ a sctear Ic-y e-c- c-n i t ,:e clen-e tic- scssc-c-n ’s of microla’, ’ero it’,

t c cc - H,cl cnt -  r e - c - c - ic c - sc- fo r-ned by soc- c - I cc -c - inc  i’IeI’sin- ’- ieI,’c--ic-clc: c-cHIc -c- cs .

“ ur es-c-scen e-n c-c c-rich tic-is so-dc Is b’s no ,s.eanc - cc- s te -c- s in - c, i’, , ’ c-cover .

dc-icr  lev e l c -c -c - sc en’C “ir s -c -sc-i: L ”'I A ’T2 , a cc-ian:c-- :lc-.r c-ode fo r  elo-c ’sc”c-

sca :ste’si c’c-Il~,’ 1,’c-’olc-.clell Ii c-ic -ic-i ne’cal n-in c-c - , arc- c-s ,c -uis ,c-e c c - - e r ,t c:- :ceac isr ,s ,

sac-it sc-c- -TId1112 . ac-n r—: -‘, :a sc - s ta ’stc- -IT ’i:I cc--ic dc - c -  cc-l csc ,lc-ti cs c-’

c-c l -c-c-c-c-cs, e cc-c-II11 r ’ia in tiic-a.naIc-s , ic -a~ e lec-Is tnt  f - c - n i . e c ’  ec - - n sce c - ie nc - -c  in

‘sc -  d iff e r e n ce trc-rerI’: es-cc -a c - c - i c - n c - c -  c -n -c r- ‘s. t r i c-n ..Tslac c - r e - cc , .  . e ’- 1st

c-Il ‘cc-c-es c--r e ic-c-”e on-c c - c c - c - i  cc-lc-’ ’,-c ic ,r ’sc ,ose c - o e ”.~- ’5 s-cs ,i c -nt  ce : s ’c , c -, ,c s-c - c - c - c

c-c - n - t i ’.,ccc-ic-’e f c c -  the clcc,sc-te ciiac-e dsn ’scc-re . .a t - : , I c -  c -c - a c -c - cc - ’ c-c e ic-ave t r i e d

to il lumin ate  soc-se -c-f tie - sc-ic-falls cch i cc ’, ‘re - c - i . no C c--c-c-id iss ‘ i c e

nc-ce c- cc - c - c - c c - c - s c - n  s-sill. is -c - nI , - c-h c- s -c -c - sIc -c -- ire e”~ ec t i - c - -’- cs

a,,” ~: ‘ .,s ‘
~~
“ 32’ .,~~~“‘-

- cs,, ‘ I . c.r - ‘se-si,e-S cr111 be ’iss ccc c c - ‘ c - c ole’ e .

- -



i’ cn - n s - c - -,’_ e -c -s _ ’nec:’

Tic -is n -c-c - it  c--c-as sc--:nscr eti  c-c- ’,’ c - ic e ‘l f f i ce -of II c-- ’aI

under (~or t r a - st 11. dFl’IIIlT n--c-l .

‘.1
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-. - :p :lc c-ical t ic -sc- cc- ic- c-s

c Tic-ce l ittle is i,5ic-c-’c-c-t ac--oa t ‘cite- c--c sc - c - c r c - c rc - - c - c of 1ac-racc- ”Ic - :c-

a1.corlth ,’ccs d i f f ’c -r ’c -’ccc - ec - i  c- se -c- cc-t ar: scct,1ac- n e c - h e - s .  i c -  is inc - pc c-c-an ’s ‘s:

obtain a feel fcc- t-:c-e rest-riot-icc-s ‘si-cat ‘she dr~ O itself icc-roses on

‘sIte c-i:;.’sioal solu t ions  ‘so a pc - c - i s l e -n. l en I n - e T c -c tic-c sc- c- oct fun -I cs,c’c-ea’sc-l

c ’es’sc-ictic-n is the- re la t ion  between cite nc-c-cc -c- cr of ‘-c rc - i  cc: ‘sc - c l  c- he

c-,c-nnI. e-c- - c d  tc - ian c- les , ‘she “ o o c - -c -t - in c -  I”rc- c-len ”” c - sc - c rc - t i c - ned  ic-n ‘si-ce ce - tn t

a -  e - c -_ e-~~ _ ” ” cA_l el ~~~~“ -.“c-. to cc ~e ’—” s c-.,e

sc-s c- I’s as t-s:e case c-re sent-c-i  itCc- ’e in 52 cc - icc -c . c - ’c a,. ~r ’I - i st r c-c cc- a re :  can

force c-ott-b - -cc-al be-ha-c-icr c-nc - c ‘c-n .e - i - s ~~, e:a -c-tic c-~: wh :csc- 
- ,c-e

I i f f c -rer ,-ced c-- e n- Cite mess..
- - 11 iefir,e the ” co -csc - ’s in_ p ‘c-c-s - 11: c-c c- ‘- ‘ - ct c r c - ct - i c c ’  : ic- :’ n t he  ‘ c - c - e

of a re -:’s -sr: ’c-c-lc-r c ’n-c-c-r’r ” ec icnal  c-e s - i c - s c  c-c - ss,C sni ic c 111. ~I , a. An-c

iec-i ’,-c-tci ss n ‘- sac- c- sc ic-ted  c c - c -  to ‘c-s b:s l r .  Ic-csn - c ~°c’ ’ of dc - icc - cc

c-,pp lic - -c-c-icc:~~, 1 c - c - . Ic c-sc-nc- to fIx- c-i ‘c - s sC “c-s-c of ‘s.,-c arc-ole-c- :‘cc’ c-ec. Ic I

c- c - c - s c -  ‘r e t ’C e- c-t.. c - - c - c- ac-c- ic c-te n -i- or ‘C s ’c - e - s-s . ‘ cc c ave s~c-nt’1y

= ~‘
— ,

S.

cc c -r c-’~ n- ” sLces cn the sc :icnd’c -r I , bat  nc ’s a t - a  ‘- n - c - .-c- r



‘s c , i l c - - , :‘- ,r  c -c r c -er

-ic = — 0  ( c _ c ’s- .

I n t e r - c - o r  o .  c- ice C s - c c - I  is the c-’,~~ of c - s .  ~, -.-i )  to ( , -, -3

= (;
n-

_ ; I
, s  

) ti’c- + C:,c-
1~

1
~~s’- + ic- ( - r /2 ) ,

cql,e- r~ is Ice- Cc-tel  cosmIc-er of -.‘er c-i c c - s .  and -
~

- ‘sic -C c -t ic -c -c - oc r c-f

bc -c- cc-ti c-c- ; -sec-c-ices.  Pi :sc-clifyin :-

5 5c- In T’l , - —c-~~~. — 2”c-

Tin-is c-usc- c-an ice - cal culated c-r :c -c - ic - -=r --cay , tn - s -c -nc - s t  ‘sIc-c- c- cc - ic - ct  ‘_ E c’ in

c-i -ce ne - si - c,

- - -.- - .  , . ‘I

c- ci sc-c-c A , is ‘site c-cc-c-I c c - c - l e n -  oc -’ ‘ n - i c - s t ” s e - ’sc- . I’ ‘c-, a c-c I r,c-’ 11:. ~~. - an-f

(~~~~
- ‘ ‘ )  :‘ti5e 5 tsc -e r e - c c - c l ” .

11 = dIn - 
‘
. - 2 .

“i ,e e-’- ’ c c t t i n c  in  t i , e -  Ac-c-s ’s c-c-lI ---
, , - ic c - c- e i~c-~~ I,- . :‘ - c -  ,cc

~itiiiiim. 
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- - - ,s ,, . c-sc- , ’

- c- an ac-’-~~c-’c-c-’Il’c- s- s c - c - s - cl Iv sc-i-v”’ , c - c - Ic-c-c-c- Is esc -en~ lel l

c-c -c -nc -c . F - sc - t ic - cc -  ( ,‘,_ ‘ .) i s  c-’e’ccla”e s

- ( ‘  - cc- Ic-

is  c-’sc-c c-Ic -c -e nc -cc- c- si c- er of c-c c -c -c -cr -:ec-’iccs. a c - c -  5 n . -2 c- ’-’ is Ic st

c-ic -C sc-sic-n c-f lst”ecA r ac-s -Ic c ,f a c-cc - Ic - sr-c- c- c-f .v’ -s ’ cc - .

To illu s’c c- ’ac-e cs-ce inflc-n er,ce of Ic- toc-c-lc- ’s ’ 11 c - _ se s-c-i c- cc-’.

ti-ce p1 -s--sic-al solu t ci s c-c, , c-ce n - i ll  n se  ‘site en-cc-sc-cc-c- :f an i cc - s -I c - te l .

c-n an c-n-scsc’ cc-r ’ess c-c-c,,c :c-,c-s cc o,. - c  c-c -c- ,1c- _ c - ,-te ‘so cec-er-’ : , :s- c -c - c- sc -C c - c occ-

i: self alc-x-’is sc-co is -c -‘c-cr — cc--s to ce r s ic-  --cl -il- .

ii”er c-es -c-free.

Fl,- . 22cc illic-oc-rates 1x-e c-c-s c- In-cs- . lIe dec-’ic:e a c- c- ic -C ss-r ’cc-c a”

c-i.e c - c- c- Cc -al  ‘c -c rc -c c-n c ,  c-n i c-’sc- rc-l ’tec-’ c-soc -sc - se c- .. ’c-;” ‘ s I . e ’ ec ’- I ’sc -er ’ti ‘c-er-

c- :-ces C — c  as’— ar,l c - c - c-se c —
- x- .ne - n-c-to-’ cc - c - ccc- c- s

under c - ic - C c - C r e -A ’s - I c -t i c - c s .  Cc sc-c ’se erlces I - ec- itt a ‘- n - s c- c - s - c-’

ce-n’s s-si c-n h di -c - - .r en - -‘ -n rc-c ± 15- s c-i ‘c- a :e- c -c-’r-:I n- n” . ‘Ic-n -c’ l ’ -

c - cc - C cc -ri sc - — n - - ’  is c i n : e d ,  “ sc - -c - ‘“-‘ c-l c-c-sc-” -c - i,  cc - c c - c - e r - - e l ,  c-c-c l so

-c -” 1cc-c- in t i ,j c  -~ ‘-- c -  A c-: ±1cc-I c- - l i r e ”  ‘°‘, -~- - c s ’ - ’~~. -‘e c--:c c - s l l  liln~

“ cc he s-cc-re  n- -sc - c - ”ri ”ti ’c-e . - - --c --er , c-cc- c- see I f  c- s c-c- ct c-”~ al- c- c - c .  c c - s c ,

‘- r e.. c c - s i P  ‘ ‘cc - c - -, s c ’ - i  ‘.. -~~~cc- c-s c - c s ’  c - i , e ’ s sc - c -’ , ’il t i - c ’ I s:lc- isc ’. : ‘ I c

-s - c-s-s ‘c -- i l  -c -s i 3  of “I:~ ‘c-c-” a c - n ’ c-Il c-- ’ loc-sc- ‘~ ec - i c c c l n - ’Inc: ’ ‘ - ‘c-”

In’ Ill’, ‘-‘ c c - c .  - c-cc -- -- -- A - :  i . - cc’c--e~ ±ir~~~. c- ’

- sc- I ’ - ‘ c - ,  ‘ ‘ ,‘- ‘ -,r ’ - - -, ‘ ‘ ‘ , ‘ -- cc -c -c I’f I c -’ ‘~~~--- ~‘- “- i. -
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-c ’cc-sec-”e ‘ssc - e area of ‘- er - c - c c - i, -cell f ,  -ser ’sex I nc-cc ’s c s’tc”ec-,I ±.t  c - c - ce

c- arc-r e sense ac-c- ‘‘er- c- sc - cc 2 ac-t i i c-c, .c -u ss c -c - a ‘-c-a,’ a c -  c-sc c - c c - c - c - c - n - - c -  ‘si.e :c -cc , c isc-’c- c-

c-s- c-c- co of -c - c -- i c -nc - I c - sc -  c-b It c-c- n-I 11cc- . I c-c- c-c c- ti.e ‘-ci ,  cIt Ic- cc- 2 ic c - c - ,  c -’, - , .

‘s..ere e , s i c -t s  ,A.s; ne cc-cccInc-i lic ;  f c c -  cc -ne - -c-el. c - icy  of  - c - ,~c’c-c ,,  I: it

c-cc-us’s be c-c-arc-lIe-i ‘so cite lIne if c-nd of c-c- mac-cc-i cc-ode sc -c -c -i’, c- i-cat t,.e

c-c-ca of 1l2c- is -c -n c- n c -cr - c - cd. l’s c-c-rust s .c -c-cc -raIl s-b :. I: Cc c -cc -c - :e r -’e

‘sic -c - area c-f c-c-cadr ilater al  lied , sc--ctioic -assc-cre s  ‘sic -C “ s-nc -cc -c -c -cc; of ‘cell e.

I- I cc - mos t  c-c-arc-lIe-I cc if assorc- s ‘sIte- are ’~ c-f ‘sc-Ic-c--tie 11 cc - is :-c-cs:er ’,’ed .

Tn -n- nc-ole I-se-f is - c - cc - c - er - c - ed  tn -ic--ic-lI -c- c- Ic - ce  all i,s vc - ’c - I - s e s  -c- c- -c c - i c c - C c- .

‘dc-ce ‘sice n -el-c - ci t -c -  of ‘sec-c-cc--: I s , c c - 3 ic-eec- c- -c - c - inc - ce - cc -, t ic - C ‘-el-

of ‘r e -n -ten s i is fcc-sc-i in a :isc-ilc-c-r sc - acc - c: c -r, and so c-ct ccc-r-:c ,c- c- I c - ic - C

‘entral -se -c -tess c c .  Ic -c ‘si , is  c-sc-:,’ -‘en -t i c -es  I ‘scc - c- s - ’ ohs ‘r c- -c -c -sI c- i , e scc-c’se-d

cc-s-cc -c-c--sc -i- c- Cite area of c-lI c -crc -n - c -c c -crc -I ce lls. U cc-f :r”:, s :aceb ’ . c- i , e

sc-Ic-c-e-ne fails at- - c - - c - c - c - es-s ~~ . Tic-c ‘sels-ci’s; c-cf is cc - c t , i t r c - l c c - e d  Cc I

c-an -ab le-b to c-n ‘so - c o n c - e r ’,’e ‘site arc-a of  ‘- e rc - e :n  -cell s:c , ac-I c--ac-c-lId

cc- I-cc -c- c-cc cc -cc -se -rn -C ce-lI I T s are a . ~~, - --rc: :re , ic - is - c - : c i I lc- ro

ie c- ’icc--c a n-d c- c- i” ;  c-’icl-si c s -n c - i c - c - - n t  c --cc - I tt’. c- i ,e i c s - i r ’ e  “ c ’ s - ’ ic -sc - c- c - c l - ’  Ic-

c-Il c - i c -  ‘:erA, ,c’e sc- i:c-’.’e -c cc-’ c-c- c - c e - c c --,. c- c ’re -c ’s :cc -tc c -. ic-  c ’. s - cc c c - i c - c - I c

if c-sc- :‘ ‘s,,c- ‘ ‘-“ r ” i - ’ e s l - - ’ ic - c - c - c - c - c - - sc -cc -  c- c- , :rc -- ‘ c - c c - c - , e -”cc - i c-cc- ’ c- .

li-ce- c-l ‘sc c -- io-
~
: of t , e ’r’i si i c - cc - s s

_
- s n - c e - i a

c - s . c - c - c - c - c - en -  c - c - c - c -  s - ,c ’c-’ c - c - c lL I ’ i c - cc -. If a c - ’c - c t -c - -. of a l- s ’ - c - Ic - , c -~c- i s ’ uc -eci Ic:

c-c c - si- ’: ’ t i n e  n-er ” : ‘~e - i c c i c - I e - , :  s.c- c - a, ,c-c Ix- ss- r”x-l’sel; c a n -  ‘ c ‘c-C -sc -I l

c-n--cc-s c-c-”- cc - c c  s c - - n - ’ :- ’ ‘ . -se r- ’-e’ c - -
‘ c-c r cc-, c- sc: ‘c-c c-Ic-’: . -

c r ’ ” r ’ . ’c, e ’rc”’ l ci” I ’ ’.,’ cc-.c- ’:”,c-c- ‘ -- ‘~~~c - c - s c - i c ” i , ’c - c - ‘ , ‘ c - c . t l e  ‘-c-:c - c ’’ ’-c - —

ic n c - c -  -c - c-c-i ” ’ ” : c -scc s , c - c - : i c  ic ’, c ’o sc- c - . , i
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Ic - c - s ”c -cc -’i cn , ac - c - - s e:-sc-r- - ’c -,el : slcc--i cCr ,’,’e r ’ c - sc - :e ‘-c-Ill c-”c-c-c-c - , l ’s .

c-c- e,c- u : s c c - . s s e c -  icc -  ‘site cent ’s . i cc- c: ‘c-e l c-c . I t O c c -’ -esc~c-cc- ,c-c-c-t I c -  tc- ,cs ,i-c- ’:-’:d

I by -c - c - no  1cc-c - cc-c ~f t ,c-c-,ce ,uac -c - ’c - Icc i sc -s b .: c - c - c - cc -n - ’,. c-’sI-.sc - . lIds c-s,C

::rcc-c-c-o :c- sc- , :5cc c- _ c -c  c- cc c - : ’ ;e c - : e r t s c— c -’ r-c-~c- cc- :’ ‘-c ,to c -r ’o -Ac . c- n .  c- -s ss e c~ ’c - , c

c - o n  t ire I— ’,’ c-c-c-calls-c-, VC r ’s ic .t I,.’ icc - c- cca c -c”l;s -cc sc - cer ’ ’eo  by c - .  c - sc -m s -c -t i -c - s c.

I c e-r a t i o n s  of vert ex var iable s to- c -c c- se-r n -c t ,n , e r-ecc ,c-:c- :n ,: Tn -an t ic -I :

c--sill c-t i l l  be c-cc--ic -cc-i, bu t  s-till s -c - s t - c - er -c  c-c- c- ic - f a c t -c c -  ‘sst c -n -c - c-c- ‘ s c - - c - c -

ic- c- -rhloic cc-- r -cser’sati cn of Icc- la -c - c -, . c-c-,c--,t - i c i eo  Icc - a’sCeocc-’sei by ic - c -c - -c - - c - t i c - c - c.

Ate- im ’stlic-cac-i- :ns of tic -Is dc-coo’ ar-c- no ’s rest -n-ic-tell to c-n- Ic - sc ~c-lar

nec -Ic -es , sIc-Ce- any :ccadnilac-eral  me-si : c-an be r educed  ‘so a tc’ iar ,~ oI as’

ne -s ic- icy drawinc J iac-enabs . :ic-- c- s€-J in c.,i: lj c- s ,t , Cite c--d ’rarc- a.:e

of c- ic - -- ‘sr isc-ic- c-sc-lan- ne-sic -is Cc- ec ’c-cli cic-Ac- ±ntiicc-’se c-c -I c -i c-h dia c--s cc-c -Il

sic-c-cc-cld ic-c n - c - e d  d c c -  nc-c-c cc cc - cc - c-ate c-c-’rc-”n-,,’sa c i oc c . lAis ic-c-c r - ‘se-ti

a-sc-c-’scc-c;s can i c - c - c-I -ta lc-c-I in a ‘c- c- c-c- sc- i lc- : ,ec- c- l  c - c - c - n c -  by a r ,c r t - l ic .e cc:

c c-’c-c-c- c - t i c - c -  ‘sc-cm, ic- c-st i t  ‘c-cc -ld f a i l  c-isc- cc- -s c- c-c-c-Ic - ’ c c c -  c-cc - - c- ’ r ca c -~’c:c-

‘- c c-c-” e”  . “ c — - 
~ , c e  - c- c- t,, - r  — -

- e-’ -

l cc -’ cc -_ I i t t .  lId’, t s c - e - n -  ‘ ‘ c - n - s c . ic-a ‘ss ,e t r lacc - c- cc c-c-r --- cc - sc -  ‘, icc

cc-c-ti n p n - - - ” c - ’ cc. s l’c - ic-c a- , ’c- ic-ec- i i’ ’ o c r - - i s : ’ -c - c - cl; . - c - i c  ‘ c - : ’c-c- c- c- ’ ’-icn-

I c - c - s c - c -  c - o r  ‘se-ac- e s-: : i .e., rc cccs,otcc- ’-’, l i - c  s - sc - - c - I  cc- n-s c . . 12:1cc- c--cc-n-lI

n-c-c-~.c - ’ - e t i e  c c - s - c - — b c - - c--c- I c c- a r c - c - c - - c - c-c - .  ic-c-c t ‘ c-c-’ ‘s Ine  es-s t i c - c -’  c-f a 1c-s,~

aco’ cr c -Ce solut - i -c c: .



,r-. , ~~~~~~~~~~~~~~~~~ ~~,, 
‘-—--

c-c c - c r c - c - s - es

H 

Ie-T~~~~~~~~ 

e 
:~~~~~~~~~~:: :‘

.1. 2 cc- i s  ac-i i’Id i- I c -ic - c, dull . dc-c- . Th 1c-s. 111cc-c., i , 11- ’ ’ - (Ii c-~c-, ) .
-

‘ 3. F. ‘II . Lies-ic r and 2. 7. Foris , I n - i l .  Ac-s . Fit;:. 111cc- .. i-c-~, b c - c --c-

( 1 c-’b) .

A . da r c ilo c - , II . book , 2. b or i s ,  5 . c- c -cc -e r .  ~I.  ‘- - c- ic c - . F . II c- :ce r ,

,\. sc- - , . s - c - c - - c -~ cc - .  Ilc:ac-c-n;, s- . c - u sr - c - c - , c -, c-sc- c- .. c - c c - . s s - c - .  -

c-nd 11cc-c--rolled dicclcar Ac - s i - c -n Ac-c-ac’ ~s ’ I A-T,,- “ , c-

5. 1. dc-crc -c-en and A . i-I . tic-it-c-,e~’. in - c -  “ c--c- s - I  -

,s : c-rcLbd s.sc-c-c-s, s-ac-c-c-ens., Auc-’sc:’s 1 - - - -

rc-, F . :.- - . Tic-an , ~c - c - cc e r i c - e  ~-.c-ccc-- .c:cac:cns , .ns . c-:- ’c- ” - ,c-- ’ -c. .

iss c- c-nb er  l~~’3; ‘k c - ’ • dc -a -c -nc- sil l , ‘-le c-i: s-ds in ‘c - c :~~.

( t ’ s . l l e - :c -l c- dre ~~c- , I’e r I’s- c - c . l c - c -~~~, ‘‘ol. I- . c-c- 1.

7.  -A P. 2cr - i : ,  It’s Yr -c - ’ee-ii sc - nc c-f tine F-c-’c c-~ s-c- ,lI.’s- c-” cs -’c ’- sc -c - : A c

‘I ’s’sc--c -i ‘c-I - ‘sI c-sc-slat ic- c. c-f dlac -cc-sc- c- , d~c - a l  F e - - - .c - -  ‘ - c- - c ” . ”

.‘. c - c c . : c r -’c - ’r c -. F. 1k.  ‘II - - c - -cc-c-c-c I-

P . Iicricc- c - c ’, I r c - c - ’ - - ” ’ ln  “ c - c ‘ n - ’ ”-~ ~~~‘ -~‘ I c - ’  - c- c’ Ac - - c - c - -, ‘-

‘ cc - c - I  I’ d - .  si c - c - , , isc’ s ,  i’ic- l , c-rc- A I

I” . ‘ cisc- , c--1~ I. - c- ic - .  as - i ‘ ‘

. is c- -
, i s. c’ ‘. A c , -”

c - c - ’ ’ i  - “ 5 ’~ c - t n c e  c ° ’  1. - c - - c--c - ti  cc-I “ 1 - -  c - ’ s sc - ” i ”sc- ccsc - - .

I c-c- -~s’ ‘ c - c ’ . ‘ c-i .,  U ” ' . I

- ‘ ‘ ,.‘ — ‘ — —



-1’ 11. . 2. iIO~~r.ic - -, c - e .  deof y s .  As’s-b . ,  FL . ( b c - - F ) .

15. 3. ds idste in , dc -c- c -. F.c;s , F c c . ,  :.1c-2 , s-2 d  (l°3l).

S c- crc- , e~ 1 ,~~~~~ (I~~~
:\  

cc

, c - ,  ,c- i,5 c- - , - - )

- ‘ - ‘ - - -“~~~~~~~ - --,.‘--- - -.. -- - -‘  -



lI ab le I . dc-cc-cc-c-risc-n cc- ’ nu cc-c-er i caI  r e - c - s Ic - s  s-:Ic- ss llc --c- c- ccc -r c-c-c-.-J nc-lc-Isne cc-c-
t s .eor’: .

A a a ôa a Ia
P n t C cc- -c ,

~ .-11- c-
~ . -:1T-J _~~~~ •

- - “ . 11- - c -I . -l2 c-~ . I d i ,~

2 - ?33c- .03522 _ b ,~~~ . 132 c - 2 C5’- .C5~ . IL’ ‘c-

-- c - s - c c  .c-’-DLi.~ _ 1+ ,
,5, c-d .1 - 721 Ti~’1 .s -3~

B .i’~c-i c- .1~ c : - c -  - 5, c - ’ .13I~.I~°’ _ - : . s- :~c- 11. 2 .11l~ 
‘
~

1-I’ . 2- 2D .25 lTh1 — ‘is-is’ , 2 1c--5ti c- _ 3 . .’ I’i - .2 -; 1.71, Ti

7’)

,. ‘-‘- - - - -

~

— - ‘ -  - ‘ 
_ _ _



‘
~ 

~~~~~~~ “~~~~~~~~~~~~~~~~~~~~~~~~~ “

~‘ Is5 . 1 ‘ a ~’m ci t zt ’ rk ’p r t ’~t -n ta t io n  of cht ’ ust~ of a Laszranizian tnanc -ular mt-c - h
to fa .’il i tu t i - tJ~t ’ , c - onlin. ar sv (Irodvnan’so,’s ot ’ -~c -c~rc ~t aT1 c- tr~’ t- ~ur ts ti’ t- t i s  c- v s

7 1

_ _ _ _  - ‘ ‘-



a)

~~!/ ‘ \ /
~~ s\~~ / N /

- FLUID
V2 ‘ U

FLUID -
I

b ) / \
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~~~~~~~ 
/
~~~~~

-
~~~~~~~~~~~ -

\ 
~~~~~~~~~~~~~ /

/ ~~~~~~~~~~~~~~~~~~~~~~ 
\\  \ \ ‘\ \ c -~~~ ” 

~ /

\~~/“ 
\
\

~~~~~~~~~~~~~ 
\

5
\

’
c
->

) 

/

/ ~~~~~~ \ ,J ~~ \ \ \ \ /
~~~~~~~~~~ \I/ ~~~~~~~~~~~~~~ \ / ~~~~

FLU ID
U

FLUID
I

I” c - -~. 2 
— ,\ -,t ’( ’t lOII  Of a tr ian c-c - ila r m~— sh inc Iui1in ~ an

i n tt -rta tc - t ’ and sh owini ~ ci c- t ’ i’t ~‘\ ‘i ’ll



VERTEX
7 CELL

STREAML INES BOUNDARY

E’c-~, 3 — Str€!arnlines of a flow fk ’kI calculated from a vertei-t -v ’nter ed stream
function ,  V is constant throu gh out  eai ’h tnanc-ie.
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Fig , 4 — Enlarged cell areas near a bounda~ ’ , Because ~c -r e~~u r - ~ at
boundaries are fixed by boundary conditions , the p r es Sures of ~i -r
tices adjacent to the boundary are used t o  keep thc - -  addi t ional  sur-
face areas divergence-free as we ll ,
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RECONNECTION OF QUADRI LATERAL DIAGONAL

a.)

/

DIAGONALS FOR INVERTED QUADRI LATERAL

b.)

I ,/‘ \ ~~~~~~~/
Fi g , 5 — Portions of a grid illustratin g possible r econnec tion s, In par t (a l
the dashed diagonal will be chosen for the shaded quadrilateral rather tha n
t he ’ pres ent , longer , dia gonal , In part ( h )  th c- diagonal cannot he na-on-
nected since the al ternative diagona l , though shorter , lies outsid e the ‘‘so-
vt ’ rt t ’d -- quadrilateral ,
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Q) 
(

_‘_

b) c)

d ) e)

Fig. 6 — The fi v e ,-~t a~Zes ot automati c in i t ial i s at ion b r
tri an c,tular mesh r ’ciois wi th  trr e’~ t:l,ir ‘ i tsola r o ’s
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Fig ,  S — Transition of he wave prof i le  from th e lin ear to hi ’ non l ine ar  r i - c-c-c rn -

The wav e c ’ r o f i l i - s  sIr ’ norma lised by the ampl i t i c  es of th e  in i t ia l  ;~r c - -ss tc - r - - - e r
turhat ions  P ,\~ sin kx , Not - the ~‘ rn p r i ’ssi-d scale in h~’ X — t i i r - c- - t  c-on -r the
i nser t s .
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B) d-I~~AP.D TII-’E S PLITT IN G

Fig . Ii ) — The 5 inc - ’ develo m ent  of t h e  i c c - -r ’c.- ’c :c- ’i ’
for t Wo d i f f er ef l ( ’l ns c - c- ,i ’ii t ’ iT i es
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END OF LINEAR GROWTH WAVE BREAKING

ROLL-UP AND ENTRAINMENT BILLOW S WITH CORE TURBULENCE
Fig , 13 — The formation of a Kelvi n-H elmho lt z billow from a per tur l ied shear
layer. In the homogeneous case the vorticit y in the shaded area rema ins con stac t
throu ghout the different stages of growth , For sta bly stratified layers, vor tio - i t v
is generated and depleted baroc linhcallv a loniz the deformed layer ao - L ’or d5li g to
it s ti l t .
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