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for statistica lly stationary inputs the mcan-aquarc difference is a quadratic function of the
weight values , allowing the minimum to be sought by gradient estimation and other similar
tec hniques. Expressions are given t hat define the relationship between rate of adaptation
and deviation from optima l performance due to noise in t he gradient estimation process
for the Widrow- l-loff LMS algorithm. Methods of deriving the inputs to the combiner are
described, including the use of a tapped delay line to form an adaptive transversal filter.
Experimental results obtained by computer simulation are presented that show the ability
of the adaptive transversa l filter to model an unknown network or physica l system; to
reduce or eliminate intersymbol interference in multi pat h communication channels; to
reduce or eliminate periodic interference in electrocardiography and broadband interference
in the side lobes of an antenna array; and to separate periodic and broadband signals and
detect very low level periodic signals.
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SUMMARY

This report reviews the characteri stics of a class of adaptive filters usefu l in signal
processing and other applications where the properties of the signal are unknown or variable
with time. The basic element of these filters is the adaptive linear combiner , which weights
(adjusts the gain of) and sums a set of input signals to form a single output si gnal. The
weighting process is governed by a recursive algorithm that seeks to minimize the mean
square of the difference between the combiner ’s output and a “desired response ” (training
signal). It is shown that for statisticall y stationary inputs the mean-square difference is a
quadratic function of the weight values , allowing the minimum to be sough t by gradient
estimation and other similar techniques . Expressions are given that define the relationship
between rate of adaptation and deviation from optimal performance due to noise in the

~~adient estimation process for the Widrow-Hoff LMS algorithm. Methods of deriving the
inputs to the combiner are described, including the use of a tapped delay line to form an
adaptive transversal filter. Experimental results obtained by computer simulation are pre-
sented that show the ability of the adaptive transversal filter to model an unknown network
or physical system: to reduce or eliminate intersymbol interference in mu ltipath communica-
tion channels ; to reduce or eliminate periodic interference in electrocardiography and broad-
band interference in the sidelobes of an antenna array ; and to separate periodic and broad-
band signals and detect very low level periodic signals.
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INTRO I )U ( TION

The term “fil te l ’ ’ nuy he app lied to any device or system that 
~~ 

I Ic(’SSL’S ifiLoluing
signa ls or other data in such a was ’ as to sniool h or c la ssi f y  I hem. predict future ~,il ues . or
eliminate interference. Adaptis. C’ filters are devic es that auto m atically adju st the ir ow mi
parameters and seek to opt imi/e their performance according to a specific criterion. lhoueh
soii iewhat more difficult to design . analv,e. and build than fixed filters . t hey of icr the
poll. I ta l of substanti a l imliprove ineil ts in performance when signal propel i ic~ are t in kn( )\k ii
or ‘u a r iable with time.

rI~is report is concerned with  a particular class of adaptiv e fi l lers and with  their
app lic at ion to p oh letn s pr in ia r i lv  in the field of si gnal processing. These filters have as their
basic element a dev ice that is versatile and relat ive ly easy to implement in h ard wace or soft-
ware. I his device , the adaptive linear combiner, is treated rirst in the following pages 1 he
W idrow-Hoff EMS algorithm, the most e fficient of a number of algorithms available for
gover ning its operat ion . is considered next.  Methods of deriving input si gna ls for the com-
biner to form adap tm~e f llters are then considered, with emphasis on the use of a tapped
delay line to form an adaptive transversal filter. ftc applications subsequently preser it t ’ f
show how the adapt ive transversal f i l ter call be used to perform modeling and cqualiiation
task s , cance l interference , and detect low-level signals.

THE % I )APT I V E LINEAR COMBIN E R

The adaptive linear combiner, illustrated in figure 1 , is the basic element of th e
adaptive filters considered in this report. I A set of ii measurements x

~
( I) is sampled to form

ii sampled measurements x~1. where j is the time index. Each measurement is multip lied b\
a corresponding wei ghting coefficient w 1. and the weighted measurements are summed to
form an output yj . This output is compared with a desired response d1 to f orm an error

signal Cj . The objective is to choose the weighting coefficients in such a way as to minimize
tile error signal and find the  weig hted sum of input signals that best matches the desired
response. —

‘The s omhine, is linear 1111/C wh, i, the wetghtiElg ( (fl’j (Il Il ? I r l  defined h - / s, arc lixI ’d. l fQpfIl. ’ SVSII’inS . l ike all \ l \ I I r n S
wh,,c, ’ ehapoctrri s u s -S change lI lt/I she ehoraci1 ’r istus (If their input signals , are !IS’ ,,ature PlOnh ifl , ’Oi’ .

~1he earliest adaptne cS-st rum ( ‘ t  I. 2s and mans ’ current S I - S l I m s , parinularir adaptor antenna ar ra sc  (ref 3~, emp luIC
a.c weight s  balanced ,n(IJI,/at,, rs i r o n ,  h~’ an I~Itegro:or ~‘r a narrow low or hand.poss Jilter. These I Iuems . althøugh
apparent/C difft’reni fro m c Il,,IIu boceI/ 1i~I 1/IC adaplii ’e linear combiner . /105 I .SiIflh/aV chorai teristies and can 1’~consi dered as an alsi ’rnatlr l ’  all.! III1OI ilflIl \ prI lero ble Impli ’mI lIla tioI

3

_ _  _ _  _ _ _ _ _ _  -



E~~~w1)(~~

p~~~
W2 \

X2j -

wnxn.

C3

d1

Figure I. Adaptive linear combiner.

The jth output  signal of the combiner is given by

( I )

which may be written in matr ix form as

yj X W 5 W TX . ( 2 )

where and W are vectors of the measurements and weights respectively. The error signal
is given by

(3)

The square of the error is

= d” - 2d~~
TW + wT

~~.~
T

W ( 4)

The mean square error , obtained by taking the expected value of equation (4) . is

E jifi 
= E ~d 2] - 2E. ~d~~J J W + W

TE ~~~~JJ
w. ( 5 )

Defining the vector P as the cross correlation between the desired response (a scalar) and ~then yields

= E  ~~~~~~~~~ d~x~j j T.

_ _ _ _ _ _ _  

- - -
~~~~~~~~~~~~



The input correlation matrix ~ is defined as

‘lj ~~li ‘lj ’2j

~ i1 ‘2j ‘2j

= 1  - ( 7 )

L ‘ 

. . .

The mean square error can thus he expressed as

F = F 
~
d
~I 

- 2P~~~ + W 1Rw. (8)

~x nte that for stationary inputs the error is a quadratic function of the weights that can he
pictured as a concave hyperpara boloidal surl’ace. a function with a unique minimum.
Adjusting the weights to minimize the error is accomplished by descending along this surface
with the objective of t’inding its minimum. Gradient methods are commonly used for this
purpose .

The gradient ~ of the error function is obtained by differentiating equation (8) with
res pect to the weight ve c tor ~~:

1-si I ’i
V A  aE L~’J ~ t!~iJ = —2P + 2RW. (9)

aw~ aW n

The optimal weigh t vector W* . generally called the Wiener weigh t vector , is obtained by
setting the gradient of the mean square error funct ion to zero :

W* = R ~ I p ( 10)

This equation is a matr ix t’orm of ’ the Wiener-I-Iopf equation (ref. 4 , 5) . The min imum mean
square error (mse ) can be expressed as follows by substituting equation ( 10 ) into equation
( 8) :

I r-s i\ i-s i
min imum mse = (F.

t~”j 
) = E Idi — w*T p ( 1 1 )

‘~ 1mm L

THE LMS ALGORITHM

The practical objective of adaptive processes using the adaptive linear combiner is to
find a solution to equation ( 10) .  An exact solution would require a priori knowledge of the
correlation matrixes ~ and ~~~ . Since this knowledge is not available , one must find an
approximate solution. One way of doing so would be directly by numerical means. This
approach , however , would present serious computational difficulties when the number of
weights was large or the input  data rate high . In addition to the inversion of an n X ii

matrix ,  it would require as many as n(n+ l )/2 autocorrelation and cross correlation measure-
ments to obtain the elements of’~~ and ~~~ . Further, this procedure would have to be
repeated in most circumstances , where the input signal statistics would be slowl y varying.

5
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For these reasons it is more practicable to use other recursive statistical estimation methods
in algorithms intended for use wit h the adaptive linear combiner,

A simple i terat ive procedure for finding an approximation to the optimal weight
vector of the adaptive linear combiner is the LMS (“least mean square” al gori thm devised
by B . Widrow and M. 1- . . Hoff, Jr. (re l’. b, 7, 8. 9j, This algorithm does not require explicit
measurement s of correl ation func t ions , nor does it involve matrix inversion. Accuracy is
limited by statistical sample size, however, since the weight values are based on real-time
measurements o f t  he in ~ut  signals.

l’he LMS algorithm is based on the method of ’ ste epest descent. According to this
method  the “next ” weight vector W~+i is equal to the “present ” wei ght vector ‘

~~ 
plus ‘a

change proportional to the negative of the instantaneous gradient ~~

~ j +l~~~~j M !j ’ ( 12 )

where p is a parameter that controls stability and rat e of convergence. Au estimate of the
instantaneous gradient V is obtained in a crude but efficient manner by assuming that theJ
square of a single error sample C. is an estimate of the mean sq uare error and by differentiat-
ing it with respect to W: “ -

r ,1T I i Ti a~— a€ — i i a~ ac. 
~ Lt =

~~~~~~~
. ~~~ ( 1 3 )

~~ aW
n j w w  “ L~’ 1 aw nj w=w.

Since the estimated gradient components are related to the partial derivatives of the
instantaneous error with respect to the weight components , which can be obtained by
differentiating equation (4). this expression simp lifies to

( l 4

Equation (12 )  thus becomes

( l 5 ~

This algorithm us easily implemented in real-time systems. It requires only two multiplica-
tions and two additions per component ot’ ~ per input sample.

It has been shown that the gradient estimate used in the LMS algorithm is unbiased
an d that the expected value of the weight vector converges to the Wiener weight vector when
the input vector s are uncorrelated over time (ref. 8. 9, 10 . I I  ) .~ Starting with an arbitrary
initial weight vector the algorithm will converge in the mean and will remain stable as long
as the parameter p is greater than zero but less than the reciprocal of the largest eigenvalue

~mn ax of~~.

l I A max > M > O .  ( 1 6 )

3Adaptation with correlated input el tops has been anal vzed in references / 2 and / 3 l x  Id - u S C  l~’ high correlation and
fast adaptation can cause the weigh t rector to Coil verge in the mean to something .Ji tteren: than the Wiener solutum.
Practical experience has shown, however, that this effect is general/s insignificant 

- . .. - .
.

. .~~~~-



Since X 1~ a~ must be less than the trace of ~~~ . which is equal to the total power o f t h e input

signal components . the algorithm is unconditionally stable when

I >p >0  ( 1 7 )

1’

w here F ~x~j is the powe r of the ith signal component.

Figure 2 shows a typical individual “learning” curv e - a plot of mean square error as
a function of ’ time representing the dynamic behavior of the LMS algorithm during con-
vergence. Also shown is an ensemble average of 48 learning curves. The ensemble average
reveals the underlying exponcntial nature of ’ the individual curve, which is a sum of exponen-
tials . each associated with a natural mode. The number of natural modes is equal to the
number of ’ degrees of freedom (number of weights). The time constant of the pth mode is
r e la ted  to t he pt h e igenva lue X~ of the input correlation matrix ~ and to the parameter p by

r ~~~~~~~~~ ( 18 )
~mse 4~X~

1.0

INDIVIDUAL LEARNING CURVE

w
w

ENSEMBLE AVERAGE OF

~ 05 48 LEARNING CURVES

2
Lu

MINIMUM MEAN SQUARE ERROR (WIENER SOLUTI ON)

100 200
NUMBER OF ITERATIONS

Figure 2. Typical learning curves for LMS algorithm.
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In t h e  special cu~e w hen .sll eige’us .s ( l l -
~ Jr equal dl - l~ III! I I .  JIsl ~ equal I h i L l

iliL’’e cl rc uins i I1Les . ~v lii~ Ii l l L c I i I  w he n 4I1 ij it Hil s q l . 1  Ii ‘ i l l  Ills ..i..’ ill. ll r rL ’f,i il’~l JIltS ( It
ct t si. i l p(s\V CF. the leuriling sLir \e is .5 po rt ’ ~‘ \ J l .  ilie ’ I l S i . l l  u hl,’i ( ( S l i t  , ‘S lsI.iisi 4 is gise n b~

~ i l~1)ilise ~~~~ 
-

minimu m mean square err o r is l ite,il l V rca li ,e&I wl iesi the sseig lii sec to r  tII the
adaptiv e I near combiner eq i i  als t lie Wiener wei ght e~ is sr Vs All .id ,i pi I s e a Igorit h in
operat ing in real iime with f in i t e speed of adaptat ios i. however , will iii mll’.t instances (lo t
pert cc t l~ coi ls elSe to  Vi * because random f l uc tua t ions  due to gradient est i mat ion  error
occur in the weight salt ie s even at equilibrium. I he result is a incurs square error thiS ) 

~5

5’ .‘aie r t han (i- 
~~j  

. Th e  amount h~- w hich the actua l error s greater is cal led the
\ U

Seess mean square error. The normalized excess mean square error is in turn defined as
t he misadjushmellt Ni . a d imensionless measure of the dif ference between actual and Wi ener
opt ins at I’~’ 

rIo I’ll) ~i lice:

~ .iseruge excess mean square error 20)

~ UJ/ in iii
A good a pprox i niate turin Lila for tile misadjust men I of I he L.M S algorit hiii in terms of I lie
number of weig h ts and the ti m e constant of the adaptive process is giveil h~

( 2 1 1

1—quation ( 2 1 t shows that the misadjusiment can he made urhit rari ls small h~ choosing a
long adaptive tim e constant. \ o f e  that for a given time con~taist misiidjustmv’nt increase s
in proportion to the number u I  we ights . ~

This uiia lvs is assumes that the input signal s ta t i s t i c s  are stat ionar ~- . If ille\ are
slowly va ry ing the ’ LMS algorithm can he thought of as tracking the variation with a delay .
Additional mean square error and additional iiiisad~ust ment w ill thus occur. It has been
demonstrat ed that under ce rtain condit ions the adaptiv e time constant  is optimal when the
power of t he gradient esiiriliition noise is of the same order of magnitude as the c \ c e ’ss rne’ail
square error due to t he delay ( ret .  I 4 .

1 he LMS algorithm is based on a gradient estimate obtained from single sample Of
input data . It h a s  been found that its rate of adaptation is nearl~ optima l when the cigen—
va lues of R are equal ( r e f .  14). If they are disparate, however , algorithms bused on other
gradient est imation techni ques , suc h as Newton ’s niet itod. o t te r  potentia lly fast e r conver-
gence to a given level of misadjustment . Several algorith ins of this type have recentl y been
described (ref. 16 . 17) .

4j j  the ii,put signal Il-i -tI l t II deviled from a lapped thIns - 11,11’. as in a,, adap til ’e t,a,lsl ’ersa! fl/il ’, (Il l !5 ’ / l l l l J . I/Il’ /11151’

eoulctanl can ire expressed 
~~~~ 

‘ I J4n/ ~/ x ”/ ,  where x l.t the n,,rut signal to I/il Iap 1led dt ’la i 11(11 ’ .-lnlllhrr I all - Ill

lilil’ rl ’Vi Ill Irl whefl at! but timi eigell l alul ’s are ~‘l’ro . Jo, tramp le. whcn the on/v signal l -,lmpl lls ’, It is a cmus,,id hr
thu (il l ’ the time consfa,It IX gIl ’efl Il V / -4pf ~i 2 i / -  fr ~/ -

5i~u’ / l I f l I i  I u/ time (‘OlIstant a,,d misad/usim ent arl ’ ,nors ’ f i lth fr, ’aled ill tl’f,’rl’llI l’c S, 9, 14. arid I.~



The LMS algorithm also requires that a wei ght correction he calculated and applied
once each input sample. Such a requirement can he inconvenient in high—t ’req uency applica-
tions where analog tec hniques are used. I”urthet- , in some imp le inentat iotts . t he ~—v cc t or is

• not as ~iilable to t h e  adaptive process . Algorithms based on direct gradient es t imat ion or
random search t echniques are preferab le under these circumstanc’~s. Unl’ortunatel~’ . how-
eve r , the misadjustment of these algorithms is proportional to the square of ’ the number of
weights and thus for a given rate of adaptation much hi gher than that of the LMS algorithm
(ret ’. 15) .

THE A l)APT IVE FILTER

A choice of x~1 for the adaptive linear combiner produces an adaptive fil ter. The
most common choice is to make x~ samples of the same signal at different delays , and the
most common method of e ffecting this choice is to connect the combiner to a tapped delay
line to form an adaptive transversal or finite impulse response (1:1 R) filter. This f’ilter is
described in further detail in the following paragraphs . and examples of its app lication are
the subject of ’ t he remaining sections of this report.

A block diagram of the adaptive transversal filter is shown in figure 3. Because of ’
the structure of the delay line the input signal vector is

~j ~~~~~~~~~~ x~~ +1j
T. (22 )

The com ponents of this vector are delayed versions of the input signal x~
It is readily observed that the impulse response of the filter of t’igur e 3 is equ iva lent

to the components of its weight vector. Such a filter can thus have any impulse response of
length less than or equal to its own length. Further, if it is long enough, it can approximate

x
1. ,I

W

1t~~
zI

~

2i

x j~~
i
3i

x;_;

Yfli

x i_ n +i

ADAPTIVE
ALGORITHM

t
Figure 3. Adaptive transversal filter.
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any impulse response at alt and hence any f ’resluenc~ response. The penalty for greater
length, in addition to greater compIexi t ~ . is a longe r adaptive time constan t or greater mis-
ad ;ustmei it. !‘or many nonstat ionary app licat ions at) optimal length can be f~ tind.

A simpht ’ied representation of the adap tiv e transversal f i l ter  is shown in figure 4.
rhi s represeittatio n is uset ’ul in depicting adaptive systems that incorporate the f i l ter.

An adaptive system comprising sev e ral adaptive transv ersa l f i l ters is shown in figure
5. A s~~ s t ~ ’ i)) of this kind is useful in processing input signals originating t’rom different
sources . It is anal yt ically equiva lent to an adaptive linear combiner with mu lti ple inputs
instead of a single input, and its properties are fully described Isv t he expr ession s given in
the preceding sections of t his report.

Other met hods of lorming adaptiv e f ’ilters . besides t he use of a tapped delay line’ to
provide t he X—vector , include the use of serial resistance-capaci iance filter s of the same time
constant (dispersive resistance —capacitance delay line) and parallel-dr iven t iht crs ot different
transfer f’unction (ref. 18) . In addition, i t  is possible to derive the components of the X—
sect or from various physical locations. An example is the connecting of an adaptive linear

x - ~~~ ~j  ADAPTIVE 
,L F I L T E R

/ •~~

Figure 4. Simplified representation
of adaptive transversal filter.

x li

X21 

~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~

d

Figure 5. Adapt ive filter with multiple input signals .

It)



combiner to the elements of an antenna arr ay to form an adaptive heanilormer (ref. 10. I 1).
Such a beamlormer acts as a spatial filter capable of reducing array sens it i v i ty  to directional
in t e r t ’erence . In th is  respect it resem Isles the adaptive sidelobe canceller described in one of
t he hollowing sect ions of this report.

ADAPTIVE MODELING

Assume that a signal s (t ) is app lied to a physical system of ’ unknown impulse
response h( t S and that it is possible to measure s I t )  and the system output s It )*h( t S . where
t he asterisk denotes convolution. Such conditions occur. f’or exa mple. when a known signal
is t ransmitted to a receiver over a multipath propagation channel. The adaptive transversal
filter described in the preceding sections of this paper can he tised to model h(t )  by the
method ‘hown in figure 6. The signal s ( t )  or a local rep lica of it is sampled to form thc
input x 1 of the adaptive f ilter , and the signal s( t )*h( ( S is sampled to form the desired response

d~. The filter output y
1 

is su btracted f rom d,j to form the error e~. The adaptive process

nhinifltl/cs t he dif ference between v 1 and d1 to produce the model of h( t ). The presence of

additive independent noise n( t ) in s( t )*h( t ) contributes to noise in the weight vector hut
does n ot prevent convergence in the mean.

The results of a simple modeling problem simulated on the computer are presented
in figure 7. In this problem an adaptive transversal f ’ilter incorporating a delay line with four
weighted taps was used to model a fixed f’ilter with a transfe r t’unct ion 1-1(i). where z is the
unit delay operator , whose roots comprised four i.eros. The input signal s consisted of
Gaussian noise with a “white ” spectrum. Figure 7(a ) shows the location in the / plane of
t he ieros of ’ the fixed f’ilter and the tt instantaneous ” adaptive ieros in the absence of addi-
tive noise.6 Note that the adaptive model is exact. Figure 7(h) shows the location of the

61n this and the suo-eeding experiment the zeros and poles of a time- m’ariable fi l ter Ore def Ins ’d in a sense (liar d,,es urn
ha m e a strict physical interpretation.- lii. ’ j ilter para,ni.’ters are ‘ ‘fro :en “at any desired poitsi i,i time and the :er,,s and
poles found in the ra ins ’ was ’ as for a fixed linear filter-

xi I ADAPT IVE 
_____________

‘1 FILTER f ‘ .~‘

/ SYNCH RONO US SAMPL E AS 
‘
J~i

s(t ) s .‘[
~ 

hIt ) ~ s s (t) • hIt ) + nIt)

nIt)

Figure 6. Modeling an unknown dynamic system with an
adaptive transversal filter.
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Figure 7. Results of expeTimeni in which a
4-zero fixed fitter was modeled by a 4-wei~it
adaptive filter. (a) Location of zeros after
convergence without noise in fixed filter
output. (b) Location of zeros after conver-
gence with additive independent noise in
fixed filter output.

zeros w hen additive independent noise was combined with the fixed t’ilter output in the
manner indicated in figure 6. The signal-to-noise ratio was 0 dB. In this case the zeros of
the adaptive model vary their location with time even after convergence of the adaptive
process and arc scattered about the location of the fixed zeros. The mean location of each
group of adaptive zeros, however, is nearly the same as the location of the corresponding
fixed zeros. The scattering of the adaptive zeros in this ex~mple illustrates the cause of mis-
adjustment , noise in the weight vector.
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For an adaptive tran sver sal t i l ter to converge to an exact model of an unknown sys-
tem the impulse response h( t S of the syste m must he finite, and the filter ’s delay line must
have a s u f f ’icient number of weighted taps to span l ift ) . If lit t ) is not f i n i te an approximate
model can be achieved , though t Ii is ma req Lii re a large adaptive sv st e in.

lhe result of a L’ont putte r simu lation in which a I 6—weig ht adaptive transversal f i l ter
w,is used to model a two—pol e f i x ed  filter with an inf ’inite impulse response is shown in l’ig—
tire 8 . l’lie /e ros of the adaptive model arc located on a circle at a radius equal to that of
the pule~ of the f ixe&l filter ex ce p t  at f requencv w 0. Note that the spacing is uniform hut
that there are no /eros at the l ocatio n of ’ the poles. ‘I’his solution represents the best approx —
it na t ion ( in the niean squat-c sense ) of an all—pole filter h~’ an all—zero adaptive filter ,

An ada pt is i. method of utni quiely deter rniii ing both the poles and zeros of an unknown
s~ stem is described in referen ce Ii) . Flie method shown above could also uniquel y determine
the poles and /eros ot an unknown system if recursive filter coel’f’icients could he directl y
adapted. this t \ p e  of adaptation is a current research topic. Further treatment of the
techniques and applications of adaptive modeling is provided in ret ’erences 20 through 26 .

z P L A N E
+ FIX ED FILTER POLES “ 

~~~~“ - /CIRCLE
0 ADAPTIVE FILTER ZEROS 

,
—“

/ 0
/ 0

/ 0 \
/ + \
I 0
I 0 ~ w O

( 0  ~

‘ 0 /

\ 0 /
\ + 1

\ o  /
\ 0 /

0

Figure 8. Result of experiment in which a 2-pole fixed filter was
modeled by a 1 6-wei ght adaptive filter.

ADAPTIVE EQUAliZATION

A frequent problem in commu nication and data transfer is intersymbol inte rf ’erence
caused by multipath propagation. This problem can he solved by a I’ilter placed iii series
wit h the propagation channel that produces the inverse of the channel irnptt lse response.
l’hough such a f’ilter normall y cannot he designed without prior knowledge of the ch annel ,
an approximation can be implemented by adaptive means.
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A technique of adaptive channel equalization is illustrated in ligure 9, A si gnal s( t
is transmitted together with a known pilot si gnal p( t S over a channel with an unknown
impulse response. 7 In many cases additive independent noise n(t S is present. The channel
outpuf is sampled to form the input x~ to an adaptive filter connected in series with the
channel. The desired response d~ is (‘ormed by sampling a local replica of t he pilot signal pIt) .
The adapt ive process minirni/es the difference between the adaptive filter output y 1- a n d the
desired response d~. If a broadband signal is chosen for p(t) . a truncated hut stable approxm -
mation of the optimal equalization filter will be realized,

The results of a digitally simulated channel equalization pr~ohlem are presented in
figure 10. Figure 10(a) shows 8 points of a typical channel impulse response h( t S . 1- i gures
10(b) through 10(d) show t h e  equalized channel output 

~ ~
, a convolution of channel and

equalizer impulse responses , for adaptive filters with 8. 16. and 3 2 weights res pectivel y .
Note that even for a filter with 8 wei ghts the worst sidelohe of ’ t he equalized response is

10 dB down. In this experiment Gaussian noise with a white spectrum was used as the pilot
signal. and the desired response was delayed by half the delay of the adaptive filter. In a
practical system the pilot signal would he a long, repeated pseudorandom noise sequence ,
The delay in the desired response was necessary to achieve a two-sided impulse response with
an adaptive filter whose impulse response is causal and finite.

Communication channel equalization has become one of the most important and
widel y known applications of adaptive filtering tec hniques. The approach presented here.
entailing a known desired response , differs from the more common approach based on
“decision-directed learning” (re f. 27—3 1 ).

7The pilot signal may also he transmitted as a preamble. in this case the jilter weights are fixed during message
transmissIon.

nit)

hIt ) }.__ui
~i:~

Figure 9. Adaptive equalizat ion of a communication chann el .
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(a)

(b)

(c)

Figure 10. Results of adaptive channel equalization experiment.
(a) Channel impulse response. (b) After equalization with 8-we ight
adaptive Jilter. Ic) After equalization with 16-weight adaptive
filter. (d) After equalization with 32.weight adaptive filter.

ADAPTIVE NOISE CANCELLING

Assume a primary sensor receiving a signal contaminated by noise. Imagine that a
ref ’erence sensor can be located to receive the noise alone. Then it may be possible to f’ilter
the output of the reference sensor and subtract it from the output of the primary sensor to
obtain signal alone. The difficulty is that the propagation paths from the noise source to the
two sensors must he known to design the appropriate filter. These paths are rarely known
a priori and are often slowly varying.

The idea of ’ adaptive noise cancel ling, as illustrated in figure II. is to f’ind by adaptive
means a f’ilter capable of’ transforming noise at a ref ’erence sensor into noise at a primary
sensor. In the system shown t he combined signal and noise S + n0 at the primary sensor
form the desired response d of the adaptive process. while the i’elated noise n I at the refer-
ence sensor forms t he input x to the adaptive filter. The output y of ’ the adaptive filter is
subtracted from d to form the error signal e. This signal is also taken as the output of the
canceller.8

It might seem that some prior knowledge of the signal s or of the noises n0 and n I
would he neces.~ary bef ’ore t he filter could be desi gned, or before it could adapt , to produce
the noise cancelling signal y. A simple argument will show, however , that little or no prior
knowledge of ’ s . n0, or n I’ or of their relationships, either statistical or deterministic , is
required.

84 detailed analysis of the adapth’e noise canceller is proi ’ided in reference .?2.
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ADAPTIVE NOISE C A N C E L L E R

Figure II. Adaptive noise canceller with inputs.

Assu t ute that s. n0. n 1, and y are statistically stationary and have zero means As-
sume that s is uncorrelated with n0 and n 1 . and suppose that ii 1 is corre lated with n0. The
output is

c = s + n 0 — y .  ( 23 )

Squaring, one obtains

= ~2 + 
~‘~o y )2 + 2s (n0 - y) . (24 )

Taking expectations of both sides of equation (24) . and noting that s is independent of
and y. yields

E1e 2 1 E1s 2 ) + EI(n0 -y ) 2 J + 2E[s’ (n0 -y ) J

E[s 2 1 + E((n 0 — y ) 2
~ . (25 )

The signal power E1s 2 1 will be unaffected as the filter is adjusted to minimize E(c 2 ) . Ac-
cordingly, the minimum output power is

min EIe 2 ) EIs 2] i’ min Ej (n 0 — y ) 1. (26)

When the filter is adjusted so that Efe 2 ] is minimized. E((n0 -’ y ) 2 1 is therefore also mini-
mized. The filter output y is then a best least-sq uares estimate of the primary noise n0. Further ,
when E11n0 — ~ )2 ) ~ minimized, Et(~ — s) 2 J is a lso minimized, since from equation (23)

(e — s) = (n0 — y ) .  ( 27)

Adjusting or adapting the filter to minimize the total output power is thus equivalent to
causing the output to be a best least-squares estimate of the signal s for the given structure
of the adaptive filter and for the given reference input.
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To illustrate the application of adaptive noise cancelling two previousl y des c ribed
exaill l)les from the field of elect rocardiographv have been chosen ( re f .  32 5 . In the first noise
cancelling is used to reduce power-l ine interf ’erence obscuring the details of a normal adult
electrocardiogram I l’(’G). In the second it is used to cancel the dom inant maternal heart-
beat as we ll as power-line inter f ’erence in order to record a fetal  l’( ’G.

Power-line interference in electrocardiography has various causes , including magnetic
induction, displacement currents in leads or in the body of the patient . and equipment inter-
connections and imperfections. Conventional met hods of reducing such interfe rence include
the use of ’ proper grounding and twisted pairs during the recording process . An alternative
method is to use an adapt ive noise canceller to process the EC( recorder signal.

Figu re I 2 shows the application of adaptive noise cancelling to reduce power-line
interferen c e in electrocardiography. The primary input is taken f ’roin the F(’( preamplifier.
and the ret erence input is take n fro m a wall outlet. The adaptive filter contains two variable
weights , one applied to the referenc e input directl y and the other to a version of ’ it shifted in
phas e by 90 degrees . Flie two variable weights . or two “degrees of f ’reedom .’~ are required
to cancel t h e  sing le pure sinusoid.

-\ R pical result of a grottp of ’ experiments perlorme d with a real-time computer s~ s-
tern is shown in figure 13. Figure 13(a) shows the primary input , an electrocardiographic
wavef ’orni with an excessive amount of power-line interference , and fi gure 131 h S shows the
reference input from a 60-Hz wal l outlet. Figure 13(c ) is the noise canceller output. Note
the absence of interference and t he clarity of detail once the adaptive process has i..ort~crged.
In this experiment samp le size was 10 bits and sampling rate 1 000 Hz.

P R I MARY ECG RECOR DER
INPUT 1

ECG 
~~~ d~ +

PREAMPLIFIER ADAPTIVE F ILTER - 
-

ADAPTIVE I ~J
I ALGORITHM I

I I  I
I L ....._ ..J I
L 

A DAPT IV E NOISE CANC E L L E R

Figure 12. Cancelling power-line interference in electrocardiograp hy.
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Figure 13. Result of electrocardiographic noise cancelling
experiment. (a) Primary input. (b) Reference input.
(c) Noise canceller output.

Abdominal electrocardiograms make it possible to determine f’eta l heart rate and to
detect multiple fetuses and are often used during labor and delivery. Background noise due
to musc le activity and fetal motion, however, often has an amp litude equal to or greater
than that of the fetal heartbeat. A still more serious problem is the mother ’s heartbeat.
which has an amplitude two to ten times greater than that of the fetal heartbeat and often
interferes wit h its recording.

A group of experiments was performed to demonstrate the application of adaptive
noise cancel ling in reducing the maternal interference in feta l electrocardiography. In these
experiments four chest leads were used to record the maternal heartbeat and provide multi-
ple re ference inputs containing all significant components of the interference. A single
abdominal lead was used to record the combined maternal and fetal heartbeats and provide
the primary input. Each lead terminated in a pair of electrodes. The reference and primary
inputs were prefiltered, digitized, and recorded on tape. They were then processed in a
multichannel adaptive noise canceller, shown in figure 14 , w hich incorporated a four-channel
adaptive filter similar to the multiple-input filter shown above in figure 5. Each filter
channel had 32 taps with nonuniform spacing (log periodic) and a total delay of 1 29 ms.

Figure 1 5 shows the result of a typical experiment. The prefiltering band was 0.3 to
75 Hz and the sampling rate 51 2 Hz. Baseline drift and 60-liz power-line interfe rence are

18



clearly present in the primary input , obtained f’rom the abdominal lead. The interf ’erence is
so strong that it is almost impossible to detect the t’etal heartbeat. The inputs obtained f ’rom
t he chest leads contained the maternal heartbeat and a sufticient 60-Hz component to serve
as a reference for both interf ’erences. In the noise canceller output both interferences have
been significantly reduced . and the fetal heartbeat is clearly discernible. The noise still
evident on the waveform is that due to muscle activity .

PR I MARY
INPUTf ABDOM INAL ~~~_J~~ .(~ ).s’. ~~~4OUTPUT

LEAD L- ’ d~ ADAPT OlE FILTER

CHEST LEAD 1

REFERENCE 
CHEST LEAD 2.—__4~~.—4.~~ .a(~~~~~~

INPUTS 

CHEST LEAD 3.____ _.I.
~~,.øfI~~~~

iCHEST LEAD 4 

I

l*4i 1
I L..... J

L ]
ADAPTIVE NOISE CANCELLER

Figure 14. Multiple-reference noise canceller used in fetal ECG experiment.

(a)

FETUS

Figure 15. Resuli of fetal ECG experiment. (a) Reference input (chest
lead). (b) Primary input (abdominal lead). (C) Noise canceller output.
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AI) ’\ PTIVE Sh1)ELOBE ( ANCELLIN(,

Adaptive noise cancelling can be app lied to the output of a rece iving antenna array
to increase gain subst antiall y against nonisot ropic no ise . in particular against noise originat ing
fro m point sources . No prior knowledge of the received signal ex c e pt  fo r i t s  direct ion of
incidence is required . Sufficient knowledge of the antenna array must he .u va i Li He to allos~the format ion of crude beams.

An idealized adaptive sidelohe canceller is s hown in figure 1 6, This s~ stem includes
two beamfor mers , one of which steers a beam and the other a null in the direct ion of t i e  si g-
nal. The output of ’ the main heamformer is the primary input to the cance ller . s~ hile the
output of the null heamf ’ormer is the ret ’erence input.

Assume a signal s incident in the steering directio n of the main beam of (l ie s~ stei n
of figure I 6 and a statistica ll y independent noise n0 incident on a sidck)he of t he main hcatn .
The output of ’ the iull heamf ’ormer-, assuming a perfect null in the steering direction of ’ the
main heamformer , wil l contain a response to the noise n0 only - The null beat i t tor iner  (lull put
Is adaptivel y filtered and subtracted from the main beamformer output to produce a ~\‘ s tcm
output free of ’ noise.

In a practical sidelohe cancelling system a per fect null is not achievable because t i e
properties of t he antenna array elements are not ideal. For a mult iweight ada pt is e f i l ter and
in the abse nce of ’ isotropic noise , the out put signal—to—noise spectral densi ty ratio of the s~ s-tern of figure 1 6 is given by

(p
5 P 5

0~~ 
= Pi1r fP Sr~

where 
~~ 

and Pfl r are respectivel y the signal and noise power spectral density at the null
heamtor,ner output (ret ’. 3 2 5 9 If the ratio of ’ the null heamformner\ power gain in the steer-
mng direction of t he main heamformer to its power gain in the direction of incidence of ’ the
noise n0 is defined as a, equation ( 28) becomes

~
Ps1Pn~out  

~~~~~~~~ 
( 29)

where 
~~~~~ 

is the f’ree-Iield input signal-to-noise spectra l density ratio , Thus , if the l’ree-
field input signal-to—noise spectral density ratio is sufficientl y low , a null beaml ’ormer is not
required , and the reference input can he derived fro m an omnidirectional sensor (a = I S .

To illustrate the level of interference rejection achievable with adapt ive side lobe can-
celling a typica l problem was simulated on the computer (ref. 32) . A circular array consist-
ing of ’ 16 equally spaced omnidirectio nal elements was chosen. The outputs of the elements
were delayed and summed to f ’orm a main beam steered at a relative angle of 0 degrees. A
simulated signal consisting of’ uncorre lated samples of noise of unit power was assumed to be
i ncident on th is  beam, Simulated intert’erence with  the same bandwidth and a power of 100

r a ¶inaIl ,,umh,’r ‘if wt n(hI s i n  l,’rwo, 0 cigna! !“-msis, - rat/u p 1/tan cpi’i’fra / lens,, ratio oe,’UPS

20



A R R A Y  OUTPUT
ELEMENTS PRIMARY 

—

_

REFERENCE
INPUT I v’

T~~ BEAMFoRM ~~~ 
~~~~~~~~

ADAPTIVE NOISE
C A N C E L L E R

(a)

N U L L  fl

(b)

f i gure 16. Adaptive sidelohe canceller. ( aS Block diagram. (b) Typ ical beam
patterns wit Ii input signals.

was incident at a relative angle of 58 degrees. The array was connected to an adaptive noise
cancel ler in the m anner shown in figure 16, except that there was no null beamf ’ormer and
the output of element 4 was arbitrarily chosen as the ref ’erence input. The canceller included
an adaptive filter with 14 weights ; the adapt ive constant of the LMS algorithm was set at
p = 7 X I0 6.

Figure 7 shows two series of computed directivity patterns , one representing a single
frequency of one-fourt h the sampling frequency and the other an average of eight I’requencies
of from one-eighth to three-eighths the sampling frequency. These patterns indicate the
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evolution of the main beam and sidelohes as observed by stopping the adaptive process af ’ter
the s pecif ied number o t  iterations , At the start of adaptat ion all weights were set at zero ,

os ud ing .t co liven t io nat I 6—d c inc nt bea in pat tern. Af ’ter adaptation deep nulls have for med
in the direction of the iiitert ’erence, Note that a small amount of signal cancellation occurred ,
as evidenced N’s the change in set isi t  iv i ty  of the main beam in the steering direction , This
c hange s~as not unex pected . since the main beam pattern was not constrained by the adaptive
process , The signa l—to—noise ratio at t lie systc i u~ out put, averaged over the ei ght frcq uencies .
was found after  convergence to he 20 dli. The signal—to—noise ratio at the single array element
~ as — 20 dB. 1 his result is in accordance with the expectation arising f rom equations (2 8 )
and ( 291. s’s f i lch ex press output signa l—to—noise ratio as the reciprocal of input signal—to—noise
ratio.

In the absence of ’ noise or with a narrowband input signal equations ( 28) and (29 )
predict poor performance. A number of methods of combating this result , as well as the sig-
nal canu~ellation observed in the f ’oregoing experiment , have been described in the literature
(ref. 33—3m. In one of these methods , illustrated in f ’igure 18. the null beamt’ormer and
single-input adaptive filter used to form and process the ref ’erence input in the system of
figure I 6 are rep laced by a multichannel adaptive filter similar to the one shown above in
figure 5. The response of’ this filter , whic h acts as an adaptive null heamformer , is constrained
to be zero in t he steering direction of the conventional heamformer by requiring the sum of
cacti column of filter weights to he zero:

~T = [0.0 01. (30)

where ~ is defined as the vector of column constraints )0

l ( ) f / ,~ io tro,nt . ,~t~~’e st i ~I hi ’  I. Gr i f f i t / i s (ref. .,‘fi , priu’alc corn?nunication) . is equiea lent to the constraint inherent in
0 L I-roil c algorithm (r e f  $4~ \s ,t i  1/tat for sti’eripzg directions ot/u’r thati ,:ormal u, the arra y t he adaplit e j i l t er
inp utc are ‘derived fro m ttu’ eo,uu’e,itional hea mj ornier ’s dna is rather than directly from the element s, ‘sole also that
1/se eo,,u ’t ’,utiona l 1)4 -a ,nft,r,ner ’s out put is dela vt’d by an amou,it equal to one ’half 1/u’ total delay .~ of the lapped di ’lav
lini ’ of i/u ’ adapliu’t’ filters sir .~ 2. t hu.c delau ’ pro t ides the adaptive system u/lit a limited predic t l i e  capability.

ELEMENTS ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

L±~~TI::f~
_

ADAPTIVE NOISE CANCELLER

Figure 18. Constrained adaptive sidelobe canceller.
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The method of column const ra ints  guarantees a system response in flit ,’ ste e ring
direction of the ma in twain equal to the response of the conventional beamforiner, t t rovide d
that array properties are ideal. With an actua l array, however , a loss of per lormancc ’ w i th
respect to that of ’ t he conventional beamformer is experienced beca use of array gain a mid
phase errors due to irregularities in element placement . transt ’ei’ function . and isca t -t ~e(d
effects. This loss is an example of the well—known se mi sit i ’ s t v of constrained algor it ti nts to
array tolerances ref .  37) .

An alternative method of constrained adaptive s idelobe cancelling has rece nt ly  been
proposed that is re lativ L’l v mnsen s iti se to array gain and phase errors ( re f .  I S . 38 t .  I h is
method provides a means of rejecting large signals incident on the side lohes of an ,irra v s’s Nile
preserving snialt narrowband and large as well as small broadband signa ls incnlent in the
steering direction. In exchange for error tolerance broadband supc ’ rdirect i ’s i ty and large
narrowband signal reception are lost ,

The alternative method is identical to the method already described except in It s

form of’ constraint. Instead of the sum of ’ cacti column ot adapti ve t ’ilte r weights the co lumn
of individual weights at t he middle of cacti f i l ter and an additional column to eit he r sidc of
it are constrained to he zero. The middle column of zero weig hts prevents errors in gain
t’rom at ’f’ecting the canceller ’s perf ’ormance , The additional co lu m n  to either side prevent s
errors in phase from aff ’ecting pert ’ormance .

Operation of ’ the adaptive sidelobe cance ller with this method of constraint and
broadband signals ’ I can he understood by considering equations (3 ) .  (6 ) . and Ii DL s’sIii ch
describe the error c , the cross corre lation ~ between the desire d response d and the input
signal vector ~~~, and the optimal weight vector ~~~~ If ’ a signal wit It a white spectrum is inci-
dent on the array, no correlation will exist between any component of the input signal ‘sector
and the desired response unti l the angle of incidence is such that 6 ~ 6 ’. where 6 ~ the signal
delay across the array ’s aperture and 6’ is the delay across the zero-constrained weights 1)1’
the adaptive fi lter. In the region 0 < 6 < 6 ’. therefore , no component of ’ ~ will he other than
zero , and hence Pand the optimal weight vector Wt will be zero . Under these circumstances
the error (or system output ) is equivalent to the desired response. When 6 ~ 6 ’. P becomes
ot her t han zero and the possibility of rejection exists. The effect of arra y gain or phase
errors is to alter the relationship between source angle and delay 6 ’.

The performance of the erro:-tolerant sidel(,he canceller can he illustrated b~ a typi-
ca l problem simulated on the computer. In this problem it is assumed that a directional
broadband signal with a white spectrum is incident on the array elements suc cessi ’se l~ over

a I 80-deg sector. 1 2 There is a background of uniform nondirectional broadband noise wi th
a white spectrum. Signal-to-noise ratio is 20 dB. The receiving array is assu med to comprise
ten elements in a line configuration; clement spacing is one-half ’ wavelength at the sampling
frequency. The conventional bea mfornier is a ssu med to he steered in the direct ion norma I
to t he array.

To illustrate the advantage of the error-tolerant canceller , results are preset i ted lor
ideal and nonideal form s of the array described above and (‘or two (‘orms of iero constraint

/ ‘(Ipera t eon with narrowband signa ls IS rr(’at (E1 i ts  reJeri ’ni i ’ 35
“Nole f/tat the directional signal is dirt’clir,nal interference whe,, ,u;t i, ii ’isIe,, r so , 1/71’ main lob,’ ‘ ‘f l / u i -tn,is ’nliona l

hea,nforiiu’r
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on the adaptive filter weights. I he tWo forms of the array are shown in figure I 9: in the
aleal form the elements arc ,i ssu ned to he in perfect aligninen t . while in the non ideal N rni
t he ‘sinele elements at each end are assu med to he set forward one—q liarter of a wavelength.
I he two  forms of ’ co nstraint . shown in figure 20 . s’s here the ro’s’ss amid co lumns represent

res pect ncR the t i t te rs  and t ’iltcr ‘ss eights and whe re w and 0 represent respectively the weights
controlled and uot comi f rolled b~ t he adaptis e process . m a y  he described as a “sing le column

—‘H A/2 H—. . . . . S S S S
fa t

• . T! 

A/? !— 

• •

(bI

Figure I ~) . Forms of array used in error -tolerant
sidelohe cancet !ing experinteni. (at Ideal a r r a y  -

(h) N sms i i f eal array.

w w O w , , , w
w , . , w O w . , ,  w

w . . . w O w  . ,

(a)

w , . , w 0 0 0 w . . . w
w . . . w 0 0 0 w . , . w

w , . , w 0 0 0 w , , . w

I b)

w . , . w 0 0 0 0 0 w , ,  , w
w . , , w w 0 0 0 w w  ‘

0

0 0 0
w . . , w 0 0 0 0 0 w . . , w

(c)

Figure 20, Weig hting coefficient matrices for
error-tolerant constrained adaptive sidelobe
canceller. (a) Single co)umn-of.zeros con.
strain t , (h) Triple column-of-zeros constraint.
(c) “Hourglass” constrainL
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of ieros ” amid a “trip le column of zeros.” The first , w hich prevents errors in gain but not in
phase f r o m  af ’fectim ig pert ’orniance , is t hat suitable f ’or the ideal array. The second . whic h
picv emits errors in both gain and I)hase t’rom at ’f’ecting perl’ormam ice. is that suitable t’or the
nonitleal array , Also shown is a comifiguration of weighting coef ’f’iciem its that wou ld allow
reception of strong broadband signals over a finite arid comitrollah le angular sector; in this
conf ’iguration the teros are arranged in the for m of au “hourglass.”

Figure 21 shows sim ulated directional response patterns indicating the pert ormalice
of ’ the error-tolera mi t adaptive sidelobe camicel ler with the single and triple column t- ,eros
constraints, The directional response of the conventional heamf ’orn’mer is also shown f’or pur-
poses of comparisoil . Figure 2 1( a )  represents the canceller ’s respom ise with the ideal array
and the single column—o t’-teros constraint : note that the beam formed is “superdirective ’’
that is . muc h narrower than the conventiom ial beant . Figure 2 1(h) represem its perf ’ormna mice
with the nonideal array ami d single co lumn-o f —zeros constraint: the beam is severely reduced
in sensitivity whem i array properties are not ideal. Figures 2 1 ( c )  amid 2 1( d )  show the camicet-
Icr ’s perf ’ormamice wit h the triple columi tmi-o f -zeros constraint. In this case the adaptive beam
is closer in widt h to the conventional beam , but its se misitivity is miot s ignificamitly affected by
the misaligned elements. The new f’orm of constraint thus represem its a compromise between
directivity and sensitivity to array imperfection , pre serving the fundamem ital capability of an
adaptive heamformer to reject interf ’erence riot incident in the steering direction.

ADAPTIVE PRE I)ICTION . SIGNAL SEPARATION ,
A N D SPECTRA L LINE EN HANCEM ENT

Prediction filters can he used to provide estimates of statistically stationary signals at
t’uture times , If the statistics of the signal are known a priori, a fixed prediction t’ilter cami he
designed. In the absence of such knowledge an adaptive predictor that rises measurements
of ’ the signal statistics can be implemented.

An adaptive predictor incorporating an adaptive transversa l f’iltcr is shown in figure 22 ,
The desired response of this system is the unknown hut stationary signal whose characteristics
are to be predicted at some future time t + 6. The imiput to the adaptive filter is this signal
delayed by the time 6. The filter converges to a weight vector solutiomi that best matches the
delayed to the undelayed signal, Th is solution is duplicated in a slave filter , identical in
structure to t he adaptive filter , which is used to process the undelayed signal directly and to
obtain an optima l least-squares prediction of this signal at time t + 6) 3

‘rhe adaptive predictor of figure 22 , as shown in t’igure 23. can he used without the
slave filter as a separator of broadband and narrowband signals. Assume an input signal com-
posed of broadband and narrowband components - that is . components of narrow arid wide
autocorre lation function. The delay 6 will cause decorrelation of the broadband components
appearing in t he adaptive filter input from those in the desired response. These components
will thus appear in the error but not in the fi lter output. The narrowband components , on
the other hand, will not be decorrelated by the delay and wi ll appear in the adaptive filter
output ,

detai led treatment of the adaptii’e predictor ii pro rUed in references 5, 9, 14, and 39.
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Figure 2 1. Results of error -toler ant adapt ive sidelobe cancelling experinment .
(a ) Single column.o t-,eros constraint , ideal array. (b) Single coltirn mi-o t- ,e ros
constraint . mionideal am ray. (c) Trip le colum n—ot’.zeros const r~iimi t - ideal a m IJ\ -

Id) Trip le co lumn.of .tem os constraint , nonideal array.
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Figure 23. Adaptive signal separator.
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24 presents the results of ’ a computer si m ulation demonstra t ing the sepa~ationof ’ broadband and periodic signal comilponents (ref. 32) . Figure 24(a) shows t h e  input si~inai .composed of Gaussian noise with  a colored spectrum and a sine wave. Figure 24th ) showst h e  broadband output of ’ (lie separator , and f igur e 24 (c ) shows the periodic output. Thebroad band and periodic compone nts of the input signal are also shown f’or comparison withthe outputs. Note the close correspo ndence in fo rm arid reg istration. The correspotidemice
t s  riot perfect only because the adaptive filter was of finite lemtgt h amid had a t’inite rate ofadaptaf iom i .

I’he adaptive sm g mtal separator of figure 23 can further lie its-ed as a spectral lineenhancer capable of ’ detecting narrowband signals of very low amplitude masked by hack-groumid noise (ref - 32 . 40). In this app lication au estimate of the narrowband componem itsof the input signal is made from the transf ’er t’unction of’ the adaptive filter , whic h is ohtaimiedby taking the Fourier transform of the adaptive f’ilter ’s weight vector w . 14

Figure 25 presents experimental results , obtained by computer simulat ion , t hat coin-pare the performance of the adaptive line emihancer with that of com ivent ional Fourier a na ly- -
s is in detecting a sine wave iii Gaussian noise (ref. 40). The results presented show themagnitude of ’ t he adaptive t’ilter tran sfer function and t he output power spectra l dens ity otthe Fourier processor as a t’unction of ’ miormalized f requency, The adaptive filter had I 28we ights . arid t he digital Fourier transform had I 28 points. The sampling frequency was 1.The number of riata samples used was 32 ,768 in cacti case . The line emihamicer delay wa s setat 256 samples.

Figure 25 (a)  shows the performanc e of Fourier processor and line enhancer againstGaussian noise w ith a wh ite spectrum. Figures 25(b) and 25( c ) show perl’ormance against(;armssian noise whose spectrum was 50 percent white and 50 Percent colored . The colorednoise had a bandwidth of 25 percent and was generated by passing white noise through a(liter with two conjugate poles, The colored noise peak was at a frequency of 0.250. Notet hat the narrowband signal is clearly detected by the line enhancer as we ll as the Fourierprocessor even when its frequency is a lmost the same as that ot ’ t he colored noise peak. Notealso tha t the response of the line enhancer to the colored noise is negligible.

Figure 26 presents the results of a difl’erent hut related experimem it in which theadaptive separator was used to resolve signals of small amp litude in the presence of a signalof large amplitr’de (ref. 40). Figure 26(a) shows the power density spectrum of the separatorinput , which consists of t hree smne-wave signals whose relative powers are 125 , 0.125. and0.5 and w hose relative frequencies are respectively 0.1796875,0. 15625 . and 0.42 1875 ,These signals are summed with white noise of unit power. The sampling frequency is I.Note that the first signal is close in frequency to and one-thousand times more powerfulthan f he second signal, which is buried in a sidelohe of ’ the first signal and is not resolvab le.The third signal also is not reso lvable. Even when the spectrum of figure 26(a) is takent hrough a Han ning window and plotted on a loga rithmic scale , t he second signal is undetect-able and the third signal though detectable is smaller in amplitude than many of the sidelobesof the first signal. On the other hand, as shown in figure 26(h), when the power density

147’ht’ adaptire se~~pa roe ha al~i bee,, used to implement the n~~r imum entrop, ’ Jilter s,~ rt ’Jth’~u-, ’ 4!, In this ~~a’ a,,Instantane(n45 estimate of the Jrequency of a narrvwhan,j sig,~ ! of high signa/ ’to.noi~ Palm is nude (Pt -f . Irs , .12)
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Figure 24. Results of signal separation experiment. (a) Input signal (colored Gaussian noise and
sine wave). (b) Error output (colored Gaussian noise). (c) Adaptive filter output (sine wave).

30



DFT LINE ENHANCER

128 POINT DFT 128 WEIGHT LMSFILTER
ENSEMBLE SIZE = 256 32,768 DATA SAMPLES USED

i 32.768 DATA SAMPLES USED-

- 0,5 L

01_-_-_~~~~0 0.25 0.50 0 0.25 0.50

(a)

0
>- 1,0 — 1.0—

I L .

0.5~ ~
~
- ~~~~A

i / 1

- - - ~~~
0. 0 0.25 0.50 0 0.25 0.50

(b)

1.0~ 1.0

[

0.5 ~~~~~~~ 0.5 ’ 

A .
_ _ _ _ _  

r~~~~~~~~~ A 1
~~ 

~~~~~~~~~C -~~~~--~~~~ ~ —~~ --*---~--~ - --- -_- 4----.-~~~—-~ ---.—i 0 --~ - - - ,

0 0.25 0.50 0 0.25 0.50
FRE QUENC Y FRE QUENCY

(c)

Figure 25 Results of signal detection experiment. (a) Signal of frequency 0.1 25 in white
noise , (h) Signal of frequency 0 ) 2 5  in 50 percent white and 50 percent colored noise ;
colored noise peak at frequency 0.250. (c) Signal of frequency 0,220 in 50 percent white
and 50 percent colored noise ; colored noise peak at frequency 0.250 .
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Figure 26. Results of signal resolution experiment.
(a) Spectrum of separator input composed of three
sine-wave signals of relative power I 25 at frequency
t I = 0.1 796875 , 0.125 at frequency f, 0.15625 .
and 0.5 at frequency f3 = 0.421875 summed in
white noise of unit power. (b) Spectrum of error
output of separator.

spectrum of the error output of t he separator is taken , the strong first signal is absent , can-
celled by the adaptive process, and the weak second and third sigmiats as well as the broadband
background noise of t he input are clearly visible.

The plots of figure 26 are normalized so that full scale corresponds to the largest
amplitude point of each. The spectra of the input and error output were taken by digital
Fourier analysis; the Fourier transform had 1 28 points, and there was no ensemb le averaging.
The 64-weight adaptive filter ca ncelled the first signal within approximately t’ive cyc les of its
own frequency : that is . wit hin approximately 30 sample periods. Although an equivalent
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result could have been obtained by Fourier analysis alomie . it probably would have required
sul’s s tj n t ia I l ~ more data.

Ad.i ptm~e tech niq ues , as showmi by t h e results of these experimemit s. are competitive
with conventional digital Fourier analysis in detecting low—level sine waves in noise. SinL~
ada pti~ e techni ques are dmt ’t’erem it in implementation t’roni Fourier analysis , t hey may he
miiore practic ab le iii certaiii app l ic a t iom i s . In any case they offer a promnising new met hiodology
w hose full capabilities remain to be defined .
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