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Abstract

Three transto ! nlations used in the analysis of tricolor natuiral scenes are
ar~alyzed. All have nonremovable singularities, near which they are highly unstable.
Given digital input, the distribution of their transformed values is highly nonuniform,
characterized by spurious modes and gaps. These effects are quantified and
illustrated. In addition, a significantly faster algorithm for hue is derived. Image
segmentation techniques of edge detection, region growing~ clustering, and region
splitting are affected arbitrarily badly by such problems. Some stratagems are
illustrated that help minimize the bad behavior. Linear transformations are presented
as a generally favorable alternative to these three nonlinear ones.
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Saturation , Hue, Normalized Color Introduction

1. Introduction

Among the several approaches to the understanding of natural scenes are those
which are based upon the analysis of multispectral inputs. Generall y these methods,
taking a cue from the human visual system, assume a three-dimensional spectral vector
for each spatial image coordinate (pixel), with red, green, and blue filtration of the
scene providing the values of the respective vector coordinates. Several of these
methods further attempt to borrow from human color perception studies by creating at
each pixel an additional two-vector through the application of nonlinear
transformations loosely called “saturation ” and “hue”, af ter their psychological
analogues (2, 4, 5, 7, 11]. Occasionall y, an additional two-vector of normalized red and
normalized green is also generated at each pixel , using the nonlinear transformations
upon which saturation and hue are based [1, 2, 4, 10). TypIcall y, analysis of the scene
proceeds by the segmentation of the image into regions of “uniformity ” along one of
the above measures. Regions are found directly by the techniques of clustering,
region growing, or region splitting; indirectly, they are described by their boundaries
using the technique of edge detection.

This paper explores some of the problems which arise when these segmentation
techniques are applied to the data that results from the above transforms . It is seen
that the above four transformations are singular at some points and are unstable at
many others , causing the generated values to respond arbitrarily poorly to small input
variations . In addition, if the input data is digitized , the transformations introduce
anomalies into the frequency distribution of their generated values, even given smooth
input; no quantization of this output is sufficiently coarse to guarantee the removal of
the resulting spurious modes and gaps. As all the above segmentation techniques are
sensitive to the uniformity of a measure , the use of these transforms with any one of
them can result in arbitraril y bad segmentations.

Some stratagems are suggested which lessen these intrinsic problems , and bot h
problems and solutions are illustrated with examples. In addition, a significan tly faster
algorithm for calculating hue is derived. It is shown that the usual requirement that
hue Val ues be quantized can be turned to even further computational advantage.

“Color ” can be defined and computed in many ways . One such method, which
uses linear transformations , is briefly explored as an alternative to the above
measures. Although this latter method has sever al advantages , it is seen that some
cautions should be observed In Its use, also.
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Saturation, Hue, Normalized Color Assumptions and Notations

2. Assumptions and Notations

It is assumed that the red, green, and blue data have been digitized only after
any necessary signal-normalizing preprocessing has been performed on the raw
quantized data. (For example , corrections for unequal filter densities or
inverse -square t aw effects. These operations, often not required, usually generate
floating point results). Thus, the red, green, and blue data will be assumed to be
integers in the range of 0 (least reflectance) to M (most reflectance) ; typically M
2m_ 1 , with 4 ~ m � 8. Although no assumptions are made about the distribution of
values along this range, it is normally the case that the digitization is performed so as
to utilize as much of the available span of values as possible. It is also assumed that
all the transformed values are also digitized in order to save space and subsequent
processing time; this also appears to be the norm. Digitization is accomplished in the
natural way. Values are multiplied by a value S (for Scale factor) and rounded; usually
S — ~~~~ for some s. Note that this scale factor usually depends on the
r ansf ormat ion.

In the following sections, the following conventions will he used. The red, green,
and blue coordinates of a pixel (the “tristimulus values”) will be represented by their
initial letter in upper case. Normalized coordinates (“chromat icity coordinates ”: the
tristimulus values divided by the sum of tristimulus values at a pixel) are represented
by their initial letter in lower case. Thus, if R — G — B — 30, then r — g b — 1/3.
“Brightness ” is defined to be mean coordinate value, that is , (R+G+B)/3. The values of
saturation, hue and normalized color at a pixel are distinguished from their scaled and
digitized counterparts by always specif ying the latter quantities wi th some reference
to their digital nature. (Most of the discussion, however, is in terms of their actual real
values). Multiplication is usually denoted in the text by juxtaposition; for clarity,
however , it will occasionally be represented by the programming symbol “a”. Program
segments are written in an Algol-like language
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Saturation, Hue, Normalized Color Saturat ion

3. Saturation

The “saturation ” transformation is so called since its calculation of excitation
purity is analogous to the psychological phenomenon of the perception of saturation.
The formula (Tenenbaum) is:

sat urat ion ~= 1 — 3 min(r , g, b)

In terms of actual pixel values instead of normali zed coordinates , the formula
becomes:

saturat ion ~~~~ 1 — 3 min(R, G, B)/s uia(R, 6, B)

As given, the value of saturation has a range of the closed unit interval. If
saturation is to be digitized, then, where S is 2S _ 1 , for some as yet unspecified s
(output byte size):

di gita lsa turat ion ~ round(S * saturat ion)

The digital saturation has a range of from 0 (for pixels whose tristimu lus values
are equal and non-Zero) to S (for pixels with at least one zero coordinate and at least
one non-zero coordinate). It is not clear, however, despite the transformation’s

• elegance, what problems may arise in the use of saturation in natural scene analysis.

3.1. Essential Singularity

It should first be noted that this transformation is ill—conditioned. It has an
essential singularity at R — G — B — 0. The formula is undefined at this point in
tristimulus space; further , this singularity is not removable , as the following shows.

Let sat(R, B, G) be the saturation of a pixel with coordinates (R, B, G). Consider
sat(x, x, rx) where 0 ~ r ~ 1, that is, pixels along the line through the white point and
pure yellow. Then, as the third coordinate is always the minimum, it is seen that:

lim sat(x , x, rx ) — 2(1-r)/(2+r)
x-*0

• But, as 0 ~ r ~ 1, this limit is 0 if r is 1, 1 if r is 0, and, since the expression is
continuous in the unit interval, it attains every other value in the range of saturation
f or appropriate values of r. Thus, sat(0, 0, 0) cannot be uniquely defined to remove
the singularit y.

The psychological analogue to this problem occurs when a pure red stimulus
faaes in luminance to pure black: saturation remains total until nothing is seen. If
continuity is to be preserved, black should then be considered totally saturated. But
the same problem occurs when any othe r stimulus fades to pure black, even an
achromatic one (which would imply a saturation of zero for black).

3



Saturation , Hue, Normalized Color Saturation

The black points , then, have the disturbing property that they cannot contribute
to any anal ys is of the image based upon the use of saturation as a metric; their
saturati on is undefined. Any decision procedure based on the concept of feature value
di~tani e will be incapable of uniquely assi gning these poin ts to any specific reg ion.
Black points are no further in saturation from any one pixel type as they are from any
other , i~ dudirig other black points. In particular , saturation edges are undefined at
these points; clustering, gr owing, or splitting techniques (statistical techniques) have no
dis tance values on which to make discriminations at these points , either.

Fur ther , because of the nature of the singularit y, any attemp t at ad-hoc
definit ion of the saturation of black is bound to fail. Fo examp le , consider :

saturation :~ f max (R, B, 6) = 0 then
black

et se
(standar d compu tation ,

No matter what value is ar bitraril y chosen for “black ” inside the range 0 to S,
there will be instances where any decision procedure based on saturation values
arb itrari ly includes or excludes these points from a given fi gure or ground. (See
Section 6.)

Black must be handled by assi gning it a unique value unattainable by all other
input triples; that is , it is a special value treated separately throughout. One way to
do this would be to restrict S to 2~-2, and let “black” be 2~-1, for some s. Decisions
about such black points must then be made differently fr om those involving valid
saturation values; some use of informa tion about neighboring pixels appears necessary ,
if at all possible.

It should be noted that in practice black points might not be a problem. Red,
green, and blue may have sufficient dynamic range, arid the scene enough illumination,
so that black points are negligibly few. However , a narrow dynamic range of values ,
or an image with high contrast (perhaps as a result of preprocessing) may have many
pixels whose trist imulus values are all zeros, and w ill then suffer these difficulties.

0

3.2. Effects of Enput Pertuvbations

The transformation ’s essen tial singularity causes other problems; the
transformation is intrinsically unstable near the singularit y, as expected. The minima)
change of - 1 to any coordinate can cause the saturation to jum p from a total
sa turation of 1 to a saturation that is undefined; this occurs in the case of (1, 0, 0) and
its permutations. In addition, the minimum possible perturba tion of ti in any One of
the coordinates can cause the output , while remaining well-defined, to change fr om
extreme to extreme. This is seen at the pixel (R, B, G) (0, 1, 1), which has the well
defined to tal saturation of 1. However, (R, B, G) — (1, 1, 1) is totally unsaturated and
its saturation is zer o. Further , the change from (R, B, G) — (0, x, x) to (1, x, x), x ~ 1,
changes the saturati on value from 1 to (2x-2)/(2x+1), an expression whose values fall
throughout the entire range of saturation values.

4



Saturation , Hue, Normalized Color Saturation

As the transformation is invariant with respect to permutation of its coordinates,
the effects can be obtained in any coordinate. As sensor noise or minor variations in a
region’s reflectance can easily cause such perturbations (as well as much larger ones),
such instabilities are annoyingly significant , and not easily avoidable.

3.3. Spurious Modes

There are other difficulties with this transformation which relate more directly
to its effect on the distribution of its computed values, given a smooth input
dis tribution. These problems partially arise from the requirement that , if the resulting
sa turation values are to be digitized, the choice of S is usually fixed before analysis
begins. It is not clear which value for S is optimal. In fact , the above problems , being
intrinsic to the transform , suggest that given any choice, certain pathologies will
remain.

The essential problem with the distribution of these transformed values arises
fr om the use of a division in their calculation. Because the input is digitized, cer tain
output quotients are “favored” over others , creating false modes in the digitized
sa turation distribution. Certain other output values are , in fact , impossible to attain;
this creates false gaps. This effect is to be distinguished from the comb-like
distribution that occurs when digitized data is overscaled; the effect occurs even when
the output scale is the same as the input scale. The basic cause is that fractions are
equivalence classes of pairs ~f integers, and, given the restrictions on the input,
certain of these equivalence classes can have more representatives than others. For
example, the saturation value of 1/2 (mm /sum — 1/6), can be attained, in various
fractions , by many more input triples than can a saturation value of 508/511
(miri/sum = 1/511>.

A complete statistical analysis of the distribution of output values is very
difficult given the complex nature of the distributions of the red, green, and blue
reflectances that arise in na tural scenes. Nonetheless, some of the troub lesome
fea tures of the transformation can be pointed out using a limiting assumption on the
input. (Other aspects will later be shown independently of any such assumption).

Suppose that the distribution of red, green, and blue values is uniform in the
tristimulus space. That is, for all 0 � x, y, z, � M:

Prob{(R, G, B) (x , y, z)) — 1/(M+1)3

This distribution is found in a minimum entropy picture; such images almost
assuredly do not exist in nature, even given contrast enhancement. But it does seem
to predict the behavior of the spurious digital saturation modes encountered in the
natural scenes examined so far. As will be seen, this is principally because the more
prominent of the modes generated from the uniform distribution are sharply delimited
on their two sides by substantial gaps. (In fact , the larger the mode, the wider the
gaps). As the values in the gap cannot occur given an input distribution which
encompasses every conceivable pixel, they surely do not occur given any other

5



Saturation , Hue, Normalized Color Saturation

distribution. Thus these gaps must appear in natural scenes as wel l, and if the modal
value they delimit is actuall y at tained in the natural image (a likely occurrence ), a
spurious modes results. Further predictive power of this assumption derive from the
fact that , given the knowledge that a mode is spurious , this dis tribution provides a
zeroth order (constan t term) approximation to both the location and the relati~e
magnitude of other nearby spurious modes.

It can be shown that under this hypothesis , then, that false modes occur in the
saturation distributi on where miri(R, B, G)/sum(R, B, G) is expressible as a very simp le
fract i on in lowest terms (call this fraction n/d). The expected count of pixels having a
sa turation value corresponding to this ratio is approximatel y proportional to
(d-3ri>/((d-2n)(d-n)). (See Appendix A). Since this value decreases when either d or n
or both are incremented (or nearl y always: see Appendix A), the count of pixels with
saturation values corresp onding to fractions with small integer numerators arid
denominators is proportionately higher than the count at other fractions.

The digital saturation dis tribution of the hypothetical uniform tristimulus
distribution is shown in fi gure 3-1. The false modes occur most strongly at those
saturation values corresponding to simple mm /sum frac tions , at the values given in
appendix A (e.g. saturation = 1, .25, .4, .5, etc.). Relative magnitudes are also in close
agreement to t he anal ytically derived values.

The app licabilit y of the assumption of uniformity to natural scenes is
demonstrated by fi gures 3-2 to 3-4 , w hich are the digital saturation dis tributions of
natural scenes. False modes, appear ing as spikes , also occur at the values predicted,
with appr oximate predicted relative magnitudes (as seen in comparison with figure
3-1).

3.4. Spurious Gaps

The false modes in the distribution are accompanied by false gaps , one on ei ther
side of the mode. Depending on the scale factor allowed the digita l saturation , t hey
can e~ tcnd over several digital units above and below the modal value. This result is
iridepe ’ dent of the assumptions made of the input distr ibution (uniformity is not
requiredi, and the extent can be quantified.

Gaps above and below a mode at a miri/sum ratio of n/d are due to the digital
granul ari t y of the input: only certain fractions can be formed. The gap represents the
dictan e from the modal value to the nearest attainable fraction. This latter can be
thought of as a small perturbation of the numerator and/or denominator of a large
mernhv.r of the modal equivalence class. It can be shown that the extent of the ga~
bordering the spurious mode at n/cl is approximately of length (3/2)(S/M)(d-n)/d’ .
(See Appendix A). Again, this value is maximized for simple fractions n/ d , as is verified
by figures 3- 1 through 3-4 (.t saturation — 1, 0, .25, .4, etc.).

The above discussion suggests that any image having totally saturated pixels in
it will show a mode at total saturation , separa ted by a gap of length (312)(S/M) from

6



Saturation , Hue, Normalized Color Saturation

the rest of the distribu tion. If 9 > 2M/3, such a gap would be apparent in the digital
dis tribution. But such a gap is an art i fact of the choice of S; no other image with
totall y satura ted pixels could ever possibl y have a smaller one.

Thus , S should be set no larger than M/2 (or so). This result is purely a
negative one, in that this choice of S does not guarantee good behavior; it simply
avoids the bad behavior that is guaranteed if S were larger. That this choice of S
often works well in rem oving spurious gaps from the digital sa turation distributions of
large natural scenes is s hown in figures 3-5 through 3-7, which are t he rescaled
dis tributions of the same scenes as figures 3-2 to 3-4.

Tw o considerations cloud the issue , however. The first is the following. Natural
images , given filter imperfections and the reflectance characterist ics of natural objects ,
tend to be unsaturated. Thus, often the worst behaved spurious mode discussed
above, the one at total saturation , does not appear . Its special case behavior , then,
does not disturb the distributi on; the next most difficult mode is at n/d — 1/3 (zero
satura tion). This generates a gap of (1/3XS/M), which is si gnifican tly smaller , and
which is rio longer guaranteed when S � 2M.

The second c onsideration is more si gnificant. It is impossible to reverse the
sense of the negative result. That is , there is no value S, however small , whic h
guarantees t hat no spurious mode will appear. Several observations bear this out.
Best case conditions rarel y occur. Often in an image , the range of pixels does not span
the allotted range of from 0 to M. Even if they do (or , even if M is rep laced by kit’, the
true maximum value attained), in a given subarea of an image the pixel values may
attain a local maximum that is considerabl y less, Gaps in this specific region then
would he, inversely, considerabl y greater , and spurious modes more pronounced.
Thus , in anything less than the total image , saturation is very likel y to behave worse
than the theore tical best case. This is particu lar y true of reg ions of low intensity;
here all three pixel coordinates are small , and spurious modes arid gaps predomina te.
As the subdistribution contributes additively to the full distribution , an image wi t h a
sufficientl y large area of low intensity regions will still be beset with spurious modes.

( If should be noted that the above anal ysis only indirectl y addresses the
problem of those spurious modes which are delimited , though less distinctly, by valleys
(of which gaps are an extreme case). This further complication of the distribution ,
evident in the fi gures , is of significance to those methods that work directly with the
distribution histogram (clustering arid region-splitti ng) and demands further caution in
their use of sa turation.)

Solutions are difficult when this transformation is used alone. If S is set before
analys is begins, some logic must be employed to be aware of these effects when the
reg ions under study become a smal ler and less intense subset of the image If
sa turation is generated on a regional basis , some logic must be employed to adjust
either the value S or the method of handling saturation as a measure , in
correspondence with the local maximum. In either case , these problems complicate the
analysis , making the intensity-normalized aspect of saturation a mixed advantage in
segmenta tion.

7
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Saturation , Hue, Normalized Color Hue

4. Hue

The “hue” transf ormation is so called since its calculation of dominant
wavelength is analogous to the psychological phenomenon of the perception of hue.
Its formula [Tenenbaum) is:

hue : arccos((2r—g-b) /
(sqrt(6) sqrt((r—1/3)2+(g—1/3)2+(b—1/3)2)))

if b > g then hue = 2p1 -hue

The above formula can be expressed in a simpler form if actual input values,
rather then normalized values, are used ri its calculation. Strai ghtforward substitut ion
yields:

hue t arccos((1/2)((R—G)+(R—B)) /
sqrt ((R—G) (R-6)+(R—B) (G—B))

if B > G then hue := 2pi —hue

In this form , it is more easil y seen that hue is scale invariant. Thus, the above
formula is also valid if all tristimulus values are replaced by their corresponding
chromaticity coordinates.

As given, the value of hue ranges from 0 to 2rt . If hue is to be digit ized, then:

di g ita lhue :~ round(S * hue) mod round(S * 2pi)

Usually S is of the form N/(2rt), for some N. The inclusi on of the mod function is
necessary to property handle those hue values which t ie near 2n. As hue wra ps
around at 2n, the digitization bin for 0 also must include a portion of the largest hue
values. Thus, the digital hue has a range of from 0 to round(2rtS)-1 (which is usuall y
N-i).

The rewritten expression also enables the following equivalence relation to be
more clearl y seen. Let hue(R, G, B) be the hue of a pixel with coordinates (R, G, B).
Then:

hue(R, G, B) = hue(R-K, G-K, B-K), YK.

The proof is straightf orward: upon substituting the right hand coordinates into
the rewritten equation, all the “-K” parts cancel in every subexpression.

A useful corollary of this equivalence relation occurs when K = min(R, G, B). For
the purposes of example , le t K — B; then hue(R, G, B) — hue(R-B, G-B, 0). That s , by
subtracting from the pixel the entire white component of (B, B, B), the calculated hue
remains constan t, and is , in fact , the hue of a now totall y saturated pixel (as
min(R, G, B) is now 0). This nicely corresponds to the psychological phenomenon that
hue, to a first approximation at least , is saturation independent . This basic property

8



Saturation , Hue, Normalized Color Hue

will allow an easier study of this transformation ’s basic properties (and , in fact ,
suggests a more efficient algorithm for its calculation: See Appendix B).

4 1. Essential Singularity

Like saturation , this transformation is ill—conditioned. However , its essential
singularity is along an entire line in tristimulus space, at R — B — G. The formula is
undefined anywhere along this axis , as is easily seen from the rewritten formula. As
before, this singularity is not removable as the following shows.

Consider hue(( 1-r)x , rx , 0), where 0 ~ r ~ 1 (that is, totally saturated pixels along
the red-green line of the color triangle). Then:

tim hue(( 1 —r )x, rx, 0) — arccos((2-3r)/(2sqrt( I —3r+3r~)).
x-’O

But, as 0 ~ r ~ 1, hue(( 1-r) x , rx , 0) — 0 if r is 0, 2n/3 if r is 1, and, as the
expression is continuous in the unit interval (the discriminant of the quadratic is
negative, thus the fraction is always defined), it attains every value in between for
appropriate values of r. Thus, hue(0, 0, 0) cannot be uniquely defined to remove the
singularity.

The problem is actually more severe. By permuting the above coordinates, it
can be shown that , like the singularity of the saturation transformation , the limit can
take on every value in the range of hue values (0 to 2n). Further, by the equivalence
relation, it is seen that the singularity at hue(x , x, x), for all x , is also not removable.

The psychological analogue to this problem occurs when a tricolor stimulus, two
of whose sources are equal, is brought to an achromatic white by adjusting the third
source. The apparent hue remains constant until no hue is perceived. Continuity
would require the hue of the resulting achromatic stimulus, then , to be equal to the
initial choice of hue. But this choice is infinitely variable.

Achromatic points pose the same problems to analyses based on this feature as
do the black points of the saturation feature. Being undefined, they cannot contribute
to any analysis based upon hue as a metric. (It may be noted here in passing that It is
difficult to conceive of a “hue edge,” due to the manner in which hue is defined. Hue
distances must be calculated on a circle, not a line; the problems of wraparound are
not easy to resolve when using an edge detector). As with saturation, ad-hoc
definitions of achromatic points also fail, and can give arbitrarily bad results when
used in segmentations. The only way of accurately dealing with them is to assign them
a unique value. If, for example, hue is digitized by converting radians to degrees
before rounding, thus giving digital hue a range of 0 to 359 (9 bits), “achromatic ” can
be defined as 511.

Although the black points which trouble saturation can be relatively rare, it is
much harder to imagine any image, or any preprocessed image, that is totally free of
achromatic ones. Whereas only one pixel value, (0, 0, 0), had to be avoided for

9



Saturation , Hue, Norrn.~’ zed ~o’ or I—tue

saturation , and entire 1ine of pixels in trist imuluc s.pace ~s at fault here. The problem is
more acute at low dynamic ranges that at high ones; in these cases proport ionatel y
more of the possible pixel t ypes are achroma tic ones However , withi n any dig itization
range, whites , grey s , and blacks still abound in natural scenes , espec a~ ’y since deeply
sa turated colors seem to be relativel y rar e in nature.

4,2. Effects of Input Perturbations

Like saturat ion , hue also is intrinsicall y unstablr~ near fs singularity. The
mirlimLini change of ±1 in any coordinate can cause hue to jump from any one of six
well defined hues (pure red, green , blue, and their comp lenierits) to one that is
undefined; this oc curs at (x , x , x— 1 ) , (x , x , x + 1) , and their permutation s. In addition , the
minimum possible change of ±1 in any one of the coordinate c can cause the output to
change as much as rt/3. For example , pixels of the form (x+1 , x , x) have a hue of zero~when the second co ordinate is incrementall y perturbed , hue becomes n/3.
Decremer.ting the first coordinate of (x+ 1 , x+I , x ) has the opposite ef fect. Further ,
pixels of the form (x ’a l, x , 0), x � 0, when perturbed by +1 in the second coordinate ,
exhihit a wide range of hue changes depending on x. The result ’~g pixel always has
hue cc n/3. However , the original pixel has hue cc arcc os((1/2)(x+2)/sqr~ x 2.’.~+1)).
That is , its hue is determined by a function that runs continu ously from x cc 0 (where
hue cc 0) to x kit (where hue approaches n/3); thus the hue changes lie ri the interval
0 to n/3. By the equivalence relation , this also holds f or the many pixels of the form
(n+x+ 1, n+x , n), for all n, and all their permutations.

Input perturbations are easil y caused by sens or noice or minor reflectance
variati ons. The Ia-ge class of pixels that are so aff ected make the instabilit ies of hue
less avoidable, and even more si gnificant than the similar problems of saturation.

4.3. Spurious Modes

The formula f or hue in Appendix B is helpful in analyzing the nori_ l nc.ar
behavior of the tra risf c. rmation. Since the function has , ex ce pt for the added constant
‘~baseline ” terms , a basic sixfold symm etry (as does the norma lized color triang le) , the
basic behavior can be studied ri one such sixth . Let P � G � B. This is actually
somewhat larger than a sixth , as it includes the boundaries and the singularity P — G
B, but the white point can be handled separate l y. In this region

hue : = pi/3+arctan(sqrt (3) (G—R)/ (G—B+ R- .~))

As with saturation , the use of a normalizing division causes a highly non-uniform
distribution of hue values , even given a uniform distribution of red, green, and blue
values . F alse modes with neighboring false gaps , in fact , occur much more
unpleasantly with hue: they are more pronounced and harder to remove.

Assume again a uniform distr ibution over the tr istimu lus space . (The just if ication
is the same as w ith sa t urati on). Under this hypothes is , false modes also occur in hue
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Saturation, Hue, Normalized Color Hue

distributions where (G-R)/(G-B+R-B) is expressible as a simple fraction in lowest terms
(call this fraction n/d). The expected count of pixels having a hue value corresponding
to this ratio is approximately proportional to 1/(n+d) if n and d are of the same parity,
and half that value if they are not. (See Appendix A). Since this value decreases
when either d or n or both are incremented (or nearly always: see Appendix A), the
count of pixels with hue values corresponding to fractions with small integer
numerators and denominators is proportionately higher that the count at other
fractions , Again, this corresponds to the observation that , given limited input, more
simple fractions can be formed than exotic ones.

A digital hue histogram of the hypothetical tristimulus uniform distribution Is
shown in figure 4-1. False modes are more pronounced than the false digital
saturation modes. The false modes occur most strongly at those hue values
corresponding to simple fractions for (G-R)/(G-B+R-B) and its two analogous ratios, at
the values given in Appendix A (e.g. hue — nnf3, (2ri+1)n16, (2n+1)n/6±~t, etc.).
Relative magnitudes are also in close agreement to the analytically derived values. The
applicability of the assumption of uniformity to natural scenes is demonstrated by
figures 4-2 to 4-4, w hich are digital hue histograms of natural scenes. False modes,
appearing as spikes, also occur at the values predicted, with approximate predicted
relative magnitudes (as seen in comparison with figure 4-1).

4.4. Spurious Gaps

The false modes in the distribution are accompanied by false gaps , one on either
side of the mode. Depending on the scale factor allowed the digital hue, they can
extend over several digital units above and below the modal value. This extent can be
quantified, and again, this result is independent of the assumptions made of the input
distribution; uniformit y is not required.

Hue gaps are caused by the same digitiza tion effects that create saturation gaps:
due to the input granularity, only certain fractions can be formed. It can be shown
that the extent of the gap bordering the spurious mode at a (G-R)/(G-9+R-B) ratio of
n/d is approximatel y of length sqrt(3XS/M)(n+d)/(d2+3n2) if n and d are of the same
parity, and half that value if they are not. (See Appendix A). This value is maximized
for simple fractions n/d, as is verified by figures 4-1 through 4-4 (at hue — nn/3,

• (2n+ 1 )rt/6, (2n+ 1 )~t/6+o~, etc.).

The above discussion suggests that any image having any pure primary colors or
their complements (hue — nyt/3) will show a mode at their corresponding hue value,
separated by a gap of length (sqrt(3)/2)(S/M) from the rest of the distribution. Thus,
if S � 1.16M, such a gap would be apparent in the digital distribution. Again, such a
gap is artificial.

Therefore , S should be set no larger than M (Or so). Again, this is a purely
negative result; it avoids otherwise assured difficulties but does not guarantee good
behavior. The use of even 1/4 of this choice of S is shown in figures 4-2 through 4-4.
The persistence of spurious modes and gaps in parts of the distributions is noticeable.

11



Saturation , Hue, Norn i; . Color Hue

Several rea~.ons acc ount for their rec al c i t r r ~ne .  As with satur&ion, the sense of
the negative ri’sult c~rnnot he never ;ed , no vaftie of S gua rantees an absence of
spurious modes . ~3e’~ cas i~ condit~~ns rii r ‘~:y o~cur . Subimages at~~n ~v.er n~a~ ‘ nra
than the full Image arid arc’ thnr~~~’r~ r.~ ~!ly wor s e ~a~,r’ d In add ion, natura l
scenes tend to l e  unsat urated and th is f i r  t h r  ef fect ivel y decreases the rica l max ima.
(Throug h the equivalence rdat ion , hues are determined by the amounts that the
maximum and median coordi nate of a pixel ~re in excess over the minimum coordinate;
low saturat ion implies these amounts will be very small. Put another way , the
tristimulu s values of the hue- equi’:alent , t otall y satura ted p’xe l (R’, G’, B’) are very
small , implying a very small local Mt The additive contribution of the subdistr ibutions
of sizable areas of low saturatio n , then, genera tes a full image hue distr ibution wh ich
is still charac terized by spurious modes.

(A gain, this anal ysis only indirectl y addresses the problem of spurious va lleys , a
fur ther compl ication evident in the f igures.)

Solutions are more d if f icult for hue , when used alone , tr~ar’ with saturation; the
equivalence relation and the extended singularit y make hue r ore ill-conditioned. Any
logic to handle the e f fec ts  of the locally vary ing maximum would have to be even more
sophisticated. Thus , the norma~iz~ t ion 4’ ith respect to both intensity arid saturation
that characterizes hue is also a m ixed advantage in segmenta tion .

12
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Saturation , Hue, Normalized Color Normalized Coordinates

5. Normalized Coordinates

The basic instabi lit ies in both hue and satu ration den e fr om the use of
normalized coord inates. Normalized red and normalized green fo rm a rectangular
coordinate syste m upon which hue and saturation can be visua lized as a type of polar
coordinate syste m about the white point as ori gin. The instabilities of the hue and
saturation measu res suggest that the underlying rectangular coordinate measures may
be similarly unstable.

5.1. Singularity and Effects of Input Perturbations

It is not hard to show that this is indeed the case. Both coord inates are
non-removabl y singular at (0, 0, 0) (black) , by much the same reasoning as Is seen in
the cases of satu ration and hue. Consider the tine connecting pure red and pure green
in the normalized color triang le; it has pixels of the form ((1— r)x , rx , 0), 0 < r 5 1.
Thus:

ti m norrna lizedred(( 1-r )x , rx , 0) — 1— n
x-~0

The limit in the case of normal ized green is r. Both singularities are therefore
nonremovable, and black is thus unrepresenta ble in this system of coordinates. To
properl y calculate digita l normalized red, the f ollowing, where “black” is outside the
range 0 to 5, is necessary:

di gita lr iorrna lizedred := i f  inax (R , 6, B) = 0 then
black

else
round(S * (P/(R+B4G) )

Near the singu 1 arit y, both are highly unstable , as a pert”~ a o n  o”~ riput can
cause a change of up to 1/2 the range of either normalized .‘r’ordina~e; consider
(1, 0, 0) or (0, 1, 0) perturbed ri the first coordinate. I ‘ ‘.~~ saturat ion , these
instabi l it ie - , can cause a large range of output perturbations a~ -hr..’~~ hy a f irst
coordinate perturbation of (x , 0, 0) or (0, x , 0), x � 1.

5.2. Spurious Modes and Gaps

Assuming a uniform distr ibution over trist imulus space (just ified as befo re) ,
ei ther normalized coordinate exhibits spurious modes wherever the no rra l ized value is
expressible as simple fraction nd .  The heiRhts of these n )des are approximate ly
proportional to lf(d-n) if 1/3 ~ n , (1/(d-n)X 1-(3n-d)2/(2n2)) if 1/3 s n d  ~ 1/2 , and
(d-n)/(2n2) if 1/2 s nd .  (See Appendix A). Figure 5-t shows the digital normalized
color (either red or green) distribution given the hypothetical uniform tristimuluc input.
Relative magnitudes of modes are in close agreement with analyticall y derived values ,
as is their locations (at normalized color — 0, .5, .333, .25, etc.). Figures 5~2 through

13
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5-4 are the digital normalized red distribut~ons of natural scenes; spurious modes and
their relative heights are comparable to those predicted in figure 5-1.

Spurious g,~,aps bordering the mode at nd  are approximately of length
(1/2 XS/M)(d-n)/d’ if nd  � 1/3, and (S/M)(n/d2) otherwise. This value is maximized
for simple fractions n/d, as is verified by figures 5-2 through 5-4 (at normalized
color 1, 0, .5, .667, etc.). The value for S above which these gaps are guaranteed to
appear in the digital distributi on is approximately M; the effect of such a setting is
shown in figures 5-5 through 5-7.

Cautions concerning the use of normalized color are very much the same as
those put forth for saturation and hue. Best case conditions rarely occur . (VaPeys
also persist in the distribution). When this transformation is used alone, some
additional logic is needed to adjust for varying local maxima. Again, normalization with
respect t o intensity is an advantage not without its difficulties.

5.3. Distribution of (Normalized Red, Normalized Green) Ordered Pairs

The ana lysis of the two-dimensional distribution of ordered pairs of the form
(r , g) is diff icult , even given the hypothesis of tristimulus uniformity. However ,
spur ious modes and gaps appear in the projections of this distribution onto either of
the normalized color axes. Therefore , it must be true that the two dimensional
distri bution is also troubled by false modes and gaps. Figure 5-8 shows that, under
the uniformity hypothesis, this is indeed so.

Similarly, the analysis of the distribution of (hue, saturation ) pairs is difficult.
But as its projections onto either the hue or saturation axis is characterized by
spurious modes and gaps , it itself must also be so characterized. Such is the case,
under unif orm input, as seen in figure 5-9.

Both these results have implications for higher dimensional methods of
segment ation; see Section 6,
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Saturation. Hue, Normalized Color Handling the (Intrinsic) Difficu lties

6. Handling the (Intrinsic) Difficulties

The anal y tic bad behavior of the tour transformations is not n’erel y a theoretical
issue. Singularit ies and digitization errors deep ly af fec t  the four segmentation
techn iques of edge detection , cluster ing, reg ion sp litting, and region growing.
Arbi t rar i ly  bad segmentations can result from errors induced by these tra nsformations ’
undefined Values, unstable spectra l neighborhoods , and spurious modes and gaps.

6.1. Use in Segmentation: What Goes Wrong

It is impossible to smoothl y redefine the values of the transformat ions at their
singu lari t ies. Ad-hoc definitions that attempt to locate these singular points
somewhere along the range of the transformat ion will always cause some
segmentati ons to fail . A~ ~ examp le , if black (the saturation singularity ) is considered
to have zero saturat ion , then a dark green area (low in ref lectance , but spectral l y
pure) obtained by thresholdir ig above a ce nt an  saturation value (Or by region growing
using this value as a seed , or by detectin g satur ation edges , or clustering ) will exclude
these points , althoug h many may well belong to the reg ion and, in fact , appear black
becau’.e of sensor noise. Other examp les would show any other assignment for th is
singularit y causes analogous problems , and likewise for the singularities of hue and
normalized color. A gain, the singular points are not “close ” to any other points , and
must be treated separatel y (or avoided altogether ) .

Unstable areas around the singularities impact edge detection by generating
spurious strong edges from very small tristimu lus variations. Clustering and region
sp litt ing are similarl y impaired by the scatterin g throughout the transform space of
pointc which vary little in tristimulus values. Thus , a reg ion of spectral uniformity may
nevr-’r be detected. Althoug h edge detectio n is not ser~ousl y af fected by spurious
modes and gaps , those methods which work directl y with the stat is t ica l  distr ibutions of
the tran sforms are. In clustering or reg ion splitt ing , spurious modes and gaps may
lead to spurious group ings of pixels , and thus to spuri ousl y d~ l mited regions. (It
should also be noted that the use of any of these four transformat io ns as an axis for
n—d ime ns -ial clustering or region sp litting will also create difficulties , regardless of
the choice of measure for the other axes. Cognizance must be taken of both the
singul~ rit y- induced instabilities and the digitization-induced prefe rences for simp le
fract ions along that axis , and, by inheritance , within the entire distribution. )

The technique of reg ion growing also is sensitive to the irregulari ties of these
transformat ions. A given objec t can have a range of pixels that would produce a tight
c l us te i  in tristimulus space , and ye t (especiall y if it is dark and/or unsaturated ) span
the ent ire range of saturati on , hue, or normal ized color . Therefore , any cri terion for
stopp ing region growth must be too severe to grow these objects. Likewise , dissimilar
adjacent obj ects may permit reg ions to grow across object boundaries if one object’ s
spect ral  dis tribution is near a singularit y. This latter condition generates a large range
of transf ormed values , some of which must necessar ily overlap the other object’ s
(possibl y) well -behaved ones. Lastl y, spurious gaps can cause prema ture cessation of
a region’s growth , as pixels within a certain range of transform values may not exist at
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all , due to dig itization effects. These phenomena may explain the failure of hue and
saturation to provide meaning ful segmentati ons in a recent attempt of their use in
region growing {6).

6.2. Ameliorating Stratagems

It should first be pointed out that all four transformations are intrinsicall y
unstable. Saturation , hue, and normalized col or all must have singularities as they are
all scale invariant and non-constant [f(R , C, B) f(kP, kG, kB), Yk > 0]. Secondl y, as all
four employ a central normalizing division, all four must respond to digital input with
spurious modes and gaps in their resulting output. No rewritt ing of their formu lae , no
use of higher precision , no refinement of any programming technique will eradicate
either problem: the transf ormations , as given, are not well-posed. However , specif ic
care in their use , and a somewhat broader view of what they attempt to measure are
two stratagems for minimizing both classes of difficulties.

6.2.1 Avoiding the Singularities

It is desirable that small tristin iulus changes cause small transform changes.
Such behavior does obtain in these transformations away fr om their singularities.
Recalling the definition of brightness as mean coordinate value, the central formulae of
the four transformations can be rewritten as:

sat urat ion ~~ • • • 1 — mln(R, 6, B) / bri ghtness

hue ~: • pi/3 + arctan(sqrt(3)(G-R) /
(br ightness * saturat ion))  , ,

normal izedco io r  := • , , (color/3) / br i ghtness

The above indicates that saturation and normalized color are normalized with
respect to brightness , and hue is normali zed with respect to both brightness and
saturati on, in close agreement wi th psychological phenomena, However , unlike the
psychological phenomena of the perception of saturation only above certain levels of
bri ghtness , and of hue only above cer tain levels of brightness and saturation , no such
singularit y-avoiding behavior is evident in the above expressions. It can , however , be
ar tificiall y imposed by altering the use of the transformations by segmentation
te chniques.

The basic idea is that of orderin; the application of the measures. Brightness is
applied firs t , then saturation (Or normalized color), and lastl y hue. For various
techniques , this takes the foll owing forms In region growing, first regions are grown
using brightness; saturati on is used to grow subregions only in those regions of
unif orm high brightness; hue is a thir d pass on brig ht, deeply saturated regions.
Region splitting is similar , with thresholding permitted along the sa turation feature only
if and where there has been a thresholding at high brightness (or evidence of an

16



Saturation, Hue, Normalized Color Handling the (Intrinsic) Difficulties

absence of low bright-iess pixels); hue is similar. Clustering would recluster bright
pixels along saturation , and recluster for hue those of high brightness and deep
saturati on. Edge detection would first seek brightness edges, then in areas of high
brightness , saturation edges. (Hue edges are undefined . Perhaps normalized color ,
sought in bright regions , would compensate).

Two comments are in order. First , this increases computation time, espec ially for
the one pass algorithms of clustering, region growing and edge detection (if it is
indeed possible to augment this last technique). It appears that only region splitting,
intrinsically recursive in nature, could easily integrate such a priority scheme into its
control flow without added expense; it already requires a similar hierarchical scheme
for the selection of optimal modes.

Secondly, “high” brightness or “deep” sa turation can be quantified, after a
fashi on. Although there are evident no sharply defined or preferred cutoff values (as
there are none, apparent ly, in psychological phenomena), the formulae can be used to
estimate the effectiveness of a particular brightness or satura tion cutoff in stabilizing
the subsequently applied transform. As the above expressions indicate, the larger the
brightness (and saturati on) values at a pixel, the smaller the effect of a tristimulus
per turbation on the calculated output. As a first approximation, consider brightness to
be a value high enough so that it (and saturation * brightness) can be considered
constant under small input perturbations. Recall that “S” represents each digital
transformation ’s scale factor , and need not be the same value for all three; “S” is realty
“Stransf orn~ation”. Now, it can be seen that a +1 change in any coordinate can cause a
maximum perturbation of S5/brightness in digital saturation, sqrt(3)S~ /(brightness *
sa turation) in digital hue, and ( 1/3)S~/brightness in digital normalized color .

it is reasonable to define “high” br ightness as that value which guarantees , in
response to a unit input change, an output change of no more than one unit of output
digitization scale. Then “high” in the case of saturation is bri ghtness 

~ S~, and, for
normalized color , brightness ~ S~,/3. A similar reasonable definition of “deep”
sa turation requires that saturation ~ sqrt(3)S~/brightness. Depending on the values of
each S, however, any of these reasonable definitions may be impossible to attain.

6.2.2 Undigitizing the Input

The above suggestions do not address the ef fects of the use of digitized input.
As figure 6- 1 shows , avoiding the singularities of hue does not minimize irregularities
in the distribution, even when the input is assumed to be the hypothetically uniform
distribution. One procedure for smoothing out such deviations is to “undigitize ” the
input. If the number of pixels is large enough, the appropriate randomization of the
data to approximate a more continuous image distriuution can effectively simulate an
image transducer of much higher precision. (This idea is similar to the one sometimes
used in the generation of halftone pictures upon a binary output device). The
randomization vastly diminishes the quentization interval, so M is effectively increased .
it should be expected that modes are leveled and gaps are closed up.

Given no other information about the analog-to-digital conv.rt.r, It a reasonable
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to assume that it is of truncating type, as its range is from 0 to M. Thus, the one
digital value of x is the representative for all analog values in the interval (x , x+ 1).
Given no other information about the image at a particular pixel (such as s tat ist ics in
an immediate neighborhood), it can be assumed that each analogue value in the interval
is as likely as any other to have been the actual value “seen” by the transducer. Thus,
except for those digital values of M indicating possible device over-saturatio n , the use
of the digital value added to a random number uniformly selected from the unit interval
is an approximation to the actual real value, wi th an average error of zero. Assuming
channel independence, this new real value of x+random can be created separate ly for
each of three inputs.

This device appears to eliminate digitization-induced irregulari ties in the
distributions of all four transformations (including spurious va lleys , whi ch adjus t ing S
cannot do), as seen in their digital histograms under the hypotheticall y uniform input
(figures 6- 2 through 6-4). Further , it appears to preserve those properties of the
distribution which are in fact due to genuine features of a natural image, as is at tested
by the comparison of the digital hue histograms of randomized input (fi gures 6-5
through 6-7) wi th their nonrandoniized counterparts (fi gures 4- 2 through 4-4). Similar
results are found with natural scenes when this method is applied to the other (less
sensitive) measures of satura tion and normalized color (fi gures 6-8 and 6-9).

Some comments about the use of this procedure are possible. Although it can
be used alone , if it is used only after the singularity avoidance cautions have been
ernplo’ ed , the output perturbation due to each small randomizing increment will not
ex ce~ ci one digital scale unit. The procedure takes time: in some segmentatio n
techniques , such as regi on splitting, it s cost is incurred only once, though its benefits
are repeatedl y experienced; for others , it becomes a question of time versus accu racy
tradeoff . It seems , however , to be a relativel y cheap way to accu ra tel y diminish
digitization effects. Although try ing to compensate for the spur ious modes and gaps
by working only with the transformed values themselves (directl y, or by their
distributions ) would be cheaper , it would necessaril y be inaccurate in some part of the
transfor m range. This is principall y because of the nonlinearities of the fo rmulae , and
the toss of information due to the large number of pixel types that produce the same
transformed value. Examples of these faster but less accurate methods would include
randomizing the output value (by how much?), or smoothing the histogram (by what
point spread functions? ).

The sta tist ical features of the randomization (for example , the variance of the
errors in the output distribution , given n pixels) is difficul t to analyze. Even merely
deriving a closed form expression for the continuous saturat ion , hue, and normal ized
color distributions under uniform input is difficult. Calculating the dispersion is an
intricate affair , both because of the transformations ’ nonlinearit y, and because some
digitization issues still remain. For example , the uniform discrete dis tribution under the
randomization scheme above ensures that the number of pixels within a cube of length
n will be exac tly in the interval (n-i)3 to n3. As even this very simple approximation ,
th en , has a complex analysis, about all that can be said is that under the randomizing
procedure given above, the calcula ted distribution will more closel y appr oach the
actual image distribution as the number of pixels transfor med increases, it is likely
that the variance of the errors is inversely proportional to pixel count
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7. Other Transformations

Since “color ” is basicall y a psycholog ical phenomenon, many ways have been
defined t o recombine the tristimu lus information into other three-dimens iona l
coordinate systems that attempt to reproduce various aspects of the response of the
human visual system. One desired property of these various transformat ion systems is
that of quantify ing the concept of color distance: the mathematical formulation of how
far apart two colored stimuli are from each other , as perceived by a human observer.
These systems , such as Wyszeck i 1964 CIE(U*V*W*)_system ; Adams chromatic valence;
Glasser cube-root color coordinate system; Hunter L, aL, bL system , etc., are, on the
average, equivalent formulations that weigh and relate brightness with chromat icit y 19].
If it is so desired, they w ould provide a more accurate (with respect to human visual
phenomena) color metric than does the hue, sa turation , and brightness system.
However , since many of these systems use normalizing divisions in their calcu lation
(often through the requirement that the input be expressed in OlE chromaticity
coordinates), anal ogous digitization effects such as singularities and spurious gaps are
certain to appear.

An alternative t o the above transformations , which attempt to max imize their
similarit y to human standard s , is the use of linear transformations , which can be used
to maximize data separability. The best linear tra nsformation for the tristimulu s data
would most likel y be the principal component (Karhunen-Loeve) one; this , however , is a
func tion of the image and expensive to compute. There is another linear
tra nsformation , which is constant Over all images , and which has the added advantage
of incorporating some properties of subjective perception; it is used as a basis for
c olor television transmission. This Y IQ transform is briefl y discussed to indicate the
freedom of linear transformations from the singularity— and digitization-induced
problems , and their utili ty in manipulating chrominance information.

7.1. Linear Transformations

Linear tra nsformations have several advantages. They are well—defined
everywhere , and have no singularities. The perturbation of a given component of an
input pixel has an effect on the output that is independent of any of the pixel values ,
and this effec t is readily quantified. Linear transformations are efficient to compute; as
the digital domain of the input is small , bounded, and known beforehand , sca lar
multiplications can be conyerted into table lookups.

Some cautions are necessary, however , in their use. Consider each coordinate
of the transformed vector separatel y: that is , I aR+bG+cB, if any of the coefficients
used to calculate T are greater that 1 in absolute value, it is possible for the
distribution of that coordinate to have the comb-like structure characteristic of
scaled -up digital data (as in figure 7-1). The contribution of this overscaled coordinate
would cause false modes and valleys, and their associated problems. If any of the
coeffic ients are very close to a simple fraction (other than 1/n), it is possible for
“beating” to occur due to digitization error , also creating a se rrated appearance in the
Output distribution, but with modes and valleys not as severe (as in figure 7-2). For
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example , the contribution of aR, when a — 2/3 and R is uniform, would have every
other output bin twice as full as the intervening ones. That is, the R values 1, 2, 3, 4,
5, 6,. . . would be transformed to the aR values 2/3, 4/3, 6/3, 8/3, 10/3, 12/3,...
which rounds to 1, 1, 2, 3, 3, 4 

Since singularit y or ill—c ondition implies a loss of dimensionality, the
transformation matrix should be well-conditioned. Further , the coefficients in each row
of the matrix should be scaled so that the largest one of them has an absolute value of
1. This preserves , at least at one of the input coordinates , the maximum amount of
dynamic range and granularity in the input, wi thout any arbitrary compression and
resulting loss of information and discrimination at the output. This value of 1 also
guarantees that a perturbati on of ±1 in any coordinate will create an output
per turbation no larger than +1; under usual conditions, no false gaps (Or valleys) can
form.

7.2. The YIQ Transformation

The Y IQ linear transformation was devised by the color television industry as a
way of minimizing si gnal bandwidth w hile retaining subjective color fidelity. It is
theref ore a type of psychological principal components transform. It is based, in brief ,
on the phenomena that the eye at very narrow angles of view is achromatic , and that
bef ore full color perception is attained at large view angles, it is bichr ornatic along an
orange-cyan axis. The input signal is therefore linearly transformed to provide a
brightness signa l (Y , after CIE Y), an (approximate ) orange filtration (I, for “in phase ”),
and an (approximate) magenta f i l trat ion orthogonal to orange (Q, for “quadrature ”) ,
using the ma trix below (3):

V .299 .587 .114 R
1 = .596 —.274 —.322 &
Q .211 — .523 .312 B

The above transformation also assumes certain properties of the televising
camera and the receiving phosphors , so in any other domain the matrix is str ictly only
an appr oximation , albeit a close one, to pure achromatic brightness measure coupled
with an (unnormalized) rectangular chromaticity coordinate system. Note also the
effect of the bandwidth restraints; for use in segmentation , the matrix needs to be
rescaled (particularl y the 0 component). Following the recommendation above finds:

V .509 1.000 .194 R
I 1.000 — .460 — .540 6
Q .403 —1 ,000 .597 8

The digitization of the real values calculated above is accomplished simply by
rounding. Both I and Q can attain negative values; for convenience, their digital values
are translated in a positive direction by M, to handle the extreme possible negative
output. (This Increases the output byte size by 1). Thus, for example:

dlg ltelq i~~ round(q)+ti
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The smooth behavior of these three transformations , given the hypot het ically
unif orm input, is ev idenced in figures 7-3 through 7-5. The transform applied to a
natural scene is shown in figures 7-6 through 7-8.

A recent application of the region-splitting algorithm to several natural scenes
has indicated that I and Q have more sharply delimited modes in their distribution (as
determined by an automated mode selector ) than do hue and saturation , af ter alt four
measures have been scaled according to the methods previously discussed (6). This is
probably due to the fact that most natural scenes are of low saturation. This tends to
cluster the pixels about the hue singularity, which disperses their transformed values
throughout the distribution, decreasing the ability to discriminate them by their modes.

*
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Saturation , Hue, Normalized Color Summary

8. Summary

Three types of transform .t io~,s used in the analysis of tricolor natural scenes
were analyzed: saturation , hue, and normalized color. All three were seen to have
nonremovable singularities, near ~~ich they are highly unstable. Further , given digital
input , the distribution of their transformed values is highly nonuniform, characterized
by spurious modes and gaps. These effec ts were quantified, and illustrated with
examples using both theoretical and natural scenes. (Analytic results are summarized
in figure 8- 1). In addition, the study of hue resulted in a significantly faster algorithm
for its calculation.

More empiricall y, the image segmentation techniques of edge detection, region
growing, clustering, and region splitting were seen to be affected arbitrarily badly by
such problems. Some stratagems were illustrated that help minimize the bad behavior.
Further , linear transformations were presented as a generally favorable alternative to
these three nonlinear ones.
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Saturation Hu• Normaliz.d R.d

Range (0, 1] (0, 2n) [0, 1)

Singularity R — G - B 0 R G B  R G B 0

Max perturb. Full range 1/6 range 1/2 range

Modes and mm /sum (G-R)/(G-B+R-B) R/sum
gaps , ii/d = and analogues

Mode height (d-3n)/(d-2n)(d-n) (a/2)/(n+d) 1/(d-n) E [O~.,1/3 ]
(proportion, [a—2: n,d same par ity) (1/(d-n~ ( 1-(3n-d)’/
uniform input) [a— i: n,d opposite) (2n ’)~ 

( [1/3,1/2]
(d-n)/( 2n’) E (1/2 ,1)

Max mode at 1 nn/3 0

Next .25 (2n41)fl/6 .5
three .4 (2n#1)rt/6+o~ .333
highest at .5 [o~—arcta n(sqrt (3))/9] .25

Gap length (3/2)(d-n)/d2 (a/ 2Xsqrt (3))(n+d)/ (1/2)(d-n)/d 2 ( [0,1/3)
(S/M units) (d2+3n2) (n/d2) ( [1/3,1]

Max gap at 1 nrt/3 1

Next 0 (2n+1)n/6 0
three .25 (2n+I)n/6+o~ .5
larges t at .4 .667

Largest S (1/2)M M M

Figure 8-1: Summary of Analytical Resu ts.
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Appendix A: Mode and Gap Calculations

A l .  Modes

Spurious modes occur in the distributions at those values which correspond to
the creation of a simp le frac tion by the transformations ’ basic normalizing division.
The height of suc h a mode depends, in large part , upon how many representatives of
the fraction can be f ormed, given the limited dynamic range of the input; in general ,
the simpler the fracti on , the higher the mode. The actual distribution and prominence
of modes is highly dependent on the input distribution and will vary from image to
image . However , the assumpti on of a uniform distribution over the color space will
indicate which output values are mos t likely affec ted. It will also predict the effect of
such a disturbance on the modes nearby one that is known to be spuriousl y present ,
at least in terms of expected relative magnitudes.

Advantage is taken of the unif ormity of the assumed input distribution , which
permits the use of counting arguments in place of probabilistic ones. (Any pixel triple
is as likel y to occur as any other). The anal ysis of the modes in all three of the
following distri butions depends on the counting of the number of representatives of
the mode fraction n/cl that can be formed, subject to the constraints imposed by each
particular distribution on the formation of such fractions.

A.1.l Saturation

Prob {rnin(R, G, B)/sum(R, G, B) — n/cl n/d reduced) —
I (ways: mm Sn A sum itd A 0 � R, G, B � M) / (M+1)3
i(1

Th e  set I is defined implicitl y by the above three constraints. Explicitl y, the
lower bound for s determined fr om 0 � n, 0 < d and 0 � R, G, B; thus, 0 ~ i. Further ,
1 ~ i to avoid the singularity. (The singularit y itself is a special case. There ,
mm /sum — 0/0 and can be attained in exactl y 1 way , giving a probability of about
1/M3). The upper bound is seen as f ollows . The first constraint implies in ~ M, thus
i � M/n. The second constraint implies id s 3M, thus i ~ 3M/d. The two together imply,
as mm ~ in, sum ~ iri+a+b — id for mm S a, b � M; thus i — (a+b)/ (d-n) or ~ 2M/(d-n).
The two  together also imply 3n s d. Using this last relation to order the three
constrai nts on , it is seen that the most stringent is I � 2M/(d-n). Since i is an integer ,
the upper bound is str ict ly u f loor( 2M/(d-n)). The set I is then 1 ~ i ~ U.

Counting the ways of each value of i is a bit complicated. Note that both mm
and sum are invariant with respect to permutation of their variables. By the sta ndard
re lation for counting the members in the union of three overlapping sets , it is seen
that:
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ways: min(R, G, B) — in a

3(ways: R — in A in ~ G, B) - 3(ways: R — G — in A in � B)

+ (ways: R — G — B — in)

The summand can be now broken into three parts , as determined by the above.
Combining constraints , the first part reads (except for the factor 3):

ways: in+G+ B — i d A i n S G , B � M a

ways: in+G’+in+B’+in id A in ~ G’+in, B’+in ~ M a

ways: G’+B’ — id-3m A 0 s G’, B’ ~ M-in a

if id- 3m ~ M-in then id-3in+1 else 2(M-in)-(id-3in)+1 a

if i ~ M/(d- 2n) then id-3in+1 else 2(M-in)-(id-3in)+1

The sec ond part is developed similarl y (except for the factor -3):

ways: in+in+B — id A in ~ B ~ M a

ways: B’ — id-3m A 0 s B’ s M-in a

if i ~ M/(d-2n) then 1 el~e 0

The third part becomes:

ways: in+in+in — id a

if n/d — 1/3 then 1 else 0

Thus, combining terms and their tests , the total number of ways is:

((if i � M/(d-’2n) then 3((id-3in+1)-1) else 3(2(M-in)-(id-3in)+1)

+(if n/d — 1/3 then 1 else 0)]

First consider the case n/d — 1/3 (i.e. n — 1 and d — 3). Direct substitution finds
u — M, which is also the value of the summation. This result can be seen directly from
the fact that n/d — 1/3 implies zero saturation , which occurs the M times all three
coordinates are equal and non-zero.

Consider now the cases where n/d ,‘ 1/3. Let c (for “crossover ”) —

f loor(M/(d-2n)). It is seen that 0 ~ C; fur ther , 0 ~ c ~ u as a consequence of n/d < 1/3.

Thus , using t he value of c to split the sum into tw o par ts, eliminating the
if- then-else , and rearranging terms , the number of ways becomes:
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C U U
3( Z ((d-3n)i) + I ((d-n)i) + I (2M+ 1)) —

i— i  i—c+1 —c’s !
3[(d-3n)c(c+1 )/2 - (d-n)(u-cXu+c+ 1 )/2 + (u-cX2M+ 1))

Given that M — 2m_ 1 is usualjy large ( > 63, say), then M2 >> M and the above
expression is dominated by th~ M’ terms. Since u and c are in terms of M, this
inc ludes ternis of the form c2, u’, uM, and cM.

Thus, the dominant term is:

3[(d-3n)c 2/2 - (d-nXu2-c 2)/2 + 2M(u-c)J —

3[(d-2n)c 2 - (d-n)u2/2 + 2Mu - 2kk)

Approximating the integer values of c and u by the real values they would have
prior to truncation by the floor function, this simplifies to:

3[Mc - 2Mu/2 + 2Mu - 2Mc) —

3M[u - c] —

3M2(d-3n)/((d-n)(d- 2n)

Theref ore , exclusive of the singularit y, the probability that mm /sum — n/cl is
about (3/M)(d-3n)/((d-n)(d-2n)). (If n/d — 1/3, it is about (1/M2)). Considered as a
continuous function of two variables, its behavior can be studied using derivatives.
For constant d, it is decreasing f or all increasing n. For constant n, it is decr easing for
increasii~g d ? Sn, (Note, however , ci � 3n by definition, and the use of derivatives is
an overl y strict test: n/cl must remain in lowest terms).

In any case , the function is maximized for small values of n and d, with a global
maximum at n/d 0/ 1 (satura tion — 1), where the probability is 3/M. The next three
highest local maxima are at o/d — 1/4 , 1/s, 1/6 (saturation — .25, .4, .5), where the
probabilities are .5/M, .5/M, .45/M, respectively.

A.1.2 Hue

Counting ar guments w~tl again be used for hues inside the (somewhat greater
than) one-sixth portion of the color triangle, R � G � B. Thus:

Prob{(G- R)/((G-B)+(R-B)) — -n/d I o/d reduced) —
M
I I (ways: R-G — i*n A (G-B)+(R-B) — isd A 0 � 8 ~ G � R � M) / (U.!)3

8.~0 i( I
The set I is exp lici t ly determined as follows. As before , 1 S i to avoid the

singularit y. (The singularity itself is a special case. There, (G-R)/(G-B+R-B) — 0/0,
attainable the U.! times that R — G — B, giving a probability of about 1/U2). The
upper bound is seen as follows. The first constraint implies in s U, thus i < U/n. The
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second constraint implies id S 2M, thus i s 2M/d. The two together imply i(n+d) —

2R-28, thus i S 2M/(n+d). The two together also imply n S d. Using the last relation to
order the constraints on i, it is seen that the most stringent is i S 2M/(n+d). Since i is
an integer , the upper bound is strictly u — f loor(2M/(n+d)), and the set I is then
I � i � U.

Counting the number of ways finds:

ways: R-G - in A (G-B)+(R-8) — id A 0 5 B S G S R S Ma

ways: R’-G’ — in A G’+R’ = id A 0 ~ G’ S R’ � U-B

Solving the above two equations, R’ — i(n+d)/2, and G’ — i(d-n)/2. The number of
ways is simply 1 or 0, depending on the parity of the right hand sides, since both R’
and G’ are constrained to be integers. Thus, two cases emerge.

Case 1: n, d same parity (and theref ore, both must be odd).

Here, R’ and G’ are always integers , independent of the parity of i. Thus, the
number of ways is:

M u
1 1 1-

i-I
I floor(2(M-B)/(n+d))

8-0
Approximating the summand by deleting the floor function gives:

M
(2/(n+d))[M(M-1)- I B] —

8-0
( 1 /(n+d))(M2+M-2)

As the U2 term dominates , this is approximately:

M2/(n+d)

Case 2: n, d opposite parity.

Here, R’ and G’ are attainable only when i is even. This happens for about half
the values of i, Thus, t he number of way s is approximately half the above, or,
(1/2)M2/(n+d).

Theref ore , exclusive of the singularity, the probability that (G-R)f(G-B.R-B) —

-n/d is about (a/2X1/M)( 1/(n+d)), where a — 2 if n and d are the same parity, and a —

I if they are not. This function is decreasing for any increase in n or ci, and maximized
for small values of n and d (with n/d in lowest terms).

Tw o equal global maxima occur at n/d — 0/1 (hue — n/3) arid n/d — 1/1 (hue —
0), where the probability is .5/U. Thus, over the entire color triangle, there are equal
global maxima at hue — nn/3, f~r n — 0, 1,. . . , 5, also with probability .5/U. The next
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three highest local maximum classes occur at n/cl — 1/3 (hue — (2n+1)n/6, for n — 0,
1, . . . , 5] with probability .25/M, and at n/d — 1/2 or 1/5 (hue (2n+1)n/6toc, for n —

0, 1, .  . . ,5, where c~ — arctan(sqrt(3)/9) (about 11 degrees) 3, with probability .167/U.

A .1.3 Normaliz.d Color

As all normalized primaries are calculated in the same way, only normalized red
is analyzed. Counting arguments are used again. Thus:

Prob{ R/(R+G÷B) — n/d I n/cl reduced) —
I (w a y s : R — is n A R+G+B = i s d A O S R ,G,B�M) / (M+1)3
iU

The set I is exp licitly determined as follows. As before , I s i to avoid the
singularity . (The singularity is a special case. There , R/(R+G+B) — 0/0, which is
attained exactly once, giving a probability of about 1/M3). The upper bound is seen as
follows . The first constraint implies in ~ U, thus i s U/n. The sec ond constraint implies
id s 3M, thus i s 3M/d. The two together imply i(d-n) — BiG, thus i S 2M/(d-n).
Ordering the constraints reveals that if o/d s 1/3, the most stringent is i � 2U/(cI-n);
otherwise , the most stringent is i � U/n. The upper bound is then u — floor(2M/(d-n))
or u — floor(M/n), depending on the value of n/d, which splits the analysis into two
cases. In either , 1 � i � u.

Count ing the number of ways finds:

ways: R — i n A R+G+B = i d A O S ’ R ,G,B � M.

ways: G+8 — i(d-ri) n 0 s G, B s U a

if i s M/(d-n) then i(cJ-n).s 1 else 2M-i(d-n)+1

Case 1: old S 1/3

Let c — f loor(M/ (d-n)) be the crossover point in the if-then-else. It is seen that
0 s c ~ u — floor(2M/(d-n)); in fact , c u/2, approximately. Then the number of ways
becomes:

C U
I (i(d-n)+1) + I (2M-i(d-n)+1) —

i-I i— ’ c+~C U
u+2M(u-c)+(d-n)( I i - I i)

—1 t— c+ 1
But as, approximatel y, 2c — u, this is approximately:

C
u+2Uc+(d-n)( - I c) —

i-i
u+2Mc-(d-n)c2

The dominant terms are the second and third. Approximating c end u by real
values finds:
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M2f(d-ri)

Case 2: 1/3s ri/d

Here there is a complication; now u — floor(M/n). For 1/3 S nd  5 1/2, c S u, end
the sum splits. However, if 1/2 s n/d, c � u and the sum consists only of the Nthen~
part. The number of ways then becomes:

Case 2a: 1/3 5 n/d 5 1/2
C u
I (i(d-n)+1) + I (2M-i(d-n)+1) —

i— i i—c +I
u+2M(u-c)+(d-nXc 2+c)-(d-n)( I /2Xu~+u)

The dominant terms are those in U2. Selecting these, arid approximating u and c
by reals , finds:

2M2( 1/n-i /(d-n))+M(M/(d-n))-(d-n)( 1 /2XM/nXM/n) —

M2(-7n2+6nd-d2)/(2n2(d-n)) —

(M2/(d-n)) (1 -(3n-d)2f(2ri2)) or (M2(d-n)/(2n2)) (2n(2d-3n)/(d-n)2- 1)

Case 2b: 1/2 5 n/d
U
I (i(d-n)+1) —

i— i
u+(d-n)( I /2Xu2+u)

Except for the case n/d — 1/1 (where the sum — u — U/n — U), the dominant
term is the one in u2. Approximating u finds:

M2(d-n)/(2n2)

Therefore , exclusive of the singularity, the probabilit~ that R/sum — n/d
generally breaks into three cases. (if nfd — 1/1, it is about (1/U’)). 0 n/ cl � 1/3, it is
about (1/M)/(d-n). If 1/3 S n/cl � 1~2, it is about (1/M)( 1/(d-ri))(1-(3n-d)2/(2ri2)). If
1/2 s nd , it is about (1/M)(d-n)/(2ri ). Consider each case separately.

The first case considered as a continuous function of two variables can be
studied by derivatives. It is increasing with increasing n, for constant d. However, by
the constraint , n S d/3 and the function is maximized for constant d at n — d/3. Here,
its value is (1/ MX3f(2d)), which is decreasing for increasing d (as is th. original
expression). Thus, the function is maximized for small values of d, which im plies that n
will also be small, with ri and d in lowest terms.

Th. third case, again by derivatives, shows the function increasing for Increasing
d, for constant ri. However, by the constraint, d � 2n and the function is maximized for
constant n at d • 2n. Her., its value is (LIMX I/(2n)), which è. decreasing for
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increasing n (as is the original expressi on). Thus, the func tion is maximized for small
values of ri, which implies that d will also be small , with n and d in lowest terms).

The second case , a type of transition between the first and the third, is difficult
to analyze direcl y. However , as shown above, the number of ways can be expressed
in one of two ways. Firs tl y, it is equal to the product of the number of ways in the
first case , and a function that smoothl y decreases from a value of I at n/d — 1/3 to a
value of 1/2 at n/d = 1/2. Secondly, it is equal to the product of the number of ways
in the second case , and a function that smoothly increases from a value of 1/2 at n/d —

1/3 to a value of 1 at n/cl 1/2. As both the first and second cases are maximized at
small f ract ion s , it is intuitively clear that this case is also maximized there (a conclusion
further buttressed by an examination of the digital histogram).

The global maximum occurs at n/d — 0/1 (normalized color — 0), where the
probabilit y is 1/U. The nex t three highest local maxima occur at n/cl = 1/2, 1/3, 1/4
(normaIi~ed color — .5, .333, .25), where the probabilities are .5/U, .5/U, .333/U,
respectively .

A.2. Cape

Spurious gaps on either side of a mode corresponding to a simple fraction n/d
are caused by the digitization of the input and its limited dynamic range: only cer tain
fract i ons are possible. The extent of the gap depends upon how near the mode it is
possible to form a differing frac tion; in general , the simpler the fraction, the wtdcr the
surrounding gaps. (Thus , in genera l, the larger gaps surround the larger modes , and
the reverse) . Note that this effect is independent of the input distribution. Although
certain dis tributions will induce wider gaps, a lower limi t of gap size determined solely
by input dynamic range always exis ts , as shown below.

The anal ys is of the gaps in all three of the following distributions depends on
finding that faction x/y, in lowest terms and different fr om n/cl, that minimizes
abs(x/y - n/cl), subject to the constraints imposed by each particular distribution on
the formation of such fractions.

A,2.4 Saturation

The frac tion x/y that minimizes abs(x/y - n/d) — abs((dx-ny)/ (dy)) will be a
nonsimple fracti on near the largest permitted representative of n/cl (thus y will also be
large) that , if possible , makes dx-ny — 1. The largest representative of o/d is
(un)/(ud), where u — floor(2M/(d-n)), as seen in the sec tion on modes. By the
constraints for saturation , it is possible to perturb frac tions of the form mm /sum so
that x/y can be any of the frac tions formed from (u-1)n S x < un, and (u-1)d S y < ud.
By number theory, as n and d are relativel y prime, there is at least one such x and y
pair in the specified range that causes dx-ny — 1. (If n = 0, choose x — 1). Thus,
abs((dx-ny)/(dy)) — (1/d)(1/y) — approximately (1/dXl/ud), by the upper limit on y. By
approxima ting u, this is about (d-n)/(2Md2). Thus, the digital sa turation gap is:
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round(S( 1-3(n/d))) - round(S(1-3(x/y))) — approximately

3S(d-n)/(2Md2) —

(3/2)(S/M)(d-n)/d2

The global maximum occurs at n/cl — 0/ 1 (saturation — 1), where the gap is of
length l.5(S/M). The next three highest local maxima occur at n/cl — 1/3, 1/4 , 1/5
(sa turation — 0, .25, .4), with gap lengths of .333(S/M), .281(S/M), .24(S/M),
respectivel y.

A 2 .5 Hue

The fraction x/y that minimizes abs(x/y - o/d) — abs((dx-ny)/(dy)) will be a
nonsimple fraction near the largest permitted representative of n/d (thus y will also be
large) that , if possible, makes dx-ny — 1. The larges t representative of n/d is
(un)/(ud), where u = floor(2M/(n+d)), as seen in the section on modes. By the
cons traints for hue, however , fractions of the form (G-R)/(G-B+R-B) are limited in their
per turbations; any change in any coordinate yields a new fraction whose numerator
versus, denominator parity relation is always conserved. That is, if the original
numerator and denominator had the same parit y, any perturbation also will; similarly
for the case of differing parity. Thus, only about half the frac tions x/y which can be
f ormed from (u—1)n ~ x < Un, and (u-1)d 

~ 
y < ud are valid perturbations of n/d. Still,

if n and ci have differing parity, it is possible to find such a va lid x and y in the
specified range (x and y of differing parity, also) such that dx-ny — 1. (If n 0,
choose x — 1). However , no such x and y pair exis ts if n and d are of the same parity,
as dx -ny is then always even (since x and y are also constrained to be of the same
pari ty). But under these latter conditions , it is possible to find a valid x and y in the
specified range such that dx-ny — 2. Therefore, abs((dx-ny)/(dy)) — (a/dXI/y), where
a — 2 if n and d are of the same parity, and a — 1 otherwise. Then (a/dXl/y) —

approximateiy (a/dX l/ud), by the upper limit on y. By approximating u, t his is about
a(n+d)/(2Md’). Thus, the digital hue gap is:

rouncl(S(arctan(sqrt(3)(n/d)))) - round(S(arctan(sqrt(3Xx/y)))) — approximately

S(arctan(sqrt(3 Xn/d))) — S(arctari (sqrt (3)(x/y))) —

S(arcta n( (sqrt(3)(n/d — x/y)) / ( 1  + (n/dXx/y)) ))

As x/y is very close to n/d, this is approximately:

S(arcta n( sqrt(3)a(n+d)/(2Md2) / (1 +(n/d)2)))

As this is a small quantity, the arctan can be dropped, yielding:

(a /2Xsqrt(3)XSfMXn+d)f(d2+3n2)

There are two equal global maxima , at n/d — 0/1 (hue — rr/3), and at n/d — 1/1
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(hue 0), where the gaps are of length .5sqrt(3)(S/M). Thus , over the entire color
triang le, there are equal global maxima at hue — nrt/3, for n — 0, 1, . . . , 5, also with
gap lengt h of .5sqrt(3)(S/M). The next three highest local maxima classes occur at
n/d — 1/3 [hue — (2n+1)n/6 , for n — 0, 1,... , 5), wi th gap length of .333sqrt(3XS/M),
and at n/d — 1/2 or 1/5 [hue — (2n+1)n/6±t , for n — 0, 1,. . .  , 5, where c~ —

arctan(sqrt (3)/9) (about 11 degrees) ], with gap length of .2l4sqrt(3)(S/M).

A.2.6 Normalized Color

The fraction x/y that minimizes ahs(x/y - n/d) = abs((dx-ny)/ (dy)) will be a
nonsir~ple fract i on near the largest permitted representative of n/d (thus y will also be
large) that , if possible , makes dx-ny = 1. The larges t representative of n/cl is
(uri)/(ud), where u — f loor(2M/(d-n)) for n/cl � 1/3, and u = floor(M/n) otherw ise , as
seen in the section on modes. By the constraints for normalized color , it is possible to
perturb fractions of the f orm P/sum so that x/y can be any of the fractions formed
from (u- Un � x ‘~ un, and (u- 1)d ~ y < ud. By number theory, as n and d are relativel y
prime, there is at least one such x and y pair in the specified range that causes
dx-ny = 1. ( If n — 0, choose x — 1). Thus , abs((dx-ny)/ (dy)) — (1/dX l/y) —
approximately ( 1/d)( 1/ud), by the upper limit on y. By approximating u, this is about
(d-n)/(2Ud2) Or n/(Md2), depending on nfd. Thus, the digital normalized color gap is:

rourid(S(n/d)) - round(S(x/y)) = approximately

( 1/ 2X S/ M) (d-n)/ d 2 if old � 2/3, and (S/MXn/d2) otherwise

The global maximum occurs at n/d — 1/1 (normalized color — 1), w here the gap is
of length 1( S/M). The next three highes t local maxima occur at n/d — 0/ 1, 1/2 , 1/3
(normalized color = 0, .5, .667), wi th gap lengths of .5(S/M), .25(5/U), .222(S/M),
respectively .
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Appendix B: Hue Algorithm

8.1. Derivation

The following derivation of a faster algorithm for the computation of hue is
based on the equivalence relation proved in the main text. That is, hue(R, G, B) —

hue(R-K, G-K, B-K), YK. The simplifica tion of the algorithm also depends on the
geometry of the color triangle, and the fact that the hue algorithm, as originally stated,
accura tely reflects the psychological phenomenon of the saturation independence of
perceived hue.

Firs t, though, f or purposes of comparison it is necessary to rewrite the original
algorithm so that It properly handles the singularit y. Thus:

hue s=  If B >  G then
arccos ((2r—g—b) /

(sqrt(6) sqrt((r—t/3)2+(g—1/3)2+(b—1/3)2)))
else

i f  6 > B then
2p 1—arccos((2r—g— b) /

(sqrt(6) sqrt((r—1/3)2+(g—1/3)2s(b—1/3)2)))
else commen ti 6 =

If R > B then
0

e lse
If R < B then

p1
e lse comments P 6 Bt

ac hromat l ct

Here, “achromatic ” is any value unattainable by the rest of the computation. The
above algorithm avoids the singularity by avoiding the line through pure red and the
white point.

A new algorithm can be derived from the corollary to the equivalence relation:
let K be the minimum pixel coordinate. Now a corresponding totally saturated, but
hue-equivalent , pixel can be formed by subtracting out the white component. Let this
new pixe l be designated as (R’, G’, B’). At least one of its coordinates Is guaranteed to
be zero. Thus, the calculation of hue, which was originally a calculation in three
variables , natura ll y reduces to the selection and execution of one of three possible
func t ions of two variables, where each of the three is simply the general algorithm
simplified under the assumptions that the given coordinate is zero. For example,
hue(R, G, B), when B is minimum, is calculated as hue(R’, G’, B’) — hue(R-B, C-B, 0).

Further simplification is based on the following observation. Fully saturated
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co lors must lie on the perimeter of the normalized color triangle (as in figure B-i).
Which of the three lines of the perimeter this pixel lies upon is determined by the
coordinate whose value is zero. For exam p le , if B (or B’) — 0, then the pixel lies on the
red-green line, and its hue value must be between 0 and 2rr/3. The calculation of hue
angle now becomes a function of two variables , the values of whic h determine exact l y
where along the given side of the triang le the hue -equivalent pixel lies. Continuing
the example , the angle formed in the re d-green third of the color triangle (with
respect to the baseline axis joining the whi te point and pure yellow) is arctan(distance
of pixel from yellow / length of white-to-yellow line) (as in figure B-i). In this third, a
pixel’s normalized green value measures its distance fr om the red point; this value is
G’/(R’+G’+B’) — G’/(R’+G’), as B’ — 0. The angle then is arctan((G’/ (R’ +G’)—1/2) /
(sqrt (3)/6)) arc tan(sqrt(3XG-R)/ (G-B+R-B)). As the color triang le exhibi ts a sixfold
symmetry , similar formulae hold for the green-blue and blue-red thirds also.

The angles derived must be adjusted by constant factors , however, to reflec t
the angular offsets from red of the three baselines from which they were measured.
Hence, the entire algorithm can be rewrit te n , again taking care to avoid the singularity,
as f ollows:

hue := i f  R > B a n d 6 > B t h e n
p1 /3+arctan(sqrt (3) (G—R)/(G—B+R—B ) )

e l se
i f  6 > R then

p 1 +arctan(sqrt(3)(B—G)/ ( B—R+G—R) )
else

If B > 6 then
Spi /3+arctan(sqrt(3)(R—B)/(R—6+B—6))

e I se
if R > B then

0
else

ac hromat Ic:

(The above discussion is also valid if all tristimu lus values are replaced by
chrom atici ty coordinates , as the normaliz ing division by R+G# B always cancels out (i.e.,
hue scale invariant). Thus the central arctangent formula can read , in the first third
of the color triangle , arctan (sqrt (3)(g-r )/ (g-b+r-b )) , w ith analogous expressions for the
other two thirds. However, since r+b+g 1, and, in the first third, saturation — 1-3b,
this simplifies the express ions to arctan(sqrt(3)(g-r)/saturation ) and its analogues: a
f ormula not totally devoid of elegance.)

The time savings are apparent; three multiplications (powers) and a square root
are exchanged f or the use of three comparisons , and some additions and subtractions
are dispensed with altogether.
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B.2. Modifications

The calculation of hue is expensive. The following are two suggestions for
reducing computa tion time.

The first is that , as the hue transformation is itself only an appr oximation to
psychological phenomena, perhaps an approximate transf ormation can be devised that
is cheaper to compute. One such algorithm would be accomplished by dropp ing the
arctangent in the calculation . As the arctangent is monotonic , the ratio
(G-R)/ (G.~B’R-B) itself (for hues in the first third) , multip lied by the appropriate scale
factor n/3 should be sufficient to discrimi nate various hues. The same decisions are
used as bef ore to determine the proper one of the three formu lae. The new algorithm
has the effect that now all pixels are projected , instead , onto the peri phery of a color
wheel circumscribed about the color triang le (as in figure B-2). This new algorithm is
stil l intensi ty and saturation invariant; in terms of chromat ic ity coordinates it appears
simpl y as (n/ 3)(g-r )/ saturation and its inalogues. The spurious modes and gaps of this
transformation are analyzed in almost the same way as hue was in Appendix A. Mode
heights are equivalent , though they appear in different locations , However , spuri ous
gaps are exaggerated about some modes , especiall y at hue — 2nn/3, n 0, 1, 2; here
gap length becomes (2n/3)(S/M), or abou t 2.3 times larger (as shown in figure B-3).
Thus , if this algorithm is used, a smaller digitizing scale fac tor is required , and
resolution is cut about in half.

A better and only slightl y more expensive modificati on is possible. Since
digit ized input has a well defined range and a small number of possible values , table
lookup provides an eff icient way to exchange a small amount of space for a large
savings in time. This well known device allows the calculat ion of a function of one
var ia ble to be done beforehand , and replaces its run-time execution with an indexing
operation into a one-dimensiona l array; this is usuall y a much cheaper sequence of
steps. This idea can be extended to functions of more than one variable , although
untes~ the range of each variable is highly restr icted and the functi on highly comp lex ,
the overhead in both filling an n-dimensional array plus the accessing overhead for
n-dimensi onal variables is usuall y excessive.

Hue is a function of three var iables. One of the functions that compose its
ca lcula tion emp loys the a rc ta i~gent , an expens ive computation. However , a three
dimen’ional array would be excess ivel y large. Further , there is no apparent easy
drcornpos ition of the formula (as opposed to that of rn~ t r i x  multi plica tion used in linear
transformations: if T = aR+h G 4C B , then it is more ef f ic ient  if T a[R]+b[G)+c[B)) . Some
savings can occur by collapsing the constant and division into one multiplication , which
is then made into a table look-up: arcta n((G-R) $ sqrl3over[G-B+P-B)) . (This device
can also ho used in the calculation of brightness and satu ration). But the problem
remains that the argument to the arctangent is not an integer.

Note here , though, that the relativel y expensive arc tangerit calculates too much;
most of what it computes is thrown away. If the input picture is to be transformed
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and also digit ized, the value of the arctangent (plus the baseline constant) is scaled up
and rounded. Much of the precision is needed onl y to select which of two consecutive
integers has the least error as an approximation to the scaled up real, What is needed
in the computation , then, is a type of reverse table lookup. In this method, a very
quick computation predicts , somewhat inaccuratel y, what the scale d output integer
should he. The accuracy of this fast guess is checked by using the integer , thr ough
table lookup, to determine what range of arguments to the arctan gent would have
indeed produced such an integer output. If the orig inal argument lies within the
bounds, the guess is correct and accepted as the proper value. If not , nearby integers
are at tempted. If the initial prediction is a good (and cheap) one, and if one can
guarantee wha t type of error it makes , thereby limiting the resulting searc h, the
computation time will he reduced.

In practice , since the arctange ri t is monotonica ll y increasing and has odd
symmetry, it is possible to arrange matter s so that , using only the positive half of the
function , the prediction is either exact or always undershoots. The search can then
always proceed in one direction (up). Secondl y, at the expense of space (in the form
of another look-up tab le) 1 the predictions can be made arbitrari ly accurate , so that the
necessity f or searching is greatl y reduced , and, in fact , can become simply a check of
the single next highest value.

The hue algorithm presented in this appendix employs the arctangent in three
cases , each wi t h its own baseline constant. Rather than using an al gorithm which uses
thr above device to check the estimated integer for acceptabilit y against the proper
o ’ e  of three tables , some savings can be effected by the following. It usuall y occur s
that S is of the form N/(2n). If N = 6K, K � 1 (again , usuall y the case) , the three
baseline c onstants become scaled up to K, 3K, and 5K, respectivel y. As these values
are integers , their addition to a scaled-up calculated arcta ngen t does not affect the
decision as t o which of the two bounding integers the rounded result is nearest t o.
Thus under these assumptions , it suffices to use Onl y one table to decide which integer
best approximates the scaled and rounded arcta ngent alone; the addition of the scaled
baseline is done subsequen tl y.

The f ollowing code segment calculates round(S a arctan(ratio) ) for
—sqrt (3) � ratio ~ sqrt (3), giving results in the range -K to K.

index : f loor (dom ai ngra in  * abs( ratio) ) ;
pred icted :~ arctanpredicto r[ index] ;
corrected t =  If tantabletpred icted ] >= abs(rat lo) then

pred icted
else

pred i cted+1;
return(If ra t io  > 0 then corrected else —corrected ) :

Here arctanpredic tor[0 :f loor(domaingrain * sqrt (3))] is an integer array, and
tantable(O:K] is a real array. They have been loaded as fo llows:

for I 0 thru floor (doma i ngrain * sqrt (3)) do
atanpredlctor[ I] := round(S * arctan (I /doma $ ngraln))s
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for 1 t~~ 0 through K do
tan ta ble t i]  := tan(( I+0 .5) /S) g

The correctness of this program depends on the accuracy of the est imate , which
here is de termined by table lookup on an index that is the t runcated scaled-up input
ra tio. This estimater must never overshoot , nor undershoot by more than 1.
Overshooting is prohibited by the truncation. The undershooting accuracy is controlled
by ensuring that the predictor array (the value of domaingrain) is sufficientl y large so
that no prediction is ever off by 2 or more; this is possible since the arctangent does
not have a steep slope. (It can be noted that such an algorithm is impossible to
implement w t h  the original formulati on of hue using arccosine , as that func tion has an
unbounded slope at either end of its domain). In the above program there is a
truncation in the domain , a mapping through a function whose slope is always � 1, and
a truncation in the range. Thus, “sufficien tly large ” means that the length of the
inter”al of ratios enc ompassed by a single index should be no larger than the length of
the interval of angles encompassed by a single integer output. As this latter is equal
to 1/ 9, each index should span an interval of length I/S or less , implying a value f or
domaingrairi of at least S. In practice , however , the larger the array, t he more
efficient the calculation , since the predicti ons increase in accurac y and less searching
is required. As S is usually a relatively small number , even a value of lOS is not
excess ivel y large as an array size.

The time savings of this al gorithm should be apparent . The ten or so floating
point opera tions , half of them divisions , normalfy required to calcu late the arctangen t
are rep laced with one multiplica tion, tw o tab le lookups , and sonic comparisons. The
overhead for loading the ar rays is usuall y insignificantly small compared to the amount
of pixels transformed , as one array-fil ling calculati on is about equivalent to the
calculations of one pixel’s hue by the direct computation of the arctangent.
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