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1. INTRODUCTION

Smirnov l i i defined a statistic V~ as the number of t ime s a

continuous distribution F(x) crosses the vertical step s of its

empirical dis tribut ion F~ (x) . F~ (x) is based on n independent

observations from a distribution F(x). Smirnov showed that
2 / 2P(V~ < t lii) -

~ 1 - e~~ for t > 0 and P(V < t/~) -
~ 0 for  t < 0

as n -* 
~~~, independent of F(x). By generalizing this result to

counting the number of crossings of F(x) + ~~// ~~ with F~ (x) , and

F ( x )  ± x / / ~T wi th F~~(x). Smirnov was ab le to show tha t

P(sup F~~(x) - F(x) < A/ ~’i~) i - e~~~
2 

and P(sup F~ (x) - F ( x )

k~ -~ 
(~ l) ke 2k A for A > 0 , as n -

~ ~ The purpose of this

paper is to derive the exact distribution of V~ and define a good-

ness-of-fi t test based on V~ . Actually we consider C~ , w h i c h  i s  t h e

number of crossings of F(x) wi th the horizontal s teps of F~~(x ) .

Note that C~ = - 1. The reason for choosing C~ is that there

i s a simple rela t ionship be twe en C~ and the transformed observations

F(X), which allows the test to be applied without recourse to

actually p lo tting F(x) and F~ (x) and counting the number of crossin~~~.

The procedure is described in section 4.

2 . Tl!F DISTRIBUTION OF C~
We disregard the steps F~~(x) = 0 and F~ (x) = 1 and

consider the n - 1 steps corresponding to F~ (x ) = i/ n for

i = 1 , 2, ..., n - l a n d seek P(C~~~~ k) f o r k = 0 1 1~ ..., n - l .

If there are exactly i observations less than F~~~( i/n ) , then the

step will cross F(x). Conversely, if the s tep cros ses , there

I

I - .-



mus t have been exac tly i observa t ions less than F 1 ( i/ n) . S ince

P ( X  < F 1 ( i / n ) )  = P ( F ( X )  < i/ n )  = i/n , t~e can use t h e  b i n o m i a l  d i s -

tribution to get

P ( E 1) =(
~
)(

~
) (1 - 

~~
) i = 1, 2 , ..., n - 1, ( 2 . 1)

where  E~ is d e f i n e d  as the event that the i~~ step crosses F(x).

For 1 < I < j < n - 1 , we compute the s imul taneous  occurrence of E~
and IL by condi t ioning on E~ as

P ( E . E . )  = P ( E ~~I E ~ ) P ( I L ) .

The i~-~ step will cross , given that E~ has occurred , i f and only i f

i of the  j observations in (0, i/n) are in (0, i / n ) ,  i.e.,

P(E . E .) = j (~)(t)(l-
~~
)
~~~ j I(~

) (*)~(’-~
)
~}. (2.2)

U s i n g  the no t a t i on  P ( E 1) = n~ i and P ( E 1E~~) = n~ i j  we have P ( E 1E
J

) =

(~~~)~~
) 
(P.). Extending this notation we get , for 1 < I < j  < k < n - i ,

nr’ijk = P(E IEJ
Ek

) = P(E 1EJ I E k ) P ( E k )

= 
~k i i ~ ~~~~~

= ( . P .)  
~~~~~~~~ ~~~~ 

• (2.3)

i b i s  sche m e ca n b e extended to the simultaneous occurrence of any

k even t s  E . ,  k = 1, 2 , ... , n - 1. We def ine

S. = P j = 1 , 2, . . . , n - 1 , ( 2 . 4 )
j f l 11 2  ~~ — —  

--~~ — -- - - - - -_ - --- .------ —-- -—------ .----- ~~~~---_.--.--------- — _ --—- -  ---. .  ---- -“
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where the summa t ion is taken over a l l s ubscr ipts 1 < i 1’i 2
< . . . i. <n ,

and the indic ator variable s

1 if the i~~ s tep crossesx .
1 

~ otherwise

x .
for i = 1, 2 , ..., n - 1. Since s 1 ~ + X1(s-1), 

we have

n- i X .
iT s 1 = 1 +~~~ X.(s-i) +

~~~~~~~~~~ ) ( .  X .  ( s - 1 ) 2 + . ..
i 1  ‘1 ‘2

+ Ex1x2 . .  .X~~ 1(s~ i)~~~ ,

wh ere the summ at ions are taken over the ranges as in ( 2.4) . Since
n-i

Cn = 
~~ 

X 1 , we have the probability generating function of C~ as

/n- i X.\ n-i
• P(s)  = E( 77 S = 1 + E ( s - i) 3 S.  (~~. 5 )

\i=l I j=l

• becau se E (X. X ) = P 1 ‘1 12 ‘~ 1’2 ‘j

Note tha t  we can w r i t e

= ILL ~~ (flfln~ i

fl 1 
n
fl i! (n-i)!

and , in general , 
-

. 11 . . i- i  • n - i -
P .  . . 

- n! 11 (‘2 ’i) 2 1 
(
fl- l j )  J

~ ‘l’2 ” ’ j - 

~n T~T (i 2
i1) ! (n-i.~~ !

Now

j+l A .~~i
S. = al ~~ 7,. 1 

,

‘~ ‘i’2 i
i ~n i=l A 1 !

i_~1
where thi s summa t ion is taken over ~~ X~~

n and A. > 1.
i=1

-3-
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t~e c a l c u l a t e  t h e uncon strained sum

A + . .  . + X .  j+i A .~~i
L x 1 

~ 77 -~~ ( 2 . 7 )
A . >i i=l i!

and use the c o ef f i c i e n t  of x~ to get ~~~~

Using the Residue Theorem , we have

~ Z ’ 
dz , 

(2.8)

and

A=l  A !  2lTi X=l

i ii xeZ dz
27Ti (z_xe Z)

= z (x )  (2.9)
i - z ( x )

whe re  :( x ) is the  sol u t i on t o z = x e Z such t h a t  i as x -
~ o .

Th e c o e f f i c i e n t  of x~ is ob ta ined  from

i 
~ 

i ( z ( x )  \ ~ dx ; ( 2 . 1 0 )
27Ti x~ \

1-z(x))

and changin g the var iable of in tegra tion fr om z to x , we h a v e

s. = at ~~ ~~~~~~~~ -~~--~~~ ~~~~ dz = n! n - j- l i 
~~~~~~ T J

~ n fl 2ffi ~ z~ ~i-zJ n~ (j-1)! j=() i! (n - j - 1 - i ) !

(2.11)

Notice that Sjn 0 for i ~ n in (2.4) and (2.11). Thus from (2.5)
-4-
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we have

P ( s )  = 1 + ~~~ ( s - l ) 3 5.
j = i  3

= 1 + ~~~~~ —~---- ~~~ ~~ - - -  ~~ ( s - i ) ~ (~~~
\
~i 

d z
n~ 27Ti z j l  \1-zJ

= + 

~ Z~~~’ l~ sz 
dz . ( 2 .  1 2)

We hav e

C (s)  = ____ = ~~ P ( C < k ) s k

1 n! 1 e ’~~ 1
= —- -

~~~
—--

~~~~
--

~j—~ 
dz ,

i -s n 27T1 z 1 -sz

which is the generating function of the cumulative probabilities.

Since C~
1
~~(O) = P(C <k)k!, we have

P(C~ <k) = 1 - 
~~~~~~~~ 

~ ~~~~~ 
dz

n!= 1 - 

~-4-k ‘

( n - 2 - k )  !n

and
( 1+ 1 -

~ IP(C =k) = 2+~ 
~~~~ ( 2 . 1 4 )

n n (n- i -k ) !

Using Stirling ’s formu la and ln( 1 -x )  ~ 
- x - x 2/  f o r  s m a l l  x ,

we have , for k = tv’~ ,

—s —

~

_ - _

~
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1/2 n - ( k + 2 )
P ( C ~~< k )  ~ 1 - 

(n-~~k + 2 ) )  (n~~~~+ 2 ) )  e x p ( - ( k + 2 ) )

= i - exp (4 in (i- 
~~~

) - ( n - ( k + 2 ) )  1n ( i - ~~~~)-( k + 2 ) )

~ 1 
- exp 

~~~~~~~~~ 

( k + 1 ) ( k + 2 ) ~ + - exp (-
~ 

t 2)

w h i c h  is Smirnov ’ s r e s u l t .

3. RELATED RESULTS

The c h a r a c t e r i s t i c  f u n c t i o n  of C may be o b t a i n e d  f r o m  ( 2 . 1 2 )

by 
~ubstituting s = e lt  and noting that ~~~ = 0 for j > n .  We ge t

= ~~ (e
it

-i) J S~ , ( 3 . 1 )

and c a l c u l a t e  t he  c e n t r a l  m o m e n t s  as

E ( C ~~) = 
r O) = 

~~ (
~~ 

( J )  ( 1 ) i - k  k r)S 1~ , (3. )

where we can use the known result

£ 
(
~~~ 

(~~i ) 3 k  k r = <

~~~~~~~ . (3.3)

— 6—
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I n  g e n e r a l , we get t h e  r c cu r ~ i on r e l a t ion

Sk = ~~ P. Sk i  ~ 
= 1 , 2 , 3 , . . . ,  n -i ,

w h e r e  S0 = 1 for all i~~.

The c h a r a c t e r i s t i c  f u n c t i o n  of C~ max ’ he c a l c u la t e d  f r o m

itC n-i n - i - r n  i t F

* ( t )  = E~ e ~ = 
n~~ k~ 0 

( r n ± k ) ( l ) k S k~ 
(3.5:

and by a change  of v a r i a b l e  u = m+k , and a change i n  the ordc- r of

s u m m a t i o n  we get

= 
~~~~e~

t .i)U S .

U s i n g  ( 3 . 4 ) ,  we ge t  t he  f o r m

~~(t) = 1 + (e1t~ l) ~~ P. ~ .(t). (3 .7)

From ( 3 . 6 ) , t h e  mean and v a r i a n c e  of C~ a r e

= S1 
(5.~~)

V a r ( C ~~) = S1( i - S 1) + 2S 2

an d  m o m e n t s  may be calculated using (3.5) to get

E(C~ ) = ~~~~~O) 

~~~ (m~ 0 
(
~~~ -1)~~ m m i)S~1

. (3.9’

—~ ~~~~~~~~~~~~ 



- - -~~
. —----

--- - 
-— 

— --_------ — -- _-- ---
~~~

-_ - --- -

A t a b l e  of t h e  e x a c t  d i s t r i b u t i o n  of C up to  n = 30 isn

~ iv en  in t a b l e  1. In  some g o o d n e s s- o f - f i t  t e s t s , c o n v e r g e n c e  to

t h e  a s y m p t o t i c  d i s t r i b u t i o n  is r a p i d  and the  a s y m p t o t i c  d i s t r i b u t i o n

may be used f o r  s m a l l  s ample  s i z e s .  In the  case  of t he  C r a m e r -

Von M i s e s  s t a t i s t i c, M a r s h a l l  [ 2 ]  has shown t h a t  t he  a s y m p t o t i c

J i s t r i b u t i o n  may be used fo r  s a m p l e  s i z e s  of t h r e e  or f o u r . In

t h e  case  of ~~~ conve rgence  is s low and i t  is not  u n t i l  n > 100 t h a t

t h e  e x a c t  and a s y m p t o t i c  d i s t r i b u t i o n s  become r e a s o n a b l y  c l o s e .  In

fact , calculating

P(C~ + 1 < /~~ t) = P~ C < v~ t - i )  = P ( C  k )

- 
~~ 

2 / 2
f o r  k = 0 , 1 , 2 , . .. , n-I ; and comparing these values w i t h  l-e

‘k  + 1) 2
wh e r e  t = ‘- f o r  k = 0, 1 , . . . , n - I , we f ind t he  m a x i m u m

d i f f e r e n c e  b e t w e e n  the  e x a c t  and a s y m p t o t i c  c u m u l a t i v e  d i s t r i b u t i o n s

d e c r e a s e s  as f o l l o w s :

n = 2 3 4 5 10 20 30

lixi mu m 
= 0 . 3 6 7 9  0 . 2 9 12  0 . 2 3 1 5  0 . 2 1 4 6  0 . I 4 n ~) 0 . 1 0 1 3  0 . 0 ~~2 2

~ii  Nerence

n = 40 50 60 100

. - 1 i x i m u m  = 0 . 0 7 0 8  0.0632 0.0575 0.0443di ffcrencc

-8—
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4. A GOODNESS-OF-FIT TEST

We use C as our test statistic and note that if the hypothe-

sized di stribu t ion F(x) is correc t we ex pec t C~ to be lar ge . Thus ,

acceptance regions coincide with large values of C~~. We divide

the in terval (0,1) in to n equal cel ls of len gt h i/n . The i~-~ step

of the empirical distribution function crosses F(x) if and only if

there are exactly i observations less than F~~ (i/n). This occurs

if and only if there are exac tly i t ransform ed obse rv ati o ns F(x)  in

the fir st i cells of len gth 1/n. Thu s , if we denote the cell

frequencies as f~ . C~ will be equal to the numb er of t ime s

fi ~2 
+ + 

~~~~. = i for j = 1, 2 , ..., n-i. (4.1)

To apply  the tes t we need simp ly tr ans fo rm the sample X 1, X 2,..., X~

to F(X 1) ,  F(X 2) , . . . ,  F(X ~) and count according to (4.1). Critical

poin ts and si gnificance levels may be calculated from (2.13).
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