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1. INTRODUCTION

Smirnov |[1] defined a statistic Vn as the number of times a
continuous distribution F(x) crosses the vertical steps of its
empirical distribution Fn(x). Fn(x) is based on n independent

observations from a distribution F(x). Smirnov showed that

_$2/2
et/

POV ¢ 8f) & B for t > 0 and P(V_ < t/n) » 0 for t < 0

as n » o, independent of F(x). By generalizing this result to
counting the number of crossings of F(x) + }//n with Fn(x), and

F(x) + A/v/n with Fn(x), Smirnov was able to show that

ol

P(sup F_(x) - F(x) < A//A) » 1 - e 2t
k -2Kk%°

A/Vn) - kf_m (-1)"e for A > 0, as n » ». The purpose of this

and P(sup | F_(x) - F(x) | <

paper is to derive the exact distribution of Vn and define a good-
ness-of-fit test based on Vn. Actually we consider Cn’ which is the
number of crossings of F(x) with the horizontal steps of Fn(x).
Note that Cn = Vn - 1. The reason for choosing Cn is that there
is a simple relationship between Cn and the transformed observations
F(Xi),which allows the test to be applied without recourse to
actually plotting F(x) and Fn(x) and counting the number of crossings.
The procedure is described in section 4.
2. TUE DISTRIBUTION OF Ch

We disregard the steps Fn(x) = 0 and Fn(x) = 1 and
consider the n - 1 steps corresponding to Fn(x) = i/n for
i=1, 2, ..., n - 1 and seek P(Cn w k] for kK = 0, L, ~«c5 B = 1.

If there are exactly i observations less than F'l(i/n), then the iED

step will cross F(x). Conversely, if the ilﬁ step crosses, there

1




must have been exactly i observations less than F'l(i/n). Since
P(X < F-l(i/ﬂ)) = P(F(X) < i/n) = i/n, we can use the binomial dis-
tribution to get

ol

P(E;) =('1‘)(%) i(1 g %)n e L SO R FRRSE - §

where Ei is defined as the event that the i;h step crosses F(x).

For 1 < i < j < n -1, we compute the simultaneous occurrence of Ei

and Ej by conditioning on Ej as
P(E.E.) = P(E.|E.) P (E.).
(E;E;) = P(E;|E) P (E))

The iﬁl step will cross, given that Ej has occurred, if and only if

i of the j observations in (0, j/n) are in (0, i/n), i.e.,

A@ ad @ ad™

Using the notation P(Ei) = nPi and P(EiEj) = P.. we have P(EiEj) =

(2.2)

P(ESE;) =

nij

(ipi) (nPj). Extending this notation we get, for 1 < i < j < k < n-1,

npijk = P(EiEjEk) P(EiEj | Ex) P(EL)

Gi3) P

(jpi) (kpj) Py : (2.3)

This scheme can be extended to the simultaneous occurrence of any

k events Ei, | T SO S A ) L 1 2 We define

W O SR W ey T (2.4)

e s
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where the summation is taken over all subscripts 1 < i

< ; [

11, §5m,

and the indicator variables

1 if the iEh step crosses

0 otherwise

X.
for 1 = 1, 2, .. n = 1. ' Since s *

1+ Xi(s—l), we have

s 1= 1-*2:Xi(s—1)-*§:x. X. @-1)2+...
i=1 o M
n-1
+ lelxz...xn_l(s-1) ,
where the summations are taken over the ranges as in (2.4). Since

=l
Cn = 3 Xi, we have the probability generating function of Cn as
i=1

n-1 Xi n-1 :
P(s) = E[ T s = 1+ ¥ (s-1)s, (2.5)
i=1 j=1 J
because E(X, M. swee =i P oo
i;7i, lj nii, lj
Note that we can write
p. o B A KRR
A a5l (e-1))
and, in general,
1 a0 i .
o R SR L i
i (e a4 n=-1. J
npilizocoi- - 'r}'!— —.1'—" —(—.—2—_.——1—)—|— ..o ‘(_TI—L-)‘l .
) nn 11. (12 11). (n 1j).
Now
; jel At
S, = E Py g ey =B r St (2.6)
J 1%2 BB i=1] *i°

where this summation is taken over
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We calculate the unconstrained sum

Rytaowhs fi%E 200

b I e (2.7)
A2l i=1 - 5
and use the coefficient of x" to get Sjn'
Using the Residue Theorem, we have
A Az
A 1 e
L= 42— dz, (2.8)
Nyooomi i 2+
and X
SRR B 3 W £ Cid JP
)7 W ¢ v o BB T Gl
2
L
2mi {z-xe )
-2, (2.9)
1=Z(x%)

where z(x) is the solution to z = X e’ such that 5£§l + ] as x =+ (.

n

The coefficient of x 1is obtained from

J+i
¢ 1 (2 Gl (2.10)
2™ X l-z(x))

and changing the variable of integration from z to x, we have

s, = BL 2 fenz 2\ g .t "Ehal e2ei)
J " om T 2" \i-e ati-apy  d=g. AV EIrId
v il
Notice that Sjn= 0 for j > n in (2.4) and (2.11). Thus from (2.5)
-4..

h—-—-—-——w—_ﬁ.—.—.A »




we have

P(s) =1+ X (s-1Is,
J=1
' nz il - j
=1+ »3 > (s-1)3<—5— dz
n  2mWi z j=1 1=z i
nz
-1+ D e 1 g, (2.12)
n 27mi z l1-sz
We have
n-1
c(s) = 28) - P(C <k)s¥
1-s k=0
1 n! 1 e | ;
- = - L dz , :
Yug A" Zvi'f P ,’
'

which is the generating function of the cumulative probabilities.

since ¢(®) (0) = P(Cc_<K)k!, we have

£24 g
P(C.<k) =1 - ——
n Py ¢.zn 1-k

=

L . (2.13)
(n-2-k) 1n2*k
and

& (1+k)n!
P(C_=k)
n n* K n-1-%) 1

Using Stirling's formula and In(1l-x) = - x - x2/3 for small x,

we have, for k = t/n,




exp(-(k+2)) i

- 142 = n-(k+2)
P(Cnf-k) &1 - <#-ik+2i> <n-(k+2i>

1 - exp (% In (1- K2) . (n-(k+z))_1n(1-k;2)-(k+2))

~ 1 - exp <——%—ﬁ (k+1)(k+2)> > 1 - exp (-% tz) 5

 which is Smirnov's result.

3. RELEATEDSRESULTS

The characteristic function of Cn may be obtained from (2.12)

by substituting s = g and noting that Sjn = 0 for j > n. We get
3yl : .
@ (t) = (elt-1>3 g (3.1)
j=0 b

and calculate the central moments as

(I‘) n':‘l _] -
E(CT) = ‘.”_#Ql - 5 <k§') (1) v X kr>5m, ¢3.2)

where we can use the known result

i : : ; .
: j L3R o8 U if T € ]
4 () 0T x j ifre=3




In general, we get the recursion relation

n=l
Sk = '2; npj Sk-l e S I P A 3.4
, j=k
g where SO = 1 for all .
é The characteristic function of Cn may be calculated from
itC il = = itm
P (t) =E<e f> S B ("”k et B i {3.5)
“' B m=0 k=0 m) m+k

and by a change of variable u = m+k, and a change in the order of

summation we get

o=l p \
P (e = Y, @1t_1)u S
Using (3.4), we get the form

: 110
. it ia o
¢n(t) =R (e _1) Jz=:1 an ¢ ](t)' LI

From (3.6), the mean and variance of Cn are

1
—
(2!
—
i
nn
(93]
oo

Var(Cn) = Sl(l-Sl) + 282 )

and moments may be calculated using (3.5) to get

1 u=0 -

(T} n-1 u P v
B(ch) = 20 - <Z (“)(-1)“ 5 m’)SU- (3.9)
m=0




A table of the exact distribution of Cn up. to n = 30 is
given in table 1. In some goodness-of-fit tests, convergence to
the asymptotic distribution is rapid and the asymptotic distribution
may be used for small sample sizes. In the case of the Cramer-
Von Mises statistic, Marshall [2] has shown that the asymptotic
distribution may be used for sample sizes of three or four. In
the case of Cn’ convergence is slow and it is not until n > 100 that
the exact and asymptotic distributions become reasonably close. In

fact, calculating

P(C, * 1 £ /M ) = PIC ¢ ¥ t-1) = PIC_ < X)

n

: . 42
PO g = s 2R n-ljand comparing these values with 1l-e 3
where t = (K ; 1) for k = 0, 1, ..., n-1, we find the maximum

difference between the exact and asymptotic cumulative distributions

decreases as follows:

|2}
+—
(oal

n = Z 10 20

Maximum
difference

e BT =29 152 0°. 2515 0.2146 0.1469 Gel0d S 0x

n = 40 50 60 100

Maximum
difference

0.0708 0.0632 (L 0S7S 0.0445

30
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4. A GOODNESS-OF-FIT TEST

We use Cn as our test statistic and note that if the hypothe-
sized distribution F(x) is correct we expect Cn to be large. Thus,
acceptance regions coincide with large values of Cn' We divide
the interval (0,1) into n equal cells of length 1/n. The iEh step
of the empirical distribution function crosses F(x) if and only if
there are exactly i observations less than F-l(i/n). This occurs
if and only if there are exactly i transformed observations F(x) in
the first i cells of length 1/n. Thus, if we denote the cell

frequencies as fi’ Cn will be equal to the number of times

f1 + f2 R e fi S R s S P SRS T (4.1)

To apply the test we need simply transform the sample Xl’ XZ""’ X
to F(Xl), F(Xz),..., F(Xn) and count according to (4.1). Critical

points and significance levels may be calculated from (2.13).
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