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We are interested in sol ving the coupled set of equations

~~~~~2 -a(t)y
(1)

For the problems we are interested in, these equations do not reduce to any

known special functions . These equations arise in the study of combat model s

where x and y are opposing forces and a(t) and b(t) are the attri tion

rate coefficients rel ated to the effecti veness of weapons. Lanchester [1)

first looked at these types of models for aircraft battl es , using constant

coefficients (in which case the soluti on is in terms of exponentials) arid so

these types of equations are referred to as Lanchester equati ons. There are

also special cases of the coeffi cients for whi ch the solutions to (1) are

expressible in terms of the general ized Airy functions [2).

We are interested in problems where the coefficients a(t) and b(t)

are positive and continuous . In that case we expect that we can find solutions

which are linear combinations of monotonic, exponenti al l ike functions. If

we have such a set, then the analysis of the forces necessary to guarantee

a win for one side, say x , Is very much simpl i fied. So we are interested

In determining exponenti al like soluti ons for (1), and error bounds for the

solu tions.

We convert (1) Into a single second order di fferential equations for x(t)
#~~

-.4 - ~a ~
}
~~

- a(t)b(t)x 0
t (2)
x(O) x0 , a~~(O) ~. (0)

(3)

I. 
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Equati on (2) is still awkward. Let us define two useful quanti ties , the

intensity of combat 1(t) and rel ative fi re effecti veness R(t)

1(t) iatt)b(t) (3)

R(t) . (4)

A change of independent variables will simplify (2). Let

t
t~~~ ~~I(s)ds , (5)

then (2) becomes

d2x _~~-l dR dx _ 6

We now reduce (6) to the standard Liouville-Green form by the usual change

of dependent variable

(7)
‘if

So (6) becomes

4 _ [ i  + /T~~~~ (l// ~)]W 0 . (8)

Then the standard estimates for (8) say that there are two solutions to (8)

W c1e~~ + c2et

i.e. there are two solutions to (2)
t t

~ I I(s)ds -f I(s)ds~
- x(t) = ~/~~~

-~ce 
0 + c2e 

0 (9)

What is the error in using (9)? A number of error estimates are available

[3J, [4]. It turns out that they are not quite good enough for our purposes.

The estimates depend upon whether one is interested in the dominan t solution

P~;9 or In the subdominant solution.

(4)
~~~~

, 

.&.~
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Looking first at the dominant sol ution, et , we take

= ettl + h1(t)] (Jo)

Then the error h1 (t) satisfies

h1 + 211i ~~ (l + h1) (11)

where

d2,/if ...._2. ( l / v ’~) . (12)
dr

Converting (11) to an integral equation wi th zero initial condi tions we have

h1(t) = ~~Jt[l - e 2(t 5)]~(s)[l + h1 (s)]ds . (13)

Our error estimates are based on Willet ’ s general ization of Gronwall’ s lema.

Leniua 1. Let
I

h(t) = / K(s,t)IP(s)[J(s) + h(s)]ds
0

and let

IK(s ,rH ~ Q(s)P(t)

then

� P(t) f IJ (s ) IQ ( s ) (~ii(s) I exp~J P(z)Q(z)(~(zfld4ds . (14)
0 ~s I

Proof: See Wil let [5).

An imedi ate corollary Is:

Corollary. Let M(z) = Q(z) max {~J(z)j ,P(z)} then

Ih(tfl � P(t)[ex P
{~

M( I s ) lds } — 11. (15)

Proof: Integrate (14), using M(z) .

• In the case of equation (13)
K(s ,r) ~

. 
~i - e 2(T - 5) ) ~ ~. (1 — e

_21
)

J(s)=l .

(5)



I

Thus we can take P(t) = 1 - e 21 and Q(s) = ~
. - Then lema 1 gi ves

Theorem 1. The domi~iant soluti on to (8) satisfies

= et[l + h1 (t)J

� e~[1 ÷ (1 - e 21)(exp{f
t 

~ k(s)Ids} - 1)] (16)

As for the subdominant solution , we take

W2 = e 1[l +

and then h2 satisfies

— 2h2 
= I~(l + h2 ) (17)

which converts to

h2(t) 
= f ~ ~~[e2(T~~~ i] ~(s)[l + h2(s)]ds (18)

Now we have

K(s,r) = ~ e2(T~~~ 1 � ~ (e~ - l)e 2
~ -

Then we have

Theorem 2. The subdominant soluti on to (8) satisfies

W2 
= e 1[l + h2(t))

� e~~ + (e21 - 1) /
1
e 25 i~4~

l~exp ~ - e~~) 
~4~

.)-
~dz ds] . (19)

Observe that we did not use the corollary on (19).

We can see that our estimates depend very strongly oi ~jt , gi ven by (12).

For the Lanchester equations (1), the coefficients a(t) and b(t) , for

many applications , can be expressed by

:1 a(t) k (t + c)Ma (20)
b ( t ) = k b(t + c + a ) v

I ~~~~~~~~~~~~~~~~~~~~~~~ .
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where C is the “starting” parameter , and A i s an “off-set” parameter

(so y can have a di ffe rent fi ring range than x ). These are referred to

as the ‘power rate” coefficients. For future use, let

B lkakb

We fi rst cons ider the case of no offse t, i.e. A = 0 . Then (see (5))

t = B / + c)~~~ dt = B~
(t + c) d 

(2 1 )

and

16 (tS t + c~)2 (22)

We see that for -1 < p < u that ~, is negative , and

[ex~ 
t
4~J ]  - I

Let 

= -1 + exp + + exp 
~~~~~~~~~~~~~ 

4)~

+ 3p + 4) (23)

and D~ = exp (y/A ’
~)

Then (16) becomes

w1 � et(D1 exp (—y/(A
’5 + o t ) )  + e 2t 

— D1e 21 exp (-y / (A ’~ + 5 t) )

as an error term for the dominant sol ution.

For the subdominant solution the corollary gives too crude an estimate.

Even with using the l enina, the error estimate is not good. Integrating by

parts we get ; 
~~~

I

(7)



w2 = e ~ + h2( I)]

� e t tl + (e2 t
~~ l)(1 - exp[f

t
(l - e 2z)I~~dz]

+ I (~ Iex~[5f 
0 - ~~~~~~~~~~~~~

Working this out we get

w � e T[e2t + O(exP( 
~

‘ (25)
t~ + A I ii

This is not a very exci ting bound , but we are unable to do any bette r, using

the Willet result.

We can , h9wever , alter the Wil let result. The subdominant sol i.ition error

also satisfies the equation

h2 = ~- / [ l  - e 2
~~ 

- 
~J~(s)tl + h2 (s)Jds . (26)

We now prove

Lemma 2. If h( ~) satisfies

h(T ) � / K(s , T~j 1(s ) [J (s )  + h(s)]ds (27)

and

IK(s ,TH � P(t)Q(s) (28)

where K , ~, , and ~ are all � 0 , then

r 5

h(t) ~ P(r) f 
~,(s)Q(s)J(s)expI / P(a)Q(~

)~
,(c
~)dcIds . (29)

t Lt J

Proof. Eq. (27) can be wri tten, using (28)

� f Q(s) ip (s )~J(s)ds + I Q(s)~p(s)h(s)ds
I I . L .

Di ffe rentiating

(8)
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(s-) ~~ — Q ( r ) q i ( r)J( r)  — Q(r)~p(i)h(r) ~.fLf
Therefo re

(
~
.) + Qij~P(~.) �

Integrating we get

~ f Q(s)~ (s)J (s)e P[f P(a)Q(a)~P(a)d~]ds

+ K expff P(C)Q(a)~P(C)d~]

• But h(~a) = 0 , so K = 0 .

For equation (26 ) we have

K(s,t) - e 2
~ - t)] 1 .

Thus

h2 � f ±4.I. exp 
[

~~5 

~ 
(~)dC]dS

= exp~~/ 
±~2.1da~~_ l  . (30)

This is the same bound found by Ol ver [3].

For the case of the power attrition coefficients with no offset we have

~ e~~exp( ~ ~ (31)
+

which is a fa irly reasonable bound.

• For the case where ~ = 1 , the linear case , we can also get some

expl ici t resul ts with offset. That is

a(t) = k ( t  + c)

b(t) kb(t + c + A) .

Then H



where

= 1 A
Then

)d0

- 1 4(t + c) 3 - 6A(t + c) 2 - 12A 2 (t + c) - 7A3
- 

16BA2 E(t + c) ( t  + c + A)]3”2

4c3 - 6Ac2 - l2A2c — 7A3 
33

tC(C + A)] 312 (

• 
- 

while

- 
1 4(t + c) 3 - 6A(t ÷ c) 2 - l2A 2

~t + c) - 7A 3

J6BA [(t + c ) ( t + c + A ) ]

• Both integral s are monotone increasing.

For the general case

~~
. f i~,(s)ds

-to
- _ _ _ _  

~ (
~ 

+ 
~~~~~~~ 

+ A~ + A2/4) - (~ + u2/4)(n2 - + A2/4 )

~ 1 
- 

~~~~~~ 
A/2) 2 + ~/2 

~ + A/2) 2 + u/2

- 
- A/2)1 ~~72 ~ 

+ A/2)1 + u/2 (35)

where ~~~ t + c + A / 2

~~
• 1 (10)

_ 
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