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SUMMARY

The need that led to this research project was to obtain more

information about engines from existing data without inordinate incr~ase in

computati on. The primary focus was on the two fundamental parts of engine

management, the estimation of engine removal times and the use of these

estimates to predict replacement requirements. The secondary focus was on

procedures for estimating spare engine requirements , improving simulation ,

and updating estimators.

The actuarial method has served long and well to provide fundamental

information for engine management decisions , and technological development

has progressed to the point where improvement in the accuracy of actuarial

estimates can be achieved without a major increase in computation. The

statisticians dream of more information from the same data can be achieved

because all the information now available is not used . For the sake of

computational convenience , information collected on engine removal times is

summarized in counts of the numbers of engine exposures and removal s in

actuarial age intervals. Theoretical developments now allow the engine

removal times themselves to be used for estimation of removal times and for

prediction of replacement requirements without inordinate computation.

Many recommendations for improvement of the actuarial method and for

• improvement of engine management follow from the developments that will be

described in this report. Some are recommendations for development of

promising improvements and some are changes that can be made now permanently

or perhaps temporarily unti l further improvement is possible. The nature

and immediacy of each recommendation will be indicated .
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SECTIO N I

RE V ALUATION OF THE A CTU A RI A L METHOD

1 . Summary of Revaluation

There are several potential improvements that could be made in estima-

tion of engine removal times and failure rates. Some can be done now ,

some require further study , testing and programming, and some involve

eventual replacement of the actuarial failure rate estimator with an

alternative estimator.

The first recommendation is not to smooth the crude failure rates and

not to throw out data where data is sparse . The latter suggestion raises

the question of scarce data and the confidence in very low failure rate

estimates. This question can be resolved by recommendation two , an actuarial

type estimator that uses “flexible ” age intervals that contain either equal

numbers of exposures or removals in each age interval . The actuaria l

estimator with flexible intervals was not used for comparison with the

currently used crude actuarial estimators because still better estimators

were available.

The actuarial estimator of failure rates summarizes the data on eng i ne

removal times , operating times, and ages of operating engi nes into counts

of the numbers of exposures and removals in each actuarial age interval

This summary of data reduces the amount of information in the sample and

consequently the accuracy of any estimator. An estimator that uses the

actual engi ne removal times should be better than an estimator that uses

only counts of the numbers of removals during age intervals. An estima tor

that also incorporates the ages of engines still operating should be

better yet. And an estimator that incorporates the operatin g time during

a period should give the sharpest picture of engine operation during

4
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that period. An estimator that uses all three types of information has not

been derived yet , but that is the next step for research.

The “product limit” estimator of Kaplan and Meier [ 4 J uses the
remova l times and the ages of engines still in operation to give a dis-

tribution free estimate of the cumulative distribution function of engine

removal times . It can be adapted to also give a cumulative failure rate functi on

estimator which in turn can be used to obtain i nterval failure rates

comparable to actuarial failure rates for any desired interval widths .

For one additional assumption on the underlying nature of engine

removals , a maximum likelihood estimator of the cumulative distri bution

function is derived in Appendix A that is simpler than the product limi t

estima tor and can also be used in engine diagnosis. The assumption is that

inspection removals and usage removals are statisticall y independent , a

testable hypothesis.

All three estimators , here called the actuarial estimator , the product

limi t estimator , and the maximum likel i hood estimator will be compared on

the basis of how closely they estimat e the theoretical c’ istribut ion of simulated

engine removal time data and on the bas ~ of how well they predict replace—

ment requirements . On theoretical grounds , the actuarial estimator is the

l ea st accura te because all three es timators are i n fac t max imum likeli hood ,

Barlow and Proschan [ 5 ], but for different sample information and for

different engine removal time models. The actuarial estimator uses summary counts

• of exposures and removals. The actuarial and product limi t estimators make

no assumption about the engine remova l time mechanism. The product limit

and maximum likeli hood estimators use the removal time data and the ages

of surviving engines , but the maximum likel i hood estimator is derived from

a removal time model tha t assumes stati stical i ndependence between inspection and

_ _ _ _ _



-_ - .- -_ — ,• ~~~~~ -_ .__-.•—— - ___ -—~~~~ -_ -_-_. __ —_ •_._.-

~

- —__ —-_

usage removal times . Whenever a random process is known to have more

statistical structure , more information can be inferred from data about the

process, so it is believed that the maximum likelihood estimator is the most

efficient estimator. Analytical proof of this has not been completed.

It is only fair to point ~~~~~~. that the existing actuarial method has

provision for counting only flying experience during a limited period of

time . The product limi t and maximum likelihood estimators use removal time

data and ages on engines which may have begun operation at any time in the

past. Comparison of all three estimators was made on an equa l basis, all

engines new at the start of the data gathering process although all may not

ha ve failed by the end of the data col l ection period. In this comparison ,

the product l imi t and maximum likel i hood estimators were noticeably better

even for a very small sample. However, the ac tuar i al est imator wil l probably

yield a better answe r to questions of comparing the experience of one

calendar quarter to another. Research will be continued to obtai ’ oroduct

limit and maximum li kelihood es timators freel y compara ble to the ac tuar i al

estimator.

An updating program has been written that compares current data on

engine removal times and ages of engines that continue to operate with

past data of the same type . It provides a measure of how likely it is that

the current and all past data subsets came from populations of engine

removal data that are the same . These measures will provide the Aerospace

Engine Life Committee with guidance in selection of data to be included

in the Official Failure Rate. The program uses a Wilcoxon type rank test

statistic first proposed by Getian [ 6 ]. This program is proposed as an

alternative to the currently used “statistical test” for determining whether

I 
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the actuarial failure rate during an age interval has changed. The

program is subject to the same qual if ication mentioned earlier , that the

actuar ial test compares only experience obtained during the current calendar

quarter while the updating program compares a removal time data set that may

include engines which had begun operation prior to the current quarter.

It rema i ns to be seen whether this distinctio n is important. Meanwhile

research has been started on a modi fied Gehan type updating program that

compares current quarter experience with past experi ence. Even so, the

Wilcoxon and Gehan type rank test is a temporary alternative proposed for

use only until an updating program based on the product limi t or maximum

likelihood estimators can be developed and until either the question of

use of current quarter experience can be resolved or until the product limi t

and maximum likelihood estimators can be modifi ed to incorporate engi ne

operation experience from a fixed cal endar interval.
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• 2. Review of the Actuarial Estimator of Failure Rates

The actuarial estimator of the failure rate during an enqine o~eratin q

age interval is basically the number of engines with operating age at

removal recorded during that interval divided by the number of engines that

operated until the beginning of that age interval. Let •.t be the width of

an age interval , d1 the number of engines removed during the int erv al

with ages between (i-l) ct and itt , and n~ the number of engines that

operated at least until age (i— 1 )~t, i=l ,2...,k, then t ’ i ~ actu .~r~ial

failure rate estimator is

= d~/n 1 I l ,2,...,k. (2.1)

These simple estimators must be modi fied to account fu~ dd~c~

on engines that have been operated but not yet failed at the t i e  data v.-~i~~

collected otherwi se the actuarial fai lure rate est imators .~i1l t~ b i a s e d

high. This additional info rmation referred to here as survivors ’ ayes is used

to modify the denom inator n1 by counting the total numbers of engines ,

survivors and removed , entering each age interva l and counting a fractional

exposure in the age interval if a survivor ’ s age is part of the way through

an age interval. E.g. if ar~ engines ’ age at time of data collec tion was 750

hours and the actuarial i nterval was from 720 to 760, three quarters of

an exposure would be credited to the age interva l and number of exposures n18

in that i nterval .

A further modification is used if it is desired to estimate failure

rates based only on flying experience during a particular calendar period .

Fractio,ial exposures are counted for engines whose age at the beginning of

the period was part way through an age interval , and a full exposure

is counted for engines removed dur ing an interva l even though ‘ t  may have

$ 5
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begun the calendar period with operating age in the same actuarial age

interval within which it was removed . The resulting ratio of deaths to

exposures is the “crude actuarial failure rate” estimator of T.O. 00-25-128

{ 7 ] and 1.0. 00-25-217 [ 8 ].

The crude actuarial fai lure rates are then smoothed with a wei ghted

moving average up to age intervals where there are insufficie nt exposures

and/or removals. Thereafter, actuarial failure rates are extrapolated by

linea r regression to the maximum operating time .
- • The crude failure rates (2.1) have several desirable large sample

statistical properti es —

1. They are maximum likelihood estimators for the sampl e

information {(d1, n1 ), i =

2. They are asymptotically jointly normally distributed with

mean zero and, surprisingly, w ith zero covariance as the

sample size grows under the condition that the probability

of an engine being removed at age zero is zero.

The first assertion follows from a related assertion in Barlow and

Proschan [ 5 ] which has been known for many years , and the second assertion

follows from theorem 1.2 in Barl ow and Proschan [ 5 ] which is proved for

an estimator that is

The actuarial estimator was developed for use in the life insurance

industry for predicting human failure rates. A typical human failure rate

estima te is shown in figure 1.

6
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It is inherently a smooth function except in the first few years because

there is nothing in the mechanism causing deaths that is age specific such

as components that wear out at specifi c ages. Consequently, actuaries

dependent on sampling to construct thei r failure rates feel justified

in smoothing any i rregularities that appear in their failure rate estimators .

And they have larger samples than are availabl e to the Air Force for each

engine type. The wei ghted moving average smoothing technique has been

borrowed from the actuarial industry to smooth the crude engine failure rates

for the followi ng exp lanation (1.0. 00-25-128 p 4-1 [ 7 ]).

“As estimated , these rates are subject to statistical error which

• may be large or small , depending upon chance and the volume of the

data from which the crude rates were computed. The error is as

l ike ly  to be positive as negative , i.e. ,  the probabilit y of  th~

estimate bei~~ hig h is equa l to the probability of  the estimate being

low. By inter-relating the rates for a number of adjacent age intervals

the error for each rate is redistributed among all the rates in the

group. When this is done the positive errors tend to balance with

negative errors , and al l  unusuall y hig h errors are spread over all

of  the rates so that the cru de ra tes are broug ht closer to their true

rates . ”

The weights in the movi ng average smoothing formula vary depending on the

“failure density ” , the average number of removals per interval in the range

where smoothing is to be applied (T.O. 00-25-217 p. 7-ll{ 8 ]). A 7-

point smoothing formula is

I

8
$
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= (-.0587) (R1 3 + R1+3) +

+ .0587 
~ i-2~ 

R142) +

+ .2937 
~ i-l~ 

Rj~1 ) +

+ .4126 ( 2 . 2 )

It is recommended that smoothing be stopped immediately for the

followi ng reasons:

1. The underlying mechanism of engine removals contains factors

that create major changes in failure rates from one interval

to the next, factors such as the high probability of remova l at

inspection and the possibility tha t certain eng ine components may

fail within an age interval. Smoothing suppresses the infor-

mation contained in inspection remova l time s and useful

diagnostic information of high usage failure rates possibly

attributable to particular engine components.

2. Smoothing is appropriate primarily to time series such as stock

market prices or human ages which advance on or close to a one

for one relation with calendar time . Engine ages do not

advance in direct proportion to cal endar time and so smoothing an

interval failure rate over neighboring intervals is not appropriate .

3. The explanation (italics) that errors are as likel y to be high as

low is not known by the author to be true except asymptotically.

4. The explanation (italics) tha t positive errors tend to cancel

negative errors is fallacious. Due to reason 1 , it is not

known whether a high crude failure rate is in error to the high

side . The summarization of removal time~ into counts of removals

.5
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per age interval may mean tha t a high failure rate is in

error on the low side of the true value~
5. The negative weighting factors in the smoothing formula

(2.2) are appropriate only when there is a detected cyclic

error in the failure rates, i.e., it is known that the

crude failure rates 3 age intervals ago and 3 intervals ahead

(for the 7-point smoothing formula) are in error in the

opposite direction to the central age interval ’s failure rate.

This is almost assuredly not true because the asymptotic covariance

of failure rates is zero (Barlow and Proschan [ 5 3) and because

there is no cyclic mechanism in the engine failure process with

such periodic behavior . Furthermore , rather sophisticated means

are required to detect cyclic behavior and do not call for a

changing period for the negative weight as occurs when changing

from the 7-point to another smoothing formula.

Despite this condemnation of the smoothing procedure, the crude failure

rates are reasonable and convenient estimators, and are easier to compute

than smooth failure rates. Objection number 1 regarding the underlying

mechanism of engine failure has led to the proposal of an engine removal

time model , section 4, for which the maximum likel i hood estimator of the

usage removal time cumulative distribution function and inspection removal

probabilities have been deri ved , Appendix A. That estimator is based on

the actual remova l times and survivor ’s ages. Its performance is compared

to the crude actuarial failure rate estimator in section 5,, and it is found

to be superior. Nevertheless , the crude failure rate estimator may be

improved by changing to flexible age i ntervals as described in the next section .

10
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3. Variable Actuarial Age Intervals

Exami nation of the variance of the percent survivor function or cumula-

tive distribution function , resu lted in  the concl us i on that  i ts  var iance

could be minimized by having the same number of exposures in each age inter-

val ! The variance of any estimate is a measure of the precision of that estimate ,

and , if the estimate is unbiased , then the estimate with l owest variance is

also the most accurate.

The conclusion about minimizing variance as a function of the number

of exposures was arrived at indirectly by examinin g the vari ance of an

actuarial type estimate of the percent survivor function or tail cumulative

distribution function . First , some notation must be defined , and the condi-

tions for the derivation must be outlined. The definitions and formulas

are taken from Gross and Clark [3] Chapter 2.

{t1 } is the sequence of age interval boundaries i = 0,1 , ..., k+l where

tk+l may be “~

{d 1} is the sequence of numbers of removals in the 1 th interval (t i_ l ,

Cn~} is the sequence of num bers of eng i ne exposures during the ~
th

interval , and

~P(t~)} 
is the sequence of estimated percent surviving to time t .~ esti-

mated as the cumulative proportion in the sample data

P(t0) = 1.0 , P(t1 ) = d0/n0.P(t0), etc. P(t1 ) = d~~l
/n i l .P (t

~~1
)

(The true unknown value of percent survivin g is denoted P(t
~
)).

It should be noted that the authors Gross and Clark assume that partial

engine exposures are uniformly distributed over each interval so that the

number of exposures is (approximately) equal to the number of engines that

. 11
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enter an age interva l minus half the number of engines that have partial

exposures duri ng the interval (other than engines removed during the inter-

val that are counted as a full exposures). Consequentl y, conclusions re-

garding the variance of estimators as a function of the number of exposures

per interval are indicative rather than absolutely accurate conclusions.

In fact , the variance formula to be used in obtainin g the conclusion is

itsel f an approximation.

The variance of P(t
~
), the estimate of the percent survivin g to

is approximately (Gross and Clark p . 41 [3 ])

Var P(t
~
) [P(t1)]

2 
~ d~/(n~(n~-d~) ) (1)

as a function of both the sequences (n~} and ~~~ The numbers of removals

d~ in each interval will be assumed equal to 1.0 for convenience in showing

that the variance can be minimized by choosing interval s to contain equal

numbers of exposures n 3. (It is recognized that these are possibly incom-

patible events unlikely to occur except by accident , but the conclusion is

used only as an indication). Then the problem is to minimize the variance

of P(t1) by choice of the numbers of exposures to be included in each age

interval (by adjusting the age interval widths).

2 1 1  1
mm = Var[P( t

~
)] mm [P(tm)] 

.~~ 
(n~(n. 1

))
n1, n2, ... , n

~~1 
j = 1

where the { n.} are constrained by the requirement that
J

1—1
~ n~ = N (t 1)

where N(t 1) is the number of exposure s up to time t~.

12
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Constrained minimization can be done by the LaGrange multiplier method

by replacing the variance minimization by the LaGrangian . ([P(t 1 )] 2 has

been omitted from the minimization because it is constant).

i— l — l i— l
mm ~ (fl .(n. 1 ) ) + A ( ~ n .-N(t~) ) = mm L

“1’ 2 “~~
‘ i — i ’

where A is the “LaGrange multiplier ” . Calculus is used to find the minimum ,

)2 + ~ = 0, j=l , 2, ..., i-l

~~~j~l ~ 
(ti ) —

Since all the derivatives SL/Sn~ yield the same equation subject to the

constraint

i— i
f l .  =

j=l ~

the optimal allocation of exposures to intervals is to choose equal numbers

n~ in each interval (as closely as possibl e because N(t m ) may not be evenly

divisible by i-i).

The conclusion is that to reduce the variance of the estimate of a

particular percent surviving, choose age intervals to contain the same number

of exposures. This indicates that the age intervals should be short where

.~ there are many exposures and long where there are few. Since many exposures

usually result in more removals , the conclusion above also implies that age

intervals should be short where there are many removals and l ong where there

are few. In fact, if the installation and operation of engines makes the

.5
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num ber of ex posures sequenc e {n~} mathematically i ndependent of the sequence

of remova ls ~d~} then the minimization of Var P(t1) with respect to the

sequence fd~} yields the same conclusion, that the age intervals should be

chosen to have an equal number of removals i n eac h interva l to mi nim i ze

Var P(t~).

The “product limit” estimator of Kaplan and Meier [4] carries the

concept of equal numbers of removals per interval to its ultimate extension ,

one removal per i nterval . Further investigation of the optimal interval

widths to minimize variance was not done because this ultimate extension was

available and because the data on eng ine removal times and ages was already

at hand. However , the calculus method used in optimization above may be

used to choose interval widths for actuarial estimators if it is desired to

conti nue to use actuarial estimators . Further work is required however

s i nce a computer program has no t been wr itten for actuar ial estimators with

equal numbers of removals or exposures per age interval and since the

simplifying assumptions made in the derivation may not be true in practice .

Additional cal culation is needed to obtain optimal age intervals when removals

and exposures are mathematically dependent.

14
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4. Alternative Estimators

Examination of crude failure rates for many types of engines shows high

failure rates in the age intervals surrounding inspection times . This is

because the elaborate testing done at inspection is much more l ikely to

disclose an impending cause for removal than during usage. On the other hand ,

there is reason to believe that normal maintenance carried out at inspections

serves only to permit an engine to achieve its norma l operating age at

eventual removal for repair or rebuilding. Inspection maintenance seems no

more likely to rejuvenate an engine than to damage it further. These obser-

vations led to proposal of a statistical model of engine removal times that

assumes independence of inspection and usage removal times (George [9]).

This model assumes a cumulative distribution function F1 (t) for usage removal

times and independent propabilities p1. i = 1 , 2, ..., k, for removal at the

1th inspection . The overall cumulative distribut ion function of engine

removal time is the probability that removal time occurs prior to or at age t

i(t)
F(t) = 1- (l-F 1 ( t )) ~ (l-p ~) (4.1)

where 1(t) is the index of the last inspection pri or to or at age t. This

engine removal time model assumes that inspections occur at fixed times and

that inspection removal times and usage removal times are statistically inde-

pendent . The latter is a testable hypothesis and a likelihood ratio test to

do so has been prepared but not programed or tested . The former assumption

is an idealization from reality that may be an adequate representation since

engine removal codes distinguish inspection removals. If not , a similar model

could be constructed to represent inspection times which vary around a fixed

val ue.

15
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The maximum likelihood estimator of F1 (t) and the p 1 has been derived

in Appendix A. It is based on a sample consistin g of engine usage and

inspection removal times and survivors ’ ages. When combined accord i ng to

F formula (4.1) to obtain an estimate of engine removal time cumulative distri-

bution function regardless of cause , the product limit estimator of Kaplan

and Meier [4] is obtained ,

F(t) = l-J I(N-r)/ (N-r+l ) (4.2)

where N is the totcl sample size and the index r ranges over the indexes of

ordered data from smallest to largest including in the product above only

those indexes for removal times prior to or at time t. An example of the

computation of this estimator is in Appe ndix A.

It is very easy to convert the product limit estimator to an estimator

of the cumulative failure rate function

R(t) = -log(l-F(t) ). (4.3)

The estimator is obtained from the logarithm of (4.2)

R( t) = 
~ (N-r)/(N-r+l )
r

The relation between actuarial failure rates and the cumulative failure

rate function R(t) is

R ( i ~ t)  = 
~

j=l

where R
~ 

is the true interva l failure rate or the true probability of engine

removal between ages (i-i)i~t and iAt given survival to age (i-l)t~t. Conse-

quently compar i son of es timators can be made on the bas i s of interval fa i lure

rates or cumulative failure rates , or even on cumula tive distri bution functions

16
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since the actuarial failure rates can be converted to a cumulative distri-

bution function by

i (t)-l
F(t) = l-exp (-~~ ~ - Ri (t) (t-(i- l)t~t) )

j =1
where i(t)—l is the index of the actuarial age interval containing age t.

This comparison is done in Section 5.

Furthermore , it is possible to use each estimator , actuarial , product

limit and maximum likelihood , to generate engine lives and construct simulated

operation of planes for comparison of how wel l the estimators predict engine

replacement requirements . This comparison is made in Part II , Section 2.

However , it is a well known fact that functions of maximum likelihood

estimators are also maximum likelihood , and since all three estimators are

maximum likelihood estimators for their sample informati on and statistical

models of removal times , any estimators obtained from them of replacement

requirements are maximum likelihood estimators . Theoretical comparison

of the three estimators can be done by computing their information matrices

Wi lks [10] Chapter 12.

A computer program has been prepared to calculate the maximu m likelihood

estimator of F1 (t) and the p~ i = 1 , 2, ... , k and the product limit estima-

tors of engine remova l time , cumulative distribution function , and failure

rate function . (The flow chart is shown in Figure 2 and the procedure is

demonstrated in the next section).

It is necessary to point out again that the product limit estimators

and the maximum likelihood estimators are based on sample data cnntaining

engine removal times and survivors ’ a ges , not the information on when the

engines began operating during the period of da ta col l ection. Further

derivation is necessary to obtain maximum likel ihood estimators based on

I 
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sample remova l times and ages and including operating time experience in

a fixed calendar period . It is also worth questioning whether it would be

better not to limit experience to a fixed calendar period for some purposes .

It seems that limi tation of data to a particular calendar period is necessary

only when deciding whether the experience during tha t period differs from

earlier experience. If the decision is that there is no difference , then

the product limit and maximum likelihood estimators may be used to obtain

interva l failure rates or any of the other reports computed from actuarial

failure rates .

One last remark about the product limit and maximum likelihoo d estima-

tors computation should be made. They both require some sorti ng of data

on removal times and survivors ’ ages . Modern computers can sort huge amounts

of data in little time , but the maximum likelihood estimator is by its

nature quicker to calculate since removal times and survivors ages may be

sorted separately. The product limit estimator must first order all observa-

tions. The actuarial estima tor requires only that numbers of exposures and

deaths per age interval be counted. However, the flexible actuarial estimator

proposed in Section 3 will require sorting.

18



5. Comparison of tne Estimators

Estimation of simulated engine removal ages has been done here to show

wha t the estima tors do but in a much simpler example than real life .

The objective is to simulate remova l age data , compute all three estimators

of the remova l age cumulative distri bution function and failure rates, and

compare these with the theoretical cumulative distribution function

used to simulate the removal age data .

The input parameters are twenty engines with starting age zero and

max time, two hundred hours . There will be one inspection at one hundred

hours and the probability of an engine is removed at this inspection is one-

fifth . The probability of removal at the maximum time of 200 hours is one

to insure that all surviving engines are removed at max time .

The removal age da ta was generated from three formulas. The usage

removal age random varia ble is generated from an exponential distri bution

with a mean removal age of two hundred hours . The survivor ’s age i s a

random variabl e V generated using a uniform distribution from age zero to

four hundred . Four hundred hours was used to assure that there would not

be too many survivors up to the maximum operating time of two hundred

hours . The inspection removal time random variable Z is generated for one

hundred and two hundred hours by the probabilities given earlier.

The engine removal age or survivors ’ age is the minimum of these three

variabl es.

The resulting random variable,min (X,Y ,Z) , has the theoretical cumulative

distri bution function

19

- — —- 

~~~,-- ---~~~~~~~~~~ -- - . ..



—.- - - - - - - ---- ----.- —-,-. - -  .—-- ,- - - - -.- —-- - --

i(t)
- e t/200 

. (l-t/400) 1=1 ( 1-
~~~~~~

) (5.1)

where 0 t < 100 hours pri or to inspection

i(t) = 1 100< t < 200 hours

2 t > 200 hours .

(If i(t) = 0, the product is 1.0

The objective is to estimate the engine removal age mm (X,Z) which

is the minimum of usage removal age or inspection removal time (including

max time as the second inspection) in the presence of the nuisance variable

Y , survivor ’s age.

The theoretical cumulative distribution function of mm (X,Z) the

engine removal age is
0 t <  0

1 - e
_t I’2

~~ 0 t < 100 (5.2)
F(t) = l-e 

irl 
(l-p ~) 

= 
1 - .8e

_t /2
~~ 100 < t < 200

1 t >2 00

which is plotted in Figure 3. The maximum likel i hood estimator also gives

separate estimates of the cumulative distribution function of usage removal

age and the inspection removal probabilities for use in engine diagnosis

and prediction of replacement requirements due to inspection removals.

The construction of Table 1 is as follows : Column 1 is the i ndex

* of engines available , for this example that is twenty engines. These could

be the en gi ne ser i al num bers for real data. Columns 2, 4, and 6 are

random numbers taken from Mihram [ 2 ]. A different random number is

generated for each engine ’s age at usage removal , surv i vor ’s age, and

i nspection removal times. Column 3 uses the inverse transformation method

(Fishma n [ 1 ]) for generating exponentially distri bution random variables.

20
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TABLE I

SIMULATED E~LG INE REMOVAL ,4GF fl .4TA

Column
Number 1 2 

______ 
3 4 hours 6 7 8

Column Engine Random X= _LOG (RN )*200 b
Number Number aNumbers RN ’ s Y RN*400 R N s  Z MIN (X,Y ,Z)

.71264 68 .362 145 .295 200 68

2 .84665 32 469 188 .555 200 32

3 .24364 282 .015 6 .341 200

4 .96418 7 .902 361 .307 200 7

5 .21437 308 .541 216 .634 200 200

6 .95026 10 .957 383 .088 100 10

7 .02731 720 .066 26 .519 100

8 .24453 282 .631 252 .474 200 200

9 .15006 379 .812 325 .933 200 200

10 .35218 209 .581 232 .077 100 100

11 .44093 164 .497 199 .513 200 164

12 .54629 121 .25034 100.1 .788 200 100

13 .66392 82 .729 292 .907 200 82

14 .04394 625 .326 130 .586 200

15 .28697 250 .444 78 .386 200

16 .95000 10 .263 105 .451 200 10

17 .15711 370 .246 98 .175 100

18 .56211 115 .102 41 .708 200

19 .14635 384 .568 227 .477 200 200

20 .63087 92 .713 285 .489 200 92

a. Mihram [ 2 ] Random Number Tables p. 499.

b. Survivor ’ s ages are  circled .
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Column 5 uses a uniform distribution and rescales the random number to the

interval 0-400 hours. Col umn 7 generates inspection or max time removals.

If the random number is less than 0.2, Z is an ins oection time of one

hundred hours , otherwise Z is the max time of two hundred hours.

Column 8 is the minimum time of columns 3, 5 or 7. These ages constitute

the data of a simulation of twenty engines operatin g to a possible max time of

two hun dred hours .

The removal ages and survivors ages from Column 8 are used to compute

the actuarial failure rates in Table 2. In this table , there are five

actuarial age intervals assumed to have width forty hours, and all maximum

time removals are collected as a sixth interval of zero width. Col umn 1 is the

interval i ndex. Column 2 gi ves the age span for each of the intervals.

Column 3 is the number of removals durin g each interval . These are

obtained from the removal times in Table 1., Col . 8. For instance , engines

number 2, 4, 6, and 16 are removed at times 33, 7, 10 and 10 respectively

so there are four removals in interva l one. Col umn 4 is the number of

survi vors ’ ages contained in each interval . These are found in the same

way as the removals times in col umn 3. Column 5 gives the number of full

exposures for each interval. This is the number of engines that survived

to an age greater than the end of the interval plus the number removed during

the interval . The number of partial exposures is the proportion of an age

interva l during which engines recorded as survivors ’ ages operated. For

instance , during interva l one, engine 3 operated 6 hours or .15 of the

interval and engine 7 operated .65 of the interva l for a total of .8 partial

exposure~ in interva l one .
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TABLE 2

COMPUTATION OF ACTUARIAL FAILURE RATES

column 5 6 8
Number 1 2 3 Full Partial 7 Failure

Column Interval Span #Remo vals #Survivor #Exposures Exposures #Exposures Rate
Name 

________________ ________

1 0-40 4 2 18 + .8 18.8 .213

2 40—80 1 1 13 + .025 13.025 .077

3 80—120 4 1 11 + .45 11.45

4 120-160 0 1 6 + .25 6.25 a

5 160-200 1 1 5 + .45 5.45 .3~
max ti me 200 4 4 4

H 1 4 6

20 eng ines total

TABLE 3

COMPARISON OF ACTUARIAL ESTIMATOR AND THEORETICAL DISTRIBU TION

Column 1 2 3 4 5 6
Number R~ Survivor Theoretical Theoretical

Column Failure cdf. end Prob . c.d.f. of Interval
Name Interval Rate of Interva l [l-F(t)] Removal Times Failure Rate

1 (40) .213 .192 .808 .181 - .2

2 (80) .077 .252 .748 .330 - .2

3 (120) .349 .472 .528 .561 — .483

4 (160) 0 .472 .528 .641 - .2

5 (2001 .184 .561 .439 .706 — .2
max time

MT (200) 1 1 0 1.0 1. 0
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Column 7 is the total number of exposures which is the sum of Columns 5 and 6.

Column 8 is the failure rate for each interval which is obtained by dividing

the num ber of removals (Column 3) by the number of exposures (Column 7).

In Table 3, there is a comparison of the cumulative distribution function

and failure rates for the actuar ial estimator and theoretical distribution

(5.2). Column 1 gives the number of the i nterval. Column 2 gives the

actuarial failure rate, ~~ which is column 8 of Table 2. Column 3 is the

actuarial cumula tive distribut i on functi on, F(t~). where t1 is the end of

the in terval. This function is obtained from

FA (ti ) 1 - exp [- 
•
E R~]

where R~ is the failure rate in column 2. The survivor probab ilities in

column 4 are the complements of column 3, 1-F(t.j). Column 5 gives the

theoretical cumulative distribution function of remova l times by the

equation (5.2) where t is evaluated at the end of each i nterval. To find

the theoretical i nterval failure rates, column 5 is used and the theoretical

interva l failure rate function R(t~) is found solving iteratively

F(t1 ) = 1 — exp [— S R(t.)] i = l ,2,...,6
j=l ‘~

for R(t1 ) in each interval where t.~ 
= 40, 80, 120, 180, 200 and 200.

Figure 2 shows the comparison of the actuarial and theoretical i nterva l

failure rates as a graphical representation . Fi gure 3 shows the compari son

of the actuarial and theoretical cumulati ve distribution functions.

It should be recognized that deviation of the actuarial estimator from the

theoretical value is due the very small sample size of 14 observed removal

times and the fact that the data was simul ated from the theoretical

distribut ion function (5.1).
.5
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The product limit estima tor of the cumulative distribut ion function

and fa ilure rates i s calculate d from the data i n Ta b le I a s fo l lows :

Columns 1 and 3 are the same as column s 1 and 8 in Table 1 except that the

removal times are reordered along with their indexes. Column 2 is the re-

moval code useful here and in calculat i on of t he max imum li kel ih oo d

estimator. Column 4 is the product limit estimate of the perce n t  surviving

or tail cumulative distribution function at the time or age values in

column 3. The formula as given in Kap lan and Meier [ 4 J is

ii (N-r)/(N-r+l )
r

where N is the sample size 20 and the index r ranges from 1 to 20 tak in~g

~n onl y the values for inspection and usage removals in column 3. Column 5

i s the complement of column 4 , the product l imit estima tor of the cumulative

distribution function (5.2 ). Column 6 is the value of the fai lure rate

function assuming that it is constant during the interval . It is the log

of (N-r)/(N-r+l ) for intervals between engine removal age r and the next

subsequent engine removal. Column 7 is the cumulative failure rate function

at the age in column 3, which is also the natural logarithm of Column 4.

The product limi t estimator and the theoretical cumulative distribu-

tion functions are p lotted in f ig ure 4 and the ir corres pond i ng cumula tive

failure rates are in figure 5. For comparison of the product limit estimator

with the actuarial estimator of failure rates , the product limit e~tirna tor

of failure rates during each 40 hour age interva l must be calculated from

the cumulative fa i lure rate est imator . T he compar i son of product limit

estimator with the theoretical interval failure rates is shown in figure 6.

.5
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TABLE 4

PRO D UCT LIMIT CU I ULA TI V E FAILURE RATE FUNCT I 0~4

Column i 2 3 4 5 6 7
Number

Column Index Code Age j~(N — r ) / ( N - r + 1 ) FPL (t) r * R(t)
Name ______ r 1

Survi vor - .0

2 Usage 7 .947 .053 .054 .054

3 Usage 10 .895 .105 .057 .111

4 Usage 10 .842 .158 .061 .172

5 Survivor - .061 -

6 Usage 32 .786 .214 .069 .241

7 Survivor — .064 -

8 Usage 68 .726 .274 .080 .321

9 Usage 82 .665 .335 .087 .408

10 Usage 92 .605 .395 .095 .503

1 ’ Survi vor — .D95 -

12 Inspection 100 .537 .453 .118 .621

13 Inspection 100 .470 .530 .134 .755 .82

14 Survivor - .1 34 -

15 Usage 164 .392 .608 .182 .927 .93

16 Survivor  - .182 -

17 Max time 200 .294 .706 .288 1.225 1.73

18 Max time 200 .405 1.630

19 Max time 200 .693 2.32

20 Max time 200 0 1.0

*Fajlure rate function is assumed constant between observations of actual
removals.

I
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In comparison with actuarial failure rates in Figure 2,

the product limi t estimator is closer than the actuarial estimator to the

theoretical interva l failure rate except in intervals 1 and 5.

expected that this superiority will increase as sample size grows

because the product limi t estimator uses the actual values of removal times

and survivors ’ ages instead of l umping the time values into interval counts

exposures and removals.

It is very easy to calculate interval failure rates for any width

of age thtervals from the cumulative failure rate function in co l umn 8

or any cumulative failure rate function R(t), t > 0. If At ~S the desired

width of age i ntervaL then the interval failure rate here denoted as

RpLi is

RpLi = R(iAt) - R((i-i)At).

For exam pl e, in order to obtain the product lim it estimator of the failure

rate in interval 2, 40 to 80 hours , use linear interpolation between

usage removals at 33 and 68 hours to obtain R(4O) = .25 and between usage

removals at 68 and 82 hours to obtain R(80) = .38. (These va l ues were read

from figure 5). T he i nterva l fa i lure ra te RPL2 is the difference , .13.

The maximum likelihood estimators for the usage removal time cumulative

distribution function and the probabilit y of removal at inspection have

also been computed according to formulas in Appendix A. (The maximum

likel i hood estimato r of the removal time cumulative distribution function

regardless of whether it is an inspection or usage removal is the product

limi t estimator. ) The estimate of the probability of removal at the first

inspection is

= 
number removed at inspection = = 222

~ l number surviving to inspection 9
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(the theoretical value was 0.2) and the estimate of the usage removal time

cumula tive distribution function is equivalent to Figure 4 without the

jump at 100 hours . This i s plotte d a ga inst the theore t ical formula us ed

to generate usage removal times in Figure 7. The jump at 200 hours

represents the probability of survivi ng usage removal to max time .

A computer program for comparison of estimators on several bases has

been written. In the rema i nder of this sect i on , est imators are com pare d on

the basis of thei r cumulat i ve di stri bution funct ion . In Part II, Section 8,

estimators are compared on the basis of how well they predict replacement

requ i rements . The flow chart for computation of the maximum likelihood

estimators i s shown in Figure 8. In F ig ure 9 the ac tuar i al and product

lim it estimators are compa red with the theoretical distribution with three

inspections at 50, 1 00 and 150 hours . No surv i vors ’ ages were gen era ted

(no censorin g), but the rest of the p ro g ram genera ted da ta an d computed

est imators as was done earlier in this sec ti on . Figures 10 and 11 are the

maximum likel i hood estimators of the usage removal time cumulative dis-

tri bution function which was calculated from data generated from an

exponential usage r emo val time with mean 133.5 and inspection at 100 hours.

Figure 1 1 shows the estimator in the presence of some survivors ’ ages.

Figure 12 shows the cumulat ive fa i lure rate funct ion from fig ure 10

plotted along with the theoretical failure rate function. The slight lnw

side bias in all three fi gures is due to the fact that the simulated data

contained fewer usage removals than expected , not because of sys tema ti c

bias in the estimators. A best fit linear regression to the cumulative

• failure rate estimator plotted in Figure 12 gave a slope of .0070 and an

i nterce pt of - .0064 w i th an R2 value of .9966 indica ting the data almost

33
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certainl y come from a linear model for a cumulative failure rate  f u n c t i o n

which it did since the cumulative failure rate function for exponential

usage removal ages is linear.

I
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6. Updating the Data Set for Computinq Official Failure ~~~tp c

There are several tests used to infer whether engine performance

is changing. (Al l of these are found in AFLCM 66-17 [11]). ~I -  ‘ Cor ~~~u l

Factor ” test uses the normed difference between actual and e>pected failure s

exper i enced in an actuarial age interval. If the magnitude of t iE - cont rol

factor is too large, the o f f i c ial fa i l u r e  ra te use d to esti ma te e A pec t~-J

failures is suspect (or perhaps usage by a base or squadron differs

signi fi cantly from the official failure rate). This is m et ru l P. section ~

of AFLCM 66-17. The “statist ica l test” (page 4-10) is computed to ~~iiipare

crude and offic ial failure rates (or crude and smoothed fa i lu -e rates) on

an interva l by interva l basis. If the interval failure rate is significa n tly

different from the official failure rate, it may be changed proportional to

the ratio of the official actuar ial life expectancy and the actual life

ex pectancy . The th i rd tes t, “Method 0” of section 9, monitors flying h~~~~ :

per failure over several calendar time periods with a contro l chart.

Only in method 0 is inference based on the experience of an entire

population of one type of engines. The other two tests base inference o~

test statistics calculated for each actuarial age interval , and consequently

the conclusion for adjacent age intervals may be contradictory . These two

tests may be very sensiti ve for engine diagnosis to changes in er c I~ n e

component performance , but they may not be the appropriate way to d c t € - ~~ne

whether replacement requirements will change.

The general questions tha t seem to be addressed in the statistica l

tests are whether the estimates of engine performance ha - , - changed and ,-,h~~b€’i-

• engines seem to be failing at a part icularly high rate during some age

interva l . There are two purposes here, engine diagnosis and rep lacemeflt
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requirements prediction . Engine diagnosis can be assisted by determining

whether there is a significant number of failures near some age. If so

then there may be an engine component whose operating life is significantly

less than the engine life itself and the cornoonent should be replaced prior to its

failure. The two tests, “control factor” and “ statistical test” have their

discriminatory power reduced by the smoothing technique mentioned in section

2 of this report. Smoothing tends to smooth out peaks in failure rates -

that may be caused by failure of some engine component. Those two sta-

tistical tests will have to be revaluated if smoothing is stopped and

more sensitive e~gine diagnosis is possibl e using the estimators proposed

in section 4

The remainder of this section is to determine whether the official

failure rates are adequate for prediction of replacement requirements .

Future engine requirements depend on the entire set of failure rates through-

out the operating time from new to max time , so comparison of the official

failure rates to current failure rates should be made on an aggregate basis.

It is advocated that the comparison should be made of the original data

instead of the failure rates computed from the data for the same reason

in section 1 , that the actuarial failure rates are based on a summary

of the data . The engine life data i tself should be used to answer questions

about engine lives and consequent replacement requirements.

There are several ways to statistically formulate the question of

whether the official failure rates still indicate engine performance.

1. Does the curren t calen dar per iod of en gi ne exper ienc e resem ble

the experience used to compute official failure rates? Here experience

42
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refers to recorded engine remova l time s, and exposures during the

calen dar per io ds be i n g compared .

2. Do the recorded ages at removal during the current calendar

period and the ages of engines still operating at the end of tni s

perio d come from the same population of engine lives as the corr e-~p- nd ing

data used to calculate the official failure rates?

These questions diffe r because an engi ne removed dur -~ng t he cut - te nt

calendar period may have ac qui red a s i gnificant proportion of its e~~ration

in prior calendar periods. A statistical procedure for answer ing question 2

is provided in this section ,and a method for modifying this procedur e to

answer question 1 will be described. The statistical procedure coIh~ut e~

a measure of how likely it is tha t the current calendar period ’ s data could

have come from the same population as past data . This m easure is computed

for every past calendar period for which data has been collected t~~ing

cont i nguous perio ds end ing w i th the beginning of the current period.

The Aerospace Engine Life Committee may then use these measures and their

knowl ecige of the actual operating conditions during the current period

to decide whether to update the data set to include current data and

whether to eliminate the oldes t data.

The test uses a Wilcoxon type rank tes t su gges ted by Ge ha n [ € - j .

The Gehan test statistic was used without the later rnodi f~cation by

Efron [19]. A flowchart of this test is in Figure 13. Tn~ per’ !-ma n~

of t h i s  test a ppears to be as good as an y two sa mp le test wii .fl the possible

exception of the Kolmogorov -Smirnov type test. (Severa l two ~—~~p ie tests

were compared in Lee , Desu and Gehan [ 17] and Gehan and Thoras [ i~~].)

The reason for the exception of the Kolmogorov-Sm irnov ~~~~ t r- .t is ~~~

it has not yet been adapted to incorporate censoring SUC r a~ ~-xper i -ii ced

- - - 
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—
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_ _ _ _



-S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -5 ,

-- --S

when samp le information includes the ages of surviving engines. This can

be done by extension of the truncated Kolmogorov-Smirnov two sample test

in Barr and Davidson [20] and Koziol and Byar [ 21].

The Wi lcoxon type rank test used in the updating program adds a

plus or minus one to the test stat ist ic W if it can be conc luded that a

engine age at removal from the current period is or wi l l  be larger than an

engine age at remova l in the past . The proposed modification to this test

to answer ques ti on 1, whe ther the current period ’s experience is the same

as the pas t, is to weight the plus or min us one by the proportion of an

eng i ne’s exposure that is in the current period. This modification has not

been evaluated .
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S E C T I O N  I I

P R E D I C T I O N  OF REPLACE M E N T RE Q U I R E M E N T S

7 .  Prediction of Engine Requirements from the Actuarial Failure Rates

Two fundamental  ingred ien t s  are necessary to predict replacement

requirements , en gi ne removals wh i ch req ui re an en gi ne from s pare s s toc k to

replace the one that was removed ; some probabilit y measure of the amount

of opera ti ng till removal must be mixed w i th the amount of ope rating

time demanded from each aircraft to obtain measures of replacement

requirements . There are several measures of replacement requirements that

are nee ded for engi ne mana gement:

1 . The expected numbers of engine repairs and rebuilds

are needed for spare parts provisioning and work load planning.

2. Upper confi dence intervals or quantiles of engine

requirements are needed to determine the number of spare

engines necessary to meet mission requirements with a

suff ic ientl y high probabili ty.

3. Predictions of the actual time when operating engines

will need inspection , repa i r, or rebuil d ing are necessar y

for workload and maintenance planning.

The actuarial method contains elements designed to meet each of these

F 
, 

req u i rements .

The “ac tu a r i a l  en gine  l i f e ” is an estimate of the time till remova l of

a new or rebuilt engine . If the overhaul failure rates are used in the

com pu t a t i o n ,then the actuarial engine life is an estima te of the expected

time till overhaul . If base maintenance removal rates are used , then the
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actuarial engine life is an estimate of the time till first remova l for

base repair starting wi th a new or rebuilt engine. The expected time

till removal could be converted i nto an estimate of demand requireme nts

except that not every engine is new at the beginning of the period for

which replacement predictions are needed. The actuarial method includes

a procedure for “operating ” on paper the entire inventory through a calendar

period to determi ne replacement requirements from the input information on

inventory , a ges , flying hour program and actuarial failure rates . This

procedure is described in T.0. 00-25-128 Chapter IX [7], T.0. 00-25-217

Chapter IX [8] and AFLC Manual 66-17 Chapter 6 [11]. It is equivalent to

computing the conditiona l expected operating time till rep lacement given

engine age at the beginning of the calendar period under consideration .

This expected residual operating time is in turn used to estimate replace-

ment requirements to meet the flyi ng hour program by assuming the flying

hours are equally allocated among all aircraft and each engine contributes

its expected residual life to meet the program.

This procedure for predicting expected replacement requirements is

based on two fal lacies . For example , if every engine is new and the

expected operating time till replacement is 300 hours , then it is natura l

and conven ient to conlcude tha t to fly 1 000 hours will require two replace-

ments or three eng ines total . In general this procedure is as follows : let

ET denote the expected time till replacement, t the flying hours required

from a single engine plane , and N(t )  the n umber of engines required to meet

the flying hour requirement of t hours. An obviou s estimate of N(t) is

N(t) = t/ET.

Unfortunately th is estimate is unbiased only in the very special case of

a single engine plane wi th new engines and only when the engine l ives are
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independent ide nticall y distributed exponential random variables (Cox

Chapter 2 [12]). This is fallacy ~l. It is faintly possible that the

procedure for  estimating replacement requirements is asymptotically un-

biased for a large fleet of simul taneously operating aircraft. However ,

one condition for this to be true is that all engines have i dentically dis-

tributed operating times until replacemen t (Cox Chapter 6 [12]). This

assum pti on i s no t true for eng ines that have accumulate d some opera ti ng

hours at the beginning of the calendar period under consideration un less

all engines have exponentially distributed time s till replacement. Sc~e

indication of the error and direction of the bias in the estimate of N(t)

is possible from analytical results. This is discussed further in section 9,

par t II. Meanwh i le , the only unbiased estimator of the expected engine re-

quiremen ts must be obtained by simulation.

A procedure for computing the number of spa~~ engines  needed to meet

flying hour requirements with 9O~ probability is given in AFM 400-1 Chapter

8 [13]. The procedure is based on the approximation alluded to in the pre-

vious paragraph. The approximation is that replacement requirements will

have a Poisson distribution with a parameter which is the inverse of the

mean time between rep lacements. The 90th percentile of the Poisson distribu-

tion is used ~o determine replacemen t requirements. Again , this app rox imation

i s no t val id because engi ne ages at re p lacemen t are not ex ponent ial , but it
S 

may be possible to strengthen the approximation or change to an alternative

norma l approximation. This is considered in Section 3, Part II. Meanwhile,

s imula ti on rem ai ns the onl y un b iased procedure for predict in g confidence

l imits on spare engine requirements.
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The second fallacy is to use the age of an engine at the beginning of

the curren t calenda r quarter to compute the residual ooerating time to removal

as if the engj ne had survived to the age recorded a t  the beginning of the

Quarter. Some engines used during a quarter had previously failed , and their

ages at the beginning of the quarter may be their age at fa ilure rather than

the survival time . The question of whether thi s fallacy is biasing predictions

of engine operating times requires further testing. Meanwhile , we wil l  use

the engine age at the beginning of a quarter as a survivor ’ s age rather than

a failure time to keep results comparable with Air Force results.

Prediction of the third measure needed for engine management , the

calendar times of replacement of particular enQines, has not been done by

the actuarial method although the ingredients are available to do that. It

is possible to do this by simulat ion.

L.A. Coco and Dale Plank of A FLC have written computer programs to

simulate engine requirements based on the flying hour program , the actuarial

f a i l u r e  rates , and the ages of availabl e engines. A simpl i fi ed fl ow

chart of this program is shown in Figure 14. It is essentia lly a randomized

version of the actuarial method for estimating replacement requirements.

Instead of estimating the proportion of removals for engines in each

actuarial age interva l as the actuarial failure rate , the program

simulates whether each engine survives each actuarial age interval required

of it to achieve the flying hour program. The simu lation is done by

generating a random decima l between zero and 1.0. If the decima l is

larger than the failure rate, the engine survives the age interval and

contributes that amount of time to the fl ying hour program . Since

failure rates are small , many random decimals are n t - t - lrd 3nd the program
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execution time is so long that onl y one run through th e fly i ng hour program

is possible. This procedure yields an unbiased estimate of replacement

requirements but no indication of its accuracy and no way to predict con-

fidence limits on spare engine requirements. Repeated runs through the

program would generate many values of replacement requirements for each -

-

calendar period in the flying hour program from which an indication of

the accuracy of estimated replacements and of the confidence l imits could

be obtained. However , the alternative simulation approach in the next

sec ti on i s more eff i c i ent and i s no t dependen t on the type of es tima tor

used to simulate engine age at replacement.

I

I
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~ . Simulation of Engine Requirements by the Next Event Method

There are two fundamentally different methods for simulating time

dependent random processes , the time slice method and the next event method .

The simulation program described in the previous section is an example of

the time slice method where time (in that program time is engine operating

time ) is advanced in fixed increments equa l to the width of an actuarial age

interval. The alternative method advances the simulation time clock to the

time of the next event , which for the engine replacement process would be a

replacement or the receipt of an engine from base repair or depot to be

returned to stock. In both simulation methods , it is possible to synchronize

operating time and calendar time so that returns to stock and demands

for replacements may be expressed in calendar time or in operating time.

There is no inherent superiority of one method over the other. The time

slice method requires many random number generations, but the next event

method requires a more compl ex time advancement procedure. In engine

replacement simulation , the time slice method takes so much computer time

that repeat runs are not worthwhile , and the output , replacement require-

ments , is an estimate with no indication of its accuracy . The next event

method quickly repeats many simulations of a flying hour program providing

much more information about replacement requirements.

The simulation program submitted with this report differs in several

ways from the programs written by L.A. Coca and Dale Plank. The program

here s imulates one random remova l age and randomly se l ec ts whe ther the

removed engi ne rece i ves base repa i r or rebuild accor di ng to the return

ratio. It could be modified to generate both a repair removal age and a
.5
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rebuild removal age and direct the engine to base repair or depot depending 
—

whether the repair removal age or rebuild removal age was smaller. On the

other han d, a replacement model will be described in 5ection 9, part II which

generates combined removals and spl i ts removed engines for repair and

rebuild according to an age dependent prob abil i~~ of rebuild. This model

may be appropriate since older engines are more likely to be rebuilt. The

age dependent rebuild probability could be incorporated into the computer

program. It is not clear at this time which option is preferable.

Another difference of the program submitted with this report is that

no attempt has been made to accurately represent the repair and rebuild time .

Arbi trary calendar time i ntervals were chosen after which an engine removed

for repair or rebuild rejoins the spare engine inventory . Its age is reset

to zero if it was rebuilt. These repair and rebuild time s could be

randomi zed if desired , but AFLC already has a computer program , the JEMS

(Jet Engine Management Simulator) , which thoroughly represents every

aspect of repair and rebuilding. However , it simulates calendar t ime between

removals as exponential random variabl es. The simulation program submitted

wi th this report may be adapted to run as a FORTRAN subroutine of ~ e JEMS

program or it may be worthwhile to rewrite both programs in a language more

suitable for representation of the repl acement and repair processes with

their different time scales, operating time and calendar time . GASP IV

is a candidate language (Pritsker [ 15 ]) s ince it is a FORTRAN based

language which can handle events occurring in continuous time such as removals

in operating time and events occurring in discrete time such as repairs or

rebuilds which need not be monitored as accurately as is possible with the

next event simulation method .
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One obje ct ive of the actuar ia l  method is to obtain an estimate of

replacement requ i rements. Obtaining a good estimate of the actuaria l

failure rates is only part of the job. The replacement age estimate m ust

then be transforme d in to an est ima te of replacemen t re q u i rements . The onl y

theoretical property true of replacement requirement estimates obtained

from actuar i al fa i l u re  ra tes , the product l i mit  est imator , and the

max imum likel i hood estimator is that they are all maximum likelihood esti-

mators for their respecti ve sample information and replacement age models.

Further comparison must be done by comparing their information matrices or

by empirical means such as simulating a replacement process and compari ng

the resul ts where the engine life data is generated from the estimators of

re p lacement a ge bein g com pared . That w i l l  be done now , to i l lus t ra te  the

next event method of simulation and to compare the estimates of replacement

requirements obta ine d from estima tes of the removal age fa i lure  rates and

cumula ti ve dis tr ib ut i on funct i on .

In order to illustrate the next even t method and to compare it with

the time sl ice method , 20 repeat runs of a 300 hour flying program for one

single engine aircraft wi l l  be simulated by hand. The number of eng ines

requ i red to ac h ieve the re qu i red fl yin g hours will be collected for each run

from wh i ch the mean , var i ance , percentiles , and the cumulat ive distribution

function wi l l  be estimated .

In TaD le 5 engine ages at removal are simulated from each of the

estimators including the “actuarial cumulative distr i bution function ”

• obtained from the actuar ial fai lure rates. This function was graphed in

F i g u r e  3, Section 5. Part I. Table 6 shows the ca lculation of engine

requirements based on simulated operating times from Table 5. Figure IS 
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i l lustrates the results simulated from the theoretical and product l imit

cumu lative distribution functions . Table 7 summarizes the frequency data

front lable 6 and graphs for comparison are in Figures 16, 17 , and 
~~~~~

. The p rod uc t

l imi t est imates were as close or close r to the theo re ti ca l val ues of a l l

measures as any estimates . The actuarial failure rate estimates didn ’t

stand a chance because the engine lives generated from actuarial failure

rates used many random numbers not used in the other simulations. Because of

this, the actuarial failure rates were transformed into an actuarial cumulative

distribution function from which engine lives were generated from the same

random numbers used to generate engine lives from the product l i m i t and theoretical

distributions. (The maximum likel i hood estimator mentioned in part I and

deri ved in Appendix A is equivalent to the product limi t estimator for

simulation of replacement requirements. )

In Table 5, Column 1 is the index number of the engines needed to operate

twenty planes over a period of three hundred flying hours each. Onl y ten

engines are shown . Appr oximatel y 65 engines were required. Column 2

are the random numbers ta ken from Mihram [ 2 1. The fi rst random number is

used to generate the engine lives for columns 3 , 4, and 5. Al l  the random

numbers l isted were used for column 6, the actuarial failure rate engine

life . Column 3 is the engines life generated from the cumulative distribu-

tion function obtained from the actuarial failure rates. That cura lative

distribution function is plotted in Figure 3 . Colu mn 4 is the engine l ife

generated from the product limi t cumulative distribution function in

Figure 4 . Column 5 is the engine life generated fro m the theoretical

cumulative distribution function in Figure 3 . The procedure for columns

3, 4, and 5 is to take the random number in column 2, find it on the vertical
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axis of the graphs in Figu res 3 and 4, move across u n t i l  i t meets the

fu n c t i o n , look down to the time axis , and record the removal time .

Column 6 is the actuarial failure rate removal time . These times were

generated from Table 2 , the actuarial interval fa i lure rates. The f i rst

random numbe r l isted in column 2 is compared wi th the first interval

fai lure rate in Table 2 , Column 8. If the random number is less than the

interval fai lure rate , the actuarial failure rate l i fe become s the mid-

point of the actuarial age interval. If the random number is greater than

the interval failure rate, take the next random number in column 2 and

compare it to the second interval failure rate in Tab le 2. Continue in

this way until the engine life time for engine number one is found , then

repeat this procedure for the next engine. For maximum time , the failure

rate is infinity, so if the engine f l ies this long it wi l l  have flown two - 
-

hundred hours .

The number of engines required for twenty aircraft varies slightly for

each method. Each of the engine l ives generated has been assumed to be for

a new engine , so each time an engine is removed a new engine replaces it.

Table  6 , Co lumn 1 gives the number of the aircraft that was used. Column s

2 , 4, 6 , and 8 are the engines l ives used by each pl ane  to f ly  three hundred

hours for the actuarial cumulati ve d i s t r ibu t ion  func t ion , product limit ,

theoretical cumulative distribution function , and ac tuar i al fa i l u r e  rates

respectively. Column s 3 , 5 , 7 , and 9 are the numbers of engines required

for each plane for the actuarial cumulative distribution function , product

limit , theoretical cum ulative distribution function , and actuarial failure

ra tes respectively. The engine lives for each plane to fly three hundred

hours are taken from Table 5. The enoine lives were taken in chronological

order from Table S until the total flying time was greater than or equal
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to three hundred hours. For the actuarial  cumulative distr ibut ion function ,

the first aircraft took six engines to reach three hundred flying hours. The

first six remova l times from Table 6, Col umn 2 are 33 , 90, 47 , 33, 16 , an d

200 which totals 419 hours. The excess time was not carried over to the

next aircraft , so the engine l ives for the second aircraft are 200 and 200.

In Column 3 the number of engines required is the number of engine lives

nee ded to reach or exceed three hundre d fl yi ng ho urs , i n th i s case , six

en g ines are nee ded for the f i r s t a i rcraft .

Figure 15 is a chart of the product limit engine l ives and the theoretical

eng ine lives. It shows when the engine replacements occurred over the time

period of three hundred hours. Frequentl y da ta is tabulated in Table 7.

Column 1 is the number of engines tha t are renuired for an aircraft. Columns

2, 3, 4, and 5 are the number of aircraft that required the number of engines

spec i f ied i n Column 1 . F ig ures 16 , 17 , and 18 are the cumulative distribution

functions taken from the frequency table for each of the three ways engine

requirements were generated. They are compared to the theoretical engine

requ i rements cumula ti ve d i str ib ut i on func t ion .

A computer program has been written for comparing estimators on the basis

of how well they simulate engine requirements for one single engine aircraft.

The program does not yet simulate engine requirements from the theoretical

d i s t r i b u t i o n  of engine l i ves but th i s w i l l  be incor po ra ted soon an d fu l l

scale testing could be done for larger samples than used in this section.
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TABLE 5

\:~~ r ~~~INE LIVES FOR REPLACEMEN T SIMuLAT In:~

Col umn
Number 1 2 3 4 5 5

Column Engine Random Actuarial c.d.f. Product Limit Theoretical Actuarial
Name Number Numb er Engine Life Life Life Failure Rate

_______ _________ ____________
Life

1 .153 3.3 10 38 20

2 .337 ,.o79 90 92 85 100
.165

3 .203 47 33 52 20

4 .162 33 33 41 20

5 .078 16 10 21 20

6 .876 ,.58 , 200 200 200 100
.09

7 ./ /8 ,.30 ,.46 , 200 200 2 00 180
.35 ,. lO

8 .909 ,.79 ,.45, 200 2 00 200 180
.69 , .18

9 .93 l,.63 ,.53, 200 200 200 200
.10,.43

10 .326 ,.9 2 ,.56 , 89 82 82 180
.63,.07
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TABLE 7

FREQUENCY DATA ON ENGINE REQUIREMENTS

Col umn
Number 1 2 3 4 5

Column Number of Actuarial Product Theoretical Actuarial
Name Engines c.d.f. Limit c.d.f. Failure Rates

Required Frequency Frequency Frequency Frequency

2 8 (. 4) 7 ( .3 5 ) 7 ( .35 ) 9 ( .45 )

3 6 (.3) 7 (.35) 7 (.35) 9 ( . 45 )

4 4 (.2) 1 (.05) 3 (.15) 1 (.05)

5 0 2 (.l) 0 0

6 2 (.1) 3 (.15) 2 (.1) 0

7 o 1 ( .05)  1 ( .05 )

20 20 20 20

90th Percentile 6 6 7 7

80th Percentile 6 6 6 4

70th Percentile 4 6 6 3
Mean 3.10 3.35 3.30 2.75

Variance 1.57 2.13 2.22 .93

Standard Deviat ion 1.25 1 .46 1.49 .97
4
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9. The Actuarial Poisson A pproximation to Spare Engine

Requirements and Other Anal ytical Approximations

It is not sufficien t for ennine management to predict onl y the n i)ected

number of engine replace ments that require repair or r eIu i l din q . The Air

Force must plan spares requirements to give a comfor tabl y high ;j r~~ha b il it 4’

of meeting mission requirements , usu a l l y 80- or 90 , i.e., tile ‘ I l A ~
-
~ )or of

spares must be sufficient to meet rep lace rent require ments 1f~ ti” ‘1 ,inq

hour program wi th probabil i ty .8 or .9. In orde r to deter r ino

numbers, the 80th and 90th precenti les of the ren1ace r- ’en~ re~ J ir 4 - - -n -
-

distribution must be estimated. The actuarial method contai n s a proced I~-

to do this. The simulation program can be easily revise d to nr~~i - ‘ -  r ose

esti mates. Other analytical approximations may be possible , perhap s com-

bined with si r -~ula tion . Each of these approaches will be described in th is

section -t nd the foundations for the Poisson aooroximation will be r~viewed

to sh4 w a potential improvement in its accuracy.

~i ria l method for estim ating safety stock levels in AFM 400-1

Cha~ - - r  -t [ 13 ] is based on the assumotion that derand for spare engines

ha- a Poisson distribution with rate parameter or expected demand per u n i t

c a l e nda r ~i”e equal to the rate that engines require repair or rebuilding.

(If there are fewer spares than will eventually he in repai - o~ are be ing

rebuilt, then some aircraft will not have engines.) The Safet-; Level Table

Figure 8-1 of AFM 400-1 is a table of the 90th perce ntile of a Poisson dis-

tribution for different values of its parameter. The Poisson assu m ption is

unlikely to be true exactly, but the conditions for use of a Poisson approxi-

mation may be near realization. Those conditions are (Co~ [ 12 1 Cnan t er f-):

65
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1 • T m - re are mnu ny S i  nul taml o) usly opera t j og or instal led engines , and

2 . rh~ d is t r - i t u t i o n  of the residua l calendar times from eng ine

ins ta l l a t i - : n to I’ l4~V l  is 5 ne -~r~e for all eng ines and those times

are iF f t I m l n t .

Cond i t ion  2 n m y  r e  v io la ted f or  mult ip le engine planes and it may also be

violated bec auce some engines arr not new at in- -ta ilation .

The condi t ions above should be tested if the Poisson approximation

for spare engine requirements is to be used . If the condit ions are

realized , then the Pc in approximation should be modified to take into

account the initial failure rate after installation. Unless the calendar

t u ~e between engine installation and removal is exponentially distributed ,

the initial failure rate can be used to improve the Poisson approximation.

(If the initial failure rate is hig her than average , more spares are

required . )

Meanwhile, the nex t event sim ulation of replacement requirements can

give all m t  sr -ra tion about the distribution of replacements including p
p ercentiles . For instance the 90th percentile of simulated replacement

requirements are obtainable from Figures 16 , 17, and 18 , and they are

shown in Table 7. They are obtained by reading the figures across from ii
the vertical axis at probability value 0.90 and reading down to the

horizonta l axis to obtain the value of en gine requirements that was not

exceeded in 90 of the simulation runs. The accuracy of this estimate could

be estimated Iro n- many repeated simulation runs.
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Another approximation to the number of repla cor iiemit r ej uir en - t~ i s

possible by an adaptation of the central limi t t he cj re - - . It is oo- .-,r t r d t

the number of replacements with new , i ndependent, id entical c oriot i - -ot s ha~

approximately a norma l distribution after a long time , r-Lg arat ess of tm

life distribution of the components (Cox Chapt .:r 3 [12 1). T~e cs m it r a l

limi t theorem is remarkably robust and w i ll tolerate some ~i ri at irn in tnt-

residual operating time distri bution of the components , (Li ’ruLer ~ Co n d i t ions ,

Gnedenko , Chapter 8 [23 J). This tolerance is probab l 1 Su f f ~ L I c i t  SO

that the normal approximation to replacement r e q u i re mne nt n  is still ade-

quate for engines even though some engines are not new at insta ll at ion .

This long time approximation could be combined with a simulati on to

determi ne replacement requi rements for the near future. Some additional

research is required here to develop the normal app roxi~lat ion . U
The temptation is always present to asc u ;-c a simrl e model ct cn~~r~~s

operation for convenience in predicting replace ment requ ir erent c . It

would also be desirable to incorpo rate ad ditional inf rrn a tion at 3 m

engine ’ s histor y into a model of eng ine operation to ot t a i m morr accur ate

prediction of remova l times and replacement requirements. ~~ V e d l  
- 

-

approaches are possible that should be e> lored.

1) Postulate tha t the failure rate function ~ the rr -

times (regardless of whe tr ier the removal is for re :-air

or rebuild) is of th~ formtm (Cox [ 1-1 1)

r(t) = r0(t)e
7

where Z is a row vector of conco niti - SImIL vi riab ifm ,-i t im  - -

F relation to engine age at removal and is a colum n \-c(tor

of constants. Likely conco mittant variables are t~ m number

of prior repairs arid the age at last  i n r t a l la t  ion .
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2) Pos tolate that the process causing combined rem ovals interacts

with an age dependent p r o b a b i l  i ty that determines whether

the engine is repaired or rebuilt. (Older engines are more

likely to be rebuilt than nearly new engines when removed.)

3) Postulate that the replacement requirements process is a

Markov process in operating time and that there is a known

random transformation from operating time to calendar time

which may depend on the Markov process. The number of re-

place m ents required is also a Markov renewa l process under

rather general conditions.

Each of these three postulated models has properties that make them

useful for differen t aspects of engine management. The first model is con-

venient to estimate and can be used to determine trends in the performance

of engines (Tarone [18]). The second model is convenie nt for determining

operat ing time between engine overhauls. The third model converts replace -

ment~ occurring in operating time to replacements in calendar time as a

function of the flying hour program and the rate at which each aircraft

contributes to the program .

68

~~~~~~~~~~~~~~~~~~~~~~~ - -  

-— -

1C ITVrr .~~~~r4C ,5-L b s



5 - - — -~~~ - - - - —  — - 5 -- -—- - - - 5 — - -  --- —- - 5 - 5 5 - - - — - -

SECT 1o~ 3

REC 0MM[NE~AT I ONt

Recommendation_ 1: Do not smooth the ‘ crude ” actuarial failure rat c-t .

The smoothing procedure is a vesti ge of the life insurance industry

where there was no reason to assume human failure rates were not smooth.

The converse is true for engine failure rates due to component failure and

the high probability of removal at inspection . To smooth the failure

rates is to suppress the informati on most useful for engine dia gnosis and

for prediction of replacement requirements . Recommendation 1 can be adopted

imediately and will only reduce conmputation .

The actuarial method employs a linear extrapolation of ear li t r failu re

rates where data grows sparse and the actual data is not used . This data Cu ’

and should be used in calculation of the engine removal time distribut ic

and failure rates . Several recommendations to follow will use all data.

Even if none of them is adopted , it is still possible to get enough observa-

tions in each actuarial age interval to estimate meaningful failure ratet by

making some of the intervals larger. The ultimate extension of variable

actuarial age interva l estimators is the estimator with exactly one removal

per interval. Because this estimator, call ed the “product limit ’ estimator ,

was already available, no further study of actuarial type estima tors

was done. Unfortunately this estimator does not take into account the age of

engines at the beginning of some calendar period of operation , information

which now may be usefu l for some purposes. This leads to two reconmrnendations

for further development.

Recormiendation 2: Develop actuarial estimators with flexible age

intervals and modify the product limit estimator to take into account

engine ages at the beg inning of some period or their ages at the la tt- ,t

instal lat ion if they were instal led after ~he Lu~1 inning of the period .
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Recor mum iendatio n 3: Determine whether it is worthwhile to use the

additional information on ages for all actuarial purposes.

The estimator with one remm iova l per age int rval u -5es all engine operating

time info rrm’ ation , whether a remova l time or the age of a still operating

engine,to obtain the cumulative failure rates or the cumulative distribution

function of engine remm iova l times. This type of estimator also can provide

every infor umat ion product now computed from the actuarial failure rates ,

and the resulting products will usually be more accurate because the actual

removal time information is fully used . The product limi t estimator requires

more computation than the actuarial estimator . but the required computation

is well within the capability of current computers.

The second recommendation requires applied statistical researc h and the

third requires some testing. If the second recommendation is successful ,

there is no reason to pursue the thi rd . There is every reason to expect

success on the second recommendat ion because there are possible estimators

that exist or could easily be developed to use all the information now

available on engine ages and removal times . As part of this research contract ,

the maximum likelihood estimator for an engine removal time nmodel that

distinguishes usage, inspection and max time removals was derived for a

samp le of removal times and survivors ages . The derivation can be modified

to incorporate engine ages at the  beg inning of some calendar period or at

last installation. That is recommendation 4.

Rec ommendati o n 4: Derive the maximum likelihood estimator for the

removal time model with stat ist ical ly independent usage and inspection

removal times . Test whether t his model is appropriate for engine

remova ls.
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If the model is appropriate , an estimator u i l l be av u ilable tha t is

expected to be simpler to use than the produc t li m it est imn at - r , and it also

gives an estimate of usa ge remova l times , useful for engine diag r uatics

and for curve fitting attempts to identify a parametric model of ang inn u naqe

removal times .

One question that should be addressed by the actuarial statistical t — t

is - does the official failure rate reflect the performance of the current

population of engines? The answer is provided by comparing the da ta  set

from which the official failure rates were computed w~ t t  ~~~~~ ~~~~~ set con-

taining current engine removal data . The updating program submitted wi th

this report provide s a statistical ly valid imea sure that the two data setu

really came from the same population . It is designed to compare all past

data sets with current data on removal time s and survivors ’ ages .

Recormiiier.. tion 5: Adopt the engine removal data updat ing program

submi tted m ith this report to replace the current statist ical tet t for

changing the official failure rates age interva l by age inter v al.

This updating program does not use ages of engines at the be gin n in~ at

any period or at installation. A nm odific ation has been proac-sed t h a t  will

do this but it requires further development.

Recommendation 6: Develop the modified statistical t~vo samp le  ~i lc o c- ’

rank test to incorporate eng ine removal times, survivors ’ ages at the

end of the operating periods , and ages at the beg inning of the period or

at instal lat ion whichever is later.

The actuarial procedure for computing confidence limits for spare engine

requirements recognizes tha t demands do not always equal expeated demand , so

additional spares are required to keep the probability of runni nni out to an

j 71
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ic L np t Ihl e level m mc v the procedure is based on the assumption that

demands have a Po i sso n dist r ibut ion . This is true only under very special

conditions or when the number of operating engines is very large and all

repla crre m its are new . The Poisson assum uption should be revaluated with

two possibilities in  mind. First , the Poisson approximation may be strengthened

by a second order tern involving the initial failure rate . Second , the

normima l approximation nay be adapted to provide a better estimate of engine

requirements after the engines have been in use for some time . T hese

observations lea c to reconiiiendation 7.

Recommendation 7: Revaluate the spare engine requirements computation

now ba sed on the assumption of a Poisson demand distribution.

Other data related to engine remova l times is available and should be

used to o b t a i n  more accura te est i ma tes of en gi ne removal ti mes an d

consequently of replacement requirements; data such as sorties , en gi ne cycles ,

prior repairs , X—ra y and chemical analyses. Development and testing of more

comprehensive statistical estimators is necessary for significant improvement

beyond the expected improvement from ecomnmendations 1-6.

Recommendation 8: Support the research necessary to develop more

comprehensive estimators of eng i ne removal ti mes .

Presently, simulation is the only stati stically valid way to estimate

engine requirements. The simulation program now used to predict engine

requirements simulates each engine through each actuarial age interval.

The result is a t i me consum i ng program wh ich g ives onl y an est imate of

expected replacement requirements but no confidence l imits and no ind ica t ion

of the accuracy of the requirements estimate . The next event method can

s imulate fleet opera t i on many times and obtain informa ti on on conf id ence

limi ts , accurac y of estimates , an d even es t ima tes of when engine removals
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will occur. The method can be used whether actuarial failure -utes

used or the product limit estimator of recom men datio n 2 is used.

Recominiendation 9: Change the simn ulati un program for re p l a cement

requirements from an interval by interval simnu la tion to a nett e-~’ - ’ t

type simulation.

The program prepared for this report conta im. Us - n o o d  it-n t s

accura te simulation of engine removals but does not ma ke any pre~erlss o f

accurately representing the repair and rebuilding of ert~ines . t
This has already been done in the ‘L’~ program developed dt PP tn .

Recommendation 10: Combine the next ever lt type si m ulation ut L f le

engine removals and the JEMS program simulating repair am ~ 1 rebui ldi sq.

This will have to be done in close cooperation with AFLC Lccam~~ of t u c i r

thorough knowl edge of the repair rocess for eng in e s.

The resulting program is likel y to be the largest proJ -u i that c a m he

handled in a reasonabl e amount of computer time . There is still a nced for

more accurate and more conveni ent methods to predict replacement rep-u i re m - e tS .

A normal approximation conditioned on tie ages of the present s:u -~ o~

eng ines should be developed for estimati ng eng ine repuirem ents .

Reconimendation il : Support the research and deve lop emi t necessary

for a simulation of rhort term engine requirements combined mi th a

long term estimate based on a no rmal approximation .
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SECTION 1

INTRODUCTION

The u l t imate  object ive is to derive the maximum likelihood estimator

of the cumulative distribution function (c.d.f.) of engine removal times

from a progressively censored sample. The c . d . t .  is assumed to be of

the form

( i ( t )
F ( t )  = l—F1(t) ~ II (l—p 1 ) 

~
, (1)

~ 
i=l 3

where F
1
(t) is the tail c . d . f .  of another non—singular c .d . t .  possibly

trunca ted and represen ting usage removals , and the p. are the unconditional

probabilities of removal at the ~
th 

inspection time (fixed) where i(t) is

the index of last inspection prior to or at time t. Throughout this deriva-

tion t ime is measured in f lying hours , not calendar time. Progressive

censoring occurs because estimation of the c.d.t. takes place at f ixed

calendar times , and in addition to data on the f ly ing  hours at removal

of engines that have been rep laced , the curren t accumula ted f lying hours

of installed engines tha t  have not yet been removed is also known .

The p lan of th is  derivation is in three stages. First , for  the

sake of review , the empirical distribution function for an ordered random

sample of eng ine removal times T1 < T 2 < . .. < TN

so

- -;.. =i
~~~~ ~~~~~~~~~~~~~~~ :T~~~T~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~5~~~~i ~~~~~~~5-5 -5~~~-5 __
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0 t < T

F ( t ) = i/N T1 < t < T1~.1 
(2 )

1 t > T~

will be derived by the me thod of maximum likelihood . Then the maximum

likelihood est ima tors of F1(t) and the p~, j = 1, 2,..., k, will be

derived for an uncensored samp le of eng ine removal times. Substitution

of those estimators into the c .d.f. (1) yields the empirical distribution

f unc t ion as an E.,ciinate of the model (1) but wi th addi t iona l informa tion

about usage removals and inspection removals. Last , the maximum likelihood

est imatorsof F1(t) and the P~ are derived from a progressively censored

sample. Subs titution into (1) yields the “prod uct limi t” es t imator of

Kaplan and Meier [1].

1
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I ~-m[M I .E KI -;I. i mmli )  DER !  V.-\ F IO N OF

F I lE ~-D’lI’tRI CM. DIST IBU-flOli FUNCTION

Given an ordered random sample from an arbitrary c.d .f ., it is

frequentt y assumed that the mass of the estimator will he placed only

it observed data in t h e sample. Then the likelihood function of the

samp le is the product of masses f ., i=l ,2 ,...,N , at the data values

t
i -~~ t 2 .~~. .~~5 t t,~

N
L( t 1,. . . ,t~ , F(t)) = IT f .

i=l

and the masses are subject to the constraints of non—negativity anu

N
~ f . = l

11=1

so that the estimator of F(t) is a c.d.f. The values of f . that

maximize the likelihood function are all equal to 1/N. This can be

verified by the Lagrange multiplier method or by substitution of the

cons traint

N-l
E N _ l Z  f 1

i=1

into the likelihood func t ion  and se t t ing  der ivat ives  of the log l ikelihood

function with respect to f 1 equal to zero ,

N—l N-l
~ log L = ~ { 1 log f~ + log ( 1— 1 f~ ) }
(I f 1. (I f 1 i =1 i =1
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or

(I logL 1 
— 

1
(If f N—iI I 1—:: f

j = l

which gives

N—i
1 —  E f

j =l

for all i=1,2,... ,N—1. Therefore , all such f1. 
are equal to i /N .

This gives the familiar step function that jumps only at observed engine

removal times .

For example , suppose there are five observations at times 10, 15 ,

25 , 50 and 100. The empirical c.d .f. is shown in Figure 1.

F
5
(t)

1.0 — —  -- __________

.8

.6

.4

.2

o - -, I- I
25 50 75 100 125 time

Figure 1. The Empirical c.d .f.

The properties of the empirical c.d.f. as an estimator are well known ;

Gnedenko 2 shows the strong consistency of the estimator.

83

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~1I1 1~~~J A



S E L F  1 mL -~ I 11

MAN I ~E ’M L I K E L I  11000 D E R I  V A I  I IN

OF TIlE FU LL SAMPLE ESTIMAT OR

The engine removal times T1,. .. ,T~ in the sample are assumed to

be independent and identicall y distributed according to F(t), (1). In

addition , the engine removal code specifies whether the removal was

during usage , at inspection , or at maximum time . Define the following

sequences:

the number of removals at the jth inspection and

tmax~ 
j=i,2,. .. ,k+l; (t

the number of usage removals between the (j—l)st and the

j t h  inspection ;

[M .}, the cumulative number of usage removals ,

M . 1 m~ , j=l ,2,...,k+l ;
1=1 1

the sequence of usage removal times, i 1 ,2,... ,Mk+l ; and

inspection times and t
.1 max

These sequences turn out to be sufficient statistics. The sample

size N can be expressed in terms of usage removals , inspection

removals and maximum times removals as

k+l
N = M k+l + Z n .

84
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The l ikel ihood f unct ion f or the samp le information is

~k+l1 
i (t~ ) 1 k r j—1 

~1 
n~

l f i (t.) IT (i—p .) I ‘I ( p.  II (i—p .) (l—F 1 (t~~)) 1
i=i L ~ 

~=i ~ J j = i  L ~ i=i 1 
~ j

~~
l_ F l( t max ~ 

~~ i 
( l_ ~~~)~~

] 

k+ l (~

with f1(t1) denoting the density of F1
( t) ,  discrete or continuous,at t . ,

— = t —c for small c>0, and the notation j(t .) is used tomax max 1

indicate the index of the last inspection prior to the usage remova l

at t ±. The first term of the likelihood function is the probability

of the usage removals, the second term is the probability of inspection

removals , and the last is the probab ility of all the surv ival s to

t . C is a combinatorial constant.max

In order to make the likelihood function positive , all of the

f
1
(t
~
) should be positive, and to maximize it , l—F1(t) and

l_F
t(tmax

) should be as l a r ge as possible consistent with the constraints

on the distribution function F(t); F(0 )=0, F(a) 1, and F(t) non—

decreasing in t. As in the maximum likelihood derivation of the

emp irical distribution function , all the mass of F1(~) should be p lac ed

at the observations {t1} and tmax .

Then

N .
l—F 1(t ’) = 1 — ~~~~ f

1
( t .)

3 i=l 
1
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and

i-F (t ) = l —  
I~~ I 

~ 
( t .)

i max i=1 1 1

However , not all of the jumps in F1
(~ ) will be of the same size 

as in

the emp irical distribution function. The derivative of the natural

logarithm of the likelihood function with respect to f1(t1) gives

(I l g  L/~ f(t.) 
= l/f1(t.) 

— f 1(t~ )I {l - N~ f1(t 1) 
}

f or all l=M~_~ + 1,. ,M . ,  j 1 ,2,.. . ,k+l. This indicates that the

maximum likelihood estimators of the jumps will be the same in

intervals before the first inspection , between inspections , and after

the last inspection. These jump sizes will be denoted by f1,f2,.

The likelihood function mow simp il lie-s to

k±~ r i—i 1 ~I 
- 

~I k+l r j 1  j -I fl.
11 f 1 IT (l-~~~) ~ i-i 11 II (l-p 1)~~ 1 - Z f1 (M 1

_M i_l )] 
~ C

i=l L j= l  J j = l  L ~ i=l i=l

where 
~k+l 

= 1. The log likelihood function is

k+l i— i
E (M 1—M~~1)fln f1 + E in(l—p.)} +

1=1 j=l -~

k+l j—l j
+ N nj  

{ in  p .  + 
•
E ln(l—p 1) + ln(l— . 

M
1
M
~~ i

) f 1) 
} + in C

i=l i=l

Take the derivative of the log likelihood functiun with respect

to p. and set it equal to zero , j=l ,2,. . . ,k ,
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k+l i 
~j k+l

~ (M~ —M 1 1) ( 1
L~~ ) + — — E 

~~

— = 0

~ P j  i j+l j rj  i=j+l j

Remove the l—p . terms from the summations to obtain

k+l
— = 1-~

-—
~
— ~ (M 1—M

~ _ i  + ni)p
i 3 i j+l

or

k+i
n . p 3 

(M k÷l
_ M

l
+ ~ n . }

13

This gives the maximum likelihood estimator

= n1/ {Mk÷l 
— M~ + ~~ n~~}

13

which may be rewri t ten as

j — i
= n~ l ~N_M~

_ 
~ n1} j=i,2,.. . ,k

i=l

where the denominator is the number of survivors to the j t h  inspection .

~~~

_ _
:- Thus p~ 

is simp ly the proportion of survivors removed at the j t h  inspection .

Take the der iva tive of the log likelihood function with respec t

to f~ and set it equal to zero , i l ,2,. . . , k+l ,

(I ln L 1 k+l n (M.-M .
- -f - - -  ~ (M .-M.

1
)~~~ - 

h~i 

h i  =

• Divide out (M1—M1_1) to obtain the general relation 
for the maximum

likelihood estimators of

87

.v.~ - j— - . - - - - .=., ~~~~~~~~~~~ ,—~ — -~~_-,_-- - — ---5--,- - —~~~~~ - -
5- - - -~~~~ ~~~~~~~~~~ - -5--



N
P ~~AD—A03S 076 TEXAS A AND N (NIIV COU.ES€ STATION DEPT Off INOUSTRIA—— ETC F/S 21/5

ESTIMATION Off ENSINE REMOVAl. T IMES AND PREDICTION OF REPLACEMEN—fiCtu)
DCC 76 I. I. SEORSE F336 1 5—76—C—3042I L*ICLASSIFIED AFFD4.—T R— 76—130 Pt

2 OF 2

I 
A

I !!! ~ ~~~~~ _ _ _ _ _

-
~~



II I I~ IIIIl~L~ H2..~.I.v LII ~ IIID~
I ~ ~~ IOI~0
d HH~II ~ ~II~I~ M~

MICROCOPY RESOLUTION TEST CHN~T
NATI ONAL BUREAU U ~T AN[ ~~PTI~ 1 - ;



k+1
L = h 

i=l ,2,. .. ,k+l (3)
~. ~~~~~ 

h
1— ~ (M .—M )f.

j=l ~ ~~~ J

Suppose for the moment that there is only one inspection time, k=l.

Then to obtain the maximum likelihood estimators of f
1 
and f2, the equations

= 
f + 

l-m
i
f
1
-m
2
f
2

and

n2
— 

l—m
1
f
1—m2f2

I
J

must be solved simultaneously. The first equation contains 1/f
2 as the last

term , and rearrangement gives

l—m1f 1— n 1f 1 
—

f
1(l—m 1

f
1) 

—

The second equation can be solved for

1-f m11
2

Combining these two exp ression s for f
2 gives
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= 1/(n 1
+n2+m1+m

2
) 1/N

and

= ( 1/N) 
~~~~~~~~~ 

/ — (1/N) (l—p1
)~~

Now return to the general problem of solving the system of k+l equations

(3) simultaneously. The answer is

1—1
= (1/N) (II (~~

_
~ 

)~}~ ] (4)

:1=1

The equation (3) yields a recursion relation

n
1 1 + 1 (5)
I 

- 

~~~~~~~ (M .-M~~1
) f ~

which may be used to verify the estimators (4). This has been done for

k=2 and is very tedious, and the result (4) for larger k will be verified by

induction on I for an arbitrary number of inspections k>i from recursion

relation (5).

If it can be shown that recursion relation (5) yields

1
— -~~ = Np1 fl (l— ~~). 

(6)
I 1+1 j=l

-I
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the induction is complete because the difference above is equivalent to the

solution (4). The rest of this proof is to verify that the center ratio of

(5) is equal to the right hand side of (6),

i-i n
Np. II (i—p ) = 

_____________ 
. (7)

1 j=1 i
1— ~ m .f.

j=i ~

Substitute the solution (4), j=l,2,...,i, for t . into (7). This is fair

because under the induction method , the result (4) is assumed true for

j=i,2,. . .,i, and is to be shown for i+i. This substitution yields

~~i-i n .N1
Np

1 
IT (i—p.) 

___________________

j=i 3 i j—1
N— ~ [m./ It
j=i ~ k=1

and use of the def inition of p~ allows some cancellation,

I i—i
i-i N—~~~m .—~~~ n.

II (i—p.) = j=l ~ j=i ~
j=l ~ i j—1

N ~ [m./ II
j=i 3 k=1

i—i
Now 

~ ~~~~~ 
] 1 will be factored from the denominator and will cancel the

k=i

left hand side leaving only
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I i—i
N- ~ m4- n

1= ‘8
i—i i—i ,-

(N—rn ) TI (
~
_p
k
)_m

2 
II (i—p h)—. . .

—rn
k=l k=2

to be verified. This will be done term by term . Each product in the denom—

I
inator includes i which will have coefficients N— in . exactly as in the

j=l 3

numerator. It remains to show that the rest of the terms in the denominator

give ~ n~ . Use the expansion
j=l

i—i i—L i—l .. ... i—l.~
~ ~k~~’ 

~ ~~~ ~ P1p — . ~~~~~~ 
u

k=l k=l j~ k k=l

to obtain the coefficients of in terms of N , in S ,  n ., and for j <k .

Starting with k=l, the p1 
term is

(N—rn
1
) (41

)—n
1
.

The p2 term is

(N—rn
1) (— p1

)+(N—m
1) iI’2~~2 ~~~~ ~~1~~2

m
1
) 
~~~~~ ~~

Similarly the P3 
term is

(N—rn
1
) [—; 3+;~;3+ ;2;3

_;
l;2;3

_rn
2E ; 3

.
~
1)2;3I •••Ifl

3E~.P3
]_. _n

3~
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and it is hoped that this is sufficient demonstration that the coefficients

of 
~k ’ k 1 ,2 ,. .. ,i—i when collected as above yield n1,n2,~ ~~,n1 1  with the

negative sign jus t  as in the numerator.

- 

It  is of some interest to estimate the j ump at tmax resulting from the

maximum likelihood estimator 1=1 ,2 ,. . . ,k+i . That j ump is estimated by

k+l k+i rn

~i
(t max

) l_
~~~

m
i
f
i= 

l_ ~ 
i— l 

(9)

II (i—p.)
j=l

For k=l , this is

n2
N i_p

i

a very reasonable estimator since n /N is the fraction of survivors to t

and (l_;1
)
_l 

represents the conditioning on surviving the first and

inspection .

A similar result may be proved for an arbitrary number inspections k by

use of the method that verified the form of f. (4). Equation (9) becomes

=

when the produc t is factored from every term in the sum. Relation (8) is

then used to show that
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,

k k+l k
F( t ) = N~~[ n (l—p

1
) ]~~ [N— ~ m1— ~ nil = 

k+l 
k 

1

1=1 1=1 i—i IT (l—p
1
)

1=1

and the conditional prob ability interpretation again yields the interpretation

that this estimator is the sample proportion of removals nk+i/N conditioned

on surviving all inspections.

It is reassurin g to find th at when the estimators fo r F1(t )  and

p . , j l ,2 , . . .  ,k are substituted into the assumed cdf (1) , the resulting

estimator of engine removal time cdf is the empirical cdf (2). This is

easily verified for a small number of inspections k. For k=0, the result

is immediate because the cdf jumps by 1/N at each removal time. For k=l,

1(t) ..
F(t) l—F

1(t) H (i—p ) =

1=1

i/N for t~ < t<t 1~ 1 and t<t 1, i<m1

= ‘ (m1+n1)/N  for t=t1 the first inspection

i—(l—m1
f1
—1f

2
)(l—;1

) for t 
~~~~~~~~~~ ~~~~ 

and t>t1, i<m2,

The third term above simplifies to (n1
+m
1
+i)/N , the proportion of removals

at or prior to t ime t , so F(t) is the empirical cdf.
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This resul t may be proved for  an arbitrary number of inspections k by

another application of the relation (8). First verify that F(t) is h/N prior

to any inspection where h is the number of usage removals that  have occurred ,

h<m 1;

F( t)  = i— E l— hf 1
] = l— (l--h/N) = h/N

by simp le subst i tut ion for f 1.

Then verify the result for an arbitrary inspection time t~~;

i . .  j
F(t) = l— [1— ~ m1f1) 

IT (l—p 1
)

1=1 1=1

i—i j
= 1—L i— ~ [m ./ II ‘~~~k~~

11 ~ ( i — p . ) .
1=1 ‘k=l ~~~~~ 

1

j—1
Factor the product ~ (l—p~ ) from the denominator of the Fit) term and cancel

k=l

common terms of the two products, resulting in

j—l j—l -‘

F(t) = l-[(N—m
1
) II (l—Q—m ~ ~ 

~~~~ 
.—m .l .

k=l k=2 N

Use relation (8) and the value of p~ to obtain

r(t )  = 1- *[N-~~~
(mj~~j

)]  =
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(The denominator of l— ;~ cancelled the numerator of F1
(t ) . )

Las t , verif y that F(t )  is the emp ir ical cdf fo r a t between inspections ,
V V

t . <t <t .
3 j+1

j
F(t) = 1-El- m .f —h f.+i ] H (1—p ) ,

~ 1=1

for h
~
m
~÷i 

and t
m~+h ~

tc t
m
j
+h+l.

3 —

Subst i tute  for f , ,  factor  out IT (1_p
k

) from the denominator of the F1(t)1 k=l

term , and cancel It with the product in the numerator to obtain

j  j
F( t )  1— -

~~ [ (N—rn1) IT ( 1_p
k

)_ m
2 11 (i—p )— . . .—m .(1—p .)—hl

k=l k=2 ‘ ~

= [~~~~(m .+n .) + h J / N

the empirical cdf from the relation (8) slightly modified to account for

the fact that the product index ranges up to j.

The appearance of the maximum likelihood estimator of (1) from a ful l

sample is similar to FIgure 1 of the empirical c . d . f .  except that jump sizes

increase where there are multiple observations at the same time such as

occur at inspection times . It is more interesting to note that the es t i—

mator of F1(t )  is similar to the empirical c .d . f . ,  but the j umps

-~~~~~~ 
- 

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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vary in height from one interinspection interval to the next because fewer

engines survive the inspection and go on to usage removal in the next inter—

inspection interval . For example , suppose the usage removal times distributed

according to F1
(t) were observed to be

{t
1
} = {lo , 15, 25, 40, 80)

and suppose an inspection was held at 50 hours when two engines were removed

and three more were removed at max time, 100 hours. The estimator of inspec-

tion removal probabili ty is

.333

and for the estimate of F1(t)

= 1/10 = .10

and

= (1/lO)(l_ .333)
_1 

= .150

The estimate of F
1(t) is shown In Figure 2. The mass at max time is included

in the estimate of F1(t )  but that is optional.

96

I
’

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - —
~~~~~ -—~~~- —=- —‘,

- — ~~~~-~~-~~~~~~ -- 



— - ——-

~

- - - - -
~

-
~

-
~

--— -— -—- . - - - —-- -- -~-
-..--- -

F1(t) 4
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.45
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1- I

10 20 30 50 100 tIme

Figure 2. The Maximum Likelihood Estimate of F1(t).
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SECTION IV

MAX IMUM LIKELIHOOD DERIVATiON OF TIlE PRO1~RESS IVELY

CENSORED SAMPLE ESTIMATOR

A progressively censored sample contains values of inin(X
1
, Y.), 1=1 ,2,

~N where the are the random vatiables whose c.d.f. we wish to estimate

and the Y
1 
are nuisance variables. This situation can arise either when all

N items begin testing at once and some are removed from testing before failure

at times Y. or, as in Air Force engine management, the sample data taken at

fixed tines include sone replacement times X
1 
and some ages ‘f. of engines

which have not yet been replaced. The age Y . of the survivors provides ad-

ditional information about the c.d.t. of the replacement times X~ and should be

used in estimation of that c.d.f.

Denote ordered sequences of event times as follows:

{ t .}  — the sequence of usage replacement times,

(t~ } 
— the sequence of inspection times and maximum time if any , and

(t~ } 
— the sequence of ages of surviving engines.

As In part 3 , m
~ 

and n
j 

count usage removals and inspection removals, and j(t1)

is the index of the last inspection prior to a usage removal at t 1 . Conversely ,

i(t~) is the index of the last usage removal prior to inspecticn at time t~~.

Similarly, k(t~ ) and j ( t j~) are indexes of the last usage removal time and inspec-

tion time prior to the age of a survivor , t~ . The underlying c.d.f. of replace-

ment times is again assumed to have mass only at observed removal times ( t
1

} and

( t ’~}, and these masses are denoted by f( ). With this notation , the likelihood

function for a progressively censored sample from the multi—risk model (1) is

d._IMplL_II!IrIT.?_iZ.~~~~~~.~!,, 
- -



L C. IT [f(t~
) II (i_ ~~~) J .  (u sage removals)

1=1 j=l

ii’,
k j—l 1(t )
It [p. TI (l—p

1
) (1— TI ~ f(t~))] . (inspection removals)

j=l ~ i=l i=1

k n
k lTI f ( t 1

) )  IT ( 1 — p . ) ]  + 
. (max. tIme removals)

i—i j =l

N— Nk+i
_M.
K+l k( t ” ) j ( t~ )

• IT 
[(1— Eb f(t

k
))  II ( i— ~~)] (survivors)

h—i 
k— i j=l

The log likelihood is

Mk+l j ( t )
ln L = in C + TI [in f(t

i
) + TI ~ ln(l—pj] +

1=1 j= l

k i(t’.)
+ TI n~ [in p. + TI ln(l—p. ) + ln(l— TI 3 f(t

1
))] +

j=l -~

Mk+l k
+ nk+l[ln(l •

~~ f(t
1
)) + TI ln(l—p.)] +

F N_
~~+l

_N
k+l k(t”) 

j l

+ TI [ ln ( l— zh f ( t k
) )  + TI h ln(l—p.)]r h—l k—i 3=i

The maximum of the log likelihood function will be derived by calculus subject

to the usual constraints on c . d . f . s.

The first result to be observed is that the masses f(•) are all equal be-

tween neighboring inspection times and/or survivors’ ages (within time intervals

where the numbers of survivors and inspection removals remain unchanged) . For

example , subsequen t to the last inspection and last survivor’s age , the derivative

.r~J
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N
~S In  L 1

1(t) 
= 

t ( t .) 
- 

~ k+ I  
/ ( 1~~), (t .) )

L 1=1

is the  same for  a l l  usage r emova l s  ( i i  a n y ) .  S imi la r l y ,  p r ior  to any i n s p e ct i o n s  and
— sur v iv or s , the d e r i v a t i v e

S in L 1 k+l 
N_ M.K+l

_N
k+l 1= - 

~~ i t~3~7~ 
- 

h=l  l-
~~~~~~~

(t
k

)

is the same fo r  a l l  such usage r e m o v a l s .  The g e n e r a li t y  of the asse r t ion  is suggested

b y the f o r m  of the d e r i v a t i v e  subsequent  to the l as t  inspect ion  but  pr ior  to the last

s u r viv or ’ s age . (Assume no usage remo’:als a f t e r  the last survivor ’s age . )

In L 
— 1 ~k+l

ft ~f (t .) 
— 

f ( t .)  
— 

Mk÷l 
—

1— TI f ( t )  1— TI f ( t .)
1 1.i 1

The l a s t  two terms combine to give a numerator which is the number of survivors after

the last usage removal , and the combination is the same for all such removals. In

orde r to give the general form of the derivatives , new notation must be intro-

duced; k(t ) is the index of the last usage removal prior to inspection at t ’
~, h(t1)

is the index of the last survivor time prior to the ~
th usage removal at time

and h (t’~) is the index of the last survivor tine prior to the 
~th inspection at time

t ’.. The genera l form of the de~ ivative is

N— l {  — N
• k-H fl~ k+l k+l

- - = - TI ~~~~~~~~~ - . — - TI 1
~~~( t .) f(t

1
) =j(t

1
) k ( t~ ) h=h(t.) l_ ~~~~~~~~~ 

(10)

for all usage removal i tdexes ‘1 between neighboring survivors ’ ages and/or inspection

tines.
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It is very easy to show that the estimator of the inspection time removal

probability has the same form as in section 3. Set the derivative with respect to

p .  of the log likelihood equal to zero ,

a k+l n •
~~

l n L O J TI L~~. 
~P~ i=j+l l Pj  h=h(t ’)

The 1—p . terms factor  out of each sum leaving

n 1 . th
— I-j—-—---] [number of survivors a f t e r  the j  inspection ]

3 3

The solution is

.th .
= n . / (number of survivors to the ~ inspection)

as in section 3.

The relation (10) for the partial derivatives can be rewritten in the same

form as equation (3) in the previous section , and consequently, it has the same

form of solution . The sample information must be re—expressed in order to show the

relation between (10) and (3) and to show the solution , the maximum likelihood

estimate of F(t). Combine the ordered sequences of inspection and survivors ’

ages into a single sequence f t~ }, 9~ = l,2,...,N_Mk+l
. Define the new sequence

{ r~} as the sequence of numbers of usage removal times between successive inspec-

tion times and/or survivors’ ages.

It  was shown earlier that the estimates of f ( t 1) are constant between

successive survivors ’ ages and/or inspection times, and these constants will be

denoted f
~
. The relation (10) can now be rewritten as

f
1 i=i 1 

~ 
r
k
f
k

k=l

and this is the same as equation (3) .
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In order to express the solution , a generalized form of the sequence of

estimators f p~} must be defined which includes the sequence of inspection time re-

moval probabilities. Let

f~~~~~~~~~~~~ th~~Tt 1nsp~~~i~n for t = 3
th 

inspection
index , j=1,2,... ,k+1

h1 
_________ 

for f •~~ survivors’
number of survivors to  the jth age , j=l ,2,.. .

survivors age

so the maximum likelihood estimators may be exp ressed as

F f . = [~~~~], 1=1 ,2,.. .,N_Mk+l. (11)
1=1 i—p t

The numbers of survivors to an inspection or to a usage removal can be expressed

as follows. The number of survivors still in operation at the time of the ~th ~~~

spectio.. 15

j — i  j  Q(t ’.)
— TI a . — TI m — TI r , j 1 ,2,. . . ,k+l

1. • 1
1= 1 i—i 1=1

where the index 2 ranges over inspection and survivor ’s ages up to inspection j or the last

surv ivor ’s age prior to the ~th 
inspection at time t~~. The upper limit 1(t~) is the

index of the 1
th 

inspection in the sequence of inspections and survivor ’s ages. The

number of survivors still in operation at the time of the ~th usage removal may be

expressed as
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i(t.) j+1(t )
N — E 3 (m

1
+n

1
) — (J—i (t~))_ 

~~~ 
4,~ j~ 1,2 ,. . .

where i(t~) is the index of the last inspection prior to the j
th 

usage removal.

Again , the index t ranges over both usage removal times and inspections.

A function of a maximum likelihood estimator is also a maximum likelihood estimator , so

when t. and p. are substituted into the formula for the c.d.f. F(t) (1), the maximum

likelihood estimator should be obtained. To define the result, called the “product

limit” estimator by Kaplan and Meier [1), order all usage removal times , inspection

times, and survivors’ ages into one sequence f t~~1~ ~~~~~~~ . .,N. The product limit

estimator is

F( t) — 1 — IT (N—r)/(N—r+l)
r

where r takes on values ~~~~ usage removal times and inspection times prior to

or at time t. For example , if the following realization had been obtained for a

sample

t t t t t t
time 

— 
1 3 4 5 max

removal Max .
condition Usage Survivor Usage Inspection Survivor Time

number
removed 1 0 1 2 0 2

F (t )  .125 .125 .27 1 .562 .562 1.0

The product limit estimator of F(t) in the Figure 3 is obtained.
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F ( t )

t~ t~ 
~3 t 4 

- 

t~ ~
tmax 

time

Figure 3. The Product Limit Estimator.

Figure 4 shows the maximum likelihood estimator of F1
(t) the usage removal

distribution for the same data. The jumps between inspection and between sur-

vivors’ ages will be of constant height. The estimator of inspection removal

probability is (now carrying index 9. = 2 because it is second in the sequence of

survivor times and inspection times)

2/6 = .333.

Also neede d are the p 9. terms for the two survivor times t
2 
and t

5

p
1 

1/7 = .143 and p3 
= 1/3 = .333.

From (11) the j umps at usage removals are = 1/8 = .125 for the jump at t1, and

= (l/8)(l_ .143) 
1 

= .146 for the jump at t3.
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I F1(t)

1.0 _________

.8

.6

.4

.2 
____________

0~~~~I
tl t 2 t 3 t4 

t
5 

t ax time

Figure 4. The Maximum Likelihood Estimator of F1(t)

from a Progressively Censored Sample.
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APPENDIX ~

VARIANCE REDUCTION FOR RENEWAL AND REPLACEMENT

PROCESS SIMULATION
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SUMMARY

SUMMARY

Unless component lifetimes are exponentially distributed , analysis of

renewal processes requires transform methods or simulation . If components

are not all identical or new, if the process repeats for several period of

time , or if there are several simultaneously operating components supplied

from the same stock of spares , then determination of replacement require-

ments can only be done by simulation or normal approximation . The use of

ft complementary antithetic random variates in the generation of component

lifetimes reduces the variance of the sample mean number of repl acements

in a multiple component , multiple period replacement process simulation

where the components and spares may be either new or used.
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MATHE~1ATI CAL SYMBOLS

SYMBOLS DEFIU1TIO~ 
PAGE

t,t1 time value or age value
F(t) cumulati ve distribution function of the

random variable component lifetime
R(t) the random variable residual lifetime

gi ven age at installation is t time units

GI/G/l the queuinq notation for a single server
queuina system with arbitrary independent
arrival distribution and arbitrary service
distribution

N( t) the nun~er of replacements required toobtain t operating hours from some identical
components operated sequentially
summation

S(J) operating time required of Jth component
and its replacements

M the nunter of simultaneously operating
components

N simulation run size
11 set intersection
X ,X .~ the random variable lifetime of a component
Var variance
Coy covari ance

random numbers between 0 and 1.0
x lambda , the parameter of an exponential

distribution

• e the Naperian base 2.7183
in natural looarithm
f,q arbitrary Lebesgue inteqrahle function s

set containment synbol
N~(t) The replacement counting function with a

stock of j spares, I is a run index
( } sequences of functions will be surrounded

by parentheses
F~~(U) the inve rse transform of F(t)

7
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SYMBOL DEFItIITION ______- 

PA~E
lim limi t 13

infinity 13
integral 13

E mathematical expectation 13
u a particular value of a random number 13

used to separate an event statement about 13
I a random variable from a condition on that

event in probabilities and expectations
identity 14

Max maximum 14
N~5(t) the repl acement counting functi on wi th j 16

operating components and initially s spare s ,
k is a run index

N ’(t.) the counting function for peri od j when t. 18
operating hours are required , i is a run
index

M mean 22
V var iance 22
C correlation coefficient 22
VSM variance of sample mean 22
a a parameter of the Weibull distribution 22

a parameter of the Weibul l distribution 22
H(J) the number of repl acements 24
N(I) the cumulative number of replacements on 24

several runs
M(I) the cumulative squared numbe r of replace- 24

-• ments on several runs
ICOV(i) the cumulative cross products of numbers 24

of repl acements on several runs
CCOEF(I) pooled sample correlation coefficient 25
VREPL(I) pooled sample vari ance of the n umber of 25

replacements
VMEAN(I) pooled sample variance of the mean number 25

of replacements
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VARIANCE REDUCTION FOR RENEWAL AND
REPLACEMENT PROCESS SIMULATION

1. INTRODUCTION

Many maintenance systems call for the replacement of operating

i tems at failure . It is necessary to predict expected replacement

requirements for reordering spares and for planning of replace-

ment workload . It is also useful for planning spares purchase

policy to know the upper quanti l es of rep lacement requirements to

predic t the pro ba bi lity of running out of spares. The usual type

of i nformation available is the cumulative life distribution function

F( t ) = P[operating life < t] t>O (1

based on accumulated operating time at failure . If a single operating

component is replaced at failure with new identical components which have

independently distributed life times , then the replacement counting

variable N(t), the number of replacements required to achieve t operati on time

un i ts , is a “renewal process ,” and the properties of N (t) are , theoreti-

cally at least , computa b le , Cox [2]. If a number of components are

operating simu l taneously, then the number of replacements required

to achieve t operating time units from each is known as a superposition

of renewal processes , and except when the component life distribution

is exponential , only asymptotic results are known . In fact , the

only computationally convenient result for renewa l processes and

their superposition is their asymptotic normal distribution. These

circumstances often call for simulation of renewa l processes for

prediction of replacement requirements . Kay [4) has simulated tho

11 1
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upper quanti les of a renewal process with We ibu ll life distribution

and compared the results with the normal approximation. The normal

approximation did not appea r to be very accurate and tended to over-

estimate actual replacement requirements for fairly small values of

operating hours , less than four mean lives. On the other hand , the

simulation itself takes a substantial amount of computer time to

obtain an accurate value of the expected number of replacements ,

especially for rare values of the numbers of replacements such as

the upper quantiles.

In many maintenance systems, the replacements are not new but

used , or the replacements may be a mixture of new and used i tems.

The cumulative distribution function of the residual lifetime R(t)

given age at installation t is the conditional distribution

P[R(t)< u] = [F(t + u) -F(t)] [l-F(t)]~ u , t > o .

There are no analytical results for this more general replacement

process unless the component life distribution is exponential , and

the memory less property of the exponential distribution gives the

residual life the same exponential distribution as a new i tem ,

regardless of age at installation. Simulation of this more general

replacement process is necessary to obtain results about the

expected number of replacements and its quantiles.

The technique of antithetic variates was first applied to simula-

tion by Hammersley and Handscomb [5] for reducing the variance of

the sample average output of the simulation of the mean of a distri-

bution. The technique has since been appl ied to simulation of

G I/G/ j service system by Mi tchell [6] and to determinations of the

112

¼

T~~! 1 •.



r 
•-•--- - -_-_

~~~~

-—-• --- -

~~~~~

- .•- — 

• critical path length distribution in project networks wi th random task

times by Burt, Gayer, and Perlas [1], but wi thout the order of magnitu de

reduction of variance of the samp le average experienced when antithetic

- variates are applied to simulation of replacement processes.

I
4 
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2. Simulation of a Replacemen t Process

The simulation of a single comoonent replacement process follows

easily from the relation between number of replacements W(t) required

to achieve t operating hours and the residual lives R(t1 ) R(t ) 2,

• for the initial i tem and its replacements given their ages at installa-

tion t1, t2 ... That relation is

P[N(t)=O] = P[R(t1 ) t]

P{N(t)=l] = P[R(t1 )~~t fl R (t1 )+R(t2)>t]

etc.

an d in 3neral
n n+l

P[N(t)=n] = P[ ~ R(t.) < t fl ~ R(t1 ) > t] (2)
i= l j

To simulate the replacement orocess, generate the residua l life of

the fi rst i tem, R(t~). If it exceeds the operating time t , count N (t)~O.

If not, generate the residual life of the second i tem R (t2) and count

N (t)=l if R (t1
)+R(t2) exceeds t. If not , continue until the sum of

res id ual li ves exceeds t . Th i s oroce dure may be repeate d as often as

desired to obtain an estimate of the mean number of replacements from the

average of all simulations and estimates of nuantitiles from sample ciuanti les .

The simulation of a multi ole component reolacement process is sim il~

except that the total operating time t is a vector of ope rating time re-

quirements from each component and its replacements. The number of re-

placements is the sum of all failed components and spares. This simulation

is shown in Fi gure 1.
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J put removal time c.d.f. F(t); run size N; the number of operati~~ 7
/ components M; the operating time required of each component S(J), /
/ J = 1, 2, ..., M; and the ages t1, t2, ... of components and sPare)!~

~ 
1 = 1  1

-‘ J = l J

—t ~~
• Generate the residual life of

componen t J or its replacement

I = N(J)+l

I SUM = SUM + Residual life

______ ______ 

NSUM > S(J) 0

[ 1 = 1 + 1  
?

_______ _______ YES

L J = J + l  1
NO i s

J=M
7

YES

Number of replacements on
the Ith run

= N (l) + N(2) + . . . + N(M)

STOP

Figure 1: Simulation of a Multip le Componen t Rep lacement Process
115
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Severa l program details may be supplied by the writer of the

simula tion program . The sequence of replacements may be specified or

a random replacement pol i cy may select from all available reDlacements.

The ages of replacements may be given or generated from some age distri-

buti on . The amount of operatin g time required of each componen t may be

specifie d as S(J), J = 1, 2, ...,M for the M components . It is no great

difficulty to include a resupply network that return s failed engines to

stock after a suita ble repair delay .

ft
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3. ~pplicat ion of Anti theti c Variates to the _ Single_ Component Replacement

Process Simulation

The computer program require d to simulate the multi ple component re-

p lacement process with high accuracy may strai n the capaci ty of avai l-

able computers . One method to reduce the run size requi red to achieve

a fi xed level of accuracy is the method of anti theti c variates , Hamme rs ley

an d Handscomb [5]. This method has been used in statistics but has re-

ceived little use in simulation of replacement processes.

The measure of accuracy that may be imp roved by the applicati on of

antithetic variates is the vari ance of a sample statistic. For example ,

ft the expecte d value of a random variable may be simulated by generating

several values of the random variabl e X 1, i = 1 , 2, .. .,  N and avera ging

them. The sample average is an unbiase d , consistent , and otherwise well

behaved estimator of the expected value. Its vari ance is

N 1 N
Var X Var( ~ X./N) = ~ Var X. + 2 ~ ~~ Cov(X.,X.) . (3)

i=1 1 N i=l 1 1 3

The covariance te rm enters into the cal culation if the random vari ables

• x1, X 2, . . .,  are generated so that they are correlated. The “ t r i ck ”

of the anti thetic variates technique is to generate them so that

Cov(X.,X.) < 0 and thereby reduce the variance of the sample mean below
N
~ Var X

~
/N

~ 
wi thout biassing the sample mean.

i=l
Two methods exist for creating negative correlation among random

numbers used to generate random variables. They are to use the complements ,

~

_
_

_ _i

~

_ _ 
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(1-random number) , and to generate half the requi red set of random num-

bers and use theii in reverse order for the second half.

Both methods were tested , and the former seems more promising

for simulation of renewal and replacement processes. The compute r pro-

gram is shown in Figure 2. One reason for this preference is that many

random numbers must be generated to give one val ue of the number of

removals according to the relations (2). Reversing the sequence of

random numbers used to generate the R(t1 ) in the next run may give inde-

pendent values of N (t) if the number of replacements is small relati ve

to the number of random numbers generated. For example , suppose a test

program generates 50 random numbers for each run , U(l), U(2), ..., U(50),

which are used to generate 50 residual lives. If t is smal l , then the

number of replacements may also be smal l , say 5. On the second run ,

the sequence of random numbers will be used in reverse order , U(50),

U(49), ..., U(l), and F~(t) will probably involve only the first few

values of the reversed sequence , independent of U(l), U(2), ... , IJ(5).
The variance reduction property will be proved for the singl e com-

ponent replacement process and for several methods of generating the
res i dua l life times of the components , the inverse transformation method

• and a method of acceptan ce for generating conditional lifetimes . The
vari ance reduction property for multi-componen t replacement processes

will be proved in the next section .

The inverse transformation method is based on the fact that for any

strictly increasing cumulative distribution function F(x), the random

variable F(X) has the un i form distribu tion on the interval from zero to
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r

Input Run Size N (even)

and C.D.F. F(x)

J— 1 , S=O

Generate
random
n umber

U J

Generate R.V.
X(J) from

ft 4 U(J) or its
comolement

U J =1-U J-l

S=S÷X (J)

J=J+ l

J=J+l J odd YES

NO

M A  Is
J=N

YES

X=S/N

STOP

Figure 2: Method of Comp l ements Generation of ~
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one . The inverse transform of a un i form random number U is denoted

F~~(U) an d is a random variable with cumulative distribution function

F(x ) .

Th is procedure for generating random variables can be carried

out on a graph of F(x) by reading across from a random number on the

vertical axis to the curve F(x) and down to the horizon tal axis for

a value of the random va riable , Fig ure 3 . This metho d may be ada p ted
for generat ing random variabl es from a discrete distribution.

F(x)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

FIGURE 3 ; INVERSE TRANSFORMATION METHOD

OF GENERATING RANDOM VARIABLES

-• The method of inverse transformation is appl i cable only for

families of cumulative distributions which can be solved expli citly for

the inverse F~~(U) (or for distributions entered in tabular form and

random variables generated as in Figure 3). For example, the ex-

-
• ponenti al cumulative distributi on function F(x)=l-exp(-xx) may be

inver ted to generate an exponential random variable X as a function of

a uniforml y d istri buted random number U, X -ln(1-U )/A . This method may

also be used to generate Weibull , Cauchy, logistic , Rayle igh, and of

course , uniform random variables.
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The variance reduction property to be proved is

Theorem 1: The use of complementary antithetic random variates reduces

the variance of the sample mean number of replacements in simulation

of a single component replacement process when component lifetimes are

generated by the inverse transformation method.

Proof: According to (3), the variance can be reduced by generating

correlated replacement counting functions so that for every pair of

runs , the covariances of the numbers of replacements Cov(N 1 (t),N3(t))

are non-positive thereby reducing the variance of the sample mean from

N runs to less than or equal to

N
(1/N 2) ~ Va r N’(t)

i=l

obtained by generating the replacements in each run from independent

random numbers . It will later be shown that for at least one pair of

runs, the covariance is strictly negative.

The proof of non-posit ive covariance i~ to apply the following

result from Mi tchell [6J to replacement processes with a limited number

of spares: ‘Let f and g be real valued Lebesgue integrable functions of

XCR . Suppose for each argument X~, l<j<k , either f is non-increasi ng and

g is non-decreasing or f is non-decreasing and g is non-increasin g in X
3
.

• Let U= (Ul,U2,...,Uk) be unifo rm on [0,11 . Then Cov(g(U),f(U))<O.”
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De f ine  the sequences (N 1.(t)} and {N?(t)} for j = 1 , 2, . . . as

follows :

N~(t) = 0

O if F~~(U1 ) > t
N2(t) 

= — l1 if F (U 1 ) 
< t

O if F 1 (U1 ) > t

N~(t) = 1 i f  F~~(U1 ) < t fl H(U1 ) + F~~(U2) > t

2 l f F 1 (U1 ) + F
1 (U2)~~~t

etc.

and N~(t) = 0

O if F~~(l-1J ) > t

1 if F (1—U 1 ) < t

O if F~~(l-U 1 ) < t

N~(t) = 1 if F ’(i-U 1 ) < t fl F~~(l-U1) + H (l-U9) > t

2 if F 1 (l- U1
) + F~~(l-U 2) t

etc.

The N~(t) are counting functions which tel l the number of replacements

requi red gi ven a supply of j-l replacemen t items . The N~ ( t) sequence

is generated by invers e trans formation F 1 (U) from ranaom numbers

U1, U2
, ..., U~~1 and the N~( t) sequence i s genera ted from the comp le-

ments 1— ti 1, 1—U 2, . . . , l— U ,~ 1.

Fi rst it will be shown that

Cov (N 1.(t),N~( t)) < o
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for all j and then

Urn Cov ( N 1 (t),N~( t)) = Cov (N 1 (t),N2(t)) 0

follows di rectly. To apply Mi tchell’ s resul t, it must be shown that

N 1.(t) is nondecreasing in each argument U1, U2, ..., U. 1 and N~(t)

is nonincreasing in the same arguments . This occurs because a large

random number U1 generates a large random lifetime F
1 (U1 ) resulting

in a small N~(t) and conversely for N~ ( t) because large U1 results in

small 1—U 1 and small F~~(l-U 1 ) and a larger number of replacements N~(t).

The fact that all the covari ances are bounded allows the result

u r n  Cov(N~(t),N~(t)) = Cov(lim N~(t),lim N~ (t))
j
4C0 j~~~~

J

ft = Cov (N 1 (t),N2(t ))

the covariance of replacement processes wi th unlimi ted supp lies of

replacements . Since every term in the sequence of covari ances is non-

positive , so is the limi t

Cov(N 1 (t),N2(t)) < 0

In order to show there w i ll be some i mprovement when compl ementary

antithetic random variates are used , we ex p ress the covar i ance condi-

tioned on the value of the f i rst random number U1 wh i ch has the uniform

density on the unit interval .

Cov(N1 (t),N2( t)) J E[(N 1
(t) - EN(t))(N

2(t) - EN (t))l V1 = ujdu

where EN(t) = EN1 (t) = EN2(t). Assume there exists a random number u

close enough to 1.0 so that F 1 (u) is larger than t. Then N1 (t) 0

when U 1 > u and the covar iance inteqral Is
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Cov(N l (t),N
2
(t)) J~~EN (t)E[N

2(t)~EN(t)jU1 u]du+

+ f ~ E[N1 (t)-EN(t))(N~ t)-EN(t))jU 1 u]du .

The first term wil l be strictly negative because U1
>~ mean s l-U 1 is

small caus ing E[N2(tflU 1 u ] to exceed EN(t). The second term will

remain non-positi ve because N 1 (t) is larger than usual and N2(t)

smaller under the condition U1=u <U . Thus some reduction in the

variance of the sample mean can be expected when complementary anti-

thetic variates are used on alternate simulation runs.

This first theorem is contingent on generating the component lives

by inverse transformation . When comoonents have already accumulated

operating time prior to installation , their residual operatin g time s

must be genera ted from the conditional life distribution

P[R(t)<ujL ife>t.] = 
ti4

~
1

F~~
F
~
ti

The inverse tran sformation may again be used and the conditi onal inverse

must be recompute d for each di ffe rent age t.~. The variance reduction

property will still hol d when antithetic random vari a tes are gene rate d

by inverse transformation from the conditional life distribution above .

The same method of prcof yields:

Corollary 1: The use of complementa ry antithetic random variates reduces

the var iance of the sample mean number of replacements in simulation of a

replacement process when the component residual lifetimes are generated by

the inverse transformation method from their conditional life distributions

given their ages at insta llation .
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4. Muj~j ple Component Replacement Processes

Often the replacement process will include more than one operating

i tem and a stock of replacements for any i tem as it fails. If all re-

p lacements are new , then the number of replacements is obtained from

superoosition of renewal processes for each ooerating i tem and some in-

formation about the distribution of the n umber replacements is known ,

Cox , chapter 6 [2]. If the replacemen t i tems and perhaos the operating

i tems are not new , simulation is the only way to estimate the distribu-

tion of the number of repl acements and other properties. The simulation

program is shown in Figure 1. It can be adapted to simulate any policy

that selects the sequence of installation for spares including a

random replacement policy .

Compl ementary antithetic variates can again be used to reduce the

variance of the sample mean number of replacements for the mul ti-component

replacement process. The aop licat ion is to simulate the replacemen t

process to obtain the replacement requirements to achieve the desire d

operating time t for all items and replacements. Save the random numbers

used in generating i tem life times and use their complements in the next

simul ation run to generate component lives in the same order as they are

used in the first run . The variance reduction property will be proved

under the assumption that the item lives are generate d by the inverse

transformat ion method;

Theorem 2: The u~e of complementary antithetic random variates reduces

the variance of the sample mean number of replacements in simulation of a

multi ple component replacement process when the i tem l1 ves are qenerated

by the i nverse transformat ion method .
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Proof: The method is as in Theorem 1 to limit the number of replacements

available and use Mitchell ’ s Theorem to prove the non -positivity of co-

variance between two ant ithetic counting functions. Then the limi t on

replacements can be removed.

Define the i tem lifetime s for a replacement process that starts with

j simul taneously ooeratinq items and k spares as X1j, and the anti thetic

sequence of lives as X21 , I = 1, 2, .. ., j+s. The counting functions

obtained from the two secuences will be obtained as

O i f X ki > t 1=1 , 2, ... ,

1 if only one Xki 
< t, i =1 , 2, . .. , j

and Xk.+l survives past time t
N~ 5(t) 

= 
1

j+sif all s replacements are needed ,

k= 1 ,2. Since the inverse transformation method is used to generate

• all random lifetimes , the countin g functions can be expressed as functions

of j+s random numbers ,

N~ 5(t) = f(U1, U2, ...,
and

N~ 5(t) 
= g(l-U1, 1-U2, ...,

Mitchell ’ s Theorem can again be used to show that
F 

Cov(N~5 (t) , N~5 (t)) < 0

and consequently in the limit as s the number of spares increases. The

proof of Theorem 1 can be adaoted to show these will be strictly negative .

As in the previous oroofs , the effect of a decrease in U1 w i l l  be

examined. A decrease in U1 causes to decrease because it is generated

by an inverse transformation , and this in turn may increase N~5(t) if X11
126
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decreases to less than t, requiring a replacement. The opposite effect

occurs on N
~~

(t) because X21 is gene rated from 1_ l J
l and is larqer if

U1 decreases . Then N ’. (t) and ~~~~ ( t )  move in opposite direct ions inJs ~js

res ponse to chan ges i n U1 or for that matter any U.~ 1=1 , 2 , . .. , j +s

al thou gh the effect may not be as large for larqe i because the cor-

resoon ding spare item may never be needed.

The remainder of the proof is to le t the n umber of spares i ncrea se

to ~:o~

~im Coy (Ni (t ) ,  N~5 ( t) )  = Coy (N~(t), N~(t)) < 0.

for the coun t ing funct ions of a j item re p lacemen t p rocess where all j

i tems or their replacements must operate for t time units and the n umber

of spares is unlimited.

The comp limentary anti thetic varia tes imp rovement i n var i ance of the

sample mean num ber of replacements can be extended to the case where the

require d operating time for each item is different, t is a vector of j

operating times required from j items or their replacements. The proof

includes the si tuation where not all i tems and spares are new,as lonn as

the inverse transformation is used to generate residual lives.

• 

: 
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5. Mult e~~od Re~~aceme nt Proces ses

Often the re p lacement o rocess w i ll p rocee d for many per i ods an d

es tima tes of the replacement requirements in each perio d are nee ded .

Because items which have been operated in one period are survived have

accumul ate d opera t i ng t i me when put i nto serv i ce in the nex t period , the

sit uati on in ever y per i od b ut the first is as in corollary 1 of theorem

1 , the items to be used may already have accumulate d a random age depend-

m g  on their initial age if any and their accumulate d operating time in

earl ier periods . Corollary 1 of theorem 1 may be aop lied to prove negative

covariance is obta i ned if antithetic random variates are used to generate

residual random live s for all components given their age at the beginning

of each oeriod where they may be used. This will require regeneration of

the res id ual li fe of any component used i n mo re than one oer i od from its

conditional life distribution given its ~ge at i nstallat i on in a sub seq uent

period.

For exam p le , le t N1 (t 1 ) an d N
1 (t2), i=1 ,2 be the numbers of rep lace-

men ts in periods one and two requiring operating times t1 and t2 when

generate d from independent random numbers and their complements . Random

num bers U1, U2, ... , UN l(t )+l are used to generate component lives

X11 , . . .,  x 1 N 1 (t )+l where

N’(t )+l
I - 

~ X1~ >t1.
1=1

Component number N 1 ’ t1 )+l survived to be used in the second period with

accumula te d age
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N1(t 1 )

• 
t~-~ X 1~ ~

Random n umber UN 1 (t )+2 is used to qene rate the residual operating life in

period 2 from an inverse transformation on the conditional life distributio n

F(a + t )— F( a)

and all subsequent replacements wi l l  be generated as usual . This means that

the replace ment processes in several pe riods given the ages of components

that may have survived partial use in earlier periods are conditionally in-

dependent because the random n umbers used to generate each period ’s replace-

ment process are different and independent.

The only remaining problem is to insure that the antithetic replacement

processes are al so conditionally independent. Let N=max (N 1 (t1 ),N
2(t1 ))+ 1

and use random numbers UN+l UN+2~ 
... to generate the reolacement process

and its anti thetic process for period 2 independent ly.

The results of this extension can be adapted for reduction of the

variance of the sampl e mean for a multiple component , multiple period

replace ment process.

I
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6.  EMPIRICAL TESTS OF ANTITHETIC VARIATES

In this section results on several types of replacement process simulations

• with complementary antithetic variates are reported. Although run sizes are not

la rge and res u l t s  are somewhat dependen t on the seed chosen , the reduct i on i n the

var i ance of the samp le mea n number of repl acements is unexpected . The proofs in

previous sections only show there will be a reduction but do not suggest the

magni tude of the reduct ion wh ich in several cases was one tenth (Mitchell {6~
obta i ned about a 20~ reduction.)

Runs were made for several different combinations of new and used components ,

single and double operating components , and several distributions of ages and

l ives. In every run, the uncond itional expected life was 0.5, and each componen t

and its replacements were to operate for either fi ve or ten hours. Ages for used

components we re genera ted from the same distribution as the component lives , but the

choice of age distribution is arbitra ry. The total number of components used

was recorded for each run. The simulation program would first make a number of

runs (20 or 100) with independentl y generated random numbers. The results from

these runs are l isted in column “Base”. Then an equal number of runs we re made

using the complementary antithetic random numbers. A third set of runs was generated

from another set of independent random numbers and the result of these runs are

tabulated in the column “Independent” . The means and variances of the number of

replacements i n the Base , Complementary and Independent runs are tabulated. Then

the correlat ion coefficient between Base and Complementary and between Base and

Independent are l isted in columns Complementary and Independent. In nearly every

simulation , the correlation between Base and Compl ementary numbers of replacements

is less than — .5 and the correlation between Base and Independent is moderate. The

last entry is the variance of the sample means computed from the formula (3) after
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combining variances and means in pairs , Base with Complement and Base with In-

dependent. The simulation results are in Table 1.

The statistical subroutine which was used may be adapted to any test of
effectiveness of any variance reduction techni que applied to simulation of any

output statistic. It is flowcharted in Figure 4 and listed in FORTRAN G in

Figure 5.
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Lstart)
In p ut  number  o~ runs K, operat~ing components , operating time ,

and age and life c.d.f.s. j

Generate ages fo r a l l  componen~~an d rep laceme nt i tems for use i
every run.

Initi al i ze run counter I and sun~
storage variables. I

~ -jln itialize run index J=l .

Generate H(J), the number of re-
p l acements requi red to ach ieve 

J=l for independent random run
~J=2 for second independent run
J=3 for complements from run 2

L11 L(I)~N;I)+H(j), M(I)÷M(fl+H(j,21 
J=J-i- l

f~~~pute cumulative cross products
Ifor J=i and 2 and J=2 and 3 pairs .

NO IICOV(I)=ICOV(I)+H (J_l)*H(J)

~ YES~~~~~~~~~~~ NO

YES
[Compute means , var iances , covar- 1
iances , and pooled variances of
sample means from M, N, and ICOV.

• / output  /

C~~
t0P D

fl~~re 4, SIMULATION TEST PROGRAM
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C H( l) ,  H(2) ,  AN D H(3) ARE THE NUMBERS OF REPLACEMENTS
C REQUIRED ON A RUN USING BASE , INDEPENDENT , AND COMPLE-
C MENTARY RANDOM NUMBERS . N(I) AND M(I), 1=1 ,2,3, KEEP
C RUNNING SUMS AND SUMS OF SQUARES , AND icov(r ) ,  1=1 ,2,
C COLLECTS CROSS PRODUCT SUMS.
C

DO 100 1=1 ,3
N(I)=N( I)+H( I)
M(I)=M(I)+H(I)*H(I)

100 CONTINUE
DO 101 1=2 ,3
ICOV(I)=ICOV( 1)+H(I—l )*H(I)

101 CONTINUE
C
C VAR (1), 1=1 ,2,3, IS THE SAMPLE VARIANCE OF THE NUMBER
C OF REPLACEMENTS . COV(I),CCOEF(I), VREPL(I), AND VMEAN (I) ,
C 1=2 ,3, ARE POOLED COVAR IANCES , CORRELATION COEFFICIENTS ,
C SAMPLE VARIANCES , AND VARIANCES OF SAMPLE MEANS FOR
C BASE /INDEPENDENT AND INDEPENDENT/COMPLEMENTARY PAIRS .
C VARIABLE “K” IS THE NUMBER OF RUNS IN EACH OF BASE ,
C COMPLEMENT , AND INDEPENDENT SIMULATIONS .
C

DO 102 1=1 ,3
102 VAR(I)=(M (I)— (N( I)*N (I))/K)/(K_1 )

DO 103 1=2 ,3
COV(I)=(ICOV (I)_K*MEAN(I_1)*MEAN(I))/(K_l)
CCOEF(I)=COV ( I )/SQRT( VAR(I— l )*VAR(I))
CMEAN ( I)= (MEAN(I—l )+MEAN (I) )/2.O
VREPL(I)= (M(I_l)+M (I)_ ((2*K)*CMEAF4(I)**2))/(2*K_l)

103 VMEAN (I)= (VAR(I_1)+VAR(I)4.(2*COV(I)))/(4*K)
STOP

Figure 5 STATISTICAL SUBROUTINE LISTING

I
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