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unified , semiempirical micromech anics theory is described which relates the 
— 

1-
thermoelastic properties of the unid irectiona l , filamentary composite to the ~~~~~

- - -

quantities and to the correspondino properties of its constituent materials. The
theory treats the composite , the filaments and the matrix as being aenera ll y
orthotropic , linearl y elastic , and accounts for the effect of voids. It is based
on the equivalent section concept , on par allel and series connected elements and
on the judicious incorporation of certain empirical factors , which reflect the
particular fabrication process . Results are presented which demonstrate and
verify app lication of this theory to boron , carbon and class-filament epoxy-resin
composites. Additional results are presented which exhibit the voids and in-situ
matrix o~thotropicity effects on the thermoelastic propertie c of the unidirectio nal
coniposite. Fi n all y, results are included for all the thermoelastic propert ies of
boron , carbon and g lass-filament epoxy-resin composites.

INTRODUCTION

The continuous strive for efficient materials utilization and the environment of space travel has
chall enged the inoenu ity of both materials scientist and designer. Their combined efforts created
numerous hi gh-strength li ght-wei ght filament composite materials which are characterized by hi gh
Stiffness and hi gh strength to weight ratio. The properties of these composites depend on the
properties and quantity of their constituents and on the particular fabrication process. The mathe —

~~~~ formalis m which relates the properties of the composite to those of its constituents has been
CO 1 fl~~~ ~ “micromech anics ’ . A reliable m icromechanics theory is an invaluable tool in trade off
Studies and in functional des ians . The alt p rn ative to micrornech anics in es ta l l is h i n a the compos ites

~..) 
orop~~~~5 is the experimental approach. However , the many possi bl e fildrIw tl t -ffld tr i x comb i na tions ,
a r i s in g  in p a r a m et r i c  and trade off  ‘ tud ies , WOu ld reqll ire a 1 arqe number of (‘~ oeriInents . T h is  co u ld
be economicall y prohibitive and could i mpose sever e l i i r i t a t i o ns  on the u t i l i z a tio n  of f i lament

• * Th 1~ research wa s spon nred b t d J ~t~sear h Projects Aqen y ,  Depa~rtrnent
of Defense , thr~uqh I~r,int No PU 1(6 1 ~) ) — 3 1  lU ,l adini i i is te ri ’d by the Pir  Uor e
Mater ia l  L a hr,rd t nr~ — 
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composites as structural members. Many of these difficulties can be conveniently bypassed by pre-
dict ively co~rect semien ipirica l theories . In this paper , a semiemp irical micr omechanic s theory

which deals with the thermoelastic properties of a unidirectional filamentary composite (ply) is

described .

In recent years , several micromechanics theories have been proposed to predict the thermoelast ic

properties of fibrous composites. These theories range from the streng th of ma terials approach to

sophisticated statistical methods. Theories which are representative of the published work are

found in Refs. 1-15. Reference 14 is a critical review of the state of the art. Most of these

methods are for isotropic filamerts (except Ref. 8), isotrop ic matrices , and neglect the effect of

voids (except Ref . 15). They a e primarily based on theoretical considerations and are determinis-

tic in nature. Available experime - tal results suoaest that the unidirectional filamentary corn-

posite s thermoelastic propert~- - ‘c of hi ghl y statistical nature , due to the numerous factors

which influence these propert~-/s ~
9ef. 16).

The semiempirica l theory described here differs from existing theories ~n that: (i) it r~flects t~ x

particular fabrication process throug h the empirical factors ; (ii) it allows the in-situ matrix to:

generall y orthotro p ic : (iii) it predicts the complete thermoelastic properties of the composite , i .s

nine elastic coefficients , three thermal coefficients of expansion , three heat conductiv ities arid

the heat capacity ; (iv) it is convenient for desi gn application. Briefly then , the article cover

description of the theory , verification of its app lication , generation and discussion of add itional

results . The working equations are listed in the Appendix A. The detailed derivations are rot

included here ; however , they are given in Chapter 1 and Appendices A and B of Ref. 17. For subseq-

uent discussion , the terms fiber and filament will be used interchangeabl y. The terms unidirec -

tional composite and ply will also be used interchangeably.

PLY FUNDAMENTAL ELEMENTS

The p ly has certain fundamental elements . These are : (1) Filaments which come in a roving end c’

yarn and are specified as number of filaments per rov i ng end of yarn (Fi g. 1); (2) ~-a t ri x; (3)

A pparent volume ratio of filament; (4) Volume ratio of voids. Other p l y eleme nts which are reede~
for desi gn and analysis are : (1)’ Actual volume fraction of filament; (2) Actual volume fract ic ’~ c~
matrix; (3) Pl y thickness; (4) Filament spacing within the p l y. The last four elements can ~e

related to the ply ’ s fundamental elements as is shown in Appendix A. The various therma l and ~ec~-

anical properties of the filaments and matrix in their bulk state are assumed to he known .

PLY-ELASTIC PROPERTIES AND PLY LINEAR THERMAL COEFFICIE NTS OF EXPANSION

The assumptions on which the semiempirica l theory is based are : (1) The pl y is linearl y elastic and

generally orthotropic. (2) Both filaments and matrix are linearly elastic and ciener allv orthr trr c’C.

• (3) The axes of orthotropy of the p ly, filament and matrix are coincident. (4) Both fil ,ir cn t s and

matrix could contain voids; (5) Emp irical factors are introduced to account for the followin g

sinip lifications: (5a ) Filaments are regularl y spaced in the form of a square array and arc

completely ali gned; (Sb) Filament ’ s cross-secti onal area can be represented by an t ’qu iv alcn t -

square cros s—sect ional area (Fi g. 2); (Sc) Filam ents and matrix are connected in pirillel in the

longitudinal direction and they arc connected in ser ie s  in the two transverse din t ions ; (hd ’l

P~s idua l s t r e s s e s  have neg i iqi hi e effects on ela stic and t hernial propert it’s ; (le) 1 ion ’ i s  i i~~ lt ’t& ’
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bond at the interface of the constituents and there is no transitional region between the consti-

t~~fltS . 
(6~ The pl y is at uniform temperature.

The motivation for the simplificati on in assumption (5) stems mainly from four sources : (1) The many

processing vari ables that affect the ply ’s elast ic behavior , 9uch as filament tension , matrix visco-

sity, temperature , humidity and air i mpurities at the matrix bath stage; temperature and pressure at

the cure stage. Other factors such as fiber surface treatment, and various matrix additives effect

the ply’s therinoelastic properties. (2) The reasonable agreement of the results obtained from the

• s~uare-base-fi1ament approximation when compared wi th other theories and experiment (see Tables 1

and 2, Ref. 17). (3) The reasonable correlation obtained between theoretically predicted pl y-

thickness and measured results ; Fig. 3. (4) The results of approximating spheres with cubes , Refs.

:~ and 19. It is noted that simplifications 5a , d , and e are also made in the theories cited in

:efs. 1-15; however , in these theories there are no provisions to compensate the effects of these

-e .plifications. In the present theory , the effects of the simplifications are compensated by the

•-— oiric al factors. The important point to be kept in mind is that simp lificatio ns 5a , d and e

~‘~f1ect a particular fabri cation process. Therefore, the empirical factors are representative onl y

:f that fabrication process.

The geometry of the mathematical model is shown in Fig. 2. The basic hypothesis in the formulation
• -f the semiempirical theory is that the averaged energy stored in a p ly ’ s typical-cell equals the

r.’eraged energy stored in the filaments and matrix contained in the typical cell. It is consis-

~ nce with this hypothesis , then , to consider elements with finite dimensions in the typical-cell

~rd talk about their averaged state-of—affairs . This is a modification from the concept of poi nt

:cscri ption in the classical elasticity theory . The difficulties of theories seeking to describe
m t  behavior are extensively discussed in Ref . 17 , Section 1.2. The formulation is that of the

~ rength-of-materials using three-dimensional stress-strain relationshi ps. This avoids the
3ssunlption of completel y restrained matrix in the fiber direction , Refs. 1 , 5, and 15.

The averaged energy stored in a unit-cell , Fig . 2, is expressed in terms of stresses using equili -
: n~r~ and contin uit y conditions. The desired equations are obtained by comparing correspondin g

~oefficjents in the averaged energy expression. The empirical factors are introduced in writin g

~‘-e equi librium equations since the local stress is replaced by an averaged one. The resu lting
espressjons for the normal elastic constants , thermal coefficient of expansion and shear modu li are
:lven in Appendix A eqs. A.8, A .9 and A. l7-A.l9 respectively. The detailed derivations are lenathy
3 d  are omitted; however , they are g iven in Appendix B of Ref. 17.

PLY HEAT CAPACITY AND THERMAL CONDUCTIV ITIES

The pl y heat capacity is obtained by equating the heat stored in the unit-cell to the sum of its
:crponents. The resulting e~pressior is given by Eq. A .25. Suitable equat ions for conducti v ities

~re presented in Refs . 3, 20 and 21. here , these equations are either modified or rederived so
- ‘ at Orthotropi~ it y and empirical factors can be incorporated . The resu lting espress ions are given
by Eqs. A.27-A.30.

I .
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• VERIFICATION OF SEMI EMPIRICAL THEORY RESULTS AND DISCUSSION

The semiempirical theory results discussed subsequentl y were generated from the i nput data in Iab1e~
l and 2. T’he value of the empirical factors in Table 2 were chosen such that predicted and expe,’..
mental results of plies with known filament and void ratios correlate. Comparison of the semi-

empirical theory with other theories and with experimental date is presented in Fi gs. 4-6. As can
seen in these figures , the results of the senii empirical theory are in oood agreement with the expe’

mental averaged data in the practical range of fiber content. In Fig. 7, the semiemp irical theory

resul ts for all the pl y elastic constants are compared with corresponding results of Ref. 10 for ~
glass-fiber resin-matrix ply. The comparison of these results indicates that: (1) good agreement
fo~- (E 11), (v l2 ), and (G 23); (ii) the semiempirica l theory predicts hi gher values for (E 22) o r :

(G ,12) (this is in line with experiment); (iii) the semiempirica l theory predicts hig her values f~-

~
‘
~ 23~ 

(no experimental results for this property are available).

The semiempirical theory results for the pl y thermal properties are compared with other theories in

Fi g. 8 and limited experimental data in Fig. 9 for a carbon-fiber resin-matrix system. As can be

seen from these fi gures , the correlation is good. The effects of the ~ oids on the transverse

modulus (E 22) are shown in Fig. 10. The theoretical curves in this fi gure were constructed by

choosing the empirical factor -

~~ 
for glass-resin , so that the predicted values provide an upper

bound (k
~ 

= 0) on the experimental data. The important points to be noted in Fig. 10 are that t’-

experimental results can be bounded with void content and that any theory for predicting the ply

elastic properties must include the effect of voids.

The effects of in-situ matrix orthotropicity on the transverse modulus (E 22) are shown in Fig. 11.

• The bounds of Ref. 5 are also shown in this fi gure for comparison purposes. As can be seen in Fi g.
II , the effects of matrix orthotropicity on the transverse modulus are quite pronounced . The
i mportant points to be made here are : (i) available experimenta l results can be bounded by allow inc

the matrix to behave orthotropically in-situ ; (ii) theories on the ply ’ s elastic properties shcu~C

treat the matrix as generally orthotropic. In the work of other investi gators , the in-situ matr ix

has been treated as isotropic. However , there are several good reasons to suspect that the in-s:t..

matrix does not behave isotropica lly. Some of these reasons are : nonuniform matrix film t t i c~ne’
between fibers , presence of residual stress , possible preferential molecular ali gnment in very thu

• films ; the weight-densit y dependence on the coupson size reported in Ref. 22; induced orthotrooy

defined in Ref. 23 , page 89.

• The effects of voids on the pl y heat conduct iv i t ies are shown in Table 3 for a glass-resin pl y. T1

sen i iempir i c a l  theory resu l t s  are g iven for two values of the empirical factor 
~ks’ 

(0.9 and 1.0). ~
ca n be seen from Table 3, the semiemp iric a l factors can be chosen so that the semiempir ical theor\
is i n  good agreement w i th  ei thee other theories or wi th  experi mental data. It is important to nc t€

from Table 2 that mo st of the empirical factors are near unit y or have values which ap pro x ’mi ,a te lv
correspond to square base filaments. When the fiber volume content is near the two extrcnes
(k

f 0 and k f 1.0), the sem iempiric al theory will not predict ,-easonahle results for ;‘ly thernx~-

e l a s t i c  p roper t i es  which have other than unity empirical factors. However , this is me l im it a t ion

on the sem iempiri cal theory since one could have different valu es of the emp irical Id /t o r s for uit ’e r
content ranges near the two extremes.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
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Further verification and application versatility of the semiempiri cal theory is illustrated in Table

~~. 
In this table , the thicknesses of all the composite plates were given but only the elastic

properties and fiber content. for the (+30) composite plate were known. The fiber content for the

other composites were determi ned from Eq. A.4. The empirical factors were selected so that the

• semietnpirical theory reproduces the elastic properties for the (+30) composite. Subsequently, these

~~jrical factors and the corresponding fiber ratios were used in the semietnpi rical theory to

genera te the elas ti c cons tants and flex ural r i gidities for the other composite plates . As can be

seen In Table 4, computed buckling loads based on these flexural rigidities are in good agreement

with experimental data of Ref. 24.

Additional theoretical results for all the ply elastic properties are presented in F OS . 12-15 and

for all the ply thermal properties in Fi gs. 16 and 17. Theoretical results for the combi ned matrix

~rthotropiCity and void effects on the transverse modulus are presented in Figs . 18 and 19 for

boron-epoxy and Thornel-40—epo xy plies respectively. As can be seen from Figs. 18 and 19 the matri x

orthotropicity and voids effects are rather pronounced in the boron-epoxy composite . In all these

theoretical results , the pl y was assumed to be transversely isotropic and the input data is that

given in Tables 1 and 2. It should be noted that some of the constituent properties~in Table 1

are only estimates and the corresponding empirical factors should be modified as experimental values

become available. This is particularly true for the case of G 23 and where experimental

results are not available.

CONCLUSIONS

The semiempiri cal theory descri bed herein provides an effective and versatile tool to predict the

ply therinoelastic properties in practical ranges of fiber volume content. The pl y thickness and

the inter-fiber spacing depend on the fiber content and expressions relating them to the fibe r

content can be deri ved. Though results are not presented here , it was found that the p ly thermal

coefficients of expansion and the ply heat capacity are not sensitive to void content. The ply heat

conductivity is sensitive to void content. Both voids and in—situ matrix orthotrop icity have
pronounced effects on the transverse ply modulus. The fabrication process should be considered in

the theories for ply thermoelastic properties since there are many fabrication processing variables
which could influence these properties. The empiri cal factors and the in-situ matr ix orthotropicity
provide realistic degrees ‘f freedom for bette’r experiment-theory correlation for the pl y ’ s thermo-
elastic properties. The fabricators of fiber compos i tes should assume the responsibility to provide
the designers with information shown in Tables 1 and 2. The test strain rate at which these
properties are measured should also be reported. The matrix modulus is strain-rate dependent and
this effect Is analogous to that of in-situ matrix orthotropicity.

REFERENCES

1. Ekval l , J. C., “Structural Behavior of Monofilament Composites ” . AIAA /ASME 7th Structures ,
: Structural Dynamics and Materials Conference , Palm Spri ngs . California , 250-263 (1966).

2. Greszczuk , 1. B., “Thermoelastic Properties of Filamentary Composites ” , AIAA/A SME 6th Structures,
Structural Dynamics and Materials Conference , Pa lm Springs . California , 285-?90 (1965).

I
$ ii
S - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ ..T:_ —

5---- 
— -w.

~~~~
P. .

~~~~~~—‘. -



F ~~~~~~~~~~~~ 
- - - -

~~~~~~~~~~~~~~~~~~~~~~~~~~~
-
~~ 

-.—

~~~~~
,-

- -~~~~~~~~~~~~~~~-

6

3. Springer , S. G., and Tsai , S. w., “Thermal Conductivities of Unidirectional Materials TM , J.

Composite Materials 1 , 166—173 (1967).

4. Tsai , S. W., “Structural Behavior of Composite Materials ” , NASA CR- 7l (1964).

5. Rosen , B.W. , Dow , N.F., and Hashin . Z. “Studies of Mechanics of Filamentary Composites” ,

NASA CR-492 (1966).

6. Hi ll , R., “Theory of Mechanical Properties of Fiber-Strenothened Materials: Ill Self-Consistent

Model ,” J. Mech. Phys. Solids 13 , 189-198 (1965).

7. Whitney , J.M. and Riley , M.B., “Elastic Properties of Fiber Reinforced Composite Materials ,”

AIAA J . 4, 1537-1542 (1966).

8. Whitney . J.M., “Elastic Moduli of Unidirectional Composites with Anisotropic Filaments ” ,

J. Composite Materials 1 , 188-193 (1967).

9. Herrmann , L.R. , and Pister , K. S., “Composite Properties of Filament-Resin Systems ” , ASME P.11 .

63-WA—239 . Paper presented at the ASME Winter Annual Meeting , Philadelphia , Pa ., Nov. 17-22

(1963).

10. Pickett , G. and Johnson , M.W., “Analytical Procedures for Predicting the Mechanical Properties

of Fiber Reinforced Composites ” , AFML TR-65220 Pt. 2, AD-6462l6 (1966).

‘i 11 . Adams , D. F., Doner , D.R., and Thomas, R .L., “Mechanical Behavior of Fiber-Reinforced Compo sit

Materials ” , Wright-Patterson Air Force Base , AFML-TR-67-9 6 , May (1967).

12 . Foye , R. L., “An Evaluation of Various Engineeri ng Estimates of the Transverse Properties of

- Unidirectional Compos i tes” , SAMPE , Vol . 10, G-31-G-42 (1966).

13. Khoroshun , 1. P., “Thermoelastic Properties of Stochastica ll y Reinforced Media ’ , PRI ISLAD11AIA

MEKHA NIKA 2 , 9 , 99-106 (1966).

14. Chamis , C. C., and Sendec kyj, C. P., “A Critique on Theories Predicting Thermoelast ic Propert ’s

of Fibrous Compos i tes” , (To appear in the Journa l of Composite Materials , 1968).

15. Greszczuk , L. B., “Theoretical and Experimental Studies on Properties and Behav ior of Filare r t-

ary Composites ” , SPI 21st Annual Conference , Chicago , Ill. , Sect ion 5-B (1966) .

16. National Academy of Science , “Micromechanics of Fibrous Composites , Report MAB-207-M Prepared t~
the Material Advisory Board (1965).

17. Chamis , C. C ., “Micro and Structura l Mechanics and Structural Synthesis of Multilayered rila ~
mentary Composites ” , Case Western Reserve University SMSMD Report No. 9 , Sept. (1967’I.

18. Paul , B., “Elastic Moduli of Heterogeneous Materials ” , J. of A pplied Mechanics , 29 , 7b5-7t- 6

(1962).

l~~. Cohen , L. J. and Ishal , 0., “The E las t ic  Properties of Three-Phase Coniposites ,” J. Con ’pos i tc

Mate r ia l s  1 , 390-403 (1967).

• 20. Foster , J .M., Smith , C.B . and Vachon , R . I., “On Prodict ino Therma l Condu tiv i tv of a Binar y

Mi,ture of Sol ids ,” J. Spa cecraf t , 3 , 2 117-21111 (l%(~).

- ~
_~1



— — -— • ------- - •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .. ~~. 
______

7

21. Thorflburgh, .J.D. , and Peers , C.D., “Prediction of the Thermal Conductivity of Filled and Rein-

forced Plastic” , ASK Winter Annual Meetina 65/WA/HT-4 (1965).

22. Eakefls, W. J.. “In itiation of Failure Mechanisms on Glass-Resin Composites ,” NASA CR-518 (1966).

23. Biot, N.A., Mechanics of Incremental Deformations, John Wiley & Sons, Inc ., New Yo rk , New Yor k
(1965).

24. Mande ll, J.F., “An Experimental Study of the Buckling of Anisotropic Plates ,” Masters Thesis
Cisc Western Reserve University , Sprina 1968.

~s. Spence . G.B., Schmit , 1. A., and Anthony , F.M., “Integrated Approach to Research and Design

Methods for Carbon Composite Mater ials ” , ARPA Quarterly Report No. 5, Oct. (1966).

26. Harrington , R.A., Cham i s , C.C., and Tatarzycki , E.M. , “Design Criteria on Filament Wound
Structures Subjected to Congined Loading ” , B. F. Goodrich Research Center , Also AD-45l2l6 ,

(1964). -

~l7. Tsai ,  S.W.,  Adams , D.F. and Doner , D.R., “Effect of Constituent Material Properties on the
Strength of Fiber-Reinforced Composite Materials ” , Wriqht-Patterson Air Force Base , AFML-TR-

66-190 (1966).

28. Bla kslee , 0. L., et. al., “Fabrication Testing and Design Studies with ‘Thornel’ Graphite-

Fiber , Epoxy-Resin Composites ” , SAMP E , Vol . 12 , AC-6 (1967).

(

I
$

— ~~~• • .‘- • • -  -=-~~-.o—~~~&- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ _____  • 

- ____



8

APPENDIX A

Nomenclature

A constant , Eq. A. 14
A m area of typical unit cell

B constant , Eq. A.l4

Cf~
Cm cons tants , Eq. A .lS -

cf,cm cons tants , Eqs.A.16
constants , Eqs. A.20

c’~,c~ constants , Eqs. A 2 l
d diameter

• E Modulus of Elasticity

C shear modulus

heat capacity

K bulk modul us , heat conductivit y
k ,i~ apparent and actual volume ratio

kv void volume ratio

Nf number of filaments per roving end

s filament spacing Fi g. 2

.1 temperature change

t thickness

1 ,2,3 pl y or composite orthotropic axes
~~~~~~~~ 

,~~~
“ emp irical factors for pl y elastic , and thermal behavior

shortest matrix distance between fi l aments

C strain

- Po i sson ’ s ratio

weight density

stress

1-column array

1-row array

C ] array
~ transpose of array
[ ]

_ l 
inverse of array

Subscripts
f f i lament property
k ,k conductivit yv

pl y property

m matri e property

v void

1 ,2,3 directions corresponding to orthotropic axes

~~ • • • - - - ~~~ ‘- ~~~~~~~~~~~~~~~ ~~
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I

~~ equations of the semiempirical theory are given herein. The detail derivations are rather

leng thY and are not i ncl qded here; however , they are given Ui Appendices A and B Ref. 17.

It IS assumed that the various thermoelastic properties of the constituents in their bulk state are

Irjiown. It is further assumed that the apparent filament volume ratio (k f) is given . Using the

axion that the volume (weight) of the whole equal s the sum of its parts , i~ can be shown that

kf = (1.0 - k
~
) kf 

A.l

= (1.0 — k ) (1.0 — k ) A .2
in f v

where the barred quantities denote actual volume ratio. The interfiber spacing (s) and the ply

thickness ~t.) are respectivel y given by

E 1/2 1 -

6 = ~~~~~ - l  d A.3L4 Ff -

~N 1/2
t = ~~~~ d~,/2 

A.4
- kf

Let the normal strain-stress-temperature relationships along the orthotropic axes for pl y, fi l ament

and matri x be given respectively by

= [E]  
~~

} + ‘T 
~ 

} A.5

= [E f ] ~
• f~ 

+ •• T 
~ 

A .6

= [E ] .
~ 

- + T , A .7
m m rn

The normal e las t ic  properties and the thermal coef f ic ients  of expansion are g iven respectively by

[ E ]  = [C f ]T [E f J[c f ] k f + [C m ]T [E m][C m ] Vm A .8

,.
, 

= [C f ]T 
~~ 

k + [C m]
T Vm A .9

where

S 

- 

~~~~~~ ~~ ~~- • •-~~~~~~~~~

-
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= 
‘~~~~ 

=

~~~~~~~~~~~~22~~~~~~~ 33

‘5’  1 v
~32[E ] = ~~~ + — —~ ---— A. i l

~ll ~22 ~33

v
~23 1

E 11 E 22 E 33

Analogous equations for filament and matrix are obtained by rep lacing the subscripts in Eqs. A. I

and A. ll .

The filament and matrix stresses ply stress relatio nships are

1 1 f2l rn2l 1 
• • f3 1 m31

f11 
~~~~~~~~~~~~~ ~~~~ f22 

- C E 22~ ~
(CfEf33 

- 
CrnEni33 

- 
ll~

f22 = 0 • 
• 

0 0 22

L ° 0 ]

S
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The equations of the semiempirical theory are given herein. The detail derivations are rather

lCngthy and are not incl qded here ; however , they are given in Appendices A and B Ref. 17.

It ls assumed that the various thermoelastic properties of the constituents in their bulk state are

known . It is further assumed that the apparent filament volume ratio (k f) is given . Using the

axion that the volume (weight) of the whole equals the sum of its parts , it can be shown that

k f (1.0 - k
~
) kf A .l

. 

~m 
= (1.0 - kf) (1.0 - k )  A.2

where the barred quantities denote actual volume ratio. The interfiber spaci~ (s) and the pl y

• thickness (t.) are respectivel y given by

r 1/2 1
= ) (___1t~_) - l  d A.3L 4 V f -

= (
~~Y’2 df/2 A .4

Let the normal strain-stress-temperature relationships along the orthotrop ic axes for p ly, filament

and matr ix be given respectivel y by

~ • }  = [ E ]  ~~~~~~ + , T 
~~~~~~ 

A .5

~~~ 
= [E f ] f~ 

+ 1 
~ 

A.6

= [E ] , - + T - , A . 7in in m m

The normal elastic properties and the thermal coe f f i c i en ts  of ex pansion are g iven respect ive ly  by

[ E ]  = [C f }
T [

E ][C ] k f + [C m ]T [E m][C m ] 
~m A. 8

[C f ]
T 

f~ 
k
f 

+ I C J
T 

m r km

where

¼
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• 1 ~~22

~~~1~~~~~~~~~22~~~~~~~ 33

~~l2 1 \? 32[E I = a— + c—- - r~
.— - 11

~11 .22 ~33

13 ~~23 1
E 22 E 33

Analogous equations for filament and matrix are obtained by replacing the subscripts in Eqs. A. 1 - ,
- and A. ll .

• The filament and matrix stresses ply stress relationships are

• 

f 11 
~~m1l~ m ~~

CfE f22 
- 

~~ m22~ 
A (t fE f33 CmEnm33~~ 

• 
• 11

f22 0 • 
• • 22

L a  0 J 33

-
. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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1 1 “i? I f2l I m31 ~f3l
nill 

,, 

- c r ~~ ~çç~ CfEf33 11

m22 
= U 0 ;22 A . l 3

ni33 0 0 • 
33

• where

A = (1 / Ef ] 1  + k / E 1] k f ) ; B = (l/E 11 + k f / E f f lk )  A . 14

Cf = (~ f /k f ) • • f C m = n/k m ) 
rn A . l 5

The parameters •
~~~ 

and • -

~~ 
are chosen such that theory and experiment correlate . When computin g

the ply thermal coef f ic i ents  of expansion fro m Eq. 1.9  use

• Cf = (~f/k f) ~
• f ; C~ = (i / k ) • • m A . 1~

instead of Eq. A l E  in Eqs. A . l 2  and A. 13 . Here • and are chosen such that theory and
experiment correlate for the thermal coeffi cients of expansion.

The ply shear moduli are q iven respect ive l y by

12 = 
- 

~~~~~~~~~~~~ A . 17

G ~ c~

C;nil 3Ii 13 r- --ri 3 in

• C f~~ f]3 
~

- 
1’in?3 -• C; 23 I T

i l _I 
- 

Jim

• 
ii 
‘ 
~ f ? 3

_____ _______ — 5 
. 

•~~•
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where C = ( k
f/kf) N.;; C~ = 

~ m’~ m~ 
•~~~ A.20

and C~ = (k~/kf) •f ; C” = (k~0/k) ~~ 
A. 2l

The parameters ,, , and ~~~~ a re emp irica l factors  a nd a re to be chosen suc h tha t predicted

and experimental results for the shear rnoduli correlate . The emp irical factors • - ‘

~~ 

and 
~~~ 

are to

be chosen from horizontal-shear-beam tests where the filaments are parallel to the beam axis. The

empirical factors Bf and rn” are to be chosen from horizontal -shear-t eam tests where the filamen ts

are normal to the beam axis. It is noted that the condition

- 

[
33 - _____ A~~23 

- 2( l+~~3~T - 

~fl+ ,23~ 
.22

should be satisfied when the p ly possesses transverse isotropy in the ~- 3 plane . [or th is  case

E 33 
= E 22 and 32 

= v .23

The hydrostatic ply bulk modulus is g iven by

1 _ l 1 1 21 ~.2 3 13

- - 11 -22 33 - 11 22 .1 1

The pl y heat capacity is given by

Hc 
= L [HC f f ~~f

+ H C~~~~~~]

where is the p ly wei ght density and is g iven by

= [.~f Vf + m Vm]

The heat conductivi ty of the matrix containing randoml y d i s t r ibu ted spher ical  vo ids is aivc r t .

• l 2 , K + K - 2k (K - V.
— 

— kv in, v v in v
rn 

- 
rn ?Krn • 

+ I(
~~

- k~ (K~1 -~~~~~~~)

where K~ denotes the air conductivit y and the paranmeter 
~ 

is the empirical factor wh~~t ’r i s  ¶ .

chosen such that predicted and experiment al results correlate. The s ubscr i pts ( r~
-
~ ~~m ~~

o r thotropic axes of the mat r i x .  The heat conduc t i v i t i e ’  of the i iv  are qiven Iv:

V = ‘ k V. + k K •~• 11 ki f f l l  in rnll

¼
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K;22 = 
~m22 [l - Bk2 + 1 

—

1 (1 
Kn122

)
Bk2 /~~ 

Kf22
.

K~33 = K 33 ~ 
- Bk3 /~ + 1 

—

1 ( K,~33
8k3

/
~~ 

~

It is important to note that km is used in Eq. A.27 instead of since includes the

void effects. The parameters Bkl etc. are serniempirical 
factors and are chosen such that predicted

and experimental results correlate.
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Table 2: Ply-Basic-Elements and Empirical Factors for Elasto-Therina l Behavior

property Boron/Resin Carbon/Resin Glass/Resin
TH-25 TH-40

Nf 
1 1440 1420 204

df 
0.004 IN 0.000291 IN 0.00027 IN 0.00036 IN

k 0 0 0 0

kf 
O .3<kf<0.8 O.3<kf<O .B O.3=kf<O .B O.3<kf<O .B

Bf 1.0 1.0 1.0 1.0

Bm (l.0/k
~
)l/4 (l.0/k

~
)l/4 (l.0/k )l/4 

- 
(l.0/k )l/4

1.0 1.0 1.0 1.0

(1.0/k )],’? (l•0/k m )1/2 (l.o/k )l/2 1.60

1.0 1.0 1.0 1.0

(l.0/k )l/4 (l.0/k
~
)1/4 (l.0/k )l/4 (l.0/k )l/4

1.0 1.0 1.0 1.0

(l.0/k )l/2 (1 0/km )l/2 (l.0/k
~
)l/2 (l.0/k )l/2

8kl 1.0* 1.0 1.0 1.0

Bk2 1.0* 1.05 1.05 0.90

6k3 1.04- 1.05 1.05 0.90

Bkv 1.0* 1.0* 1.0* 0.90

T he Frac ti ons Follow ing the Parantheses Are Exponents
Estimates - (Modify as needed when experimental results become available.)
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Table 3: Effect of Voids on Ply Heat Conductivities

Kt22 Btu/hr-ft
2-°F/in

Reference 21 Semiempirical Theory

kf k Theor. Exp. Bkv=O.9 6kv’1.0

0.58 0.17 2.1 2.5 2.1 2.3

0.70 0.28 1.9 2.2 2.2 2.2

0.58 0.17 2.1 2.3 2.1 2.3

0.70 0.25 2.2 1 .9 2.1 2.3

0.56 0.16 2.2 1.9 2.0 2.3

•1

Note: The constituent thermal properties from which the semie mpirical theory results
were compu ted , are from Table 1 , Reference 21.

Table 4: Semiempirical Theory Verification Through Plate Buckling Loads

BUCKLING LOAD
Plate Thickness Fiber Measured Predicted

Inches Content Ref. 24 Ref. 29
**

20(00) 0.096 0.572 278 349 300

20(+300)* 0.106 0.517 394 449 461

20(+45 °) ‘ ‘ . 0.095 0.586 372 493 446

20(+60’9 0.106 0.517 433 417 430

20(90°) 0.096 0.572 251 264 239

lO (+30 0 ) , lO( 300 ) 0.110 0.482 662 606 632

l O ( + 4 5 ) , 1O(~ 45° ) 0.101 0.570 602 717 698

lU(+60 ’ . ) ,1o( 60° ) 0.1 10 0.482 661 609 630

* Known Ply Properties
4-4- With kf = 0.517 Constant for all Plates

~~~~4- W i th  k as given in the third columnf 
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