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A in—plane area of a body (used in formulation of J)

a crack length
B material thickness

C constraint factor used to describe effective elevation of yield stress

in 3pt bending
• 

-
~ B Youngs modulus

• B1 E/(l—~
2) plane strain, — B plane stress)

f~ (e)~ g~ (e) , ~ j (e)~ dimensionless functions used in describing crack tip
stress—strain distributions

:~ 
F ratio of load point displacement q, to mouth opening displacement V
G available energy release rate in a unit thickness, linear elastic,

cracked body

h(±) polynomial used to describe mouth opening compliance

-

• 

J J integral , or rate of change in absorbed energy per unit thickness
with crack length for specimens load ed nionotonically to a given applied
displacement

J value of J at unstable fracture

J~~’ J~ elastic and plastic components of J

K linear elastic stress intensity factor
IC~ critical value of K in plane strain

value of K at final load

k plastic stress intensity factor
n work hardening exponent
P potential energy
Q load

limit load or net section yielding load

final load

q load point displacement
r constant used to describe centre of rotati on during plastic deformation
r , e crack tip polar co—ordinat e system
S distance a long perimeter of cracked body
s distance along a contour path (used in formulation of J integral)
T external boundary forces
U area under the load/load point displacement curve, or total absorbed

energy : ,
U cariponent of U due to the presence of the crackcrack

_ _ _ _ _ _ _ _  - _ - - -_ _
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I

U , U~ elastic and plastic components of U

V mouth opening displacement

Vg displacement of knife edges positioned at crack mouth

W width of specimen

w strain energy density

x,y carte sian co—ordinate sy~t ein

Y geometry factor used in calculating K

z height of knife edges above specimen surface

Greek Symbols

constant used in work hardening relationship

geometry dependent constant used in slow crack growth correction

r crack tip integration path (used in formulation of J)

6 crack opening displacement (COD)

oritical value of 6 (at unstable fracture)

6p plastic component of 8

I strain

I plastic strain

O angular co—ordinate

71 e”1p geometry dependent constants used in linking J to absorbed energy

a stress

yield stress

poisson’s ratio

Abbreviations

COD crack opening displacement

CTS compact tension specimen

LEFM linear elastic fracture mechanics



THE J INTEGRAL. A REVIEW 01 THEORY AND A SUc~GE3TED
~~THOD FOR J0 DETER1~~NATION

• 
• by

J D G S u m ~ter
INTRODUCTION
1. The objective of fracture mechanics analysis is to predict the behavi our

of defects in a large complex structure from the results of a small, easily

performed , laboratory test. Most attempts to do this are based on the concept

of a fracture criterion, the critical value of which is postulated to be the
- - same in both test piece and structure. The two most widely used fracture—safe

design procedures are those based on linear elastic fracture mechanics (LEFM),

fracture criterion K10, and on the crack opening displacement (COD) concep t ,

fracture criterion

2. Strict application of LEFM requires that crack tip plasticity be

negligible in both test piece and structure. This requirer~~nt is met in

practice by stipulating that (l)*

a, B, W—a ~ 2 5(~~ c)
2 

[1]

where a is crack length, B is material thickness, W is specimen width and

is the mat erial yield strength . The ductility of most engineering materials

• is such as to make this condition an extremely restrictive one , and it is

seldom possible to obtain a valid K~~ at the thickness and temperature of

interest. Most fracture analyses must con~ equently be based on a parameter

which can be measured in a small test piece irrespective of the ext ent of

plasticity at fracture.
3. The COD approach fulf i ls  this requirement. The basic assuznp cion of the

method is that a crack deforms with a well defined opening at its tip anc~ that
fracture occurs wh en this discrete opening reaches a critical value A

standard method for determinat ion of 6~~ is laid down in (2) . The test piece

is conventionally a 3pt bend specimen , span to width ratio, s/w — 4, crick

length to width ratio , 0.25< a/wcO.6, and thi clcness to width ratio B/W — 1.0 or

B/W 0.5. COD is inferred fro m a plot of load against displacemen t , the
latter being monitored by a clip gauge mounted across the mouth of the crack . ~ -~
4. Although determination of 6 , from a laboratory test piece is reasonably

straightforward , the use of COD in fracture—safe design is less satisfactorily
establish ed . The main difficulties arise from an inability to provide accurate

•( ) References on page 14—1 5
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COD solutions when geometry is comtlex and stress gradient signilicant; and from

the uncertain relationship betwe en 6 and K for near elastic behaviour . Suggested

procedures for the use of COD in critical defect si ze analysis (3, 4) cvsrcome

these dif ~iculties by the use of a universal design curve. This inevitably

cont ains a degree of conservatism in some cases and there -are advantages to

be gained from using a fracture criterion which can oroviIe explicit solutions

in terms of crack si ze and stress distribution at any structural location. The
J integ ral fulfils this requiremen t and has the added adv anta ge of providing

unambiguous compatibility wi th K for near elastic behaviour (Darag raph 8). The

use of J for fracture design is further discussed in (3 ,  6, 7) .
5. No general ly agreed procedure yet exists for determination of J~ although

there is considerable interest i n it s  use , especi ally in the US, where the E24
committee is formulating a draft standard . This report describes a method for

obtaining J0 using the instrumentation and specimen geometry already standardised

for COD testing. COD tractice is followed fu rther in defining 
~ c as the point

of unstable fracture (which may, or may not , be preceded by stable crack growth)

in a test piece having the same thi ckness as the structure of interst.

THEORETI CAL BASIS FOR THE USE OF J AS A FRA CTURE CHARA CTERISING PARANETER

6. It  is reason able to assume that fracture initiation from a sharo crack is

governed by the very high stresses and strains which exist ahead of tha t crack.

An ability to quantify this stress—strain fi eld in terms of overall geometry and

loading should consequently lead to an ability to predict the conditions und er

which fracture will occur . It is well known , that having made the asswnption

of perfectly linear elastic behaviour, it is possible , on a continuum mechani cs

scale at least, t’o provide jus t such a complete descriDtion of the near crack

tip region.

K
C jj ,  ~~~~ ~~~~~~~~ f j j~~OI [2  2

where ~~~~ ~~~~ are the cartesian co—ordinates of stress and strain at the crack

• tip; r, S is a polar co—ordinate system centred at the crack tip ; and K is the
- 

- linear elastic stress intensity factor. Since f~~(~) is 
unique for r4 O (8),

only the magnitude, K , of the 1f1 singularity is dependent on geometry and

loading conditions. K consequently provides a single paramete r description of

the crack tip environment, and its critical value may be expected to provide a

geometry invariant fracture crit erion , as long as the assumption of lin ear

elastic condition s at the crack tip is a valid one. As noted in par agrap h 2,

K has in fact been shown to have a geometry invariant critical val ue , IClc~
provided the size constraints of [1] are met. Outside these constraints the

size of the crock tip plastic zone is such as to invalidate [2] and the cri ti cal

value of K is no longer a material property.
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7. In principle , it shoul d be possible to exten d the continuum mechanics

description of the crack tip region to account for plastic deformation; but,
in practice, elastic—plastic solutions are d i f f i cul t to obtain and complete

solutions are available only for some very o~ ecia1ised cases. For the
important case of a crack under a remotely applied tensile stress field only an

approximate solution exists (9, 10, 11). This gives the near tip (~ o)
stress distribution well insiIe the plastic zone of a work hardening material

following a deformation plasticity flow rule w it i  no unloading (essentially

non—linear elasticity in that stress and strain have a unique relationship).

No limitation is p laced on the si ze of the plastic zone , but finit e

bound ary conditions are not explicitly accounted for. The important point

to emerge is that , once again , as for the linear elasti c case , there is a

unique distribution of singular terms at the crack tip . For a material

following a stress—strain behaviour of the form

P
()n

the near tip stress—strain distribution is of the form (10 , 11)

= ~~~~ 
(n+l) g

g (~a)
—n V]

•‘~&L ~~n (r ’) (n+l) 
h (~)

~a) ii

where c l’ is plastic strain , n is the work hardening exponent , k is a plastic

stress intensity factor ,. and g~~. (O) and h~ . (e) are dimensionless functions

• detailed in (10, 11). Altho t~ h correlations for k have been provided in some

configurations (12) using specially fo rmulated finite elements , it is more

convenient to have the strength of the d ominan t singularity expressed in terms

of a parameter more directly obtainable from the overal l load deflection

behavi our of the cracked body. The J integral provides a particularly con-

venient method of doing this .

b. For a body of unit thickness, composed of a linear or non—linear elastic
material , the available energy release rate or crack extension force G is

defined
I

—dP d ~ T .du dS — I dwdAlG 
~~ Li a 1 ~ J A j  [5]

where P is the potential energy, T
1 

and u~ are the forces and displacements on

• -
~~ the body perimeter S, A is the area , and w is the strain energy density.

~ 
_
~~1;.

•
~_
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Suopose the body is desaribed by a co—ordinate system x,y; ~~ a tr~~~forrnation

of co—ordin~ te~ , most easi l:.-’ seen for the steady st at e  c:~ e where

—dl’ oP
y,a [6]

t~~ ether ‘~tith app lication of Green ’s theorem to the term ~~~~~~~ the RHS of [5]

can be expressed as a p ath  ind ependent line integral , desi~~ated J by nice (13) ,

T . Ou.d s
G~~~~~~~~~ ,(wdy — ~~~~~~~ ) =j

where a is the distance along any arbitrary contour path , r, surrounding the

crack tip. It follows, tha t for linear elasticity, the identity between G and

K (8) holds also between J and K.

1( 2
[8]

where E1 — E plane stress

— -_
E plane strain

-
- (1_~

2)
U is Poisson ’s ratio. -

9. The potential energy decrease which occurs during crack ext ension , ~ a, may

be conveniently visualised as the area between the overall load deflection

curves of a body containing a crack length a , and that of a body containing a

crack length (a+L~a). It can be sho~n that thi s area is the same irrespective

of whether load or displacement are held constant during crack ext ension (13) .

This being so , [5] can be simplified by taking the en ergy change under fixed

boundary displacements. The change in external workj 5~ du1ds is th en zero , and

only the stored energy, U = jAwd
~

’
~, 

changes (figure 1). For the general case of

~ bod y thickness B

~a)q [ 9 ]

where q is the load point disp lacement. For a plastic material , where U is

dissipated in irreversible plastic work , J can no longer be identified with the

elastic energy release rate G (14) , but it will still be the rate of decrease

of area under the load/load point deflection curve with crack length. This
• makes it a relatively easy parameter to determine experimentally (paragraph 15).

10. The J integral with w and u representing total (elastic pius plastic)

strain energy density and displacement w il l  also retain path indeo endenoe for a

material following a deformatio n plasticity flow rule. Thi s allows it to be

regarded as a measure of the crack tip singularity revealed in (9, 10, 11)

Evaluation of J as r. 0 may be achieved by substitution of [4] into [7]~ It
- 

- 
follows that



- (JE J(n+1
_J (

~
) ~~ (e)

• y 1a~
p n —n [10]

( JE ~ ni-i (r
’
~ ~ 1 /

— =~~~ i i — i
~ 2) ~a)y ay a

where I is a dimensionless constant (io, 11). [10] provides the basis for an
elastic-plastic fracture mechanics approach analogous in fo rm to LE~1~. The

hypothesis is: that there is a unique stress—strain distribution at the crack

• 
tip; that J characterises this stress—strain distribution; and that 

~~ 
might

consequently be expected to provide a geometry invariant fracture criterion.

11. It should be emphasised that the above hypothesis can be criticised on

a number of grounds. Firstly, the derivation of [10] is based on deformation

flow rule plasticity. Real ~at eria1s are better r epresented by an incremental
flow rule (where strain is history dependent, not uniquely def ined by the
current value of stress). Differences between the two theories are only large

when signif icant rotation of the principal stress system or unloading occurs,
but this cannot be ruled out near the crack tip, especially if slow tearing

precedes final fracture. Secondly, available slip line f ield solutions for

different cracked body geometries would seem to indicate that a single para-

meter description of the crack tip may no longer be possible in the presence

of different patterns of plastic deformation (15). It has been argued (16, 17)

that work hardening will overide these differences and create a unique

environment , or automon ous zon e, at the crack tip. Elastic-plastic finite

element analysis, in so far as it can be expected to pro vide accurate answers

in the near tip region , does not seem to support this view (18, 19).

12. A number of questions thus surround the theoretical basis for using J as

a crack tip characterising parameter and ultimately, its usefulness as a
fracture design tool is likely to be decided by experimental evidence. Before
this can be done there is an obvious need to fix on a generally agreed pro-

cedure for J~ testing. There is moreover a requirement that, in order to

encourage its widespread use, any proposed test method should be reasonably
easy to perform and preferably fully compatible with existing standards for

and 6~ testing (1, 2). The remainder of this report is devoted to

st~ggesting such a method.

DETERMINATION OF J

Use of Finite E1em~ent Based Qorrelations

13. The contour integral definiticn of J [7] is well adapted to evaluati n

from elastic-plastic finite element analysis (a) ) and a large numbz~r of studies

have been performed on test piece geometries. Such computations provide

— —- ~~~~~~~~~~~~-~~~~~~~ _ _  -
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oorre1~~~j or •s between J ari d n l i~~—~ dj s” l i c c rr e n t -~-~:ic~ ~hc 11 ~e directi:.’ ~~- -~lic—

able to ~r~~ tur e to~~bnea~ testin~-. Fi~ure 2 shows ~lanc str-~in (21) nn~ alan e

stress (22) results for J against mouth o~ ening dis~ lr cem~nt  V in the 3pt bend

geometry as an examale. Unfortunately, these correlations :re rather infle~~ble

since each one refers only to a specific geometry and does not in itself give

any indication of how the value of J will be affected by minor variations away

from this configuration. Crack length in particular cannot be specified

a—priori in standard fracture t oughness tests.  It can moreover be sho~m that

the various estimation procedures described below (paragraph 14) all sl:cw close

agreement with computed results for J (23). This together with their greater

flexibility means that they are more suitable than finite element based correl-

ations for d eterminat ion of J0 in standard test piece geometries. i~uiaerical

analysis still has a major role to play in the analysis of non—standard test

pieces such as those cont aining very shallow not ches, and for investigation cf

unusual structural configurations (23).

Correlations Between J and Area under the Load Deflection Q~~ve
14. The most convenient basis for estimation of J in small test pieces is that

provided by [9] , where for an elastic—~iastic material U is the total ab sorbed

energy, or area under the load/load point deflection curve. Early attenpts to

establish J~ (16, 24) used a series of specimens with different inItial notch

depth to evaluat e J directly from [ 9] ; the possibility of obtaining 
~c 

from a

- 
r single specimen load deflection curve using an estimation procedure based on

elastic compliance and slip line field considerations was later pointed out (25),

and more recently (26) attention has focussed on the use of correlations between

J and the total absorbed energy. -The first of these (27), for specimens in

which the uncracked ligament is subjected to bending, took the form

~~ 

2
Ucrack

— (W—a) B [11]

where U cr ek denotes the component of energy absorbtion due to the presence of

the crack. For deeply cracked (a/w > 0.6) ~~t bend arid compact tensi on

specimen s, where the energ y absorbtion component of the uncracked body is small
[ it was suggested (26) that [11] be simplified to

J 2~J
(W— a)B [ la]

where U is once again the total area under the load/load point deflection curve.

-‘I 



l~ . A more general version of 11], which does not involve subtraction of

the uncracked body energy and is applicable to any geometry for which the

elastic compliance and limit load are kno~,n , can be written in the form (23)
‘) U  1Ue e  p pJ = J  + J  — + .~ 13e p (N~—a)B (~v—a)B

J and U are here divided into elastic and plastic components (figure 3).  In
contrast with [11], Ue 

here includes the energy of the uncracked body. 
~~ 

and

i are geometry dependent constants. 1e is based on the stress intensity

factor, which, in turn , can be t~ ed to calcul ate 
~e 

from [8], and U
e from

load point compliance relationships (28). Table 1 shows ri values for the

3pt bend and compact tension geometries based on stre~s intensity arid com-

pliance relationships given in (25) and (29) respectively. may be cal—

- 
- 

culated from a knowledge of the relationship between crack length and limit

load For example, for the 3pt bend specimen, provided that plasticity

is confined to the uncracked ligament, the net section yielding (or limit)

load is a function of ligament length squared

~L - c ~ (w-a)
2 

[14]

where C is a constant. For a non—work hardening material

[15]

~~~~~~~~~ [16]

whence
¶ I, \

— 2C a ~,1—a1 
~ rhp fl y S p

• 
orJ~~ (W—a~B [ lu]

It follows that ~ 2 for the 3pt bend geometry at all crack to width ratiosp

greater than about a/W 0.2. Limit load for the CTS is less well defined,

but ~~ might be expected to approach 2 for deeply cracked specimens where the

deformation is predominantly bending.

4.

I

— -  - -~~~~~~—- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _



1

V~ LU~~ C~ ‘1e 
PC} [13)

a/w 0.2 0.3 0.4 0.5 0.6 0.7

3pt bend
s/~i = 4 1.4 1.7 1.9 2.0 2.0 1.9

CT3
H/W .6 3.7 2.7 2.4 2.~ 2.2 2.2

16. For the CPS (a/w > 0.6),  and the 3pt ben d geometry (0.4 < a/w < 0.7) where

1e = = 2, [13] reduces to [12]. It should be re—emphasised , however, that the

values of n
e 
in Table 1 do not involve subtraction of sri uncracked body energy.

There will therefore be a discrepancy between [13] and [11] when the uncracked

body energy is significant, as It is in the 3pt bend geometry (3~~ of the total

elastic at a/w — 0.5, 70% at a/w = 0.3). It has recently been suggested (30) that

the source of this discrepancy is en error in the formulation of [11], but , at
the time of writing the question has still to be completely resolved. The draI~t

US standard for J testing (31) seems likely to adopt the specimen design arid

-

- procedure suggested in (26), namely a deeply notched , (a/ w > 0.6) ~T.3 with the
mouth of the notch machined away to allow for insertion of the clip gauge

directly under the loading pins. This type of specimen is not always satis—
• factory, especially when testing weldments (32) and it remains to be seen

whether the proposed sPecimen design is revised in the ight of (30).

17. Application of [13], or its simplified version [12], requires measurement

of load point displacement. This is riot a quantity routinely measured in

fracture toughness testing. The stand ard procedure (i, 2) is to measure crack

- 
- 

- mouth opening V. As noted above , it is possible for the CTS geometry, to
relocate the clip gauge directly under the loading pins, thereby measuring load
point displacement directly. This option is not available f~~ the 3pt bend

geometry. Rather than attempt a direct measurement of load point displacement

in this specimen it is probably preferable to c~~vert V to load point displace—

ment q, by assuming a centre of rotation a fi xed distance r( W— a ) below the
— 

crack tip . So that , before application of [13], the area under a load/mouth

opening deflection curve should be factored by F, where

F = 3 - [a+r(W-a) ] [19]

~~~~~~~~~~~~~~~~~~~~~~~~~~~~



It is well known from studies in support of the COD concept (33) that r is
both load and ~eometry dependent. After limi t load , however, r does achieve
a fixed value for increments in q and V in a given geometry. Finite element

results (22) for the 3pt bend geometry in plane strain indicate that this

fixed value is 0.45 at a/~J = 0.3, and 0.4 at a/W = 0.5. The plastic coin—

ponent of F can be calculated from [19] using these value s. Modifying [19 ]
for use with areas under a load/mouth opening disp lacement curve by employing

separate values of F for elastic and plasti c behaviour results in
F~~~~~U F 1 U
e e ye p p Vp

— 
~W—aJB 

+ (W—a)B [~~]
where and U are the elastic and plastic areas under the load/mouth

opening deflection curve. Relevant values for the 3pt bend specimen

• a/w i. 0.3 and 0.5, and the CTS a/w .. 0.5 are summarised in Table 2. Fe for

- 
• -
~ the 3pt bend geometry comes from boundary collocation results for elastic

mouth opening given in (34) ; Fe for the CTS comes from (35); and F for the

CTS is calculated on the basis r i. 0.4 (33).
TABLE 2

GEO?2TRY FAC~1tR3 FOR USE WITH 1201

Specimen 3pt bend a/W — 0.3 
- 

3pt bend a/W = 0.5 CTS a/W 0.5

F 2.45 1.65 0.70

- ~~~~ 4.20 3. 25 1.60

F 1.65 1.45 0.75

-
• 

F r ~ 3.25 2.ti5 1.50

A New Method for 
~ c Determination, based on Load, and Clip Gauge Plastic

Displacement
18. Altho ugh [ 20] pro vides a reasonably satisfa ctory method of deter nd.ning

J it is worth questioni ng whether measur ement of absorbed energy really

provides the best basis for a new standard test method. The two fracture

toughness tests at present in most widespread use are based on load (K 10)

and clip gauge measured mouth opening (8
~

) .  There is much to be said for

providing as close a compatibility as possible with these established test

procedures. At the linear elastic end of the range particularly, it is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



essential that there should be continuity between 
~c 

and K0. Discrepancies

between experimental and theoretically predicted elastic compliances can easily

upset this agreement if is determined in the usual manner from load whilst

J
0 

is deter~~ned from area under the curve. There seems to be a stro ng case

• - for forcing compatibility between K and the elastic component of J by use of

[3] . Suppose the load at fa i lur e (figure 3) is -
~~
.. Then

- 

- 

K 2
[21 ]

~fY [22)

where Y is a function of a/w (i).

19. Since J is to be evaluated from load in accordance with (1) it seems con-

sistent to follow COD testing practi ce (2) and determine from mouth opening

displacement. This can be done by a straightforward substitution of from

[19] in [17].

J — 2 C a (W—a ) F V 123p f l y  5 p p  I.

Evaluation of Cn 
could be based on slip line field theory. For 3pt bending the

value of this constant is about 1.5 (36, 37), but a better alternative, which
does not involve the assumption that the analytical and experimental limit loads

- 
I 

will coincide is to substitute for C from [14]

QL
S

C — -  [2~i)
~~

whence
2QLF V

— 
~~-a~ ~ 

[ 25]

20. Strictly speaking, [25] applies only to a non—work hardening material ,

where is both the load at net section yielding and the maxUnum load reached.

• In this paper ~~ is used to si~~iify the net section yielding (not the mamimum)

load in ~ work hardening material. In most geometries and materi als this is
denoted by an easily definable inflexion in the experimental load deflection

curve. [13] ind icatos that 3 at a given deflection will be higher in a work

~~

‘“ -

~~ 
hardening, than in a non—work hardening material, whilst (25), unless it

~~~ - 
includes a sli~~it rise in net section yielding load , will not give this trend .

Evidence on the effect of work hardening on J is not conclusive. The J estim.-

•~ :~~ ation procedures for cra cked test pieces in tension presented in (27 ) all px’e—

àict an increase in J with work hardening, but finite element anal ysis on this

-~~- - -•~~~~~~~~~~~~ —--~~~~~~~~ -~~~~~~~~~~~~~~ • - - - • -- -~~~-~~~~~~~~~~~~~
•
~~~ ~~~~- - - ~~~- - - ~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



geometry (23) does not seem to exhibit this trend. Finite element results

for 3pt bending show a similarly small effect (22) . It would, of course, be

fairly simple to replace 
~L in [25) by (~~~+~~f )/2 , or even 

~~~
, but, at present,

• it seems more sensible to follow the usual lower bound ~hi1osophy of fracture
toughness testing and retain [25] .

21. It is noted in (26 ) that [12] over—estimates 3 when slow crack growth

occurs . Thi s point is illustrated in figure 4 in which a1 denotes the crack

leng th at the start of the test , and af the crack length after slow growth t~a.

In so far as 3 can be said to have any significance to crack tip conditions

after slow growth , the absorbed energy U in [12] should properly be that appro-.
pr iate to a crack length af monoton ically loaded to a given defo rmation (shad ed

area in figure 4),  not the area under the experimental load deflection curve,
- • which represents a crack length a~ growing to length af during the course of

• the test. From [23], the value of 3 after slow growt h is

(W-a )
J = 2C a F V [26]p n y  5 p p

The constant in [26] can be evaluated as before fro m [24), but, assuming no

slow cra ck growth before limit load , the relevant crack length is a1 not af

C i .  ( 2 7 ]
U

2Q.,- (L.a ) F V
~ f’ p p  [28]p B(W—a 1) 2

If there is no slow growth [28 ] reduces to [25 ]. If slow growth does take place

[28] does not over—estimate J in the way that [12] does. In small specimens,

where slow growth causes a significant change in elastic compliance , the

measured value of ~~ should be adjusted appropriately. This procedure is

described more fully in the Appendix. F~ ahd 3e should , of course, be evaluated

on the basis of a~ not a1.

22. A~ shown in figur e 2 , there is , for 3pt bending , a significan t diff er—

ence between the plan e stress and plane strain value s of 3. This difference is

less pronounced in some other geometries, notably centre cracked tension (23),
but in general, use of a finite element correlat ion , or of an estimation pro—

I t  
of the type 

lTIta

d 

i 

25:ti
ri :11r5 

of wh : er th

i

~~~~~~~~~~~~~



r i  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~piece is in ~1an e stress or , pl~ne st~oin , or eerie m t  m ediate condition . The

use of [13) or [28] circumvents this problem since the lower value ~f J in p lene
stress automatically follows from the lower e~~erimenta1 limit load. The only

assumption required is that the limit load v~:ries as the square of the ligament
• length in bending (or directly with the ligament length for r ure tension). In

passing, it should be noted thdt finite element analysis (23) indi-aatss that

an equal value of J in plane stress or plane strain by no means ensures
identical crack tip conditions.

RELATIONSHI P B~I’W~~~ 3 AND COD IN 3pt B~~DING

23. There are two recommended methods for evaluation of COD from mouth

opening displacement (2). The first assumes a fixed centre of rotation a

• distance r(w—a) below the crack tip throughout the loading range

— 
[ r(w—a) 1V [29]

— - ia + r(w—a)j

r is put equal to 0.33 on the basis of experimental investigations (33) to give
lower bound values of 8. The second method due to Wells (~~) uses an estimation
procedure very similar to that proposed for J in (25). For elastic behaviour

a relationship 8 = G/2•lCy 
is assumed , G being linked to V through elastic corn—

• pliarice; at an assumed limit load , derived from slip line field theory, the
relationship is changed to [29], but with r chosen as 0.45, again on the basis

• of slip line field theory.

24. There is an obvious similarity between COD defined by [29] and J defined

by any of the mouth opening displ nt related equations suggested above, in

that both assume a centre of rotation a fixed distance r(w—a) below the crack

tip. Considering for the moment the plastic component of COD, 
~~ 

[25] and [29]

together give

J 2~~W

2 [30]
p rB (w—a)

or, assuming a specific value of r = 0.4 and On = 1.5, [23] and [29] give

— 

~y6p [31]

This relationship has been widely noted in the literature from finite elenent

and other analysis on the 3pt bend geometry (21, 39, 40). The existence of

a similar relationship between J and 8, for plane strain small scale yielding

has been demonstrated (40 , 41) and has also been suggested on a more intuitive

basis by Wells (42) . The assumption of 6 =  G/2.1a~ in the Wells COD formul a

follows fro m this latter reference and me ans that near compatibility should

- 
-

~~~ exist between tota l values of 3 and 8 defined in this way. There are , however ,

a number of factors , such as the non — agreemen t of the experimental limit load
- wi th the Wells predic ted limi t load which may upset this agreement in practice.

— 1 2—
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The relationship between total values of J and COD , defined with r 1/3 in

the elastic and plastic regimes, will in general be load dependent , varying from

3 0.5, 6 just out side the ASTM limit , to J > 

~~y8 well after net section

yield (23).

SUMMAR Y AND DISCUSSION
25. The proposed method for determination of J~ for a 3pt bend specimen is

- 

I 
- summarised in the Appendix. Few of the ideas used to derive this procedure

are completely new and can be found in various forms in previous literature

on the subject (25 , 27) .  It is considered , however , that the method proposed

here is an especially appealing one , both in its simplicity for general
• laboratory use and because of its aompatibility and similarity with existing

- , fracture toughness testing standards (1, 2). This similarity is an obvious

advantage in gaining acceptance for a new testing method . Especially in the

U~ , where experience and confidence has been gained in the use of COD, there

is an understandable reluctance to make radical changes in procedure. As sho*i

here, 
~~ 

may be obtained as easily as 6 c~’ 
using identical test pieces and

instrumentation. The two major reasons for favouring the use of J over 8 are

• its unambiguous continuity with K for near elastic behaviour , and its greater
flexibility and ease of definition in fracture—safe design procedures (5, 6, 7 ).

FUTURE WORK
• 26. A fairly ext ensive experimental program is needed to ful ly evaluate the

proposed method. Such a progr am would need to cover the effect of specimen

size and geometry on J0, and slow crack growth prior to J
~
. The main point

of comparison would be wi th the US proposed method (31) based on [12], but

• comparisons with COD would also be made to establish a link with UK practice.

27. One problem which has already come to light is the very early onset of

slow crack growth in weld metals. In large specimens (B — 50 mm) , slow tearing

apparently begins well before the limit load (43) , and the resulting non-
lineari ty obscures the well defined inflection which would otherwise occur in
the load deflection curve at Q~. Thi s makes selection of an appropriate limit

load value for use in (28] a difficult procedure. It is not yet clear how much

. this uncertainty affects the final cal culated value of J0, but thi s, and pose— • 

- •

ible methods of circumventing the problem, will be the subject of futur e
investigation .

26. Both the proposed method of J determination , and the Wells formula for
-
~~ C

ô~, although quite amenable to cal culation by hand , involve a fair amount of

arithmetic, which can be tedious when a large number of specimen s is involved,
A small computer program is being prepared to calculate all relevant fracture •

1

parameters fran the basic input dat a specified in the Appendix. : ~
- 

-
-
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-: APP~~~~ X
Proposed Method for Calculating J froni the LoadJCli~

Gauge Displacement Curve of a 3pt Bend Ssecimen 0.25 < a/w ~- . tAD

1. From the specimen measure:

W,B,S — overall specimen dimensions

a. — initial crack length (to end of fatigue crack)

af 
— f inal crack length (to end of slow tearing )

2. Draw a line OA thr ough the elastic part of the loa~/ c l i r~ gauge deflection

(Q/ Vg ) curve (figure 5). Draw a horizontal GF at load Qf . Record:

~~(OG) — final load (may be af ter  ma~~m urn load)

QL(0H) — limit (net section yielding ) load

V
ge
(OB) — elastic clip gauge di~p~aceinent (assum ing no slow crack growth)

V
gt
(OE) — total clip gauge disp lacement

3. Calculate:

K 2
[Al]

~fS
where K

f 
[ A 2j

a 
~~f a af 

a a 1
- ~~ 

- 4.6 (~~) + 21.8 ()2 - 37.6 (.~~)3 + ~~~ 
(
~

)
~] [.&3]

4. Calculate:

2~~(W— a
f) w

- 

B(W — aj)
2 [af + r(W — a)~~ + ~~~ ~ gt — ~~ 

~g~7 
[MI

where z is the height of the clip gauge above the specimen surface

h(~~~)
- -; = a
- I ,1h

~V

h(~) - - 
~3.0 + 403.0 ~ - 1073.2 (a)

2 
+ 1162.8 (~ ) 3 [A 6]

- -  

r = 0.45 , a/W < 0.45 [A7]
0.4 , a/W > 0.45

5. The val ue of J at any given clip gauge displacement is

- 
~e + ~p [A8)

_ _ _  
~~~~---- - -- 



6. Notes

a. It is necessary to decide whether to use the ~lan e strain or ~ ian e

st ress value of E’ in [Llj. A possible basis for choice might be the

- criterion for determining J1 validity suggested in (26)

- Ba~
plane stress -

~~~~
- < J ~ < -~~~~- plan e strain [A9]

-

~ b. [A4 ] is not applicable if significant slow crac• growth occurs before

net section yielding. J~ can be calculated before net section yielding

in the absence of slow crack growth by substituting 
~ 

for in [A4].

c. [A6] is a polynomial f i t , over the range , 0.25 < a/1 < 0.6, to elastic
-

- compliance dat a given in (34) .  Its use outsid e th is rar~je is not

recommended . A slight error might be introduced by a~ oiying this to

- the clip gauge as ot-posed to the mouth opening displacement, but ~nis

is likely to be small since ~ is a ratio not an absolute quantit ,’.

d. The values of r given in [A7] are based on finite element analysis.

Alternative values may be used if experimental evidence dictates.
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