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FOREWORD

This report documents one of the perturbing term s appearing in the force
equations for satellite motion in the TERRA system of satellite geodesy computer
programs. Equations are given for the lunar air tide , via the gravitational action
which the tidal bulge exerts on the satellite orbit. An earlier report gave the
equations for the air tides caused by solar gravitational and thermal effects.

The wor k was done in the Astronautics and Geodesy Division in support of
astronautics computer program development.
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INTROL) UCJ’ION

The atmospheric tides of the earth are caused by a con~~in at ion of the
gravitational pull of the moon and the sun ’s thermal  act ion.  ‘lo es t ablish a
mathematical model of the t idal  effects on satellite motion , it is both conv enient
and customary to represent the tidal mass redis t r ibut ion  Lw a surface densi t y  Liver
and to sub sequently obtain the potent ia l . exter ior  to the ear th , by in teg ra t io n .

One of the authors has recently derived the solar component of the
atmospheric t ide — from a surface pressure p a t t e rn  described by 1 I a u rw i t z .  I This was
done to produce a per turhin g term , correspond ing to the solar air tide . tl)r the
equat ions of moti on wh ich govern the orbits of the earth satel l i tes in the ‘fl ~R RA 3

system of computer programs for  satellite geodesy . For the same purpose , the
tol lowing text  introduces a model which accounts f or  the lunar  t ide in the
te rrestrial atmosphere. Specifically, the new tit l e model contains a pot i ’i) t ial  t u l i c t i on
for  the force by which the atmospheric title bulge acts on t h e  satellite orbits.  The
tidal bul ge is assumed to result Iron-i the fact that  the earth rotates w i t h i n  the field
of lun ar mass at t ract io n , the latter being nhoni ogeneou s across the terr e strial globe.
Onl y the main term of the sem idiurn al tide is considered. The per t u rhi ng
acceleration associated wi th  the tide p oten t ial  is also specified for use wi th  TFR RA
and with  similar computer prog r ams which involve Jorce eq ua lions from which the
orbits of geodetic satellit es are being calculated by direct , numer ica l  in tegra t ion .

The tex t  bel ow a ugm en ts Reference 2 . Readers ou gh t to have per u sed t h a t
reference first, especially the introduction.  Much has been included there to f a c i l i t a t e
the un derstanding of the more genera l aspects of the m at te r .  which we shall not
repea t heft

THE Tl l)E POTENTIAL ’

A suitable description of the variation in air pressure on the ground , ca u sed ~
the sem idiurna l lunar tide , was found in Reference 4 (pages 70 , 73. 93, and 94) :

L2 = 55.2ph ar cos3 U sin (2 r  + 75 °) I )

‘Additional Clint I11191I3 1111 t IlL’ tide pt t t sn (hi t pilit tilt’ IICtt~S~ IT~ ti el Ills nt II~ ii erIv.ItttIli appear in A pIe.’ titu S ~ 
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In this equation , L~ is tile surface presstlre il microbars , 0 is the geocentric
latitude , and r is t i e  local , lunar mean time. Considering that  the local surface
pressure results from t i e  weigh t of tile atmospheri~ column , and also taking into
account that geodetic satellites generall y operate far above that  a l t i tude below which
most of the atmosphere lies , t h e  surt’ace pressure was converted i l- i t t )  a gravitating
mass layer, the action of which on the satellite would resemble that of ’ the actual
tidal air bulge :

a , = A 2 cos3 0 cos 2a (2)

A., = 0.0564 gr/cm 2 (3)

2a 2 X +  [2 (t * _ p)
~ 15 0 1 (4)

In these equations . X is long itude East , t~ is Universal time , a nd i is the d~fferenee
between t he meati ((lea d long itudes of moon and sun .

Subsequent application of the Poisson integral produced the lunar tide potenti al .
exterior to the main portion of t i e  atmosphere ,

R3 R5
U = a— P2,(sin 0)  cos 2 ~ — h —i- P2 (sin 0)  cos 2a ( 5)

r

Sir 2
a = A ,GR —  (6)

- 64

Sir 2 a
h = A , GR ~~~~—, = (7)

G is the gravitational constant , R is a suitably det ’ined mean radius of t i e  ear th .
and r is ti -ic geocentric distance of the satellite. The P -

~~ 
x) are associated Legendre

funct ions.

It should be noted that  I , above is a yearly ,  wor ldwide average . Also, all
equations appearin g here and in t l i t ’ te xt  below are presented in a fo rm which

—I
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renders them independent of t i e  choice of ’ any particular units.  A systenl of
compatible uni ts  must , however . be chosen prior to trans l ati i ig the present analysis
into a computer algorithm.

THE MEAN LONG I TUDES OF SUN ANt) MOON ’

Explicitly and implici t ly,  the local , lunar mean time r is the measure of t i ul e
i l - i the equations ol ti -ic previous chapter. When converted into Universal time, it
gave rise to the presence of t u e  quant i ty  v in the combined a z i m u t h / t i m e  arguments
ot’ surface density al-id potential.

p is the diffe rence between ti -ic mean mean longitude of the moon . s, and the
mean n-iean longitude of t l e  sun, h :

v s - i i  (8)

It) he precise , s iS tile angle f ’rom the mean equinox of ’ date,  along tile mean
ecli pt ic of ’ date . to t l e  mean ascending node of ti - ic moon ’s orbit,  plus the ang le
t’rom that  latter point , along tile moon ’s mean orbit , to ti -ic mean perigee , p lus t i le
instantaneous value of the mean mean anomaly corresponding to t u e  p Ositioll of t i le
moon. (‘orrespond ingly .  ii is the angle from the mean equinox of date, alOll g tile
mean ecliptic of date , to ti le  mean solar perigee , plus the  instantaneous value of the
mean mean anomaly corresponding to tile position ot’ ( lie Sun,

Tile terms , s and h , are connected to Universa l t ime t~ by t l c  following
aigorit llm. Let J he the number of tile calendar year ( 1975 or 1976 or 1977 ) NI
be the Iluinher of tile individual  month in the calendar year , and I) be the nu nlhe r  

V

of ti - ic particular day in the month ,  Also , observ e

I 1l Ill

~(n , ill) if (9)
0 fl~~�f l l

‘See ‘,ilsi’ App end is H.
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N 1 = I) + 3 i~ (M ,2) + 59~ (M ,3) + 90~(M ,4) + I 20o~M , 5) + I S  l 3 ( M ,6)
+ l8l~ (M ,7) + 21 2~(M ,8) + 243ö (M ,9) + 273~ (M ,I0)
÷ 304~ (M , I l ) - s ~334o(M , I 2 )  ( 10 )

N, = I) + 3li5(M,2) + oO~(M,3 + Q hS(M,4) + l 2 l ö ( M ,5) + 152ö(M,ô)
+ I82~ (M ,7) + 213~ (M ,8) + 244~l(M,9) + 274~ (M ,I0)
+ 305~ (M , I I ) + 3 3 5 ö ( M , 12) ( I I )

N = N , ö(J . l97 5)  + (365 + N 1 )~(J , I976) + (731 + N 1 )~ (J , I 9 77 )  ( 1 2 )

= 5.28 X iO ~~ +3 .So X 10 8 X N  ( 1 3 )

1*
d = 27392.5 + N + SI- + — (14 )

24

( In t o  tills equation ,  t~ 5110111(1 be entered in decimal fractions of hours. )

d 
1 1 5 )

36525

s = 270.43435 8 + 4~ I 267.883 141 -r - 0.00113312 + 0.000002 I’~ ( 16)

11 = 279 .69668 + 36000.7689301 + 0.000303T 2 ( 1 7)

(s and 11 will  resu lt in decimal f’racti ons of degrees. )

I t is obvious how tilts a lgorit hn l may he generalized to tu l le  spans w hicil
extend beyond 1977 or to altogether d if t ’ere n t till - i c spans. Also, one l l lUV desire to
input  the number of the day ill the calendar year . N 1 or N , , di rec t l y .  i ha t  is
easily accomplish ed by deiet ing tile equations for N 1 atld N~ . N 1 alld N , would

4
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then be algorit Ilm inpu t , to be obtained I’roni an external calendar. N would then
n-iean the number of the calendar day in t u e  year , if J = 1975 or J = 1977, N ,
would he tile number of ’ tile calendar day , if J = 1976,

DISTURBING ACCELERATION ’

From t i- ic potential U (Equation 5) , the dis turbing acceleration T CaI ~ now
readily be obtained. A positive gradient convention will be observed.

= + grad U ( 18)

Let y 
~2 y~ he ti -ic ear th-f ixed ,  Cartesian coordinates of t i e  TERRA system.

Also , let r . A , 0 he ti le above used , earth-fixed , spherical coo rdinates (geocentri c
d istance. longitude i ’ ast. at -id geocentric lati tude ) .  Further , observe the geometrical
reiations.

r v~~+ y ~~+ y ~ ( 19)

tan A = (20)
y 1

— 
y 1

cos X — ( _ l )

‘
V _ _~_

- - Vt - i
Sill i~ —

~~ 
+

~~
-
~

tan U = —_ _ _ _ _ _  (23 )
4 y~

‘Sec .tk ~ Appendis (
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cos O = ~~ (24 )

SIll 0 = , r  (25)

= i = 1, 2.3 (~ 6)ay 1 r —

= — Y2 
, 

(27 )
ay 1

ax
= + 

‘ 2 (28 )
y~ +y,

ax
— = 0  (29)
ay 3

Y t Y3., ., (30)a y 1 r~~y7 + y;

ao
= 

r2~~ y~~+ y ~ 
( 3 1 )

= (32 )ay 3

Also observe t i e  physical relations.

3R 3 
, 2R 5

= —a--- -4— P~ (si tl 0) cos 2a + b~~~ P~(sin 0)  cos 2a (33)

au 2R 3 2R 5
= —a —j --- P~(sin 0)  sin 2~ + b —i— P~(sin 0)  sin 2a (34)

(-I

.

~ 
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S au 3R 3 t S R 5
V — = — a-— f sin 20 cos 2a+ b —i—— (7 sit - i 2 0 —  4) sit - i 20 cos 2a (3 5)ao r r

P~(x ) = 3( 1 — x 2 ) (36)

P~(x) = ~~ ( I  - x 2 )(7x 2 - 1 )  (37 )

x = sui O = - -- (38)
r

Sill 20 = 
2y3~~~f+~~ ( 39)

cos 2a = cos2 a — sin 2 a (40)

sin 2a = 2 sin a cos a (41 )

a = X + a * (47)

= v —  7 5 0 (43)

p s - h  (8)

cosa = cos a* cos X _  sin a* sin X (44 )

Sin a = Sill a* cos A + cos a ” sin A (45 )

Vt
cos A = 1 

(_ l )

7 
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- y2
StIl A = — ., ( — 2 )

Theti , the Cartesian components  of t l e  dis turbing acceleratiOl l are

au ar au ax au ao
T = — + — -‘ — + — —  (46a)

‘ i  a~- öy 1 ax 8y 1 ao a~,

au ar au ax au ao
T = — — + — —  + — — (4 6b )

Y 2  ar ay , ax 3y 2 ao ay 2

aLt ar au ax au ao
T = — — + — — + — —  (46c)

3 a~- ay 3 ax ay 3 ao ay 3

To be suitable for use in the sat e llite orbi t integration , I will now have to
he rotated int o the inertial coordinate frame in terms of which TERRA execu tes
tile orbit integratiot -t , Tile necessar y al gor itht i  sil a ll not he discussed here , It is
available for inlp lement at i ou ort tile computer  now and will  appear ia a f’t t t t t r e
report which will  doc um en t ti - ic complete TERRA eq u at ions of IllOlton , strictly
under an algo r i thm aspect.

Terms l ike  “p er tur b i ng t’orce” a nd “per tur h ing ” or “dis turbing p otential ’ arc
freq u ent ly  associated wi th  General Theory. To prevent any m isun ders t and ing .  i t
should he remembered that T E R R A ,  like its forerunners , generates the ii~’cessa r~
t raj ectories by direct ly in tegra t i n g  a set of d iff ’er en t i a l  eqi tat ions whi ch relat e t i le
orbit a l acce l erat ion to a v a r i e t y  ot force terms , whi ch in turn  are ra ther  corn p I ica ted

t t l l l c t iO l l S  of s:t t e I l i t e  posit ion.  vclocit~ , at ti t t ide, posi t io t i  relative to ti l t ,’ cart  115
shado~ . etc. i h  ~ approach enab le s - Ei  R RA to readily cope wi t  II force models xvii te l t
ref lect t i - ic s t at e  of t i l t ’ art  and wll ich are t r t a t l l e t i l a t i c a l l v  comp lex to th e p ti i i i
w here t l ie s il l ig ht  e \Lee d t u e  cap~t i ) i l  ilk ’s ( i t  ( ; clle r t l [heory . l l t a t  is w t i ~ st c were
ai) lc to f o r l l l t t l a t e  t i l t ’ a l go r t t i i t l l  ~li t i l e  Si lI l p ie—l l l i t l de ( I  sh ape t ll  w h i c h  tt  app ea t s . , l t l d
t i l i s  is also t he  cas t i l i  w h l \  it  Ja c ks  t h e  elegance winch is so charact er i st i c  it  t h i s
a na ly t i c a l  approach.

- - -V - —V .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- - V - -
~~~-~~~~--- —--~~~~=~~~~~~~~~~~ —. - .-—- - -

SUMMARY

‘the above tex t  presents t u e  essential feature s of only Ot lC fr otn amongst f o u r
tidal force ter llls which  ti - i c T E R R A  equations o lnot i on con t a i l - i ,  Tile ana ly t ica l
work ilas heel) conlpleted f ’or all these terms , Also , t i le  necessary computer
algor ithtn s have heetl t ornl l t i a t e d .  Bt tt only two per tu rh i t l g  terms have thus  f

V 
been

described formally.  This includes the solar air t ide which ts covered by Reference 2
and tile presetlt a t t empt  to elaborate tha t  component of tile p cr turh ing  acceicrat loll
whi ch arises because of ’ tilt ,’ presence of tilt ’ lun a r  t I de in t h e  a t l l lOS ph t ’re. I w o  more
reports , namely one otI tile tit le of ’ tile solid ear th  as we l l as al loth cr  covering tile
oceatl t ide , are in preparation.

The TERRA equatiolls of V n i otiot l  are intended to ser\ e as a basis for n t t ni er tca l
orbit  integration. While developing the i t idi v id ua l  force ter m s, we never gave ar t y
ti )oLt~~ t to Ge neral Theory . In keeping wt t i i  th is approach and for  other . e l l t lr e iv
pragmatic reasons as we l l , it was decided to I llake t u e  t idal  term s part of T E R R A
wi thou t  fi rst conducting a s tudy of the relat ive n ia gni tud es  of t i l t ’ various force
components and til eir conseq otences for tile satel l i te  Ill otio li.  That migh t ilaVe
it voivetl us ii orbital studies based on General ilieoi’v . Wil ici l was considered
Lt lld e s irah fe in view of ’ both tile f ’t tt ding si tuation aIld tile t i l l - i c  frame of ti - i t ,’

TE RRA deve lopn lent. Rather , it was felt t i la t  we already ilad reliable indica t ions
frot u experience as well as from tile l i tera fl tr c as to win ch e f f e c t s  could be expected
to be re l evant and wil ici l  Ill ig ilt  safely he ol l l i t ted ,  i -or  tha t  reasoil art d also bccatts c
it appeared to be more it l keeping wi th  t h e  rest of t i - ic T E R R A  e ffort , we decided

that  al l  tile selected forces should appear in t u e  equat ions OIl 11101 ion ex a ct i ~ as
tiley r e s t l t cd  from tile respective physical iuodels ’,tnd tha t  the i r  ex is tence  should hi’
f ina l l y just i f ied by tueans of n otmer i cal  studies wit ic l l  wo ot id have to be colld lt ctcd
anyway ,  as part of t he  ‘fi R RA tr ials  on tile coill p o t ter .

()
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NOTES ON THE’ Til)E PO TENTIAL

Our work ot the lunar  air t ide  is based oil a t idal  press ure wave ( E quat ion  1)
which is synlu le t r i c  to tile equator .  Also , tu lle and la t i t o t t lc  are altoget ller decoupled
fro m cacti other. Time is associated w i t h  the aziwu t ii coo rd i n a t e  only ,  T ltat  ts . of
course , a simph if ’ication. Beitlg caitsed by tile nloofl , tile orbit of which is il lc lill ed
against the equator , the actual titl e lll~~ he expected to depelld Ort tile lullar pilase .
That excludes strict , equatorial Syl l lm etry.  But ti -ic earth ’s topography appears to
complicate tile tida l pressure wave. Also , data are still scarce over motcil of t i e
globe. Af ’ter having reviewed tile recent l i tera ture , we were qu ite cOl)tellt W it l l  having
available at last something tangible , namely,  tile t idal  pressure averages represct lted
by Eqo t ation I

The surface pressure wave we otsed can he imagined to he caused by a moon
which moves in tile ceiestia i equator rather than UI the act otal lunar  orbit.
Figure A—I indicates how the various az imutil coordinates appearing above i 1 tile
mai n part of the report , and time , are related to each other.

~~~~~~~~~~~~~~~~~~~~~~~~~~~ IAN OF P

PLAN E

P SURFACE
POINI

.— M E RIDIANS
MIAN MOON

.f~ . MEAN SUN

Figure A-i. Relations Amongst the Azimuth Variables and Time
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is local mean solar time. r is local meat -i lunar time. Also , consid er the
famili ar relationship between Universal t ime and t ,

= t — N  (47)

Then ,

r = t _ p = t * 1 . X _ p  (48)

which leads directly to Equation 4 for the t im e/ azimuth ar gttm ent of the tidal mass
layer.

From Equation I for the surface pressure follows the corresponding surface
mass density 

~2 by simply replacing the unit of pressure by the area dellsity related
to the atmosp heri c column. Tile potential aloft follows by integration:

C C Ga,(Q)
U (P) =~~~ _

“ ... ds (49)
J J  Ir - p i

where P and Q denote the field point and the source point , respectively. i is the
position vector for the field point , ~ indicates the source point : Whetl used in the
following, the field point coordinates will be ut -ipr in led while tile sottrc e poit lt
coordinates will be primed. ‘y is the angl e between F and ~~~ . The are a element ds is

ds R 2 cos O ’dO’d~’ (50)

Tilere will app ear below several expansions invoiving Legendre polynomi als. Tilese
were taken fro m Reference 5.

To act otall y perforn l the integr ation , the inverse of I F - - 
~I is f ’irs t ex pand ed in

term s of Legend re polynomials:

= +~Jr 2 +~~ ! 
- 2rp cos -y ( S I )

A-2
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cos ‘)( = 5i 1 0 sit 0’ + cos (3 c05 0 ’ cos (~ 
- cr’) ( 5 2 )

I R U
= 

~ 
— - - - j  P~1 ( cos ’y ) (53 )

I r —  p1 n 0  r

Applic ation of t i e  Addi t ion  Theorem for  t ile Legendre f u n c t i o n s  ( Refe ret lce 5 ,
Chapter VI I , Pa ragrap il 6) results t ilcn in

RT~~t
U = A , GR ~ ~~~ l~ ( 54 )

T i - U  r

I T T = 
f2 n  j  :: cos4 (1 ’ cos 2a ’ $ } dO ’du ’

~ ( r  — n l )~ } = P ( si mi OW ( si l l  0 ’) + 2 ~ l’ ” ( sit l O W’’T (s in  0 ’) cos tu tu  o ’ )
I, 

i i  = i ( t + n ) !  ‘‘ U 
( 50)

If ’ one now integrates over tile a, i l l l t t t  II coordinate f i rs t ,  it w i l l  at ot lcc be reali zed
that  I , i s a f’ai r ly simple expression:

= 2 J dO ’ cos4 0 ’ ~ (t  - n l !  
K I” (si n 0 )l~” (sii -i 0 ’) ( 5 7 )

I (n  + fl l ) !  “ IT

= f cos ln(~ 
- ~ ‘) cos 2~ ’du ’

ln spectiot l of’ K ,,, wil l  show that  only K 2 is lIon—zero .

= K 1~ (m . 2) ( 5 9 )

K - , it cos 2o  (0 0)

_ _  - .  , - -~~~~~~~- V - V ..- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~~~- V~~~~
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we shall be able to ignore fo r  reasotls indicated on Page A— S of Ref ’erenc e 2,
i hu s, t h ere renlaills

+ -,
I ,, = 2K , ~~ P 2 (sin 0)  J P~ ( sin O ’)cos4 O ’dO ’ (0 1)

l)~~’ 2

E xecution of tile la t ter  illtegral and search for the non —zero I ,, shows t h at  l~ is V

zero while 12 and 14 result ill expressions wlli ci l . 111)011 et l ter i l lg i t l t t )  E q otat ion 54.
lead to tile potential  represented by Equat ions  5 , 6 , and 7.
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NOTES ON ‘I’ill- ’ M l : V .~N L ON GI TL I I ) l ’  AL(;0RITII\I

APP eil di .\ A indic ated  iio~ th e  pet’t~i rh iw.  - i t e t l t l a l  ~va~ derived f ro m th e t id a l
Pressure ~ ave i t  did not . Ii ~’~ cvei , c l a t l t \  .i ) roh te i l l  i l io lden i  w t l i i t i i  th e  a / I l l l t l t i l

coordinate . ll an lel~ t h a t  of h o w  to re ference the m oon S 1xis i l t on  to t h a t  of t i l l ’

sut i . l i ia  t qu csti oll is solved b~ t h e  a l gor i t i l in  for the I l l eal l  loT Ig l i udcs of 50 11 and V

t l lOOll . specified above in t i le  l l l a i t l  p a r t  of the rep ort.  We 511.11! 11(1W discti ’u SOl l i l ’

detai ls ~ hich concern the c o n lp u la t i on  of t i l l ’ solar and l t t i i a r  l l l e a i l  io t gi t l l de s .

I t I  essence , t i le  a l go r i t i l l l l  is based on E quat ions  It i  a nd 1 7 . ~ l l t c l l  rep l ’esL’Il t t i l l ’

me at - i  mean io l l2 i t t t d e s  of sun and m oon ,is fu u c t t o t s of t i l l i l ’ . l h l l ’sl ’ e q ua l i o l l ’. are

from Pages 9S and 107 of R e t e r . ’iicc 0. 111ev are P ar t  f
V th i  hod~ 01 asl r on io tmi t c ; t h

re lat ionships oj i wh ich t u e  Nau t i ca l  Al m anac basl’’~ t ts  f u I 1 L l : t I l l l ’ l l t . l i  ep lll ’mne r td l ’s ol

sOI l a t ld 1110011 . l lle mean mean l o l l g i t L t d L ’s ~ and hi are poi~ n~’ i i i i : t k of I - I ~ t m m i l & ’

in J Ul i a l l  cet i t u tr ies .  these po ly no ni i a ls  are valid t o m t i l l ’ p~ I s e l i  I cent  in If as de t i l l c d

by 1-qua t i o t l  14 is t i m e  i l l  day s :  I ~00 Jat u i : i r  0..~ I I ( 1  r~ c~~ ’ rt ~ t t I l i ( ’) is l i i i ’
epoch. N is  the n um ber ot ohays elapsed since t i l l ’ he(~l I i n t l u ’  ‘I t i ll’ caiel lda r  ‘~ eat’
1975. ,.H is t i le  Rcdu c t i o t l  of t ul l e  wh ic h  is t h ’  ( i l l  t l ’re f l o ~. ’ i) (’tu i’& ’il h - p ii& ’ii ) i ’ri~ t i m i i ~’

aild Un iversa l  t i t u l ’. Our E qua t ion  13 at ’t t t a i l v  ts oiii~ an app ,~~\ I I n a t l o t l  to t h at
t l i t t c re . lc c .  chIo set I to he val id ion- aii ~ In i te  in t ~’r~aI ~h u r i u g  u i i t c l i  ~ e , i n t i c l p a t l ’ t h a t

it may be required.

As already t m i c t i t i o n c d .  epoch f o r  coun t ing  t t m l i e  is t i l l ’ b e g i n n i n g  oI our cl ’ l l t t l r \

or. to be precise . t i l l ’ s ta r t  of t i l l ’ ‘ale idar \ ‘ l’ar 1900, V\l t i i o t i d i  t u e  concept of t h e

.htl i aml day is s i tup le. i f s  e’sact  connect ion w i t h  o t i l e r  t i t i l e  u l l t t s  si t ( ’ hi  as t h e  cail ’il ( l , t I

day m a r  1ike l ~- ’ c on fuse  tllosl’ ~viio Ol l l \  occ asio iiahi ~ l’iIco t t I i t l ’r t h a t  p a r t t cu l a r  u n i t

We add tIn ts three i l l i t s t r a t  iom - is . namely  Figures 13 — I , 13—2 . am I d l3— .~ - 1111 ’ add it  1o11a1

l : igu r - (~ 13—4 i l lu s t r a t e s  f i l l ’ rob ’ of t h e  Rc d l lc t io i l  of ‘ I t m i l e  I i i  t i l t ’ r e l a l i o mis i i t p  h et \ \ l’l’ ml

( V phcn icris t ime  and t 1 ivt . Nal t i n c.

13—i
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NOTES CON (’LRNIN G THE GRADIENT

T h e  per t ur b in g  acc cb cra tlom l , as discu ssed above ~il the main  portion of the
lepo rt . wil l not require much addit ional  e laborat ion.  But we probably shou ld
mention that the in tegra t ions  which  res u t i ted  in the tide P o tent ia l  as well as ti - ic
gradient fo rmat ion  i tself  were (lone by 1) 11 t h ) aul thors . indepe ndent ly  of eacll 0011cr ,
w i t h  great care. F u r t h e r  con f idence  Il l t i le resu lt s  e, as der iv l -ul t r ont  a check onm C ite
sign of the ‘r’ad ient .  This was to ,Is \u r ~- t h at , b r  ,n low orbit . t i)e radial  gradie nt
Cull) por t ent associated wi th  an~ m d iv id ual p o t en t i a l  t erm a c t u t a l l y  does point  down
Ilegat i\  c sign) towards  ti -ic surface whenever  t i ne  satellite happens to be pos it ion -ted

Over a region of the surface where the  correspondi ng atmosphe ri c density tern ) is
posit ive and thu s attracts rather th a ii repels the satell i te.
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