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Abstract

A method for estimation of the global discretization error of
solutions of operator equations is presented. Further an algorithm for
iterative improvement of the approximate solution of such problems is
given. The theoretical foundation for the algorithms are given as a
number of theorems. Several classes of operator equations are examined
and numerical results for both the error estimation algorithm and the
algorithm for iterative improvement are given for some classes of ordinary

and partial differential equations and integral equations.
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1. Introduction
A simple technique for estimating the discretization error, or
improving the accuracy of the numerical solution of a functional equation
F(y) =0
is discussed. The error estimate is obtained as the difference between
the solution of the discretized problem
¢p(n) =0
and a slightly perturbed discrete problem
¢h(nE) i ¢E(n) =0
the improved solutions are obtained from a sequence of perturbed problems.

The perturbation operator ¢ﬁ is a discrete approximation to the
operator F that is of higher order of accuracy than o (1.6, if o is
consistent of order p with F, then ¢E is consistent of order q > p with F,
see section 2 for more precise statements). We can view -¢§(n) as an
approximation to the local discretization error of the operator Op -

The operator ¢E corresponds to a more accuraté discretization
method than ¢h' The basic requirement on ¢£ is the accuracy; the operator
does not even need to be stable as it is applied only to the known
quantity n to produce a constant to be added to e

The perturbations needed to iteratively improve the solution are
obtained from operators that are increasingly accurate approximations to
F, and the negative of the perturbation can again be viewed as increasingly
accurate approximations to the local discretization error of the operator
O If the order of accuracy of the operator % is p we can gain p orders

of accuracy per iteration if the perturbations are chosen judiciously.
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One simple and direct way of constructing the perturbations is the
following (other ways will be examined in section 4):

For the error estimation algorithm compute the residual (on a
certain set of discrete points), which is obtained when the numerical
solution n of the discrete problem ¢h(n) = 0 (a solution defined only on
a set of discrete points) is substituted for the unknown function y in
the functional equation. Any functionals (e.g. derivatives) in F(y) = 0
that had to be approximated to get the discrete problem ¢h(n) = 0 are
approximated by linear combinations of the components of the vector n
(solution of ¢h(n) = 0) when the residual is computed.

To improve the solution the same technique is used, but now the
residuals are computed as the sum of the old residuals and a new residual
computed from the most recent approximation to the solution. Further
increasingly accurate formulas are used to calculate necessary approxima-
tions to functionals that appear in F(y).

This technique is useful if there exists an expansion of the
global discretization error (in the discretization parameter h) of the
discretized problem ¢h(n) = 0 to sufficiently high order and with smooth
error terms. If sufficient smoothness conditions are met (e.g. in those
cases where iterated deferred corrections can be applied) several iterative
improvements can be made, for each iteration the order of accuracy of the
new approximate solution is increased, in the same way as when iterated
deferred corrections are used.

For the cases where one cannot perform iterative improvement due to
the existence of significant non-smooth terms in the global error expansion
one may still, in many cases, get realistic error estimates with the

technique described.
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Related techniaues are difference correction, Fox [1947], Volkov
[1957], and iterated deferred corrections according to Pereyra. Pereyra
has worked extensively on boundary value problems for ordinary differential
equations, Pereyra [1967b, 1973] and has produced very efficient computer
codes, Lentini, Pereyra [1974, 1975a, 1975b] for such problems. He has
also treated linear and mildly nonlinear elliptic boundary value problems,
Pereyra [1967b], Pereyra [1970] and analyzed general nonlinear functional
equations, Pereyra [1967a].

The basic computational tools for high order approximations to
linear functionals, needed both in deferred corrections and iterative
improvement can be found in Ballester, Pereyra [1966], Bjorck, Pereyra
[1970], Galimberti, Pereyra [1970].

Whenever iterated deferred corrections can be used, iterative
improvement can also easily be used. However to be able to perform
iterated deferred corrections one must know and be able to approximate
the terms of the local error expansion for the discretization operator
s while for iterative improvement that is not necessary. In some
cases, e.g. for boundary value problems y" = f(x, y); y(a) = a, y(b) = 8,
these local error expansions are easily found (by Taylor expansions)
and involve no terms that are difficult to approximate. In other cases,
e.q. for problems where F(y) is nonlinear in some derivative of y, the
expansions are very cumbersome to find and even more cumbersome to
approximate (see Pereyra [1970]), which makes iterated deferred corrections,
although theoretically feasible, in practice impossible to perform.

Another related technique is iterated defect corrections according

to Stetter [1974], Frank [1975]. The main difference between the approach
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of the two later papers and our approach is that they define a smooth
global approximation to the solution of the operator equation F(y) = 0

from the discrete solution n of ¢h(n) = 0 and then compute the perturbation
from that global approximation, while we use the discrete solution

directly and need to be concerned onrly about the local properties of the
perturbations.

In section 3 of Stetter [1974] the author also introduces a
formalism, similar to ours, in order to discuss how the leading term of
the local discretization error for the numerical solution of ordinary
differential equations usually is estimated. He does, however, not use
this formalism any further.

The starting point for our investigation was Stetter [1974] and
the many papers of Pereyra (1967), ..., (1975) and our primary goal was
to find cheap ways to estimate the errors in the numerical solution of
partial differential equations.

Extensive discussions of the existence of asymptotic expansions
of global truncation errors for the numerical solution of functional
equations can be found in Stetter [1965], Pereyra [1967a], and Stetter
[1973].




2. General theory

2.1 Preliminaries

The notation of this section is greatly influenced by Stetter
[1965, 1973] and Pereyra [1967a].

The basis for the results discussed here is the existence of
asymptotic error expansions for the global discretization error of the
solution to the discretized problem. For a thorough discussion of this
matter, see the references above.

We consider functional equations
(2.1) F(y) =0
where F: E - EO is a generally nonlinear operator from a Banach space E
into a Banach space EO. We will always assume that (2.1) has a unique
solution y € E.

For the purpose of numerical solution the problem (2.1) is
discretized in the following sense: ‘

We define families - depending on a real parameter h € H,

H={(h= %-, n integer in a subset of {v, v = n,} with n, > 0 fixed} - of

0 0
Banach spaces Eh, Eg and of bounded linear transformations By Ag, which

map E, E0 into Eh’ Eg, respectively.

B =% e

. 0
s h

Then we choose a family of (nonlinear) operators ¢
such that for z €E and h € H or for z =y and h € H

M
"

(2.2) oy (8,2) = Ag{F(z) &z h'+f (2)} + O(h
v=p

M+
5

-0

where fv: E » E° does not depend upon h.

If for all z €E ||¢,. (8, 2) - AO Fl{z)|]| » = 0(hP) the operator ¢
h*"h h EO h
h

is said to be consistent of order p with F.
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The expression ¢h(Ah y) formed with the solution y of (2.1) is
often called the local discretization error of Op -
The original problem (2.1) is now replaced by the "algorithm"

(2.3) ¢h(n) =0,

which is supposed to have a unique solution n(h) € E, for h € H. See the
references above for a discussion of the unique solvability of ¢h(n) = 0.

The global discretization error of (2.3) is defined as
e(h) = n(h) - & y €E
where y is again the solution of (2.1).
(2.3) is convergent of order p (p > 1) if

Hem 1l =<c h"  for h €H.
h

The global discretization error e(h) admits an asymptotic expansion
to the order M (M > p) if there are e, €E, v=p(I)M, e, independent of h,
such that

M+1

M
’ i Ve
(2.5) [le(h) -8, £ h evllEh <Cyh for h € H.

v=p
We will call o stable at Ah z if there exist constants S and r > 0 such
that uniformly for all h € H
2
(2.6a) ' - 1l < stile (6" - ¢ (D)1
Eh h h E0
h
for all ¢', i = 1, 2 such that
i
(2.6b) 1o, (&) - o (8, z)IIEo £
h
(cf. def. 1.1.10 in Stetter [1973]).
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To estimate the global truncation error choose a family of

(non-1inear) operators ¢E: E -~ EO

h p such that for 2 €Eand h€H

(2.7) oc(ay 2) = adF(z)y +0(hY) 5 pcac2p
When the solution n of problem (2.3) is known, solve for nE from
(2.8) 8 (n) + o5 (n) = 0

h h
Under suitable assumptions

q-1
(2.9) . s Lz hY e+ 0(h)
v=

P
In this report we are mainly interested in estimating the global
truncation error for given algorithms, however the idea behind (2.7),
(2.8) can be extended to iteratively compute better approximations to
the solution of (2.1).
To iteratively compute better approximations to the solution of
(2.1) choose a family of (non-linear) operators ¢h,i: Eh > Eg, HiR= | b

. such that for z€ £ and h € H or for z =y and h € H

M

(2100 ¢, (o 2) = a0F(z) +  z  h' £, (2)) + o™
4 v=(i+1)p y
Put no = n and compute ni, i=1, 2, ... recursively from
Taen v-1
(2.11) opln’) + L ¢h’v(n =8 " 1=1,2

1
(2.12) - ey y=al oz hY e, (1+0(h " )
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A simple example of the use of the operator formalism of this
section is given in note 5 after theorem 2. Readers that are unfamiliar

with the notation of this section are advised to study that example before

they read the theorems.

Note 1 ¢E(Ah ¥l = Aﬂ{F(y)} +0(h)

S0 ¢p is consistent with F of order q. Further, under suitable assumptions

(see the theorems below)
o, (8, y) + ¢E( . AO{F(y)} +0(h9)
h*“h hi" h

s0 ¢ + ¢E(n) is consistent with F of order q. We can view —¢ﬁ(n) as an
approximation, accurate to order q - 1 in h, to the local discretization
error of the operator ¢h'

Note 2 0 (0 ¥) = aD(F(y)) + o(h{1*1)+P

SO ¢h ; is consistent of order (i+1).p with F. Further, under suitable

’

assumptions, (see theorem 3 below)

LU o I

¢h(Ah y) + (nv']) = Ag{F(y)} + o(h(i+1)’P)

¢
” h

L

(This is not proved in the theorem, but can easily be proved with the
i
technique used in the proof of the theorem.) Thus op * I o v(nv'])
©ov=] z

is consistent of order (i+1).p with F. We can thus view -

N o~ -

as an approximation, accurate to order (i+1)+p - 1 in h, to the local

discretization error of the operator -
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Note 3 From the consistency of the operators above and the stability of
F 0
o (which implies the stability of ¢ + g, for any constant g € Eh) one
can derive results on the convergence and the existence of asymptotic error

expansions for the algorithms (2.8) and (2.11).

2.2 Basic theorems

Theorem 1
Let y be the unique solution of F(y) =0 and let

a) the global discretization error n - 4 ¥ of (2.3) have an
asymptotic expansicn

M

N hd e} + 60 (h)
j=p

0 M0+1

with My > p + K and [[s7(h)]] = O(h )

n-Ah)’

b) the expansions (2.2) and (2.7) hold with M > p and p < q < 2p
c) the operator o be stable at 4, y in the sense of (2.6)

d) there exist constants L and b such that uniformly for all h € H

[1£561) = £50011 g < LY - ¥l

for all y1 €E, i=1, 2 such that

1’
y' - yllg €

3 =0, P¥ly sees N] (N] = min (M, My - k, q - 1)
e) there exist constants C, CE and d such that uniformly for all

h€H
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1 2 1 =
lHon(e) - oy ()11 g € Colle’ - €l -n™

h

o R o, -«
[Tep(e") - o (e )HEO < Celle” - ¢ IIEh-h

h

1

for any £', 52 € Eh such that

1, 2

s
n

i
HE 'Ahy”Eh‘d ’

Then the solution nE of

E

by (n°) + 4 (n) = 0

satisfies the inequality

N, +1
nE = Ay ¥ 0(h ! )

where N, = min (M, Mg - ks @ - 1]
Proof

Note that

0 = ¢, (n°) + ¢ﬁ(n) = ¢h(nE) - o, (8 y) *+ o (8 y) + ¢§(n)
i.e.

¢h(nE) - o (8 y) = - o (8 y) - ¢E(n)

N,+1
We will show below that ¢h(Ah y) + ¢E(n) = 0(h L ) so for sufficiently

small i we have
|16, (nE) = o, (& y)|| < r
h h'"h
Thus from the stability of o at Ah y we have
[Inf - 8, yI] < Sle(nE) = o (8. ¥)I| = S||- o (8 y) - ¢E(n)]]
L h . h h'®h h*"h h

Here and in the sequel, whenever there is no danger of confusion, we omit

the indices on the norms that refer to the actual Banach spaces.




.

1

Introduce the notation

and form

dpldy ¥) + o) = ¢,(8, ¥) - ¢ (n) + oE(n)

f* i 0 E 0
= op(8y ¥) - op(ap(y +2) +67) + o (o (y+2)+6)
£ M0+1-k
= op(8p ¥) -0, (8, (y +2)) + 68, (y + 2)) + 0O(h )
N N
0 1 j 1 j
= Ah{F(y) t I fj(y) > - Fly +z) - L fj(y +2z) h
j=p J=p
N]+1
* Fly + 2} »0th ~- )
g j o
= Ah{ E [f.ly) - £y + 2)] b} + O(h )
J':p J J
N1+1
= 0(h )
Hence
N,+1
nE =y p = 0(h L )
Corollary
Let the conditions of theorem 1 be satisfied with MO >2ptk-1,
q=2p, M> 2p -1, then the solution nE of
E
op(n°) + o5 (n) = 0
satisfies the inequality
nf = o,y + 0(h%P).
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Theorem 2
Let y be the unique solution of F(y) = 0 and
a) conditions a), c) and e) of theorem 1 hold
b) F, o and ¢ﬁ be twice continuously Frechet differentiable

c) the inequalities below hold

M .
on(ty ¥) = 80F() + 1 £.() hd)y + (™)
{2 ol
J=p
E Ll & q
o (8, ¥) = 8 {F(y)} + 0(h”) P<as2p
80 (8, ¥) = a0(F' (y)} + 0(h9P)

or (8 y) = 80F' ()} + 0(h9P)

£(2)

with M = p. Further let ¢ﬁ2)(Ah z) and o

with respect to h for any z € E. Then the solution nE of

(Ah z) be uniformly bounded

op(n°) + op(n) = 0

satisfies the inequality

N, +1

ot =ayy*oth! )

N, = min(M, M, - k, 9 - 1)

1 0
Proof
Use the same notation as in the proof of theorem 1. This proof

proceeds in the same way as that proof, except that
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E E -k
on(8p ¥) + op(n) = o, (8, y) - o (8 (y +2)) + ¢ (8 (y +2)) +0(h )

L : E
= ¢h(Ah .Y) i ¢h(Ah .Y) i ¢h(Ah y) Ah z + ¢h(Ah y)

£ iyt
+op (8, ¥) 8,z +0(h " )
3 M : ,
= apf= FUy) z- (T fiy) ') 2 + Fly) + F'(y) 2}
j=p
Ny +]
+ 0(h )
N]+1
= 0(h ' ) =

Note 1 These theorems are the basis for estimation of global discretization
errors for algorithms where the error expansion contains only a few smooth
terms. If k > 1, and p < M0< p + k the error expansions contain at least
one smooth term hP ep but due to condition e) no estimate of the error can
be obtained. Numerical experiments (see section 4.5) indicate that it might
be possible to relax this condition. No theoretical results along these
lines have yet been obtained.

Note 2 The condition on M in b) of theorem 1 is somewhat less restrictive
than the condition on MO in a). However, to obtain the asymptotic expansion
in a) one would need to have M > p + k in the expansion (2.2). The lower
1imit on M for the expansion (2.7), though, may be of value in some cases.
Note 3 The constant k of condition e) is in general the order of the highest
derivative present in the functional equation F(y).

Note 4 These theorems differ only in the differentiability assumptions on

the operators involved and the set of elements from E for which the

inequalities (2.2) and (2.7) must be valid. |
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Due to the fact that (2.2) and (2.7) only are needed for the exact
solution y to F(y) = 0 in theorem 2 some very interesting types of perturba-
tion operators ¢ﬁ are allowed in that theorem, while they are not allowed in
theorem 1. In essence, all operators ¢ﬁ for which the local discretization
error is of order greater than p can be used in theorem 2, while in theorem
1 the order of consistency of ¢ﬁ with F must exceed p. Several examples in
section 4 will clarify this distinction.
Whether the more relaxed differentiability conditions of theorem 1
are of any practical importance I don't know. Future studies will hopefully
provide some answers to this question.
Note 5 The value of k of condition e) in theorem 1 depends on the norm for
the space Eg. For linear multistep methods for initial value problems for
ordinary differential equations one can (at least for ¢h) get k = 0 by
choosing Spijker's norm (see Stetter (1973), section 2.2.4, p. 81-84) for
Eg. To get k = 0 also for ¢E the operator must be chosen judiciously, cf.
also note 2 on p. 41 o7 section 4.1.
ote 6 As an exercise in the formalism of this section we analyze an
algorithm for the two-point boundary value problem
y' = f(x, y)

ya)=a 5 y'(b)=8 i fEC([a,BlxR) ; B=b+e
The 2s-continuity of f is chosen for convenience of notation.

1. Operator equation

i kb’
with E = ¢%%[a, b]
E9 = & x C[a, B] x R

and the following norms
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2

S

max v
lallp» 0. £ 128900 174!
V=
1 2 max
sl = 19'1 + 16°] + 3555 19(x)]
91
for g=(g(x), acsx<b| € E°
g2
z(a) -
F{z) = | 2"(x) - f(x, z{x)) agxgh
z'(b) -8
2. Discretization
Introduce the grid X; = a il i = G A
h=2(b-a)/(2N+1) i.e.
a b
L | | L | | d. a
| | | | | 1 | i
S R T Ml ™ N+1
and discretize the problem according to
& s
Pl L0l f(kg, e) =00 i=1,2, o, N
h
50 -a =0
3 =5
.—Nﬂﬁ_——N— - 8 = 0
In the operator formalism this means
: A : . ph*2
define L E » Eh : Eh R

by 2 = [z(xo), z(x]), o

0, .0 [
Ah. E-»Eh s By

0 - gV

+r 2049

x R
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1
g9
Ahg= g(xi) 1=]’ 2! !N
2
g
for
1
g
g = [ g(x) asxsb|€ g0
2
g
and use the norms
_ max
'|5||Eh " 0ciee1 154l
3 2 max
HYHEO Ty I + IY I + 1<igN IY.iI
h
for
1
Y
P e , 0
L & i ad, 2, , N |€ E,
2
¥
Then define
0
oy Ep > Ey
EO = a
B = 2L $ B,
- it] i i-1 : &
¢h(g) i h2 - f(x'i’ E.')a 1 ]n 2:
Ener ” G
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Note that, by Tayior expansions we get

z(xi+1) - 22(xi) + z(xi_])

= - flxgs z(x;)) = 2"(x;) - fx;, z(x,))
s-1 . .
2 (2j+2) 2
FE T A A ) B :
5 0(h25'1)
and

20, <) - z{%.) s-1 3 . ;

N+1 N 2 2 (2j+1 1,2j+1 2

i EARIURERNCN ixa 1 i )(b) (12T n2d

for 2 € E. If we define f : Bl g3 o, 22,

fv(z) =0 v odd
/ 0
fv(z) = 177%?7?YT z(V+2)(x) as<Xxg<bl| veven
2 + +
2 () ()T
we have
25-2
oty 2) = 80F(2) + A0 0"+ o

3. Perturbation

Define
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D1 Eh + R = e, 2 s N
-
50£0 - 7551 - 20£2 * 7063 - 3054 + 5&5 : g
60h
-6E, , + 80E. . - 1508, + BOE.., -~ BE,
D (g) = ¢ —1=2 i-] - it] i+2 for i =2, .ol
60h
2
60h
=
and Rb: Eh + R

b 24h

Note that, by Taylor expansions we get

- n 4 . -
Di(AhZ) = 2 (Xi) + 0(h™) = 2 ek N
and
R (8, 2) = 2'(b) + O(h)
for z € E.
Now define
E’O e
E 2 dias
®h(€) s D](g) 'f(x.is 51) 1 _]9 2’ -.-!N
R(g) - 8

then for z € E

o (8, 2) = aJ(F(2)} + o(h)

4. As a further exercise we examine some of the conditions of theorem 1
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0
1 2 % 2 1(3+2 2(j+2
500 = 5600 o = 11| iy (1 192) . y20342)) \HEO
e 09 ) - yz‘j*”<b))-(;—)j+]/

_ ooyt W) 2y
2 o+ !

max__ly](j+2)(x) - yz(j+2)(x)l

te asxsb (§ +2)1

A

1,j+
227 1y - VPl + 211y - ¥,

1
<310y - ¥
1 2 Sl
forany ¥ < ¥y CE, 3 =2, 4, ..., %5 -2,
Further Ilfj(y]) - fj(yz)llEo = 0

for § = 3; 8, cuin 28 ~ 3

so condition d) of theorem 1 is satisfied.
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E
]
1 7 2
&5 £s e, = ET) % B v ES
2 ’l h2 N (f(xi’ Ei) = f(Xi, ﬁi) IIEO
h
1 2 1 2
€N+] gN+] 3 (CN = EN)
h
1 o 2
o 2] + lgN+1 " ey T (EN = éN)I
|’0 50 h
1 2 1 2 1 2
k. |€i+] fitl Z(Ei-£1)+€i-1-£i-1_f(x E)(E]-gz)l
T<i<N ) y(%gs £5) (e 3
h
< (161 = el ¢ £l = Bl L fte By, + o et - e
He | 3
Eh h Eh h2 Eh y Eh
< C Ilgl 2 gZHE 'h_2
h
where
C=h2(1+M)+2h + 4
0 y 0
= : 1 2
&, € 1nt[g1, gi]
o max . §s s
M = aexeb IRzl 5 |l AhyHEhsd {=1,2
|z - y(x)| < d

Analogously we get

Eeuty o E 2 e -2
[1op(e") - oy (e )IIEO s Cgelle’ - ¢ IIEh-h

h

where
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o2 54, , 320
Cg = ho(1 + M) + 57 hy *+ =5

and My, £1, &2 are as above. Thus condition e) is satisfied.
Theorem 3
Let y be the unique solution of F(y) = 0 and

a) the global discretization error n - B, Y of (2.3) have an

asymptotic expansion
no= 8y Y = 4

with M 5 u(p + k) and |[s0]] = o(a™7)

b) the expansions (2.2) and (2.10) hold with M > u(p + k)

c) the operator ¢, be stable at by Y in the sense of (2.6)

d) the operators F, fj and fi,j have the following differentiability
properties:

F: [M/p] + 1 times Frechet differentiable

fj: [(M - j)/p] + 1 times Frechet differentiable

RO T O PR

fvj: [(Mv - j)/(vp)] *+ 1 times Frechet differentiable

J=(vtl)ep, (v+l)eptl, ...i M

L7 S R ) SR S
Here [expression] stands for the integer part of the expression within the
square bracket.

e) there exist constants d, C and Cv’ Ve o2y coey Bt = | Such

that uniformly for all h € H
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I|¢h(£]) - ¢h(52)|| ¢ clle! - g2)-n7k

oy y(6') - oy (A1 < ¢ l1e" - £8]]n

for all €1 € E» 1= 1, 2 such that

--)U‘]’M

i

f) [F'(y)]" exist
g) it be possible to define evj, IJ=dv+)p, .

i M - k-v according to

F'(y) er = ng

oMLy

where gvj are defined in equation (2.18) below; then the global discretiza-

tion error n] - Ah y of (2.11) has an asymptotic expansion of the form

where

Proof

po=1

(2.13)

M.

ni = By ¥ = &1 21 e, hj} + 6i(h)
j=(i+1).p M

M.+1

el =0t )y 5 M=M= 1,2, ey -

1

Introduce the family of operators Yot Eh > Eg, i

by

i 3o
¥p,i(8) = o (g) + jf1 4,500 70)

1

Thenn', i =1,2, ..., u - 1 are the solutions of

(2.14)

wh’i(UI) -9

Note that as

* Ry €y nas
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. . i-1 :
0= Wh’i_](n1 ]) = Oh(n1 ]) % .Z ¢h,j(nJ ])

J=1

we have

;0

o
"

W,i (1) = a0 = g 1Ty g

i-1
1-(n1 )

e o i-1
bpln’) = op(n’0) - oy
Further note that as wh ; and o only differ by an additive constant the
stability of Yh o is implied by the stability of Op

We will prove the theorem by induction on i, so assume that

M
; i-1 - 2
(2.]5) n1-1 - 4. Y =A0 3 e. [ hJ} + 61’](h)
h i i-1 3]
J=1°p
: M. ,+1
with [18"1 1) = oth ) and = M - 1k,

Introduce the notation

(2.16) 25 = 3 e . hj Con 0 e IS ;.., p =1
j=(s*1).p 3J

From (2.14), (2.13), (2.2) and (2.10) we get
i i
oy 501 = vy S (apty + 2'D) ]| = 0(hP)
so for sufficiently small h we have
o, 167) = v oty + 2’ D] < v
Hence from the stability of V. we get for h € H

. . . . ;
@37)  J187] = [In' - oy 2" - a vl = (I - 8ty + 2Ty

< Sllw, 4(n") - a0y + 2|
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2 M.+1
To prove that lld‘ll =0(h ' ) if e  are defined as in g) we note that

wh,i(ni) - wh’i(Ah{y + 21}) i ¢h(n1) = ¢h(Ah{¥ * 21})

= ¢h(n1-]) = ¢h’i(n1—1) = ¢h(Ah{y + 21})
-1 i-1 i Myl
= ¢p(aply +27771) - O, iOply + 2771 - ¢ (8 {y + 27}) + O(h )
"
=y + 27y ¢ g faly ¥ 2 S ALY
j=p
%, o i e A3 M, +1
- L foaly 2" W -Fly v 2') - 2 fly+2' o’ )
j=(i+1).p 1 j=p J
i . S o
o= Fly+2) + 1 [f(y+27N) - £y +2')] nd
i J J
i=p
M,
i : : M.+1
Bl o Gt R e g Ty
j=p(itn) 1+
Mi : Mi
- - ap) + 2 LRmE - G LA - 6N e
il j=p r=1 °
M,
: : / M,+1
¢ 1 [ et el eom )
j=p(i+1) r=0 "1 ToJ

The upper summation limits in the two sums over r above are chosen

such that all relevant terms are included.

1

Insert the expressions for z' and z' ' and collect terms of equal

powers of h, then

M,

0 ! j
. & . F'iy) & =9 4 W)

"s=(i+1)p Sl

i (n) =y glaply +2) = - 0




where 9; j
( ) ]

2.18 I g..
j=(it1)p 1

Now, if eij’ Jo= ) p, .

then

is independent of e,

25

M

r=2

M.

i
e (R
m=p r=]

M.
i

- L
2=(i+1)p

M,

- z

M.
A
e=(i+1)p %

M

i-1
TR ey,

e.
1

[

L

z

m=(i+1)ep r=

M.
it O(h 1+])

ip
hl)r])hm

(r) Mi 1
1 r 7
= f (y)(z
g Mt im 2=ip

, M. are the solutions of

j

F'(y)eij ¥ gi

J

0

: : M.
b i(n') = vy 8ty + 2" = o(h 1)

and thus from (2.17)

. M.
+
I167]] = o(h *T

s ety z e "

e

i and h and can be constructed from

h*)

i-1

r

Ly\rq . m
g B Jeb

But from condition a) the assumption of induction is true for i = 0 with

0

Theorem 4

n = n, thus the theorem is proved.

Let y be the unique solution of F(y) = 0 and let

a) all the conditions, except b), of theorem 3 hold

Q.E.D,

b) bps ¢ﬁ be [M/p] + 1 times continuously Frechet differentiable

c) the inequalities below hold for v =0, 1, ..., [M/p]

B
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M-ve . M*1-
0, v = 26y e 1 ) wdycomn )
j=p
(v) o it anl V) M-vp j M+1-
T §=(i41)-p i) nhy + o1y

for i a2 ooow it =il
then the global discretization error ni - Ah y of (2.11) has an asymptotic
expansion of the form
e
i 3 J i
no~A¥=8L{ = e.. h’'} + §'(h)
B W ety Y

where

; M.
'l =om ™1y 5 M, = M- ik
i=],2,--.,u-]
The proof of this theorem is analogous to the proof of theorem 3, cf. the

proofs of theorem 1 and 2.

Note 1 These theorems are the basis for iterative improvement of the
numerical solution of an operator equation. When the conditions of the
theorem are satisfied at least u - 1 improvements can be made. At no
extra expense an estimate of the global discretization error of the
solution n' can be obtained as n' - n'" ),

Note 2 The condition on M in the expansion (2.10) can be relaxed
somevwhat, and could be made dependent on i so M would decrease with i.

N © v combinations of the conditions on o and ¢h,v of theorems

d 4 ~ used. We can, e.g., use the conditions of b) and c) on

it “rom theorem 4 and the conditions on o of d) from theorem 3.

T A BRI A NN g
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Note 4 The main problem of applying this theorem is of course the

construction of the operators ¢h P Several examples of such operators

will be given in section 4. To illustrate a major difficulty and resolve

it we will again consider the two point boundary value problem

y" = f(x, y)
y(a) = a y'(b) =8

of note 5 to theorem 2. We cannot use the operator ¢ﬁ as ¢p 4 because

Dl(Ah z) = z"(x]) # c]-z(s)(x])-h4

o
—
>
>
N
~—
1

(6)()( )'h4

s Z"(x.i) + C0°Z .i C] f CO # C2

Dy(ty 2) = 2°0x) + ¢, 2{8 ) o

so the expansion (2.10) is not valid. This is caused by the use of
approximation formulas for the two points closest to the boundary

that are different from the formulas in the interior of the interval.

However, if we fix the number of iterative improvements that we want to

make to (u - 1) we can construct operators Diz Eh SR = i 2y e N
() N+1
Byk8) = & Q.. €
i g Y

(some oy, Mmay be zero) such that
. u(ptk)
Di(Ah Z) =z (xi) + 0(h )
Analogously construct operators Rb: Eh -+ R such that

Ry(y 2) = 2'(b) + o(n*(P™Y))

Define
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EO -0
¢h,r(g) 2 D.‘(g) = f(xi’ 51) i= ], 2, PO N
Rb(g) =

on (8, 2) = Ag{F(z)} + O(h“(p+k))

Hence all ) on T 2 1, 2, ..., y - 1 are identical and they are consistent
of order u(p + k) with F. From the formulas it is obvious that we do not
need to use this trick for the approximations to z'(b) but can use operators

Rb,r: Eh -+ R such that
- M+
Ry plty 2) =26} + z  n'c +0h h

in the definition of ¢h e
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3. Approximation of linear functionals

To construct the perturbation operators ¢E and ¢h,i’ e b e
in the applications of section 4 we need in many cases formulas that
approximate the value and the value of the derivatives of a function z for
a given argument by linear combinations of the components of A, Z.

Such formulas have been examined in Ballester, Pereyra (1967),
Bjorck, Pereyra (1970), Galimberti, Pereyra (1970), (1971), and Pereyra
(1973), so we simply refer to those papers and introduce some notation

that will be useful in section 4.

Let
A O I TR
Define byt E > Eh
by z = [2(xg)s 2(x))s ooy 2(xp)]
x; € [a, b] J =y Ty ivaic P
for z € E.

Define the linear operators (depending on h)

x € [a, b]
v,m, 5 -
Dx ¢ Eh R V=050, covg P
m=],2a '-'9P+]-V
according to
v,m v
D)= £ o (x) &
X peg  VomaT r
(most of the T r(x) may be zero) such that
S :
0"y 2) = 20+ 3 gy(2)(x) b+ o(h®M)

j=m

for z € E.
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Note: As P is finite the order of consistency m of the operator D:’m with

(V)(

z x) cannot exceed P + 1 - v,

When v, m and x are fixed the constants av,m,r(x); r=0,1, ..., P can be
obtained as the solution of a Vandermonde system of linear equations. In
Bjorck, Pereyra (1970) an efficient algorithm for the numerical solution of
such linear systems is given.

For a Vandermonde system with n unknowns this algorithm requires
approximately 3n2 operations. To get DX’m consistent of order m with
z(v)(x) we only need to have m + v of the coefficients Oy m,r #0, i.e.
the Vandermonde system we have to solve has only m + v unknowns. Further
most of the operators DZ’m needed have x = Xy where X; is a gridpoint.
Once we have found the operator D:’m for one gridpoint we can easily get
the operators Dx’m for most of the other gridpoints (if the gridpoints are
equidistant) without solving a system of linear equations. In conclusion,
the amount of work needed to find these operators is in general negligible
compared to the amount of work involved in solving the operator equations
)

¢p(n) =0 and ¢, (n") + ¢E(n) =0

or
1% i-1
pp{n’) + T oy ;) =0, i=1,2, ...
v=1 ’

For some examples of operators of this type see note 6 after
theorems 1 and 2.

For functions of several variables the formulas above can be used
for each of the variables or one can use more compact approximation formulas

taking linear combinations of the function values at all the gridpoints.
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To distinguish between the different partial derivatives we adjoin

to D the variable that we differentiate with respect to, e.g.

\

ox’™ s consistent of order m with (—3—)(x, y)
X,y o
v,m av
DTx,y,z,t 1S consistent of order m with (——;Q(X, ¥, 2, 1)

ot
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4. Applications

The main emphasis of these applications is the construction of the
perturbation operators ¢E and ¢h,i’ i=1,2, ... . The operators ¢E all
correspond to well known discretizations from the literature. We do not
claim that the methods chosen are the best possible for the actual problems;
rather we have tried to use methods that are fairly weli known and in some
cases widely used.

Although the examples of this section are mainly given as
illustrations of how to apply the general ideas of section 2 to different
classes of problems, we believe that the algorithms for iterative improve-
ment of elliptic partial differential equations and for iterative improve-
ment of integral equations compare very favorably with existing algorithms
for these classes of problems.

The questions of the sioothness of the expansions of the global
discretization errors for the basic discretizations have not been examined
in detail. For the different applications, wherever possible, reference
to known results on such expansions are given, while in other cases we
discuss very briefly the possible existence of such expansions. These
questions need further study.

In the theorems of section 2 we make some assumptions on the
perturbation operators ¢E and ¢h,i’ i=1,2, ... . The validity of these
assumptions can easily be checked in all the applications.

In future studies on each of the applications of interest to us
a more detailed analysis will be given.

Some numerical results are given in most of the subsections below.




————
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4.1 Initial value problems for ordinary differential equations

Consider the scalar differential equation

vy efly) s v =a  x€[0,T] fECHR)

The use of an autonomous problem is only for convenience in notation,
as is the restriction to a scalar differential equation. A1l the results
can easily be generalized to non-autonomous systems of ordinary differential
equations. The existence of smooth asymptotic error expansions for
discretization methods for initial value problems for ordinary differential
equations is discussed in Stetter (1965), (1973).

In our operator formalism the problem is

e E—>E0
S .(v)
£ = (0, 1) [2llg = gexer 2 .'~__vi|1)_.L
ST v i
0= mec0, 1) [lall o= v+ g™ la(a) |
’ 9 E0 Y 0<x<T g
[
¥
for g =
g(x) Bf= s
z(0) - o 1
F(z) =
2" = f(z) 0zxsT]
Consider Euler's method
yo_a
.Yi*,\-.yi:h’f(.V:‘) =0 T s siag No= h = T/N

This simple method is chosen for illustrative purposes. Although the
analysis is simple for this method the techniques used to construct the
perturbation operators are applicable to more complicated methods and more

complicated problems.
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Euler's method in our operator formalism reads:

. . _ pN+1 _ max
Ah LHE (Z(xo)) Z(X-]), ceey Z(XN))
X5 = ih 3 i =10, Ty 5N ¢ h = T/N
Let
0 0 0 o N
Ah Eaey Eh s Eh = Rx R
1

g g!
Ag i for g =

g(x;) Pe T ool =1 g(x) 0sxseT

1 max
o = 1+ geiena Il
h
and
0
% Ey *Ep
50 - a
op(€) =
sl anE
i+] i i 2
h - fle;) Sty T i =

Note that

z(xi+]) - z(x,)

i
h
for any z €E

S0

.1 oW*)
. S-1 2z (xi) j S
- f(l(xi)) =Z (Xi) = f(Z(Xi)) + Ji] Wh + 0(h™)

5-1 :
z fy(z) nd) 4 0(hd)

(8, 2) = AS{F(Z) + &
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where

fj(Z) =

(§+1)
2 X
91 O <@ <l
Now construct ¢§ and ¢h gi E = 1, 2, ... . We will give some different

operators ¢ﬁ, o u in order to illustrate some useful techniques for

construction of these operators.

]' EO -
R Sl i Tl
ooy - E
it+] i-] 3
h = f(Ei) i [ N
Note that
-z(x,) + 4z(xq) - 3z(x;)
5h = F{z0el) = 2'(xg) - flz(xy))
S-1 it . g
4 - 2 +1 S
% .§ 2(5 + 1 !'Z(J )(x0)~hJ + 0(h”)
j=2
and
Z(X. ) - Z(X._ )
it] o i-1 _ f(Z(X1)) = ZI(Xi) £, f(Z(X_‘))
(s-1)/2
1 (2241 28 S
e R )(x;)-h2* + 0(h®)

for t = 1y 25 sien N = |
Both the expansions are valid for any z € E. Hence, for any z € E

sc(n, 2) = £)TF(2)} + O(h?)

but we do not have
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E 0 S-1 j s
¢, (8, z) = A {F(z) + = f.(z) h'} + 0(h”)
h'"h h j=2 J

because of the different expansions for Xg and the rest of the gridpoints!

2. By extending the operators so an approximation to the solution at

Ry ™ -h is computed by the formula

Yo = Y
g 4 ¥
h = f(y_]) 0

we can define
go = ek
E &
¢h(£) o

Bie1 T Gia

h - f(gi) T ®8s Vs ssen o)

Alternatively we can expand the operators so that an approximation at

XN+l = XN + h is computed by the formula

INe1 T IN
h o f(yN) e 0
and define
Eo'u
E &
¢h(€) =
CEB AL - 4t - 3.
i+2 i+] i 2 i
5 - f(gi) P @ Vyenog ¥ =

In both cases we have, for any z € E

S-1 ;
iE 2) = a0F(2) + T f.(2) nI) + 0(hd)
h*"h h j=2 J
The operators fj will of course be different for the two different operators
@ﬁ. By extending the numerical solution even further outside the interval

of interest in this way one can easily canstruct operators o oye
9




37
v=1,2, ... such that
tp, o8y 2) = optF(2) + x f o(z) b7} + 0(h7)
f J=(vt1)
For these extended operators the spaces E, Eo, Eh and Eg must be modified

in order that the theorems of section 2 be applicable. Slight modifications

of the theorems may also be necessary.

3 EO - Q
¢y (€)=
1.5 2
D *(e) - (&) ¥ =8, 1, s N=
XT' 1
v =1, 2,

Here Dl’s are operators of the type discussed in section 3. For any z € E
i

0.y (8 2) = BpTF(2)} + O(h°)

i g ¢ -
e E.[f(giﬂ) + f(gi)] 1 =Wy by visy B~

Note that for y € E such that y' = f(y)
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y(x‘l"']) % y(x1)

- - 3 [F(y(x;)) * Fly(xiyy))]
(v) (v)

S ki 1 S S S v i

=y 0g) - fbg) ¢ 3 T ] s Ay T T
v=2 ; r=1 t=1 Y

+ 0(h%)

S-1 j S

=y'(x) - flylxg)) + 2 gi(y(x;))-h" + 0(h%)
4=

The absence of a term g](y(xi))h is due to the fact that for the elements
y that we consider we have y" = f'(y) y'!

Note that the expansion above is not valid for arbitrary z € E,
but only for z € E such that z' = f(z). In this case we have to rely on
theorem 2 while for the previous perturbation operators we can rely on
both theorem 1 and theorem 2.

Note that for y EED y' = f(y),

S-1

£ fi(y) h} + o(h
j=2 ?

¢§(Ah ¥} = AE{F(y) + o

Further note that any method of second order or more can be used to construct
the perturbation operator ¢E. The main advantages with our perturbation
operator (which is based on the trapezoidal method) is that
1) no new values of f(y) need to be computed to get the perturbation
2) the perturbed solution at X; can be computed directly after
the calculation of the unperturbed solution at X5
3) the basic discretization formulas for % and ¢ﬁ are both
one-step formulas.

For general linear multistep methods
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k k

VEO o Ypay - P VEO By Frty = 0

one can e.g. use the following basic discretization formula for the

perturbation operator
k k

I a* -h © B*f
¥ v=0

Yn+ V 'n+v
v=0 ey

(We assume that the global discretization error for the solution obtained
by the linear multistep method has a smooth error expansion; this may not
be true in many cases!) Remember that the maximal order of a stable linear
multistep method of stepnumber k is k + 1 when k is odd, and k + 2 when k
is even (see e.g. Lambert (1973)). By choosing ac, B;, ol Yo viee K
judiciously one can get

k k

: o*ylx ., )=~ & g* flylx
v=0 ¥ i v=0 "

) = y'(x;) - fly(x)) + 0(h%)

ntv n

for y € E such that y' = f(y).
One can of course also use perturbation operators of the type discussed in
point 3 above. The basic discretization operator for ¢E here, however, has.
the same stepnumber k as the basic discretization operator for o while the
stepnumber for the basic discretization operators in point 3 may be
considerably larger.

No study of the practical implementation of these ideas for initial

value problems for ordinary differential equations has been undertaken yet.

5. As a further illustration we choose a different operator




0. 0 ; 0 _ N
Ah' Eh->Eh A Eh R xR
gl g1
0 = -
A, 9 = for g
g(xi) =2 i e N g(x) 0sxsT
1 max
||Y|| 0 = IY | 1<isN IYil
En
The operator n is the same as above, i.e.
EO =%
op(€) =
B siiEh
AT g, £ =0, By a1

0,1, ....N-1and any z€E

Note that for i

(X- ) - Z(X-)
z i+ . 50 f(Z(Xi)) = z'(xi+]) = f(Z(Xi+]))

s-1 j ”
+ J_E] 9;(z(x347)). 07 + 0(h)

Choose
50 -
E :
¢h(€) as

i
then

s-1 ;
oE (8, 2) = AD(F(2) + RO R o(h®)
J:

———————
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Note 1 Some of the results of this section carries over to the case when
X i=0,1, ..., N -1 are not equidistant. E.g., the perturbations of
point 3 and point 4 are useful in such cases.
Note 2 Consider again the scalar differential equation

¥ ofybe0 @Ol =a 3 x€[0T] ;  FECO(R)

Note that this problem is equivalent to the Volterra integral equation
X
y(x) - y(0) - of f(y(s)) ds = 0

Euler's method for the original differential equation can be viewed as an
approximation to the integral equation, namely

Yiop th fly;q) +h fly;) = ...

1]

Yipq = ¥; 0 fly,)

i

i
at+ h z f(yj) Bt G By B e

j=0
With appropriate definitions of the spaces E, EO, Eh’ Eg, the operators
B Lg and the corresponding norms we have

F(z) = (z - a - fx f(z(s)) ds 5 0.5 x ¢ T)
0

tpl€) = i1
gg ~a-h I f(gj) 3 o= N, 2y wews N
J=0
For the actual computations we would of course use the recursion formula

50"“

€.

et TR f(g._]) 3 ™Ry Wy vevy N

i
Note that L is consistent of order 1 with F, i.e. with the integral

equation.
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Define

¢ﬁ(c)
£, -a-h AT Begl o ol Ve Be nun il

where

%50 = d = e ...,‘i -1

aij
For the actual computations we would use the formula
[oE(e)]y = €, - a
h 0 0
[+E(e), = L)), . %5 <4 -8 PFCE.) + flE, 3] 1=1,%2, 3 N
h j h {=] i i-1 3 i i-1 » L3 Iy ceuy

Note that ¢E is consistent of order 2 with F. Other perturbation operators

@ﬁ could be used!

The advantage of this point of view is that for the maximum norms

1 ma
]]Y]]EO m i l * Osi:N IYiI
h

where

Y]

y = Eg

Y4 i = 1(1)N

and
_  max

i\€||gh " OcieN liil

where

£=(5 » i=00)N)E Ep

we have




¥
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1 2 o st 2
e (e7) - o, (¢ )IlEg s gafjE" - & lIEh
lef(e!) - q’ﬁ“a’”eg & g-fle! - ezngh

i.e. k = 0 in condition e) of theorem 1, while for Euler's method directly
we have k = 1 for the maximum norm. The same result, i.e. k = 0, may be
obtained for Euler's method directly if we use Spijker's norm for Eg (see

Stetter (1973), section 2.2.4, p. 81-84) which in our case reads

1 max ¥
Hixll 5= |%'| #h | 2 vl
52 TeveN j=1 3
for
y]
Yy = EER
¥; i=10)N -1

Note the relation between Spijker's norm for Eg corresponding to Euler's
method and the maximum norm for Eg corresponding to the integral equation
formulation.

The reformulation of the original problem as an integro-differential
equation may be a useful trick for other methods for initial value problems
for ODEs and initial boundary value problems for PDEs.

The ideas presented in this note need further investigations and
are included mainly as an illustration of a way to increase the range of

problems and methods for which the theorems may be useful.

[ 4
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4.2 Two-point boundary value problems for ordinary differential equations

Consider
¥* = f(x, ¥, ¥') a-esxsb+e
riv(a), y'(a)) =0 r(y(b), y'(b)) = 0

Assume that the functions f, " and r, are such that the boundary value

problem has a unique solution which is 2s times differentiable.

Define
F: E—»Eo
2s max 25 |z(v)§x!|
E*C - &b + &) & Haklg = z
i v!
v=0
0 _
E" =R x C(a, b) xR
s 1 2 max -
ol g = Iv'l + /2] + ™% Jg(x)] 4
1

Y

for g = | g(x) da-csxghb+r+e |€ gd
2
.
r,(2(a), 2' (b))
F(Z)= Z"-f(X,Z,Z') a-eg< XxXgsb+e

ro(z(b), z'(b))

Introduce
; _ pN*2
b E~» Eh i Eh = R .

b - a
N

where x; = a - % $9h, 20,1, ..., N+ 1;h =




0. 0 =
and Ah. E" ~» Eh : Eh =RxR xR
Define
0
byt Ep By
Ex T E &y =
1 0 1 0
r-l( 2 s h )
£, = 2E, ¥ E; £ =g
¥, 1+ i i-1 it] i-1 x
®h(£) N h2 i f(x.is 51’ 2h ) o ]) 21 ’ N

P N SR
[ T TS
rof 2 ’ h )

Assume that f, " and r are such that ¢h is stable. ¢h is consistent of
order 2 with F.
The existence of smooth error expansion is discussed in Stetter

(1965), Pereyra (1968). 1

Construction of perturbation operators

1. Direct approach.

Define ¢E: Eh - Eg
0,4 1,4
ri(D7" (), 0,77 (¢))
Eiey o | n2sd 1,4 il
op(€) = Dxi () - flx;, &5, Dxi (£)) =% 2 voos N

204D ot e))

where D:’m: Eh + R are operators of the kind discussed in section 3.
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Define On,i Eh > Eg p SR R s="1
Ul I L Y
on.i(E) = n§;2“<e> = Hlys Bos 01;2“<g)> { = Fr Bl
oty gl 2thTig )

Note that for ¢h,i we have used the trick described in note 4 of theorem 4

in order to satisfy (2.10).

2. Use of Cowell's method.

If f is independent of y', i.e. f(x, y, y') = g(x, y) define ¢E: E

£. - 2E. P E.
it] i i-1 1
B vid 5 - 77 (90x; 15 £5_9) +109(x;, €5)
bh(t’) = h
* (X470 B54q) )5 s B sl

r,(00°%(2), D (e))

In this case we rely on theorem 2 because ¢E(Ah Z) = ¢g{F(z)} + 0(h4) only

for z €E 32" = g(x, z).

3. Extending the solution outside the interval [a - €, b + €] (from an
unpublished paper by H. Keller, V. Pereyra, communicated by V. Pereyra).

To be able to use symmetric and identical formulas to approximate z(v)(xi),

v =1, 2 at all gridpoints x. (including the gridpoints close to the boundary)

i
one can extend the numerical solution to "artificial" gridpoints outside

the interval (a, b) by the basic formula
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y =2y .y
ntl n n-1 .
hf' E f(xn’ yn) =0

Sufficiently many exterior points are introduced, so symmetrical and identical
approximation formulas for the first and second derivative of any z € E can

be used for all gridpoints needed. Now introduce O i =l 2 s

[y 022041 gl i,

tp,gl6) = | 22 ey g, e, 0l @80 gy oy, g,

1 i e
\ rp(p@sebi*idegy ol +2(*1) () //
Then
2s-2 -
op 1(80 2) = a0iF(2) + Tz £, .(2) nd} + o(n2S7]
h,i(2h z) b, {F(2) j=(ii1)-p i5(2 ( )

with a proper definition of Ay and Ag.

Numerical results

The following special cases of (1)

(A) y - flxs ¥s ¥') =0
y(a) = a yib) = g

(B) y' -~ f(xs ¥, ¥') = 0
y(a) = a y'(b) =8

were discretized by formulas analogous to those above. As the boundary
conditions for these cases are simpler than in the general case, somewhat

different discretizations are used here:

(A) X, =a+ ih A mBoe 1 e ol hebz-2




T
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EO a =0
13 - 0. * § . = (7
i+] i 1 i+] i-1y _
2 el ) e ok
1=], 2, ’N—]
by -8=0
and
% : % - 2(b - a
(B) X; = a+i-h =0, 1, , N h N ]
£0-a=0
g =~ 2B, £, g =
it] i i-1 i+] i-1, _
h2 - f(x,i) &.is 2h ) rE: 0
3 EnL
N - N-1 _ g =0
The perturbation operators ¢h we use are
(A) E)O-u’
Ereiis 2,4, _ 1,4 . g
le) = [ e flxgs 40 0,206) B T R B
EN'B
(B) 5,0’0
E 2,4 1,4 . g
¢h(€) = DX] (F) = f(x.is g.'s DX] (5)) 1 ]’ 2) 9N ]
1,4
Db (5)"8

The systems of non-linear equations obtained by the discretization

were solved by Newton iteration and the initial approximation 0 was used.




-
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The iterations were terminated when the last correction in the iterations
was less than e.

The perturbed problem was solved by a modified Newton iteration,
where the LR-factorization of the final iteration matrix obtained in the
solution of the unperturbed problem was used. As initial approximation
the solution of the unperturbed problem was used and the iterations were
carried on until an estimate of the iteration error was either less than
one tenth of the estimated discretization error or less than e. All
quantities were measured in the maximum norm.

In the table below the entries of the column “"Number of iterations"
stand for the number of iterations for the unperturbed problem/number of
iterations for the perturbed problem.

The following differential equations were solved:

3

(A1) yim =ity #x + 1) y(0) = y(1) =0

exact solution: y(x) = 2/(2 - x) - x -1

| —

(Ciarlet, Schultz and Varga (1967))

(R2)  y" =y o sin() * (1 + [sin(x)1%) y(0) = y(n) = 0
exact solution: y(x) = sin(x)
(Pereyra (1968))
(A3) y'=-1-0490')°  y(0) =y(1) =0
exact solution: y(x) = 0.l9 ln(cos(36Z%g_§5?’5)))
(Bel1man, Kalaba (1965))
(81) y el rx+ 1)} oy =0y =

exact solution: y(x) = 2/(2 - x) - x - 1
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The problems were solved in single precision on an IBM 360/75 with

N = 10 and ¢ = 1075,

Problem | | |[Actual error|| | | |Estimated error|| ?:Zegzig:s [[Solution] |
AT 5.3 5 107 7.1+ 10°% 4/2 1.7 s 05
A2 2.38 + 1073 2.36 - 1073 6/2 1
A3 1.059 - 1074 1.060 - 1074 3/2 3 )
Bl 1.12 « 1073 1.0 - 1073 4/2 1.7 + 507

Obviously one can get very good error estimates at a low cost for these
problems. A1l the problems are very simple with fairly rapid convergence
of the Newton iterations for the original discretization. In more
difficult cases where it may be essential to have a good initial guess for
the solution the quotient of the amount of work for the unperturbed
problem to the amount of work for the perturbed problem may be much
bigger.

No experiments have been done with iterative impfovement for this

class of problems.

4.3 Two-dimensional elliptic boundary value problems

We will discuss two classes of problems on rectangular regions.
A11 problems discussed are assumed to have unique smooth solutions,
however some numerical results for a problem with a non-smooth solution
will be presented.

The existence of smooth error expansions for discretizations of
elliptic problems are discussed in Volkov (1957), Stetter (1965), Hofman
(1967) and Pereyra (19705.
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4.3.1 Problems non-linear in u only

Consider
A
vE u = f(x, y, u) (x, y) € 2
u = h(x, y) (x, ¥) € 30
where
2 32 32
V:——2—+—2-
3x 3y

= {0gxsgl,; 0y ¢l}
302 the boundary of @
Assume that f and h are such that the solution u € CZS(Q).

In our operator formalism we have

with the norms

llzll & max 2225___]_ ; lav Z‘X! !2
E (x; y) € @ v=0 vl u=0

X" dy
ol o = ("5 € o 18 e D1+ (T3} € o 107
where
¥ g'(x, y) (x, y) €0
: 0, y) (6 y) €am
v z - flx, ¥s 2) (x, y) € @

F(z) =
z - h(x, y) (x, y) € 30
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2
; _ nN#1)
Introduce Ah' E » Eh Eh = R
Ah z = (Z(xio .YJ) is= 0(])Na J-= 0(])N)
X; = i-h i = 0(1)N
¥q " j*h J=00)N
h=1/N
l& = max |&..
it ocran |19
O<j<N
and
2
AO: EO = EO ; g0 R(N']) x RN x RN X RN X RN
h h h

r'- —

1 i=T1(1)N -1
g (xi’ Yj) {j = ](])N e ]
(xqs v:) i = 0(1)N

0 <3
Aﬂ g = go(xN. yj) 3 = 0()N
°(x:» y,) i=1(I)N - 1.
T =0
Oix., yu) i= TN -1

for g € g0 as above.

1|Y|'Eg = max(ly}j|;i ](1)N - ]9 j = ](])N - ]’

02

g 133 = 0N, 1vF2155 = 00N,
32158 = 10N -1, Y4 =0 - 1)

where




[ i= 10N -1
Yij 3= 11N -1
vy i = 0(1)N
_ | 02 e 0
L gl B j=101)N € Ep
Y?3 i= 11N - 1
y?4 i= 11N =1
— -
Define
g
%y Ep > Ey
F-g. o o e o M TR + E; .
i+1] ij+] g == Ig=1 .
h?— f(x'i’ .YJ" E‘ij)
51N =1, F=1(1N -1
By = Bxay ¥4} 3= 0N
glshiail it S S
Eig © h(xi, yO) i=1(1)N - T
EiN © h(xi, yN) i= 101N -1
o
One can easily verify that
25-2 ’
on 8y, 2) = Ag{F(Z) e f5(2) hdy + 0(h®7)
J=
Let
[v;09) = 1N =1, § = 1N -1
¢ﬁ(£) = | &yy - lxys yy) i =0(NN
P h(xi, yo) i=1(1)N -1
I h(xi’ yN) i=1(1)N -1

-
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where wij: Eh -+ R.
We will consider three different alternatives for wij:

~ 2,4 + 2’4 -
1 by5e) oxxi‘yj(e) DYxi,yj(E) fxgs ¥y0 &45)

where DX and DY are operators of the kind discussed in section 3. It is easy

to verify that

o5(8, 2) = AJ(F(2)} + O(n%)

for all z € E.

2. wysfR) = By q 5oy A5 q 5 * Bpop ey B - 085 A0

2
P e g1t Bt By ge)/(60%)

1
X 7? [f(xi-]’ Yj_], gi-],j']) + 4f(x1-]’ Yj, Ei-],j)

+

20(x;s Y5 £55) * 4f(x;, Yjep £5,5+1)

Fa1e Yiipe B, 5-1) + 4T OGags Yy G )
Gy Ve Eiaq,5000] - TOxge g &55)

One can show that for the solution u of F(u) = 0

wij(Ah u) = v2 u(x;, yj) - fx,, Yo u(x; yj)) + 0(h4)

SO
o (8, u) = B0{F(u)} + O(h%)

for the solution u of F(u) = 0. In this case we have to rely on theorem 2,

while for perturbations 1 and 3 we can rely on both theorem 1 and theorem 2.
Further one can show that

25-2

¢§(Ah u) = AS{F(u) + 5 f. .(u)hd} +0(h

25'])
j=4 E’J
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2

We have used the ninepoint operator Vg to approximate the Laplace

operator v2. For notation and the results below see e.g. p. 321 in Bjorck,
Dahlquist (1973).
We have

2 4

SVt SO N SR
Vg u=79"u + 17 + 0(h")

2

But v© u = f(x, ¥y, u) so

2

v u = fx, ¥, u) # h v2

f(x, y, u)/12 + 0o(h%

Thus if we use the ninepoint operator to approximate v? f(x, y, u) we get

&

w2 u - f(x, Y, u) - %7 VS flu, ¥, u) 2 0(h4)

9

which gives the result above.

- né»q 2,9 o
3 wijlel = D000 (e} + DY 0 (€) - £lxys g0 £45)
1= 153
then
o (8, 2) = BpLF(2)} + 0(n%)
so if q 2 2-\vmax + 1) we can take

ok " e
¢h’v:¢h , v ]g 2, ...,V

and make Voas iterative improvements.

Numerical results

The problem above with f = 0 and h(x, y) = sin(x) sin h(y)
+ cos h(x) cos y - (x2 - yz)/2 was discretized as above (Kronsjo, Dahlquist
(1972)). The system of linear equations obtained was sclved iteratively
with SOR with optimal relaxation parameter, and to get an initial approxi-
mation we interpolated the boundary values linearly. The iterations were

terminated when the residual was l1ess than .
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The perturbation operators of both 1 and 2 above were used. The
perturbed problem was solved with the same method but now we used the
solution from the unperturbed problem as initial approximation and the
iterations were terminated if an estimate of the iteration error was
either Jess than y times the estimated discretization error or less than e.
The errors were measured in the maximum norm.

The calculations were performed in double precision on an IBM 360/75
with N = 10 and some different values of ¢ and y. The entries in the column
"Number of iterations" stand for the number of iterations for the unperturbed

problem/the number of iterations for the perturbed problem.

. Actual Estimated Number of
Perturbation a Y Error Error Iterations
1077 0.1 | 1.51-10°% | 1.40.107% 32/7
1
10719 | 0% | 1.51.107% | 1.50-107% 44/21
0% ] w® | venae® | saa0” 21/1
| 100 | 10°* | taraet | 1.3607" 24/8
10°¢ | 0% | 1.51.100% | 1.50.1074 29/14
2
Wl o we? s et 32/18
1077 0.1 | 1.51.10°% | 1.40-7074 32/7
10019 | 0% | 1511074 | 1.50-107¢ 44/21

Note that there is no difference between the results for the two different
perturbations. Further note that to get a reliable error estimate we must
get the iteration error sufficiently small. The estimation algorithm can
only estimate the discretization error, not the iteration error. In fact,

there is a danger of amplification of the iteration errors when we apply
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the operator ¢§ to the solution of the unperturbed problem. Note also that
we can save some work by terminating the iterations for the perturbed problem
early, i.e. by choosing a larger value for y.

Analogous results were obtained for Laplace equation with derivative
boundary conditions on some of the sides of the unit square.

The same problem was solved with iterative improvement, using the
perturbation operators ¢h,v’ v=1,2, ... according to point 3 above. We

14 -9

used € = 1077, y = 1077 and some different values of N and q. The tables

below give the maximal errors in the successive iterates for the iterative

improvement.
N =10 Iteration number
&b 4 0 7 2 3 7 5 3
Error 1.510°%1.210°8]5.4 10°8]7.8 10°%}1.4 1079 (2.7 1071956 10°""
Number of Iﬁ
Iterations | 52 40 37 31 26 24 22
in SOR
N=10 [teration number
q=4 0 i 2 3 3 5 3
Error 1.5 10741.2 10°%]6.6 1078/6.9 1078|6.9 10786.9 10°8[6.9 1078
Number of
Iterations | 52 40 37 30 24 20 19
in SOR
|
N =207 Iteration number
Q=12 0 i 7 3 3 5 3
Error 3.8 10°°(7.6 10°8(4.2 107%(9.0 107'%(2.7 107 %(9.9 10" {4.0 107"
Number of
Iterations | 102 80 62 51 48 45 43
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N =20 Tteration number
Q=8 0 1 7 3 2 5 5
| Error 3.8 1079 |7.6 10°8]3.4 107%]5.2 107'%]9.8 10" |2.1 107" |4.4 1072
Number of
Iterations | 102 80 62 51 47 43 0
iin SOR

Note 1 In all cases but one (q = 12) we have made more iterative improvements
than csuggested by theorems 3 and 4. In the theorems it is implied that q
stould be chosen such that q > (maximal number of iterations + 1)-2. Further
note that we improve the accuracy of our solutions even after the suggested
maximal number of iterations has been exceeded. For q = 4 e.g., only one
improvement is reasonable according to the theorems, but the second iterate
has a considerably much smaller error than the first. This astonishing result
is a lucky coincidence in the construction of the perturbation operators

°h,v’ v=1,2, ... . For almost all the gridpoints (a!1 but the points
closest to the boundary points) the formulas we use are of order 6 (rather
than of order 4) for all functions u such that V2 u=0. Asimilar result
holds for q = 8. 1If ¢>h’V(Ah u) = 0(h?) we cannot increase the order of
accuracy of our solutions by making extra iterations, however the "error
constant” can in some cases be decreased in this way.

Note 2 In the cases q = 8 and q = 12 the maximal errors in the last three
iterations occur close to the boundary. At the interior points the errors

are much smaller. The explanation for this is that for the points close to
the boundary we have to use non-centered approximations to the derivatives,
while at the interior points we can use symmetric approximations.
Note 3 There is a certain amplification of the iteration errors when ¢

h,v
is applied to the solution. The larger q is the larger is this
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amplification. Further the larger q is the larger are the "error constants"
for the formulas employed close to the boundaries. These facts may explain

why we get better results with q = 8 than with q = 12 for N = 20.

4.3.2 The minimal surface equation

As an exercise in how to proceed in a more difficult case we

consider
3 1 U ) 1 AU+ _ 3
g[-_—___‘——__——_?-ﬁ +S——[_-__.2____————Ty--0 (x, ¥) € 0
V1 + u€ + u /1 + i+
u= (cos h?(y) - x%)1/? (x, y) € 5 2
where

= f0ue e i, U € yig 1}

In vector operator notation the equation reads

vo[y(lvulz)vu] =0

where
v = (%;a gy)
v(lvu|?) = (1 + [ou|%)"/2
Note that the exact solution is
u(x, y) = (cos h(y) - x2)1/2

and that Uy has a singularity at x = 1, y = 0. The problem is discretized
and solved according to Concus (1967) in the following way:

Introduce the gridpoints

jeh

<
"
[
"
o
—
="
~
=

where h = 1/N.
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Approximate the differential equation by

SRy g g & s W S

P, e By gt Y] e Te @5 7 a5 Yy ge)
=0 " i= 11N -1,3=100)N -1
where 7 ° y(lVUI%EJ denotes y for the mesh cell with center (i - 1/2,

j - 1/2), which is evaluated by use of

T 2 . 2
Relis e A0 R R e

2 2
LTI T T R i CFIC SRR I Y o B

This approximation is consistent of order 2 with the differential equation.

The boundary conditions are represented by

s s = [ECOS hz(y‘) - x?)]/2

i3 i ; (xi,yj)Gaﬂ

The system of nonlinear equations above are solved iteratively by computing

k+1 TRy
uij , the (k + 1)th approximation to Uj 5 from
k+1 k+] k -k
A S
R S Lupy s coos U5 q g0 Uige, oon Uy ]
ij | ) WO T ;
i1 ¢kt K+ k k
U 5 Lugy's cons Upq g0 Ugge ooon Uy nyd

where w is the relaxation parameter. The initial approximation was obtained
by linear interpolation of the boundary values and the iterations were
terminated when the last correction was less than e.

The following basic discretization formula was used for the
perturbation operator @E:
Introduce the notation

6= (5 i=0(1)N, j =00)N)

and



1,4

DX, > ()
px(£) = kb i = 0(1)N
\ Aot @n? e vl ()2 j = 0(1N

Uy 19j

/ DYl’?y'(r)
py(c) = ( L i = O(1)N
k 1+ (Dxl;?yj(g))z + (DYlgfyj(E))z i =0(1)N

Here DX and DY are operators of the type described in section 3. Further

() = ox), (x(e)) + oVt (py(e)) i =N -1, g = TN -

4 175 1%

Note that with proper definition of by s
] : 7 1
W)+ 2 (= Wk, y,) + O

2 4 u2 9X 3 "+ u2 i u2 3y Jj
X y X

/1 + u
¥i3 is the basic discretization operator for the perturbations. The
perturbed problem was solved with the same iterative method as the unperturbed
problem, but now we used the solution of the unperturbed problem as initial
approximation and terminated the iterations when an estimate of the iteration
error was either less than y times the estimated discretization error or
less than ¢. All quantities were measured in the maximum norm.

The problem was solved in double precision on an IBM 360/75 and we

-8 4

used ¢ = 107, v = 107" and some different values of N and w. The entries

in the column, "Number of Iterations," refer to the number of iterations

for unperturbed problem/number of iterations for perturbed problem.

N w Actual Error Estimated Error Number of Iterations
-3 -3

10 (% 4.3:-10 8.9.10 55/28

40 1.87 2.3.10°3 5.0-1073 147/71
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The maximum error was obtained in the vicinity of x = 1, y = 0. Due to the
singularity of uy at that point we cannot expect to get very good results
(or good error estimates) in that region. However, for the rest of the
unit square much better results and error estimates were obtained. Below
the results at some representive points are tabulated for N = 10 and

w=1.7.

T T | | o
0.2 | 0.6 1.17 1.10-107% | 1.16-107%
0.5 | 0.2 0.89 1.13-20°% | 1,80-107
0.5 | 0.6 1.08 4.64.10°% | 4.50-107%
0.8 | 0.2 0.63 240070 | 1.0
0.8 | 0.6 0.88 1481073 | 1.38.107
0.9 | 0.3 0.54 811070 | g.94107°

Analogous results were obtained for the same problem with 3u/3x = 0 at
x = 0 and unchanged boundary conditions on the remaining sides of the

unit square.

4.4 Parabolic partial differential equations

Consider
up = Flt, X, uy us U ) (t, x) € a
u(a, t) = f,(t), ulb, t) = f2(t), t>0 ; u(x,0)=h(x), asxghb
where @ = {a < x < b, t > 0}. Assume that f, f], f2 and h are such that
u ECS(M).

The definition of spaces, norms and operators for our operator

formalism is left as an exercise for the reader.
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We will use the method of lines to discretize the problem in space
and then solve the system of ordinary differential equations so obtained
with two simple methods; the explicit Euler method and the implicit backward
Euler method. It is plausible that for sufficiently small h (discretization
parameter) there exists a smooth expansion of the global discretization
error for both these methods (Stetter (1965), Keller (1970)). However,
the main advantage of implicit methods is that one can use large time steps
and still obtain accurate results. For realistic stepsizes in time there
are, to my knowledge, no general results on the existence of smooth expan-
sions for the global discretization error. The system of differential
equations that was obtained by the method of lines is stiff and hence
results on error expansions for numerical methods for stiff systems of
ordinary differential equations may be useful for our methods. For such
problems a discussion of error expansions for large values of the stepsize
h (not only asymptotically) for implicit one-step methods can be found in
Dahlquist, Lindberg (1973). These questions warrant further study that are
outside the scope of this report.

Here we assume the existence of sufficiently smooth error expansions
for the methods and stepsizes we use and proceed under that assumption to
estimate the global discretization error with our algorithm. Numerical

results indicate that the assumption is reasonable.

4.4.1 The method of lines with Euler's method

Discretize the problem according to



-

X. =a+ i-h; i, T, s N; h = b & 2
b o v 2
tj = Jek; F=05 1, 3 k = c-h c <0.5
Uj 5 z u(xi, tJ)
o ) el T SRR Gt O B & - R iy * Yo L
k 29 ’ .IJ; 2h ’ 2h

. - f](t.) =0 Uy - f2(tj) =0 Jas e et

This is an explicit method so we simply proceed one time-level a time
computing according to the formula above.

The perturbations are defined according to:

Introduce E = (Eij i=0{1)N, §J=0,1, )
| I ! ¢ 1,4 2,4
‘*13((’) DTX],tJ(E) f(tJ’ Xi’ K,]Js DXX1 ’tJ(E)’ DXX,I ’tJ(E))

i=1)N-1,3=0,1, ...

V,m V,m
Here the operators DTx,t’ Dxx,t

For the interior grid points we have e.g.

are of the type discussed in section 3.

Eqaey = Eqa.
DTl’Z (¢) = ijt+l ij-1

T R T = S 1 Ml N
%gsty T2h

The perturbed problem is solved in parallel with the unperturbed problem.
Several alternative perturbations exist, cf. section 4.1.
The problem below was solved on an IBM 360/75 using double precision

arithmetic. We used N = 10, and ¢ = 2.5/n2.
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e = (0Fa0e e is Aot (0 u(0, t)
with the following initial value functions h(x)
(1) h(x) = sin(x)
exact solution: wu(x, t) = e't-sin(x)
(2) h(x) = x{r - x)
g ¥ -3 _-(2n-1)%¢
exact solution: u(x, t) = -1 (2n - 1) Y e
n=1
(3) X 0 < xgm/2
h(x) =
T - X WA <uXig T
exact solution: wu(x, t) = Lk I (_1)(m-1)/2._l
m™
m=1(2) m

The tables below give the maximal errors for selected time levels for the

different problems.

Problem #1 N =10, k = 0.025
£ Actual Error Estimated Error
0.05 2.05-107% 2.13.107%
0.20 7.05.-107% 7.46-107%
0.50 | 1.30-1073 1.35.1073
0.75 | 1.52.1073 1.56+1073
Problem #2 N = 10, k = 0.025
t Actual Error Estimated Error
0.05 2.6:1073 8.4.10"3
0.20 2.2.1073 3.4.1073
0.50 3,2.1073 3.6:1073
0.75 3.9:1073 4.3.1073

=uy(r, t) =0

sin(2n - 1)x

5 sin(m x)-e™™
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Problem #3 N =10, k = 0.025
(- Actual Error Estimated Error
0.05 3.7.10°2 1.2-1072
0.20 1.6-1072 4.9-1073
0.50 | 9.8-1073 3.1-1073
0.75 8.3-1073 % 110"

For these problems the amount of work needed to get the error estimate is
approximately equal to the amount of work needed to solve the unperturbed
problem.

From the numerical results it is obvious that the estimates are
not very reliable for test problem 3 where the initial value function is

not smooth; for the other two problems the error estimates are quite good.

4.4.2 The method of lines with the backward Euler method

Discretize the problem according to

x;=a+ih;  i=0(N h=(b-a)N
tj:j'k'y j=0,1,...; k = ¢+h
ujj = u(xi, tj)
Uz ; - M x u. ’ - U, ‘
—iitl 13 il g+l i=1_j*i
K Fltians X0 Uigers 2h ’
s B e ot i 4 o [
2
h

& TN = Ve 3 s 0, 25 oo
Uig - h(xi) =0 i =0(1)N

¥oj - f](tj) =0 Uy - fz(tj) =0 N R i
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The system of nonlinear equations that is obtained in each time
step is solved by Newton iteration. As initial guess we use the solution
at the previous time level and the iterations are terminated when the last
correction is less than €. The maximum norm is used to measure all
quantities.

Introduce the notation

EE ey 0= 0O, 0 )

The basic discretization for the perturbation operator is

S e
o Tije] =1 _ 1,4 2,4
wij(e) K f(tj, Xir Eq40 Dxxi,tj(a), DXxi’tj(g))

i=1001)N -1 J= ke 8y ves

v,m
X,t

For the perturbed problem we use modified Newton iteration to solve

The operators DX are of the type discussed in section 3.
the system of nonlinear equations obtained in each time step. As initial
approximation we use the solution of the unperturbed problem and terminate
the iterations when an estimate of the iteration error is either less than
y times the estimated discretization error at the current time level, or
less than e.

The problems below were solved in this fashion.

(1) uy = (2 + sin(uxx))uxx + (1 - sin(u))u

0= X 5 B2yt >0

-t

u(0,t) = 0 : u(m/2, t) = e t >0

sin(x) 0 < x s 12

exact solution: wu(x, t) = et sin(x)

u(x, 0)

(Kolar (1972))
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(2, 3, 4) Burger's equation

u, = - u +vu 0<x<my, t>0
t " XX G

U(Os t) T u("a t) =0
u(x, 0) = sin(x)
exact solution:

oo

z exp(- v n2 t)n In(E%)-sin(n X)

u(x, t) = 4v n=1

IO(?%) t2 exp(- v n? t)In(g%)-cos(n x)

>
™~ 8
—

The functions In’ n=0,1, ... are the modified Bessel functions. (Cole

(1951)). We have used the following values of v:

2y vi=1
(3) v=1/8
(4) v=1/16

In the calculations for the tables below we have used ¢ = 10'6, k = 0.1 and
some different values of N. The computations were done in double precision
on an IBM 360/75. The maximum errors at some different t%me levels and the
number of iterations for the unperturbed/perturbed problems are recorded in

the tables.

Problem #1, N = 10, k = 0.1

t Actual Error Estimated Error Number of iterations
0.1 3.2.1073 2.6-1073 5/2
0.5 6.6.1073 5.8.10"3 6/2
1.0 4.0.1073 4.2.1073 6/2
1.5 2.22-1073 2.19-1073 5/2
2.0 1.22.1073 1.21.1073 5/2
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Problem #2, N = 20, k = 0.1

t Actual Error Estimated Error Number of Iterations
0.1 1.1-1072 7.5.1073 3/2
0.5 1.9-1072 1.6:1072 3/2
1.0 2.0-1072 1.8:1072 3/2
| 2.0 1.4-1072 1.3:1072 3/2
4.0 3.9-1073 3.8:1073 2/2
6.0 8.3-1074 8.5-1074 2/2
8.0 1.6:107% 17107 2/2

Problem #3, N = 20, k = 0.1

£ Actual Error Estimated Error Number of Iterations
0.1 4.3-1073 3.8-1073 3/2
0.5 1.5-1072 1.4-1072 3/2
1.0 1.8:1072 1.5-1072 3/2
2.0 1.7-1072 1.6-1072 3/2
| 4.0 2.5:1072 2.6+1072 3/2
6.0 1.5+1072 1.6+1072 3/2
8.0 9.7-1073 9.9-1073 3/2
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Problem #4, N = 20, k = 0.1

¥ Actual Error Estimated Error Number of Iterations
0.1 4.5-1073 4.1.1073 3/2
0.5 1.8.1072 171072 3/2
1.0 2.6-1072 2.3:10°° 3/2
2.0 1.9-107 3.5.107) 3/2
4.0 110" 1.4-107) 3/2
6.0 3.9-1072 3.8-1072 3/2
8.0 2.1:10°% 2. 2107 3/2

A1l the estimates above are very good, except for problem #4 where for

t = 2.0 we get estimates that are approximately twice the actual error.

This problem developes a fairly sharp front with large derivatives with
respect to x. When the front disappears the estimates become quite reliable
again.

Note that the amount of work needed to find the error estimate is
quite small compared to the amount of work needed to find tne approximate
solution.

For large values of N we need approximately N3/3* (number of
iterations for the unperturbed problem) operations to find the approximate
solution and NZ* (number nf iterations for the perturbed problem) operations

to get the error estimate.

4.5 Hyperbolic partial differential equations

For the commonly used discretizations of initial-boundary value
problems for hyperbolic partial differential equations, I know of no

extensive discussion of the existence of smooth expansions of the global
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discretization error. Some very interesting results are given in Gourlay,
Morris (1968) and Skollermo (1975a, 1975b). In essence the main difficulty
seems to be how to represent the numerical boundary conditions (i.e. the
extra boundary conditions imposed by the numerical scheme) so the errors
due to that representation (these errors are not smooth) is sufficiently
small.

For the method of characteristics some authors have used extrapolation
to increase the accuracy, see Lister (1960), Werner (1968), Smith (1970).

The results of this section are of an experimental nature, and no
rigorous mathematical analysis is attempted. The numerical results indicate
that by careful choice of the perturbation operators one can obtain good
error estimates for problems with smooth solutions. A further study of this
class of problems may prove very fruitful.

Consider the initial-boundary value problem

ut=aux tz0,0¢x¢]l
a>_0
u(x, 0) = f(x) 0 ¢ xgl
u(1, t) = h(t) t3 0

and use the discretization

X5 = ish p (T 0 R RO | 5 h =1/N
tj = jek k=0,1, y k =c-h
ujy u(x1, tj)
w0 S RS s 5
2k 2h
Ujg = f(x1) i=0(1)N
uy; = h(tj) J=0;1,
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This is the leap-frog method. Note that to be able to compute the
approximate solution with the formula above we must, in some way, find
Ui, i = 0(1)N (extra starting values)
and
Uo; e e R S (numerical boundary values)
If the extra starting values are computed with a sufficiently accurate

method we have

“ 2 M
U5 u(xi, tj) + h e(xi, tj) + h €45 + Rij

where
IR;51 = o(h™) m=min(4, u + 1)
u depends on the method we use to find the numerical
boundary values

= (-1)! C(xi, tj) where C is a smooth function

€ij
(adapted from Skollermo (1975a)).

We have made some numerical experiments with our estimation algorithm for
this discretization.

To construct the perturbation operator ¢E we proceed in the

following way:

Define
£ = (Eij’ =2 0(IN; J =0, 3, «:s)
e = (egy0 T=0(0N, 5 =0, 1, ..0)
6(e) = ((g5495 - &593)/20s 1 = 1N -1, 5 =0, 1, ...)

Note that when we apply 6 to the non-smooth error term h":¢ of the expansion

above we get
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i=1 2+
6550 €) = (-1)T70eC, (x5, t5)+h¥ + O(hTT)

As the basic discretization for the perturbation operator ¢ﬁ We now use

V. :(g) = DT1’4

ij X,',tJ(g) = a Dix-| ’tJ((S(E))

where

u
DX (s(g)) = I oy asj(e)

is a linear combination of some of the components of &(£) such that

DXX t (6(Ah z)) is consistent of order 4 with zx(xi, tj)‘ The ¢ -fficients
i*tj

oy are independent of h so

W g ale) = <1 e

1

L%5s t5) - @ ¢ (xgs tI0" + 0(n*h)

R X
= 0(h")
This choice of the perturbation operator ¢§ insures that no serious lo0ss
of accuracy in the error estimate is caused by the irregular error term
h¥ee.
The theorems of section 2 do not cover this kind of error expansions
and perturbation operators, but they could easily be modified to do so.

The following problem

ut=ux gre X2 Iy 650
u(x, 0) = sin(2r x) 0< %<
u(l, t) = sin(2nr t) t>0

with the exact solution u(x, t) = sin(2n(x + t)) was solved with the leap-
frog method.
First we extended the solution to the half plane t > 0 and used the

periodicity of the exact solution to find the numerical boundary values, i.e.




———

We also used the periodicity to simplify the formulas for the perturbation

operator ¢i.
This problem was included to see if our algorithm would work in

the case where the numerical boundary condition did not introduce a non-

smooth error term. Two ways of finding the extra starting values Ujqs

i = 0(1)N were tested,

B Uiy = sin(2n(xi + k)) i = 0(1)N

i.e. values from the exact solution.

Il. U,, =

1
il e

1
Uig * 7 MUy 0~ Uiy ) * 2 2u

io * Y1 o
with » = k/h
i.e. the Lax-Wendroff scheme.
In tables 1 and 2 the maximal errors for some time levels are given for
these cases.
In the next experiment we did not use the periodicity of the exact
solution, but used the following two formulas to find the numerical boundary

values

A. Upj+1 = Ypj * A(u]j - “OJ) ; A = k/h
i.e. the explicit Euler scheme.
+ u]

Upj+1 j#1 = Mupge = Ugge) =Ygyt Uy

A = k/h
i.e. the Box scheme.
The Lax-Wendroff scheme was used to get the extra starting values

Uiys i =0(1)N. 1In tables 3 and 4 the maximal error for some time levels

are recorded.
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In all the calculations for the tables we used
h = 0.025 k = 0.01875

and the computations were carried out in double precision on an IBM 360/75.

Table 1, starting procedure I

t Actual Error Estimated Error
0.15 | 1.38.1073 1.41-1073
0.75 | 8.31.1073 8.27.1073

1.5 | 1.70.1072 1.7)-307%
La.o | 3.41.1072 3.42-107°

Table 2, starting procedure II

t Actual Error Estimated Error
0.15 1.71-1073 2.18-1073
0.75 | 8.52.1073 9.29-1073

| 1.5 1.70-1072 1.71-1072
3.0 ¥41.1072 3.42.1072
Table 3, boundary scheme A

t Actual Error Estimated Error
0.15 | 1.71.10°3 1.72:1073
0.75 | 8.71.1073 1.15:1072
1.5 | 2.28-1072 2.63-107
3.0 3.43-107 4.69-1072
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Table 4, boundary scheme B

t Actual Error Estimated Error
0.8 | 17141072 1.72.1073
0.75 | 8.37.107° 9.09-1073
1.5 1.69-1072 1.73.10°%
3.0 3.37.1072 3.45.1072
The nonlinear problem
o 3. 2 #
g e (2 u®) R <t o0
u(x, 0) =1 - x Bicae o
u(l1, t) =0 t>0

with the exact solution
ulxs t) = (3 = 2)f(1 + ¢)
(Gourlay, Morris (1968)) was solved with the leap-frog method. We used the
Lax-Wendroff starting procedure and the Box scheme for calculation of the
numerical boundary values.
The discretization error was estimated as above. For h = 0.05
and k = 0.015 the maximal errors for some time levels are recorded in the

table below.
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Table 5
|7 Actual Error Estimated Error
0.15 | 3.1.107° 3.3.107°
0.75 | 3.7.307° 3.6-10"°
1.5 2.2.107° 3.2.107°
3.0 1.9.107° 3.2.107°
4.5 2.0-107° 3.9.107°
6.0 1.9.107° 4.6-10"°
7.5 2.0-107° 6.0-107°

4.6 Integral Equations

First consider Fredholm's integral equations of the second kind

b
y(x) - x 7 K(x, t) y(t) dt - f(x) =0
a

with the following discretization

t; = %, =a+ ish, i = 0(1)N : h=(b - a)/N

where 9y = ay = 125 ay = Te di= MEEINC =T

We have used the trapezoidal rule to approximate the }ntegral in the equation
above.
Construct the perturbation operators
N

o, (8) = (g,-hx 2
h,v §=0

a5y K(xi, tj) gj - f(xi) : i =0(1)N)
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Here the coefficients ij are such that

N b S :
Ioag vt} = 1 ple)de+ ¢ £.(y) h? + O(h
j=0 Y L j=2(v+1) J

s+1)

The system of linear equations obtained for the unperturbed problem
is solved by Gaussian elimination. The LU factorization of the coefficient
matrix is saved for use in the <souence of perturbed problems.

The unperturbed problems takes approximately (N + 1)3/3 operations
(ignoring the number of operations needed to compute K(x;, tj), i =0(1)N,
Jj = 0(1)N and f(xi), i = 0(1)N) while each of the jterations in the iterative
improvement takes approximately 2(N + 1)2 operations (ignoring the number
of operations needed to calculate the coefficients ajv of the perturbation
operators, approximately 3 [2(v + 1)]2).

The %5y are best computed as weights of a composite quadrature
formula of order at least 2(v + 1). The length of the intervals for the
basic quadrature formulas are M-h, where M has to be a factor of N (M may
be equal to N). The coefficients of the basic formulas. can be obtained
as the solution of Van der Monde systems of linear equations in the same
way we obtained the coefficients of the differentiation formulas of section
3.

In Van der Sluis (1972) a discussion of asymptotic error expansions
for quadrature formulas of this kind can be found, and in Laurent (1964),
Stetter (1965) asymptotic expansions for the global discretization error
for our method are discussed.

The problems below were solved on an IBM 360/75 in double precision.

A1l problems are taken from Netravali, de Figueiredo (1974).
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1
(1) y(x) - Of xt y(t) dt - (e* -1) =0

exact solution: y(x) = e

1
(2) y(x) - Of xt y(t) dt - (sin(mx) - x/n) =0

exact solution: y(x) = sin(mx)

1
(3) yx) - 1 ety dt - (x - 30 - %9 + ;ﬂ)

n
o

exact solution: y(x) = x
1 4, x
(4) y() - 1ot e y(e) dt - (sin(nx) - XEE 1)) g

0 XT o

exact solution: y(x) = sin(wx)

We have used N 16 and record below the maximum errors in the successive

iterates.
Error in Iterate Number
Problem
0 1 2 3 4 5 6
v 22103200 1002, 107 2.0 w071 107 e 10710 |70 10710
2 5107314108014 107 2.7 107 2.7 1074 (4.8 1071%|3.2 10718
3 [2.3107%]2.3107%]2.0 1077 |1.8 102 |1.6 10" [1.6 10" "3|7.5 107"
4 6.6 10735.7 107°(5.1 1077 {4.8 1072 |4.3 10" (3.7 10" "3|7.5 10°1°
Note 1 The coefficients ij’ OLES0 Tl serns NG = il 2y ooy vmax can
also be made independent of v if they are chosen as o5y = wj, J= 0 N

where




T

N b
zowou(ty) = s ou(t) dt + 0(h*)

and u > (vmax * 1)s2.
Note 2 The technique described above can be used for other discretizations
of the integral equation, using e.g. non-uniform grid points Xis i=0,1,
.» N. We can also use the same technique for other types of integral
equations, e.g. nonlinear, as long as the assumptions of theorem 3 or 4 are
satisfied. Essentially we require smoothness of the exact solution and a
smooth error expansion for the solution of the discretized problem.
Consider nonlinear integral equations of the type
b
yix) = af K(x, t, y(x), y(t)) dt - f(x) =0

with the following discretization

e = %, = at ish . i = 0(1)N . h = (b - a)/N

op(e) = (g5 - h T oy Klxy, tys g5 85) - flxg) 5 1= 0(1N)

an = ay = 1/2 : a., =1 5 j=T1(1)N -1
0 N J

The system of nonlinear equations obtained is solved by Newton iteration.

The perturbations are constructed analogously to the perturbations
for the linear problems above, and the system of nonlinear equations obtained
for each perturbed problem is solved by Newton iteration. The iterations
are terminated when the iteration error becomes less than e.

The problems below were solved in this fashion on an IBM 360/75 in

double precision.
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]
(1) y(x) - p xotey(t)% dt - 3x/4 = 0

exact solutions: y(x) = x and y(x) = 3x
(Moore (1968))

(I
(2) y(x) - K| T—%—;-y(X)z y(t)2 dt - e* - e¥¥(e? - 1)/(4(1 + x)) = 0

exact solution: y(x) = eX
(artificial)

-14

We have used N = 10, ¢ = 10 and recorded below the maximum errors

in the successive iterates.

error in iterate number
Problem
0 1 2 3 4 5 6
1 10.5-107%0.5-107%[0.5-1076 |0.5-1078]0.5-10719]0.5-10""2|0.5-10" 14
2 11.2:107%|1.9-107%{3.0-107% |4.3-1078|6.4-1071%|9.3.10" " 5.7. 107"

11)

Note 1 With N = 10 one cannot expect to get the error less than O(h '),
which is obtained after five iterative improvements. For problem 1, however
the sixth iterate improves the accuracy as much as the previous iterates.
This astonishing result is due to the fact that in the error expansion
e ¢ j M1
b (8 ¥) = apiF(y) + % h® ()} + O(h™)
j=(v41)-2

we have wj(y) = 0 for the exact solution y of the integral equation. This
happens because the quadrature rules that are used for v = 1, 2, ... are
exact for polynomials of degree three or less and for the exact solution
the integrand is t3. cf. note 1 after the numerical results of section

4.3.1.
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5. Concluding remarks

In the final stage of the work with this report we got a preliminary
version of a paper, "Iterated defect corrections based on estimates of the
local discretization error," by R. Frank, J. Hertling and C. W. Uberhuber,
report number 18/76 from the Institut fur Numerische Mathematik, Technical
University of Wienna, Wienna, Austria. There the authors consider an
algorithm very similar to our algorithm for iterative improvement. However
their perturbation operators (or approximations to the local discretization

error) are computed differently. For the two point boundary value problem

¥ = flt, ¥) y(0) = A y(1) =B
with the discretization
/EO-A
/.F,. - 26, +E,
ople) =| 2 —F Tl g, 6 =0 = 0.8, s Wi
h 1 1
£, «B

N

they define locally smooth functions Pg(t, no), k=1, 2; ...y N =1 that

0

interpolate the solution n~ of ¢h(n0) = 0 at some points surrounding

X = X Then they compute the local discretization error as

8, (n%) = (PR(t, 45 70) = 2P(t,s n0) + PR(t, 00 nON)/0E - (BR)"(t,, n0)

The succeeding approximations to the local discretization error (corresponding
to our approximations ¢h,v(nv']), v =2, 3, ...)are computed by the same
technique, but now higher and higher order interpolation is used to define

the functions P:(t, n). The polynomials P:(t, nY) do not need to be

computed explicitly but the second derivative can be computed by forming
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linear combinations of the components of nv, as we do when we approximate
lTinear functionals.

In our notation (cf. section 4.2) they define families of perturbation

operators e e ¥ 7 Us, 25 1.o. iaccording to

/g, =

/ 0

/

Epy = £ ¥ &
o o {E) { e e T L PO SR
’ \ h k

\ :)N'] i B

Note that for any z € E
0 M 2j M1
°h(Ah z) = Ah{F(z) o F Flal Ry £ Al )
=1
where
; \
g 2 (2j+2)
fj(z) ReEm) z
| o
and
v ; M 3
& v( h z) = Aﬁ( 2 FlZ) hed + 3 fv.(z) hZJ} + 0(hM+1)
’ j»‘l J J=V+] J
i 2,2+2v : : s ! :
(if Dt uses points symmetrically distributed around tk) with proper
k

definitions of Ly, and Ag. The improved solutions are computed according

to
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Our theory does not cover this type of perturbations, but theorems similar

to ours could be proved with our technique for this algorithm,
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