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Abstrac t

A method for estimation of the global discretization error of

solutions of operator equations is presented . Further an algorithm for

i terative improvement of the approximate solution of such problems is

given . The theoretical foundation for the algorithms are given as a

number of theorems. Several classes of operator equations are examined

and numerical results for both the error estimation algorithm and the

algorithm for iterative improvement are given for some classes of ordinary

and partial differential equations and integral equations .
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1. Introduction

A simple technique for estimating the discretization error, or
improving the accuracy of the numerica l solution of a functional equation

F(y) = 0

is discussed. The error estimate is obtained as the difference between

the solution of the discretized problem

= 0

and a slightly perturbed discrete problem

+ = 0

the improved solutions are obtained from a sequence of perturbed problems .

The perturbation operator is a discrete approximation to the

operator F that is of higher order of accuracy than 
~h 

(i.e., if 4h is

consistent c~f order p wi th F, then is consistent of order q > p with F ,

see section 2 for more precise statements). We can view -q~(~) as an

approximation to the local discretization error of the operator

The operator corresponds to a more accurate discretization

method than The basic requirement on is the accuracy ; the operator

does not even need to be stable as it is applied only to the known

quantity r~ to produce a constant to be added to

The perturbations needed to iteratively improve the solution are

obtained from operators that are increasin gly accura te approximations to

F, and the negative of the perturbation can acjain be viewed as increasingly

accurate approxinations to the local discretization error of the operator

If the order of accuracy of the operator 
~h ~5 p we can gain p orders

of accuracy per iteration if the perturbations are chosen judiciously.

I
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One simple and direct way of constructing the perturbations is the

following (other ways will be exami ned in section 4):

For the error estimation algorithm compute the residual (on a

certain set of discrete points), which is obtained when the numerical

solution r~ of the discrete problem 
~~~ 

= 0 (a solution defi ned only on

a set of discrete points) is substituted for the unknown function y in

the functional equation . Any functionals (e.g. derivatives) in F(y) = 0

that had to be approximated to get the discrete problem 4h(ri) = 0 are

approximated by linear combinations of the components of the vector r~

(solution of 4h(r~) 
= 0) when the residual is computed .

To improve the solution the same techni que is used , but now the

residuals are computed as the sum of the old residuals and a new residua l

computed from the most recent approximation to the solution . Further

increasingly accurate formulas are used to calculate necessary approxima-

tions to functiona ls that appear in F(y).

This technique is usefu l if there exists an expansion of the

global discretization error (in the discretization parameter h) of the

discretized problem 
~h
(n) = 0 to sufficiently high order and with smooth

error terms. If sufficient smoothness conditions are met (e.g. in those

cases where iterated deferred corrections can be applied) several iterative

improvements can be made , for each iteration the order of accuracy of the

new approximate solution is increased , in the same way as when iterated

deferred corrections are used.

For the cases where one cannot perform iterative improvement due to

the existence of significant non-smooth terms in the global error expansion

one may still, in many cases , get realistic error estimates with the

technique described . 
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Related techniaues are difference correction , Fox [1947], Volkov

[1957], and iterated deferred corrections according to Pereyra . Pereyra

has worked extensively on boundary value problems for ordinary differential

equations , Pereyra [1967b , 1973] and has produced very efficient computer

codes , Lentini , Pereyra [1974, l975a , 1975h] for such problems . He has

also treated linear and mildly nonlinear elliptic boundary value problems ,

Pereyra [l967b], Pereyra [1970] and analyzed general nonlinear functional

equations , Pereyra [l967a].

The basic computational too’
~s for high order approximations to

linear functionals , needed both in deferred corrections and iterative

improvement can be found in Ballester , Pereyra [1966], Björck, Pereyra

[1970], ~3alimberti , Pereyra [1970].

Whenever iterated deferred corrections can be used , iterative

improvement can also easily be used . However to be able to perform

iterated deferred corrections one must know and be able to approximate

the terms of the local error expansion for the discretization operator

while for iterative improvement that is not necessary . In some

cases , e.g. for boundary value problems y” = f(x, y); y(a) = a , y(b) = 6,

these local error expansions are easily found (by Taylor expansions)

and involve no terms that are difficult to approximate . In other cases ,

e.g. for pr~oblems where F(y) is nonlinear in sone derivative of y, the

expansions are very cumbersome to find and even more cumbersome to

approximate (see Pereyra [1970]), which makes i terated deferred corrections ,

although theoreticall y feasible , in practice impossible to perform .

Another related technique is i terated defect corrections according

to Stetter [19743, Frank [19753. The main difference between the approach 

. .. . ~.
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of the two later papers and our approach is that they define a smooth

global approxima tion to the solution of the operator equation F(y) = 0

from the discrete solution ii of 
~~~ 

= 0 and then compute the perturbation

from that global approxima tion , while we use the discrete solution

directly and need to be concerned only about the local properties of the

perturbations .

In section 3 of Stetter [1974] the author also introduces a

formalism , similar to ours , in order to discuss how the leading term of

the local discretization error for the numerical solution of ordinary

differential equations usually is estimated . He does , however , not use

this formalism any further.

The starting point for our investigation was Stetter [1974] and

the many papers of Pereyra (1967), ..., (1975) and our primary goal was
to find cheap ways to estimate the errors in the numerical solution of

partial differential equations .

Extensive discussions of the existence of asymptotic expansions

of global truncation errors for the numerical solution of functional

equations can be found in Stetter [1965], Pereyra [1967a], and Stetter

[19 7 3 ] .
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2. General theory

2.1 Preliminaries

The notation of this section is greatly influenced by Stetter

[1965, 1973] and Pereyra [1967a].

The basis for the results discussed here is the existence of

asymptotic error expansions for the global discreti zation error of the

solution to the discretized problem. For a thorough discussion of this

matter , see the references above .

We consider functional equations

(2.1) F(y) = 0

where F: E -
~ E° is a generally nonlinear operator from a Banach space E

i nto a Banach space E°. We will always assume that (2.1) has a unique

solution y E E.

For the purpose of numerical solution the problem (2.1) is

discretized in the following sense:

We def i ne fam i l i es - depen d in g on a real parame ter h E H ,

H = ~h = 
~~

- 
, n integer in a subset of {v , v ~ n0~ with n0 

> 0 fi xed} — of

Banach spaces E h , E~ an d of boun ded l i n e a r  trans fo rmat i ons 
~h’ ~~ 

wh i ch

map E , E° in to  E h~ E~ , respectively.

Then we choose a family of (nonlinear) operators h Lb 
-
~ E~

such that for z EE and h E H  or for z = y  and hE H

(2.2) 
~~~~~ 

= A~{F(z) + ~ hv .fv(Z)} 
+ O (hMfl ),

where f
~

: E does not depend upon h .

If for all z EE 
~~~~ 

z) - 4~ 
F(z )II 

~ 
= 0(h~) the operator ~h

is said to be consistent of order p with F.
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The expression 
~~~~ 

y) formed with the solution y of (2.1) is

often called the local discretization error of

The original prob l em (2.1) is now replaced by the “algori thm”

(2.3) 
~~~ 

= 0,

which is supposed to have a unique solution r~(h) ( Eh for h E H. See the

references above for a discussion of the unique solvability of c
~h
(n) = 0.

The global discretization error of (2.3) is defi ned as

E(h) = rt (h) - 

~h 
y E Eb

where y is again the solution of (2.1).

(2.3) is convergent of order p (p .? 1) if

IC h~ for h E H.
h

The global discretization error c(h) admits an asymptotic expansion

to the order M (Fl 
~ p) if there are e~ 

E E , v = p(l)M, e
~ 

i ndependent of h ,

such t hat

M
(2.5) He:(h) - 

~h 
z hV e 1

~ E £CM hM
~ for h E H.

v=p h

We wi l l  ca l l  
~h 

stable at z if there exist constants S and r > () such

that uniformly for all h € H

(2.6 a ) - 

~
HEh ~~ 

S[Ikh(~~
) - 

~
h
~~~~~E

O

for all ~~~, i = 1, 2 such that

(2.6b) 
~h~~h 

zflj 0 < r

h

(cf. def . 1.1 .10 in Stetter [1973]).
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To estimate the global truncation error choose a family of

(non-linear) operators ~~: Eh ÷ E~ such that for z E E and h E H

(2.7) 
~h~~h 

z) = ~4~{F(z)} + Q(h~) ; p q ~ 2p

When the solution n of pro b lem (2.3) is known , sol ve for from

(2.8) 
~~~~ 

+ 
~~( n)  = 0

Under su i ta b le assum pt i ons

(2.9) - 
E 

= 

q i  
hV e

~
] + O(h~)

In this report we are mainly interested in estimating the global

truncation error for given algori thms , however the idea beh ind (2.7),

(2.8) can be extended to itera tively compute better approximations to

the solution of (2.1).

To iterativel y compute better approximations to the solution of

(2.1) choose a family of (non-linear) operators 
~h ,i 

Eh 
-

~ E~~~~, i = 1 , 2,

such that for z ( E and h C H or for z = y and h E  H

(2.10) 
~h ~~ 

z) t°fF(z) + E hV f .(z)} + O(hM+l )
~i h h v=( i+l)p

Put ~0 = n and compute , i = 1 , 2, .. . recurs i vely from

(2.11) 
~~~~~ 

+ ~ ~h 
(0v l ) = 0 i = 1 , 2,

v 1  ~

Under sui table assumptions

• 
M1 M.+l

(2.12) - A h Y 
= A b C ~ hV ev .3 + 0(h 1

v= (i+l)p

I
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A simpl e example of the use of the operator formalism of this

section is given in note 5 after theorem 2. Readers that are unfamiliar

with the notation of this section are advised to study that example before

they read the theorems .

Note 1 
~h~~h 

y) = ~~{F(y)} + O (h~)

so is consistent with F of order q. Further , under suitable assumptions

(see the theorems below)

~h~~h 
y) + 

~t~ ( n)  = ~~{F(y)} + O (h~)

~ ‘
~h 

+ ~~(r,) is consistent with F of order q. We can view -~~(n) as an

approximati on , accurate to order q - 1 in h , to the local discretization

error of the operator

Note 2 
~h ,i~~h ~ 

= ~~{F(y)} + O(h~~~~~P)

~ ~~~ 
is consistent of order (i+l).p with F. Further , under suitable

assumptions , (see theorem 3 below )

~h~~h ~ 
+ 

v~l ~~~~~~~ 
= ~~{F(y)} + O(h~’~~~~)

(This is not proved in the theorem , but can easily be proved with the

technique used in the proof of the theorem.) Thus •h v l

is consistent of order (i+l).p with F. We can thus view - 

v~1 ~~~~~~~

as an approximation , accurate to order (i+l).p - 1 in h , to the local

discretization error of the operator 4h
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Note 3 From the consistency of the operators above and the stability of

~h 
(which implies the stabilit y of 

~h 
+ for any constant 9h E E~) one

can deri ve results on the convergence and the existence of asymptoti c error

expansions for the algori thms (2.8) and (2.11).

2.2 Basic theorems

Theorem 1

Let y be the unique solution of F(y) =~O and let

a) the global discretization error ri - 

~h 
y of (2.3) have an

asymptotic expi~nsi on

- 

~h ~ 
= 
~h
{.E h3 e~} +J=p

0 M + l
with M0 ~ 

p + k and ~ a (h) fI = O(h 0

b) the expansions (2.2) and (2.7) hold with M ~ 
p and p < q 

~ 
2p

c) the operator 
~h 

be stable at 
~h 

y in the sense of (2.6)

d) there exist constants L and b such that uniformly for all h E H

tI f ~(Y
’) - fj(Y2) I I

EO ~ 
LHy 1 

- Y2II E

for all y
~ E 

E , I 1, 2 such that

• 
- 

~ ‘ 1 E ~ b

j = p, p+l , ... , N 1 (N 1 
= n u n  (M , M0 

— k , q — 1)

e) there exist constants C , CE and d such that uniformly for all

h E H

.0
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- h~~~~
1 1 0 ~~ 

C . I k  - 

~~‘‘ E .h —k
Eh h

p~t,E(~ l ) - (~
2

) lJ ~ 
C~H~~ 

— 

~~
I I Eh

5
~
1

for any ~l 
~
2
E Eb such that

- 

~h ~‘‘ E ~ d , i = 1, 2
h

Then the solution E of

+ 4~
(n) = 0

satisfies the i nequality

N +1
OE = A y+O (h 1

where N1 
= miii [M , M0 - k, q - 1].

Proof

Note that

0 = 

~~~~ 
+ ~

(
~

) = 

~~~~ 
- 

~h~~h 
y) + 

~h~~h 
y) +

i .e.

- 
~h~~h ~~~ 

= - 

~h~~h ~ 
-

N1 +1We will show below that 
~h

(t
~h 

y) + cfs~~(r~) = 0(h ) so for sufficiently
small ~ we have

H~h( n )  - 

~h~~h 
y)
~ 

< r

Thus from the stability of 4h at A h y we have

1~
E 

- A h y lt ~ S I I~h (n ) - 

~h~~h ~
)H = S~ J~ h~~h 

y) -

Here and In the sequel , whenever there is no danger of confus ion, we omit
the indices on the norms that refer to the actual Banach spaces .
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Introduce the notation
M0

z = z h’~ e.
Sj =p

and form

‘
~
‘h~~h 

~~ 
+ •~~(r ~) = 

h~~h 
y) - ctS h (hl ) +

= 

~h~~h ~ 
- 

~h~~h~
’ + z) + 60) + ~~(~~ y + z) + 60)

Fl +1—k
= 

~h~~h ~ 
- 

~~~~~~ 
+ z ) )  + (~~(y + z ) )  + 0(h 0

U N
= ~~{F(y) + z f~(y) h

3 - F(y + z) - •
E f~(y + z) h3

j=p J=p

N + 1
+ F(y + z ) }  + O(h ~ )

N
0 1 . N,+1

= 

~~ 
E [f.(y) - f.(y + z ) ]  h 3 } + 0(h ‘ )

j=p ~

N +1
= 0(h 1 )

Hence

E N + l
- y = O(h 1

Corollary

Let the conditions of theorem 1 be satisfied wi th M0 ~ 2p + k - 1 ,

q = 2p M ~ 2p - 1 , then the solution ~E ~

+ 
~~

(n) = 0

satisfies the inequality

E 
= 

~h 
y + 0(h2~).

I
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Theorem 2

Let y be the unique solution of F(y) = 0 and

a) conditions a), c) and e) of theorem 1 hold

b) F , 
~h 

and be twice continuously Frechet differentiable

c) the i nequal i ties below hol d

~h~~h 
y) = ~~ F(y) + 

~; 
f~(~) h

3} + o(hM+l )

~h
(
~h y) = ~~{F(y)} + O(h~) p < q 

~

~h~~h ~
) = ~~{F’ (y)} +

•h~~ h y) = t~{F’(y)} + o(h~—P)

E(2)with M 
~ 
p. Further let 4~ CA b z) and ~h 

(Ah z) be uniformly bounded

with respect to h for any z € E. Then the solution ~E of

+ ~~~ = 0

satisfies the inequality
U1 +ln~~~

Ah y+O (h )

N 1 = min (M, M0 
- k , q - 1)

Proof

Use the same notation as in the proof of theorem 1. This proof

proceeds in the same way as that proof, except that
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M +1-k
h~~h 

y) + ~~~(T)) = 

~h~~h ~ 
- 4h (A h (Y + z ) )  + ~~(A~(y + z ) )  + O(h 0

= 

~h~~h ~
) - 

~h~~h 
y) - 

~
.
~
(A h ~ 

Z + 4~
(A h ~

N+1

= A~{- F’(y) z - C ~ f~(y) h
3) z + F(y) + F’(y) z}

j=p

N + 1
+ O (h 1 )

U +1
=O( h ’ )

Note 1 These theorems are the basis for estimation of global discretization

errors for algorithms where the error expansion contains only a few smooth

terms . If k ~ 1, and p ~ M0< p + k the error expansions contain at least

one smooth term h~ e but due to condition e) no estimate of the error can

be obtained. Numerical experiments (see section 4.5) indicate that it mi ght

be possible to relax this condition . No theoretica l results along these

lines have yet been obtained.

Note 2 The condition on Fl in b) of theorem 1 is somewhat less restrictive

than the condition on M0 in a). However , to obtain the asymptotic expansion

in a) one would need to have M 
~ 

p + k in the expansion (2.2). The lower

limi t on M for the expansion (2.7), though , may be of value in some cases.

Note 3 The constant k of condition e) is in general the order of the highest

derivative present In the functional equation F(y).

Note 4 These theorems differ only in the differenti ability assumptions on

the operators involved and the set of elements from E for which the
I

i nequalities (2.2) and (2.7) must be valid.
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Due to the fact that (2.2) and (2.7) only are needed for the exact

solution y to F(y) = o in theorem 2 some very interesting types of perturba-

tion operators are allowed in that theorem, while they are not allowed in

theorem 1. In essence, all operators for which the local discretization

error is of order greater than p can be used in theorem 2, while in theorem

1 the order of Consistency of wi th F must exceed p. Several examples in

section 4 will clarify this distinction.

Whether the more relaxed differentiability conditions of theorem 1

are of any practical i mportance I don ’t know . Future studies will hopefully

provide some answers to this question.

Note 5 The value of k of condition e) in theorem 1 depends on the norm for

the space E~. For linear multistep methods for initial value problems for

ordinary differential equations one can (at least for •h~ 
get k = 0 by

choosing Spijker ’s norm (see Stetter (1973), section 2.2.4, p. 81-84) for

E~. To get k = 0 also for the operator must be chosen judiciously, cf.

also note 2 on p. 41 o~ sec’~ion 4.1.

ftote 6 As an exercise in the formalism of this section we analyze an

algori thm for the two-point boundary value problem

y” = f(x, y)

y(a) = a ; y’(b) = B ; fE C2~([a , S] x R) ; = b + e

The 2s-continuity of f is chosen for convenience of notation .

1. Operator equation

F:

with E = c 2
~[a, ~

]
E° = P x C[a , ~

] x P
and the following norms
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max 2s 
Iz~”~(x) I/v !I I Z I I E = a~xth v~0

II9H EQ = 19 1 1 + 1g 2 1 + 
max_

a~x~b

/9
1 \

for g = (9 (X), a x € E°

)
/z(a) -

F(z) = ( z ” (x )  - f(x, z(x)) a ~ x 

~
- 8

2. Discretizati on

Introduce the gri d x1 
= a + I h , i = 0 , 1 , ..., N + 1 ,

h = 2(b - a)/(2N + 1) i.e.

a b

I I
x0 x1 x2 xN l  x~1 . XN+1

and discretize the problem according to

~i+l - 2
~i + 

~i-l

h2 
— f(x1, ~

) = 0 1 = 1 , 2, ... , N

- a = 0

~N+l - 6 0h 
—

In the operator formalism this means

define Ah : E + Eh ; Eh = ~N+2

z = [ z (x 0), z (x 1), ...,

A~ : E°-*E° EO = R x P N x Ph ‘ h
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g1

g = g(x 1) i = 1 , 2, ... , N

for

g =  g(x) ~~~~~~~ E E0

g2

and use the norms

- max
~ 

Eh 
— 

0d~N+l ~i

.1 2 maxIiII o = I~ I + I~ I + 1~ i~NC.h

for

i = 1 ~~2~~...~~N )EE~

Then define

‘
~h ~~~~~

- ci

= ~i+1 
- ~~ + 

~i-1 - f (x
~
, ~~); i = 1 , 2, ..., N

~N+l ~N - B
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Note that, by Tay or expans ions we get

z(x 1÷ 1) - 
2z (x )~ + z(x1 1 )  

- f(x1, z(x
~

)) = z ” (x 1) - f(x
~ 

z(x 1 ))

s— l 2 (2j+2)

j=1 (2j + 2)! z (x i ) h
2
~

+ O(h 2S_
~)

and

s—iz (x N÷i ) - z(x N) 
- = 

2 
~~~~~~~~~~~~~ h

2
~(b) — ~ + 

~ (2j + 1)!h j=l

+ 0(h2~~~)

for z E C. If we define fv : E ÷ C°, v = 2, 3, ..., 2s - 2,

f (z) =0  v oddv

f ( z )  z~~
2
~(x) a ~ x ~ ~ v evenv — (v+2) ! I

2 Z l) (b )(l)v+l 
. )

\ (v + 1)! 2 /
we have

2s -2

~h~~h 
z) = A~~~ { F ( Z )  + 

~ ~~~~~ 
h V } + 0(h2~~~)v=2

3. Perturbation

Define
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D1 : Eh
-35 R

50E 0 - 
Th~;1 - 20

~2 
+ 70~3 - 30~4 + ~~ for i = 1

BOb

-5g. + 8O~ . - l50~~~. + 8O~ . - 5~.— i—2 i— l 1 i+l 1+2— ror 1 = ~~~, .. . , —

60h ’

5
~N 4  - 

30
~N 3  + 70

~~ 2 — 

20
~N l  - 

7
~~N + 50

~N4l for i = N
6 Oh2

and Rb : Eh~~~
P

R — ~N—3 + 5
~N—2 - 

9
~N-l - 

17
~N 

+ 22
~N+l

~~~ 
- 24h

Note that, by Taylor expansions we get

Di (A hz) = z ”(x~) + 0(h4) I = 1 , 2, ... , N

and

Rb (Ah z) 
= z’(b) + 0(h4)

for z E E.
Now define

- a

= 01
(ç )  - f (x

~
, 
~~ 

i = 1 , 2, ..., N

Rb(~
) -

then for z E E

~~
(A h z) 

= A~~F(z)) + 0(h4)

4. As a further exercise we examine some of the conditions of theorem 1
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/0

_______ i+2) 
- y2(J+2))

\ (.i 
2 (yl(i+l )(b) - y2(i+l)(b)).(i)i+i) 

11 E0
Hf~

(
~

1 ) - f
~

(
~

2flI 0 = H (j ÷~ JT (~
l(

= 2.(~)
341 j~~~

+1)
~b) -
j + ii’!2

max I l(j+2) 2( J+2) ( ) ~+ 2 a~x~b U + 2)!

~ 2~(~)
i
~ JJ y 1 - Y2II E + 2~ II y 1 - Y 2 II E

< 3 1 1 1 2~-
‘p’

for any y1 , y2 E E , j = 2, 4, ..., 2s -2.

Furt her I If ~(Y 1 ) - f
~

(
~

2) I I  0 = 0

for j = 3, 5, .. ., 2s — 3

so conditi on d) of theorem 1 is satisfied.
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II~h(~
) - 

~
h
~~~

I I
EO

i i
1 

- ~2) + - 
- (f(x ~, ~

) - f ( x 1, ~
) H 0

= 

- - 2(~II (~ 
-

- 
~ +1 - 

Eh

~
+1 - 

~~+l 
- -= _ ~~l +

I

+ max ~i+l 
- 
~~+1 

- 2(~ - 

~
) + -

l~ i~N 
h2 

— f~(x 1~ ~~~ 
—

+ ~~ 1k 1 
- 

~~
1 1 E + M 1k 1 

-iH - 
~
2 l I E + 

h 1k 1 
- 

~~‘‘ E -

~~~ h y Eh

C .j ~~~ - 
~
2I1 E h 2

where

C = h~ (l + M ) + 2h0 + 4y

C int[~~, ~
]

maxM =y a ~ x ~ b 
Ify(X~ z(x)I ; 1k ’ - A

h 
~

1 1 Eh d I = 1 , 2
- y (x)I d

Anal ogously we get

lI ~~(~ ) - 
~~

2) II
Eo ~~ CH~~ 

- 

~
2 II Eh h 2

where
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CE = h~ (1 + My) + ~ -h 0 
+

and My i ~l , ~2 are as above . Thus condition e) is satisfied.

Theorem 3

Let y be the uniqu e solution of F(y) = 0 and

a) the global discretization error ii - y of (2.3) have an

asymptot ic expansion

M
- = A~~~Z h3 e~} +

J=p

w i th Fl 
~ ~i(p + k) and 11 6

011 = o(hM+l )

b) the expansions (2.2) and (2.10) hold with M 
~ ~(p + k)

c) the operator 4h be stable at A h y in the sense of (2.6)

d) the operators F , f~ and ~~~ have the following differentiabilityproperties :
F: [M/p ] + 1 times Frechet differentiable

f~: [(M - j)/p] + 1 times Frechet differentiable

j = p , p + 1 , ..., M

f
~~

: [(Mu 
- j)/(vp)3 + 1 times Frechet differentiable

j = (v + l)•p, (v  + l).p + 1 , ... ,

v 1 , 2, ...,~ i — 1

Here [express i on]  stands for the integer part of the expression with in the

square bracket.

e) there exist constants d , C and C~, v = 1 , 2, ..., ~i - 1 such

that uniformly for al l h E H
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lk h (~~
) - 

~h~~~~
1 1 ~ C~~~

1 
-

t1 h ,v(~~
) - h ,V~~~

)H 
~~ 

C~ I k 1 
-

for all C E~, ~ = 1, 2 such that

Ik i 
- Ab ~

1 1 E ~ dh

f) [F’(y)] 1 exist

g) it be possible to define 
~~~ 

j = (v + 1) p, ..., M , v = 1 , 2,

- 1 , Mv = M - k.v according to

F’(y) evj =

where g
~ are defined in equati on (2.18) below; then the global discretiza-

tion error ~1 - Ah y of (2.11) has an asymptotic expansion of the form

1 — = e. . h3} + 61 (h)
j =(i+l) .p 13

M .+l
where 11 6 1

11 = 0(h 1 
~ ; M~ = M - ik , I = 1 , 2, ..., ~i - 1

Proof

Introduce the family of operators 
~h i

: Eh -* E~, i = 1 , 2,

- 1 by

(2.13) 
~h i~~ 

= 

~~~~ 
+ ~ ~h 

(0i 1 )
j=1

Then r~
1 , i = 1 , 2, ..., ~ — 1 are the solutions of

(2.14) 
~~~~~~ 

= 0

Note that as
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0 = . ~(n 1 ) = * k (f l  ) + ~ •.,, ~(~
‘ )1— i ,, 

,J=1

we have

0 = 

~~~~~~ 
= 

~~~~ 
- 
~~~~~~ 

+

i .e.

= 

~~~~~~ 
-

Further note that as and 
~h 

only differ by an additive constant the

stability of 
~
Ph i  is implied by the stability of

We wil l prove the theorem by induction on i , so assume that

M.
(2.15) i-l Ab y = A

b C 
u~ l 

e~~1 . h3} + 6’~~(h)j= i .p 3

M. +l
with 11 6 1 1 1I  O(h ~~ ) and M. = M - i’k.

Introduce the notation

(2.16) zS 
= e . h3 s = 0, 1 , ..., ~ 

— 1
j =(s+l) .p S3

From (2.14), (2.13), (2.2) and (2.10) we get

ll ~h ,I (n 1) - ~~ 1 (A~{y + z1 })Il = O(h~)

so for suf f ic ien t ly  small h we have

- 

~h ,i
(A h Y + z’})II < r

Hence from the stability of 
~h ,i 

we get for h E H

(2.17) II 6~II = II n~ - Ah Z 
- Ah yH = Il n h 

- Ah{y + Z1}II

~ S II~ j(n) - ~~~~~~~ + z1}) II
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To prove that 1k 1 I I = 0(h 1 
~ if ~~~ are defi ned as in g) we note that

- 

~~~~~~~ 
+ z 1 } )  = 

~~~~ 
- 

~~~~~ 
+ z 1 })

= 

~~~~~~ 
- 

~~~~~~~ 
- 
~h~~h~

y + z ’ })

M +1-k
= 

~~~~~~ 
+ z 1

~~~} ) - 

~h i~~h
Cy + z1~~}) - ~~(A~{y + z 1 } ) + 0(h ~~ )

= A~{F(y + z~~
1) + 

~ 

f.(y + z~~~) h~ - F(y + 

. . M.+l
- f. .(y + z 1

~~~) h3 - F(y + 21 ) - ~ f.(y + z i ) h3} + 0(h 1
j= (i+1).p ~~ j..

~ 
3

M.
= A~C- F(y + z i ) + ~ [f.(y + z’ 1 ) - f~(y + z

1 )]  h~j=p

M1 . . M.+1
- f. .(y + z~~~~) h3} + 0(h 1
j=p(i+1 ) 1 ,3

= - A~{F(y) + ~~~~~ F (r) (Y ) (Z i) r - 
~ ( ~ f(r) ( )[( i 1 )r - ( i)r)) h 3

r=1 j p  r l

M.+l
+ 

~ 
1 f(r) (~)(21_ 1

)r) h3} + O(h 1
j=p(i+l) r=0 r. 1 ,3

The upper sunination limits in the two s ums over r above are chosen
• such that all relevant terms are included .

Insert the expressions for 21 and ~~~ and co l lect terms of equal
powers of h , then

~h 
.( ~~1 ) - 

~h i
(A h {Y + z1 } )  = - z (F’(y) e. . - g. 

~) h
3}

~ j=(j+j) 1 .) 1
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• where g
~ ~ 

is i ndependent of e1 ~ 
and h and can be constructed from

M. M. M.
(2.18) E g. h~ = - ~ ij_ F (r) (y)( z e . ht ) r

j=(i+1)p ‘~ r=2 r. t=(i+l)p i2.

M. M.
1 , , ~ i— i

+ E ( ~ I
f ~~r 1(~~ ) [(  E e. 

~ 
ht)r

m=p r=1 . m 1-

M.
- e. ht)r])hm12.

M. M.
- E C E i~~f

(r)
(y)( E e. um=(i+l)•p r=O m

+ 0(h 
i4.1)

Now, if e13 , 
j = (i+l)p, ..., M~ are the solutions of

F’ ( ~)e 1~ - 
~1j 

= 0

then

- 
~h i

(A h~~ 
+ z ’ } )  = O(h i+l )

and thus from (2.17)

16
1 11 = O (h~~~ )

But from condition a) the assumption of induction is true for i = 0 with

= n, thus the theorem is proved . Q.E.D.

Theorem 4

Let y be the unique solution of F(y) = 0 and let

a) all the conditions , except b), of theorem 3 hold

b) •h’ 4~ be [M/p] + 1 times continuously Frechet differentiable

c) the inequalities below hold for v = 0, 1, ..., [M/p]
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0 ~ 
M-v~p , ~ .~ 11+1_vp

4’Pi ~ h ~~ 
= A~ff’ ‘(y) + E f~”(y) h~} + O(h )

j=p

~ A~(F~~~(y) + 
11-vp 

f(V)(~) h3} + O(hM~~ ”~)j=(i+1 ).p 1 ~
j

for i =  1 , 2, . . . , p — l

then the global discretization error ~i - y of (2.11) has an asymptotic

expansion of the form

- y Ah{ ~ e.. h3} +
j=(i+l)p ~

where

. M.
11 6 1 11 = O(h 1+1 ) ; Fl1 = N — i~k

i 1 ,2 , ... ,p— 1

Ihe proof of this theorem is analogous to the proof of theorem 3, cf. the

proofs of theorem 1 and 2.

Note 1 These theorems are the basis for iterati ve improvement of the

numerical solution of an operator equation . When the conditions of the

theorem are satisfi ed at least ~i - 1 improvements can be made . At no

extra expense an estimate of the globa l discretization error of the

~olution n~ can be obtained as n~ - n
i_ i

.

Note 2 The condition on M in the expansion (2.10) can be relaxed

sr~~ :~at , and could be made dependent on i so M would decrease wi th i.

. ‘ •~~huna ti on s of the conditions on and 
~h ,v ~ 

theorems

used . We can, e.g., use the conditions of h) and c) on

“-om theorem 4 and the conditions on ~ of d) from t heorem 3.
Ii

— — —•--— —— — r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ....~.
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Note 4 The main problem of applying this theorem is of course the

construction of the operators 4h ,r~ 
Several examples of such operators

will be given in secti on 4. To illustrate a major difficulty and resolve

it we will agai n consider the two point boundary va l ue problem

y” = f(x , y)

y(a) = a y ’ (b) = B

of note 5 to theorem 2. We cannot use the operator as 
~h ,1 

because

Dl (A h 
z) = z ” (x 1) + c

1
.z~

6
~~(x 1

) .h 4

Di(A h z) = z ” (x~) + c0
.z~

6
~~(x 1

).h 4 C 1 $ c0 ft c2

DN (A h z) = f ( x N ) + c2.z
(6)(x N).h

4

so the expansion (2.10) is not valid. This is caused by the use of

approximation formulas for the two points closest to the ’boundary

that are different from the formulas in the interior of the interval

However , if we fix the number of iterative improvements that we want to

make to (~ 
- 1) we can construct  operators D~: Eb ~ = 1 , 2, ..., N

N+ 1
= 

~ a. ~

v=O iv v

(some a~ 
~ 
may be zero) such that

Dj(A b z) = z ” (x~) + O (h~~~~’~)

Analogously construct operators Rb : Eh P such that

Rb (A h z) = z ’(b) +

Define
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- a

= D1(~) — f(x
~
, 
~ ) I = 1, 2, ..., N

Rb(~
) - B

r = 1 , 2, ..., u — l

then

~h ,r~~h 
z) = A~{F(z)} +

Hence all 
~h ,r’ 

r = 1 , 2, ..., ~ 
— 1 are i denti cal and they are consistent

of order Ii(p + k) with F. From the formulas it is obvious that we do not

need to use this trick for the approximations to z’(b) but can use operators

Rb ,r: Eh ÷ P such that

R (A h z) = z ’ (b ) + hV c + O(hM~~)b,r v=(r+l).p rv

in the defini tion of 
~hr ~
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3. Approximation of linear functionals

To construct the perturbation operators and 
~h ,i’ 

I = 1~ 2,

in the applications of section 4 we need in many cases formulas that

approximate the value and the value of the deri vatives of a function z for

a given argument by linear combinations of the components of z.

Such formu l as have been exami ned in Balles ter , Pereyra (1967),

Bjorck , Pereyra (1970), Galimberti , Pereyra (1970), (1971), and Pereyra

(1973), so we simply refer to those papers and introduce some notation

that will be useful in section 4.

Let

E = CS(a , b) , Eh 
=

Define A h : E ÷ Eh

z = Ez(x0), z (x 1 ), ..., z ( x ~)]

€ [a, b] j = 0, 1 , ..., P

for z € C.

Define the linear operators (depending on h)

xE [a, b]

D~ 3m : Eh~~~k v = O , 1 , ..., P

m = i , 2, ..., P + l — v

accord i ng to

P
Dv~

m(~ ) = a (x) ~x =0 v ,m ,r r

(most of the av m r (x) may be zero ) such that

D~~
m(A h z) = z~~~( x )  + 

j~m 
g~ ( z ) ( x )  h3 + O(hS+l )

for z E E.
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Note : As P is finite the order of consistency iii of the operator 0v ,m with

Z (v ) (X ) cannot exceed P + 1 - v.

When v , m and x are fi xed the constants av m r (x) ; r = 0, 1 , ... , P can be

obtained as the solution of a Vandermonde system of linear equations . In

Bjorck , Pereyra (1970) an efficient algorithm for the numeri cal sol ution of

such linear systems is given .

For a Vandermonde system with n unknowns this algori thm requires

approximately 3n2 operations . To get 0~,m consistent of order m wi th

Z (v ) (X )  we only need to have m + v of the coefficients civ m r  ~ 0, i.e.

the Vandernionde system we have to solve has only m + v unknowns . Further

most of the operators 0~,m needed have x = 

~~ 
where x~ is a gri dpoint.

Once we have found the operator D~,m for one gridpoint we can easily get

the operators D~
,m for most of the other gridpoints (if the gridpoints are

equidistant) without solving a system of linear equations . In conclusion ,

the amount of work needed to fi nd these operators is in general negligible

compared to the amount of work i nvol ved in solving the operator equations

= 0 and 
~~~~~ 

+ q~ (~ ) = 0

or

+ 
~ ~

‘I1 (
i~ l ) = 0 , i = 1 , 2,

v l

For some examples of operators of this type see note 6 after

theorems 1 and 2.

For functions of several variables the formulas above can be used

for each of the variables or one can use more compact approximation fo rmulas

taking linear combinations of the function values at all the gridpoints .

• , ..
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To distinguish between the different partial derivatives we adjoin

to D the vari able that we differentiate with respect to, e.g.

DX v ,m is consistent of order m with (— ~.—)(x, y)x ,y 
~x

v

DT v ,m is consistent of order m with (— ~---)(x, y, z, t)x ,y,z,t
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4. Appl i cations

The main emphasis of these applications is the construction of the

perturbation operators and 
~h ,i’ ~ 

= 1 , 2 The operators all

correspond to well known discretizations from the literature . We do not

claim that the methods chosen are the best possible for the actual problems ;

rather we have tried to use methods that are fairly well known and in some

cases w i dely used.

Although the examples of this section are mainly given as

illustra tions of how to apply the gene ii ideas of section 2 to different

classes of problems , we believe that the algorithms for iterative improve-

ment of elliptic partial differentia l equations and for iterative improve-

ment of integral equations compare very favorably with existing algorithms

for these c lasses of problems .

The questions of the smoothness of the expansions of the global

discretization errors for the basic discretizations have not been exami ned

in detail. For the different applications , wherever possible, reference

to know n results on such expansi ons are given , while in other cases we

discuss very brief ly the possible existence of such expansions. These

ques ti ons need further study.

In the theorems of section 2 we make some assumptions on the

perturbation operators and 
~h ,i’ 

= 1 , 2 The validity of these

assumptions can easi l y be checked in all the applications .

In future studies on each of the applications of interest to us

a more detailed analysis will be given.

Some numerical results are given in most of the subsections below .
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4.1 Initial value problems for ordinary differential equations

Consider the scalar differential equation

y t = f(y) ; y(O) = a X E [0, 1] f E C5(R)

The use of an autonomous p roblem is only for convenience in notation ,

as is the restriction to a scalar di fferential equation. All the results

can easily be generalized to non-autonomous systems of ord i nary differential

equations. The existence of smooth asymptotic error expansions for

discreti zation methods for initial value problems for ordinary differential

• equations is discussed in Stetter (1965), (1973).

In our operator formalism the problem is

F: E C°

E = cS(o , T) II Z I I E = 

O~X~T v~0

E° = ExC(0, T) H g 11 0 = I~~I + 
~~~~~

Y
for g =

g(x) O~~ x~~ T

z(O) - a

F( z) =

- f(z) 0 ~ x ~ I

Cons id er E u l e r ’s method

y0 = a

yj+l - y1 
= h.f(y

1 ) i = 0, 1 , ..., N - 1 h = I/N

This simple method is chosen for illustrative purposes . Although the

analysis is simple for this method the techniques used to Construct the

perturbation operators are applicable to more complicated methods and more

complicated problems .
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Eule r ’ s method in  our operator formal ism reads :

E Eh ; Eh 
= ~N+1 I kI = 

O~i~N 
1c 1 I

z = (z( x0), z(x1 ), ..., z(x N) )

x . = i.h ; I = 0, 1 , ... , N ; h = I/N

Let

~~: C° E~ ; E~ = Px

for g =

g (x~) i = O , l , ..., N — 1  g (x) O~~ x~~ T

1 maxI h i  
E0 

= l~ I + 0d~N—l i~ I
h

and

0c
~h . 

Eh + E h

- a

=

- f(~1 ) I = 0, 1 , ..., N -

Note that

z(x.÷ ) - z(x.) s-i z (i
~~

l ) ( x . )1 1 
- f ( z (x 1) )  = z ’ (x 1) - f (z (x

1
)) + 

j~l ~~ + 1)~ 
h3 + 0th )

for any z E E

so

0 ~~~ . S
~h~~h z) = A h{ F(

~~ 
+ ~ f~ (z)  h3} + 0(h )

j=l

.— ~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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where

(0 \
f~(z) =

I 
_ _ _ _~~~~~~~ 0 ~ x ~ T/\u+ l)!

Now construct and 4h v ’ v = 1 , 2 We will give some different

operators ct~~, ~h 
in order to illustrate some useful techniques for,v

construction of these operators .

1.

/ 
~ 2 + - 

-

\ 2h - i = 1 , 2, ..., N - 1)

= ( 2h

-

Note that

-z( x 2 ) + 4z(x 1) - 3z(x0)______________________ - f(z(x0
)) = z ’ ( x O ) - f(z(x0))

2h

S-l - 2j+l 
~~~~~~~~~~ + O(hS)

j=2 2(j + 1)!

and

z(x 1÷1 ) - 
z(x 1 1 )  

- f(z(x
~

)) = z’(x
~
) - f(z(x1 ))

2h

(S-l)/2 i+ E (2t + 1)! 
(2t+l) .h 22. + O(hS)z (x i)

2.— i

for i =  1 , 2, ..., N - l

Both the expansions are valid for any z E E. Hence , for any z ( C

~h~~h 
z) = A~{F(z)} + 0(h2)

but we do not have
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E 0 S-i . S
~h~~h 

z) = A h {F(z) + ~ f~ ( z )  h3} + O(h )
3=2

because of the different expansions for x0 and the rest of the gridpoints !

2. By extending the operators so an approximation to the solution at

= -h is computed by the formula

y~ - -~
‘

h - 
- f(y_ 1 ) = 0

we can define

- a

=

~i+l 2h 
- f(~1 ) i = 0, 1 , ..., N - I

Al ternatively we can expand the operators so that an approximation at

X N+i 
= X N + h is computed by the formula

y - y
h 

- 

~~N 
-

and define

- a

=

- ~~~~~~ - ~~~ - 3.~1 2 
2h — f (~~~~) i = 0, 1 , ..., N — 1

In both cases we have , for any z 
~ 

E

z) = A~{F(z) + ~ f.(z) h3} + O(hS)

The operators f~ will of course be different for the two different operators

By extending the numerical solution even further outside the interval

of interest in this way one can easily construct operators



37

v = 1 , 2 , ... such that
C’ . S

~~~ 
~ h z) = A~{F(Z) + ~ f .(z) h3} + 0(h )

j =(v+l) v ,j

For these extended operators the spaces E , E°, Eh and E~ must be modified

in order that the theorems of section 2 be applicable. Slight mod i fications

of the theorems may also be necessary .

3.

• 
~~~~~ 

=

— f(~~ ) I = 0, 1 , ..., N — 1

v = l , 2, ...

Here Dl ,S are oDerators of the type discussed in section 3. For any z E E
i

~h ,v~~h 
z) A~{F(z)} + O(hS)

v = 1 , 2,

4.

= 

~ +l - 

~~~~ 11 
h 

- 

~ ~~~~~~ 
+ f(~~)3 i = 0, 1 , ... , N - 1

Note that for y E E such that y ’ = f(y)
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- y(x.) 
~h 

1 
- ~ [f(y(x 1) )  + f(y(x 1~ 1) ) ]

s (v) , 5 (v )~
= y ’ (x 1) - f(y(x1)) + E “

~ 
~~

Xi I 
h~

_ ! 
- .~ ~ f (r ) (y(x ))(  ~ y 

~~~ 
ht )r

v=2 r=l t=l

+ 0(h5)

S-i
= y ’ (x 1) - f(y(x

~
))  + z g .(y(x 1)) . h3 + O(h S )

j=2 ~

The absence of a term g1(y(x1))h is due to the fact that for the elements

y that we consider we have y” = f’(y) y’!

Note that the expansion above is not valid for arbitra ry z C

but only for z E E such that z’ = f(z). In this case we have to rely on

theorem 2 while for the previous perturbation operators we can rely on

both theorem 1 and theorem 2.

Note that for ~E E ) y’ = f(y),

S_ i

~~~~ 
y) = ~~CF(y) + z ~~(y) h

3 + o(hS)
j=2 ~

Further note that any method of second order or more can be used to construct

the perturbation operator •~. The main advantages with our perturbation

operator (which is based on the trapezoidal method) is that

1) no new values of f(y) need to be computed to get the perturbation

2) the perturbed solution at x1 can be cor~puted directly after

the calculation of the unperturbed solution at

3) the basic discretization formulas for •h and are both

one-step formulas.

For genera l linear multistep methods 
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k k

v=O 
a,~ 

~n+v 
- h 

v~0 
V ~n+v 

=

one can e.g. use the following basic discretizati on formula for the

perturbation operator

k k
* - h  ~

v=O v n+v v=0 v n+v

(We assume that the global discretizati on error for the solution obtained

• by the linear multistep method has a smooth error expansion ; this may not

be true in many cases!) Remember that the maxima l order of a stable linear

muitistep method of stepnumber k is k + 1 when k is odd , and k + 2 when k

is even (see e.g. Lambert (1973)). By choosing a~~ , B ,  v = 0, 1 , ..., k

judiciously one can get

v=O 
a~~ y(xn+v) - v 0  

B f (Y (x n+v ) )  = y ’ (x~) - f(Y(Xn)) + O(h2k)

for y E E such that y ’ = f(y).

One can of course also use perturbation operators of • the type discussed in

point 3 above . The basic discretization operator for here , however , has.

the same stepnumber k as the basic discreti zation operator for 
~h 

while the

stepnumber for the basic discretization operators in point 3 may be

considerably larger.

No study of the practical implementation of these ideas for initial

value problems for ordinary differential equations has been undertaken yet.

5. As a further illustration we choose a different operator
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A~~ Eh~~~
E° O _ R x R N
h Eh 

—

\ /9
1

A~~g =  
( forg= (
g(x~) I = 1 , 2, ... , NJ \~

(x) 0 ~ x ~ T)

i~ maxI I Y H 0 = Ii i + l~ i~N

The operator •h is the same as above , i.e.

/~~~~~~- a

= I
- 

~~
.

h 
1 

— f(~1 ) i = 0, 1 , ..., N — 1/

Note that for i = 0, 1 , ..., N - 1 and any z E E

z ( x 1~ 1) — 
z (x )

~
h — f ( z ( x 1) )  = z ’ ( x 1÷1 ) — f ( z ( x

~+i ) )

s’— 1
+ 

j~l 
g~( z (x 1~ 1)) h3 + 0(h S )

Choose

- a

=

2h -f(~1 )~i+i - ~i-l

then

s— I
•h~~h z) = ~~{F(z) + z f (z) h3} + O(h S )

j =2
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Note 1 Some of the results of this section carri~s ov~r to the case when

x 1 , I 
= 0, 1 , ..., N - 1 are not equidistant. E.g., the perturbations of

point 3 and point 4 are useful in such cases .

Note 2 Consider again the scalar differential equation

y ’ - f(y) = 0 y(O) = a ; x E [0, T] ; f € C5(P)

Note that this problem is equiva l ent to the Volterra integral equation

x
y(x) - y(O) - ! f(y(s)) ds 0

0

Euler 1 s method for the original differential equation can be viewed as an

approximation to the integral equation , namely

= + h = 
~‘i-l 

+ h f(y1_ 1 ) + h f(y~) =

= ~ + h ~ f(y.) I = 0, 1 , 2, ...
j=O ~

With appropriate definitions of the spaces E , C°, Eh . E~, the operators

and the corresponding norms we have

X
F(z) = (z - a - f f(z(s)) ds , 0 ~ x ~ I)

0

= i— i
- - h E f(~ .) ; i = 1 , 2, ..., N1 j=0 ‘~

For the actual computations we would of course use the recursion formula

= U

= 

~~~~~~~~ 

+ h f(~~~1 ) i = 1 ,  2, ... , N

Note that is consistent of order 1 with F , i.e. with the integral

equation .
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Define

- a

=

— a - h 
j~O 

~~~~ f(~~) , I = 1 , 2, ... , N

where

= = 1/2 ; a~ = 1 j = 1 , 2, ..., i — 1

For the actua l computations we would use the formula

= - a

= [~~(~)J~~ 
+ - 

~i-l 
- ~ [f(~~) + 

~~ i-l~
3 i = 1 , 2, 3, ..., N

Note that is consistent of order 2 with F. Other perturbation operators

could be used !

The advantage of this point of view is that for the maximum norms

- 1 maxH~h I 
~ 

- I~ I + 
0~~i~~NEh

where

1 =  E E °
I = l (l)N

and

maxI I
~

I i E h 
= 
0~i~N

where

= , I = O (i)N) E Eh

we have
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- 

~~~~~~ ~ 
~ c •I I~ -

Eh h

I l ~~E1 - ~E (~2 ) ) 1  ~ C ~ik
1 

-

h

i.e. k = 0 in condition e) of theorem 1 , while for Euler ’s method di rectly

we have k = 1 for the maximum norm. The same resul t, i.e. k = 0, may be

obtained for Euler ’s method directly if we use Spijker ’s norm for E~ (see

Stetter ( 1973) , section 2.2.4 , p . 81-84) wh i ch in our case reads

- 1 max v
— Ii I + h 1~ v~N ~— lh

for

1 
E E ~i = 1(l )N — 1

Note the relation between Spijker ’s norm for E~ corresponding to Euler ’s

method and the maximum norm for E~ corresponding to the integral equation

formulation .

The reformulation of the original problem as an integro-differential

equation may be a useful trick for other methods for initial value problems

for ODEs and initial boundary value problems for PDEs.

The i deas presented in this note need further investigations and

are included mainly as an illustration of a way to increase the range of

problems and methods for which the theorems may be useful .
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4.2 Two-point boundary value problems for ordinary differential equations

Consider

y” = f(x , y , y ’) a - c ~ x ~ b + c

r1 (y(a) , y ’ (a) )  = 0 r2(y(b), y’(b)) = 0

Assume that the functions f, r1 and r2 are such that the boundary value
problem has a uni que solution which is 2s times differentiable.

Define

F: E ÷ E 0

E = C2~(a - c , b + c)  ; II ZH E 
= 

max 

v~O 
Iz~~~(xfl

= R x C(a , b) x R

I l ~ h I  = I l
l + ?

2
1 + max

F

1
1

for g =  g(x) a - c ~~~x~~~b + c E E °
2 •

r1 (z(a), z ’ ( b) )

F(z) = z ” - f(x , z,  z’) a - ~ x ~ b + E

r2 (z (b) ,  z ’ ( b ) )

Introduce

E -, E
h 

, Eh 
= ~N+2

z = [z(x 0), z(x 1), ... , z(x N+l ))

where x j = a _ ~~~+ i .~ , i = o ,l , ... , N + l ; h b
~~~a
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and ~~: E° E~ ; E~ = ~ x x ~

Define

0
~h 

Eh~~~
Eh

/ ~l~~~ 0 
_ _ _ _

2 ‘ h )

= ~i+l 
- 

~i 
+ 

~i-l - f(x
~
, 
~~ 

~i+1 2h~~~~ 
i = 1 , 2, ..., N

~N+l 
+ 
~N ~N+1 -r2( 2 ‘ h

Assume that f, r1 and r2 are such that is stable. 
~h 

is consistent of

order 2 w i th F.

The existence of smooth erro r expansion is discussed in Stetter

(1965), Pereyra (1958).

Construc tion of perturbation operators

1. Direct approach .

E 0Define 
~h 

Eh -*

r1(D~’4 (~ ), D~,’~ (~ ) )

= ~~~~~ - f(x1,  
~~~~

, D1 ’4(~ ))  i = 1, 2, ..., N

r2 (D~’4 (~ ), D,’
4 (~ ) )

where Dv ,m : Eh * P are operators of the kind discussed in section 3.
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Defi ne 
~h ,i Eh ÷ E~ = 1 , 2, ..., p - 1

r1 (D~~
2 f l (~), o~~

2
~~~~(~))

= D 2
~(~ ) - f(x

~
, 
~~ 

o~~2U(~ ) )  I = 1 , 2, ..., N

(D0~
2 ffl( .~ ~l ,2(i+l)2’ b ‘ c ’ ’  b

Note that for 4h ,i we have used the trick described in note 4 of theorem 4

in order to satisfy (2.10).

2. Use of Cowe ll’s method .

If f is independent of y ’ , i .e. f(x, y, y’) = g(x, y) define ~~ Eh ÷ E~

D~ ’
4(~ ))

/ 

~~+l 
- 2 g. +.

~~~~~~

E ~f 1 
h2 

i- i 
- 

~~ 
(g(x

~~1, ~i-l~ 
+ l0g (x

~
, ~ )

+ g(x1~1, 
~~~~~~ 

i = 1 , 2, ..., N

\r2(D~’
4(C)~ D~’

4(~))

In this case we rely on theorem 2 because 
~~~~ 

z) = 4~{F(z)} + 0(h4) only

for z € E ) z” = g(x , z).

3. Extending the solution outside the interval [a - ~~, b + c] (from an

unpublished paper by~H. Keller , V. Pereyra , comunicated by V. Pereyra).

To be able to use symetric and identical formulas to approximate

v = 1 , 2 at all gridpoints x1 (including the gridpoints close to the boundary)

one can extend the numerical solution to “artificial” gridpoints outsi de

the interval (a, b) by the basic formula
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- 2y~ + y 1
h2 

— - (x , 
~
‘n~ 

— 0

Suffi ciently many exterior points are introduced , so symmetrical and identic al
approximat ion formulas for the first and second derivative of any z € E can
be used for all gridp oints needed . Now introduce 4h i ’  i L 2,

r1 (D~~2(1+1)(~), D~’2~~~~ (~ ))

= D~
’2
~~~~’(~ ) - f (x~. 

~~ 
D~~

2 1 ) (~ )) i = 1~ 2, ..., N

r2(P~ I2(1~~~(~), 01~2(i~1)(~ ))

Then

0 2s-2 
2 — 1

~h i~~h 
z) = 

~h{ F(z)  + f. .(z) h~} + O(h ~ )
j (i+1).p 13

0with a proper defini tion of and

Numerical results

Ihe following special cases of (1)

(A) 
y
” - f(x , y, y ’) = 0

y(a) = a y(b) = B

(B) 
y
” - f(x, y ,  y ’)  = 0

y(a) = a y ’(b) = B

were discretized by formulas analogous to those above . As the boundary

conditions for these cases are simpler than in the general case , somewhat
different discret izat ions are used here :

(A) x . = a + i .h i = 0, 1 , ... , N h = 
b — a
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~i+l 
- 2~ + 

~i-l ~i+l - 

i l ) = 0
h2 

- f(x~, ~~ 2h

i = l , 2, ..., N — l

- = 0

and

h = 
2(b -(B) x .~ = a + i .h i = 0 , 1 , ..., N 2N — 1

- a = 0

~i+l 
- 2

~i + 
~i- i ~i+l 

- 

~i~l) =
h2 

- f(x
~

i ~~ 2h

- 

~N-l - B = 0h

The perturbati on operators we use are

(A) -

E
= ( D 4(~ ) - f(x~ ~~ 

D1 ’4(~)) i = 1 , 2, ..., N - 1 )
(B) 

~~~~~~

= ( D~’4(~) - f(x., 
~~~

, D1 ’4(~)) i = 1 , 2, ..., N - 1
II ~ i

\ D~’4(~) - B

The systems of non-linear equations obtained by the discretization
were solved by Newton iteration and the initi al approximation 0 was used .
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The iterations were terminated when the last correction In the iterations

was less than ~~.

The perturbed problem was solved by a modified Newton iteration ,

where the LR-factorization of the final iteration matrix obtained in the

solu ti on of the unperturbed problem was used . As initial approximation

the solution of the unperturbed problem was used and the i terations were

carr ied on un ti l  an estimate of the iteration error was either less than

one tenth of the estimated discretization error or less than e. All

quantities were measured in the maximum norm .

In the table below the entries of the column “Number of iterations ”

stan d for the num ber of iterations for the unperturbed problem/number of

iterations for the perturbed problem.

The following differential equations were solved:

(Al ) y” = 

~ 
(y + x + i )~ y(O) = y (l) = 0

exact solution : y(x) 2/(2 - x) — x —

(Ciarle t, Schultz and Varga (1967))

(A2) y’1 = y3 - sin (x ) * (1 + [sin(x)]2) y(O) = y (~) = 0

exact so lu t i on : y(x) = sin(x)

(Pereyra (1968))

(A 3 )  y” = - 1 - O.49(y ’ ) 2 y(O)  = y (i) = 0

exact solution : y(x) = j—
~
-
~
j- ln( c05~~~~~~~5?

5fl)

( B e l l m a n , Kalaba ( 1965 ))

(B]) y” = 
~~ 
(y + x + l)~ y(O) = 0 y’(l) =

exact solution: y(x) 2/(2 - x) - x - 1
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The problems were solved in single precision on an IBM 360/75 with

N = 10 and =

Prob lem J Actual error l I I bEstimated errorl I 
~~~~~~~ 

I Solution i I
Al 7.3 . l0~ 7.1 . lO~ 4/2 1.7 •

A2 2.38 . lO~ 2.36 . l0~~ 6/2 1

A3 1.059 • lO~~ 1.060 • l0~~ 3/2 1.3 . 10
_ i

Bl 1.12 • 1O~ 1.04 iO~ 4/2 1.7 . 10
_ i

Obviously one can get very good error estimates at a low cost for these

problems . All the problems are very simple with fairly rapid convergence

of the Newton i terations for the original discretization. In more

difficult cases where it may be essential to have a good initial guess for

the solution the quotient of the amount of work for the unperturbed

problem to the amount of work for the perturbed problem may be much

bigger.

No experiments have been done with iterati ve improvement for this

class of problems .

4.3 Two-dimensional elliptic boundary value problems

We will discus.s two classes of problems on rectangular regions.

All problems discussed are assumed to have unique smooth solutions ,

however some numerical results for a problem with a non-smooth solution

wi ll be p resented .

The existence of smooth error expansions for discreti zations of

elliptic problems are discussed in Volkov (1957), Stetter (1965), Hofman

(1967) and Pereyra (1970).
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4.3.1 Problems non-linear in u only

Cons ider

v2 u = f ( x ,y, u) (x , y)E~~
u = h(x , y) (x, y) E ~

where

2 2
= +

= [0 x ~ 1 , 0 ~ y ~ II

~ the boundary of c~
Assume that f and h are such that the solution u E C2~(c2).

In our operator formalism we have

0F: E ÷ E

E C2~(~ ) ; E0 = C( c~) x C(a~)

w ith the norms

2s vmax ~v z(x~~y)1I I Z I 1 E 
= (x y ) E v=0 V~ ~=o ~~ ~y

V~U

max 
~g

1 (x , Y)I + max 1 g0(x , ~)III g II 0 = (x , y) E (x, y) E ~
where

/ g 1 (x , y) (x, y) ~ ~g = (  I
0g (x, y) (x, y) C ~ j

1 
~
2 z - f(x , y ,  z) (x , y) E n

F(z)  =~~

z - h ( x ,y) (x, y )E a ~~/

/
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Introduce 
~h 

E Eh Eh 
=

z = (z (x
~
, 
~~ i = O(l)N , j = 0(1)N)

x.~ = i.h i = O (l)N

y. = j•h j = O(1)N

h = 1/N

= max k~ I
h O~i~N

0~j~N

and

0. 0 0E ÷ Eh ; E~ = ~~~~ x RN+l x RN+l x RN x RN

i = l (l)N — 1
= l( l)N -

g0(x 0, y~) j = O (l)N

~~g =  9°(x N~~Yj
) i=O(l) N

g°(x~, y0) i = 1(l)N 1

g°(x1, 
~~ 

i = l (l)N - I

for g € £0 as above .

1 1 H 0 = max [I~~~I;i = l (l)N - 1 , j = l(1)N - 1 ,

01
~~ I;i 

= O(1)N, I~
2
I;i = 0(l)N,

03 . 04Iy
~ 

l ; i = 1(l)N — 1 , y~ I ; 1  = l(i)N — 1]

where
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1 1 = 1 (1 N —

~ij j = 1(1 N - 1

01 
= o(l)N

= j = 1(1)N € E~

= 1(l)N -

i = 1(l)N - 1

Defi ne

~h h~~~Eh

~i+lj - ~ij+l - 
4
~ij 

+ &i l j  + u - i  
- f(x., y., c . . )1 3 13

i = l (l)N — 1 , j = 1(1)N — 1

= 
Oj - h(x0, ~~ j = 0(1)N

- h(xt~
, ~~ 

j = O(l)N

~i0 - h(x
~
, y0) i = 1(l)N — 1

~iN 
- h (x

~
, 
~~ 

i = l ( l)N - 1

One can easi l y ver i fy that

0 2s-2

~h~~h 
z) = 

~~~~~ 
+ ~ f.(z) h3} + O(h2~~~)j=2 ~

Let

I = l ( l )N — 1 , i = l ( i)N — 1

~0j 
- h(x 0, ~~ 

j = 0(l)N

= 

~N.j - h ( x N, ~~ 
j = O(l )N

~iO 
- h(x1, y0) i = 1(l)N - 1

~iN 
- h ( x 1, 

~~ 
I = l (1)N - 1
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where ~~~. .: E R.
ij h

We will consider three different alternatives for

1. = ox 2’4 (~) + DY2’4 (~) 
- f(x , y~

, 
~~~xi,yj ~~~~ 

I

where DX and DY are operators of the kind discussed in section 3. It is easy

to veri fy that

~~~~ 
z) = ~~{ F(z ) }  + 0(h4)

for all z E E.

+~~ +42. 
~~~~ 

= 

~~i-l j-l + 4
~i-lj i— i j+l ~ij-l 

- 2oF;
~i 

+ 4
~ij+l

+ 
~i+l j-1 + 4

~i+lj 
+ 

~~~~ ~+1
)/(6h2)

- ~~ [f(x~~~, y~~1, ~i-1 
+ 4f(x. 1, y~ , 

~i-1 ,j~,j—l 1

+ f(x~~1~ ~~~~ ~i-1 ,j+ 1~ 
+ 4f(x

~
, y
~_ 1 , 

~ij-l~
- 20f ( x 1, y

~
, c . .) + 4f(x

~
, ~~~~ ~i ,j+ l~

+ f(x. , y
~~1, ~i+l ,j-l~ 

+ 4f(x1~1, ~~ ~i+i ,j~1+1

+ f(x1~1, y~÷1, ~1~1 ,i+1 fl - f(x1, y3 , ~~~~~~~

One can show that for the solution u of F(u) = 0

~ij~~h 
u) = v2 u(x~ y~

) - f(x
~
, y~, u(x 1, ~ )) + 0(h4)

so

~t’h~~h 
u) = ~~{F(u)} + 0(h4)

for the solution u of F(u) = 0. In this case we have to rely on theorem 2,

while for perturbations 1 and 3 we can rely on both theorem 1 and theorem 2.

Further one can show that

2s -2
~h~

t
~h 

u) = ~~{F(u) + E fE ,j(u) I
~
3} + O(h2S_l )

j =4
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We have used the ninepoint operator to approximate the Laplace

operator V 2 . For notation and the results below see e.g. p. 321 in Bjorck ,

Dahiquist (1973).

We have

2 4
v~~u = v 2 u + h 

i2 +0 (
~~

But u = f(x, y, u) so

= f(x , y, u) + h2 V
2 f(x, y, u)/l2 + 0(h4)

Thus if we use the ninepoint operator to approximate v2 f(x, y, u) we get

u - f (x , y, u) - ~ v~ f(x, y, u) 0(h4)

which gives the result above .

3. = o~’~~c + OY~’~~(ç) - f(x
~
, y

3
, ~~

then

~h~~h 
z) = t~ {F(z)} + O(h~ )

so if q 
~ 
2
~

(v max + 1) we can take

E
4h ,v~~~~h ~~~~~~~~~~~~~~~

and make Vmax iterative improvements .

Numerical results

The problem above with f = 0 and h(x , y) = sin(x) sin h(y)

+ cos h(x) cos y - (x 2 - y2)/2 was discretized as above (Kronsjo , Dahiquist

(1972)). The system of linear equations obtained was sclved i teratively

with SOR with optima l relaxation parameter , and to get an initial approxi-

mation we interpolated the boundary values linearl y. The i terations were

terminated when the residual was less than ~~.
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The perturbation operators of both I and 2 above were used . The

perturbed problem was solved wi th the same method but now we used the

solution from the unperturbed problem as initial approximation and the

iterations were terminated if an estimate of the iteration error was

either less than y times the estimated dis~cretization error or less than ~~.

The errors were measured in the maximum norm.

The calculations were performed in double precision on an IBM 360/75

with N = 10 and some different values of c and y. The entries in the column

“Number of iterations ” stand for the number of iterations for the unperturbed

problem /the number of iterations for the perturbed problem.

Actual Estimated Number ofPerturbation E Error Erro r Itera tions

lO~ 0.1 l.51.l0 ’
~ l.4O.1O~~ 32/7

1 
l0 10 1o~ l.~i.1O~ 1.5O.1O~~ 44/21

io~ io~ l.27~1O~ 5.3~l0~ 21/i

lO~ 1O~~ l .47 iO~~ l.36~l0~ 24/8

io
_6 

iO~ l .5l•l O~~ l.50~lO~~ 29/14
2 4 4 4l0 10 l.5l•10 1.5O~l0 32/18

l0~ 0.1 l .5l~l0~ 1.4O~10~ 32/7

io 10 io~~ 1.5l~lO~~ l.50•l0~ 44/21

Note that there is no difference between the results for the two different

perturbations . Further note that to get a reliable error estimate we must

get the iteration error sufficiently small. The estimation algorithm can

only estimate the discreti zation error, not the i teration error. In fact,

there is a danger of amplification of the iteration errors when we apply
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the operator to the solution of the unperturbed problem . Note also that

we can save some work by terminating the iterations for the perturbed problem

early, i.e. by choosing a larger value for y.

Analogous results were obta i ned for Laplace equation with derivative

boundary conditions on some of the sides of the unit square .

The same problem was solved wi th iterative improvement , using the

perturbation operators 
~h ,v ’ 

v = 1, 2, ... according to point 3 above . We

used ~ ~~~~ y = l0~~ ~nd some di fferent values of N and q. The tables

below give the maximal errors in the successive iterates for the iterative

improvement.

N = 10 1 ________ 
Iteration_numbe r 

_________ _________

q = 8  0 
_ _ _ _ _  

2 3 4 5 6

Error 1 .5 1O~~ 1.2 5.4 io 8 7.8 10~ 1.4 l0~ 2.7 lO~
10 5.6 i0~~

Number of
Iterations 52 40 37 31 26 24 22
in SOR

N = 10 
________ ________ 

Iteration_ number 
________ ________

q = 4  0 1 2 3 4 5 6

Error  1.5 1.2 lO~ 6.6 io 8 6.9 io 8 6.9 io 8 6.9 io 8 6.9 io 8

Num ber of
Ite ra t ions 52 40 37 30 24 20 19
in SOR

N = 20 
________ ________ 

Iteration number 
_________ _________

g = l 2  0 1 2 3 4 5 6

Error 3.8 lO~ 7.6 l0 8 4.2 lO~~ 9.0 l0
10 2.7 10-10 99 lO~~ 4.0 lO~~

Number of
Iterations 102 80 62 51 48 45 43
in SOR
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N = 20 
_________ ________ 

Iteration number 
_________ _________

q = 8  0 1 2 ~~~ 3 4 5 6

Error 3.8 lO~~ 7.6 io 8 3.4 lO~ 5.2 i0~~° 9.8 i0~~ 2.1 i0~~ 4 4  io 12

Number of
Iterations 102 80 62 51 47 43 41

I i n SOR

‘~ote 1 In all cases but one (q = 12) we have made more iterative improvements

than suggested by theorems 3 and 4. In the theorems it is implied that q

s’~oul d be chosen such that  q ~ (maxima l number of iterations + l) .2. Further

note that we improve the accuracy of our solutions even after the suggested

maxima l number of iterations has been exceeded . For q = 4 e.g., only one

improvement is reasonable according to the theorems , but the second iterate

has a considerably much smaller error than the first. This astonishing result

is a lucky coincidence in the construction of the perturbation operators

v = 1 , 2 For almost all the gridpoints (a ’l but the points

closest to the boundary points) the formulas we use are of order 6 (rather

than of order 4) for all functions u such that V 2 u = 0. A similar result

hol ds for q = 8. If 
~~~~~~ 

u) = O (h~) we cannot increase the order of

accuracy of our so lutions by making extra iterations , however the “error

constant ” can in some cases be decreased in this way.

Note 2 In the cases q = 8 and q = 12 the maximal errors in the last three

iterations occur close to the boundary . At the interior points the errors

are much smaller. The explanation for this is that for the points close to

the boundary we have to use non-centered approximations to the derivatives ,

whi le at th e interior points we can use symmetric approximations.

Note 3 There is a certain amplification of the iteration errors when

is applied to the solution . The larger q is the larger is this
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amp li f icat i on . Further the larger q is the larger are the “error constants~’

for the formulas employed close to the boundaries . These facts may explain

why we get better results wi th q = 8 than with q 12 for N = 20.

4 .3.2 The min imal surface equation

As an exerc i se in how to p rocee d i n a more d if fi cult case we

consider

~ 2~~~ 
÷ fr [ ~ 0 (x ,y ) ~~ ci

/l + u
~~

+ u  / l + u + u

u = (cos h2(y ) - x2)112 (x , y) ( ~
where

ci = {O x 1 , 0 y l}

In vector operator notation the equation reads

V . [ y ( IV U I 2 )V u] = 0

where

— a a

= (1 +

Note tha~ the exact solution is

2 2 1/2u(x , y) (cos h (y) — x )

and that u
~ 

has ~ singularity at x = 1 , y = 0. The problem is discretized

and solved according to Concus (1967) in the following way :

Introduce the gridp oints

x. = i~ h I = O(l)N

y .  = j.h j = O (1)N

where h 1/N.
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Approximate the differential equation by

f~~ = r~-~-(2u~~ - u1..1~~ 
- 

~ i j  l~ 
+ YT+l ]-(2u

~J 
- u1+1~~ 

-

+ ij+i (2u
~~ 

- u ...1~~ - u 1~~41 ) + YT+l ,-3-÷l (2u
IJ 

- u 1~ 1~~ 
- u1~~+1 )

= 0 , i = 1 (l)N — 1 , j = l(l)N — 1

where = y (IVu~ -~) denotes -y for the mesh cell with center (I - 1/2 ,

j - 1/2 ) ,  wh ich is evaluat ed by use of

1 2 2
~u = —

~~
- [(u

n 
— u

~~i . )  + (u~~ 
—

2 2
+ (u1 ~~ 

- 
~~~ ,j-l~ 

+ (u
~~i ~ 

- u~ -l ,j-l~ 
]~

This approxima tion is consistent of order 2 w ith the differential equation .

The boundary condition s are represented by

= [cos h 2(y~) - x~)
L’2 (x

~ 
y.) 

~ a ci

The sys tem of nonlinear equations above are solved iterati vely by computing

the (k + flth approximation to ~~ from

f r k~l k~ l k k
k + l  

= 
k 

— 
1~ Lu 11 ...~~ uu_ 1 ,.~ ~~~ ..., uN ,N_ l

~ 
k+1 uk+l u k ~

k 
~

u 1 1 j
~ l ,j ‘ N ,N— l

where ~ is the relaxation parameter . The initial approximation was obtained

by linear interpolatio n of the boundary values and the iterations were

termi na ted w hen the last correc ti on was ~ess than e.

The follow i ng basic discreti zation formula was used for the

perturbation operator

Introduce the notation

= 

~~ i = o (l)N, j = O(l)N)

and
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DX 1 ’4 (i; )

— 
~~~~ =

— 1 4 1 A —

v i  + (DX ‘ (~~ ) ) C .  + (DY ’ ’~
’ (

~
;) Y. —

x 1 ,y~ x~ ,y~

DY 1 ,4 (~)
- 

x
~
,y. 

i = O(l)Npy (~) — 1 A 1 A —

~~ 
+ (Dx ’ ’’ (c))~~ + (DY ’ ’~ (c))’ 

—

x 1 ,y~ x 1 ,y~

Here DX and DY are operators of the type described in section 3. Further

= DX 1 ’4~~( Px(~ ))  + 
~~~~~~~~~~~~ = l (i)N - 1 , j = i (l)N - 1

No te that with proper definition of

ij ~~h 
z) [ a 

~~ + u~ + u~ 
~~~ 

+ 
~ /l + u ~ + u~ ~~~~~~ 

~~ 
+ 0(h4)

is the hisic discretization opera tor for the perturbations . The

~)erturbed problem was solved with the same iterative method as the unperturbed

problem , but now we used the solution of the unperturbed problem as initial

approximation and terminated the iterations when an estimate of the iteration

error was either less than y times the estimated discretization error or

less than L . All quanti ties were measured in the maximum norm .

The problem was solved in double precision on an IBM 360/75 and we

used E = io 8, y = lO~~ and some different values of N and w .  The entries

i n the column , “Number of Iterations ,” refer to the number of i tera tions

for unperturbed problem /number of iterations for perturbed problem .

N Ac tual Error Estimated Error Number of Iterations

10 1.7 4.3~1O~~ 8.9~l0~~ 55/28

40 1.87 2.3~ lO~~ 5.O•l0~~ 147/71
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The maximum error was obtained in the vicinity of x = 1 , y = 0. Due to the

singularity of U
x 

at that point we cannot expect to get very good results

(or good error estima tes) in that region . However , for the rest of the

unit quare much better results and error estimates were obtained . Below

the results at some representive points are tabulated for N = 10 and

= 1.7 .

x y Solution 
— 

Actua l Estim a ted

0.2 0.6 1.17 1.lO.l0~~ l.l6.1c14

0.5 0.2 0.89 l.l3.l0~~ l.9O l0~~
0.5 0.6 1.08 4 .64 .lO~~ 4.5O •l O~~
0.8 0.2 0.63 l.24 .l0~~ 1.7l~ lO~~
0.8 0.6 0.88 1.48.iO~~ l.38~lO~~
0.9 0.3 0.54 4.l.10~~ 8.9~iO~~

Analogous results were obtained for the same problem with au/ax = 0 at

x = 0 and unchanged boundary conditions on the remaining sides of the

unit square .

4. 4 Parabolic partial diffe rentia l equations

Consider

u~ = f(t , x , u, u
~
i Uxx

) (t , x) E ci

u(a , t) f 1 (t) , u(b , t) = f2(t), t 0 ; u ( x , 0) = h(x ) ,  a ~ x ~ b

where ci = [a  < x < b , t > O } .  Assume that f , f 1, f2 and h are such that

u ~
The d e f i n i t i o n  of spaces , norms and operators for our operator

formalism is left as an exercise for the reader.
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We wi l l use the method of lines to discretize the problem in space

and then solve the system of ordinary differential equations so obtained

with two simple methods ; the explicit Euler method and the implicit backward

Euler method . It is plausib le that for sufficiently small h (discretization

parameter ) there exists a smooth expansion of the global discretization

error for both these methods (Stetter (1965), Keller (1970)).  However ,

the mair’ advantage of implicit methods is that one can use large time steps

and still obtain accurate results . For realistic stepsizes in time there

are , to my knowledçje, no general results on the existence of smooth expan-

sions for the global discretization error. The system of differential

equations that was obtained by the method of lines is stiff and hence

results on error expansions for numerical methods for stiff systems of

Ordinary differential equations may be useful for our methods. For such

problems a d is cuss ion of error expansions for large values of the stepsize

h (not only asymptotically) for impli cit one-step methods can be found in

~:dhl quis t , L indberg (1973). These questions warrant further study that are

outside the scope of this report.

Here we assu me the ex i stence of s u ff ic ientl y smooth error ex pans i ons

for the methods and stepsizes we use and proceed under that assumption to

estimate the global discretization error with our algorithm . Numer i cal

results indicate that the assumpti on is reasonable.

4.4.1 The method of li nes w i th Euler ’ s method

Discre t i ze the prob lem accor di ng to
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x~ = a + i .h; I = 0, 1 , ..., N; h = 
b a

t~ = j .k;  j = 0, 1 , ... ; k = c•h 2 c ~ 0.5

u(x 1, t~)

- 
1~3 - f ( t x u 

- 

~~1 ,] 1•f1~J - 
2u~ + u

111 =
k j’ 1 ’ ~i’ 2h ‘ 2h

i = l( l) N — 1 , j  = 0, 1 ,

u10 
- h(x .)  = 0 i = 0 (l ) N

u0~ 
- f1 (t~) 

= 0 UNi 
- f2

(t~ ) = 0 j = 1 , 2,

This is an explicit method so we simply proceed one time-level a time

comp uti ng accord i ng to the formula above .

The pertur bations are defi ned accordin g to:

Introduce = I = 0(1~N , j = 0, 1 , ...)

= DT 1 ’2 (d - f(t., x., c . . ,  DX 1 ’4
t ~ DX2’4 (c))

13 ~~ 
. 3 1 13 x 1, .

i = 1 (l)N — 1 , j = 0, 1.

Here the operators DT~ ’~ , Dx~ ’~ are of the type discussed in section 3.

For the interior grid points we have e.g.

DT 1 ’2 ( ) = 

— 
ij - l

x1 ,t. ~ 2k

1 ,4 
= ~i- 2j 

- 8
~i-lj + 8

~i+lj - 

~i+2j

The perturbed problem is so lved in parallel with the unperturbed problem .

Several alternative perturbations exist , cf. section 4.1.

The prob l em bel ow was solved on an IBM 360/75 using double precision

arithmetic. We used N = 10, and c = 2.5/iT2.
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= Uxx 0 < x < ~~ t > 0 u(0 , t) = u (ir, t) 0

w ith the following ini tial va l ue functions h(x)

(1) h(x) = sin(x)

exact solution: u(x , t) = e t.sin (x)

(2) h(x) = x(iT - x)

exact so lution: u(x , t) = 
~ (2n - i~~

3 e 2n-l)2t sin(2n - l )x
n=i

(3) 1x 0~~ x~~ ii/2
h (x) =

- x ii/2 < X ~ iT

exact so lution : u(x , t) = ~ (..l)(m-l~~2.,~! sin (m x).e m t
m=1 (2) m

The tab les below give the maximal errors for selected time levels for the

diffe rent prob lems .

Problem ~1 N 10 , k = 0.025
t Actual Error Estimated Error

0.05 2.05~ l0~~ 2. l3 • l0~~
0.20 7.05•l0~~~ 7.46•l0~~

0.50 l .30• l0~~ 1.35. l0~~
0.75 l.52~10~~ l .56•l0~~

Problem #2 N 10, k = 0.025
t Actual Error Estima ted Error

0.05 2.6~l0~ 8.4•l0~~
0.20 2.2~I0~~ 3.4~l0~~
0. 50 3.2~ l0~~ 3.6~ l0~~
0.75 3.9~10~~ 4.3~l0~~

~ . -.--
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Problem #3 N = 10, k 0.025
t Actual Error Estimated Error

0.05 3.7.10
_2 

l.2.10
_2

0.20 1.6.10-2 4.9•lO~~
0.50 9.8.l0~~ 3.l.1c13

0.75 8.3•l0~~ 3.l•10~~

For these problems the amount of work needed to get the error estimate is

approximately equal to the amount of work needed to solve the unperturbed

problem .

From the numerical results it is obvious that the estimates are

not very reliable for test problem 3 where the initial va l ue function is

not smooth ; for the other two problems the error estimates are quite good .

4.4.2 The method of lines with the backward Euler method

Discretize the prob lem according to

= a + ih ; i 0(l)N h = (b -

t~ j .k; j = 0, 1 , ...; k c.h

u~~ u(x 1, t~)

u1~~ 1 
- u~3 - f(t 

u~.,.1 j+1 — u~_ 1 j+ l
k ,j+i ’ ~~~ u~~÷1~ 2h

u - 2 u1+1 j+l ij+l i-1 j+1 - 0

i = l(1)N — 1 , j = 1 , 2,

u~0 
- h(x1) = 0 i = 0(l)N

- f 1(t~) = 0 UNj - f2(t~) = 0 j = 1 , 2,
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The system of nonl i near equations that is obta i ned in each time

step is solved by Newton iteration . As initial guess we use the solution

at the previous time level and the iterations are terminated when the last

correction is less than £ .  The maximum norm is used to measure all

quantities.

Introduce the notation

= (~~~; i = 0(l)N , ~
j = 0, 1 , ...)

The basi c discretization for the perturbation operator is

~iJ+l 
2k 

- f ( t  ~~ ~~~~~
, DX 1 ’4

~~
(
~
), DX

~
’4t (~

))

i = 1(1)N — 1 j = 1 , 2,

The operators DX~ ’~ are of the type discussed in section 3.

For the perturbed problem we use modified Newton iteration to solve

the system of nonlinear equations obtained in each time step . As initial

approximation we use the solution of the unperturbed problem and termi nate

the iterations when an estimate of the iteration error is either less than

y time s the estimated discretization error at the current time leve l , or

less than £ .

The problems below were solved in this fashion.

(1) u~ = (2 + sifl(u ))U + (1 — sin(u))u

0 < x < 1T/2 , t > 0

u(0 ,t ) = 0 ; u( TT /2 , t) = e
_t 

t > 0

u(x , 0) = sin(x) 0 ~ x ~ ir/2

exact solution : u(x , t) = e t sin(x)

(Kolar (1972))
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(2, 3, 4) Burger ’s equation

u = - u u  + v u  0 < x < i T , t > 0t x xx

u(0 , t) = u (iT , t) = 0

u(x , 0) = s i n ( x )

exact solution:

~ exp(- v n2 t)n I (-~).sin(n x)
u(x , t) = 4v — 

n-

+ 2 
n~l 

exp(- V n2 t)In(
~;

)•cos (n x)

The functions ‘n ’ n 
= 0, 1 , ... are the modified Bessel functions . (Cole

(1951)). We have used the following values of v:

(2) v = l

(3) v = l / 8

(4) v = 1/16

In the calculations for the tables below we have used c = l0 6, k = 0.1 and

some different values of N. The computations were done in double precision

on an IBM 360/75. The maxim um errors at some different time levels and the

number of iterations for the unperturbed /perturbed prob l ems are recorded in

the tables .

Prob lem # 1 , N = 10 , k = 0 .1 ______________________

t Actual Error Estimated Error Number of iterations

0.1 3.2 . 10~~ 2.6~ l0~~ 5/2

0.5 6.6.l0~~ 5.8.l0~~ 6/2

1.0 4.0.10~~ 4.2.10~ 6/2

1.5 2 .22~ l0~~ 2.l9.l0~~ 5/2

2.0 1 .22•~~’~~ 1 .2l.10~~ 5/2
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Prob lem #2 , N = 20 , k = 0.1 ______________________

t Actual Error Estimated Error Number of Iterations

0.1 1.1.10 -2 7 .5~10~~ 3/2

0.5 1.9.10-2 1 .6.10-2 3/2

1.0 2.0.10-2 l.8.10
_2 

3/2

2.0 1.4.10-2 1 .3.l0
_2 

3/2

4.0 3.9~ 10~~ 3.8~l0~~ 2/2

6.0 8.3 10~~ 8.5 l0~~ 2/2

8.0 
— 

l.6 l0~~ l .7 l0~~ 2/2

Problem #3 , N = 20 , k = 0.1 
_______________________

t Actual Error Estimated Error Number of Iterations

~~~~~~~~~T~~~~~~
. 3. l0 3 3.8~10~~ 3/2

0.5 1.5.10-2 l.4.lO
_2 

3/2

1.0 l.8. lO
_ 2 l .5 . lO _ 2 

3/2

2.0 1.7.10-2 l.6.lO
_2 

3/2

4.0 2.5.10
_2 

2.6.10-2 3/2

6.0 l .5 . lO _ 2 l .6. lO _ 2 
3/2

8.0 9 .7 l0~~ ~~~~~~~ 3/2
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Problem #4, N = 20, k = 0.1 _____________________

t Ac tua l Error Estimated Error Number of Iterations

0. 1 4 .5• l0~~ 4 .l.l0~~ 3/2

0.5 1.8.10-2 1.7 .10 -2 3/2

1.0 2.6 . lO _2 
2.3 .10-2 3/2

2.0 1.9.10
_i 

3.5.10
_i 

3/2

4.0 l .l•l0~ l .4.10~ 3/2

6.0 3.9. 10
_2 3.8. 10 2 3/2

8.0 2 . l . lO _2 2.2 .10 _2 
3/2

Al l the estimates above are very good , ex cept for problem #4 where for

t 2.0 we get estimates that are approxi mately twice the actual error.

This problem developes a fairly sharp front with large derivatives with

respect to x. When the front disappears the estimates become quite reliable

again.

Note that the amount of work needed to find the error estimate is

quite small compared to the amount of work needed to find tne approximate

solution .

For large values of N we need approximately N3/3* (number of

iterations for the unperturbed problem ) operations to find the approximate

solution and N2* (number of iterations for the perturbed problem) operations

to get the error estimate.

4.5 Hyperbolic partial differential equations

For the commonly used discretiza tions of initial-boundary val ue

problems for hyperbolic partial di fferential equations , I know of no

extensive discussion of the existence of smooth expansions of the global
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discretization error. Some very interesting results are given in Gourlay ,

Morr is (1968) and Skollermo (l975a , 1975b). In essence the main difficulty

seems to be how to represent the numeri cal boundary conditions (i.e. the

extra boundary conditions imposed by the numerical scheme) so the errors

due to that representation (these errors are not smooth) is sufficientl y

sma l 1

For the method of characteristics some authors have used extrapolation

to increase the accuracy , see Lister (1960), Werner (1968), Smith (1970).

The results of this section are of an experimental nature , and no

rigorous mathematical analysis is attempted. The numerical results indicate

that by careful choice of the perturbation operators one can obtain good

error estima tes for problems with smooth solutions. A further study of this

class of problems may prove .‘ery fruitful.

Consi der the ini Li al-boundary value problem

u
~~

= a  U t~~~0, 0~~ x~~ 1

a > 0

u(x , 0) = f(x) 0 ~ x ~ 1

u(1 , t) = h(t) t~ 0

and use the discretization

x1 = i.h I = 0, 1 , ..., N ; h = 1/N

= j•k k = 0, 1 , ... ; k = c~h

u(x~, t~)

— 

- a 
u
~÷1~ 

— ~~~~ 
= 02k 2h

u~0 
= f(x

~
) i = 0(1)N

UNj h(tj) j= 0, l , ...
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This is the leap-frog method . Note that to be able to compute the

approxima te solution with the formula above we must , in some way, find

u~1 i = 0(l) N (extra starting values )

and

u0~ j = 1 , 2, ... (numerical boundary values)

If the extra starting values are computed with a sufficiently accurate

method we have

= u(x
~
, t~) + h2 e(x1, t~) + h1

~
’ +

where

= O(h m ) m = min(4, ~ + 1)

~ depends on the method we use to find the numerical

boundary values

= (-1)’ C (x
~
, t~) where C is a smooth function

(adapted from Skollermo (1975a)).

We have made some numerical experiments with our estimation algori thm for

this discret izat ion.

To construct the perturbation operator we proceed in the

following way :

Define

= i = o( 1)N , j = 0, 1 , . . . )

= = 0( l )N , j = 0, 1 , ...)

= 

~~ i+lj 
— 
~~_ 1~ )/2h~ I = l(1)N — 1, j = 0, 1 , . . .)

Note that when we app ly o to the non-smooth error term hU .c of the expansion

above we get
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= (
~

l) ’
~

1 •C x (Xi
~ 

t~).h~ + 0(h 2
~~)

As the basic discretization for the perturbation operator we now use

~~~
. .(

~~~) 
= DT 1 ’~~ (~) 

- a D~ ( o ( ~~) )
13 x1, . 

~~

where

- 
Ui

DX (6(c)) = ~ ct . 6is sj

is a linear combination of some of the components of 6 ( e )  such that

DX ( o ( A h z )) is consistent of order 4 wi th z (x i, t. ). The c fficientsxi , tj X 3

are independent of h so

h~ ~~~(c) = (
~
1)
~~~

(
~
c
~

(x 1, t~) 
- a c ( x 1, t~)) h~ + 0(h~~

4)

= 0(h°)

This choice of the perturbation operator insures that no serious loss

of accuracy in the error estimate is caused by the irregu lar error term

~~~~

The theorems of section 2 do not cover this kind of error expansions

and perturbation operators , but they could easily be modified to do so.

The following problem

0 < x < 1 , t > 0

u(x , 0) = s in(2 iT x) 0 < x < 1

u(l , t) = sin(2 iT t) t > 0

w i t h the exact so lution u (x , t) = sin(2ii (x + t)) was solved wi t h the leap-

frog method .

First we extended the solution to the half plane t ~ 0 and used the

period icity of the exact solution to find the numerical boundary values , i.e.
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= UNj j = 1 , 2,

We a lso used the periodicity to simplify the formulas for the perturbation

operator

This prob lem was included to see if our algorithm would work in

the case where the numerical boundary condition did not introduce a non-

smooth error term . Two ways of finding the extra starting values u .~1,

= 0(l)N were tested ,

I . u
~1 = sin (211 (x~ + k)) i = 0(l)N

i.e. values from the exact solution.

II. u~1 = u~0 + ~ A (u
~+i 0 

- u~~1 ~~ 
+ ~- A~(u~~1 ~ 

- 2U~0 + U~~ 1 ~~

with A = k/h

i .e. the Lax-Wendroff scheme .

In tables 1 and 2 the maximal errors for some time levels are given for

these cases.

In the next experiment we did not use the periodicity of the exact

solution , but used the fol l owing two formulas to find the numerical boundary

values

A . u0~~1 
= u0~ + A (u 1. - u0~) ; A = k/h

i.e. the explicit Euler scheme .

B. u0~÷1 + u 1~~ 1 - ~(u 1~ +1 
- u0~÷1

) = u0. +

- A (u 1 . - u0~) A = k/h

i .e. the Box scheme .

The Lax-Wendroff scheme was used to get the extra starting values

u 11 , i = 0(1)N. In tables 3 and 4 the maxima l error for some time levels

are recorded.
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In all the calculat ions for the tables we used

h = 0 .025 k = 0 .01875

and the computations were carried out in double precision on an IBM 360/75.

Ta b le 1 , startin g procedure I

t Ac tual Error Estimated Error

0.15 l.38.l0~~ l .4l.l0~~

0.75 8.3l.l0~~ 8.27.10~~

1 .5 1.70.l0 2 l .7l.10 2

3.0 3 . 41 . 1 0
2 

3 . 4 2. 1 0
2

Table 2, starting procedure II

t Actual Error Estimated Error

0.15 l.7l .l0~~ 2.l8.l0~~

0.75 8.52~ l0~~ 9.29•l0~~

1 . 5  l . 7 0. l 0
2 

1 . 7l . 1 0
2

3.0 34.4l.l0 2 3.42.10 2
_-—

Ta b le 3 , boundary scheme A

t Actual Error I Estimated Error

0.15 l .7l~ l0~~ l .72~l0~~
0.75 8.7l•lO ~~ 1.15 .10 -2

1. 5 2.28.l0 2 2 .63.l0 2

3.0 3.43.lO
_2 

4.69.l0
_2
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Table 4 , boundary scheme B

t Actual Error Estimated Error

0.15 1.7l~ l0~~ l.72•l0~~

0.75 8.37~ l0~~ 9 .09~ l0~~
1.5 1.69.10

-2 
l .73.lO

_ 2

3.0 3.37.10
_ 2 

3.45.10
— 2

T he nonlinear prob lem

0 < x < 1, t > 0

u(x , 0) = 1 — x 0 < x < 1

u(1 , t) = 0 t > 0

with the exact solution

u(x , t) = (1 - x)/(1 + t)

(Gourlay, Morris (1968)) was solved with the leap-frog method . We used the

Lax-Wendroff starting procedure and the Box scheme for ca lcu la t ion  of the

urll erica l boundary values .

The discretization error was estimated as above. For h = 0.05

an d k = 0.015 the maximal errors for some time levels are recorded in the

ta b le below .
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Table 5

t Actual Error Estimated Error

0.15 3.l.l0~~ 3.3~10~~
0.75 3. 1.l0~~ 3.6 • l0~~
1.5 2.2 . l0~~ 3.2~l0~~
3.0 l.9.l0~~ 3.2~10~~
4.5 2.0 .l0~~ 3.9 • l0~~
6.0 l.9. l0~~ 4.6 • 1c15

7.5 2.0.l0~~ 6 .0 • l0~~

4.6 Inte g ral Equat i ons

Fir st cons i der Fredho lm ’ s integral equations of the second kind

b
y(x)  - A I K(x , t) y( t )  dt - f(x) = 0

a

with the following discretization

= x~ = a + i .h , i = 0( l )N ; h = (b — a)/N

(~~ 
hA 

j=0 ~ 
K (x1, t~) ~ 

- f(x~) ; i = 0( 1) N )

where 1N = 1/2; = 1 , j = l (l)N - 1 .

We have used the trapezoidal rule to approxima te the integral in the equation

above .

Cons truc t the pertur ba t ion operators

= hA ~Z
0 ~~ 

K(x 1 , t~) 
~ 

- f(x 1 ) ; i = 0(l)N)

v = 1 , 2,
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Here the coeffi cients ~~~~ are such that

N b S +1
= I ~(t) dt + E f.(~) h

3 + 0(h 5 )jv 
‘~ a j=2(v+ l )  ~

The system of linear equations obtained for the unperturbed problem

is so lved by Gaussian elimination. The LU factorization of the coefficient

matrix is saved for use in the ~-~‘uence of perturbed problems .

The un perturbed problems takes approximately (N + l)~ / 3 operations

(ignoring the number of operations needed to compute K(x 1, t~)~ i = 0(l)N ,

j = 0(1)N and f(xj, i = 0( l ) N)  whi le  each of the iterations in the iterative

improvement takes approximately 2(N + 1) 2 operations ( ignori ng the number

of operations needed to calculate the coefficients of the perturbation

operators , approximately 3 [2(v + l)]2).

The jv are best computed as weights of a composite quadrature

formul a of order at least 2(v + 1). The length of the in te rva ls for the

basic quadrature formulas are M.h , where M has to be a factor of N (M may

be equal to N). The coefficients of the basic formulas -can be obtained

as the solution of Van der Monde systems of linear equations in the same

way we obtained the coefficients of the differentiation formulas of section

3.

In Van der Slu is (1972) a discussion of asymptotic error expansions

for quadrature formulas of this kind can be found , and in Laurent (1964),

Stetter (1965) asymptotic expansions for the global discretization erro r

for our method are discussed .

The problems below were solved on an IBM 360/75 in double precisi on .

All problems are taken from Netravali , de Figueiredo (1974).
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(1) y(x) - 
0
1 xt y(t) dt - (eX - 1) = 0

exact solution : y (x)  = eX

(2) y (x) - I xt y( t )  dt - (sin (iTx) - x/ rr ) 0
0

exact solution : y(x) = sin(iTx)

(3 ) y (x) - f  x4 eXt y(t) dt - (x - x3[eX (l -~~~
) +~~

]) 0

exact so lution : y(x)  =

(4) y (x ) - I x4 eX~ y(t) dt - (s in ( iTx)  - 
iTX~~e X 

2~~ 
= 0

exact solution : y (x) = sin(iix)

We have used N = 16 and record below the maximum errors in the successive

iterates .

Error  i n  I terate Number
Pro b lem

0 1 2 3 4 5 6

1 2.2 l0~ 2.1 10 6 2.1 l0~ 2.0 ~o~~
2 1.1 1.6 io 15 7.1 lo~~

2 1.5 10~~ 1.4 10 -6 1.4 l0~~ 2.7 io 11 2.7 l0~~~ 4.8 io 15 3.2 io~~
6

3 2.3 l0~ 2.3 l0~ 2.0 l0~~~ 1.8 l0~~~ 1.6 10
_ li 

1.6 l0~~~ 7.5 l0~~~
4 6.6 l0~~ 5.7 l0~~ 5 .1 l0~~ 4 .8 l0~~ 4.3 l0~~ 3.7 io 13 7.5 10~~

Note 1 The coefficients j = 0, 1 , ..., N , V = 1 , 2, ..., Vmax can

a lso be made i ndependent of v if they are chosen as ct,~,,, = W~ , j = 0, ..., N ,

where
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N b
~ w . ~p(t.) = I ~p (t) dt + 0(hu)
j0 ~ a

and ~ ~ 
(v + 1)•2.

Note 2 The technique described above can be used for other discretizations

of the integra l equation , us ing e.g. non—uniform grid points xi., i = 0, 1 ,

N. We can also use the same technique for other types of integral

equations , e.g. nonlinear , as long as the assumptions of theorem 3 or 4 are

satisfied. Essentially we require smoothness of the exact solution and a

smooth error expansion for the solution of the discretized problem .

Consider nonlinear integral equations of the type

b
y(x) - I K(x , t, y(x), y(t)) dt - f(x) = 0

a

with the following discreti zati on

t~ = x~ = a + i.h , i = 0(1)N , h (b — a)/N

N
= ( — h ~ a. K(x ., t., 

~~~
, ~~) 

— f(x~) ; i = 0 (1)N)
3 0

where

aD = a
N 

= 1/2 ; a .  = 1 , j = 1 (l)N - 1

The system of nonli near equations obtained is solved by Newton iteration .

The perturbations are constructed analogously to the perturbations

for the linear prob l ems above , and the system of nonlinear equations obtained

for each perturbed problem is solved by Newton iteration . The iterations

are terminated when the iteration error becomes less than ~ .

The problems below were solved in this fashion on an IBM 360/75 in

double r~recision.
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( 1 )  y (x)  - I x .t .y(t) 2 dt - 3x/4 = 0
0

exact solutions : y(x) = x and y(x) = 3x

(Moore (1968))

(2) y(x) - ~ i ~~x 
y(x)2 y(t)2 dt - eX - e2X (e 2 

- l)/(4(l + x )) = 0

exact so lution : y(x)  = eX

(artificial)

We have used N = 10 , ~ and recorded below the maximum errors

in the successive iterates .

error in iterate number
Prob lem

0 1 2 3 4 5 6

1 0.5.10 2 0.5~ l0~~ 0.5.l0
6 0.5.l0 8 0.5.10 10 0.5.l0~~

2 0.5•l0~~~
2 1 .2.i0 2 

~~~~~~~~~ 3.0.l0 6 4 3 l 0~8 6.4.l0 10 9.3.l0~~ 8 7 1 0 -11

Note 1 With N = 10 one cannot expect to get the error less than 0(h 11 ),

which is obta i ned after fi ve iterative improvements . For problem 1 , howeve r

the sixth ite rate improves the accuracy as much as the previous iterates .

This astonishi ng result is due to the fact that in the error expansion

~h ~~h y) = ~~{F(y) + h~ ~.(y)} 
+ O(h M

~~)
~j = (v+ 1) .2

we have q~.(y) = 0 for the exact solution y of the integra l equation . This

happens because the quadrature rules that are used for v = 1 , 2, ... are

exact for polynomia ls of degree three or less and for the exact solution

the integrand is t3. cf . note 1 after the numerical results of section

4.3.1.
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5 . Concludin g remarks

In the final stage of the work wi th this report we got a prelimi nary

version of a paper , “Iterated defect corrections based on estimates of the

local di scret i za ti on error ,” by R . Frank , J. Hertling and C. W. Uberhuber ,

report number 18/76 from the Institut fur Numerische Mathematik , Technical

Un i vers i ty of W i enna , Wienna , Aus tri a . There the authors consider an

algor i thm very similar to our algorithm for i terative improvement. However

their perturbation operators (or approximations to the local discretization

error) are computed differently. For the two point boundary value problem

y” = f(t, y) y(0) = A y(1) = B

with the discretization

- A

~~~
. ~~~~~~~~

= 
i~ 1 

- f(t., 
~~~

.) = 0 1 = 1 , 2, ..., N -

h 1 1

- B

they define locally smooth functions P~(t , ~~ k = 1, 2, ..., N - 1 that

interpolate the solution n° of = 0 at some points surrounding

x = X
k • Then they compute the local discretization error as

= (P
~

(t k l ,  n°) - 2P
~
(tk, n

0) + P
~
(tk+l , n°))/h2 - (P

~~
)” (tk , n

0)

k = l , 2, ..., N - 1

The succeeding approximations to the loca l discretization error (corresponding

to our approximations 
~~~~~~~~ 

v = 2, 3, . . .)are computed by the same
technique , but now higher and higher order interpolation is used to defi ne

the functions P~(t , ri ) .  The polynomials P~(t, 
V ) do not need to be

computed explicitly but the second derivative can be computed by forming

L
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linear combinations of the components of n V , as we do when we approximate

linear functiona ls.

In our notation (cf. section 4.2) they define families of perturbation

operators 
~h ,v ’ 

v = 1 , 2, ... according to

/ ~ - A

~~~~~ = ( ~k-l - 
2
~k 

+ 
~k+l - D~~

2+2V(~) k = 1 , 2, ..., N - 1

- B

Note that for any z E E

~h~~h 
z) = ~~{F(z) + 

j=l 
f~(z ) h2~} + O(h M+l )

where

0

f~(z) = 
(2j + 2)! Z

0

and

~ v~~h 
z) = ~ f.(z) h 2~ + ~ f .(z) h2~} + O (hM~~j- 1 ~ j=v+l VJ

(if D2 ,2
~

2” uses points symmetrical ly distr ibuted around t k ) with proper
k

definitions of 
~h 

and t~~. The improved solutions are computed according

to

= 0

- 

~~~~~~~~~~~ 
= 0 i = 1 , 2,
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Our theory does not cover this type of perturbations , but theorems similar
to ours could be proved wi th our technique for this algorithm. 
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