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I . INTRODUCTION

In this report we present some results of our investigations of
structura l phase transformations in media forced to experience time
dependent dens ity cha nges .

Our ult imate goals are i n predi cti ng strain and temperature ampli-
tudes in army relevant materials which undergo structural phase trans-
formations. While those ultimate goals have not yet been achievea ,
preliminary results give promise of some interesting physical interpre-
tations , and novel military appl i cations. We shall report on those
prel i m i nary resul ts , and their possible applications , here.

Phase transformation physics has progressed from a mature and , to
some, stale branch of thermodynamics , to the very l ively study area
of propagating correlated states 1 ’2. Those propagating correla ted
states can be described by constant shape solutions (called solitons 3)
of a nonl inear equation which model s the interatomic potential and
statistical mechanics of the transform i ng medium .

The approach taken here will be that of the middle ground . Rather
than follow the soliton approach , which has not yet been applied to
media of dynamically vary i ng geometry (i.e. time dependent strain),
we will proceed by i ncorporating some of the more modern aspects of
phase change physics into a continuum mechanics framework.

Our interest in phase change phenomena stems from optical fuze train
considerations. Picatinny Arsenal has an interest in developing an
optically excited detonator containing only secondary explosives (for
safety reasons). A typical design L~ of an optically excited detonator
is shown in Fig 1.

0

th in metallic l ayer of “~ 1000 A

Q - switched
fi ber opt i cs ‘

~
‘
~~

explos i ve

l i ght pipe
Laser signal — -.  

.. - .-— 

Cmetal iTTca si

Figure 1. Typical design of an optically excited detonator.
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In that design the thin metall ic l ayer (e.g. aluminum) absorbs the
burst (approximately 25 nanosecond pulse width ) of optical energy ,
gets heated beyond its vaporization temperature , and expands. That
expans ion causes a compressive shock wave to enter the explos i ve
resulting in initiation of detonation .

Unfortunately, the power requirements of the optical detonator
system, illustrated in Fiq . 1 , for an explos ive SuCil as RUX , are
approximately ~‘ 5 4J/cni~ (25 nanosecond pulse width), making the desi gn
of a small (and thus small system mobile) laser initiation system
difficult.

Consider the thin metallic layer shown in Fig. 1 for the case of
optical energy deposition small compared to the metal ’s vaporization
energy. In this case,~,the pressure induced into the explosive is
proportional to the Gruneisen parameter, r , of the metal ( r
w i t h  ~ the thermal energy density ). Imagine the layer to be 1O~~ cmthick , 1 cm in d iameter, and to possess a typical r of 2. For an
absorbed fluence of 10-2 J/cm2 (10~ ergs/cm2) the cgs pressure generatedin the metal is given by*

P = re 2 i0~ cgs = 2.6 ~ ~~ 
dynes (1)

~ (1)2 1O~ ’ cm

or P = 2.6 kbar (1 bar E106 dynes/cm2). For a specific heat of 0.215
cal /gm°K (0.90 J/gmoK), corresponding to alum inum , the absorbed fluence
would result in a temperature rise of

2.7 ~~- (1)2 10~~ °K 52°K. (2)

*The va l ue of 2.6 kbar could never be achieved in practice under the
stated conditions and 25 x iO~~ sect optical pulse width. This is
becausc the approximate acoustic transit time through the layer (1O~~cm/S x iO~ cm/sec) is 10-2 times that of the laser pulse width so thatthe generated pressure would be “leaked ” away acoustically before the
energy deposition process is completed ( in practice one might expect,
with other considerations neglected , a pressure of 102 x 2.6 kbar or
26 bar). The example is given in order to numerically l ead into phase
trans ition considerations , rather than to understand the detailed physics
of laser generated pressure.

~



where we have used a density of 2.7 gm/cc (aluminum)in the calculation .

The 2.6 kbar pressure of Eq. (1), w hen assoc ia ted w ith a pressure
pulse of less than 10~~ sec durat ion , is incapable 6 of initiating
detonation in secondary explosives. The minimum pressure required is
of the order of 20 kbar.

In Fig. 2 we show Cruneisen parameter for Tir~i as a function of
temperature . The curve was obtained ~ by measur i ng the therma l ex pans i on

coefficient while the TiNi alloy was
A undergoin g a structura l transformation

at approximately 60°C and atmospheric
F pressure (during a cooling cycle).

30 
— Clearly a Grüneisen parameter va l ue

associated with the transition peak
I in Fig. 2 , when substituted into

20 
~ 

Eq. (1), would meet our minimum
pressure requirements for initiation

/ of detonation in secondary explosives .
10 — / . The difficulty is that the large r

J \.. values occur over a temperature range
— - - -

~~~ of approximately 5°C while , from Eq. (2)
0 . .  . p ~ the energy deposition is expected to

30 50 70 9(1 result in a temperature change* of
Fig ure 2. Gr~ine isen parameter 

approximately 50°K. The implication
vs temperature for Ti Ni. From being that the large F values are
Pa ce an d Saun ders 7. only effective ove r a small  frac ti on

of the energy deposition process.

The di scuss i on conta i ned in the above paragraph i llus trates the
essent ials of our fi rst involvement wi th struc tura l phase transforma ti on
physics for shock wave related fuze train 9 applications. Clearly,
wh i le there i s promi se for an enhancemen t effect for small energy
depositions (so that the resulting temperature change does not carry
one beyond the transition region), the effects di scussed so far  do
not offerafly promise of say enhancing 2 kbar to 20 kbar.

There is another approach to be taken. That approach is , however ,
muc h more d iff i cul t, and requires a deep understanding of phase trans-
form?tion physics. Materials such as TiNi , when they undergo a phase

* The specific heat also undergoes large variations in magnitude over a
small temperature range in the region of the transition temperature8.
Because those variati ons occur over so narrow a temperature range, the
discussion based upon the 500K result of Eq. (2) remains valid.

3
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transformation either give up energy to, or absorb energy from the
surroundings. That energy is known as the latent heat of transformation ,
and for TiNi (51 atomic percent Ni) the latent heat is 5.8 Cal/gin
(exothermic on cooling) ’ ’’0 . Now the quest ion becomes can we pum p
(i.e. force) the transformation with a shock wave in such a way tha t
the l ib era ted hea t of t rans format i on serves to re i n force the shock
that served to trigger the transformation. A similar situation occurs
with the detonation process in explosives - except in that case the
integrated heat of transformation is of the order of lO3Cal/gm .

Figure 3 illustrates what we have in mind . Energy density and
pressure have the same units. Thus 5.8 Cal/gm , for a med i um of 6.5
gm/cc (N1T1), i s equi valen t to a thermal pressure of

5.8 ~-~-1- = 38 ~~~~
-
~
- = 160 -

~~~~
-
~

- = 1.6 kbar. (3)

Consider a sla b of NiTi alloy , an d su ppose tha t a pressure pu l se  of
amplitude 0.5 ~~

‘ 1.6 kbar is traveling to the right. In the differential
volume A assume that the pressure pulse triggers the exothermic trans-
formation. The result of that triggered transformation could be a
transformation induced pressure pulse of 0.5(x~j1.6 kbar traveling to
the left, and a similar pulse traveling to the right. If the correct
conditions prevail the two right propagating pulses (the orig inal
pulse plus the transformation pulse) could reinforce , resulting in a
net pressure pulse of 1.6 kbar. An adjacent differential volum e could
gi ve sim i lar rei nforcement - the net resul t bei ng a pressure pulse of
avalanchin g ampl itude.

There are a number of conditions which must be fulfilled in order
for the avalanch i ng process to proceed. Wh i le we wi l l not now dwel l
on those con di t ions , let us s imp ly mention that transformation induct ion
time and the post transformation thermal equilibrium relaxation time
are physi cal parameters wh i ch are im portant to the avalanc hi ng conditi ons .

There are a num ber of other potenti al m i l i tary app l icati ons of
structura l phase transformations. One such application involves the
130 kbar trans i t i on 11 ,12 i n i ron allo ys of low si l i con and iron content.
That transformation offers the possibility of tailoring armor (or
impacting fragments) so as to control free surface spallation for
offensi ve or defensive pur poses; by controll i ng a transformati on
relaxa tion parameter one can apparently control 11 the shar pness of
the unloa ding (rarefaction) shock and consequently, to some degree ,
control spall behavior. We shall coniiient further upon such applications ,
and the relevant transformat ion physi cs , wi th i n the main body of
thi s report.

4
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II. CONTINUUM COUSIDERATION S

In this section we will consider some continuum aspects of static
and dynamic phase transitions . We will begin by study ing a relatively
poor , but instructive , model for a transition forced by a propagating
strain. Our main interest will be in further evaluation of the
possibility of reinforcement ava lanching as illustrated in  F i g .  3.

Consider a one-d ir~iens ional problem characterized by

P0 ~~
-
~
-
~~

- — c(x,t) -
~~

-
~~

-
~~

- = f(x ,t), (4)

c(x,t) = c0 
+ ct(x,t) [c , - c0 } , (5)

where p is mass density , u is particle displacement , c is an elastic
cons tan t, f dentotes a viscosity functional , and the subscripts zero
and one denote pre and post transformation states respectively , a can
take on numer i cal values between one and zero an d i s mean t to model
the physics of the transformation. In writing Eq.(4) we have assumed
an ideal* secon d order ~3 ph ase trans i t ion  so tha t there i s no vo lum e
discontinutity associated with the transition , an d w it h the conse quence
tha t the mass density reference state is p

0 
regardless of the phase.

Figure 4 gives an idea of the intent of Eqs. (4) and (5). It is
known from ex per imen t ‘~~~ that tension raises the transition temperature
(and consequently compression l owers the transition temperature ) in
TiNi .

*Ideal second order transforma ti ons are character i zed by volume and
entropy changing continuously through the transition. The result of
that continuity is zero volume change and zero latent heat in going
through the transition. Although we have seen that the Nih trans-
formation does possess a non-zero latent heat we will assume , for
the purposes of modeling with Eq. (4), that the volume chan ges
con ti nuousl y.

6
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In our physics pi cture we allow , for exam p le , a compress ion pu lse
to enter the solid which is initia ll ly at a temperature T0. The
temperature T~ is assumed to be only slightly below the zero stress
trans iti on temperature Tc. We further assume that the compression is
strong enough to change the transition temperature to a value Tc ,,

where T
~, 

< Tc,. The change in transition temperature with stress is

very dramatic; for 55 percent (weight) nickel NiTi alloy, ex per imen ts”~show ~T/~P ~ 15°C/kbar. Thus a shock ampl i tude of only a few kilo-
bars is all that should be required in order to pump a near room tem-
perature transition .

We now proceed to model a in the form

a(x ,t) = 
[1 

— exp - ~(x,t)t (6)

where is a critical strain energy density , T is a relaxation time
characteristic of the transition , an d c i s the impresse d stra i n ener gy
density . Expanding c~ to first order in (ct) gives

1)
0 - c0 Li +i f~. - .~~! ~ f(x,t). (7)

Even though it is known 7~~8 that attenuation (viscosity ) is strong in
the transition region we set f = 0; we have not yet considered possible
physical models for non zero f.

The strain energy density , c , is proportional toI-~
- 

2 

, and

serves to make Eq. (7) a formidable partial differential ’equation.
As a consequence we are forced to consider two different approaches
to solu tions. The first is analytic and very approximate , and the
second i s v i a coarse fin it e d i fference techn iq ues .

A . Approximation I. We approximate Eq. (7) with

P0 - c0 ( 1 + ~t ~ 
-~~~~~~ - = 0, ~ = const. (8)

Eq . (8) is , neg lectin g the effect of fi n it e f, a reasonable approximation
to the physics for the following two conditions: 8



a. The frequency , w , associated with the strain is so large tha t

~ ~-1 holds. Under this condition we can argue that the transforming
medium sees an mi s average strain rather than individual peaks and troughs.

b. ~ > 
~c’ 

so that the strain effect on the transitio n has reached
saturation ari d is of little further consequence. This condition re-
quires that t < in order that the a approximation used in Eq. (7)
remains valid.

Neither of the above two conditions w i l l  be sat isf ied by the subsequent
algebraic manipulations , but as the result offers a hint of releva. .t
material behavior we shall proceed .

Substitute u(x ,t)  = 1(t) x (x )  in Eq. (o) with the result

2 c1 d l  — 2 2  o d’-~ff+~EJr ~V - -~~~ = —  
~~~~~~~ , 9

where -m 2u 2 is the separation constant . m is a dimensionless number

and is a constant with units of angular velocity . T is a dimension-

less functthnal while x has the dimensions of length. Thus

y~(x) ~ exp imu 0x (10)

and the I part of Eq. (9) can be rewritten as

d21
+ y T  = 0  (11)

with y = (1+~t).

Equation (ii) is Airy ’s equat ion and its solutions can be written
in the form15

T (t) = A U ,(Y,1) + BmU2(Y~2)~ 
(12)

where m2 w 2 1/3
( 1+ st) ,  (13)

wi th U 1 and U2 being linearly independent and tabulated 15 . The
solu tion u(x ,t) is constructed by suming the product Tm(t)Xm(x) over m.



Let us now evalua te B for the special exaggerated case of c 1=2c0.

We also allow ~ =

c1 =2c 0 ~~..1 (14)

~ ~c 
T

V = (m2w 2t2)
hI’3 

( 1 + t/ r) .  ( iS)

From the le ft hand side of Eq. (9) we see

d2T
= — m2

~~
2 

, (16)

so that if we identify u as the angular frequency of the applied

disturbance (evaluated at t=o) there is justification *for cons ider i ng
only the mn contri bution to u(x,t). We thus proceed with the subscript
m dropped .

* The amplitu des Am and Bm are determined by the orthogonal i ty of the
- 

set of functions of Eq. (10). Let

u(x ,t) = ~ I Ct) x (x).
~ 

n n
Multiply both sides by exp [ ± i m o x ,~.2. , and integrate

over x

Thus 
I: ± 1fl1w

0
X ,~~ — u(x ,t)d: 2it z Tn (t)x m o (n-m).

Tm (O ) >
~i 

= 
~~
— fe  

±imw 0x/~
i 

u (x,o) dx .

The above result implies that , for an ideal disturbance which at t=o
is a pure sinusoid (of angular velocity w ) filling all space , the
solutions are characterized by A , and B, geing the only amplitudes
which do not vanish identically. While that ideal case can never be
achieved in practice (in a typical experiment the t=o disturbance
resides only within the boundaries of a transducer), the ideal case
serves as the foundation for concentrating our attention only on the
m=1 component of the solution.

10
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From Eqs. (10), (12), (13), and (15)

u(O,O) = AU 1 {(WT)
2/3, 1 1 + Bu2[(w~~)

2/3, i] , (17)

au(O,t) A (W T)2/’3 u~ [(~~t)
2/3 11 +

+ 
~ ~~~~2/3 U~ [(~~T)

2/3. 1 . (18)

The U funct ions have the properties 15

U, (0,1) = 1, U2 (0,1) = 0, (19)

UI (0,1) = 0, U~ (0,1) = 1. (20)

We now make the “hydrodynamic ” approximation of (w T) << 1 (which

is contrary to the condition ® which follows Eq. (3) ) so that
from Eqs. (17) and (19)

u (O,O) = A , (21)

and from Eqs. (18) and (20)

~u(O,t) = 
B (~~~)

2
~
’3. (22)

It has already been assumed , see Eq. (16), that the disturbance
may be characterized at (x,t) = (0,0) by

• au(0,t) w u(0,0). (23)(~, 0

4
Eq. (23) is a rise time statement rather than a requirement that the
applied disturbance be a plane wave sinusoid. Thus

u(0,t) = u (0,O) [u1(v~1) + (w T)~~
3 U2(Y,1) J , (24 )

11



—

p
which predicts that in the hydrodynamic approximation u(0,t) has the
time dependence of U,(V ,1). Figure 5 displays that time behavior.
From Eq. (15) we see that , for t>0, our interest resides in Y>0 for
c1=2c0.

In order to judge the importance of the physics modeled by Eq. (8)
we must compare displacements with and without the presence of the
modeled phase transition. That comparison can be achieved by assuming

c 1=2c0 1
, = 

C

-
~~~ 

-- 
~~~~~~~~~~~~~~

• ,•- 

~ 
—

~~~~~~~~~ V— 2 0~ 2

_

-

2/3
(~~ ~) (2w T )

0 0

Figure 5. U,(Y ,1) and U2 (Y ,1) vs V .
(~~ 

T )
213 corresponds to t=O for c 1 = 2c

and (2w 0t)
2”3 corresponds to t=O for

= 2c 1

U(0,t) u(O,0)cosw t (25)
in the absence of a transition , and inquiring as to the value of t
(which we call t1) at which U,(V,1) achieves it first node. From
Eq. (15) with m=I, and Fig. 5,

(~~~)
2/’3 (1+ t1) = 2 (26)

12



For (w ~~) = 0.1 we thus have0

(27)1 + 10 (wt , ) = 
(0.1)2/3 ==~~ t, = P.:~~~~

w
0

t compares to a time of i~/?w 
= 1.57w for the node to be achieved

1 0 0

in the absence of a transition . Tha t di fference i n ti me i ncreases
as (~~ -r) decreases.

0

The above analys i s shows that the modeled trans iti on serves to
accelerate changes in the displacement u(o,t). That accel eration may
be viewed as a rudimentary form of avalanching . For the c1 = 2c0 case

that avalanching is limited by the oscillatory behavior of U2(Y,1)
for Y>O . It should also be noted that the result of Eq. (27) v i ola tes
the conditi on s (which follows Eq. (8) ). Tha t condi ti on was
important for interpreting the physics appropriate to the model of Eq. (8).

One can also consider the (exaggerated ) elastic constant crange
of c 1 = c0/2. Such a change can be obtained by requiring (see Fig. 4)

- T I

‘ T -  T I > 1 ,,_ c 1 = 
c0 (28)

( 0  c 1~
rather than

IT - T I
IT
O 

- T ~ < 1 ~~~~~ c 1 = 2c0 (29)
c it

as i llustrated i n the two examp les of Fig. 4. For the change
c = c /2 , Y and u(o,t) become16 , subject to the same assumptions as
1 0

in the discussion of ci = 2c0,

V = (2w T ) 2/3 (1 - ~ ), (30)

u(o,t) = u(o,o) [u1(Y ~i) - (2w t ) 1”3 U2 (V ~1)J . (31)

EquatIons (30) and (31) correspond to decreasing V for increasing t.Here the avalanching effect is quite dramatic (see Fig. 5) in thatU,(Y,1) Is unbounded for Y<0. As with Eq. (24), Eq. (31) suffers inthatits use violates conditions 
~~ and ® which follow Eq. (8).

13



However, regardless of the violat ion of those conditions , the above
results hint at a type avalanching behavior consistent with Fig.(3).

B. Approximation II . We now will attempt to apply crude finite dif-
ference techniques to Eq. (7) with f = 0. Our objective being to gain
physical insight beyond that capable with Eq. (8).

In Eq. (7) with f =0 substitute v0
2 C0/I’o, v 1 2

H .~~.)
2 

and C
c 

Mr~~. Il is to be identified as an elastic

constant , a critical strain value , v 1 the long itudinal sound velocity

in the transformed medium , and v0 is to be identified as the pre-

transformation longitudinal sound velocity. The result of the
substitutions is

c taut 2 -i

a 2 u — 2 2 2 I t~-~~) I a 2u (32)w _ v o ~~~~~ 
+ ( v~~ - V  

~~
i—

~~~~~~~~ i ~~~~~LT T’c J

We now employe the so-called ’7 characteristic stretching trans-
format ion

~~~x - V t , ~~E ciVt. (33)

We further define

q’ (~~~~,i ) - ~~~~
. . (34 )

The concept associated with Eqs. (33) is that of a disturbance
characterized by an almost constant phase velocity V; that is we
seek solutions of Eq. (32) which have only weak c~ dependence (andconversely a strong ~ dependence). This is equivalent to assuming

small (and neglecting terms in a2) .  If, for exampl e, the non-
linea r term in Eq. (32) were zero, then a solution would be exp (ik~)with k constant and a identically zero. In other words we seek
solutions which are only slightly removed from plane waves .

Substituting Eqs. (33) and (34) into Eq. (32), with a2 terms
neglected , gives

2aV2~ + [(v
2 — V2) + (v12 - v 2) ( ~~~~2) } ~ = 0, (35)

14
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I

where

I VT . (36)

Stra i ght forward finit e differencing of Eq. (35) results in

‘I’ 
~ n’ m~ j 

=

- ~F , - F2 c v 2 ( .
~~ 

)1 
[
~~~n+i~~m ) 

~n~
c
n)]. (37)

m J

where

F 1 
V2 - V 0

2 
, and F2 

v1 7- v 2
0

2aV2 2czV2Can
2 (38)

o and ~ are mesh d imen s i ons an d are def i ned by

~m+1 
= 

m + 
~ 

, and ‘~n+1 
= 

~n 
+ ~~ (39)

Rewriting Eq. (37) with the time derivative single stepped backwards
gives

y(n,m) - ‘r(n,m-1) = fG, - G2cm~P
2(n,m)] ‘V (n+1,m) +

- [& , - G2~m ’V2(n,m)J ‘v(n ,m), (40)

where
-
~~ F1 and G2 ~ F~ . (41)

Thus , solving Eq. (40) for ‘v (n+1,1) — ‘v(n ,1)

~(n÷ i , i) — ~(n,1’ = ~tn,1) — ‘v(n,o) , 
(42)

—

If the disturbance enters the transforming med i um from the left
at (x ,t) = (0,0), then the t=0 strain ,j’L,vanishes for x>0. We thus

ax
set v (n ,O)=0 for n>0. Furthermore, for -t S ma o and c, = aV~ Eq. (42 )
becomes for n>0

15



~(n+ 1,1) - ~(n ,1) = ~jnJ~) - 

~~ 

v i 2z v
o2]

1 
. (43)

For 1 2 ~~2 and m
a 

> 1, assuming v 12 - v 2 V2 -v 0
2 

, Eq. (43) can

be approximated by

}(n+ i,1) - + (n,i) 
~ 

‘V(fl:1) + ~~~~~ 

~
]. 

(44 )

Or

‘V (n+ 1 ,1) ~ ‘1 (n,1) + 2at 4- i ‘1’(n,l) +
6 V2~ v0

2

+ 2 ~ ~3(n,1J 
1V2(v 12 _v

0
2~ (45)

a 
~~~~ marr c

2 
[1V

2 - v02 ) 2 
~

The second term on the r ig ht of Eq. (45) gives a purely coordinate
system dependent linear strain contribution to the space dependent
strain growth. The third term on the right contains the transformation
physics(agai n coordi nate system dependent because of the presence of a)
contribution to the spatial strain growth. The third term is cubic
in the stra in , positive for c 1 = 2c0, and negative for c 1 = c0/2.

Equation (45) predicts , for t < -r (which allows the approximation
of Eq. (44) ), stra i n as a funct ion of position for a medi um undergoi ng a
strain pumped transformation. It is consistent with spatial avalanching
in that it contains a cubic strain contribution to the strain growth.
An intelligent choice for V could be an experimentally observed18
vel ocity for propagati on of a dynam i c transformati on .

The two continuum approximati ons considered in this section hint
that shock amplification can occur in the presence of a strain pumped
structural transformation.

• III . LATTICE CONSIDERATION S

Sol id-solid phase transformations occur via two possible micro-
scopic mechanisms . Broadly stated the mechanism of transfromation
related atomic motion may be classified as either diffusive or diffusion-
‘less.

Diffusive transformations ,such as that associated with the formation
of pearl i te in low carbon content iron alloys , are slow processes~

9.
Conversely, diffuslonless transformations , such as that associated

16



with martens ite formation in quenched steels 19 , can occur qu ite
rapidly 18 ,19 The near room temperature transforma ti on i n almos t
stoic hiometric Nih is of the diffusionless variety ’0 ’8 and i s often
calle d a “martens i ti c trans i ti on 10 ’8.

A rough idea of the maximum transition time for a transformation
to be im portant to shock wave physics can be obtained by considering
the planar impact between two half-centimeter discs of identical
mater ial as shown in Fig. 6. The impact initially produces a compres-
sive shock of pressure amplitude ~0VU5/2 (see F~ig. 6 for definitionof symbols), and that pressure is reduced to zero when 20 the re-
flected shock , of pressure amp l it ude - P O VU 5/2 , uncovers a previously
compressed differential volume . A differential volume is thus at
pressure for a time t1 where t1 ~ ~~~ Thus , to the extent tha t
shock pressure triggers the transition , the transition must occur
in a time less than t 1 . For z~= 0.5cm and U~ 

= 5xiO5 cm/sec , t 1 <

2~sec.

Another gross criterion for shock pumping a transitio n , with con-
sequent reinforcing of the original shock , can be stated . If the
transformation can propagate at a velocity approximately equal to or
greater than the shock velocity , then shock pumping with reinforce-
ment is a possibility . If the shock transformation propagates at a
velocity considerably less than the shock velocity , the transition ’
may be pumped , but reinforcement probably can not occur.

It is of interest to compare diffusive transformation numbers
with the above veloc ity criterion. For a concentration n the diffusion
coefficient 0 is defined by Fick’ s equation

= 0  
~~~~ (s-

) 

. (46)

For a diffus ive displacement mean free path 2. and corresponding mean
free time t , Eq. (46) can be approximated by

n - 
n

(47 )

Thus , for a diffusion velocit y V D defined by V D 
= 2./-r , we have

V0 
= 0/2.

For a solid or iiquid the relevant mean free path is approximately
a lattice parameter (3x10 8cm), while for a gas minimum ~. i s ident i-
fied as the mean mo l ecular separation. For an SIP gas 9. ~ 3.5x10 7cm.
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Table 1 lists the three different ranges of the diffusion constants
with the resulting diffusion veloc ities.

Table 1

Diffusion Coeff ic ient a and Veloci t y

VSu bstance D 0

gas 0.2 cm2/sec 5.7x105 cm/sec

liquid i0~~ 3x102

solid 10 12 3x10 5

a Diffusion coefficients obtained from American Inst. Phys. Handbook ,
0. E. Gray , editor (t ’ lcGraw — Hi ll , New York , 1972). Third edition.

It is obvious , from Table 1, that shock pumped dif fusive trans-
formations in liquids and solids are not expected to give rise to
re i n forcemen t*. As our interest is in solids we will now consider
some physics of diffusionless transformations.

Phonon Formulat ion. While diffusive processes are charac~erized byrandom atomic (or molecular) displacement , diffusionless processes
are assoc iated with coherent (the opposite of random ) displacements.
The displacements are coheren t because there i s a defi n it e phase
relationship between the disp lacive transitions of neighbori ng atoms .

The thermal vibrations of the atomic constituents of a crystalline
(lattice) solid can be described21 ’22 by a set of independent harmonic
oscillator states. The degree of occupancy C and the corresponding
vibration amplitude) of each state is a function of the oscillator

* Gases, with STP acoustic velocities in the region of 3.3x1O~cm/sec ,would appear to be prime candidates for reinforcement. Perhaps that
is the reason why explosive detonation in gaseous mixtures is so
easy to achieve.
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V

frequency and the temperature . The smallest* change in occupancy of
a given state is cal led a phonon 21 ,22 The elementary (i.e. differential)
oscillations of each phonon in a given state are exactl y in phase
( i .e.  coherent) , and summing over the different states gives the net
vibration of the crystal with respect to its center of mass.

The displacement x of a simple harmon ic cscil lator of mass m
obeys the differential equation

+ w2x =0 , w
2 = (49)

where w 2~if with f being the oscillator frequency , and K is the
“spring constant. ” The spring constant can be expressed in terms of
elastic constants which are in turn a function of crystal structure 2 3 , 2 4

(or equivalently a function of the interatomic potential). w is a
function of the state variable , and for an ideal solid has a functional
dependence as shown in Fig. 7.

* A change in occupancy , (AN)q causes a chan ge i n state energy v i a

(SE) = (AN)  hf(q

where h is Plank’ s constant , and f (q) is the oscillator frequency
for the vector state ~ (A N)q 

= 

~ i 
defines the addition or

subtraction of a single phonon with respect to the vector state of q

20
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In this section we will be interested in shock wave effects in
those lattice solids which have the property that ii —

~~~ 
o as T—ø Tc

and ~~~ for some critical temperature Tc, and a critical state

vector 
~~ 

, where I~ > 0 . Such behavior is related to
a structural instabi l i ty 2 5

______ (such as associated with a

~ ~~~~~ phase transition) and is not
a property of an ideal lattice

I ‘ -~-- .~ optic branch as illustrated in Fi g. 7. A
solid having the above propertyI 

~~~~~~~ 
is said to possess a soft mode25’26 .
There is a point of view 27 that
all phase transformations , in-
c l u d i n g  the liquid ~—*gas

7 

acoust ic  The “mode ” is said to

transformation , can be descr ibed
in terms of soft mode physics.

ch be soft because , from Eq. (49)>bran 
, when ~~~ 0 the spring constant K

also goes to zero (i.e. the
_________________________ spring becomes soft). As the

o vib rational restoring force is
q

a proport ional to K, K —4 0 implies
that the displacement does not

Fi gure 7. Fre quency spectrum return to zero . A displacementin [iooJ direction for an idea l not returning to zero is con-
cubic lat t ice of unit cel l  dimen - ceptua lly equivalent to a
sion a. structural transfornat~on. For

subsequent analysis we shall

employ the functional form 25

~ ( ~) = A (T - Tc ) + B I q q \ 2

- %c ) (50)

which exhibits the soft mode property .

We begin by considering a modified Fourier transform for the
macroscopic displacement u(x ,t)

u(x ,t) = 1 
f  

G (q) N (q,x ,t) uq (t) e 
iqx dq, (51)

-
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where 6 (q) is a geometry dependent (density of states) factor,
N(q,x ,t) is the previously mentioned occupancy of the state q, and
uq(t) is the displacement amplitude. In principal uq(t) contains

therma l vibrations (with a soft mode contribution), and also those
displacements which constructively sum to give the center of mass

• mot ion necesary for successful continuum mechanics.

Equation (51) describes only one dimensional physics. Al thou9h
structura l transformations can occur on a one-dimensional lattice 28 ,
Eq. (51) is limited in application in that the genera l transformation
is explicitly three dimensi onal29* . We can , however , s ti l l  carry
out some rather interesting and meaningful analysis.

Operate on u(x ,t) of Eq. (51) with the wave operator W (x,t),

/ a 2 C
0 a 2

W~x ,t) -
~~
-
~~

-
~~
- - — 

~~~~~~~
- 5

0

W(x ,t)u(x,t) = 

~~~~ f G(~~
)[ 

~ 
- ~~ 3 2~~ uq (t) +

+ s~2~~~ ‘~p~
-
~ 

-
~~~~~~~

- (2iq) -~~ uq (t) +

+ N (q, x ,t) —ar
~~ 

+ q2 
~~

. uq(t)~
] 

~lqx dq . (53)

In the absence of interesting effects such as viscosity , non-
l inear i ty , or mode-softening , we would expect the right hand side
to equa l zero (corresponding to propagation of a simple disturbance
with veloc ity (Co/p0)Y2 ) . S i nce , however , we are concerned with a
part i cular phonon state~~ ( the state with a softening spring constant)

we can argue that to l owest order the physics of primary interest

* Structura l transformations are usually discussed in terms of a
discontinutity in the three dimensional syni’netry transformation
group (the set of transformations which leaves the structure ,
or its Hami l tonian equivalent unchanged).
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.

resides only in the direction ~~~~~~ It i s to be understood tha t
Eq. (51), and the consequent analysis , has been written in that spirit.

The first curly bracket on the right in Eq. (53) represents second
sound30 (propagation of a distruba nce in occupation number). Since
pure second sound is not accompanied by a mass density distrubance 30 ,
i t w i l l  be na i vel y assume d tha t the con tents of the f i rs t cur l y b racke t
identically sum to zero. Any first curly bracket contribution to

Wu(x ,t) awaits further work.

Now cons ider the oN/ax contribution to the second curly bracket
in Eq. (53).

~ Wu(x ,t)~ 2 
— (2)

1
~
’2 

J q  
G (q) -~~~~- Uq

(t) e iqx dq . (54)

But in equilibrium

N (q,x ,t) = [ex~ (:~) -1 J -1 
(55)

+ ~w ,  T T 0 +A T , (56)

whereli h/2w , k is Boltzmann ’ s constant , and ALI and AT are shock
related changes in the mode angular frequency and local temperature.
Using Eqs.(56) to expand Eq. (55) to first order in ~ and AT gives

N ~ N~ [1 
+ 
;

~~~0 (
~ 

- 
A’~~ )] (57)

where x0 S~~w /kT0 and N0 = N0(q) is the pre-shock occupation number.

Thus

-

~~~~ 

a x0 e 
x0 N0

2 (
~ ~ 

- & .~
) I (58)
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In phonon language the Griineisen 3l ,32 parameter r (q) is defined
by

(Aw( q) ) — r (q)w (q) (An), (59)

with r~ be the local strain (r~ 
= -

~ -). Substituting Eqs. (58) and

• (59) into Eq. (54) gives

= - 

~ )
1/2 

~~~ ~ 
fq 

G (q) x0e
xo N0

2 uq(t)e~~
Xdq +

- ~(2)
1
~
12 

~~ an ) q 6 (q) r (q) x0e
x0N0

2uq(t)e~~ dq. (60)
iT p 0 ax~~

For a mode independent Griineisen parameter (i.e. r(q) = r = constant)

one can show 33 that (AT)/T0 = - F0 with the result that ~Wu(x ,t)~2 O.
For a transforming solid the assumption of constant r is particularly
poor; in the in troductory section (see Fig. 2) it was noted that r
is a strong function of temperature in the vicinity of the transition
temperature . Current thinking 3

~ , at least for ferroelectrics , is
that strong temperature dependence is related to the behavior of
r(q) near If we thus let

r ( q )  = F + ( A F ) q (61)

in Eq. (60) , and define

< (AV )q)2 J
q G (q) (Ar)qx0e

xo N0
2 Uq(t) e 

iqx dq, (62)

Eq. (0) reduces to

- 

g2 aT{Wu (x,t))2 - - 

, (63)

where g2 plays the role of a thermoelastic coupling coefficient.

2 
1/2 

<
- (A r) >

= - I 
( )  

C
0 ‘ r 

q .  
(64 )

24



4
The terms remaining to be considered in Eq. (53) can be grouped

into what we shall call (Wu(x ,t))1

(Wu(x ,t)}1 
~~~ J G (q) N (q,x ,t) e iqx~~

+ q2 ~ uq 
+ ~~

- ~ —a’

~

- dq. (65)

As previously mentioned , each discrete q value defines an independent
harmonic oscillator state

+ 
1 + 

w2 (q,T)u = 0, (66)
dt T dt q

where T
q 

allows for the presence of damping 25 . We have not ex plici tly

inclu ded a strain dependent forcing term in Eq. (66). The idea is to
implicitly includ e such an effect via the strain dependence of T and
T
~ 

through Eq. (50). Substituting Eq. (66) into Eq. (65) yields

{Wu(x ,t)}1 6 (q) N (q,x ,t) e iqx~~

- ~2) U
q +(-

~ ~
-
~

- )
~

-
~ 
~ dq. (67)

The evaluation of Eq. (67) will begin with a rather drastic
simplifying assumption. It will be assumed that Eq. (67) vanishes
except near q = and that near

1 _ 2 aN (68N at
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Eq. (68) states that the phonon relaxation effects are just balanced
by the dynamic strain induced phonon source term ~~~ To claim other

than Eq. (68) requires more detailed physics than is currently avail-
able to us. Thus , upon employing Eq. (50) at q = and Eq. (68),
in Eq. (67) gives

{Wu(x ,t)}1 ~~S-~ G(q~) N(~~) ~~~2 - A (T..T
~
)
~ 

Uq ®

iq~x® e + e , (69)

where we have assumed* that G,N , and u are even function of q near
q 

~~ 
(sq) denotes a bandwidth centered around

The analysis which follows below utilizes 
~-j~ 

{Wu(x ,t)).

If the further drastic assumPtior~*uq = cOnst. U is made ,
c

Eq. (69) reduces to

~~ {wu(x,t)}1 
= - F(~c)j ~i - cos q~x~ (70)

2 1/2F(q~) = (A ~~)(_) 6 (
~~

) N(q~) A Uq~ (71)

‘ The assumption is trivial for 6 which happens to be a constant for
one dimension geometry in q space. We have retained 6(q) in our
calculations as a prel iminary to eventual multi-dimensional calculations .

** This assumption means that u represents the correlated lattice

displacement which results in a structura l transformation.
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A. Thermoelasticity with a Soft Mode. In a previous report35 it
was shown that thermoelasticity in the presence of thermal conductivi ty
and l ongitudinal to transverse temperature (phonon occupation number)
relaxation satisfies

(1+ j-’- ~~ (
1+t~ ~~

) I - T + ~oh:T i (1+ t~ -fr) ~ 
=

v Io a~ a t
= - + T i -

~~

-

~~~
) 

~~~~~~~

where v(x ,t) au (x ,t) n (x ,t) — 
au(x ,t) (73)

(notice the change in sign convention for n from that used earlier
in this report).

~Ty L (T
~ 

- T
i). 

T~ = T
~ 

( 74)

with T and T~ being the temperatures transverse to the x directionof str~in propagation (T
~
ET), and

~~i 
(Ty - T

~
) + ..2~ O fi~ ÷(

~~
.) , (75)

which g0 is given by c
~
/3 (with cv being the specific heat at constant

volume ) and(~~x) is the thermal conductivity contribution 35 to ~ x .
at

aT x - v
0
2-r2 a2T

~
TC 

- 

2

In Eqs. (72) and (76) v0 
= (

C
0/

P
0) 

1/2
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Before proceed i ng with the analysis it remains to find the re-
lationship between the thermoelastic coefficient h0 (of Eqs. (72)
and (75) and g2 of Eq. (63). A linear thermoelastic medium has a
coefficient h0 defined by

o — c0n — h0T (77)

where a is stress. Thus the strain , 
°TE corresponding to stress

free thermal expansion has the property

a
~TE~~~~~~~~~~~aT . (78)
ax c0 ax

But , from Eq. (63), consider i ng time independent thermal expansion
with n = -

- c0 a2u - 

C
0 a0 - g2 aT

(79)
0 0 0

with the result that h0 
= g2 . Thus combining Eqs. (63) and (70) gives

(WV) = - 2- 
~~~~~~~~~ 

- F(q~) - 

aT
e] 

. (80)

Proceeding now with the analysis by operating on Eq. (80) with a .

= - ~ F(q~) 

~ ~~~~~~ 

cos(q~ x) + 

ax

+ 
~~~~ 

F(~~)[~~ - sln(q~x). (81)
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Now operating with W of Eq. (52) on Eq. (72), and substituting from

Eq. (81), gives

a 
I h 21 a (a 2I \0 0  1

W(1 + ~— -
~~~~~ 

) (1. + -
~~~ -k

~ 
- WI - 2g0p0

Z (1+ 1 1 
~~~~~ ~~~~ 

+

I h t 
[a

2T - 
a 2T

~ +0 0 1

o ~ [
ata X atax j

_F(q~) ~~~ 
cos (q~x) ( 1 + T~~

a aT aT
~l

+ 
~ 

F(q~) 
T0h0i 1 sin (q~x) (1+ 

-
~ ~~

- ) 
~~ 

- .
~

._j =

2p g
0 0  L

— 

v 0
21112

_________ 

a2T—- 4 W ( 1 + T 1~~t
) 

~~~2 
(82)

Expanding the (1 + aT fe-) terms in Eq. (82) and collecting terms

allows Eq. (82) to be rewritten as

w + 

T
~

2 a21 — 
V 0

2 T 112 a 21
2 ~ 4 at ~~ W3 ~~~~~~~ 

- - 4 W +

V T 2
~ 2 

~~ 
I h i [ a T  - 

a2TC~ 
+

4 ~ ~~~ 2g 0p 0
- 

0 1 2 3 
)+ F 0 0 1 cos 

c [~~t ~ tj
I h 1 2 a a 2T a2Tc)1O O t
2g
~P~ 

cos (q~x) [i~~(~~€7 ~~~ 
+

T h i  
r aT

~l
- q F ~ ~ 1 sin 

c [ ~
t_

~iTjC

T h t 2 
[
~2 

321

_ _ _ _  

T c i
- q F ° ° ‘ sin c [a17 

- , (83)
c 2g0p0
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where
1 h 2

~ 
a~ ‘o ÷ o o  32 

, (84)
3 at2 p gop0 ax 2

— 32 c0 
T0h0

2 
32W4 

- 
~~2 

- + 3gp 2 ~~2 
(85)

If (w 0/2iT) is the Fourier frequency giving the dominant contri-
bution to T , and if the limit w 0t -

~ o (with 1= 11 or 12) is taken ,
then Eq. (83) may be app rox imated w i th

~ 
T 1W4 ~~ 

= F 
~~~
:
~~~

i 

[
cos~~~x ~ ~~~~~~ 

+

- sin (q~x) - 

~~~~~ 
. (36)

In evaluating the contributions from the first and second terms on the
right of Eq. (83) we have employed the approximation v0

2 
~~~2

This last approximation assumes that the temperature profile is of
the form

T(x,t) = T~ { q (x — v0t) } f (x,t) (87)

where w ’~ qv~ and f is a dimensionless function which varies slowly
compared to T1. Eq. (87) is dominant Fourier term analysis in
disguise , and is conceptually justified by picturing the temperature
profile as approximately in step with the strain profile which in turn
is propagating with a velocity nearly v0.

Employing Eq. (87) shows that the ratio of the first to second
term on the right of Eq. (86) is given by (~/~~) when the signs and
cosines are taken as unity . Thus in the l ong wavelength limit
(i.e. q = 2w/A goes to zero) we are left with

FTh aT
-
~~ 

= - 

~ sin (q~x) (.
~ 

- 

~~ 
. (88)
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It is possible to show that, in the absence of a phase trans-
formation (i.e. with F=O), the strain satisfies an equation which
is one-to-one with the F=O version of Eq. (83):

2 2

~~~ w4~ -~ + - -  w3 f  
1 2  w~~ -~- +

V I I  2
0 1 2  3 ‘89 ’- 4 ~~~7 ~ J

Thus in the same (~~) -* 0 limit as used in arriving at Eq. (88) we
have

W4 a~ =
~~~~ 

(90)
at

in the absence of transformation physics. Comparing Eq. (88) and
Eq. (90) suggests* that in the presence of transformation effects**

W4 
.
~~~~
. = 0 + (second order terms). (91)

Our transformation model , as illustrated in Fig. 4, has the transition
temperature as a function only of the strain , T

~
= Tc (n)

~

Thus , from Eq. (91),
aT aT aT

w4 —~~~~ 
= ft W4 ~~ + .—~~~~~ (second order terms). (92)

* We have not yet been successful in deriving an explicit version
of Eq. (91) with transformation effects included .

** If the left hand side of Eq. (88) is considered to be first order
(because of the implicit presence of AT in ~I )‘ then the right

Ihand side is second order because of the product F .h- ( the function
F contains the modal displacement uq).
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If the constitutive law T
~ 

= I
~
(n) is now chosen of the form

= Yn , y constant, (93)

in keeping with experimental observation~ for the room temperature
transition in TiNi , then Eq. (92) becomes

aT
= 0 + yT

~
(°) (second order terms), (94)

with T~°~being the i~ 
= 0 value of

Experimen tally ’~ 
y “10 for the TiNi transition*so that one can

not, as a genera l statement , set the right hand side of Eq. (94) to
zero compared to the right hand side of Eq. (88) unless T~0)itsel f
is very small. We shall now make that T~

0)small assumption in order
to facilitate further analysis. This restriction to low temperature
transformations represents a severe limitation on the theory presented
in this report. Hopefully the results will at least hint at the
behavior of room temperature transitions.

The assumption of Eq. (68) is of a different class than that of
small T~0)in that it is possible that Eq. (68) holds for some room
temperature transitions.

-
~~~~ 

y, see the discussion associated with Eq. (61), is a Griineisen-
like parameter. That its magnitude is order ten, rather than of
order unity as for non-transforming media 36 , is probably very
significant; that same magnitude of approximately ten characterizes
the Gruneisen parameter in the region of a phase transition (see
Fig. 2). The implication is that ‘

~ 
is determined by the physics

of the mode
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Letting T~°)be small in Eq. (94) gives

aT
W~~—~-~-~~~0 (95)

• so that Eq. (88) can be written

~ 
aT~ — q 

FT0h0 sin (q x) aid , (96)
- c ~~— c

T s i - Td c.

Now set

T h 2
= 

3g0p0 
______

q Fl h and c~,
2 = .2. + 

0 ~ (97)
c 0 0 

p0
so that Eq. (96) becomes

1 a2 !a T
d l 1 a2 

______7 

~V ’1 TfI - 

c~~rF
2 sin (~cx)] 

aTd (98)-it .

Equation (98) is separable. Let aTd S T1 (t)~ 1 (x )

with T1 having the dimensions of -
~~~~

- , and x 1 dimensionless.

Thus

a21 
_______ _________________ 
m2o2 1 32 

_______

c~2T1 
= - 

c~
2 = 

~~~~~ ~ 
- 

c 2t~
2 sin (ocx)] x1, (99)

where m2ci2/c 2 is the separation constant (0 is a constant similar tow ).
‘4 0
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J + - 

C
~
2TF

2 sin (~~x) ] X~~~= 0. (100 )

The Laplace transform , x L (s ) I  of the function x (x) is defined by

X L(5) s j x  (x)e~~ dx. (101)

Thus multiplying both sides of Eq. (101) by e
_ SX 

and integrat ing
over x gives *

(~ 2 + m
202 ) XL

(s )  2c
~
2TF

2 x~(s-iq~) - x~ (s+i~~ ) ] =

= + s~~O) PC , (102)

where the vertical slash with subscript zero indicates that the
functional to the left is to be evaluated at x=0, and BC simply
denotes the boundary condition functional.

If in Eq. (102) 
~ 

is set equal to zero (i .e. q~~O)the result is

m2 02(s 2 + —
~
--.

~
- ) xL (s ) = BC (103 )

which , upon taking the inverse transform 37 of xL ( s )
~ 

i s easi l y seen
to result in propagation of ~ d amplitudes at constan t phase

at
veloc ity (without growth). That same result can be obtained directly
from Eqs. (88) and (95).

~ The second bracketed term on the left in Eq. (102) is obtained
by employing sin(q x) = 1 exp(iq x)  - exp(-iq x)} prior to

C ~~
- c c

integrat ion.
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Now cons ider zone edge q (i.e. 
~ 

= iT/a in Fig. 7). The inverse

transform is given by 37

4x) = 
~~

-

~~

-

~

- f x~
(s) e SX ds~ (104)

ico

so that if s ir we can limit the range of integration to IrI .~. ~
(from Eq. (104) it is seen that r plays the role of q since r is
conjugate to x , and s ir transforms Eq. (104) into a Fourier trans-
form if 

~
‘c is chosen to equal zero). Now let y = ~~~

5n d
~
xL(y)

:. X [ (s+iq~) 
= X

L 
(y+s) nZo 

~~~~~ dYn 
‘ 

(105)

n d~x (-y)XL (s-iq 
= XL~~

/+5) = n 
( 106)

C dy

Substituting Eqs. (105) and (106) into Eq. (102) gives

(s 2+ ~!~~
2 ) xL (s)  + 2c~

2TF
T n o  ~~ dy~’ 

[x L (Y ) - x
L(-Y)] 

=

= + 
~x ,(O) BC. (107 )

I f one attempts to take the inverse transform of Eq. (107) on a
term by term bas i s , one sees 37 that the contributions from n > 2 in
the summation are undefined . Thus , unless xL(Y) is an even function
y, Eq. (107) is consistent with the possibility of avalanching of the
spatial part of 

~
Td

at

That the 
~~

=O solu tion does not predict avalanching is not

surprising. 
~~~ implies that the transformation is associated with
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an infinite wavelength , and consequently that the transformation
occurs simu l taneously in the entire solid sample. Since the physics
being discussed involves a strain disturbance propagating WITHIN a
transformable medium , there is nothing present in the model being used
which is capable of exciting the q~=O mode.

The above physics represents our start on the interplay between
the microscopic and the macroscopic for strain pumped structural
transformations. While the work is very i ncomplete it is supportive
of the possibility of avalanching of the macroscop ic parameter
(e.g. strain and temperature) .

Future work in this area will probably concentrate on deriving
functionally explicit versions of Eqs. (91) and (94), and on solv i ng
equations similar to Eq. (102).

IV. THE c~ 
-÷ c TRANSITION IN IRON

Drumond38 , in 1957, predicted the possibility of a rarefaction
(i.e. expansion) shock being produced by the unloadi ng process in a
medium which has been forced through a dynamic (compressive shock
induced) phase transition. In the absence of such a phase transition
(or other peculiar phenomena 39 ” 4°) the unloading process whould pro-
duce a rare fac ti on fan *,~~,~2 ra ther than a shoc k.

The i ntersec ti on of two rare faction waves resul ts i n tens i on~3,
and an adequate stress-time history~~’

45 in the tension regime can
cause spallation (planar fracture). It has been shown by Duvall et al’’
that the relaxation time with which the phase change induced mass
frac ti on app roaches an equil ib r i um value has an i mpor tant role i n
determining the rise time (stress-time history ) of the rarefaction
shock. Thus , since stress-time history is important to spallation ,
it is to be expected that control of phase change parameters will
lea d to some contro l over the satisfying of spallation criteria.
Such con trol coul d be im por tant  to t he degree of vulnera bi l i ty of
m i l i tary armo r .

* By fan we simply mean the stronger the unloading amplitude , the
slower the propagation velocity associated with that amplitude.
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Among the material parameters whi ch are important to the Duval l
et al re laxa ti on t ime , percentage alloy (e.g. x in Ti

~
Ni 1 ~ 

and

impurity (and defect) concentration are probably the most significant.

External (or applied ) parameters probably also play an i mporta nt
role in the phase change spal lation problem. The cL-phase of iron is
ferromagnetic, and one woul d th us ex pect the pres ence of an ex ternall y
appl i ed magnetic field to influence the transition. The analysis of
the previous two sections involved the dominant Fourier amplitude
of the applied strain disturbance. The relative strength of the strain
induced Fourier amplitudes is a function of the rise time of the
appl i ed deformation , and that rise time can be influenced by impactor
structure . A long rise time can , for exam p le , be achieved employing
an impactor of graded mass density (the low mass density reg i on i mpact-
ing first).

At this moment the details of the above spal l control concepts
are rather nebulous. There has , however , been some discussion in the
literature concerning the effect of an applied magnetic field on the

-
~ c transition , and we w i ll now concentra te on the phys ics relevan t

to that effect.

Curran an d Ho rnm ann 46,L
~7 have performed shock experiments which

indicate that a magnetic field can reduce the dynamic transition
pressure by approximately 10 kbar. Barker and Hollenbach subsequently
performe d a s i m i l a r  ex per imen t~8, an d foun d t he trans i t i on p ressure
unchanged to within approximately 1 kbar. To make the situation even
more intriguing, Curran an d Hornem ann~6’47 have presented a derivationwhich predicts an increasing transition pressure with increasing
magnetic field intensity .

We w i ll now p resent a der i va tion w hi ch i s identi cal i n it s essen ti als
to that of Curran and Hornemann except that it includes a magnetoelastic~

9
contribution.

Consider the Gibb~s free energy
50 , G, for a system composed initi a ll y

(i.e. at atmospheric pressure ) of iron and in which the and c
phases can exist in equilibrium at a pressure P

~
(H) where c denotes

critical and H is the magnetic field intensity .

G = E - T S + PV (108)
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where E i s the total i nternal energy of the sys tem, and S the entropy .

:.dG dE - TdS - SdT 4PdV ~~~VdP , (109)

but , assum i ng a revers ib l e p rocess , from the first law of thermodynamics

• IdS = dE + PdV (110)

so that Eq. (109 ) becomes*

d G = - S d T + VdP. (111)

If it is now assume d tha t the tempera ture changes are i ns ig nifi can t
as compared to the pressure changes , then

P (H)
G (P

~
(H), I) - 6 (0,1) 

.f 
C V(P ,T,H) dP , (112)

where we include a V dependence on H in order to allow for magneto-
elasticity . The magnetoelasticity of interest here arises due to the
interaction of H with the ferromagnetic structure of the ~ phase.The dependence of P

~ 
on H only mi rrors the fac t that magnetos tric ti on

makes a contribution to the effective elastic constants. Thus the
pressure necessary to achieve a given critical volume is magnetic
fiel d dependent.

* In writing Eqs. (108) through (lii) we have implicitly included
magnetic energy , proportional to H , in E. We have also assume d

that the magnetic field frequencies of interest are so small that
they do not make a separate pressure contribution and influence V
through the electrica l conductivity related penetration depth .

38



Now write Eq. (112) separatel y for each phase .

P (H)
G (P

~
(H),T) - G~~~(0,T) = J V ( P ,T,H) dP , (113)

P (H)
G ( P

~
(H),T) - 6(H)(0 1) J ~ V ( P ,T,H) dP , (114)

where Eq. (114) represents an extension of the c phase equation of
state down to P=0. But a system of two phases (i.e. cx and c) which
are in equilibrium at constant temperature and pressure (i.e. at
cons tan t P

~
(H) ) has the property 50

G(P (H),T) = G ( P
~
(H),T). (115)

Thus upon subtracting Eq. (114) from Eq. (113) while using Eq. (115) gives

P (H)
- 

[6
H (O T) - 6(H)(0 1)~ = J tv~ V )  dP. (116)

If the magnetic field contribution to 6H(Q ,1) is treated as a
perturbation , then

6(H) (0,T) = 6(0) (0,1) + g(H), (117)

where51

g(H) = — -
~
- HMV (118)

In Eq. (118) M denotes the magnetic moment per unit volume , and the
factor of ½ arises from assuming that M is linear in H. Experimentally 52

it is known that the magnetic moment of the c phase is zero (i.e. the c
phase Is not ferromagnetic) so that g = 0. Furthermore , for H = 0,
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- G (°)(0~T )~ =j~~1V - V dP. (119)

Thus , from Eqs. (116), (118), and (119)

P (H) P (O)
HMV (AV)~ dp - 

c (AV)0 dP. (120)

Equation (120) allows a solution for 5P P
~
(H) — P (0). First

(AV) H is to be expanded to first order in H.

a (AV)
(AV )H 

= (AV )
0 

+ H 
H H (121)

with the result

~~~ a (AV)HHMV ~ (AV)0 (~P) + Hf aH dP. (122)

If , in Eq. (122),the partial derivative with respect to H is set
equal to zero, one would essentially have the theoretical result of
Curran and Hornemann ’46’~

7 with the consequence that ~SP would bepredicted to be positive. Let oP 1 denote that value of OP.

(A V) 0‘j v0 ~- (123)

OP 1 will now be evalua ted using the following values for the relevant
parameters in Eq. (123).
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Volume terms 53 : v (130 kb , H=O) = 6.62

v( 1 30 kb , HO ) = 6.29

v0 ~ - (v + v ) ,  (Av) 0 (v  - v ) ,  ( 124)

_____ 
-2

v 5.11 x 10
0

Field Intensity~
6: H = 2000 Ampere~turns/meter

Magnetization (M): M = Kp0H. (125)

In Mks units = 4w x 10~~ Henrys/meter , and K i s the di mens i onless
susceptibi lity 5’4. Substituting the above in Eq. (123) gives

oP = (4.9 x 10) K Newtons 
= (4 .9 x 10 7)K kbar. (126)

For cx i ron K has an approximate range of between 120 and 5 x 1O3

(depending upon previous magnetic history and H). A magnet ic field
intens i ty of 2000 Ampere~turns/m (equivalent to 25 Gauss) is small
compared to the saturation magnetic field for iron of between 2 x 10
Gauss and 4 x ~~ Gauss . Thus , while understan di ng that prev i ous
magnet i c hi story i s mos t importan t for small values of H, it seems
most reasonable to use K = 2 x i~

3 in Eq. (126), with the result

oP 1 lO 3kbar . (127)

The c phase is not ferromagnetic , and its magne tostr ic ti on can
thus be neglected . Additionally we will assume that the cx phase
magnetostriction is i ndependent of stress , with the result that Eq.(122)
can be approximated by

1 (AV) HP 3V
HM 

~ 
° (o P ) + 

~~~~~~~ 

-

~~~~ 

, (128)
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where for app rox imati on purposes we have rep lac ed P
~
(H) by 

~~~
=‘

~~
° kbar.

The problem now reduces to evaluating aVJ from magnetostriction data .

~~
j
o

Figure ~ illustra tes the typica li mpa c to r arrangement of the type of experiment______________- 
1 being discussed here . The field H

can be induced by a permanent magnet
or by having the target be an integralH: 

~ 
M -

~ J H part of an electromagnet. If it is
target imagined that the magnetostrictive

effect is associated with a stress
Fi gure 8. Typical experimental in the direction of M in Fig. 8, then

arrangement.

1 aV I

c ~‘~1 
= ( 1_ 2 v ) [~~ (

~
-)]
~ 

(12~ )
0

where v i s Po i sson ’s ratio 20 , and(o~/~) is the strain in the t4 direction. For brevity let v = 1/3.

F ig ure 9 cru del y i l l u s tra tes
A ~

-
~
- x 106 magnetostriction data for i ron

(from Mattiat~9). For the 2000
Anpere~turn/m ex ternal fi el d value
of Curran and Hornemann we thus10 have , upon usin g Eq. (129),

aV IH cxi 7-v—- ~~— i 
- -

~~ x io
_6
. (130)

0 I
0

H x io
_2

......... ~~~ 
(A~turns/m) Letting OP be the contribution

50 1~O 24~ 
to OP from the2ma gnetostr i ctiv e
effect

HP 3V Ic cx l  (131)-Sj ~P2 s _ ( ~~~.) v~
— r n 1

1~iqure 9. A crude approximation
to the magnetostriction
data for iron.
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-62.3x 10 - -3
~
5r

2 
— — 5 1 1 0 2  r

c 
— — X

The most interesting aspect of OP2 of Eq. (132) is its sign; the

sign of OP2 indicates a decrease in transition pressure in the presence

of a magnetic field , in agreement with the experiments of Curran and
Hornemann. Of course Curran and Hornemann observed a decrease in
transition pressure of approximately 10 kbar , while our OP2 value i s
three orders of magnitude smaller than the mentioned experimental
observations.

The most drastic assumption made in arriving at Eq. (132) is
probably that of stress independent mangetostriction. The applied
magneti c fi el d as well as the shoc k wav e eac h have an or ientation
effect upon the magnetic domain structure in an iron sample. While
it is difficult to imagine how such an orientation interaction can
effect OP2 by three orders of magnitude , that possibility should

not be i rnnediately ruled out.

• Barker and Hollenbach’s~
8 experiments were carried out at with

an ex terna l fiel d of H = 2000 Gauss , and observed OP = 0 to within
1 kbar. But 2000 Gauss is equal to 1.6 x 1O5 Ampere-turns per meter ,
and thus represents a magnetic field approximately two orders of
ma gn itu de l a r ger than that employed by Curr a~ and Hornemann. It is
mos t i nteres ti ng to no te that , at least as far as the magnetostriction
effect is concerned (see Fig. 9), the different magnetic field
magnitudes give potentially radically different experiments. It thus
seems that further experiment and theory must be carried out before
this issue can be resolved . There is an applied motivation for such
further work; a oP > 10 kbar could play a role in the further engi-
neering development of tank armor; for a significant OP one could
env i s i on a tank commander fl ippi ng a sw it ch i n or der to ma gneti ze
his vehicle just prior to an expected fragment impact.

V. CONCLUDING DISCUSSION

This report has been concerned with the interplay between phase
change effects and shock wave physics. The report represents a
summary of some beginning ideas on the subject.

Two motivated problems have been of main concern. The study of
shock i nduced struc tu ral phase trans iti ons i n me ta l l i c a l loys  was
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motivated by a des i re to obtain a more efficient conversion med i um
for use in an optically activated detonator. The consideration of
the effect of an applied external magnetic field on the ~ ~ phase
transition in iron was motivated by a desire to investigate the role
of some esoteric solid state concepts on the vulnerability of armor.

For the opticall y activated detonator problem our specific interest
was in the possibility tha t the shock induced transition mig ht resul t
in avalanching of the amplitude of the propagating shock wave. Both
macroscopic and microscopic considerations are shown to be consistent
with the possible existence of such avalanching . In order to reach
more definite conclusions further work is necessary . That further
work includes more rigorous modeling of the macro and micro aspects
of transition physics as well as the seeking of solutions of equations
which are in the form of Eq. (102). The more rigorous model i ng includes
replacing the assumption of Eq. (68) with better physics , and attempt-
ing to explicitly inc l ude shear (wave) aspects of the transformation.
The displacements associated with the room temperature transition in
NiTi correspond to shear modes , and the one dimensional approach
presented in this report has ignored tha t very important fact.

Although the report predicts a very small magnetoelastic contri-
bution (of the order of 10 2 kbar) to the a ~ c trans iti on p ressure
in i ron , that prediction is very preliminary . Considerably more
work remains to be done in this problem area , for both magnetic
field influences, and with respect to the possibility of tweaking
other materials parameters which can be important to transformation
physics.
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