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I
I. INTRODUCTION

I
1.1. General

This thesis considers the limiting behavior of the fixed-interval

smoothing problem for singularly perturbed linear systems. Its primary

objective is to derive a near optimal smoother for a system containing both

fas t and s low modes by employing the methods of singular perturbation theory.

Recently [1], the linear filtering problem for singularly perturbed systems

has been thoroughly treated using these methods. Considerable attention

has been given to singularly perturbed systems as applied to control problems

in recent years [2-8J . Haddad and Kokotovic’ [9:1 have established the duality
between estimation and control for such systems. The one fundamental

difference, however, is that while in most control applications the problem

is deterministic, in the estimation problem the presence of white noise

inputs complicates the behavior of the resulting fast variables. It should

be noted that the work presented here is an extension of the methods and

results of the linear filtering problem [1,9,10]. While the smoothing problem

has already been treated in [10], the approach used here is more suitable

for the decomposition of the smoother into its fast and slow components, and

in deriving the uncoupled boundary layers of the fast mode filters at both

ends of the observation interval.

1
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Singularly perturbed systems are represented by state variable

equations, where a small perturbation parameter ~i. > 0 multiplies some of

the derivatives. This general form is characteristic of many practical

systems, where ~ may represent the smaller time constants of the system.

Theref ore , such a formulation is representative of systems with fast and

slow modes, e.g., velocity and acceleration of a maneuvering vehicle, or

an electro—inechanical system where the electrical response, as is typical,

is much fa8ter than the mechanical response.

The theory of singular perturbations has arisen from a desire to

simplify the higher order problem as a set of two lower order problems.

This not only allows a simplification of the solution, but in addition,

provides for non-interactive estimation or control of the fast and slow

states. It also generally results in a great reduction in computational

complexity and removes ill-conditioning. In this thesis, the behavior of

the optimal smoother for singularly perturbed systems as ~ -. 0 will be

investigated and near optimal lower order smoothers will be designed.

1.2. Problem Statement

1.2.1. General Problem

The problem is to derive a near optimal MMSE (Minimum-Mean-Squared

Error) fixed-interval smoother for the singularly perturbed system

represented by state equations

I
— A 1x + A12z + B1u x(0) — x0 (1.1)

I
- I 
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_- -— 

~
. 

S — - - -  - -



I
1 3

— A21x + A2z + B2u
, z(O) — z

0 
(1.2)

and observations

y — C 1
x + C 2

z + v , 0~~~t~~~T (1.3)

Here x, y, and z are n-, r-, and rn-dimensional, respectively. The

vectors u and v are p- and r-dimensional uncorrelated , white Gaussian

noise processes with zero means and respective covariances Q and R, i.e.,

E[u(t1)u’(t2) J  = Q ( t)ô (t1 — t 2 )

E[v(t
1

)v ’(t2)J R(t)ô(t
1 

— t 2 ) (1.4)

E[u(t1
)v ’(t2)] 0

where the prime is used to denote transpose. The states x(t) and z(t)

represent the slow and fast modes of the system, respectively. This

characterization is explained in terms of the eigenvalues of the correspond-

ing equations (1.1) and (1.2). The latter have eigenvalues that behave as

1/u . and hence tend to be very large as u. -, 0.
As previously mentioned , this thesis is mainly concerned with the

1 behavior of the smoothed estimates of the states of (1.1) and (1.2) as

-~ 0, and obtains, as a result, a near optimal lower order smoother in

I two time-scales as in the filtering problem [1,9,10]. The interpretation

I of near optimality, in this case, is in the sense that the solution tends

to the optimal as u. approaches zero. Formally, such limiting behavior will

I
I
I

C
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be denoted by using the following definition : A function f(~ ) is denoted

O(~) if there exist positive constants 
p.* and C such that the norm Il fi l

satisfies I~II < C~ for all ~ E (O,~*J. Thus x(t) — x(t) +O(~) implies

x(t) - x(t) — O ( ij .) ,  i .e.,  x (t) is an O(~) approximation of x(t).

1.2.2. Mode Separation for Singularly Perturbed Systems

Inspection of the system (l.l)-(l~3) reveals coupling between the

slow and fast states, x(t) and z(t). Algebraic comp lexity in the sequel

can be reduced by an initial non-singular linear transformation due to

Chang [11]. This allows consideration of systems of block diagonal form,

thus simplifying the intermediate derivations. If the matrices of (l.1)-(l.3)

are all continuous and bounded, and A2
(t) is also stable, then this trans-

formation can be employed to yield new state vectors, 1(t) and ~~( t ) ,  def ined

by

~1 [I~~~~~ HL .H l I x
I = I II (1.5)

~J L L Imj L z

where 1k is a k x k identity matrix, 
and L and H are deterministic matrices

satisfying

- A2L - A21 
- ,.~.L( A 1 

- A 12L)

C 
( 1.6)

~H — - H(A 2 + uj.LA12
) + A 12 + ~ (A 1 

- A 12L)H

It can be shown that the stability of A2(t) implies

I
I

C
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I
L — A

2
1
A 21 + O(~.&) ~ L0 + O (p. )

— 1 
(1.7)

H — A 12A2 + O(i.i. ) ~ H 0 + O(~.)

The new state equations and associated observations become

-
~; ~~~~~ +5~u , 1(0) = fl0 (1.8)

I•L 
~ ~~~ 

+ ~92u, ~ (O) = ( 1.9)

y = C ~0
l~ +C.2~~+v , 0 < t < T  (1.10)

where

— A
1-A 12L — A

1-A 12
A A21~~(~) ~ A0~O(~)

= B11J.HLB1 HB2 B 1 A 12A 2
1B24O( P~) ~ B

0
+O( .L )

— C1 c2L — C1 C 2A~~A21+O(ij . ) ~ (1.11)

— A
24O(u.~)

— B
2+~

LB 1 = B2-tO(i.i.)

— C 2+p. (C 1C 2 )H — C240(p.)

.4.

Since only linear estimators are considered here, the estimates of the

original states can be obtained via the inverse transformation

(1 12)
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where H and L may be replaced by (1.7), depending on the desired approximation.

I 
Therefore, without loss of generality, the discussion will be restricted to

the uncoup led system (l.8)-(1.i0). Finally, the inverse transformation
7

(1.12) will be employed to find the estimates of the original states.

1.2.3. The Reduced-Order Problem

Observation of the general smoothing problem reveals that if ~ — 0,

the result is a lower order system whose solution is much simpler than that

of the original, higher order system. A basic problem in singular perturba-

tion theory is the relationship of the complete or exact solution to the

solution of the reduced-order problem . Hence, a reduced-order problem is

defined in this section by formally setting ~ — 0 in (l.l)-(l.3) or

equivalently, in (1.8)-(l .lO). Setting 
~
. — 0  in the latter yields

- - A;
’B2u(t) (1.13)

4

and thus ,

I — A
010 + B0u (1 .14)

I y — C010 + D0u + v (1.15)

where D0 ~ - C2A2
1B2.

I A major objective of this work is to investigate the limit of the

smoothed estimate of the complete system as ~ -. 0 and its relation to the

smoothed estimate for the reduced-order problem. It will be shown that while

the resulting limit is identical to the reduced-order problem for the slow

modes , it is not valid (as is expected) for the fast modes.

C
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1.2.4 General Assumptions

The following assumptions will be needed throughout this thesis:

— l
(i) The matrices A2(t), B2

(t), C
2
(t), Q(t) and R ( t )  are continuous ,

bounded , and have bounded first derivatives for all t E [0,T].

(ii) The eigenvalues of A
2
(t) have negative real parts (a stable matrix)

for all t E [0,T].

1.3 Thesis Preview

Chapter II investigates the proposed formulat ion of the solution

to the f ixed-interval  smoothing problem. The exact solution for the comp lete

system is outl ined and the reduced-order problem is exp l icit ly solved.

Chapte r s III and IV consider the limiting behavior o f the f orward

and backward f i l t e r s  respectively, for the exact smoothing problem and

investigate its re la tion to the solu tion of the reduced problem.

The near optima l smoother as a two time-scale lower order estimator

is derived in Chapter V. It is shown that the slow mode smoother tends to

the smoother for the reduced system. The fast  mode smoother , it is seen ,

involves the f orwar d and backward fa st mode f ilter s both of wh ich ar e

imp lemented in a stretched time-scale .

Chapter VI is concerned with the general s tat ionary second-order

case , in which comparisons can be made relatively easily between the fast

mode .~~timators and the corresponding Wiener f i l t e r s .  Final ly a numer ical

example is considered to illustrate the validity of the near optimal design.

Chapter VII concludes this thesis with a suninary of the results

and conclusions of the previous chapters.

I
... --, - 
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1 It .  GENERAL SOLUTION OF THE SMOOTHING PROBLEM

2 1. Smoothing as a Combination of Two Filters -

Consider the MMSE smoothing problem for a system of the form

- x A x + B u  (2.1)

y C x +v  , 0 � t � T  (2.2)

The optima l fixed-interval smoother for this system can be expressed as

a weighted sum of two f i l ters  [12 , 13) . The estimate of x( t) .  given a l l

observations in the interval [O,TJ, is given by

- - x ( t l T )  = F( t)~ (t) + (I-F(t))~~ (t) (2.3)

where x(t) is the output of the usua l Kalman filter, x
b
(t) is the output

of a backward Kalman f i l ter , and F( t )  wil l  be chosen to minimize the
- 

. MSE . The forward filter processes the observations in the interva l [O , t)

and the backward filter processes the remaining ones from T back to t.

The smoother error covariance is given by

P(t~T) 
~ E[[~ (tIT)-x(t))fè(tIT)-x(t))

’} = FP(t)F ’ + (I_ F)Pb ( t ) ( I_ F ) ’ (2 .4)

where P and 
~b 

are the error covariances of the forward and backward

filters , respectively . Choosing F(t) to minimize the trace of P(tIT)

results in
~5
- 

F — Pb (P+Pb)
1 

, I - F  = P(P+ Pb)
’ (2-5)

with corres ponding error covariance

P(t~T) - [P 1(t) +P~~(t)J~~ ~ [P 1(t) +M(t)J~~ (2.6)

I
1

C - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The resulting optimal smoother becomes -

~ ( t I T )  — P(t~T) [P~~(t)~ (t) +M( t)~~ (t)] (2.7)

The backward filter equations given by

~~~ 
X~, (t) 

= - A~~~ + PbC ’R ’(y5C
~~~

)
~ ~ 

= T - t � 0 (2 .8)

dci ~b 
= - AP

b 
- P

bA
’ + BQB’ - PbC ’R 1CPb, P~~ (T) — 0 (2.9)

are unstable however , and in fac t, Pb(T) is not 
finite , a consequence of

4 filter and smoother equivalence at the end of the observation interval.

— 
Hence , a stabilizing transformation 8(t) 

~ 
M(t)xb(t) is used , resulting in

_____ = (A ’ -MBQB )s + C R
1y , 8 (T) = 0 (2 .10)

It should be noted that the error covariance of 5(t) is M(t), which satisfies
r

the Riccati equation

dM(t) 
= MA + A ’M - M BQB ’ M + C ’R~~C , M(T) — 0 (2.11)

I In what follows ~ T - t will always be used to denote the backward time

variable. However, all matrices will be expressed as functions of t for

consistency. The smoothed estimate (2.7) therefore becomes

1
~(tIT) — [t+P(t)M(t)] (~c(t)+P(t)s(t) ] (2.12)

I While the quantities s(t) and M(t) do not have the physical meaning of thcL~

forward counterparts ~(t) and P(t), they do suggest a convenient mathematical

I
C -

~~~~~~~~~~~~~~ 

.-
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representation for the imp lementation of 
~(tIT). Equations (2.10) - (2 . 12)

above will be applied directly to the reduced-order smoothing problem and

later, also to the exact smoothing problem using the complete system .

2.2. The Reduced-Order Smoothing Problem

The smoothing problem for the reduced system (1.14) - (1.15) will

now be considered by directly applying the results of section 2.1 with the

— modification required due to the correlation of the input and measurement

noises. The resulting fixed-interval smoothing solution for this system

become s

Tb (tjT) = (I+P0M0Y
’(11,~(t)+p0s0(t)] (2.13)

where and 
~o are the outputs of the forward and backward filters with

covariances P0 and l.1~, respectively . The expression for the forward filter

is given by the usual Kalman filter equation

A0% + K0 (y-C0%) , T~ (0) E( ’fl
0

) (2 .14)

— where

~ (P0c~~+B0QD~ )R~
1 (2 . 15)

- 

R,~ ~ ( R + D 0QD~ ) (2 .16)

with the error covariance P
0

(t) sa tisfying

f P0 
— A0P0 + ~~~ + B0QB~ - (P0c~ +B0QD~)~~

1(c0
p
0 +DQQB~ ),  P0 (0)  = cov(%)

(2 . 17 )

The backward filter equation , obtained from (2.10) with the noted modification,

I

~~~~ -- - 
_

~~c
_ ± _~
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1 is expressed as

I da
I — [A~ - (M

0
80 + KbDo)QS

~
1so + K.1,y ,  s

0
(T) 0 (2.18)

[ where

K.0 (t) 
~~ (C u~ 

- M0B0QD~)R0
1 (2.19)

The corresponding covariance equation for M
0 

is obtained similarly from

(2.11) as

dMo
- = M0A0 

+ A~M0 
- MQBØQB~M0 + K.0R0K~ , 14

0
(T) = 0 . (2.20)

F In sunniary, the optimal smoother for the reduced system is given by (2.13),

together with eqs. (2.14), (2.17), (2.18), and (2.20).

2.3. Exact Solution of the Smoothing Problem

- The exact solution of the smoothing problem for the system (1.8) -

(1.10) can be found by applying the results of Section 2.1 directly, with

- the appropriate substitutions

0 1  rBO l
1 A —  I I~~ B 1  I ’
L [o A2/~J La21~J
I -

~~~~

I C — (c 0 c2J 
A

i i
I

- -~~~~~~~~~~~~~~

_

-—~~ - -
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I
where the ~ terms have been neglected in the coefficients of the right-hand

side of (1.8) - (1.10) . If ~ is not to be neglected , the script matrices of

(1.11) should be used . In accordance with eq. (2 .12), the smoothed

estimate will therefore be given by

-. 

[~(tlT] -1 rfTl(t)\ / 8 l (t
~~~

r I I — [I+P(t)M(t)) 
~
( + P(t)( II (2.21)

tIT~ ~\~~ t~
/

~
‘l2

where P 
~ 

is the covariance of the forward f i l t e r  output

r I_~
2 1’~iu L~

— 1M 1 i~M1~
and M 

~ 
is the covariance of the backward fi l t e r  outpu t-

~~i2 ~2J
I

- J . The reason for the particula r partitionings of s ( t )  and M ( t )  w i l l  be

apparent in the sequel.

I The equations for the forward filters and their covariances , obtained

from the usua l Ka lman filter equations with the above partitioning , are

as follows

1 A -
11 — A011 + (P1C~ +P12C~)R ~(y-C0fl - C2~), 11(0) E (110) (2.22)

— A
2~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ (O) — E(~~ ) (2.23)

I
I

C 
_ _  _ _
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= 
~~~~~~~~~~~ 

+ + BQQB~ - (p
1C~ +P12 )R 1(C

0P1~~~2~~2
), P1(0) cov(%)

(2.24)

~~l2 ~AØ
P12 + P12A + B0QB - (P

1
C~~+P12C~ )R ’(u.C0P12 +C

2
P2), P 12 (O ) cov(Tt 0,~ 0 )

(2.25)

= A2P2 + P2A + B2Q8 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~( O ) = u . cov (~ 0 )

(2 .26 )

Note that since the covariance of the fas t s tate ~ (t)  behaves as

the err or covariance of its estimate has been denoted by 
~~~~

Similarly, applying equations (2.lO)-(2.1l), after the appropriate

partitioning, yields the backward filter equations for ~~~ 
~~ 

and their

covariances as given be low

= (A~ M1
B0QB~ M12B2QB

~
)s

1 
- (M 1B0 +M 12B2 )QB~s2 + C~R 1y ,  s1(T) 0

(2 .27 )

~~ ~~~~~~~ - (I.*I 2 B0 +M2 B2 )QB~ s1+(A - p.M ,2 B0QB~ - M 2B2QB~ )s 2 +C~ R ’y, s2 (T) = 0

1: (2.28)

dM
— A~M1 

+ M
1
A
0 
+ C~R

1
C
Ø 

- (M 1B0 +M 12B2 )Q( B~ M1+ B M ~2~~ - M
1
(T) = 0

(2 .29 )

~ . ~~~2 — ~Au M i2 + M 12A2 + c~R C~ - ~~1B0 +M 12B2 )QOJ. B~M 12 ÷ B;M2 ),  M 12 (T) — 0

U (2.30)

I u. — A~M2 + M2A2 + C R 1C2 
- (IJ’M~2B0 

+ M2B2)Q(B2M2 +u&B~M12 ) ,  M2 (T) = 0

(2.31)

_
_~~~~~1~~~~~~~~~~ . . :
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r5~The form adopted for s(t) as I I is required to yield for s ( t)  the

(~
s
2j 

2 
r
IM M

same role in (2.28) as ~(t) in (2.23). This also produces !~?‘~(t) 
1 12

M12 M
2
/u.

r~1ias the covariance of the vector f , simi lar to P(t).
L52J

Inspection of (2.22) - (2.31) reveals that the backward filtering

solution is a dual to the forward filtering solution, where the roles of

A ’, B’, C’, and R
1 are interchanged with those of A , C, B, and Q

respectively . Comparison of (2.29 ) - (2.31) to (2.24) - (2 .26) ,  for instance ,

reveals that N1, N12, and N2 are the exa ct duals of P1, p12, and P2 for

the forward filter. Also , if the innovation term of (2.22) and (2.23) is

broken up into its components y, 11, and ~~~, it is easily seen that the

coeff icients of s
1
(t) and s

2(t) of (2.27) and (2.28) are perfect duals to

those of 11(t) and ~(t) respectively. The fact that , of all these equations ,

I on ly the coefficients of y ( t )  are not duals is essentially a result of

the absence of an innovation term in the backward filter. Any attempt to

form such a term in a filter equation describing s(t) wou ld involve using

I the unstable quantity Pb(t). Overall, this duality property will prove to

I 
be extremely useful as a time saving tool, as will be seen in the following

chapters. In what follows, the limiting behavior of the Riccati equations

“ 1 (2.24) - (2.26) and (2.29) - (2.31) will be considered . Subsequently, the

limiting behavior of the resulting filters (2.22) - (2.23) and (2.27) - (2.28)

I will be derived.

I

- L- ~~~~~~~~~

• 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
.
~~~ 

- - 
. . .
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2.4. Remarks

I In sunmiary of the preceding Section 2.3 , it should be noted tha t

subs t i t u t i on  of the exact f i l t e r s  and covar iances as given by ( 2 . 2 2 )  - (2.26)

and (2 .27 )  - (2.31) in equation (2 .21)  wou ld yie ld the optima l fixed-interva l

smoother for the system (1.8) - (1.10).

The purpose of this chapter was to introduce the proposed formu-

lation and indicate the tremendous complexity involved in solving for

the optimal smoother using the full system, in addition to the i l l -condi t ioning

of such a problem. The reduced-order smoother has a lso been studied .

f It was seen to be quite simp le to solve and thus imp lement and , as will be

shown in Chapter V . the smoother for the slow states , T1(tIT), te nds to

this smoother for the reduced system as .i, - 0. Thus, this simple smoother

can be used as a near optimal (within O(~~) approximation) estimator for

the slow variable 11(t).

-- The proposed smoothing formulat ion , as a weighted sum of near
- 

optima l f i l t e r s , wi l l  have a l imiting behavior which is extreme ly simp le to

f ana lyze in terms of the limiting behavior of these composite filters .

I
I
I
I
I 

- ,—--~~~—- — . - -..- ---~~~~~~~~ . - - . -5- -
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I
III.  THE FORWARD FILTER

I 3.1. Limits of the Riccati Equations

In this chapter the limits of the forward f i l t e r  as ~. - 0  are

investigated . For that purpose , it is necessary to f i rs t  study the limits

I of the Riccati equations. These will be needed in determining the

limiting behavior of both the filter and the smoother.

I It has been shown [1,9,10,14] that the f i l ter  error covariance

matrices P12 (t) and P2(t) as given by eqs . (2.25) and (2 .26)  can be

expressed to within an O(~ ) approximation , by the sum of quasi stead y —

I state and boundary layer terms [2-8], i.e.,

I ~‘12(t) = P 12 (t) + I’12 (0) + O(~ ) (3.1)

1 P2 (t) = P2 (t)  + P2(e) + O(~J.) (3 .2)

I where e = ~~~~ The quasi steady-state terms p
1( t) ,  p

12 ( t ) ,  and P2 ( t)  are

I 
obtained by setting ~.i = 0 in (2.24) - (2.26) and thus, satisfy the following

equations:

~: P2A~ + A2P2 + B2QB~ 
- P2C~ R 1C2 P2 = 0 (3.3)

I — ‘ — ‘ - 1  — — ‘-1P 12 
= - [B0QB2 - P 1(t)C0R C2 P2 ]A 2 (3.4)

‘ I
1’l — A

0P1 + P 1
A~ 

-
~~ B0QB~ - (P 1C1 +P 12C ) R 1(C0P1+C 2 P~2 ) ,  P 1(0) — cov (%)

(3.5)
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where

A2(t) ~ A2 
- P2C R 1C2 (3 .6)

Note that P
2
(t) is the positive semidefinite root of (3 .3) .  The boundary

layer terms P
2

(O) and P12(8) satisfy the homogeneous equations

= A 2 (O)P 2 (8) + P 2 (8)A (0) - P2(e)c;R
’C2P2(e) + 0(~.) ,

= ~~cov (~~ ) - 

~~~~~ 
(3 .7)

d —
~ 

— —l — — , —l

~~ P~2(e) = P12
(8) [A

2(0) - c R  C2P2
(8)] - [P1(0)C0+P12(0)C2]R c2;(e) + 0(p.) .

P12(0) = cov(% ,~~~) - Pl2(°) (3.8)

Since A
2
(0) is stable, for any t > 0 the boundary layer ter~s tend to zer o

exponentially fast  as ~ — 0. Hence for t-~ ~ > 0, both terms become O(~ ) .

Consequently , on a subinterva l tc [e ,T ] ,  e > 0 , the quasi steady-state

terms alone may be used , i.e.,

= P
2(t) + O(~h) (3.9)

• P12(t) 
= P12 (t) + O(~ ) (3.10)

It is also eas ily seen that since the boundary layer of P12 appears only

in the forcing term of (2.24), its effect on P
1
(t) is 0(IJ), and thus the

covarianc e P
1 
can be approximated for all te[O,T] by

C -

-,,-
‘ 

- ~~-— - ,— . -. - . ——--— -5—-- —_________
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= P1(t) + O(~) (3.11)

i — —

To avoid any future confusion , it shou ld be noted that  P 1(t ) ,  P 12 ( t ) ,

and P2 ( t )  were found by setting ~. = 0 in (2.24) - (2.26) which , in general ,

is not equivalent to the stead y- state obtained by sett ing the derivatives

to zero in the same equations . Hence , the term “quasi steady-state ”

has been used .

3.2. Limiting Behavior of the Fast Mode Fi lter

In considering the limit of the fast mode filter (2.23), two cases

I are of interest .  The f i rs t  is when the fast mode estimate is of interest

in itself. In this case, the limits of the Riccaci equations for P12 and

- - I p2, together with the results of Theorem 1 of [1], allow the implementation

I of the fas t  mode filter , to within an O( /’2
) approximation , as a stationary

filter in a stretched time-scale . That is ,

I = ~ + Q(~ l/2) (3.12)

I where ~~( t )  satisfies

I = A2(t.)~ + P2 (t i )C 2 R 1(y -c011 -c 2~)

1 t - t .

I for all t .~~1 > t > t~ ~~ > 0, and i~ = — —
~~

- 
~~ 0 . (3.13)

Note that the small subintervals [t
1,

t
1+i

] form a subdivision of the obser-

vation interva l (O,TJ . Since the covariance of F behaves as lIi~, ~ is O(i~ 
1/2

),

and thus ~~~ is O(I.~
12), hence the O(~L

hh’2) approximation . Near the initial

I point (t 0) of the observation interva l , P2(t) must be augmented by the

. 4
- - 5—— — -  -—
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I -~boundary layer term p2(e), so that the filter is no longer time-invariant .

I The second case to be considered is when ~ (t) is to be used only

as an input to the slow mode filter. Under such circumstances , ~ can be

I replaced by its white noise approximation (Theorem 1 of [1]) obtained by

setting ~ =0 in (2.23) and (2.26). This substitution , valid for

t > ~ > 0,is given by

~~~~ = - C2A 2
1P2C~ R 1(y - C 011) (3.14)

It should be noted that (3.14) does not yield an approximate estimate of

the fast variable , but is only a valid approximation when ~ is to be

used as an input to slow systems .

3.3. Limiting Behavior of the Slow Mode Filter

- The limit of the slow mode filter is obtained from (2.22) by

substituting p
1
, P12, 

and as given by (3.5), (3.4) and (3.14) respective ly.

The resulting fil te r becomes

= A~11 + K 1( y - C 011) + O ( ~~~’2 ) ,  0 <  t < T (3.15)

whe re

1(
1 1C0 1 2 c2~~~~~(t ~~ 2A 2 I’2 C2 R )  (3.16)

r It can be easily shown (with some lengthy matrix algebra as in [1]) that

the slow mode f i l t e r  tends to the f i l te r  for the reduced system as

I name ly that

I
I

- - -5. -~~~~~~ — ~~— -55 - -- - —---—.-- — —-5— —5 -
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I — —
K1 

= K0 and P
1 

= P0

where K0 and P0 are given in gection 2 . 2  for the reduced problem . This

result is quite significant in that it justifies the solution of a much

simpler reduced-order problem for estimating the slow mode , and can be

summarized by — 1/2
~~~~~~ o

+ 0
~~ ) , 0~~~t � T  (3.17)

3.4. Boundary Layers

The notion of “boundary layers ” has been introduced in this

chapter for the forward filter. To yield some insight as to why the

f boundary layer correction terms were proposed for the fast mode filter and

their subsequent role in the fast mode smoother (to be derived in Chapter V),

I a discussion is in order.

Inspection of equations (2.23), (2.25), and (2.26) representing

~~ p 12, and P2 respectively , reveals that as ~. - 0 , the as sociated der ivatives

tend to become quite la rge . A quasi s teady-state  solution , as was f ound

for P 12 and P2 ,  ignores the required boundary conditions of these equations .

I Thus , there is a small initial time interva l [O,~ ) where the system

experiences the ra pid decay of these fast  transients . The boundary layer

terms , which die off quickly as time increases slight ly, are required to

~ I account for the large discrepancy between the exact and reduced solutions near

the ini t ial  point of the observation interval. Since the equation (2.23) for

~ is not reduced (that is , when the behavior of the fast mode is of interest),

I the only correction terms needed are those associated with the covariances

and P
2 in the input 

term of that equation . However , since the P12 term

I
1
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is O(ji.) in (2.23), only 
~2 

need be augmented . It can be easily seen [1]

tha t just as the “white noise approximation” 
~o 

was va lid as an input to the

slow mode f i l t e r , so is the quasi s teady-state  covariance mul t iplier P12 ( t) ,

i.e., there are no boundary layers for the slow mode filter.

The dual i ty  of the ba ckward f i l t e r  wi l l  present an essentia l ly

identical problem with respect to the boundary layers (this time occurring

on ly near t T )  and thus , in view of the forward f i l t e r ing  resul ts , the

boundary layer compensation will  be obvious . Finally , the nea r optima l

smoothing solution , as wil l  be seen in Chapter V , will  not offer  much

additiona l d i f f i c u l t y  due to the uncoup led boundary layers o f the composite

forward and backward f i l te rs .

1 3.5. Summary

In this chapter it has been shown that a near optimal fast mode

f i l te r  can be designed using a stretched time-sca le implementation with

I innovation input . A time-invariant f i l ter  suff ices  for  any small subinterva l

of (& ,T] ,  ~ > 0. This fi lter uses P2 and therefore , if the f i l t e r  is to

1 be valid near t= 0 , the appropriate boundary layer term P~(~) must be added

I
SO that the filter becomes time-varying .

For the behavior of the slow mode filter , it was seen that the

• 
- I “white noise approximation” to ~(t) was valid. As migh t have been

suspected , the slow mode filter was equivalent , in the limit , to the filter

I for the reduced system .

I 
As a final note to this chapter, if only the near optimal filtering

solution is desired , direct application of (1.12 ) yields for the origina l

I

C 
‘——  — —--.—— — —-5 .

5- — -- -----—----- --- —
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states

x(t) = %( t )  + O(~~~
2
) (3.18)

- 

~(t) = - L0%(t) + ~(t) + O( /2) 
(3.19)

where the linearity of the filters has been used. However, for later

use in the smoothing solution , it is preferable to express ~(t), as given

by (3.13), as a sum of uncoupled filter outputs , i.e.,

F = + A2
1P2C~R 

‘CQ110 + 0(I.&
lh/2
) (3.20)

and thus, ~ satisfies the decoupled equation

C = A~(t1)ç + P2(t~ )C~R~~(y-C2C), ~ = 0 (3.21)

Similarly, C ( with p
2 (8 ) added) would be the time -varying uncoupled filter

— output valid over the entire interval.

I
i
I

.‘
- I

H i
I
I

C 

* 
—- .

~~~~~~~
• 
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IV . THE BACKWARD FILTER

I 4.1. Limits of the Riccati  Equations

In this chapter the techniques used in Chapter III for the forward

f i l t e r  wil l  be applied to the backward f i l t e r  as wel l .  As was the case

with the forward filter , the limits of the corresponding Riccati equations ,

(2.29) - (2.31) here , must first be examined before deriving the limiting

behavior of the backward filter .

Section 2 .3  established the duali ty relationship between the

forward and backward filters and covariances , thus simp lifying the

r ana lysis to a great extent . In accordance with this duality, the backward
- 

f i l te r  covariances can be approximated to within 0(~ ) f or a l l  t e[O ,TJ
7.

as follows

M1
(t ) = M

1
(t) + o(~) (4.1)

M12
(t) = M12

(t ) + M 12 (p) + O (~) (4.2)

142
(t) = M

2
(t) ÷~~~

(p) + O(~) (4.3)

I where p = = . The quasi steady-state  terms M~ , M12, and H1, obtained

by setting ~ = 0 in (2.29) - (2.31), are the solutions of

M2
A
2 

+ A~M2 + C~R 
1
C2~M2

B2
QB~M2 — 0 (4.4)

- 

I 
H12 -LC~R

’C2 
- ~ 1 ( t )B 0QB~~~2 ] 

~~2 
(4.5)

I dM1 — — -l —

- A6MI + M1A0 + C6R C0 
- N(t )QN ’( t ) ,  M1(T) — 0 (4.6)

I respectively, where

I

C 
_ _ _ _ _ _ _ _ _ _ _ _

* 

-•
~~~~~ 

-.5 - - .  - — - —.—-
~~~~~~

- - - -_ _ _ _

-.
~~~~~

. 
~

-
‘~~--  - . — - -
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I 
~~~(t) ~~ A~ 

- M2 B2 QB (4 .7 )

1 N(t) ~ M1
B
0 + M12B2 (4.8)

r and 112
(t) is the positive semidefinite root of (4.4). The boundary layer

- 

terms ~~(p) and 
‘
~12(p) sat isfy the homogeneous equations

~~~(p)

dp = ‘X~(T)~~(p) +
‘
~2(p)

’X
2(T) -

‘
~~(p)B2QB~~2(p) + 0(~j .)

p > 0, ‘~2
(p=O) = -N2(T) (4.9)

r
d~~~ (p)
~~ =~~12

(p )[’X
2(T) -B 2

QB~~2(p)] 
- [M 1

(T)8
0+M12 (T)B

2]QB N
2(p)+ O(p.),

= -~~2(T) (4.10)

I Again , due to the stability of A
2
(T) and hence ‘X

2
(T), the boundary layer

terms decay exponentially fa st as p. -4 0 for any t < T. Hence , for a l l

t E [0 , T-e ] ,  ~ ) ‘ 0, the approximations given by

I M1
(t) = M1(t)  + O(p .) (4. 11)

I M
12(t) — M12(t) + O(~.&) (4 .12)

M2
(t) = M2( t )  + O(p .) (4 .13)

will be valid. It remains to be seen that H1 is equivalent to the reduced

~~~~. I covariance of Section 2.2. This problem will be considered in Section

4.3.

I
- 

I
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4.2. Limiting Behavior of the Fast Mode Filter

The exact expressions f or the backwar d f i l t er are g iven by

equat ions (2 .27 )  and (2 .28) .  However , in order to obtain the beh av ior

of the fast  mode f i l t e r  alone , these f i l t e r s  should be decoup led by emp loy ing

a t ransformat ion as in Section 1.2.

I Let new variables w(t) and r(t) be defined by

~~
(t
~~~[In

_
~
HlLi ~ l1 [ s1(t )~~ (4.14)

[
r ( t )

j  L L1 ‘m J [ s
2
(t)j

where

L1 ~ -‘X 
1
M2B2

QB~ + 0(p .) (4 .15)

H1 ~ -N(t)QB~X 
~ + 0(p .) (4 .16)

This is a non-singular t ransformation which when inverted y ie lds

s1(t )  = w ( t )  + 0(p .h / 2 ) (4.17)

I 5
2

(t )  = X ~~
1M2 B2 QB~w ( t )  + r(t) + Ø(p .l12 ) (4.18)

I where the O(p.
l
~
’2) results from p.s2 

since s2 is 0(p . 1
~’2 ). The uncoup led f i l t e r s

are now given by

I dw(t )  
- [A~~-N(t)Q(I +B~~ ~~2B2 Q)B~ ] w + [ C ~R +N ( t ) Q B ~~~~

1C~R 1] y ÷ Ø ( p .l/2 )

I (4.19)

-‘ 

i~dr ( t )  
— X ~r + C~ R

1y + Ø(p~l~12 ) (4.20)

I The equation for r(t) is a standard singular ly perturbed filter , which is a

I strictly fast system with input y(t) containing white noise. Hence, its

C

- ~
—.-• - . - --—5-——-.—- . - - -5—.-—- - - — —-5 — - ---—------——-— . -• --

- — — - -
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I l imiting behavior is similar to that of ~,since X2 (t) is stable for a l l

t €[0,T]. Consequently ,  r ( t ) m~y be approximated by the output of a

stationary f i l t e r  imp lemented in a stretched t ime-scale X = —, for any

small subinterval [~~
, 
~~~~~~ TJ. The resulting filter , valid for

-- 
all  T - 

~i+l 
< t ~ T - may be expressed by

dr ( t )  — l 1/2
dX 

= A~ (T-~~
) r(t) + C R  y + O(p. ) ,  X 2 0 (4.21)

Near the right endpoint (t=T) of the observation interval , it is necessary

to augment H
2 
with ’

~2
(p) inX~(t) above, so that this fast filter is no

i longer time-invariant .

-- 4.3. Limiting behavior of the Slow Mode fi l ter

The limiting behavior of the filter output w(t) is found by setting

p .= O in the right-hand side of (4 .19) (the script matrices neglected earl ier

are actual ly just now being rep laced). This resul ts  in
-T

d~ (t) (A~~-N(t)Q(I+B~~~~
1M
2B2

Q)B~] ~ +[C~ +N(t)QB~~~~~C~ ]R 1y (4.22)

Note that (4.17) guarantees that s1(t) also satisfies 
(4.22) in the limit

I
Simple matrix algebra must now be performed to show that the filter

of equation (4.22) is identical to the reduced-order filter , namely, ~ (t) =

I s
0
(t) as given by (2.18). This is essentially the same task as for the

forward filtering case , except that the lack of an innovation term in the

I
I

C 
-
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backward filter makes it more tedious. To accomplish this, it is first

necessary to prove the equivalence of H1 and M
0 
as given by equations (4.6)

and (2.20), respectively. The substitution of (4.4) and (4.5) in (4.8),

after lengthy algebra, yields the dual to equations (63) and (64) for the

forward filter in (1]. These expressions are

N(t) = (M1B0 + C~R 1D0) ( I - B ~ A~~
1M2B2 Q) ’ 1 (4.23)

and

N(t)Q(I -B~A~ 
1
M
2
B
2Q) ‘ — (MiBo + C~

R 1Do) (I+QD6R
1Do) ’Q (4 . 24)

The further substitution of (4.23) and (4.24) in (4.6) yields the equation

M1
= MiAO +A

~
M1+C6R C

0 
- (M1BO + C6R D0) ( I + Q D ~1R D0) Q(B~M1+ D ~R C0)

(4.25)

If the following two identities are now substituted in (4..25):

(I+QD~R~~D0)~~ — I - QD~R0
1
D0 

(4.26)

R
1

D
o (I + Q D 6R ~~~

D
o

)
1 

— R0
1
D0, (4.27)

the resulting equation for (4.25) become s

dM
— M1

A
0 + A~M1 + C~R C0 

- M
1
B
0QB~M1 + M1B0QD~RØ

1D
0QB~M1 - MiBoQDc~Ro

1Co

- C~RØ DØQB~M1 - %R0 D0QD~R C
0 

(4.28)

Additional algebraic manipulation of (4.28), together with the use of the

identity

(I - R
O
’DOQD6)R

’ R
0
’ (4.29)

I
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results in

I dM
— M

1
A
0 + A~M1 - M1B0QB~H1 + (C~ - M1BØQD~ )R ~

1 (C0 - DQQB~M1) (4.30)

which is identical to (2.20).

It now only remains to be shown that the filter coefficients of

(4.22) are identical to those of (2.18). The gain coeff icient  of the filter

is given by

(C~~+ N ( t)QB2~~~~C~~R ’ = [C~ - N(t)Q(I - B~ A~~
’M2B2Q)

1D~ 1R
1

-~ 

= [C~ - (M
0
B
0+C~R D0) ( I + Q D~R D0)~~QD~ ]R 1 

= (C~ -M0B0QD~)R~
1

(4.31)

r where the identities (4.24), (4.26), and (4.29) have been used. Similarly,

the system matrix of (4.22) is given by

- N ( t ) Q ( I  + B
2~~~~~~M

2
B

2
Q)B~ - A~ - N(t)Q[ I + (I - B~ A 1M2 B2 Q)

1B~A 1
y2Q]B~

= A6 - N ( t ) Q ( I  - B A
~~~

’M
2

B
2 Q) ’

B6 — A~ - (M
0
B
0 + C~R 

1
D0

)(I + QD~R
1
D0)

1QB~

I A6 - M060Q( l - D~R~
1D0Q)B~ - C~R

’D0QB~ A~ - (M
0B0 + K.ØDO)QBt~ 

(4.32)

I 
where the identities (4.24), (4.26), and (4.27) have been used. It is thus

seen from (4.31) and (4.32), that the l imit of the slow mode filter is

identical to that of the reduced problem , i. e.,

s
1

( t )  — s ( t )  + Ø(~ lI_ ), 0 < t < T . (4.33)

I
1

• 
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4.4. Summary

In summary , the results for the limits of the backward filter are

dual to those of the forward filter , with the difference that the boundary

I layers now occur at the right endpoint of the observation interval, It should

be noted that there is no innovation in the backward filter and thus, the

observat ions are used directly as inputs. Specifically, the fast backward

filter tends to a stationary stretched time-scale filter and the slow mode

f i l t e r  tends to the reduced-order backward filter . These filter outputs

I will now be appropriately combined with the forward filter outputs to obtain

the desired smoothed estimate.

I

I

%~~ J —

‘ ~-r~
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V. NEAR OPTIMAL SMOOTHING SOLUTION

I 5.1. The Uncoupled System

5.1.1. The Near Optimal Slow Mode Smoother

From Section 2.3, the exact smoothing solution is given by (2.21).

The partitioned matrix representations of P(t) and M(t), as given in that same

section, are now used to obtain the multiplicative terms of (2.21) as follows :

fi o\ / ~1 p
12 \ / M1 

-l

F (I+PN)~~ = ( + ( ) (
\o ~J \ P12 P

2/u~J \‘~
“i2 ~~2

— l
I + P1M1 + O(~) p.(P1M12 + P12M2

)

[P~2Ml + P2
M~2 

I + P
2M~ + O(p.) J

(I+P1M1)~~+O(p.) _p.(I+P
1M1)

1 (P1M12+P12M2)(I+P
2M2)

~~+O(4L
2
)~

= I (5.1)

I -(I+P2
M
2)~~

(P~2M1+P2M~2)(I+P1M1)~~+O(p.) (I+P2
M
2)
’+O(p.) J

I Thus, it follows that (I+PM)~~P =

I [(I+P1
M
1)~~

P
1
+O(~ ) (I+P

1
M
1)~~~

[P 12 -(P1M12+P 12M2)(I+P
2
M
2
)~~ P2

]+O(p.) 1
I (5.2)

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (I+P2M2)
_l
P
2
/p.+o(l)J

I
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For the slow mode smoother, the quasi steady-state covariance terms can be used

i since the boundary layer terms are O(p.). The forward and backward filters, as

given by (2.14) ,  (2.18),  (3.13), and (4.21) together with (5.1) and (5.2),

I may be substituted in (2.21) to yield the slow mode smoother as

$ 1~-(t~T) = (I+P0M0)~~ [110
(t) + P

0
s
0
(t)] + O(p.

1/’2)

= %(tIT) + O(p.
h/ 2 ), 0 < t < T (5.3)

It is now clear that the slow mode. smoother tends to the reduced-order smoother.

Consequently, if the fast variable is of no interest , a near optimal smoother

for the slow variables may be obtained by solving the smoothing problem for

I the reduced-order system .

I 5.1.2. The Near Optimal Fast Mode Smoother

In a similar manner , the expres s ions for the fast mode smoother

I may be obtained in the inter ior o f the interval [ O ,T], by subs t i tu t ing  the

quasi stead y-state  values of the covariances and the filters in (5.1), (5.2),

and (2.21) to y ield

I ~.(tIT) (I+P2M2)
’[C (t)+P2

r(t)] + ~0(tlT) + O(p.
h/’2) (5.4)

where

(I +p 2M2 ) 1[(N 1+N 2M0 )110 (tJT) + N2s0(t)] (5.5)

and

-t N
1
(t) ~ (A 1P +  P2

1)C~R
’C0 (5.6)

N
2
(t) ~ (A -P2A~~

1
M2

)B
2QB~ (5.7)

1-- 
_ _
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I It should be emphasized that ~0( t I T )  is an output of a slow system , hence

its covariance relative to that of ~ is O(p.). Furthermore , in view of its

being a slow variable , it need not be performed in the stretched time-scale ,

and merely represents a slowly varying “mean” about which the fast components

of the variable ~(t!T), namely ~ (t) and ? ( t ) ,  fluctuate.

5.1.3. Boundary Layers

If a near optimal solut ion for the fast mode sm oother is needed

during the entire observation interval , the boundary layer terms need to

be used to augment the fast covarianc s and outputs. Since the boundary

layers at both ends of the observation interval were shown to be independent

of each other , the results are greatly simp lified . Augmentation of the fast

forward covariance P
2 

in both the forward filter gain and multip licative

terms of eq. (5.4), yields the near optimal fast mode smoother valid in the

left boundary layer. This simp le modification of the time-invariant smoother

results in

I ~L
(tIT) =

O < t < T - ~ (5.8)
N.

I where ~~~~~(t) is the t ime-vary ing fast filter described in Section 3.5.

Similar ly, the time-vary ing smoother valid in the right boundary layer is

- given by

I 
~R

(tl T) =

I ~~< t < T  (5.9)

I
I

C
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where ~~~~~( t )  is the time-varying backward fast filter described in Section 4.2.

Finally, if both endpoints may be needed and the estimator structure is not

to be changed , the appropriate smoother is given by

~L,R
(tIT) = [1+ 

~~2 +~~2(8))(M2 +~~~~ ) ) ]~~~[~~(t ) + 
~~2 +~~2 (8 ) )~~( t) ]

+ ~0(t!T) ÷ O(~
1/2
) , 0 < t < T (5.10)

It should be noted that , as was the case with the forward fast mode filter ,

the fast mode smoother requires no boundary layer augmentations for the

cross covariances P
12(t) and M12(t), i.e., their boundary layer terms

always appear where they are O(p.) in comparison with the others.

The two filter formation adopted in this work is more suitable for

analyzing the boundary layer behavior. In the previous formulat ion [10],

instability problems may occur from the interaction of the two boundary layers.

The two filter approach avoids these problems by allowing two separate filters ,

each with its own independent boundary layer at the two opposing ends of

the observation interval , respective ly.

5.2. Smoothing for the Original States

The near optimal fixed-interva l smoother for the original states

x(t) and z(t) defined by (l.1)-(l.3) can now be suimnarized , using the earlier

results in conjunction with the inverse transformation (1.12), in the following

- 

I 
theorem:

Theorem 1: If the assumptions (i)  and (ii) of Section 1.2.4 hold for the

system (l.l)-(l.3), the smoothing solution for the original states satisfies

I
I

C
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I
the relations

1) c(t~T) = ~c0
(t~T) + Ø(p.

l/2
) t < T

where ~c0
(tIT) is the smoother for the reduced-order problem obtained by

- setting p .=ø in (l l)-(l.3) (note that c
0
(t(T) T10(t(T)),

2) ~ (tl T) = -A
2
1
A21~0(tI T) + ~(tlT) + O(p.~~

2), ~ <~~~ <T-~

where ~(t!T) is the solution for the fast uncoup led state given by (5.4).

If a smoother is desired which is valid near the ends of the observation

interva l , one needs only to use the appropriatel y modified versions of

~(tIT) as discussed in the previous section .

The proof of this theorem , as noted in Section 1.2 , follows from

the results of the previous sections together with the linearity of the

estimators considered in the sequel.

As a final note, it should be pointed out that the resulting four

filters involved in the near optimal smoothing solution are of lower order

than the original smoothing solution, and can be implemented in two time-

scales to avoid unnecessa:y computationa l burden and ill-conditioning in

the prob lem .

- , I

I
I
I
I

C 

- 

-- _ _



I
VI. SPECIAL CASE AND EXANPLE

I 6.1 . General Stationary Second-Order System

I Consider the second-order , t ime-invariant , uncoup led system repre-

sented by

I = a~T1 + b 0u , T~(O) = (6.1)

= a2~ + b 2 u , ~ (O) = (6-2)

y = c 01 1+c 2~~+v , t > O  (6.3)

where u(t) and v(t) are uncorrelated white Gaussian noise processes with zero

means and covariances q and r, respective ly. The transformation of Chapter I

allow s consideration of systems of the above form (uncoupled) without loss of

generality. Note that stability requires a0, a2 < 0.

The exact filtering solution is given by

= a0~ + p 1
c
0+p 12

c
2)(y-c0~~-c 2~ ), 

1~(O) = E (110
) (6.4)

= a~~~+ ~ (p.c0p 12 +c 2p 2 ) ( y - c 0~~- c 2~ ) ,  ~ (O) = E(~0
) (6.5)

where p 1
, p

12, 
and p

2 
satisfy the Riccati equations

p
1 

= 2a0
p1 +qb~ 

- (c0p1 +c 2p12)
2/r, p1(O) = cov~ fl0) (6.6)

= (p.a0+a2)p12 +q
b
0b2-(c0p1 +c 2p12

)(p.c0p12 +c 2p2
)/r ,

p 12 (0) = c o v(~~~,~~~) ( 6 . 7 )

I 
- 2a2p2 +q b2

2
- (~~0p 12 +c 2p2)

2/r, p2
(O) = p.cov(~ 0 ) (6 .8 )

I
I
I

I;

V 
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I The near optimal design can now be described quite easily using

the results of the previous chapters with the appropriate simplifications

due to this second-order system with scalar coefficients. Setting p. O in

(6.6)-(6.8), using the results of Section 3.1 , yields the quasi steady-

state covariances

— 
— 

qb0
b
2 

- 
0 2 1 2 / v  (6 9)

2
C
2P2/ 

- a2

p2 = a~r(1 - J r~7~ )/ c 2 (6. 10)

— = - 
(b-~ )~~exp [-~ t 1 - (b+B) 6 11p1 

- p0 
- 

2c(l -kexp ~-Bt})

where

A 
2c~ 1(0) + (b+B) A 2

I k 2c~ 1(0) + (b-B) 
a = qrb

0/r0

(6.1 2)

I b 2 (a0 -qd 0b0c0/r 0) ,  c -c~ /r 0, B ~~2 4ac,

and

d0 
A -c2b2/a2, r0 

Ar÷q4 (6.13)

are the scalar counterparts of the matrices (upper case) D0 and R0 
of the

previous chapters.

- ‘ The solutions of the scalar boundary layer equations corresponding

1 to (3 .7)  and (3.8) of Chapter III are given by

- 2r~2k2exp [2~29)1 = 
2 — 

, e t / p .  (6.14)
c2 (1 - k

2exp(2a29))

I
I

V 

- - - - 
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I 2k (~ (O )c +~~~ (O)c ) (1-k. )
~ (0)exp(~~8~

p1~:e) = 
c2(1 -k 2

exp~2I
2
e)) [exp(2~28) - exp(a20) 

- 

(1-k2exp(Th28))

I (6. 15)

where

2 c2p2 (0)

I a2 
A a2 -~~2c2/r , k

2 ~ — 

(6.16)
c2p2 (0) - 2ra 2

The nea r optima l fast  mode f i l t er is given (in a stretched time-

scale) by

d ~ 
= a

2~ + ~~ ~ 2c 2 ( y c 0~0~~~ 2~ ) ,  = >0 (6.17)

where ~~2 ( e)  must be added to ~~. to account for the boundary layer behavior

near t 0 .

The near optimal slow mode f i l t e r , which is found from the reduced
r

-
~~ system as seen in Chapter III, is described by
0

= a
0
T~0+k0(y- c

01~0) (6.18)

where

k0 ~ (p0
c
0+qd0

b
0
)/r

0 (6. 19)

- 

Simila r ly ,  the exact backward f i l t e r i n g  solut ion is given by

T ds 1( t )  2
= (a0 -m 1qb0 -mn 12qb0

b
2
)s1 - (m1b0+m 12

b
2)q

b
2
s
2+— y, 

s
1(T)=O (6.20)

1- ds 2 ( t )  2= - (~j.m12b0+m2b2)qb0s1 +(a2-~.m12qb0
b
2
-m
2q

b
2)s2

+-2. y,s
2
(T)=0 (6.21)

I.
where m 1, m12, and m2 satisfy the Riccati equations

I
I
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I = 2a
0
m
1 +c~ /r-q (m 1

b
0
+m 12b2)

2
, m1(T) 0 (6.22)

I dm
12

u ~~~~~
— = (~ a0 + a 2 )m 12 + c 0c2 / r - q(m 1b0 +m 12b 2 ) (~m12b0 +m 2b2 ) ,  m12 (T) = 0 (6.23)

I dm
2

= 2a
2
m
2 +c~/r -q(1.m.m12

b
0+m2

b
2)
2
, m2

(T)=0 (6.24)

I
As was shown more generally for the (n+m)-th order case in Section 2.3, the

I Riccat i equations (6 .22) - (6 .24) are the exact duals of their forward counter-

parts (6.6)-(6.8). Thus, the quasi steady-state solutions , trivially found

I by merely substituting the dual coef f ic ients  in ( 6 . 9 ) - ( 6 . 1 l) ,  are

c0c2 /r - qb0
b
2
i~1

ñi
2 (6.25)j~~12

-5 

b~ii~2 - a 2. 1 
_ _ _

2
(6 .26)i 

rn
2 

= a
2

(l - ~/f~~qd~/r)/qb2

2c[ l  - expj- ~~~ 1] (6 . 27)i m~ = 
((b-B) - (b+~~)exp[-~~~J]

where the boundary condition m0 (o = 0 )  = 0  has been used .

I The solutions to the boundary layer equations , using duality, are
-4.

.
~~ I given by

2v2~ 2exp( 2~ 2p 3

i m
2

(p)  = - 

2 b2 (l+ j2~~~)) 
(6.28)

2~ 12(0)exp(~2p)(q
b~~2exp(~2p) - a2]I m12

(p) = (6.29)
2a
2 - qb~~~(l+ exp(2~2p)]

1
I

T T T ~~~~~~~~~~~~~~~~~~~ 

-
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I where

“2 a2 
- qb~~i

2 
(6 30)

I
The near optimal stretched time-scale backward filter is described

I by

i 
d~~( t )  

— (a
2 

- qb 2)i+-~ y, X = 2 (6.31)

where ‘
~2
(p) is to be added to in

2 if the boundary layer behavior is desired.

The near optimal slow mode backward filter satisfies

I ds
0(t)

= [a0 - (mØ
b
0+k~dØ)qb0]s0+k~y (6.32)

where

I kb (t) ~ (c0 - m 0
qb

0d0)/r 0 (6 . 33)

I Finally,  the near optimal fixed-interval smoothers are given

by

I T~(tIT) = T10 ( t I T) = [I~0(t)+p0
s
0(t)] n1(t) (6.34)

I . [‘~ (t)+(~ +
‘
~2

(8))’~(t)]
~ (tIT) = 

2 
— + (t~T) ,L,R 

~ + ~~2 ~~~ ~~~ ~~2 
+51

2
(9))] 0

0 < t < T  (6.35)

where

~ - I
I 

~0
(t~T) ~ [(n 1+fl 2m0)110 ( t I T )  + n2 s0 ( t ) J / ( l + p 2rn2 ) (6 . 36 )

andI n 1( t )  A (
~2

/ 2 2~~2
)c.
2cO~~ 

, n2 (t)  ( 1/ 2 -~~ 2~~ Th2 )qb 0b2 (6 .37)

and ’
~
’(t) and~~(t) are the time-varying filters of (6.17) and (6.31).

I
I
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6.2 Relation to the Wiener Filter

I 6-2.1. Realizable Wiener Filter

In light of the boundary layer behavior of the filter for the fast

I mode ~ (t), as given by (6.17), it would seem reasonable that the realizable

Wiener filter should be considered as a possible substitute More specifi-

I c a l l y ,  if the smoothing interval is at least a few fast time-constants long ,

I the est imate ~ ( t/ T ) ,  as given by (6 .35), could incorporate this  Wiener f i l t e r

in the interior of the interval. Assuming that T represents a small delay ,

I a sufficiently small ~j, is required . Note that a Wiener filter would prov ide

a very poor estimate for the slow mode, in general. However, as was pre-

I viously seen , the simple reduced system filter (6.18) can be easily

imp lemented to estimate T~(t). The above statements apply similarly, to

I the backward f i l t e r s  also. While the covariance of the real izable  Wiener

I filter can never be achieved for finite T and non-zero ~, it does serve as

a usefu l  lower bound which can hopeful ly  be obtained in the limit as ~

I (and subsequent ly, the boundary layer width) tends to zero.

I It has been shown in the previous chapters that p2(t) can he

expressed as

I l’2(t) = p
2 

+ O(~) (6.38)

for t > ~ ~ 0, and thus the covariance of the optimal fast mode filter of

(6.5) can be written as

I E(e2(t)) — + 0(1), t 7& (6.39)

I i.e., as ~.4O, the error covariance tends to infinity asymptotically in such

a way that the product .&E(e
2(t)) tends to a constant , namely 

~~

I

- T~~~~~~~~~~~~~~~~~~~~~ 
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~~~~~~~~~
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I The error covariance of the realizable Wiener filter H
0(jw) [191

for estimating ~ (t) from the noisy observat ions y(t), as given by (6.1)-

I (6.3), will now be investigated. The model for the channe l and filter is

I shown in Figure 1. The two signals , s1(t) = c01(t) and s2 ( t )  = c2~ (t), 
are

modeled by white noise (with covariance q) thru linear filters. as shown in

1 Figure 2. Note that , for the purpose of estimating ~ ( t) ,  T~(t )  is essentiall y

an additional noise process. From these two figures , it is seen that the

I powe r spect ra  s a t i s f y

2 2  2 2  2qb c  qb c I ~j.I ~ 
(w) = 2

0 0 
~~ 

(w) = 2
2 2

2 2 (6.40)
1 W + a 0 2 w + a 2 /~.

I 2 2
- 

qb0c0
— 

~~~~~ ‘~~ +Ø~,(w) = 
2 2 + r , (6.41)

1 w + a

I 0
and

i ~ (w) = 0 (w)+Ø (w) + 2ReØ (jw) (6.42)y S
2 

n S n
where

qb0b2c0c2 / ~I 
~~~ 

= o5~~~
(Jw) T

0
+ju))(a

2
/~ -jw) 

(6.43)

I Subs t i tu t ing  (6.40), (6.41), and (6.43) in (6.42) yields

0 (w) =

(w + a0)(w +a2/1j, ) (6.44)

Using spectral factorization , 0 (w) becomes

I + - 
01c (jw+w3)(jw + w4) .j~ (w

3 - jw)((u4
- jw)

— 0y 0y 
— 
(jw-a0)(jw-a2/~.) (Jw+ a

0)(jw+a 2
/~j.) 

(6.45)

I
I
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s1( t )+ v ( t )  = c 011+v~~ n ( t )

I 
_ _ _ _ _ _ _ _ _ _

I y (t) 

+o

s2 (t) = c 2~

I
I 

_ _ _ _ _ _ _ _ _ _ _ _

I ~~
H

~~
=-’—

I
Figure 1. Channel and Filter Mode l

I

u(t) _________________________ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _

I 
~~~

c
0
bQ ~ = c~.~1~~t)

i j w - a 0

I
I _______________

~~ b2c2 /~ I s2(t) = c2~ (t)

iw _ a 2/~J.I-
I

Figure 2. State Model

I
I
I
.
‘ 
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where w3,~4 > 0 and a0,a2 
< 0.

Thus ,

A O~~
(iw) 

Hd (W)Os y (Jw) H
d (0s

2
+0s

2
s
1
(j
~~~

G(jw) = 
ø~~ (iw) 

= 
0y~ (iW) 

= 
O~~(iw) 

(6.46)

Subs t i tu t ion of the indicated quant i t i e s, tog ether with a par t ia l  fraction

expansion, yields,
qb
2
k
4G (jw) = 

— (6.47)+ 
~,Jr ( j w - a 2 /~.)

whe re
d~,

k = + O(~.j. ) (6. 48)
~ l +~& 7 ~

The error covariance is given by

E(e2(t)) = E(z2(t)) - E(~
2
(t)) = 

~~ 
- ~G~ (jw)~

2
]dw

~ 0~~~(w)
= J 

~ 
_____ dw - J’ g~~( t) d t  (6. 49)

using Parseval’ s theorem. From (6 .47) ,

qb
g
÷

(t)  = ~~~ k4expf-a2
t/~ } (6.50)

~Jr

Simp le integrat ion y ields
2

~E(e 2 ( t ) )  = - ~~~~ ( l qd~ / r ( l + ~~r 0/r  ) 2 ) ÷ o ( ~ ) (6 .51)

I
I
I
I
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I which af ter  al geb r a reduces to

~E(e 2 ( t ))  = ra
2

(l 
~.Jr~

/ r )/ c
~~

+ O (
~

) a (6 .52)

Thus , as ~ te nds to zero , the error covariances of the fast mode filter

( (outside the boundary layer) and the realizable Wiener filter agree.

I 6 . 2 . 2 .  Unrealizable Wiener Filter

I
A similar argument to the one made to justify replacing the fast

mode filter with the realizable Wiener, can be given to justify the use of

the unrealizable Wiener filter in place of the fast mode smoother , given

by (6.35). In the interior of the smoothing interval , for ~ sufficientl y

I small , the effects of the two boundary layers have decayed to zero. The

fast mode smoother , in other words, experiences a long past and future

of essentially steady-state behavior. The unrealizable filter error co-

variance canno t be obtained , but it p rovides a lower bound for the f ixed-

interval smoother. As before , it is hoped that as ~ tends to zero , the

respect ive covariances w i l l  agree.

Equation (2.6) gives the smoother error covariance matrix P(tIT)

- as

r 
P(tI T) = [P~~ ( t )  + M(t)]

1 (6 .53)

For the second-order case in the interior of the interval , the quasi

steady-state covariances are valid to within O(~). Thus ,

- r~1 ~12 \l  
-l

P(tIT) =~f + ( (6 .54)

[~~ 12 1’2~~’/ ~\~~ l2 ~
m2~~

I
I

-5—.

.
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The covariance for the fast mode smoother is then given byI
(~i~ +~~2

/~d1)E((%(tfT) ~~~(t)
L

1 = (6 .55)
( 2

/
~
d 1

) (
~

ii
~
7 +

~~1
Id 1) 

- (~ rn12 -~~12/d 1)
2

where

— 2d 1 ~~~~~~~~ (6. 56)

Simp le al geb ra reveals that

~.E[(~ (tI T) -~~ (t))
2
] = p

2 / +p 2m2 ) + O(~ )

- 

qra 2b~~(l ~~~~ qb~ 1 _ ./r~ /r
[ I + O ( p . )- 

[q b~ c~~+ r a ~ (l ~ Jr~/r)
2

J 
+ O(~ ) =

~~~ 2a~ 
~Jr~

/ r (1 ~~çi; :)

qb~
= + O(~ ) (6. 57)- 

2a2A1~~
7
~

The model for the unrealizable filter is given also by Figures 1 and 2.

Th is f i l t e r , to be denoted H0 (j w ) ,  is however d i f f e r e n t  from the rea l izable

H0
(jw). Equations (6.40)-(6.44) ere still app licable , but the error co-

variance is given here by

MMSE = E( z 2 (t)) - E ( ’~
2 ( t ) )  = J ’ 0z(w)dw

_
~~~ 

i~ 1 H ( 2
~~ .~ Ou ~~~~~~~ 0). (w)dw

(w) j 2
O~ 

(w)
~O~ (w)+0 5 5

_ _ _ _ _ _ _

2r (w) - 
2 2

= 2n S IHd (Jw) I L~2 O5 (w)+O
~~
(w)+0 +2ReO 

2~ lv s

2 2  2
1 qb2 (w + a0)/~

2

2 2 d~
-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ / r ]/~

(6 . 58)

I
C
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I Factoring the denominator polynomial yields

1 qb 2 (w + a 0)/ p .  dI MMSE r
2-n J 2 2 2 2

-
~~~ (w + s 1) ( w  + s 2 )

= 
~~~~~ 

b 2 
- S~~~ 

2 P + 
~~2 

2 

2
1 

21 
d~ (6. 59)1 ~~ LS~~ 

- S
1 

U) + S
1 

s
2 

- S
1 

w + S
2

3 b y emp loying a pa r t i a l  f rac t ion  expansion and .ioting the even symmetry.

Integration results in
I 2 2 2 2 2q b2 a0 

- s1 (s 2 
- a0)

MMSE = 2 2  2~~ 
+ 

~ 
] (6.60)

2~j. 
~~ 

- 1 2

I where
/ 2 2  2

1~ /ra0a2 + q(a
0
b
2
c
2 + a2

b
0
c
0)~1 /  2 2 2

AJ 
ra 2 + q b2 c~,

(6.61)

S
2 

( _ a
2 ~ r ,~/ r ) / ~~+ O ( 1)

Thus , i t  is e a s i ly seen that

2 2qb 2 qb 2
~.*tSE = - ——— + O(~ ) = - + O(~ ) (6 .62 )

2a~ Jr 0/r

which is i d e n t i c a l  to ( 6 . 5 7 ) ,  proving that  as ~. -s0 the f a s t  smoother per-

I formance tends to that of the unrealizable Wiener filter.

I

I
I

C
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I 6 . 3  Numerical  Example

6 .3 .1 .  Near Opt imal Design

( The sy s t em t~~ be studied in this section is of the form of equations

( 6 . l ) - ( 6 . 3) w i t h a0 -1 , a2 2 , b0 b 2 c0 q 1, c 2 2 , r 0 , 5 , T 1 , i . e . ,

= - - + u , ~ (0) = 1~~ (6 .63)

= -2~ + u  , ~ (0) 
~~~ 

( 6 , 6 4)

y = ‘fl + 2 ~~+ v  , 0 < t < 1 ( 6 . 6 5 )

where ‘flu and are random var iables  wi th  zero means and covariances

s a t i s fy ing

cov (T~0) =2 , cov (T~0,~ 0
) = 0 , cov (~ 0 ) = l/~ (6.66)

Ap p l i c a t i o n  of (6. 4 ) - ( 6 . 8 )  to the above system y ields the exact

f i l t e r i n g  s o l u t i o n  as

~~~~~~~~~~~~~ + 2(p 1 + 2 p 12 ) ( y -~~ - 2 ~~) ,  ~ (0) = 0 (6 .67 )

~ (0) = 0 (6.68)

p 1 = - 2p 1 + l - 2 ( p 1 + 2 p 12 ) 2 , p 1 ( O )  = 2 (6.69)

12 = - ( 2 +~~)p 12 + l - 2 ( p 1 + 2 p 12 ) ( ~ p 12 + 2 p 2 ) ,  p 12
(O) O (6. 70)

~~~~~ 2 ~~~~ 
l-2(~ p 12 +2p

2)
2
, p~

(0) 1 (6.71)

lie quasi steady-state covariances are given b y

I p2 = ~~~ - l )/ 4 (6 . 72)

I
I

C
—
‘.

5 ..,,. - .“ .=.-
5-. ?~i~ -~~~. - - - - - -~~ ~~-
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I — 
= = 

(3+2.j5) expf-2.j3~t~ 
- (3-Z~

1
~) 

(6 73)1 p0 ( - 3÷ ~~~) exp(-~~~ t )  + (3+~~3)

I 
= 

expf-2 .j3t 1 + ( 1  ~~~ (6 . 74)12 
(~fi-l) exp~~-2.J3t J  - ( l + ~J~~)- I

The boundary layer terms ( s u b s t i t u t ing in (6 . 14) and (6 . 1 5 ) )  become

p (9) = 
(5~j 3 -3 )  exp f-4 ,,/~e~ , 8 = tIp , (6 . 75)2 2[~ .~5 - 5 )  exp[-4,J~9) + ( 5 + Jj ) J

( 8)  — 
(S~/ 5 -3 ) e x pf -4 j~e~~-3.j~ exp[-2J~O 1p 12 — 

—

(fl-5)exp~-4,~J~e} + (5+ \ 3)

From equat ion  (6 . 1 7 ) ,  the t ime varying f a s t  f i l t e r  equa t ion  is

given by

-2~ + [
~~~~

- 1 +4p 2 (~ f l ( y - 2 ) ( 6 . 7 7 )

and the slow f i l t e r  s a t i s f i e s

- = 
_
~o + ~ ( 1+ p 0) ( y -~~0

) ( 6 . 7 8 )

S imi l a r l y ,  the exact backward filtering solution satisfies

ds

~~~~~-(1+m 1 +m 12)s1-(m 1 +m 12)s2 +2y, s
1(T)=0 (6.79)

.
~~~ I

-(~ m 12 +m 2 )s 1- ( 2 + ~~iu 1 2 +m 2 )s 2 +4 y ,  s2 (T) 0 (6 .80)

I

~~~~ S ,.~~~~~~~ . 5 -
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I dm
1 2

= -2m..1+2-(m1
+m

12) , m 1(T) = 0 (6. 81)

C

I dm 12
= - (p , + 2 )  m i t4 _ ( m 1 +m i2 ) ( p

~
n

12 +m 2 ) ,  m
12 (T) = 0 ( 6 . 8 2 )

I dm
2 2

= -4m
2 + 8- (p .m 12 +m

2
) , m

2
(T) = 0 (6 . 83)

I
The quasi steady-state covariances are given by3
En

2 
= 2çj’5- 1) (6 .84)

I 
________________________________________________________________________________________________2 1 1-  exp[-2~J3~ 11= in = , a ’ = T - t  (6 .85)0 (5+3,f3)+ (3,[3- 5) exp~~-2~J~~ )

4[(3+J~) +  (2~J3-3) expf-2.j3~ 1I (6. 86)3 
m 12 

[( 5~~~+ 9 ) +  (9 - 5~~~) exp[-~~~~~)]

The boundary layer terms, as given by (6.28)-(6.29), become

— 

~ 
-4 (3  -~.J5) exp [-A,,J~p~ (6.87)m

2(p 
2+(~~~-1)[l+exp~ -~~~p)]

I ~~~~ ( )  = - 
4~J 5[ L15 ~~~~~~~~~~~~~~~~~~~~~~ (6.88)
6+3çj5-1) [l+exp (-4flp)]

-5-

- 
S I The near opt imal , t ime -vary ing fas t  mode f i l t e r is described

I by

— - (2,,J~ +m2 ( p)J ~~+4y (6.89)dX‘ I
I
I

C
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I and the slow filter satisfies

ds 0 ( t )  ( 5 + m 0) 
2

cia 
= - 

3 s0 + (1 - m
0 )y (6 .90)

with m
0
(t) as given by (6.85).

The near op t imal  smoothing so lu t i on  is now given b y e q u a t i o n s

(6 . 3 4 ) - ( 6 . 3 7 )  of Section 6 .1, in terms of the  four  near opt imal f i l t e r s

( ( 6 . 7 7 ) ,  ( 6 . 7 8 ) ,  (6 .89),  (6 .90))  j u s t  obtained , and the  t ime-vary ing coeffi-

cients exp licitl y evaluated in this section .

- 
6.3.2. Performance Comparison

in th is  sect ion , several  graphs are presented  i n d i c a t i n g  the

r e s u l t s  of var ious  per formance  comparisons among the near op t ima l  and

opt imal  es t imators , as jus t  computed in Section 6 .3 .1 .  These results

i l l u s t r a t e  how closely the near optima l desi gn can approximate  the o p t i m a l .

Whi le  the r e s u l t s  of one numerical examp le do not constitute a proof , they

F do suggest the genera l  requirement s to obtain a close approximation , as

w i l l  be noted in the summary. Computer solutions of the exac t R icca t i

3 equat ions , as given b y ( 6 . 6 9 ) - ( 6 . 7 l ) ,  were emp loyed to obtain the optima l

per formance .  The near opt ima l design , as seen e a r l i e r  in t h i s  sec t ion ,

I can be exp licitl y evaluated as a function of both t and ~~~ , given the

remaining system parameters .  Having obtained the performance of the

optimal estimates , the relative proximity (to the exact) of the near optimal

design can be tested . In addition , various convergence results , as ~.

tend s to zero , for both the fast and slow modes can be illustrated.

¶ I
I

C 

-
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3 Figure 3 shows the uniform convergence of the optimal error

covariance for the slow mode , p 1(t ,p ,)  to p0 as p, tend s to ze ro. The

3 effect of changes in p. on the optima l slow mode covariance is seen to

be small , as in the steady state , p 1(~ , 0.1) = 0.116 143 , p 1(~~, 0 .05)  =

0.107479, p 1(~ , 0.Ol)=0.100016 , p0(~
)=O.O 98O7O.

The error covariance v
1(t), 

of the near optimal slow mode filter

(6.78) using the (actual) full system , i.e., (6.63)-(6.65), can be found

I b y forming

e = Ae + Bn

I where

I e =[ ] 
, A = 

[- (1+k o
) 1:]

- (6 .91)

I r’ _ k 01 u(t3 1

-

~ 

B = [  

oJ 

n =  

v ( t )j

The related equation

3 V = AV + VA ’ + BQB ’ (6.92)

where V(t) = E(e(t)e’(t)) and Q = (
~ ?,‘~ 

) is the covariance of n(t), thus

- 
- 

has as its first element v
1(t ,p,)= E[(T~ - ~o)

2
1. Using this information

together with the optimal covariances p 1
(t ,p,) from Figure 3, the magnitude

of the 0(i.~) term is found . Figure 4 disp lays this difference , e 1( t ) ,

3 between the near optimal , slow mode filter error covariance and the optimal

covariance as a function of t for p .  = 0.1 , 0.0 5 , and 0.01. Inspection

I
I

C
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Figure 3. Convergence of Error Covariance-Slow Mode
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of the three curves reveals an interesting relat ionship among them. For

t > .05, the performance of the near optimal reduced system filter T~ (t)

converge s to the optimal (as wodld be expected , since p. is ignored) as

p.9O. However , in an initial boundary layer , the fast modes dominate

the system ever increasingl y as p.-.O and subsequentl y, the observat ions

also. The reduced system filter , which has no provision for estimating

the fast mode ~ (t), is essentiall y misled by th~ initial observat ions , which

actually convey relatively lit.tle information about T1(t). In the steady-

state , the reduced system filter performs extreme ly well as e1(~ , 0.1) =

3. 29 x L0 3 , e 1(~~, 0.05)=1.72 x 10 3
, e 1

(oo , 0.Ol)=3.61x10
4 and , as

~igurc 4 indicates , converges to the optimal as p.4O.

The behavier of tEe optim al c)varia,,.e p
2
(t ,p,) in the boundary

layer is exhibited by F’~~~i :e 5, as p2
(t) is p lotted for t < 0.05 for three

value s of the para m e ts :  z p.. What thest. graphs sEow is the convergence of

p 2 ( t ,p .) to 
~2 as ~~~~~ except in an initial boundary layer (where the

initial condition is constrained to be 1). Also they illustrate the

rap idity at which the boundary layers decay as p.40. What cannot be seen

on such a short time p l.~t as this , i_ s that the three curves later cross

and in the stead y state ~~~~~ =
~~~~ 

=C .183D13, p
2(~ ,

O,.Ol) = 0.182449 ,

=0.180255, a--~d p ,.joo , O . l )  =0 .177634 . The convergence would be

uniform if not for the small neighborhood where the curves cross the constant

value p2 .

It should be noted that these last results can be interpreted in

te rms of the fast filter covariance. The filter error covariance of ~(t)

as g iven b y (6.68) , is p2 (t ,p,)/p,. Although p2(t ,p,2) > p 2 (t ,~~1) fo r

_ _ _
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I ~2
> 

~l in the boundary layer , the covariance for the smaller  value p.1
is still significantly larger than with p. , i.e., the filter performance

is worse. Of course ,thls is due solely to the fact that the fast state

I 
~ (t) is tending to a white noise process. Thus , while  p 2 (t ,p.) converge s

to p2 as p. O outside the boundary layer , no such statement can be made

I about the fas t  f i l t e r  error covariance.

I 
The actual error covariance of the near optimal fast mode filter

(6.77) can be found , as was done for the slow mode , by forming

I e = A e + Sfl (6.93)

where

I - ‘110 ~~~~~~~~ 2k 0 0

I e 1  ~ 
A . r

I 
0 - 2/p .  0

- 
‘ L1 ~J3)t,p, 0 -2~J3/p .

1 (6 .94)

1 [1 ~
k
o 1

B i l / p, 0 n = ~

I ‘ [
~v

L”~ 
( 1 _ ~fl)/j

I Then v
33 

(t) = E [(~ -%) 2 ) ,  where

I ~~= A V + V A ’ + BQB ’ (6. 95)

The r esu l t ing  error covariance v33 (t) for this particular examp le agrees

to within a maximum deviation of 10 of the optima l for all three values

I
I
I 

_ .

.4~~ - _ 
~~~~~~~~~~~~
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I of p,,as given in Figure 5. They were not p lotted since , for all intents

and purposes , the graphs would appear the same as those of Figure 5.

I In Figure 6, a comparison is made between the optimal covariance

I 
p 2 ( t )  and the nea r opt imal  gain terms p 2 and ~2 

+
~~2

(8) for p .  = 0.1. Note

that t he p,p12 
term was neglected in the optimal fast mode filter gain ,

(p,p 12 +2p2
). It is easily seen that , as expected , the selection of p .=O.l

(results were obtained for p .= 0.01, 0.05, 0.1) produces the greatest

discrepancy among the three values of p.. That is , as p.4O , the approximation

continually improves. Inside the boundary layer , the addition of ’
~2
(8) to

is needed. The approximation (only shown for t < 0.05) remains close

throughout the entire interval as in the steady-state p
2(~ ,O.l) =0. 177634,

p2
O.~.83Ol3. This near-perfect approximation of the optimal gain term

3 accounts for the essentially optimal performance as -.just noted above.

Nearly identical results for the near optimality of the lower-

order backward f i l t e r s  were obtained . Since the same s ingular  per turbat ion

methods were used , this was to be expected. Equation (2.6) of Section 2.1

then guarantees the near optimality of the smoother. That is, near optimal

filtering , both backward and forward , assures a near optimal smoothing

solution . Figure 7 illustrates the closeness of the near optima l backward

fast mode filter gain term [M2 +142
(0)) to the optima l M2(uM 12 

neglected by

duality) for t > 0.95 and p .  = 0.1.

Figure 8 i11us~ rates the improvement in terms of error covar i ance ,

I of smoothing , re la t ive  to f i l t e r i n g , fo r the slow mode . The h ighes t  v a l u e ,

I 
= 0.1 , was again chosen , since the advantage of smoothing decreases as

as

I
I
I 5 - — —  . - .-- — —
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Two compar i sons  have been made fo r  the f a s t  mode e s t i m a t o r s  in

Figure 9 using ~~=0 .l . In the smaller p lot , the comparisc’n of smoothing

and filtering error covariances is disp layed for 0 t ‘ T, and in addition ,

I it is shown that the smoother (in the interior of the interval) performs

nearly as well as the unrealizable Wiener filter H (jw). Note that the

I OU
.

smoothing error covariance P2 ( t j T )  e x h i b i t s  boundary layers  a t  both ends of

I the interval. The required termina l condition M
2

(T ) 0 , due to filter

and smoother performance equivalence at t = T , a l l o w s  a r e l a t i v e l y s m a l l

I right boundary layer decay. The left boundary layer , howev er , is

indicative of a large discrepancy between the initial ‘o dition and stead y-

state value of P2 (t). This transient behavior , which is difficult to

I distinguish on the sma ller plot is magnified for easier comparison (t <- 0.05 )

on the lar~ c r  g raph . Note  t ha t  whi le  smoothing and f i l t e r i n g  per formance

3 are identical at the end of the interva l , smoothing represents a drastic

improvement over filtering initiall y for th is particular singu larl y perturbed

I System .

The results of this numerical examp le are p leasing . Not only

h~ s convergence of the optima l covariances been illustrated , but the

rela tive performance of the near optima l design has proved to be incredibly

I 
good for values of as large as 0.1. The advantage of smoothing over

filtering for both the slow and fast mode has also been shown . Finally,

I as predicted for u. sufficientl y s m a l l , the close approximation of the

smoother covariance (in tl’e interior of the in te r v a l)  to tha t of the

I unrealizable Wiene r filter has been demonstrated .

I
I I
C

- 
~~~~~~~~~~
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I V i i .  S UMMARY AND CONCLUSIONS

A near optimal fixed-interval smoother for singularl y perturbed

systems has been derived using the two filter (forward and backward) formu-

I l a t i on .  This i n tu i t i vely -p leasing approach s imp l i f i e s  the f a s t  mode

I 
boundary  layer  comp licat ions encountered p rev ious ly ,  in [101 and results

in a much simp ler imp lementat ion than the exac t s o l u t i o n .  App l i c a t i on  of

s imi la r  s ingular  p e r t u r b a t i o n  techni ques as for  the (forward) filter in

[1 , 9 , 10] , to the backward filter , results in a near optima l O(p. )

I smoother wi th  a s imi lar  two t ime-sca le  so lu t ion  for the fast and slow modes.

I 
The alternative use of the unrealizab le Wiener filter for the fast mode was

justified in the interior of the smoothing interval. Finally, a numerical

examp le served to illustrate how well the near optimal design approxi-

mates the exact for various values of the perturbation paramter p..

I In conc lus ion , it can be i n f e r r e d  from the anal ys is  of Chap te r  VI ,

that the near optimal design will yield a close approximation (for ~ .

sufficientl y sma l l ) ,  when the system parameters , excluding p., agre e to

within approximatel y an order of ~~ agnitude. This restriction can be

progressively relaxed as p .-~O. It should lastl y be noted that the methods

I and results of this thesis lend themselves quite easil y to systems with a

hierarchy of modes. The implementation necessary to obtain the estimates

of the sys tem s ta tes  s imi l a r ly ,  would be multi-time-scale utilizing a

reduced-order solution for the slow modes.

I 
I
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