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~bstract

This paper considers the optin~l control of a production system

which is composed of two distinct production processes , types A and B,

that produce two different products, I and II , having i ndependent non-

negative random den~nds . Production type A produces both products re-

lated by a fixed set of production coefficients . Type B can only be

used to produce product II. Each period , the optim]. production level

of each type must be deterniined . The criterion is the minimum expected

- discounted total cost . Results show that the decision space is parti-

tioned into four distinct regions , whose boundaries are characterized

in term s of a particular sequence of points which are independent of

the on-hand stock levels.
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Introduction

Although the theory of single product inventories initiated by [1, 2)

and [3 )  is extensive , the same is not true for multiproduct inventories.

The numerous papers that have appeared constitute a fraction of the myriad

of possibilities that arise in complex real inventory systems. (~e possi—

bility not yet considered corresponds to the problem of coordinating dif-

ferent types of production processes used to u*nufacture several stock items ,

when the den~nds are stochastic. This paper considers an inventory-produc-

tion system such as the one depicted in Figm e 1, having a by-product pro-

cess and a single item process that together product two products. Such a

system occurs naturally (although often in much more complicated forms ) in

such settings as steel mills, tire ri~xiufacturing plants , chemical ~~nufact-

uring plants , etc.. For specificity , it is assumed that the two production

processes are labelled as types A and B while the stock items are called

products 1 and 2. It is assumed that type B is designed to produce only

product 2 and is called a single item process. Type A is assumed to be a

generalized by-product process; a unit of production yie].cis (>0) of

product j, j—l , 2. It is not required that + 1. The parameters

ri. are called production coefficients and they are fixed characteristics

of type A and cannot be changed. In this context , type B is the alterna-

tive method of producing product 2. The system is of the periodic review

type ; i.e., at the beginning of each period (over a finite horizon) the

stock levels are reviewed and the production levels of types A and B are

determined.

ifl reviewing the literature one sees that a variety of papers have 
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been ‘written concerning the control of inventories for several products.

The excellent survey paper ‘written by Veinott [16] reviews the literature

t1n~ough 1965 . Among the topics discussed by him are : substitute products,

multilocation systems, ordering and repair and capital accntn~il~tion and

production. Veinott [15] developed a very general multiproduct model that

allowed for several den*nd categories. Evans [6]  considered the control of

a by-product production system using two different production cost struc-

tures: under lost sales he used a linear joint production coat and under

complete backlogging he was able to generalize K-convexity to allow for

a fixed set up cost . Evans [ 5)  considered a multiproduct system when

there are limited resources • Shah [13] explicitly treated different types

of substitutability between products. Jo~mson [10] presented an infinite

horizon model with fixed set up costs for an inventory system consisting

of several different products. Silver [1!~] and Ooya]. [8, 9] considered

the problem of j oint replenishment when demends are known. !4~et of these

papers dealt with nmltiproduct inventories when the stock items are re—

2ated in some fashion (resource limitations, by-products, etc.). Appar-

ently, the problem of coordinating production processes has not yet been

considered, within the context of inventory theory .

The intent of this paper is to develop a dynamic model of the system

deecribed by Figure 1 30 optimi production-inventory policies can be de-

rived for controlling the system over any finite planning horizon. In

the next section the necessary assumptions are stated and the appropriate

notation is developed so that a precise n*then~tica1 statement of the

model can be me.de. Section 3 contains the central result of the paper 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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along with other technically oriented results • The proofs of nany of the

results are found in the Appendix.

2. Notation~ Aasi~~ tions, and M~del Formulation

The following definitions, assumptions, and conventions serve to state

the model nathenatica.l1.y.

a) In discussing the model, n will be the period index, with periods

numbered backwards and with N the horizon.

b) y and z denot e arbitra ry production levela for types A and B,

while x and w denote the stock levels at t he beginning of a period (prior

to production and demand).

c) The denan ds for pi’oducts 1 and 2 in period n , D~ and respec-

tively, are independent nonnegative random variables with cont inuous den-

sities ~ ( .),  j  = 1,2. Furthermore, the demands ~ (D’~, Dr~) are inde—j  1 2
pendent and identically distribut ed .

d) If cp is a differentiable scalar funct ion, the convention CP ’( t) ~

dcPtt) is used. If ~~~~ is twice differentiable, we use

— -~~.— ;(t ) i — 1,2
-

~ ~ti

and ‘.1 “ ‘~~‘ i,j — 1,2.
*itj

e) It is assumed t hat a level of y ~ 0 coats cy for type A implying

that all coets are aggregat ed into this linear function , where c ~ 0. A

level of z costs kz for type B, where k > 0. Although it is somewhat re—
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• strictive to omit setup co8ts, there are a variety of systems such as pe-

troleum cracking plants where changing from one production process to another

is inexpensive. However, more general cost stru ctures are to be considered

in a later article .

f) The function L(a,b) represents the joint expected holding and

shortage cost given a end b of products 1 and 2, respectively, on band

‘~fter production and prior to demand. It is assumed that L is strict ly con-

vex and is cont inuou sly differentiab le. In addition , we assume

(i) L(a ,b) -. +

(ii ) ~~~~[c - 7~k] a + kb + L(a ,b) — +

whenever. a I . + ~ and lb f .~~ + ~. The quantity ~i~k - a represen ts the

difference in cost resulting from producing product 2 via type B rather than

A. If this cost is positive , then i t  is not difficult to show that pro-

duct 1 is too expensive and will be produced only when type B is not used .

We assume r~k — a is negative (i.e., a - ~2k > 0 ) .  The cost fl1~~[c -

represents the narginal cost of producing product 1.

g) The discount cost is denot ed by ~ and it is assumed that 0.~ o~~ 1.

The joint cost a in (e) is sim(l~.i to the one used by Evans [6) ,  and

is a convenient means of expressing the costs of operati ng type A. The

linear coet k for typ e B is analogous to the linear cost used by Arrow,

Karlin and Scarf [3) .  The function L defined in (f) is by nov standard

in inventory theory, and the str ict convexity is not too restrictive. The

remainder of assumption (f)  is used to establish the finiteness of the op-

timal policy in period 1 (n—i ) and is analogous to the standard p ’(O) > a

-~~~~~~~~ -—- V. -
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assumption found in the literature.

The appropriate dynamic functional equation in period n is

C~ (X~w) = inf B~(y, z,x,w)

y •~~0
z~~~0

where

B~ (~ ,z,x,w) cy + k z + L(171y+x , z +112y + w ) +

~~J f C~_l(~~Y +Z- t , z+~~y+w-u)f1(t)f2(u)dtdu

= cy + k z + J ~(71,~y + x , z + 7 ~y + v)

where

J(x ,w) L(x,w)+cJ f C .~1(x-t , w-u)f1(t)f2(u)dt du, for ii = l,2 ,.~~.N.

3 simply represents the expected value part of B and is used for concise

notation. The initial condition C0(x ,w) m 0 implies that L(x ,w)

for n = 1. B~ (y, z~x ,w) is the total expected discounted cost starting with

(x,w) and following policy (y, z) while C~ (x ,w) is the optimal return function,

from period n to the horizon. The result of this stagewise optimization

problem is to characterize the optimal production policy

(y*(x,v), z*(x,w)) — [(y~(x,w), z~ (x ,w))~~

One minor departur e from standard inventory analysis made for notation-

al convenience Is that the production levels are used directly in this model

rather than the target stock levels.

The central result of this article is that the decision space and opti-

ma]. policy are characterized in terms of a point (x~~w~ ) and monotone func- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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tions r (x),  q.~ (x) and w (x) in each period n as depicted in Figur e 2. The

tail of each arrow represents the initial stock (x ,w) while the head of each

arrow indicates the optimal target levels in each period n. Notice there

are four decision regions, I - IV, corresponding to using bot h A and B, using

only A, using only B , end not producing at all, respectively.

The next section constitutes the complet e analysis of the model set

forth in this section , and the proof of the results depicted in Figure 2.

3. Results

The following theorem sets forth many of the properties of B~ and also

proves the existence, finiteness and uniqueness of the optimal policy . In

addition , some properties of the optimal return function , C~ are also stated.

Theorem 1

B (y, z ,x ,w) is strictly convex in (y, z ,x ,w) and is continuously differen-

tiable. In addition, for each bounded (x,w), the following also hold :

(1) Al]. level sets of the form

= [(y, z) ;  B (y,z ,x ,w ) .~ c~
are compact for any CEE0,~) and fixed (x ,w).

(2) The optima]. policy (y~ (x ,w), z~ (x,w)) is finite and unique. In

addition , the unique unconstrained global minimum (i~’~(x ,w), z~U (x ,w)) solves

~~~~~~~~~~~~~ z~~’(x~w) , x,w) 0, j — 1,2.

(3) The two systems

B~~~~ (y~ (x~w)~ 0, x ,w) = 0

(2) —

and B (0 , z~(x,w), x,w) 0 

. -.- -~~~~~~~~~~~~- - -- —-- -- -~~~~— -~~~~~~~ _ _
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wher e B~ (~ ,z~z,w) reaches its minimum first when y 0 and the n when z=O have

unique finite solutions g~(x ,w) and ~~(x ,w) , respective ly.

(
~

) C~ (x ,w) is convex and continuous.

Since the optimal policy is constrained to be nonnegative, one can see

there are four possibilities : y~ (x ,w) > 0, z~ (x,u) > 0 ;  y~ (x ,w) > 0 ,

z~ (x,w) 0; y’~ (x,w) — 0, z~*(x ,w) > 0; and y~(x,w) z~(x,w) 0. The next

t heorem demonstrates that all four combinations can indeed occur , and spe-

cifies the conditions used to define the optimal policy in each case.

Theorem 2

The optima]. policy is characterized by the following four regions.

(a) Region I (Both A and B are used) :
• 

y~ (x,w) > 0 and z~ (x ,w) > 0

can occur iff (x,w) satisfies

y ( x ,w) > 0 and z~ (x ,w) > 0

u uIn which case (y~(x,w), z~ (x,w)) . * (i~(x,w) , z~(x,w))~

(b) Region_I~~ (Only A is used):

y~(x,w) > 0 and z~ (x ,v) - 0

can occur iff (x ,w) satisfies

y ( x ,w) > 0, ~~(x,w) > 0 and ZU (x ,w) ~ 0;

In which case (y*(x ,w ),  z~ (x ,w ))  (~~~(x ,w) , 0).

• (a) Region III (Only B is used): S

_ _  

S



y~(x,w) = 0 arid z~(x,w) > 0

can occur iff (x,w) satisfies S

S y~(x,w) .~~ 0 and z~(x,w) > 0 , ~~(x,w) > 0;

S in which case (y~(x,w), z*(x,w)) 
a (0 , z(x ,w)).

Cd) Region TV (No production):

y~(x,w) = 0 and z*(x,w) = 0

can occur iff’ (x,v) satisfies one of the following:

(i) (y~(x,w), z~(x ,w)).E~2.;

(ii ) y’1(x ,w) > 0, z~(x,w) .~~~ 0 but ~~(x ,w) ~ 0

(iii) y~(x,w) ~ 0, z
’1(x ,w) > 0 but ~~ x,w) .~~~~ 0.

Notice that all of the events involving (x,w) in (a) - (d) are mxtually

exclusive and exhaustive.

The next theorem presents some of the properties of the optimal policy

as (x ,w) varies.

Theorem 3

S L B(y,z,x,w) is continuously twice differentiable. In addition, the

optimal policy is piecewise differentiable. Furthermore, the partial de-

riva~ivøs of the optimal policy satisfies the following relations:

(a) In region I:

y~~~’~ (x ,w) _~~-l ~~
(2)

(~~,~~)

z~~~~ (x ,w) = z~~
2)(x,w) —1.

-5 -



• (b) In region U:

-l < ~.~1y*~
i)(x,w) <0

— 0 3=1,2.

(a) In region III:

0 jl,2.

S Z~~
1)(X,w) > 0 and Z~~

2)(X ,W) a —1.

(d) In r~gion IV:

=

— 0, j=l ,2.

2. c~~~~(x,w) baa piecewise continuous derivatives for j=l,2.

Furt hermore ,

+ ~~c (3~2)(x ,w) ~~o, j =].,2

and

c~
(1

~
2) (x ,v) a c~ (2~~~ (x ,w ) . ~ 0.

Theorem 3 shows that the partial derivatives of the optimal policy are

piecewise continuous, with the points of discontinuity occurring on the

boundaries between regions. Part (a) indicates that in region I , y*(x,w)

Is linear and decreasing in x. In the same region, z*(x,w) is linear by de-

creasing in both x and w. These properties are exploited in the main result ,

Theorem ~ The results in part s (b ) ,  (a) ,  and (a) are intuitive , except for

the unexpected property that z*(x,w) is nondecreasing in x in region III (part

(a)). S

55~~~~~~~~~~~~~~~~~~~~~ 5 5 ~~~~~~~~~~~~~~ •~~55 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- S _ S S  - - S - S ______
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As mentioned above , the linearities In region I are the key to the

Theorem ~~~. The following points and functions are needed for the Theorem

and some of’ their properties are given in Lemua 3.

S 
Let the point ( ,  w )  solve

5 

~~~~~~~~~~~~~ = 0 jal,2.

Furthermore , define functions r (x), q (x),  and w (x) pointwise in the fol-

lowing manner:

~~~~~~~~~~~~~~~ = 0, x ,~~~

B (2) (0 , 0,x ,q (x))  = 0~ x

and

w (x) ~~ 
- 

~~2 

-.l~- -

Then , the following lemua can be stated.

Lenm~a 3.

(1) ( ,  ) is f’inite and unique.

(2) r (x) that solves

Bn~
’
~(0 ,0,x,rn (x)) = 0, ~~~~~

is finite and unique.

(3) q~ (x) solving

B (2) ( O O x q ( x ) )  a 0, x

is unique and finite.

(1~) w (x) 
~~ 

- - x7 is we].]. defined . 
S

- & S -.-- .. - ~ S 5~~~~~~~



(5) (a) r ’(x) <0, ~~~~~

and n f l  n

(b) 0 <~~~~~
‘ (x) <1, x 

~
and q~ (i~ ) -

(c) w ’(x) =

and w (x)~~~~~ .n n

The character ization of the ordering regions can now be stated in Theorem

‘l~.

Theorem ’~
The optimal policy and the four decision regions are uniquely char-

acterized as follows.

(a) Region I (Both A and B are used):

If x and w < w ~ (x), then

y~(x ,w) — ~~~~~~~~~~~ - x) (> 0)

z~(x,w) — w~(x) - w (> 0) ,  and conversely.

(b) Region II (Only A is used):

If x and w~(x) .~~~ w <r~(x)~ then

• y~ (x ,w) > 0 and z~ (x ,w) - 0

arid

r~ (x + ~ y (x,w)) a w + ~ y~(x,w), and conversely.
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(a) Region III (Onl.y B is used):

If x and w < q ~ (x), t)ien

y~(x,w) = 0

and

z~(x,w) = q~ (x) - w (> 0), and conversely.

(d) Region IV (No production):

(y~(x,w), z~(x,w)) =

iff either

x < x  and w~~~r (x)

or

x > x ~~~~and v > q .~(x) .

Proof : The proof is by induction on the period index n. To establish the

initial case, n=l, one makes use of the special simple structure of B1 re-

sulting from the initial conditions along with assumption ( f ) .  The steps

of’ this proof’ are exactly the same as those used to prove the general in-

duction step . To conserve space , we provide only the proof of the general S

inductive step. Thus, it is assumed the theorem is true for periods 1,2,...,
n—i and show it true for period n.

First, make the following definitions:

~~y U (x ,w) - x

w~(x) - ii.

The proof of this t h e o r e m  amounts to showing that the above definitions

are valid and then showing that the conditions for each region as set forth
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in Theorem 2 are met as stated in the proposition .

The defining conditions for (i~
’1

~ Z~~a
) and (~~~, ~~~) and the strict con-

vexity of Bn assert the validity of the definitions above.

(a) If x and w < w ( x ) ,  then (y*, z*) > 0 as a consequence of

Theorem 2. On the contrary, yj~ > 0 implies that x <ia , which along with

2* > 0 implies that w < w ( x )  as desired.

(b) If x <~~~ and w~(x) < w, it f ollows that y~
’1 > ~~, 

~~~~~~~~~

Then, v < r~(x) Implies that B 
W (O,O,x,w) <0 which along with the strict

convexity of B~ implies that 
~ 

> 0. Hence, > 0, z~ • 0 as a consequence

of Theorem 2. On the contrary, y~ > 0 and = 0 imply that y > 0, 
~~ 

> 0,

~ 0 via Theorem 2. Now, ~~~~ > 0 implies that x which together with

z U 
< 0 implies that w > w (x). x <i  and 

~ri > 0 together with the strict

convexity of B~ imply that B 
(1)(0,0,x ,w) < 0  or simply v <r ~ (x). FInai.1y,

let x° x + Then 
S

c + ~~J (1) (X o , r~ (x°)) + ~~J (2)(~o, r (x°)) — o.

But , it also follows that S

c + ~~~~~~~~~~ + x , ~~~ + w) + ,~ J (2)(.~~* + Z~ 1~ Y~ + w) a

S 

• 
Therefore, the conclusion is that ~~~ + w r~ (x°). 

S

(c) If x > 
~ 

and w < q ~(x), then y
U 

.~~~ 0, and > 0 by the strict

convexity of’ B~. Theorem 2 Is then applied to assert that y~ — 0 and > 0.

On the contrary, y~
1
~ ~ 0 and 

~ 
> 0 together imply that x > and

w <~~~(x) by the strict convexity of B. Finally, it must be the case that

(2~ —k +J~’ ‘(x, z~ +w) aO

5- ~ - S~ 5 5 ~~~S 
- S S S -
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S and that

k + ~~(2)~~, q~(x)) a

Therefore, it follows that q~ (x) • + w.

~.E.D.

The reader is once again referred to Figure 2 as a visual help to

understanding Theorem ~~. Although Theorem 2 proves that there are four de-

cision regions, it is thi s theor em that provides the insight into the mode].

and the behavior of the optimal policy. Specifical ly, once the functions

r ( . ) ,  q~ ( .) and w~( . )  and the points (jo, ~~~) have been generated with

regard to one dimensional optimizatio n , the following scheme should be to].-

loved in order to implement the policy in each period :

S STEP 1 (Region I): S

S If x > go to step 3. If not, then check to see if w ~~w (x) . It S
S 

so, go to step 2. Otherwise, both A and B are to be used at optimal levels

y*(x ,w) ~~
‘
~[ - x] and z*(x ,w) a w (x ) - w.

S Go to step ~~.

STEP 2 (Region II): Set z~ (x ,w) — 0.

If i t >  r~(x)~ do not produce at all thi s period . In thi s case, go to

step ~ Otherwise, only type A is used with y~ solving

it + ~~r~(x ,w) — r~ (x +

Now, go to step ii.

STEP 3 (Region III): Set y~~(x ,w) — 0.

If it > q ~~(x) ,  do not produce at all this period. In this case , go to

_ _ _ _ _ _ _ _ _ _  
_ _ _  _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T
S step 14~ Otherwise , type B will be used at level z~ (x ,w) - % (x) - ii .

Now, go to step 14,

S s~~P 1 4
S 

If n <N , set n -. ri + 1 go to step 1. Otherwise stop.

S 
____

This article has presented a new class of multiproduct inventory aye-

tems, where decisions must be made at regular intervals of time (periods)

concerning the optimal stock levels to maintain in order to anticipate

stochastic demands • The novel feature of this new class is the notion of

- 
coordinating different types of production processes, operated In parallel

(and independently) , that are used to supply the stock items to the inven-

S tory system. Theoretical results were presented that characterized the

optima]. production policy in e*ch period , in terms of functions r~ (x) ,  q~ (x),

and w~(x), and a point ( ,  ). Various properties of these functions

were also delineated , and it was shown that (ii, ~
) is not necessarily the

global minimum of the expected coat function . An imp1~imentation scheme was

stated that provides guidelines for using the above results. The model ex-

plicitly assumed stationary demands and complete backlogging. The exten-

sion to nonstationary demands Is quite straight forward , and is accomplished

by adding superscrip ts to the densities , r~( ) ,  jal,2 in all of the le~~~s

and theorems and also in Theorem 14~

- 
The lost sales case can also be handled, in f&ct the form of the opti-

ma]. policy remains the same . However , Theorem 2 must be proven in a slight-

].y different manner . The details are described in Deuermeyer [ 14) .



~~~5 I 

-

—16—

APPENDIX

This appendix contains the proofs of the theorems and lemnas needed

to establish T h e o r e m 14 stated in Section 3. The following we].]. known S

result (see Rockafeller [123) Is used to prove Theorem ]..

Lemma ii: Let C(x) mm B(x,y) a B(x ,y*(x))
y~D(x)

where y4(x)ED (x) and xEA . Assume C and B are real valued. Then, if A is

a convex set, B Is jointly convex and if X — [(x,y); y~)(x)3 is convex,

then C(x) is convex in x.

Proof of Theorem 1: The proof is by induction on n. First, consider ~~a]. 
S

The differentiability and strict convexity of B1 are inherited from L.

(2) Let ~~,(c) = ( (y ,z); B1(y,z,x,w) ~ ci
where is finite. Since B1 in continuous it follows that 4~,

( 
~
) is closed 

S

for each 
~~
. It suffices to show that £~~( c°) is bounded for some arbitrary

~o
, since Rocka feller [12) has shown that if any level set of a closed con-

vex function is bounded then they all are. Suppose £~~( C°) is not bounded .

Then , ~(y° , z°) E~~ (c °) and an unbounded sequence [(Y j~ z~ ) 1~ such that

u r n  B1(y~ + y°, Z j + z°, x,w) < c°.
j -. ~

However , this statemen t contradicts Assumption f. Thus, £~~,(C0) is com-

pact . The existence parts of (3) and (5) follow using the convexity and S

bhe compactness of £1 (c) with 
~ 

= B1(O ,O,x,v) 
and the Weieretraes theorem.

The rest of (3) and (5) arc merely statements of the first order conditions
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for differentiable convex functions. Le~~~ 14 can be applied to prove (14)

because B1 is convex and the optimal policy is finite.

To con~lete the inductive arg~~~~t it is assumed the theorem is true

for n—i and show it is true for period n. Pbrt (1) is a consequence of

the inductive hypothesis and the strict convexity of I,. To prove (2) the

continuity of B~ is used to assert the cloaedness of esch level set

a [(y,z); B~(y,z ,x,w ) .~ c~
for every C E[O ,~~). It r~~~ins to show that for a~~ fixed finite C°EtO,~~)

that £~ ,( c°) is bounded . Suppose not; then ~(y°, z°) and an unbounded 
S

quence ((y1, zi) Ii such that

(u) u r n  B~ (y1 + y° , z~ + z ° , x,w) 
~ c°.

i-.~, 
S

• But , since c~~1(x,w) ~~O for all (x,w), it follows that

B (y,z,x,w) ~~B1(y,z,x,w).

It then follows that (1) can not hold because B1 is unbounded. The rest S

of the proof repeats the same steps as in the n~’l case, by simply replac-

ing 1 by n.
Q .E .D.

Proof of Theorem 2: The proof is by induction on n, the period index. The

proof reliee on the Kuhn-Tucker saddle—point theory for convex functions,

and relies on t he information supplied by Theorem 1, namely the strict con-

vexity of B~ and the finiteness of the optima]. policy . Since the proof of

the n 1  case is exactly the same as the gr~nera1 inductive step , we provide

orl].y the general step . By substituti ng 1 for ri In the proof to follow and

_ _ _
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making use of the initial conditions previously stated , the proof of the

n—l case is immediate . Thus, assume the theorem is true for periods l,2,•••,

n-I. and we now show it Is true for period n.

For an unconstrained problem such as is the case here (except for the

nonnegativity) the optimal policy must solve the Kuhn—Tucker saddle point

conditions as put forth in ~~ngasarisn [U]. In the present context , it

follows that (y~ (x ,w), z~ (x ,w)) is the optimal policy 1ff this point solves

(K].) B~~~~(y~(x,w), z~(x ,v), x,w) ?~O

(K2) B (2)(y*(x,w), z~(x,w), x,v) ~~O

(K3 ) y~(x ,w).B~~~~(y~(x ,w), z*(x,w), x ,w) — 0

(K14) z~ (x,w).B (2)(y~(x ,w), z~ (x,w), x,w) = 0

(K5 ) (y~(x,w), z~(x ,v)) ~~~

The theorem is proved as outlined below, using (Ki ) - (1(5).

(a) If (y~ (x ,w),  z~(x ,w) ) > Q  , then ~~~~~~~~~~~ z~ (x,w), x, w) 0,

1=1,2 by (1(3) and (1(14). In this case, (y*(x,w), z~ (x ,w)) solves the same

system that uniquely defines (y~ (x ,w), zu (x ,w)), so these points are iden-

tical. On the other hand , if (y~(x ,w) z~ (x ,w)) > 0, it is easy to show it

solves (id ) - (1(5) establishing the desired equivalence.

(b) The proofs of (b) and (c) are essentially the same so only (b ) is S

h S S~~~S~~~~~~ S A  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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shown here. For simplicity, the abbreviated notation y a

a z~ (x,w), etc ,, will be used. Now, y~ > 0 and z~ O imply y~
’1 

>

and z U
~~~O. (Ki) and (K3 ) impl.y that S

B~(l)(~~, 0, x,w) B (1) (y*, z*, x ,w) 0

or that y 1n so > 0 as well. h ence, y > 0, z~ 0 implies y~
’ 
~ o,

To prove the corwerse note that

y u 
> 0 and z 0 imply y~ > 0 and z~ 0.

Therefore , S 

S

B~~~~ (3r~, 0, x,w) a B~
(1)(y~, z , x,

Since (y~, 0) necessari ly solves (Id ) - (1(5), it must solve 0, x, 
S

v)~~~ O and

~~~~~~~~~~~~ 0, x , w) 0.

But , j
~ solves ~~~~~~~ 0, x, w) a 0 so (

~~, 
C)) will also solve (ID. ) - (1(5).

The uniqueness of 
~ 

wit h this argument asserts that y
~ 

— y* > 0. There- S

fore,

~ 0, ~~u 
~ 0 and > 0 implies y~ > 0 and Z* 0.

(d) The validy of thi s part follows direct ly from the contrapositives of S

parts (a) — (c). For example, if (1), (ii), or (iii) hold , then (y~,z~ ) — 0

• by the cont rapositive of (a), (b) or (c), respectively. Conversely, if

(y-*,z*) = 0 , one of (i)  — (iii) must hold .n n C~.E .D.

Proof of Theorem 3: The n-i. case that initiates the inductive argument fol 

-~~~~ 
S
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lows in similar fashion to the general step and is omitted only to conserve

space. Assume the theorem is true for periods 1,2 , ’” , n—I. ; it is to be

shown true for period n. S

(1) ~~~ is a piecewise differentiable function by the Inductive hypothe-

sis applied to the final conclusion for j=l,2. Therefore, the expected

value of’ is continuously differentiable by the continuity of f~~ ( 5 . ) .

From this , it follows that B~ has continuous second partial der ivatives .

(2) Recall that

B (y,z,x,w) = cy +kz  +Jerb.y +x , z + ~~y ÷ v ).

Therefore , in reg ion I , y~ = y~ (x ,w) and z1~ z~ (x,w) solves

c + m~J
(1) (y~ , z*, x , w) - ~ k = 0

k + ~~(2) (~~ , z*, x , w) — 0.

Since B is strictly convex the In~ licIt Function Theorem can be applied

to assert the differentiability of the optimal policy in an open neighbor-

S hood of’ (x ,w) in the interior of region I ; moreover the partials are

given by

h~~~~~

•”

~ ~ 
=

(1,2) (1,2)

~~ ~~~ = 
I]. n Th. n 0 S

n A 
~~~~~ S

J ‘•~~,‘) ~~~~~



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S

— 
1 ~TIi

2 Tn~~~
3
~ + 

n~~~
’
~~ n~~~

’
~~ -1

S 

Th. ~mn
(1

~
2) + ~~~ (2,2) ~~(2~2)

z*(2) (X ,w) — 
1 ~~~~~~~~~ 

+ ~~~~~~~~~ ~~~ (2~l) 

-3.

~~ ~, . (l,2) + ~~mn
(2

~
2) 

~Tn
(2

~
2)

where

A 
~~2~~ (1,l) + j

n~~~
2) 

7~~T
(2,~~

,~ ,~
. (1,2) + 

~~~~~~~ 

(2 ,2) 
~
. (2,1)

i. n ~~n n

and ~~(1 ’i) J (i~i)(,~ ,.~A. +x, z~ + 7L~y* + w ) ,  1,3 1,2.

The remainder of the proof proceeds in much the same fashion using the

defining identities of the optima]. policy in each of the remaining regions. S

In addition, the following relations must be verified:

> 0 , 1—1,2

- ~~~~~~~~~~~~ ~~0

,.~J (J~1)(~ ,~ ) +~~~J~(i~2) (X ,W) > 0, 3—1,2.

(3) The finiteness of (y~, z~~~ )5  implies that

c~ (x ,w) - cy~ + kz~ + ~~~~~~ 
+ x , + + v).

The proof of this part is very straight forward and an~unts to differentiat-

ing the above relation for (x ,w) in each of the individual regions. The

S refl*ind~z~ of the proof Is omitted. S
q.E.D.
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Proof of Lemma 3 : The proof is by induction on the period Index. The n].

S 
case follows exactly the same proof of.the general n step making use of the

initial conditions previously stated , with n set to 1. The explicit proof

is omitted simply to conserve space. It Is assumed the lemn~ is true for

periods 1,2,..., n—i and is to be shown valid for period n. Consider the

S strictly convex function

Q~~(x ,w) = B~(0,0,x~w).

(i) By definition, (
~ , ) solves

S 

~n~~~~~n’ w~ ) = B~~~~(0,0,x,w) = 0, i 1,2.

which is finite and unique.

(2) The strict convexity of ari~I the Implicit Fiuictic Theorem~ assert

the finiteness, uniq.ueness , and differentiability of the point r (x) that

solves

~~~~~~~ r~(x)) = Bn
(l)(0,0,x,rn(x)) 

0

S for x~~~~~.

(3 ) The function q~ (x) is finite and unique using a similar argument to

that in (2) above.

( 14) The uniqueness and finiteness together imply that w~ (x) ;~ -

- x) is well defined.

(5)
S 

(a) The Implicit Function Theorem arid the strict convexity of Bri

S 
Imply that

L~. 5~~~~~~~~~ S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- [1~ S ~~‘~~ (x,r (x )) + ~~J 
(i~2) (x ,r (x))]

- 

x~~’( x) — - 

J:
2
~~~ x,rn x~~ +~~

;(2,2)(x r (x))]

In addition , it follows that r
~

( )  
~~ 

because

B (l)(0,0,xn,rn(~n)) 
a 0 a

and both r~(~~) and are uniquely defined . S

(b) In similar fashion to (a) it follows that

,~

. (l~2)~~, ç(x))
ç(x) - 

j
:
(2
~
2
~~~ %(x))

- The proof of Theorem 3 established the two inequa lities

- J (l~2)(X,W) .~~ 0

+ J (2~2) (x ,w) ?~0.

Therefore, it follows that 0 ~ q~ ’ (x) .~~ 1 provIded x 
~ 

. Finally ,

0 Bn
(2)(0,0,xn

,;
n)

which implies that ~~~~~ —

(c) This part is obvious.
~ .E .D.
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