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Chapter I - General Introduction and Scope of the Report

The problem of identification arises as a natural

consequence of control engineering, since any control system

design reguires knowledge of the parameters of the system to
be controlled. The field is qguite vast at present, so that

a critical review of state-of~-the-art techniques must of
necessity be focussed on a specific problem. The scope of
this discussion will be limited principally to popular iden-~
tification methods for linear, time invariant, noisy systems
modeled in discrete time. This is not as much of a restriction
as one might be inclined to think, since the bulk of the
research in identification has been in this area. We consider
the discrete time formulation principally for ease in handling
white noise, the modelling of which in continuous time is a

technically difficult problem. Another good reason is that

such models are naturally suited for digital computer simulation
and have found wide usage.

There are several books and survey papers in the field.
Eykhoff [1974] is the most current and most comprehensive text
available at present; one may also refer to Sage and Melsa
[1971] and Graupe [1972]. For survey papers, Astrdm and
Eykhoff [1971] and Nieman, Fisher and Seborg [1971] may be
consulted. The latter has an extensive bibliography. Pro-
ceedings of the 3rd IFAC Symposium on Identification and System
Parameter Estimation [1973] and the special issue of the IEEE

Transactions in Automatic Control [Dec. 1974) are quite

T
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comprehensive and up-to-date in the coverage of the different
aspects of identification. Quite a few of the papers serve

the dual purpose of providing concise surveys and highlighting/
presenting new results. Eykhoff ([1974], Astrdm and Eykhoff
[1971] and the special IEEE issue ([Dec. 1974] have been used
extensively in preparing this paper.

In the manner of Astrdm and Eykhoff [1971], the definition
of identification given by Zadeh [1962] may well be chosen as
our starting point:

"Identification is the determination, on the basis of
input and output, of a system within a specified class of
systems, to which the system under test is equivalent".
Identification is thus the 'inverse problem' of system analysis;
given an input and output-time history, determine the equations
that describe the behavior of the system. Using Zadeh's
definition, an identification problem is thus characterized
by three quantities: a class of systems, S = {s} , a class
of input signals, U , and a criterion to determine equivalence.
The system under test will be referred to as the process and
the elements of S will be called models. From the bractical
viewpoint, we believe it is important to consider a fourth
characteristic of any identification technique, viz. its
implementation - on-line or off-line. We shall consider
briefly the basic elements of the identification problem: viz.,

the class of models, the class of input signals, the equivalence

8
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criterion and the type of implementation. We shall then
proceed to the task of discussing off-line and on-line

techniques of identification for linear time invariant

systems in stochastic environments.
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Chapter II - Basic Elements of the Identification Problem

A. Class of Models

Any identification problem is basically formulated by
the choice of model structure. The choice will depend not
only on the a priori knowledge available but also on the
purpose of the identification. It will greatly influence
the nature of the identification problem, such as: the manner
of utilizing the results of the identification in subsequent
operations, the effort expended in computation, the possibility
of obtaining unique solutions etc. There are, unfortunately,
few general results available with regard to choice of structure.
The principal choice seems to be between parametric and ;
nonparametric models. It might be instructive to consider the
discussion by McGhee [1963], wherein he coins the terms 'function
space description' and 'parameter space description'. The
first uses the idea of tranformation defined over a function
space. The function space provides a representation of the

process input signal. Examples of such representations can

be found in the Fourier series expansion, the Laguerre function
expansion etc. The transformation that is defined over this
space follows from the dynamics of the process. The process
output signal may be represented on a similar space. In these
terms the identification problem is to find what transformation

from input function space to output function space characterizes

the process. As nc information about the physical structure

of the process or its assumed mathematical equations is used,

10




this approach is of the 'black box' identification type.

The 'parameter space description' starts from an assumed
mathematical description of the process dynamics. This
description is a parametric model of finite dimension. The

i

coordinates of the parameter space are the numerical values :
of the gquantities that determine the 'output' of the model.

If, for example, the assumed description is an ordinary dif-
ferential eguation, then the coordinates may be the values of

the coefficients and the initial conditions. I£f there is no
forcing funtion (input), then from this one point in the
parameter space one can predict the process output. If there

is a forcing function, then the unknown parameters of that

signal increase the dimensionality of the parameter space.

The dimensionality remains finite, while in principle an infinite
number of parameters has to be determined in the function space

description. Consequently one distinguishes between:

Nonparametric models

e.g. a) impulse responses
b) transfer functions
c) spectral densities

and

Parametric models

e.g. a) differential (difference) equations of pre-
determined form and order
b) state models
It is known that parametric models can give results with

large errors if the order of the model does not agree with the

11
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order of the process. Nonparametric representations have the
advantage that it is not necessary to specify the order of
the process explicitly. These representations are, however,
intrinsically infinite dimensicnal.

For linear systems, in order to obtain unigue solutions

* as well as to be able to construct efficient algorithms it is
of interest to find representations of the system which
contain the smallest number of parameters, viz. CANONICAL
representations. A comprehensive up-to-date study of canonical
forms will be found in Denham [1974] which contains also the
essential contributions of Popov [1972], Weinert and Anton
[1972], Caines [1972], Mayne [1972 a & b] and Kalman [1973].
Also, Tse and Weinert [1973] have reported a scheme for deter-
mining system order, whereas tests of order for parametric
models have been proposed by Anderson [1962], Astrdm [l9GSi
and'Woodside [1970]. Dickinson, Kailath and Morf [1974] expose
the interrelations between fregquency domain and state space
descriptions of multivariable linear systems.

In the case of linear systems, the knowledge of one
characteristic process time function (e.g. impulse response)
is sufficient to determine process output for arbitrary input
signals. Such a procedure has advantages which are also

3 desirable for the description of nonlinear processes (George

[19591), viz.

a) it gives an explicit input/output relationship
b) it facilitates the discussion of combinations of systems

c) it allows the consideration of random inputs

52
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For some classes of nonlinear processes these reguirements

are fulfilled by Volterra series. The Volterra [1959] series
method treats the linear case as a sub-case of the nonlinear
case, a very desirable property indeed. Flake [1963], Schetzen
[{1974], Baumgartner and Rugh [1975] and Harper and Rugh [1975]
have developed methods for identifying certain classes of
nonlinear processes using Volterra series.

As a concluding note on process models, it may be worth-
while to mention the question of identifiability. This has
been surveyed by Glover and Willems [1974] and been discussed ;
by Tse, Weinert, Anton and Mehra [1973], Balakrishnan [1969]

and Staley and Yue [1970].

B. Class of Inputs

It is well known (and as may be reasonably expected) that
significant simplifications in computations can be achieved
by choosing input signals of a special type, e.g. impulse
functions, step functions, 'colored' or white noise, sinusoidal
signals, pseudo random binary seguences (PRBS) etc. A bibli-
ography on PRBS is given in Nikiforuk and Gupta [1969]. Refer
also to Godfrey (1970]. For the use of deterministic signals
see Strobel [1968], VandenBos [1970], Welfonder and ﬁasenkcpf
[1970], Cumming [1970]. For periodic test signals, see

VandenBos [1974].

From the viewpoint of applications it would be very

desirable to use techniques which do not make strict limitations

“.
‘
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on the inputs. However, if the input signals can be chosen,
how should this be done? The problem of designing good
probing or test signals is an important one in many industrial
applications and Goodwin, Zarrop and Payne [1974] discuss

the simultaneous design of test signals, sampling intervals
and input filters. A survey of optimal input synthesis is
done by Mehra [1974] who has also obtained new results using
the statistical studies of Kiefer and Wolfwowitz [1959] on ex-
perimental design for regression problems. Keviczky [1975]
works along similar lines in 'designing' optimal inputs for
identification as extensions of the work of Box and Draper

[1971], Kiefer [1961] and Wynn [1970].

€. Criterion for Equivalence

The criterion for determining equivalence in the definition
of the identification problem is often a minimization of a
scalar loss function. Mostly, the criterion is expressed as

a functional of an error, e.gq.

S
V(y,yy) = fo e“(t)dt (1)

O T WU P e

where y 1is the process output, the model output and

Yy

e the error; ; and e are considered functions
M

defined on (0,T). In the case

b e b she i Lt i) ol Sl

8 *§ < g =y = M) ' (2)

where M(u) denotes the output of the model when the input

is u , e 1is called the output error (Fig. 1).

£s
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It is the natural definition when the only disturbances
are white noise errors in the output measurements.

In the case

e=u-u, =u- My (3)

where Uy = M-l(y) denotes the input of the model which

produces the output y , e 1is called the input error (Fig. 2).

The notation M—l implies the assumption that the model is
invertible. Rigorous definitions of the concept of inverti-
bility are discussed by Brockett and Mesarovic [1965],
Silverman [1969] and Sain and Massey [1969]. The criterion
(1) with error defined by (3) is natural when the disturbances
are white noise entering at the system input.

In the more general case (Fig. 3) the error can be

defined as

= i '
e =M, (y) Ml(u) : (4)

where M represents an invertible model.

2
This type of model and error are referred to as generalized
model and generalized error (Eykhoff [1963]).

A special case of the generalized error is the "equation 1

error" introduced by Potts, Ornstein and Clymer [1961], and
used extensively by Mendel [1973].
Another type of identification criterion is obtained by

imbedding the problem in a probabilistic framework. If S |

16 i
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is defined as a parametric class, S = {sB} , where B8 is

a parameter, the identification problem becomes a parameter
estimation problem, enabling the use of the tools of estimation
and decision theory. However, in many probabilistic situations
it turns out that the estimation problem can be reduced to an

optimization problem, with the loss function given by the

probabilistic assumptions.

D. Type of Implementation
(Eykhoff [1974])

All solutions to parametric identification problems
~consist of finding the extremum of the loss functions consid-
ered as a function of the parameter g. A distinction then

can be made with respect to the type of implementation.
Consider the correspondence between process and model to

be established by the error criterion

T
Viy g8l = S {y (£)~y, (£:8) }2at

where B = (Bl,...,Bn)

Then one can follow one of two strategies:

98.

E I, put &4 2 0 for i = ) SRR 5
i

This is a necessary condition for obtaining the minimal
; error. These n egquations with n unknown estimates
(el,...,sn) can be solved for the B8's , thus providing explicit

mathematical relations to obtain numerical quantities.

LAY
aei

Id. Put * 0 £0F & = L, veuplis
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A convergence towards zero can be obtained if %%— can

i

be determined by a suitable instrumentation and if these values

are then used for the adjustment of a physical model such

that model characteristics approach process characteristics

in some pre-determined sense.

One can thus consider the type I approach as basically

an QFF-LINE one-shot technique where the estimate (of B3)

a)
b)

c)

d)

is available after a finite number of elementary operations

requires considerable memory

is not available in an approximate form as an intermediate

result

is open loop with respect to the estimate.

On the other hand, the type II approach is an iterative

ON-LINE procedure where the estimate

a)

b)

e)

d)

e)

is available (in principle) after an infinite number of

elementary operations

requires less memory

is available in an approximate form as an intermediate
result

is closed loop with respect to the estimate

is found by a self correcting procedure.

In terms of engineering applications, on-line schemes

have been favored heavily because of properties (b)-(e).

However, on-line methods usually suffer from the drawback of

just guessing initial estimates.

18
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The rest of the paper will be devoted to brief descriptio“s
of the popular identification techniques for discrete models
of linear time invariant systems in stochastic environments.
The format of presentation will be to first describe off-line
techniques, followed by a listing of on-line methods. Quite
often it will be seen that an off-line technigue has been put
into recursive form for on-line implementation. An effort has

been made to state, for each technique, the necessary assump-

tions and the a priori knowledge required. Since it is only

possible to identify the controllable and observable parts of
a linear system from input/output data (Kalman [1963]), the
is no loss of generality to assume that all processes of
interest in this report are controllable and observable. 1In
addition, the processes are assumed to be stable. 'Further-
more, we consider only single-input single-output systems for
convenience of representation and in consideration of the

fact that it is the most studied problem in system identificatior

19
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Chapter III - Off-line Technigues for Identification

It is logical to start with the oldest technigue - least

sguares identification of a parametric model.

A. Least Sqguares
(Isermann, Baur, Bamberger, Kneppo and Siebert ([1974])

Process Model:
(Fig. 4)

y(k)+$ly (k=1}+. .. .+$ny (k-n) = Slu(k-1)+. i .+Snu(k-n) +e (k)
(6)

with y - Process output e -+ Generalized error

u - Process input

or ?ka = ukB + e where e = e(k) and

Yy, = [y(k) y(k-1) ....y(k-n)]

k
u = [u(k=-1) u(k-2) ....u(k=-n)] (7)
AT— A ~
=[1 a) cconnnnnn. an]
AT.. A A ~
b™ = [ bl b2 ........... bn]

For the actual process, because of additive noise n(k)

in the process output y(k), the equations are:

x(k)+alx(k-l)+....+anx(k-n) = blu(k-l)+....+bnu(k—n)

y(k) = x(k)+n(k)
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The process may also be represented by the pulse transfer

function
~E wtgh o Bla)
Glg ™) u(q) ~ -1
Alg ™)
(8)
-1 n

where q is the shift operator defined by

qy (k) = y(k+1) (9)

Note: All expressions used hereafter could be easily
generalized for the number of input parameters bi [m , in
general] # number of state parameters a; [h , in general] ,

but for ease of notation, we will take m = n.

Assumptions:

(1) Order n 1is known

(ii) Residuals e(k) are uncorrelated

where e (k) generalized error

y (k)+a,y (k-1)+....+a_y (k-n)
(10-a)

-blu(k—l)—....—bnu(K-n)

y(k)—yM(k)

y (k) -v (k)8

where yM(k) is the prediction of the model based on process

observations y(k-n),....,y(k=-1)




v(k) = [-y(k-1)....=-y(k-n)...u(k-1)....u(k~n)]
AT ~ ~ ~ ~
B = [a1 ..... a "’bl"‘°bn]
Minimizing the loss function
N+n 2
V= ] e(k) (10-b)
k=n
and using the notation |
s S
y' = [y(n)y(n+l)..... y (n+N) ]
[ -y(n=1)-y(n=2)...-y(0).u(n~1)u(n=-2)...u(0) , g
g =f -y.(n) ----- e e oo o .-y.(l)su.(n) E (ll)
! -Y(n+N-l)........-Y(N).U(n+N-l)........EU(N_)i \
= A
we note that e is linear in Qi and Si.
Thus V is minimized by
ELS — [!?!]-lg?y if !?2 is not singular.

Thus the least squares estimate is simply calculated from

a set of observations y and a set of inputs u.
Source(s) of error:
(i) I1f assumed order is wrong, there can be considerable

error. So test for model order

(ii) Principal problem is of correlated e(k), as is quite

usually the case.

N
w
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éLS can still be computed but suffers from bias as
can be seen simply by examining Y. The y elements of

¥ are really
y(k) = x(k)+ n(k) (13)

where n(k) is additive measurement noise at the process
output. The bias is caused by the nz(k) terms in !?g

and its asymptotic value is

1

E(8-81 = [E(¢T9) 1L B(¥Te) (14) 1
T [a

where 8 <A eD ....bn]

1oty 1

To deal with correlated residuals several techniques

have been suggested - generalized least squares, maximum i
g

likelihood, instrumental variables.

B. Generalized Least Squares
(Isermann et al [1974])

Clarke [1967] tries to overcome the bias problem by

introducing filters.

Process Model:
(Fig. 5)

Ayla Dy () = By(@ Hulk) + wk) (15)

A

or Y2 b + w(k)

Yy

where wi(k) are correlated random variables and the other
guantities are defined as before.
(1) The first step is obtaining a L.S. estimate from

P (15), which result in biased estimates Bl.

24
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(ii) Then the residuals are calculated and analyzed by

autoregression, assuming a model

w(k) = -flw(k—l)-fzw(k—Z)...-fvw(k-V)+e(k) (16)
respectively. That is

wik) = E(K)E + e(k) (17)

where e(k) are uncorrelated random variables and
the order V has to be chosen properly. Least squares

estimation of the filter parameters using

rw(n) 7 ;_'-'-w(n--l)....--w(rx-\;)-'1 [‘fiq e (n) |
S o o ot
| i (18)
Eeng CA
Lw(n+Nﬂ 'L:w(n+N-l)..-w(n—v+§L L £yl | © (n+N) |

w w £ e
leads to £ = [W'W]  w w (19)

(iii) The input and output sequences are filtered according

to

u(k) = uk% + u(k)
(20)

th >

) =y f + vk

-~

(iv) A new L.S. fit is made with these filtered  u(k)
and §(k) and new matrices VY.
(v) Repeat from (ii).
This method is not iterative in the process input-output

data; a whole seguence of observations is handled in a one-shot

manner.

el st 2 e s
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Assumptions and associated sources of error:

(1) Order n 1is assumed known, hence the same error as
was mentioneéd in L.S. case could occur.
(ii) Order v of the filter has to be chosen appropriately

~

or B estimates will still be biased.

C. Maximum Likelihood
(Eykhoff [19741])

This is a widely used technigue pioneered by Astrdm and
Bohlin [1965]. Up-to-date discussions may be found in Astrém
and SOderstrdm [1974], Gupta and Mehra [1974] and Kashyap and

Nasburg [1974].

Process Model:
(Fig. 6)

Taking the process as
-1 - -1 -1,
A(gq T)y(k) = B(g T)u(k) + AC(q “)n(k) (21)

where all quantities are defined as before and

n(k) = additive noise, independent, N(0,1l)
A = level of noise signal
C(q-l) = l+c1q-‘1+c2q-2 o+ cnq-n

one may choose for the model

cyla Hem = a, @y -5, (g HHuwk) (22)

Written in vector form, (21) and (22) become
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ay bu + Ac n (21-a)

ay

Bu + e (22-a)

Because the noise n 1is Gaussian, the likelihood
T

function for e” = {e(l),...,e(N)} can be found as:
1 —eTe
L(e;u,a,B,Y,A) = ——F——= exp | ] (23)
(217)1\/2)‘N 2)‘2
N 1 ¥ 2
fn L= - 3 &n 27 - Nen A-=— )} e“(k) (24)
2\ k=1

~

The M.L. estimate XA follows from

¥ 2
kZ e” (k) |

3 _ B, k=1 e

_B-inL_[A+__)\3_'_]i =0 (25)

Hig
N
) 5 oe(x)
L ey k=lN

The likelihood function may be considered as a function

T_ ~ ~ .A ~ .'\ ~
® and X , where 6 = [al'"’anlbl"'bnicl"'cn]' The

logarithm of the likelihood function may be noted to be linear

~

in a; and b, and non-linear in ¢;. Consequently, finding

|

the maximum of L or &n L by differentiation and egquating
to zero is not necessarily a simple procedure. One may proceed

as follows. First determine 6 such that

e? (x) (26)
1

1]
I~

v(8)
k

is minimal with respect to §.




e

>

Then, - m%n vV(8) : (27)

N

The popularity of ML estimates stems principally from
their properties of consistency, asymptotic efficiency and
asymptotic normality. It is also possible to theoretically

'compute the accuracy of the estimates.

Assumptions and sources of error:

(1) Order n is assumed known - hence the possibility
of the associated error.

(ii) Normal distribution is assumed for n(k). Non-normality
may seriously affect the desirable properties of ML
estimates (viz. consistency, asymptotic efficiency. etc.)

D. Instrumental Variabales
(Isermann et al. [1974])

Generalized least squares and maximum likelihood methods

use as their noise model a filter driven by white noise. If

only the process dynamics are of interest then instrumental

TR

variables can be used to deal with correlated residuals. Refer

i to Wong and Polak [1967], Young [1970], Finigan and Rowe [1974]

. and Pandya (1974].

{ Process Model:

i 8 *

[ y = Y3 + e (28)

‘E with el = [e(n) e(n+l) ..... e(n+N)] and the other quantities

as in equation (l1l) for the least squares case.

30
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Premultiplving (28) by J° so that

J'y =J Y¥B + J'e (292)
where J 1is called the instrumental matrix satisfying

dis
I =
E{J e} 0 (30)

E{JTE} nonsingular

the parameter estimates are then obtained as unbiased

ones from

g = 3717t oTy (31)

The elements of J are chosen to be uncorrelated with
the residuals e.

Wong and Pclak [1967] and Young [1970] demonstrated the
existence of optimal instrumental variables and they used
the calculated, undisturbed output signal as instrumental
variables, taking the parameter estimates as the parameters
of an auxiliary model. If h is the output of the auxiliary

model, the instrumental matrix becomes

"-h(n-1) ..... -h(0).u(n-1).... u(0)

3 = . >« . i (32)

. . . .

. . . |

-h(n+N-1) -h(N).u(n+N-1)  u(N) !

Assumptions and sources of error:

(1) System order n has to be assumed known - hence the
usual chance of error.

(ii) Possibly, correlation between auxiliary model parameters
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1
H and e may not be zero, violating (30) and destroying

the unbiasedness of the estimate.

This is a popular methcd which works well, the drawback
being the added computation of the instrumental matrix.

As a final note on off-line technigues, we should mention
that the identification scheme developed by Tse and Weinert
[1973] using the canonical form of Weinert and Anton [1972]
does not assume the order n of the process under investiga-
tion but estimates it from input/output data before estimating

the parameters. The process model assumed is

x(k+1) Ax (k) + Bv (k)

(33)
y (k)

Cx(k) + v(k)

where A, B, C are unknown matrices, and so are n (the
process order) and Q , the covariance of the zero mean

Gaussian process {v(k)}.

e
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Chapter IV - On-line Techniques for Identification

We now consider identification techngiues with the widest
application, viz. on-line schemes. As we stated earlier,
several of the off-line techngiues can be put into iterative
form (with respect to new measurements) for on-line implemen-

tation.

A. On-line Least Squares

Process model and assumptions:

These are identical to the off-line case. The recursive

least sgquares estimate is obtained by writing equation (12)

B = [¥Ty17h ¢Ty

in partitioned form and introducing the matrix inversion

lemma, Friedman [1954]:

B(k+1) = 8(k) + [p(k+1)P(k)yT (k+1)+1)7 L -
(34)
“P (k)T (k+1) [y (k+1) =y (k+1) B (k) ]
with P(k+1) = P (k) [I-yT (k+1)y (k+1)P (k)"
(35)
513 T -1
[y (k+1)P (k) yT (k+1)+1]7%)
p = [yTy~t (36)

Sources of error:

Same as for the off-line case. Added problem of choosing

P(0) end B(0) which may be taken as 0.

w
(2}
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B. On-line Generalized Least Squares
(Isermann et. al (1974])

A recursive generalized least squares algorithm was
developed by Hastings-James and Sage [1969). Using the same
process model and assumptions, the recursive equations are

set up as in (34) and (35):

B(k+1) = B(K)+[¥ (k+1)B (k)uT (k+1)+1] L
(37)
B (k) VT (k+1) [y (k+1) =¥ (k+1) 3 (k) ]
§(k+l) = E(k)[I-wT(k+l)w(k+l)§(k)'
(38)
“ (Y (k+1)B (k)T (k+1)+1] T
£(k+1) = E(k)+[E(x+1)Q(x)ET (k+1)+1] L.
(39)
(k) ET (k+1) [w(k+1)~E (k+1) £ (k) ] !
1
Q(k+1) = Q(k) [I-£7 (x+1) £ (k+1)Q (k) - (
40)

1

[ (k+1)Q(X)ET (k+1)+1]17 1)

Initial matrices P(0) and Q(0) can be chosen as
diagonal matrices with elements as large as possible without
creating instability. The initial 5(0) can be zero. An
exponential weighting of past data using a weighting factor

p (Hastings-James and Sage [1969]), in the terms
[¥ (k+1)P (k) ¥7 (k+1)+0] of egs. (37),(38)

P(k)[I - ....] eg. (38)

Biksl) = %

and in the analogous terms of (39) and (40), prevents the firs<

-

estimates from becoming too poor, thus improving the convergence.
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Cs On-line Instrumental Variables

Process model and assumptions:

These are the same as for the off-line method. As in
equations (34) and (35), one may write the recursive form

for on-line implementation:

B(k+1) = B(K)+[¥ (k+1)P (k)3T (k+1)+177 L.

(£1)
P (k)3T (k+1) [y (k+1) =¥ (k+1) B (k) ]
with P(k+1) = P(K) [I-37 (k+1)3j (k+1)P (k) -

(42)

[V (k+1)P (k)3T (k+1)+1]17 1]
p(k) = (37 (k) ¥ (k)] (43)
j(k) = [-h(k-1) .... =h(k-n)]|u(k-1)....u(K-n)]

(44)

Young [1972] introduced a time delay and a low pass
filter (Fig. 7) before updating the auxiliary model, to ensure
that the auxiliary model parameters are not correlated with
e at the same instant and to smooth the estimates. One may

use a low pass filter Baux(k) = (l—y)éaux(k—l)+y8(k) where

y is small (yv 0.03).

Sources of error:

In addition to the possibilities of error mentioned
for the off-line method, choice of Yy influences the algorithm.

P(p) has to be chosen, and it may be taken as a diagonal

matrix with large elements. Initial values of B8 and éaux

can be zero.
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D. Stochastic Approximation
(Isermann et. al [1974]

This is one of the most popular methods currently in use
for segquential estimation of process parameters. It was first
introduced by Robbins and Monro [1951], generalized by Dvoretsky
[1956] and treated extensively by Albert and Gardner [1967]. Its
main characteristic is the simplicity of its implementation which

makes it attractive. An up~to-date survey is Saridis [1974 a].

Process model:

The same model as in the least sguares case is used, i.e.

single input-single output description as in (10-a)
y(k)+$ly(k-1)+....+§ny(k-n) = 61u<k-1)...+£nu(k—n)+e(k)
Consider the estimation of the impulse response, g(v) , of

this process. The following algorithm may be used (to illus-

trate stochastic approximation).

G(k+2) = G(k=1)+y (k)U(k+L) - [y (k+2)
(45)
-uT (k+£)G (k-1) ]
R "T A ~ A
with G = [gl'92""'g£] (46)
uT (k) = [u(k-1)u(k-2)....u(k-2)] (47)
1 k-1
Y(k) = yv(§) = 1103} 7 E(k) = 51
k= 1,842,20+3,30+4,.... (48)
If there are 2n unknown parameters of B8 , £ = 2n values
of the g; are estimated by equations (45) and the parameters

AT
P.

and gi are calculated as follows.
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Since the impulse response a(v) has been estimated,

. A .
one can estimate the response Y using

g(t=v)u(v) (49)
0

e~ 8

§(T) =
Vv

Then, using (6), one can write

r-);(l)"; o 0 u(0) 0 (0)..0 —1 '-317;
Ly 0 u(l) u(0) 0...0 |
N B OINY 0 i ) ; é &y |
b ’ : d i i by |
| : . : . :

Y -§(2-1)-§(2-2) - (%-n) u(&-1) u(t-n), By |

y = R B
(50)

One then estimates (al,...,an,bl,...,bn) by a least

squares computation
8 = (RTr]IRTY (51)

Equations (49)-(51) become especially simple for a step
input used for the identification, i.e. u(0) = 1, u(l)
= u(2) = u(3) ... = 1. This smooths the noise present in
g(t) because of equation (49).

The algorithm (Stochastic approximation) of eq. (45)
converges in the mean-square sense to the true parameter

values under the following
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Assumptions:

(1) The input wu(k) is an independent random variable
with E{u(k)} = 0.

(ii) The noise n(k) 1is an independent random variable
with E{n(k)} = 0.

(iii) As usual, system order n is assumed.

Sources of error:

It is evident from the assumptions that violation of
any of them could cause problems in the estimation scheme - in
accuracy or in convergence or in both.

E. Correlation-Cum-Least Squares
(Isermann et. at. [1976])

Conceptually this is one of the simplest methods in use.
The estimation scheme determines correlation functions and
then estimates the parameters of the desired parametric model
by the method of least squares. Correlation technigques have been
studied extensively and one might mention Buchta [1969], Hayashi
[1969], Reid [1969 a&b], Stassen [1969] and Gerdin [1970] as

representative of a large body of literature in the area.

Process model:

As in equation (l0a)

y(k) = -a,y(k-1) ... =& y(k-n)+B u(k=1)+...+b_u(k-n}+e (k)

Assumptions:

Input and output signals are stationary random variables.
The autocorrelation function (acf) of the input then

may be written as

39
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Sources of error:

Non-stationarity of input and output signals invalidate

the scheme outlined. White noise is not an absolute require-

ment, it simply facilitates the computation a great deal.

% , the number of impulse response values, needs to be chosen.
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Chapter V - Concluding Remarks '

No discussion of identification techniques would be

complete without a comparative evaluation. Surprisingly

enough, comparisons of different identification methods are
rare in the literature - Isermann et. al [1974], Saridis
[1974b], Gustavsson [1972] are recent examples of comparing
on-line schemes. With regard to the on-line technigues

that have been described in this paper, we could make certain
observations. For general linear processes, correlation
methods show most advantages compared to the other methods,

viz. instrumental variables, stochastic approximation,‘gener—
alized least squares and least squares (Isermann et. al [1974]).

Very good performance, shortest computation time, 100

percent overall reliability with no problems of poor conver-

gence or instability, choosing only one factor a priori (the
number of impulse response values desired) - all these
characterize the correlation techniques. As mentioned before,
while the method is not restricted to white noise inputs, the
computational expense is smallest with such inputs.
Instrumental variable methods perform well for most
processes, almost as gooé as the correlations technique. The
principal shorcoming is the choice of a filter factor, which
at times could be crucial.
Stochastic approximation methods enjoy the advantages
of short computation time and easy implementation. The draw-
back lies principally in the choice of the gain factors -

there is no general rule to use.
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Generalized least squares methods perform poorly

compared to the above methods, but better than L.S. methods,
which, however, take less time than the G.L.S. method.
Several questions remain unanswered. We shall raise
only a few of these here. For on-line technigues, can some
method be devised to insure better starting estimates? How
should gain factors be chosen to improve rate of covergence?
How should one deal with the general multivariable problem
(the methods discussed were exclusively for single input
single output models)? Again, the nature of the disturbances
at the output of a process will have a direct effect on the
performance of any identification technique. It seems reason-
able to address the problem of trying to maintain almost
uniform performance against a wide variety of output perturb-
ances. We have already started investigations in.this area

in the hope of being able to devise some robust procedures

for identification.
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Chapter I - Introduction And Scope Of The Report

The problem of system identification, as control
engineers call it, is also extensively studied by statis-
ticians under the name of time series analysis. Consider
data {zt,t =1,2,3,...} - in business, economics, engineering
and natural sciences - which occur in the form of time series
where observations are dependent and where the nature of
this dependence is of interest. The techniques available
and utilized for the analysis of such series of dependent
observations.are called time series analysis. That is to say,
given observed data, time series analysis is concerned with
inference from what was observed to what might have been
observed. In general, the aims of time series analysis are

(i} to understand the process generating the time series.
(ii) tco predict the behavior of the time series in the
future.

Quantitatively, to simulate and predict a time series
{zt} , and to understand the generating mechanism, one models
it as the output of a dynamic system whose input is white
noise. Obviously, one may thus consider time series analysis
as identification of systems with white noise inputs. Thus,
several methods of time series analysis are applicable to
identification problems and vice versa. The task is divided

into three parts:
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(1) Postulating a model (probabilistic) for the process

T—

under investigation in which some parameters are

T —

unknown.

(ii) Estimating numerical values of parameters for the
hypothesized structure.

(iii) Diagnostic checking for the adequacy of the hypothe- |
sized model.

The discussion here will be restricted to the principal
methods for analyzing stationary time series; that is, a partic-
ular version of task (ii). These techniques can be divided
into two classes:

a) Frequency domain approach: Mainly, spectral analysis .

b) Time domain approcach: Estimating parameters of a

hypothesized representation (model).
The subsequent material is based on Parzen [1961, 1967 and
1974], Jenkins [1961] and Box and Jenkins [1970].

With regard to parameter estimation, there are many

methods that are used by statisticians. Several of these
techniques are familiar to systems engineers- e.g. ordinary
and generalized least squares, instrumental variables,
maximum likelihood (for a discussion of these and others, see,

for instance, Kashyap and Nasburg [1974]). The focus here

will be on correlation methods used in time series analysis. h




Chapter II - Freguency Domain Approach: Spectral Analysis

A. Introduction

Roughly speaking, spectral analysis is concerned with a
study of {zt} from the viewpoint of its frequency content.
It has long been traditional among physical scientists to
consider a time series as a phenomenon caused by the super-
position of sinusoidal waves of various amplitudes, frequencies
and phases. The notion of the spectrum is a central one in
the analysis of time series. Spectral (harmonic) analysis
deals with the theory of decomposition of a time series into
sinusoidal components.

One notes that for many time functions x(t) , such a

decomposition is provided by the Fourier transform
- l i —itw \
s(w) = 5= J e x(t)dt (1)
- 00

However, no meaning can be attached to this integral
for many stochastic processes {x(t)} since their sample
functions are non-periodic undamped functions and therefore
do not belong to the class of functions usually considered
by the theories of Fourier series and Fourier integrals. On
the other hand, it is reasonable and possible tc define a
concept of harmonic analysis of stochastic processes - that
is, a method of assigning to each frequency w a measure
of its contribution to the 'content' of the process - as was

first demonstrated by Weiner [1930] and Khintchine ([1933].
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A time series may be represented as a superposition of
sinusoidal wave forms with 'independent amplitudes' if and

only if it is stationary.

A discrete parameter time series {zt,t = 0,+1,+2...}
! (or a continuous parameter times series {zt,-m < £ < ®}) is }

said to be (wide-sense) stationary if the covariance function

R(v) = E[ ] (2)

Zt zt+V

E is a function only of v. Here it is assumed that E[z.] =0 ,

T T TRy 17 Ty

| but all results can be extended to the case where E [zt] # 0.

- -] =
If it is assumed that } |R(v)| < = , then the
V==

pRoca

spectral density

o .
fw =5 [ VU RM -mcwc (3)
v=-—o 4

exists and provides a spectral representation

m s
R(v) = [ eV f(w)dw v = 0,+1,+2,... (4)
-

; Estimation of £ , and hence, the determination of the |
frequencies w at which f has local maxima, is the principal 3

concern of spectral analysis.

B. Estimation of Spectral Density f (w)

Given a time series sample of size T {zt,t = 1,222} &
the sample covariance function RT(v) and the sample spectral
density function (or periodogram) fn(w) are defined by

54

¢

"’.\ :~ﬂ’ G 1o oy




T=|v|

o)
<
I
3l
N

- Loz Besint i FT Oy %L e s s 0T=1)
(5)
=0 v o= 4P, 4 {T41) ...
P
i -itw 2
fplul= e }tzle z, | -T < w < m (6)

It may be shown that f,(w) and R(v) are Fourier

transforms:

folw) = == | e VYR (v) (7)
==L
Rp(v) = {ﬂeivwa(w)du ¢ & 0,50, .. (8)

However, there is a difficult problem in empirical
spectral analysis of a stationary time series possessing a
spectral density. This stems from the fact that the obvious
estimate of f(w) , namely fT(m) just defined, is not a
consistent estimate of f(w) although RT(v) is a consistent
estimate of R(v) at each v.

That is, it may be shown that

|
o

lim E[IRT(V)—R(V)Izl

Tw

(9)

]
=

P{lim RT(V) = R(v)]

T>w

On the other hand, it may be shown that
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1im Efe™ET) ) o (-duEw))” (10)
T—»:n

for every real u and frequency w.
Consequently, for every real number = ,
lim P (w) > x] = e ¥/ E(W) (11)
T =
which means that fT(w) is exponentially distributed with
mean f(w). So, unless £f(w) = 0 , there is no mode of
probabilistic convergence in which fT(w) + f(w) as Tow.
However, it is not difficult to construct sequences of estimates
of f(w) which are consistent.
Since RT(V) is a consistent estimate of R(v) , i.e.
[T et e » [T eV E(w) dw (12)
-0 -0
it follows (Parzen [1957 al) that for every bounded continuous

function A(w) ,

o« co

i Aw) £ (0)dw ~ [ A(w) f(w)dw (13)

The convergence in (12) and (13)_is the same mode as in (9).
A great deal of effort has been expended by researchers

in constructing consistent estimates of f(w) , and Grenander

and Rosenblatt [1957] have shown that one need only consider

estimates of the form




e iVeg kp (V) Ry (v) (14)

where the constants kT(v) are to be chosen as even functions
of v. These estimates may also be written as sample

spectral averages

i
*
fT(wo) = {n KT(w-wO)fT(m)dw (15)
where the spectral window

T A .
1 ivw
K_(w) = == Z e Ko (w) (16)
3t 2n o_r T
It is assumed that KT(w) achieves its maximum at
w = 0. Its bandwidth may then be written as

m

- K, (2)dw (17)
B(Kp) = . T

The bandwidth of the estimate f£,(u) is the bandwidth
of its spectral window.

In order to specify an estimate f;(w) , one must state
the covariance averaging x=rnel (also called lag window)
kT(v). There are mainly two methods for generating kT(v) ?
which include as special cases most of the estimates suggested
by various authors.

Let h(u) be a bounced, even, square integrable function,

defined for all real u such that
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[1 - h(uw)[/|u]

is a bounded function of u.
One class of estimates, called the algebraic type

(Parzen [1961]), has f£,(w) defined by (14) with
kp (V) = h(v/M) (18)

where the MT are positive constants tending to 0 as
T+ in such a way that (MT/T)+ 0.
The other class of estimates, called the exponential

type (Parzen (19611), has f£;(«) defined by (14) with
" alv)
kg (v) = h(ae® V) (19)

where AT are positive constants -+ 0 as T > @ 1in such

a way that (log AT)/T-*O and o 1is a positive constant.

The following is a list of different h(u) corresponding

to estimates used by various authors.

h(u) =1 - |u| |ulg 1
- 0 ful> 1 (Bartlett [1950])
(20)
h(u) = 1/2(l+cos 7 u) |u] <1
(Blackman & Tukey[13859])
=0 jul > 1
p (21)
h(u) =1 la] <1

(called truncated periodogram)

i
o
(o4

v
o

(22)

S8

> |



sin u

h(u) = = (usually attributed to Daniell)
(Parzen [1961]) (23)
h(u) = l—lu!q e}l > 2 (Parzen [1957b])
(24)
=0 otherwise

for some constant g > 1 to be determined

h(u)

1-6u2+6|u|  |u|

A
|
N
()

(parzen [1957c])
2¢1-]ul)3 1/2 < |u] <1

= C otherwise (25)

Other possible choices for kT(v) are given in Parzen
[1857 4, 1958].

An estimate f;(w) is said to be of non-negative type
1F f;(w) > 0 ¥w. A necessary and sufficient condition
for this is Kp(w) 2 0 Vu.

Also, assume that the kernel h(u) satisfies
q
[1-h(u)| < hqlul vu (26)

for some exponent g > 0 and constant hq‘

The largest real number g such that kernel hi(u)

satisfies (26) for some finite hq is called the characteristic

exponent.
*

An estimate f£q(w) is said to be of truncated type if

there exists a real number WM, . T such that

kp(v) = 0 for vl > mg (27)
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If there exists a smallest real number M, satisfying

(27) , we call it the truncation point of the estimate. The

advantages of truncated estimates are reduction in computation
since all values of R_(v) do not have to be computed.

A kernel h(u) satisfying

h(u) >0 for |u| <1 (28)

h(u) = 0 for |u| >1

gives rise to algebraic estimates with truncation point

My = MT (28a)

and to exponential estimates with truncation point

Lt i
m, = - = log A (28b)

Except for (23), all kernels h(u) listed satisfy (28).
mp ¢ as defined above in (28a) and (28b), is designated
as the truncation point of the estimate even if the estimate
is not of the truncated type. The statistical properties of
estimates are best expressed in terms of M, -
Parzen [1961] advocates the choice of kernel on the
basis of the following:
(1) Bandwidth and variance are inversely proportional
for any kernel. The variance of the estimate f;(w)
for a given bandwidth is lowest for kernels (20),

(25) and (21).

-

of a kernel with characteristic exponent g=2. (23),

(25) and (21) meet this requirement.
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(iii) Given a truncated h(u) and truncation point B

*
the variance of fT(u) is low for (25) and (21).

He thus concludes that (21) and (25) are the best

competitors for the choice of kernel to use in

estimating £ (w).
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Chapter III - Time Domain Approach: Parameter Estimation

A. Introduction

We consider the time series as the output of linear,
time invariant, discrete time systems subject to random
shocks (white noise). One can describe (parametrize) such a
model in several ways; but to use the fewest number of
parameters ('parsimonious' parametrization) one employs

a mixed autoregressive-moving average (ARMA(p,q)) representation

zt+alz:_l+a22t_2 Koo g apzt-p
(29)
= u +B8ju g +....+Bqut__q
or, in operator notation,
g(L)z, = h(L)u, (30)
where L 1is the lag (or backward shift) operator
th = zt-l
= p
Xy = 1+0:X ..ot 0. X {31}
g (x) 2 b
o3 g
h(x) = l+3lx Fooaot qu
02 = E[lut|2] is the variance of the white noise wu, .

For this model to represent a stationary time series the
roots of the characteristic eguation g(x) = 0 must lie
outside the unit circle in the complex plane. An ARMA(p,q)

model for a stationary time series has parameters




LRt

al,...,oo,sl,...,sq,o . (Again, zero mean is assumed; however,

that could easily be estimated as another parameter pu). One

can see that the 2RMA(p,q) model is just the difference

equation representation of the familiar single-input-single-

output (SISO) state model:

F 1 "bl'l
¥ T Axk+Buk A= 10 i B = . t
a,....a 1 (3la)
4 n { :
- _’ Lan
e = [1 0 0 .::0]

where n =p = q.
The two fundamental processes - autoregressive and

moving average schemes - are defined as follows:

Autoregressive (AR(p))

The time series {zt} is assumed to be generated as a

linear function of its past values plus a random shock; for

some integer p (called the order of the AR scheme), and

constants al,...,ap 7

£ = 0Zp_ g Feeeot oz, Jtu

in which the seguence {ut} consists of independent identi-

cally distributed (usually assumed normal) random variables.

Moving Average (MA(q))

The seguence {zt} is assumed to be generated as a
finite moving (and weighted) average of a seguence of inde-
pendent, identically distributed random variables {ut} :
for some integer g , (called the order of the MA scheme),
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and constants 81,...,Bq >

z, = ut+81ut_l+....+8qut_q

As stated earlier, we shall focus our attention on

correlation methods for estimating the parameters

{al,....,ap,sl,....,Bq,oz,u}.

B. Correlation Methods for ARMA Models

Let us consider a (wide-sense) stationary time series
{zt,t =1,...N} with non-zero mean u and variance 2.
Since the probability distribution is the same for all times
t , one estimates the mean from a set {zt,t = 1 esvesiF of

observations by
N .
- ) !
z = 5 Z z

and the variance oz by

N
A2 1 = 2
G- == 1 (z_.-2)
z2 " Wiy E

The autocovariance at lag k is defined as

Ty = Covizyrz 1 = E((2-u) (2 ~u)] (32)

The autocorrelation at lag k is

Px = Elz ~w) (2L 1) ]

k t+k

VElz 1) 21El(zy 1) 2]

(33)
E[(zt-u)(zt+k-u)]

o2
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since, for a stationary process, the variance ¢ =Yg is
the same at time t+k as at time ¢t.

Thus the autocorrelation at lag k is

Yk
b T 7 (34)
Yo
A number of estimates of the autocorrelation function

have been suggested and their properties are discussed in

particular by Jenkins and Watts [1968]. It is concluded that
th

the most satisfactory estimate of the k lag autocorrelation
Py is
c
k
r, = — (35)
k =
1 N-ik - _
where c, = = (z,-2) (z -z)
k N o1 t t+k (36)

k=20,1,...K

is the estimate of autocovariance Yg v and z is the mean
of {zt,t = 1,...0;8)e K d& taken > pig.
Following Box and Jenkins [1970], a procedure is now

given for estimating the parameters of an ARMA(p,q) model:

2 +oovie s +ap2t_p+eo+ut~81ut_l-62ut_2 ..... —Bqut_q
(37)

p,q are assumed known. {ut} is assumed to be a sequence

of independent identically distributed (usually assumed

normal) random variables. 60 is the overall constant term.

65




B.1l Mean and variance

e l N
z =z g zZ, (38)

s° = ¢ where ¢ is defined below

B.2 Autocovariance function (acvf)

N-k

tzl (zt-z)(zt+k_

z) where k =‘l,....,K

2z~

Cx
K = no. of acvf values
desired > p+q

(40)
B.3 Autocorrelation function (acf)
-
k
r, = — (41)
k <
B.4 Estimates (initial) a, of AR parameters
If p > 0 , solve the set of p linear equations
A EQ =X
“101 [xy)
where Aij = clq+i-j| h = i i X = ] o
i !
_ . e
X = Cq+i S & “ (42)
a ! X
i,3=1,2,...,p Bt t_ |

B.5 Estimates (initial) §0 of MA parameters

-

a. Using the Sk the following modified cj are

computed:
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p P
c’ = z z O"i o TS e g P > 0 (8. 'l)
i shp plg 20 KO- [34i-K] 00
= (& =0
j P
§ %= Leeconsd (43)
b. Then the Newton-Raphson algorithm
I1+l = zl - B (44)
where Tlg = gl
is used to calculate the vector Tl+1 at the (i+l)st
iteration from its value w1  at the ith iteration, where
il PR (45)
5 qu 6
= e 4
3 i=0 1 1+] J ( )
£ = (£ B qensyk) (47)
= 0’71 q
= 5 g
!TO Ty eeees Tq% L To Ty +ee- Tq ‘
e 511 Ty eoeeT o 1 % T
.; g 0 "1 q-1§
|
0 '~ (48)
i T T
i'q 0
i s = i
with starting values Ty = /co i Ty B TEec M e A Tq = 0.
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c. when

specified ¢ , the process is considered to have converged

and the parameter estimates are obtained from the final T

ﬁ values according to

A~

B.n =

; 30

B.6 Estimate

- Tj/To J = a0 nS (49)

of overall constant

P .
4 z - 1 &yl p>0
900 = i=1 (50)
P p=20
B.7 Estimate of white noise variance
Tg qg >0
~2
o‘ =
u P : (51)
o " .; %61 g =9
i=1

B.8 Backforecasting initial z's

E(Zypig) = Zep® = %0 * 1

el

where [zg, .01 =

(e =

p ~ q ~
s %50 2Np-ie] - jgl B30 MUy-p-je]
(52)
';N_b(z-i) 2>i
Bobegey P2
(53)
\0 >3
bt T Arb-jerat 223

68

lfj| <e, 3j=0,1,...,9 for some pre-

S sl e

Y e




‘l
3

with £ =1,2,...L (lead time values). The forecasts are
obtained for each origin b = 0,1,...B time units before
the end of the series. The backforecasts are done up to a
negative origin Q° beyond which the difference between z,
and ﬁ(=§00) becomes negligible.

B.9 Calculation of residual sum of sguares

a. Having backforecast initial =z's , the residuals

for a specified set of values of the parameters are computed:

e q
$. = (@ ~n)= F m. 0z, .~pl+ J B.. 8. - (54)

t £ jop 10773 51 3073
t=07,0"+1,....,N where Q° is as above in B.8.

b. For given values of the parameters (i,a,f) the
residual sum of squares is computed from
~ ~ N 2
S(u,a,80 = [ o (55)
t=Q~

B.10 Calculation of least squares estimates

The values of the parameters which minimize the residual
sum of squares are obtained by a constrained optimization
method, proposed by Marquardt [1963] and described in the
following form by Box and Jenkins [1970]:

a. Denoting by A = (Al,xz,...,xk) all the parameters
in the model, that is 2 = (p,é,é) , Starting values Ao are
specified along with parameters d and F which constrain
the search and a convergence parameter ¢. During the search,

the values = E[Qtlg,g] and the derivatives

¢
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|

|

LI Rl v (56) 1
L

need to be evaluated at each stage of the iterative process.

Section B.9 pt.a (i.e. according to eq. 54), the derivatives

b. Using the residuals, calculated as described in
are obtained from

~ 1
i O Ay gremerdy greesrdy )0 Og greeeidy 785 0eeaidy o) )
8 5

3
(57)

c. with ¢t,x. supplied from the current parameter

1.t
values, the following computations are done:

(i) The kxk matrix
A= {Aij}
where
N
i3 =t£Q,xi,t s
(ii) The vector g with elements g1s95se+-19, where
I
g, = X, .0
2 £=q” Lot
2 (iiz1) The scaling quantities Di =/ Aii

d. The modified (scaled and constrained) linearized

equations




Ah =g (58)

are constructed according to

* . .

Aij = Aij/DiDj i# 73

*

A.. = 1+d (59)
1

*

gl = gl/Dl

*
The equations are solved for h , which is scaled back

to give the parameter corrections hj , where

*
h. = h./B. 6
J 3/ 3 ; e

The the new parameter values are constructed from

A=A, +h (61)

and the sum of sguares of residuals S(})) is evaluated.

e. If S(2) < S(i,y) , the corrections h are tested.
If all are smaller than & , convergence is assumed. Otherwise,
50 is reset to the value A , 4 is reduced by a factor F

and computation returned to (c).

£. If s(}A) > S(ko) , the constraint parameter d is
reduced by a factor F and computation resumed at (d). 1In
all but exceptional cases, a reduced sum of squares is eventually
found. However, an upper bound is placed on d , and if this
is exceeded, the search is terminated. When convergence has

occurred, either according to the criterion in (e), or it is

7
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assumed to have taken place after a specified number of

jterations, the residual variance and the covariance matrix

of the estimates are calculated as follows. i

B.11 Standard errors and correlation matrix

The estimate of the residual variance is obtained from

the value of the sum of the squares function at convergence

using
Az- 1 A A
9% * Tt S(u,a,8) (62)

and the covariance matrix V of the estimates from

_ LR S
V= (vl = x0T oy (63)

where X is the regression matrix in the linearized model,

calculated at the last iteration in the Marquardt procedure

[Eq. (59)1]-

The standard errors are
s. = /V.. 2= 1,200t G+FL (64)

and the elements Rij of the correlation matrix are obtained

from

Rij = Vij/»/v.li ij (65)
Finally, an estimate 80 of the overall constant term is

~ ~ p ~

8y = H(l - g 24) (66)




r . —

€ Correlation Estimation for Noisy Mesasurement Models

The procedures just described are appropriate for analyzing

time series in which the observations zt are assumed to be

uncorrupted by noise. The only perturbances are the

random shocks u, - However, in most cases, the observations

themselves are perturbed by additive noise so that one really

observes
Ve ™ B & R o

where {nt} is a noise seqguence independent of the input

{ut} and usually assumed white. It would also be helpful

: if {u.} 1in general did not have to be white noise. The

method to be described considers the more general problem of |

non-white (or 'colored') noise {nt} , the sequence {ut}

also being considered as a 'colored’ (correlated)

sequence of random variables. Of course, considerable simpli-

; fication occurs if {u } is a 'white' sequence.

We consider two time series, {u £ = J,e0e, N} and

tl
: {yt, t=1,...,N} corresponding to the input and output
measurements of a linear process.

Consider the representation of the linear process to be

e

Yo ™ GpBc 9y tr oo Ol (68)

where > TR A are impulse response weights for the
g=l m
rocess. m 1is the number of impulse response values desired
P

and is at least = p+q , where p and g are the orders of
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the AR and MA schemes of the ARMA process which one assumes
to have generated {ut}. Larger values of m increase the

model accuracy, so the choice has to be made on the basis of

computational cost versus accracy.

First, consider the input sequence {ut} to be the
output of an ARMA (p,g) process driven by white noise. That is,
d(L)ut = h(L)at (69)

where {at} is a sequence of independent identically distri-

buted random variables.

- 2, P
d(x) l+alx+a2x ....+apx

h(x) = 1+61x+32x2+...+8qxq

Then these -“1"-"2p'31"°"3q are computed by the
procedures described previously. Then the following computations
are made.

C.1 Differencing and pre-whitening

The input series {ut} and the output series {yt} are

differenced to form N values of
(70)

where Gt and §t are the arithmetic means of the u_ and

s series.

74 /
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The differenced series are then pre-whitened to give

n” = N-p values of the At,Bt series according to
) i
B =3 = a.u’_. + B.A, _
t B gy kel gk VTS
o) g (71)
B, =y - J e@yi .+ 1 BB .
k t e = = j=1 g t=5
A, B are the means of the A ,B_ series.
C.2 Pre-whitened output autocorrelation function
ni-k _ _
(B.-B) (B, ;. -B)
rpp (k) = 3=1 7 Itk
2 (72)
” =2
J  (B.-B)
j=1

C.3 Pre-whitened input-output cross-correlation function

€y bk)

AB
Ea (k) — (723)
AB SASB
where
1 n’-k = =
Caplkl = = jzl (Aj-A)(Bj+k—B) k=20,1,...,m
C..(=k) = C,, (k) ko= 1,2 e
AB BA (74)
8, = /CXA(O)
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C.4 Impulse response function estimate

9 = 5~ ' Ipglk) k=0,,...,m (76)

C.5 Noise variance and autocorrelation function

Using the estimates = of the impulse response weights,

the noise series ng is regenerated from

De = Y7907 91%-1 =+ “93%-n
(77)
where n <m

and then the variance and autocorrelation calculated as in
Sections B.l, B.2 and B.3. [egs. 38-41], from the values

nt[ t = 1,2,.-.,N-n-

C.6 'Parameter estimates

Using the impulse respconse weights, one may estimate

parameters [al""'an’bl""’bn] of the SISO state model

[egq. 31(a)]. See, for instance, Isermann et al. [1974].
D Robust Estimatiocn of the Transition Parameter of an AR(1l)
Model

We conclude this chapter by considering the problem of

estimating o in the following AR(l) (or lst order Markov)

-

model:

»
]

(78)

where {uk} and {vk} are independent identically distributed ,
sequences with u and v independent and having distribution=s
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symmetric about the origin. Stationarity is also assumed,
which is eguivalent to the assumption that |[o]<l.

The specific model most used is one for which vy Fo
and {uk} are Gaussian. Under such assumptions the estimate

[ for o 1is the standard least sguares one given by

n-1
Fon T
a B (79)
4 LS,n n~-1 2
zi )
i=1

for a set of n observations zl,...,zn

Unfortunately, aLs n is asymptotically inefficient
r
when {uk} has a heavy-tailed non-Gaussian distribution so
E that {uk} has outliers. Also, in the case of non-zero

additive effects, i.e. Vi # 0 , the least squares estimate

~

¢1s.n is asymptotically biased as it converges to
’
0y = & = Q it
0 22 (80)

1+ox/ov
4 where 02 + Variance of x
E X k
: £ Variance of

Oy Vi

This bias can be considerable even when Vi is zero most of

the time: say Vi is distributed according to the density

£(v) = (l=¢g) 5(v>+ec<vlo,o§) (81)

with ¢ small (< 0.2)




———

Thus, Vv is zero 1l-¢ of the time and comes from a

k
Gaussian distribution e of the time.

Denby and Martin [1975] and Martin and Jong [1575) have
proposed and constructed robust estimates for a in the case

cf non-Gaussian u and non-zero Vv by solving the equation

n=1 ”
iglg(zi).w(ziﬂ-anzi) =0 (82)
If u and v have finite variances, the estimate a;

obtained above in (82) converges almost surely to ay where

oy, is the root of the regression equation

m(a”) = -E g(zi%w(zi+1-u’zi) =0 (83)

-~

and o, is the same sign as o and Iablglal. One can see
~

that (82) gives the least squares estimate B 5 i1f qg()
and ¢ (°) are taken as the identity functions. As in the
least sgquares case - where ab(=a6)#a - it is true that,

in general, for a particular g(*) and ¥ (-) , ab#a .
However, use of suitable g(*) and w(-)‘ results in a very
small bias when Vi is distributed as in (81), and

0 < € < 0.2, so that robustness toward bias is cbtained as

well as robustness toward variance. Martin and Jong [1975]
may be consulted for details of asymptotic properties of
&n and necessary assumptions and conditions.
Obviously, there remains the need to construct robust estim-

ation procedures for the parameters of general AR(p) and ARMA (p,q

models with a similar non-Gaussian assumption on the Uy and vk¢0.
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Chapter IV - Concluding Remarks

We conclude this discussion by considering the relative
merits of frequency domain and time domain approaches to
time series analysis - specifically, spectral analysis as
compared to correlation analysis (Jenkins [1961]). For a
specific application, there are principally two factors to
be considered in choosing between correlation and spectral
analyses:

(1) The subsequent use of the estimated quantitites.
(ii) The ease of physical interpretation.
These considerations are best illustrated by specific

problems:

a) Frequency Response Studies

If the ultimate objective of the analysis is to look
at the distribution of variance or power with frequency,
then the spectrum provides a direct answer to such problems.
Autocorrelations may be used towards such an end, but the
computations are far more indirect and complicated. Again,
in certain aspects of control system design, the spectrum
provides valuable information with regard to the freguency
response, such as sharp peaks (resonances). In general, the
spectrum has a direct physical interpretation related to the

frequency response.

b) Prediction and Simulation

Since prediction and simulation are done in time, it

is natural to work in the time domain, as variate values are
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required for feeding into the prediction (simulation) model.
Spectra are of no use in this type of problem. Also, in

several control system design problems, time domain models

(such as state space, difference equation) are used extzsnsively.
Since parameters are directly estimated as functions of the
auto and cross correlations, it is natural to work with these

guantities.

c) Exploratory Investigations

Initial studies in many fields are done by building
models based on a priori considerations. Both correlation
and spectral analysis may be of considerable use in suggesting
possible models, depending again upon the type of represen-
tation desired.

Because the autocorrelation function and the spectrum

are transforms of each other, they are mathematically
equivalent. However, as illustrated by the examples just
cited, the choice of one or the other will be dictated by
considerations of the aims and goals of analyzing a particular

time series.
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Chapter 1 Problem Statement and Proposed Sclution

A. Introduction and Formulation of the Problem

We recall (from Sections 1l&2) that the on-line
identification of single input single output linear, time
invariant, noisy systems modeled in discrete time is of
considerable general interest, and, accordingly, has been
studied most extensively. However, in the construction of
identification schemes, there remain interesting gquestions
which have yet to receive adequate consideration - specifically,
for one, the modeling of the non-measurable output noise.

It is obvious that the nature of this corrupting noise has a
direct effect on the performance of any identification algo-
rithm. In general, though, there have been somewhat extreme |
approaches to modeling the measurement noise. At one end of
the scale, the ocutput noise is assumed to be known perfectly.
For example, the maximum likelihood method assumes Gaussian
noise with known parameters. On the other hand, there are

methods which assume (or reguire) little knowledge of the

measurement noise - correlation analysis, for example, only
requires stationarity of the input sequence and the output
noise, and that they be mututally orthogonal or uncorrelated.
Since one can be expected, in reality, to have some, if not
complete, knowladge of the operating environment, it seems
reasonable to utilize a model in which the output noise is

neither completely specified (as a Gaussian process, for

example), nor left completely unspecified. We thus formulate
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the following identification problem.

Consider the on-line identification of single input
single output linear, time invariant, noisy systems modeled

in discrete time
Xy = Axk_l + buk—l
with observations (1)

Zk = ka + Wk

where -ay
A =
I
= 00 -~ - QJ
-bfi v
b = c=[{1000-~-1]
LPn
under the assumptions that
(1) the order of the system, n, is known;
(ii) the system is completely controllable and
observable, and stable;
(21} the distribution of the measurement noise w is
given by the mixture F(w) = (l-g) K(w) + & C(w), (la)
where K(+) is known (i.e. completely specified) and C belongs

to some broad class of distributions. This is to say, Wi

comes (l-¢) of the time from a known distribution and € of the
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time from a distribution C e €. For the rest of the report,

we use the following equivalent representation of (1l): (see,

for example, Luders & Narendra [1973])

¥y = 721 ¥i-.3 783 Y2 "33 ¥Yg.3 o+ "2, ¥yop
+bl U, *t b2 Up_ o e +bn . :
(2)
zk=yk+wk
where Ajseeer@py bl,...,bn are the unknown parameters to be

identified.
Some investigations of this problem, in somewhat

different formulations, have been initiated by Nasburg and

Kashyap [1975], Denby and Martin [1975) and Martin and Jong [1975].

B. Review of Cross-correlations method - possible shortcomings

Referring again to Section 1, one recalls that the
method of cross correlations seems to be most advantageous
compared to other methods (Isermann et al [1974], Saridis [1974])
for general linear processes. Here, we briefly review the
essence of the method. We have, under the assumption of

stationarity, that the autocorrelation of the input sequence

{uk} is
Ry (m) = Elu, u_p]
" (3)
= lim 1 ) u. u, _
k+o k+1 i=0 - W

and the cross correlation of the inputs {u,} and outputs
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~ S

-

fz,} dis

K
Rzu(m) = E [zk uk—m]
i
= lim 1 Z: U, _
k+o k+I i=0 + 77
now,
Rzgm) = E [z up_p]

E [(yk + wk) uk_m]
Ryy(m) + Ryy (m)

Since {uyland {wk} are mutually uncorrelated,
Rwu(m) = 0.

Thus, Rzu(m) = Ryu(m)

The convolution equation

o

S N
1=

(4)

(5)

(6)

(7)

relates Ryu to Ry, through g(i), the impulse response of the

system. Thus, if an input sequence {uk} of known autocorrelations

is used, then estimates of g(i) can be computed from estimates

of Ryu( = ﬁzu ) and R, .. In particular, if {uk} is chosen

as discrete white noise, we have

R (1) = R (0) . §; where §; =1
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wy; that is to say, we would like to ensure improved perform-
ance (over the scheme L) in terms of lower error and lower
standard deviations of the error and the estimates in the
cases where the contamination level ¢ is, say, 5-20% and the
contaminating distribution C(+<) has a large variance

and/or has heavy tails (i.e. more outliers). We will not
mind if the price to be paid in adopting such a scheme'N is
that it is worse - but not by 'much' - than L in the case
where € = 0, i.e. wp comes from a totally known distribution.
We will call the scheme N robust in the manner of Huber
[1972] and Anscombe [1960]: 'I am willing to pay a premium
(2 loss of efficiency of, say, 5 to 10% at the ideal model)
to safeguard against ill effects caused by small deviations
from it; although I am happy if the procedure performs well
also under large deviations, I do not really care - inferences
based upon a grossly wrong statistical model may have little
physical significance.'

C. Proposal for a Robust estimate of R,y

We propose to use a non-linear scheme N for estimating
the correlations R,,. It should be mentioned that non-linear
estimates of autocorrelations have been proposed and used by
Huzii [1963, 1970] for stationary Gaussian processes and by
Rodemich [1965] for more general stationary processes. However,
the motivation of both these investigators was the simplifi-
cation of the computational effort and not the desensitization

of the estimation technique to different noise processes.
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Thus,

g(m) = §K“(m) ﬁzu(m)
— (8)

Ryy (0) Ryuy (0)

The cross correlation estimate, ﬁzu(m), may be

computed recursively (on-line) by

A

~ A 1
Rzu(m,k) = Rzu(m'k-l) +kIl [zk uk—rn == Rzu (mrk_l)] (9)

Henceforth, we shall refer to (9) as scheme L (for linear).
Using the impulse response estimates @(m), one can then estimate
the parameters al""’an’bl""'bn of (2) by the method outlined
on p.32 of Section 1. Our principal concern in this investi-
gation is with regard to the computation of the cross correla-
tions ﬁzu‘

The possible shortcoming of scheme L is imbedded in the
generality of the noise Wy While it is only required that
{w,} and {uk} be stationary and mutually uncorrelated, it is
natural to expect that the performance of the algorithm L in
terms of rate of convergence, error of the estimation scheme
and standard deviation of the error, bias of the estimates
and standard deviations of the estimates - is dependent on
the distribution of {wk}. We propose to modify L (the scheme
for the on-line computation of ﬁzu) for the case where Wy in
addition to satisfying the usual assumptions for the correla-
tions method, comes from a distribution F (°) as specified
in the problem formulation (la). The goal is to make the

computational algorithm N less sensitive to the distribution of
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Consider again scheme L and the recursive algorithm

used:

A LA l -~
R,, (m,k) =R (mk-1) + e (2 ux_p = Ryy(m,k-1)]

Thus, as each new observation z, is measured, the estimate
of Rzu(m) for (k-1l) measurements, ﬁzu(m,k-l), is updated by
adding E%T [zpuy_pm = Rpy (m, k=1)].

We will call the term in parentheses the innovation
Ik for the kP measurement Zg- Our proposal is to use H (Ik)
instead of Iy in the recursive equation for R,,» where H{-)
is an odd, non-linear function as defined below (also see

fig.rl). Thus, we have

A ~ l ~
Kon (m,k)= Rzu(m,k—l) + I:I H[zk e = Ry i, k1) ] (10)
H(x) = s;x x| < ay
= s,d;sgn(x) : d;<|x|< 4, (11)
s,d,-s.d s,d,-s,d
= Sz (x—(%#)sgn(x))dzilxli (_2_.5_.2__._1__1)
2 2
S,dsy=-s,d
=0 x| > (224
2
sl>0, szio, d2>dl>0, dl<=°

H(-) is the estimator proposed by Hampel [1968,1571]
to be used in the robust estimation of the location parameter
of a distribution. It can be seen that H(*) is the identity
function (i.e. the linear case) feor 81 =83 = 1, dl - e .
If we choose s, = 0 and d, = =, H is then the well known

limiter function used by Huber [1964] for robust estimation and
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5 it has a constant value sldl sgn(x) for |x| > d.
The motivation for using a non linear H comes from an
examination of the innovations {Ik}. \1though the effect of
Ik is damped at each successive stage (only Ik/(k+l) is added

to ﬁzu(m,k—l)), the characteristics of the noise in the {zk}

obviously influence the performance of the algorithm. We feel

|

that the proposed h, using differeht values for the parameters
s3:15,,4;,d, - henceforth called the Hampel parameters - will g
tend to stabilize the recursive computation of ﬁzu against

a variety of perturbances {wk}. ihe recursive algorithm (9) ?
used for the linear scheme L has been claimed by Saridis [1974],
without proof, to be a stochastic approximation algorithm
(Robbins-Monro [1951], Dvoretzky [1956]), which would ensure
convergence of the scheme L to the true values Rzu(m) and

give well-defined asymptotic properties of the estimates. We
have not been able to show, at the present time, that the
scheme N of egn (10) using E(*) as defined in (11) satisfies.
the conditions of stochastic approximation (SA) (as in
Dvoretzky [1956], Sacks [1958]). On the other hand, we are j
optimistic of obtaining these results since the linear scheme L
satisfies the SA conditions (Saridis [1974]) and the non-linear
function H used in scheme N is bounded for every non-linear

estimator that we choose. This follows on recalling from (11),

with the stated restrictions on the Hampel parameters, that

H (%) £ sldlsgn (x) < X




To examine the performance of different non-linear
estimators for Rzu as compared to the linear estimator, we
have carried out an extensive digital computer simulation
for the identification of three linear processes which have
been used as test cases by Isermann et al [1974]. We have
used various distributions for {wk} to examine, in particular,
the effect of the measurement noise on the identification

schemes. The details of the simulation and summarized

results are reported in the ensuing chapter.
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Chapter II Simulation of process identification using

different estimators for Rzu

A. Details of Simulation

The following three simulated linear processes

were used (Fig. 2).

(1) Second order oscillating process
Y -1, _B(zhH) _ byz-l + b,z2
X = Gyl ") = =1 2 (12)
b Alz™l)  14ajz7liayz2
1 2
where z~1 - the unit delayor
a; = -1.500 ap, = 0.700
b, = 1.000 b, = 0.500
(1i) Third order low pass process
biz=l + by z=2 + b3z~3 .
6,(z71) = =L 12 - 3 5 (13)
‘ e o + =
1l + alz + azz a3z
a; = =1.500 a, = 0.705 a; = -0.100
b; = 0.065 b, = 0.048 by = -0.008
(i11) Second order non minimum phase process
= -1 -2
W ) R i (14)
Cugls ) == o,
A(z ) s alz'l + a22'2
a; = -1.425 a, = 0.496
b; = -0.102 b, = 0.173

95




Process (i) was used by Astrom and Bohlin [1966], Hastings-James
and Sage [1969], Gustavsson[1972], Gentil [1972] and Isermann
et al [1974]). Process (ii) has the same parameters as the
third order process used by Isermann et al [1974], with the
difference that we used no time delay. Process (iii) was
proposed and used by Isermann et al [1974].

The output y; of the process to be identified was

corrupted by Wy for which the following 20 noise distributions

were used. Distributions are specified by means and standard
deviations; G and L refer to Gaussian and Laplacian distri-
butions respectively. We have chosen our mixture family F

to be the contaminated Gaussian class,. where the contaminating
distribution C in synmetric, since this is the most important
case from a practical viewpoint. The contaminations are
either Gaussian with larger variances or Laplacian (double

exponential) of different variances.

(Please see Table 1 on next page.)
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TABLE 1
Noise Nominal (Known) Contaﬁina?ing Contamipation

# Distribution Distribution level ¢
1 G(0,1) L(0,1) +05
2 -10
3 =15
4 L.(0,3.16) .05
5 .10
6 - 15
7 L(0,10) - 05
8 -10
9 .03
10 G(0,3.16) -05
1 .10
12 «15
13 G(0,10) -05
14 «10
15 -3
LA G(0,1) - -
17 G(0,3.16) - =
18 G(0,10) - -
Al G(O:l) L(0,3.16) <20

* 20 G(0,3.16) - 20
*** Used as basis for comparing estimators for different noises

Only used for the second order processes

These distributions are all part of a library of random functions
developed by the author and A. H. El-Sawy in the Electrical
Engineering Department of The Johns Hopkins University.

The input {uk} was discrete binary white noise

generated by using

v ran (g) -0.5

(15)

u sign (0.5, v)

The call ran () returns an uniformly distributed number r,

0<r<l, and is reproducible.




The sign (x,y) function returns |x|:(Sign of y). Thus, {uy}
was a white binary sequence of amplitude +0.5 and -0.5. So,
the autocorrelation Ry, (0) = (0.5)2 = 0.25.

The following estimators H were used in the on-line

computation of ﬁzu(m):

TABLE 2
Estimator Hampel Parameters

# type S1 S, dy dy
1 Linear 1 1 © @

2 Limiter 1 (Huber [1964]) 1 0 20 0

3 Limiter 2 " I 0 1.50 ©

4 Limiter 3 X 1 0 o] ©

5 Limiter 4 & 1 0 G-7o ©

6 Hampel 12A (Hampel [1968] it -0.27 120 3.50
7 Hampel 25A ( " ) 1 -0.50 21,50 4.5¢0
Note: ¢ 1is the standard dewiation of the known distribution.

The identification algorithms for each estimator were
run for 3000 stages of the process, and parameter estimates
were computed every 300 stages using the scheme in Section 1,
p. 32. The number of impulse response values, {, was taken
as 2n. It should be noted that to improve the estimates
(i.e. to reduce error and standard deviations of the estimates)
£ has to be chosen very much larger than 2n. Otherwise,
because of dependence of g(f) for £ > 2n on g(l1),...,9(2n),
noisy measurements increase the variance cf estimates and

introduce large bias if £ is not much larger than 2n.
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The error was then computed as the mean squared

parameter errors related to mean squared true parameters:

—=2n —1/2
J 14 85)°
A 64 i=1
meror = A2 WL (16)
les "l .
1 032
L n] u
where (91,...,62n) = (al,...,an,bl,...,bn) are the true
parameter values and (el,...,62n) = (al,...,an,ﬁl,...,ﬁn)

are the parameter estimates, and Aei = ei- 6i <

To obtain better comparisons of the different

identification schemes, 30 Monte Carlo runs of each identification

run (of 3000 stages) were carried out. Then the means and
standard deviations of the error (as defined above) and the
parameter estimates were computed. If 3j refers to each

Monte Carlo run of the identification algorithm,

30
Mean error = e = 3% )} error (j) (17)
j=1
1/2
30
std. dev. of error = sd(e) = |54 ] (error (j) - e)?
J=1
mean parameter estimates are
30
61 = 1/30 ) 63 (3) i1l,...s2n
J=1
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std. dev. of parameter estimates are
1/2
30 g
sd(6;) = 1/30 [ (8;(3) -8;)
=1~

All the simulations were carried out using the
facilities of the Westinghouse Computer Laboratory of the
Elactrical Engineering Depaftment of The Johns Hopkins
University.

The computer was a PDP 11/45.
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B. Summarized results

We have summarized the data for all the 406 examples
[140 each for the 204 order processes, 126 for the 374 order
process] in the following manner:

For each process{ vwe have chosen as our basis the
values (after 3000 stages) of

(1) the error

(ii) the standard deviations of the error

(iii) the std. deviations of the parameter estimates
for the LINEAR estimator when wy 1s distributed according to
noise 16, i.e. G(0,1). We have then taken the corresponding
values for all estimators for all the noise distributions,
and computed them as percentages of the base values [i.e. the
linear estimator values for Wy v G(0,1)] for that process.
If the percentage exceeded 999, we took it, for the purposes

of summary, as 999.9.Tables 3-7 are the summarized data for

process (i), tables 8-12 are the summarized data for process (ii)

and tables 13-17 are the summarized data for process (iii).

To use the tables, one needs to refer also to tables 1 and 2.

Any row in the tables 3-17 has its entries arranged as follows:
The first entry (any number from 1 to 20) specifies

the distribution for Wy (as per table 1l). The next entry

(any number from 1 to 7) indicates the particular estimator

used (as per table 2). The next two entries are, for the just

specified noise distribution and estimator, the error and




standard deviation of the error as percentages of the

corresponding values for the linear estimator with

wx v G(0,1) (noise 16). The remaining entries (6 for the
3rd order case and 4 for the 2"4 order cases) are the
percentages relative to the linear estimator for noise 16 (G(0,1);

of the standard deviations of the parameter estimates.

B.1l. Summarized results for process (i)

The 20 limiter has the most uniform performance

over all the distributions for Wi in terms of the least variation

in the 6 comparative values. For a given noise distribution,

there is not much to choose between the best estimators in

terms of bias. The 20 limiter has lower values than the

linear estimator for all but three noise distributions, and
is very close to the best performance for all distributions.

In most cases, it is the best estimator. Even in the very

noisy case, i.e. G(0,10), where almost all entries in table 7
(for noise 18) exceed the upper limit (999), the non linear
estimates work much better than the linear estimator. The
robustness of the non linear estimates is well observed for
the cases of high contamination (€=0.15, .20) and/or high

contaminating variances (Gi = 10 or 100). One can see that

almost all the non linear estimators have better performance
than the linear estimator in extreme cases like 7, i.e. when
F(w) = .95 G(0,1) + .05 L(0,10).

Next to the 20 limitef, the Hampel 25A estimator

seems to have the most uniform behavior over different noise

distributions.
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It should be noted that in almost all cases, the
parameter estimates have little bias. The non-linear schemes
do not significantly reduce the bias for the linear estimator.
Finally, an important point of note is that most of the
non-linear estimators show marked improvement over the linear
estimator in the cases when C, the contaminating distribution,
has more-outliers. In our simulations, this was achieved
by choosing C as different Laplacian distributions.

It is evident that, for process (i), our proposed
scheme N successfully robustizes, in the sense defined before,
the on-line identification of process parameters by using
non-linear estimators for R,,. '

B.2. Summarized results for process (ii)

This process, a third order low pass system, was
found to be difficult to identify and produced poor estimates
with any estimation scheme, linear or non-linear. Very large
bias of estimates, high standard deviations of error and of
the parameter estimates were a common feature of every
simulation run. The summarized data preéented in table 8-12
can easily lead to confusion. They show, for example, that
the worst performance of the linear estimator is for w~G(0,1)
and the best is for w v.97 G(0,1) + .03 L(0,10)! Thus, the
performance of all estimators for different distributions of
w are relative to a very poor basis and this fact should
temper any use of tables 8-12.

There are only two points we would like to note with

respect to the simulations for process (ii). Firstly,

Isermann et al [1974] also report poor parameter identification
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for process (ii) using correlation analysis. Secondly, an
examination of tables 8-12 (with the aforementioned caution)
shows, interestingly enough, that several of the non-linear
estimators perform better than the linear estimator for a
large number of distributions. The Hampel 12A, the 20
limiter and the 1l.50 limiter seem to have the most uniform
performance over all the distributions.

B.2. Summarized results for process (iii) .

It is difficult to determine which is the most
robust estimator for this process. The limiter at o, the
limiter at 0.70 and the Hampel 12A - all show good performance
over the different noise distributions. All of these
estimators give considerably better results than the linear
estimator for all but two of the distributions. The 1l.50
limiter, 20 limiter and the Hampel 25A estimator also have
improved performance over the linear estimator, but not as
uniformly as the first three. Of the latter group, the
1.50 limiter works best, followed by the 20 limiter and tken
the Hampel 25A estimator. The non-linear estimators for
this process also reduce the bias of the estimates signifi-
cantly in several instances.

Finally, the improvement over the linear estimator is
again most marked when the contaminations in w come from the
heavy-tailed Laplacian distribution. As may be expected,
the degree of improvement achieved by using the non-linear

schemes increases with increasing level of contamination €.
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Thus, for process (iii), our proposed scheme N
provides a robust procedure for the on-line identification
of parameters through non-linear estimation of R,,- The
additional benefit which arises for this process from the
use of these non-linear estimators is a significant reduc-
tion of the bias in the parameter estimates for several
noise distributions.

We have included, after Table 17, the computer
printout for 5 noise distributions, 2 each for the second
order processes and 1 for the third order process. For each

noise, identification results for all the estimators are given.
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Chapter III Concluding Remarks

It is clear from the results of the simulation that
our proposal provides a robust procedure for estimating cross
correlations to be used for parameter identification. We
would like here to clarify an issue which is fundamental to
the problem.

The parameter identification problem of Chapter I
can be split into two parts. The first part, which involves
the estimation of g(m) from estimates of R,,(m), is non-
parametric and essentially infinite-dimensional. The second
part is the transformation from this infinite-dimensional
characterization to the finite dimensional parametric
representation of (2). We have not addressed ourselves at
all to the problems associated with the second part. This
was done by following the same procedure as in Isermann et al
[1974], viz. a least squares estimation of the parameters
al,...,an,bl,...,bn which uses values of the uncorrupted
system output y computed from a(l),...,§(2n) by the Wiener-
Hopf equation.

Errors could easily arise from the use of such a
procedure, especially since least squares estimation requires
uncorrelated residuals to give unbiased estimates.

It would thus be interesting to investigate the
following question: given a particular process to be identified,
consider only the estimation of the impulse response g (m)

using our proposed scheme N for computing R,,- Isermann

[1974] reported that the correlation analysis produces the
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best estimates of impulse response in terms of bias and

variance of the estimates. We feel it is interesting to
examine the effect of our scheme N on the estimation of

g(m).

We mention in closing that though our scheme N seems
to have worked well, an immediate question is whether there
would have been additional improvement if we had used, like
Isermann [1976], 18-22 values of the impulse response
instead of 2n(i.e. 4 or 6). We chose 2n values for reasons
of computational cost, but hope to investigate the above

question (i.e., using £=18-22) in the near future.
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.8 G(0,1) + .2 L(0,3.16)

.8 G(0;1) + .2 G(0,3.16) i
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.21.9 - 22.0

"18.3
16-1
9.8
‘116
18«7

©18.8

378

31.8
640+0
. 7.0

73+1
267+ 6

177

B+8

117

©.999.9

2607
167
7«9
10.2
24.7

174

32.7° -

617

453« 4
6.1
97.6
239.5
15.1
8.9

6le 4

455+ 0.

6.0
97.3

.239.1

15.1
8.9

| 264

FEw)

Tacs
128"

324.2 (g G(p

11.9
-56-6

agn
7999.9

TToge g et

AT Do A
- 17«

Bos e
T 262.0.85G(0

1911
98.3
22.9 .~

Y68 TR
7.9
10.2
24.5°
174
-3247 .
60.9
4571
96.7
. 2394
15.2
8:8

,1)+1L(0,

), 1)+.15 L(0,3.1¢
3 1}

95 G(0,1)+.05 L(0,20)

609 G(0,1)+.1L(0,10)"
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10
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27-1
407
"31.9
4601
30.0

- 27.4
©65.5"

‘2310

59.2

- 462
- 413
850,

447
702

28-4
31.0
4leT
€4.4
63-9
41.7

713

33.2
32.9
26'4
5457
5,403
417
29.2

167 190
12+.3 14.8
413 34«4
1.2 12.9

7«2 . -9«7
7309 s 51 L

~ 8~ou
41 8 36+8 .7
45«1 41T
242 gs «8.
4LeT7- 3B.5-..
32.5 - 22.9
543 - 45-5
5.2 9.3
12+1 14.5

22«2 207
L4605 ~ 44.9
56.3 58.9

27.3 26.0
93.4 89+5
114 12.9
140 16.5
Se7 6.6
9999 881.38
22.3 235
36-9 3253
7'0 11-0

“BeO. -

9.4
1é~2
21-6
46+5
65+ 1
28+ 4
94.8

hm
no v

90
.24+ 6
32.9
11.6

TABLE 10

352 -
- 463
v 32.2
33-6
22.0
51.6

15.3
13-1
7-2
8785
247
28.2
117

43.5-'343.4.
468 463
25.8 - 25.8
S50.2 501
35.5 35« 4--
S7-1 57.0
9e 4
13-3 . 13.4
25.7 25.7
S2.9 52.0
58.6 58«7
30.9 30.8
92«1 92.2
13.2 13.2
175 17«5
T-4 Te 4
9999 999.9
27.2 27.2
39.6 39.5
11.3 113
118

S.8.

.9:3,‘

NG

T 22.0 21.9
.15+8: "715.8
42.5 42.3
1340, =13.0,
9¢9 ' * .- 9.9,
72-6;

43«3
X ’46-3
25.

T 494 8
35.1

56.8

9.4
13«4
.25 6

51.3
- S38+7

307

‘92,1

13.1
17.5
Te
999.9"
27.1
394
11.3

S5+8 .

yarer,

-9;§ S

-

97 G(O 1)+ 03 L(O 10)

i

i

!
95c(o 1» osc(o P 16

|

{

.9 &0,1)+.1G(0,3.16)

5 85 G0,1)+.15G0,3.16)
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3 TABLE 11 ’
i
i
. . F(w)
131 59.3 475 4&5.6 . 598" TT+S . S0+8 509 . 508
132 31.3 9.1 13.9  14.9 15.6. 12.9 . 12.9  12.5
13 3 30.8 Tl T+5 T8 8.2 B 6 Beo - .8eG - 2 »
13 & 3595 1T0-8/ 119.11 1895 . 12758 174.3 - 1738 1787 .- » -5 |
13 5. 69:2 _63.9 " 7204 79.5 .B2.8. 66s9 ' 67.0. 67-1 98 g0,1)4.05 G(0,10)
13 6~ 48-4 86e5 31e2: 33.7 - 29.9 4T-8. 47.6  &7.3" e el
13,7 ©:36eL. 136 . 13:87712.7 120 . 17:5. 17.4  17:3 g 1o g
14 1 531 98-8 BB.7 . 277 946 BTs1 ; 36eh : BEes 1 e T
162 B3 . 5B S8 . 108 Aled . B OB - GB,TL tTid e o
12 3 365 21.7  25.1 ' 27-0 -29+4 22.9 23.0 23.0 i
14 4 31.1 7.3 S.5 18-4 114 9+ 9+9 9.9.96G(0,1)+.1 &0, 10)
145 7. 315 - Te  UBel: BB C MeT . B049° B850 AGH - ¢y K ot
14 6 94.0 141.4  95.7 101+5 103+4 144.7 144.3 143:4 e 5
14 GBB  GeF  BeS OB . Bed . BeB 2 BeB n @B I . iorwotd
153 468 - 383" 59.5  S0.3 . S8 @9  3h6 Laga.y - IR LS
15 8 32e& 12:6 163 A7 BB 15+ 156 156 Lot i
153 " 26:3 - 5:0 7.8 Be2 . Bea  BeD- 8s0 - Bop-IT §O,1)+.03.610,30)
1S 4 -31.8 115 -12e2 13.0 140 - 15.0 15:.0-7 14.9 - R
15 6 -35-0 11.8 16e4 -17.8 19.1.  15.1 15.2 152 "2 ]
15 5 78.9 86.3 B4.7 87-4 89.0 B5.1 5.1 8BSl ;- ,
15 7' - 2649  SeT  Bel -Be6  BeP. 96 HeB 5B : :
16 1 120-2 100.8 1800 100-C 100+0 100+ 100-0 100-0
16 2 83:9 798 8l.4 80.9 79.1 63.9 B3.9 £3.8 |
, 16 3 45.9  42.5 4l.1  42.5 43:3  43.2  43.2 - 43.1 g(o,1) I
: 16 4  34.8 9.6 §3-7 147 15.8 13.9 13.9  13.9 ‘
16 5° 39.2 24.5 29.7 32.9 36:8 27.0 27.0 27.]
16 6 67.2 538 50.3 51.9 522 57.7 57.6 57.4
16 7 1005 100.0 100-0 103-0 100.0 100-0 100-0 1000




TABLE 12
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- - IS A S . & e

© 124 157
44.67..32e5"

, , 45.2 15.9 .
. 526  45.0 94.3 98.7 569 = 44.9
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L1.3 184
55+8 . 63.1 76.2 -106+8 1209 ~45.4
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A 16l

96e2- 1144 -
12.4 . 115

" 55.9.7 - 51+6.-
{1367 1600

F1leln 11600 20

157

L 553 63~1 .. 76.2-106.8 120.9  4S5.40 66e5 75060 . il

556  63.11 °76.0 .106-6 1206  45.4

'15-7 : 150 — e ~..'- -‘;:‘x_"' i
18l - A B Bs T U v s il
.32.5-732.4 . G(0,3.16). 7"
I38e 85 BABae - S AT T N

'S1+8.- 151427
i 3Sal i 1T

B66+5 T ABLE. Vi %
1569 - 1Al vz L L
‘4143 -30.6 . G(0,10) -
8557 AT»0 . 7 i
176 - 175> .- A




SUieMARY

JF DATA

TABLE 13

FOR SECJND SECOND ORDER

=XaM

AN

R —————

PLE

The base values are (for the linear estimator for G(0,1)

- e

DO OR PO D

WWWww WL W
N UD N -

ot
B

HED D
N oL -

4

Bt et e e et

SE WD -

T, PN

N US WP -

5221 .3437
10235 1022
10484 119¢7
1069 ~113.2
1513 100+7
1006 103.5
104.4° 181e1
. 95+6  104.8
90.5 941
‘8Tl - 88.4
89¢5 102.7
93«35 11i7.1
1046 163.8
85+ 56 39 -,
88.5 91.0
123.0 156+.6
1266 187.8
123.6 151.3
1173 139.5
1753 342.8
1995 - 123.0
1793 230.0
1152 154.8
1179 . 179.C
1632 102.1
9640 104.4
93.3 118.9
99.3 104.0
1017 111e0

. 545

97«4

1194

1077

119.1
1103

102.0..

108+3

1371

125.1
1042
97.4
113.4
97.2
1064

<593

.063
131.0  95.2
1305 1063
128.8 95.2
114¢5 - 95.2
-123e3 1143
1310 :-93.7
1157 ° 95.2
. 1265 . 794
. 120.6 794
. 1l4.8 ;82-5
©120.6 10G+0
1305 261.9
1i2.3 7S.4
124.1 . 84-1
~128.7 150.8
-139.0  66+7
117.2  96.8
134.7 . 66+7
272.0 937
©123.1 ,101.6
123.2 303.2
1373 114.3
151.1 723+8
1255 119.0
1197 114.3
111.1 92«1
1248 101.6
12441

.098
91.8
96.9
78+ 6
79. 6
101.0

"91.8
89.8

78. 6
75.5

T 653

847
133.7
663
17+ 6

168. 4
115.3
101.0
S 107.1
2408
118.4
275.5

99. 0
356.1
84«7
79«6
‘0.6
80.6
95.9

F(w)

.95 G(0,1)+.05 L(0,1) -
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113.5
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122.1

124.4

123.3
133.9

(LI S S S b |
B ey IO W
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U NON QL

1444
1026
108+ 6
94.3.

175+ 8-
18] B
8led:

235.9

160+3

116.1
113.6

-139«2 . -

154.3

3625
114.8
933
111.6
129.1
87«7
1634

283+ 5
156585
2773
728+ 8
652+8
119.1

2107

162.0
8le7
98.10

135.0

1684
163-7 .
94-7

248.6
171.2

122.2

137.2.

135.2

0«0

1786

345.7

108e1

104.4
1114

1295

8le1

104+ G’

256.1
1317
2134
7103
503.3
120.9
1834

219.7

1617

';13§~6
: 132+ 4

137.4

993.9
- 145+ 0

282.8
134+ 6
118.0
123.1
1175
1160
129.7

285.2

. 166-3

221.2

109.8.

403+2
1275
1667

122

* 589"

123.8

-79«4 -

' 82e5

825 .

1 999.9
?141:3

230.2
1632
127.0
" 165.1
1095
122.2
95.2

184.1
1000
1571
1048

95.2

79« 4
©.93e+5

118

A L

TABLE 14 |

1540 1127 143+9 F(w):f

1354 133.2 - 1102

1275 1000 _92.9° - -

109.-$ " 85.7 89-8 : -
g g 9 G 0,1)+

1437 103.2 125.5 _( l) 1 L(O 3 16)

13359 bietx ThaSa o T S B T
7112e5 - 1000 o B i

P6Te - Tih 1NN AL
3 0 AR s R

99.0 v R e
105-1 »'g“ﬁififf“i;_ﬁi

45.9 85 G(O l) + 15 L(O 3 16)
173- - -

161+0 R R T e
Sooe R R
122+ 4 *f»‘ L

. 84..7 g

75-5.95 G(O l)+ 05 L(O 10)

112. 2

225.5
137.8
193.3
3653

289.8
107 l.? G(O 1)+. 1 L(0,10)

141.8
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122.2

108-9
143.5
98+3
99.3
94.5

135+ 6
1817
122.9
1224
1154
L4297
176

~)

\Y)

WU U oy =B
SO0 W) O
DR ]
Y =9 X

L I

164.7
139.9
139.6

322.5 -

979
125.6
122.1

109.2
235.-2

-194.1

392+9
S0.3
108.0
82+4

481 L&
S818
1605
118.9
1314
999.9
43448
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TABLE 15
2553 2037
1013 1067
&8e - G411
8945 8T« 0
91.6 941
91-7 90-9
9%.4 1i0.3 -
90.6 175.4
7.5 149.2
90.% 150.9
150.6 292.4
81+3 115.2
97«8 140.0
82+.4 136+6
91.8 126+ 3
1044 2354
92.1 198.5
175.2 355.8
883 114.7
94e.1 129.3
ET7.2 - 965
1817 447.6
238¢3 517.9
1171 165+6
1073 132+4
101.3 150.8
999.9 483.0

1514

205.2

Y]

NV® VO =B

N0 MU WU
L 2
UL NP oW

136+5
134.9

1016

184.1
147« 6

1286

155+ 6

114.3
1333
"8l.0
130.2
141.3
134.9
215.9

157.1
206.3
274. 6
168.3
166+ 7
999.9
999.9

1123+5

3571 E )
1041
1010 :
7-8 97 G(0,1)%.03 L(0,10)

8843 :

1041 . :
1112

98+ 0
1061
1010 o el 2 =
96-9'95 G(Q,l)+.95 G(9'3.16),
1010
103.1

1245
1327

1347 .9 G(0,1)+.1*G(0,3.16)
91.8 S ; ;
1041 .

1153

15541
1758+ 6
152+ 0
120.4
108.2 :
267.1 -85°G(0,1)+.15 G(0,3.16)
999.9
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192.7

108.4

95.0
1'16.2
10i.1

92.3

101.2

269+3
114-0
1018

1175

12447

110.8 |

1473

130.1
117.5
96+4
9S.9
95.2
107-2
1100

100640

$8.2
161+5
11640

5.3
1009
100-0

282.4

130.0
135.6
2565
1177
"985

985

5056

128.6

89.0
193.3
157.8
110.0
238.5

127.1
200.2
106.6
127.2
118.2
1404
1984

1000

96«9
1212
1565
1475
1175
1000

1877
118.2 |

86-8
1138

836+ 6.

§8+3

- 95.2

288.3
111.9
1116

994
1354
15440
1517

10040

9741
120.2
15545
14345
11445
1000

TABLE 16

282+ 6

139.3
1430

246+ 0
136+8

1164
- 123.1

" 450.3

12401
100.5
20404
157.2
137+3
241.1

147+ 6
135.6
11é.4
135-9
1304
14068
192.1

1000
943
39+ 7
13¢Ce 4y
99+ 10

1330
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228.6
1778
182+5

Té6e2

"11Te5

150.8
ta4. 4

2825
2079
257. 1}
127.0
14756
1397
963

1952
1984

-168+3

1762
1143

1308

&2 5

1500
137+9

93.7
1127
1111
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10040

100.0

F (w) L

141.8 . :
128« 6. Sl . : %
10S5.1 L] - - J
117-3~.95"G(Q,l)+105 G(0,10)
969 e - :
110.2:°
120«4 -

231.6 &
122.4

1357 . - £
104.1 ]

98. 0

857

198.2 -9 G(0,1)+.1 G(0,10)

120.4
111.2
1283+ 6&
120.4
98.0
1347
1296

.97 G(0,1)+.03 G(0,10)

98+10
1g9.2"
136.7
121e4
1163
100.0

G(0,1)
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2413
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386.-2
2713
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195.6
227.3
96e. 4
e
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135+9
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3726
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257+ 10
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95.2
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1060

1016

111.1

1810
1746
3476
1460
192+ 1

150.8.

2635

179.6
176+ 6
204e1
381+ 6
189.8
249+

F(w)

G(0, 3.16)

179-6

239.8
2000
2031
155.1
1184
1633

1878

155.1
1286
130+6
1173
1173
1214
14€.9

G(0,10)
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-8 G(0,1)+.2 1(0,3.16)

-8 G(0,1)+.2 G(0,3.16)
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Jun € 00:37 noiseS Page !

Systemn order n = 2

The system paramneters are(in the orderal, ..

.500
.700
.Go0
.000
.S00
.000

]
CO 00—

Homine! noise: o Gaussian Mecn= 0.00

Conteminating noise! Laplecian

Contaemination level = 0.

The Hampel parameters are:

Steges run 300 Error =
Std. dev. of error=

Parameter Std. dev.s of
estimctes estimates
-1.572 0.485
0.766 0.671
0.%¢4 0.213
0.453 0.580
Stages run 600 Error =

Std. dev. of errors=

Pararmeter Std. dev.s of
estimnetes est imates
-1.543 0.452
0.706 0.616
1.007 g0.197
0.490 0.570

Stages run 900 Error
Std. dev. of errors

Paramneter Std. dev.s of
ecstimates estimates
-1.478 0.280
0.664 0.411
0.999 0.174
0. 554 0.350

Stages run 1200 Error =

Mean= 0.00

10

s1 = 1.00

di = 0.17e 38
ucutof = 0.

Q.4467
0.2669

0.3826
0.3025

0.2640
0.1781

;an.bl.,.

.. bn)

Std. dev.= 1.00

Std. dev.= 3.16

s2 = 1.00
d2 = 0.17e 38
17e 38
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Jun € 00:27 noiseS Page 2

€td. dev. of error= 0.1476

Pargmeter Std. dev.s of
estimates estimates
-1 . 497 0.233
0.0£€9 0.339
1.004 0.126
0.52 0.294

Stages run 1S00 Error = 0.2106
Std. dev. of error= 0.1540

Parganeter €td. dev.s of
estimctes estimates
-1.919 0.232
0.704 0.332
0.99%¢ 0.110
0.497 0.309

Stcges run !E800 Error = 0.1935
Std. dev. of error= (.1781

Parameter Std. dev.s of
estinates estimates
-1.536 ' 0.239
0.726 0.323
0.993 0.101
0.477 0.319

Stages run 2100 Error = 0.181¢
Std. dev. of error=s 0.1633

Parameter Std. dev.s of
estimates estimates
-1.5819 0.214
0.70S 0.313
0.999 0.086
0.49%¢ 0.294

Stuges run 2400 Error = 0.1594
Std. dev. of error=s 0.1072

Paraneter Std. dev.s of
estimates estimates
=f . oel 0.181
0.70%¢ 0.235
1.009 0.087
0.479 0.226

Stages run 2700 Error = 0.1446
i Std. dev. of error= 0.103¢




Jun 6 00:37 noise5 Page 3

Paraneter Std. dev.s of
estimates estimates
-1.539 0.1S59
0.719 0.221
1.004 0.082
0.464 0.208

Stages run 3000 Error s

Std. dev. of errors
Paraneter Std. dev.s of
estimates estimnates

-1.3526 0.138
0.703 0.189
1.008 0.078
0.434 0.178

e .%»L.ur‘-.-,.ﬁw.mq Ao BIY i wy e de

0.1342
0.0712

131

o A,
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Jun 6 00:S3 noiseS Page !

System order n = 2

The system parameters are(in the orderai....an.bl,..,bn)
.S5n00
.700
0930
.04G0
.S00
.0100

]
OO OO -

Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise: Laplacian Mean= 0.00 Std. dev.= 3.156
Contamination level = 0.10

The Hampel parameters are: st = 1.00 s2 = 0.00

di = 0.20e 0t d2 = 0.17e 38
ucutof = 0.17e 38

; Stages run 300 Error = 0.4106
Std. devw. of error= 0.3293
Parametfer Std. dev.s of
estimates estimates
=1 .98% 0.486
0.777 0.622
0.947 0.221
0.427 0.642
Stages run 600 Error = 0.3864
Std. dev. of error= 0.4038
Parameter Std. dev.s of
estimates estimates
‘ -1.582 5.918
0.773 0.655
0.998 0D.198
0.424 0.701

Stagses run 900 Error = 0.2711
Std. devw. of error= 0.2059

i Paraneter Std. dev.s of
| estinates estimates
-1.534 0 310
.72 0.419
i 0.990 0.1?73
3 497 9.399
:
¢ Stages run 1200 Error = 0.2177
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Jun o 00:53

Std.

Parameter

estinates
-1.3914
0.711
0.995%
0.512

Stages run

Std.

Paraneter

estimates
-1.3526
0.701
0.9388
0.506

Stages run

Std.

Paraneter

estinates
-1.329
0.712
0.987
0.49%94

dev. of errors=

Std. dev.s of
estimnates
0.231
0.343
0.131
0.293

1500 Error =
dev. of errors

Std. dev.s of
estimnates
0.211
0.289
0.117?
0.257

1800 Error =
dev. of errors

Std. dev.s of
@stinates
0.191
0.262
0.106
0.245

Stages run 2100 Error =

Std.

Paranmeter

estimates
-1.3507
0.703
0.992
0.510

dev. of errors

Std. dev.s of
estinates
0.1?9
0.269
0.093
0.237

Stages run 2400 Error =

Std.

Paranmeter

estimates
-1.511
0.699
1.001
0.49S%

dev. of errors

Std. dev.s of
estinates
0.154
0.223
0.091
0.198

Stages run 2700 Error =

Std.

PRI T AT Tt TN, TG

dev. of errors

[= =]

.1473

.1993
.1118

.1699
.1231

.1633
L1219

.1488
.0909

.1348
.0784

133

noiseS Page 2




§
¢

Jun € 00:!53 noiseS Page 3

Paraneter Std. dev.s of

estinetes estimates
-1.528 0.133
0.713 0.202
0.999 0.084
0.479 0.174

Stcges run 3000 Error =
Std. dev. of errors

Parameter €td. dev.s of
estimctes estimates
-1.519 0.118
0.702S 0.173
1.002 0.081
0.458 g. 1353

0.1228
0.0595
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|
System order n = 2 ]
|
|

—m

The system parameters are(in the orderal,...,an,bl,...,bn) ! 3
-1.500 |
0.700 |
0.000
1.000
0.3500
0.000
Nomina! noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise: Laplacian Mean= 0.00 Std. dev.= 3 16
Contamination level = 0.10
The Hampel parameters are: st = 1.00 s2 = 0.00
di = 0.1Se 01 d2 = 0.17e 38

Stages run
Std.

Paranmeter

estimates
-1.5e1
0.733
0.930
0.452

Stages run
Std.

Parameter

estinates
-1.587
0.7723
0.985
0.414

Stages run
Std.

Parameter

estimates
-1.334
0.727
0.9133
0.488

Stages run 1200

300 Error =
dev. of errors

Std. dev.s of
estinates
0.9548
0.388
0.206
0.671

600 Error =
dev. of errors=

Std. dev.s of
estimates
0.607
0.689
0.193
0.812

900 Error =
dev. of errors

Std. dev.s of
est imates
0.347
0.438
0.1?S
0.450

Error =

.3869
.3730

.3909
.4879

.2811
.2413

.2349
135
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Std. dev. of errors
Paramneter Std. dev.s of
estimates estimates

-1.518 0.263
0.7219 0.382
0.989 0.13¢
0.502 0.347

Stcges run 1500 Error s

Std. dev. of errors=
Parameter Std. dev.s of
estimates estimates

-1.518 0.215
0.¢%6 0.301
0.9¢82 0.124
0.512 0.279

Stcges run 1800 Error =

Std. dev. of errors
Parameter Std. dev.s of
estimates estinates

-1.509 0.186
0.710 0.260
0.982 0.113
0.504 D.245

Stages run 2100 Error =

Std. dev. of error=
Parameter Std. dev.s of
estinates estimates

-1.303 0.181
0.6¢£8 0.2%5%
0.956 0.101
0.521 0.230

Stceges run 2400 Error =

Std. dev. of errors
Paraneter Std. dev.s of
estinctes estimates

-1.50S 0.164
0.692 0.223
0.99S 0.099
0.S06 0.205

Stuges run 2700 Error =

Std. dev.

cf errors

136
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Paraneter Std. dev.s of

estimates estimates
-1.518 0.140
0.703 0.202
0.9% 0.092
0.491 0.182

Stages run 3000 Error = 0.1302
Std. dev. of error= 0.0602

Paraneter Std. dev.s of

estimates estinates
-1.516 0.122
0.690 0.181
0.997 0.089
0.499 0.162

157
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System order n = 2

The system parameters are(in the orderal., ..

-1.500

0.700
.000
.000
.900
.00

(= B B )

Nominal noise! Gaussian Mean=

Contaminating noise: Laplacian Mean=

Contamination level = 0.10

The Henpel parameters are:! sl =

¢

Stages run

Std.

Parameter
estinaftes
-1.558
0.738
0.901
0.437

Stages run

Std.

Param2ter

estimates
-1.610
0.7390
0.951
0.3922

Steges run

Std.

Paraneter

estimates
=1.593
3.738
0.955
0.456

Stages run

300 Error =
dev. of errors

Std. dev.s of
estimates
0.654
D.804
0.204
0.879

600 Error =
dev. of errors

Std. dev.s of
astimates
0.788
g.724
0.181
0.918

900 Error =
dew. nf error=

Std. dev.s of
estimates
0.436
0.587
0.169
0.603

1200 Error =

= 0.10e 01

Std. dev.= 1.00

Std. dev.= 3 .16

s2 = 0.00
d2 = 0.17e 38

0.17e 38
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Std.

Parameter

estinates
-1.534
0.733
0.966
0.436

Stages run 13500
Std.

Paraneter

estinmates
-1.312
0.713
0.96!
0.508

Stages run 1800
Std.

Paramster

estimates
-1.507
0.709
0.9%e1
0.3508

noised Page 2

of errors=

dev.s of

estimates

0.3354
0.447
0.143
0.432

Error =
of errors

dev.s of

estimates

0.265
0.366
0.132
0.346

€rror =
of errors

dev.s of

estimates

0.223
0.314
0.119
0.285

Stages run 2100 Error =

Std.

Parameter

estimates
-1.3507
0.683
0.967
0.524

Stages run 2400

of error=

dev.s of

estimates

0.216
0.29S
0.111
0.264

Error =

Std. dev. of error=

Parameter Std. dev.s of

estimates estimates
-1.502 0.184
0.694 0.27e6
0.97% 0.109
0.509 0.233

Stages run 2700 Error =
Std. dev. of errors=

0.2423

0.2501
0.1532

0.2164
0.1213

0.2008
0.119¢

0.1859
0.1111

0.1681
0.1006
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Foramneter $td. dev.s of
estimnates estimates
~1.508 0.168
0.703 g.250
0.97¢ 0.105
0.499 0.226
Stages run 3000 Error =

Std. dev. of error=

Paramneter Std. dev.s of
estinates estimates
=S D 0.157
0.6€6 0.227
0. 979 0.101
§g.203

0.509

0.1595
0.0823

140
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noise3 Page 1

System order n = 2

The systemn parameters are(in the orderal,..,an.bl,..,bn) :

-1.500
.700
.000
.000
.500
.000

OO~ 0O0O

Nominal! noise:
Contaminating noise:

Contamination

level =

Laplacian

0.

The Hampel paraneters are!

Stages run

Std.

Paraneter

estimates
-1.633
0.7835
0.869
0.333

Stages run

Std.

Parameter

estimates
-2.210
2.419
0.953
-1.169

Stages run

Std.

Parameter

estimates
-1.597
0.817
0.926
0.352

Stages run

dev.

dev.

dev.

300 Error
of error=

Std. dev.s of

estimates
0.925
0.806
0.2358
1.001

600 Error
af error=

Std. dev.s of

estimates
3.986
9.308
0.347
8.885

900 Error
of error=s

Std. dev.s of

estimates
0.663
0.856
0.201
0.915

1200 Error

10

Gaussian Mean= 0.00 Std. dev.= 1.00
Rean= 0.00 Std. dev.= 3 .16

st = 1.00 s2 = 0.00
di = 0.70e QO d2 = 0.17e 38

ucutof = 0.17e¢ 38

0.6014
0.3519

1.6410
6.6624

0.4481
0.5706

0.3700
141




-

dun € 01:23 noiseS Page 2

Std. dev. of errors=
Faraneter Std. dev.s of
estinates estimates

-1 .537 0.482
0.762 0. 610
0.9236 €.175
C.¢14 0.637

Stzges run 1S00 Error =

Std. dev. of errors
Fargmneter Std. dev.s of
estimates estimates

-1.52 0.370
g.72 J.459
0.934 0.162
0.452 0.490

Stuges run 1800 Error

€td. dev. of error
Paraneter td. dev. of
estimetes estimates
-1.510 0.298
0.723S 0.439
0.939 0.149
0 462 0.435
Staeges run 2100 Error =
Std. dev. of errors
FParaneter std. dev.s of
estimnntes estimates
-1.502 0.28¢
0.70¢ 0.406
0.944 £.144
0.479 0.401
Steges run 2400 Erreor =
Std. dev. of errors=
FParametfer Std. dev.s of
ectimnates est imetes
=4 . SUD 0.265
0.706 g.378
0.9%50 0.139
0.474 0.386

Stages run 2700 Error
Std. dev. of error

7 02:00 noisel3 Page 1

0.3590

0.326°9
0.2212

0.2941
0.1962

0.2769
0.1786

0.2607
0.1683

0.2390
0.1541
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Jun 6 01:23

Paramneter
estimates

-1.514
0.701
0.952
0.474

Stages run 3000
Std.

Parameter
estimates

-1.508
0.693
0.956
0.484

*- » 4-’&

>

0
0

noiseS Page 3

dev.s of
estimates

.294
.338
0.
0.

136
330

Error

of errors

dev.s of
estimates’
0.

234

0.317
0.
0.324

129

0.2261
0.1371

143
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08 noise5 Page 1

Syztam order n = 2
Tha =2 =z paran2cers aredn the ardaral. ;an.bl. bn>

3 (0

Co 3 &

Cr 0o

s L 50 G o=}

7o

(SRS TS|
.

(el

Crove e

Hotwina!l noise! Gauszian Meen= 0.00 Std. dew.= 1.00

wr

Centasm nat:ing noize! Laplacian Mean= 0.00 td. dew.= 3 .16

Contamincrion lewsl = 0.10
Ths Hooapa! parameters are! zf = 1. 0840 52 =-0.27
df = 0 12e D! d2 = 0 I5e 01
ucutot = 0.7%e g1
Stages run 30€ Error = D.3292
Std davw zf errors g.4521¢
FParansnar S L1 dav .3 of
33T i mMaALSs 23t:mates
=% .57 0 %095
3,753 0.599
g.%12 3.198
DR L2048
Stages run 500 Errvor = $.4003
Srd. dew. of error= 0.,330%
Paranater ERAL | dav .3 of
83T 1hanes ezt inatas
-1 93 g.701
3 793 2.760
d 845 5.183
). 592 0.222
S$tages run 900 Error = D 29374
st 32 cf errors= J 274%
Paranster Std dev s of
R AARR SR - B est:mates
-1 .897 2 428
3. f 33 o447
' S & B
- ‘e PO
4 o4 2 436
Stsges run 1200 Error = 0 24923
i'_
.
144
> o




Jun 12 15:03 noiceS Page 2

Std. dev. of errors=
Paraneter Std. dev.s of
estimates est imates

-1.5338 0 309
.72 0.412
0.975 U.140
0.448 g.388

Stages run 1500 Error =

Std. dev. of errors=
Parqnater Std. dev.s of
estimates estimates

) B 0. 246

0.7933 0.324

0. 970 D.128

D.512 0.307
Stages run 1800 Error =

Std. devw. of errors=
Paranz2ter Std. dev.s of
estimates est imates

=1 .923 0.204
J.6%8 g.271
0.971 0.117
8.912 0.251

Stages run 2100 Error =

Std. dev. of error=
Parameter Std. dev.s of
estimates estimates

=1 .585 0.189
0.658 0.267
Q.97 0.107
0.526 0.234

Stages run 2400 Error =

Std. dew. of error=
Parameter Std. dev.s of
estimates estimates

-1.508 0.171
0.5693 0.246
0.933 0.105
0.912 g.218

Stages run 2700 Error =
Std. devw. af errors=

B T TR S At

0.2184

0.2271
0.1342

0.1931
0.10S8

0.1809
0.10S55

0.1650
0.099¢

0.1461
0.0879
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Jun 12 15:18 noiseS Page 1
b System order n = 2

The systznm parameters are(:n the orderal,.  .,an:bl,. . ..bn)

S0
700
ouo
0130
.5430
.000

]
(= i B = o

The Hampel

Nominal noise:

Contem . nating noise: Laplacian
Contam:nation level = n.

paraemeters are!

GCaussian

Mean= 0.00 Std.

Mean= 0.00 Std. dev.= 3 1¢

st = 1.00 s2 =-0.50
dl = 0.25e 01 d2 = 0. 45e 0!
ucutof = 0.95e 01

| Stages run 300 Error = 0.4293
i Std. devw. of error= 0 3185
i Paramnefer Std. dev.s of
E estimates estimates
| =1 .977 0.444
{ n.811 0.660
| 0.95¢6 0.227
f 0.418 0.653
Stages run 600 Error = 0.3795
Std. dew. of error= 0.3367
Parameter Std. dev.s of
i i ectimates estimates
| ] -1.551 0.447
D.774 0.627
1.004 0.207
: ' 0.444 0.617
E !
; 3 Stages run 900 Error = 0.2621
; Std. dev. of error= 0.1810
2 Parameter Std. dev.s of
) estimates estimates
=} .939 0. 295
] 0 .637 0.398
i ! J 9492 g.172
i 0.3919 0.358
|
' ] Stages run 1200 Error = 0.2068
[ 1
A ! 147
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¢ L F i 18 18
Std. de of errors
Parcneter Std cev . s of
estihotes ezt nates
=% §oe B.210
g.7GS g.228
0.9%85 6.129
B.B23 0.265
Steges vun 13508 Errvor =
Ctd. dev. of errars=
Furcieter Std cev. g of
€IT I LLTES estimates
o R U.19e
3 . 226
£ . 958 Q.413
G.518 O 247
Steges run 1EBO Error =
Ctd. dev. of errar=
Paremnzter Ttd dev.g cf
ezt ikGtes 2ZU:iMCTES
=% 833 D . 1895
™ = = - -~ -
& 2 g.a&f1
i 0.1083
i C.249
Stages run 2100 Erroe =
€Sty cew. cf errogrs
Furaempster Std dev.s of
ezt esLfhotes
= . 1e4
¥ Z L Zez
b S G 087
¥ z o 232
Steges run 2400 Error =
\ St devw. ¢f errors
Faropeter €8d. deav.& #»f
ezt irLTES ecstimates
-1.8é8 2
G.s92 0.22%
p i (. 08¢
i} G 8 B.198
¢
N Steges run 2700 Error =
% shd. dew cf errors

4]

0

o o

0

oo

s
O W0

A e

e b

1307

LV I
H N

) o
o
=1

n o

(g o]

»H 0

.1481
.08E9

1313
.0802
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Paranster Std. dev.s of
estimnates est imates
-1 S24 0 136
0. 72 0.199
0.999 0.080
0 478 0 169

Stages run 3000 Error =
Std. dev. of errors

Parameter Std. dev.s of
estimates estimates
-1.922 0.11e
0.736 0.171
1.002 0.078
0 439 0.149

g0.1191
0.06t6

149
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01:4!

Jun

System order n

noiseld

Page 1

» 32

0.

Th2 systen parameters are(in the orderal,.. ,an.,bl..
-1.350
J.7130
J.000
1. 0090
3 5548
J.008
Moamina! noise: Gaussian Mean= 0.00
Contaminating noise:!: Gaussian Mecn= 0.00
Contam:nation lewel = 0.05
Th2 Hanpel piramefters are:! st = 1.00
di = 0.17e 38
ucutof =
Stages run 300 Error = 1.2217
Std. dev. of error= 2.4015
Paramstar Std. dev.s of
estinafes estimates
-2.38¢ 3. 579
1.270 3.039
1.879 0.326
-0.124 2.836
Stages run 600 Error = 0.9287
Std. dev. of error= 1|.1874
Parametar Std. dev.s of
estimafes ast imates
-1.823 1.370
3. 999 2 104
1.110 g 223
5.009 1.526
Stages run 900 Error = 0.6420
Std. dev. of error= 0 5132
Parameter Std. dev.s of
estinates estimates
-1.883 0.739%
1.174 {.002
1 .00l 0.183
.29 J.968
Stages run 1200 Error ez .959569

150
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.. bn)

-

e

Std.

Std.

2
d2
38

devw.= 1.00

dev.=10.00

.00
.17e 38
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Jun 7 01:41

Std.

Parameter

estimates
-1.771
1.0e60
1.027
0.180

Steges run (500
Std.

Parameter

estimates
-1.69%4
0.936
1.02¢4
0.292

Stages run 1800
std.

Parameter

estimates
-1.613
0.822
0.999
0.424

Stages run 2100
Std.

Paranmeter

estimates
-1.613
0.866
0.993
0.399

Stages run 2400
Std.

Parameter

estimates
-1.608
0.834
0.93?7
0.422

Stages run 2700
Std.

. :'\rw:' f‘w“”‘k—lﬁ‘h

noisel3 Page

of errors

dev.s of

estimates

.689
-9t
172
.919

[~ = ]

Error =
of errors

dev.s of

estinates

.508
.635
.190
.719

oo

Error 2
of errors

dev.s of

estimates

0.332
0.420
0.145
8.308

Error =
of errors

dev.s of

estimates

0.279
0.390
0.123
0.435

Error =
of errors

dev.s of

estimates

0.279
0.387
0.121
0.384

Error =
of error=

A ) Y 20 VS TSROy -

0.5593

0.4093

0.413S

0.3186
0.22035

0.2767

0.2118

0.2645
0.1912

0.2276
0.1597

151
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Parameter Std. dev.s of
estinotes est imates
-1.609 0.222
0.829 U.309
0. 993 6.119
0 408 0.339

Stages run 3000 Error = 0.2169
Std. dev. of error= 0.1395

Paramester Std. dev.s of
ESTINLLES estimates
-1.520 0.211
0.797 0.294
0.994 f.1L5
0 . 426 0.316

152
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Jun 7?7 01:31

noisel3 Page 1

System order n =

The system parameters are(in the orderal, .

.500
.7100
.000
.000
.300
.000

[}
©C OO0 -

Nomina!l noise!

Contaninating noise:

Contamination level =

Gaussian

The Hanmpel parcemeters are:

Stages run
Std.

Paranmater

estimates
-1.772
1.064
1.122
0.191

Stages run
Std.

Parameter

estimates
-1.649
0.896
1.099
0.277

Stages run
Std.

Parameter

- estimates

-1.668
0.838
1.059
0.2%

Stages run 1200

T SR ek N

Y

300 Error =
dev. of error=

Std.

dev.s of

estimates

OoOooo

.600
. 982
.278
L7111

600 Error =
dev. of errors

Std.

dev.s of

estimates

[ = = I =~ Y ]

.317
.508
. 193
.429

900 Error =
dev. of error=

Std.

dev.s of

estimates

oOo0oo

. 297
. 420
. 139
.416

Error =

0

Gaussian

.03

0.5110
0.5308

0.3420
0.2418

0.3069
0.2161

0.2603
198

.,an.bl,...,bn)
Mean= 0.00 Std. dev.= 1 00
Mean= 0.00 Std. dev.=10 .00
st = 1.00 s2 = 0.00

di = 0.20e 01 d2 = 0.17e 38
ucutof = 0.17e 38
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Std. dev. of error= 0.125¢

FParaneter Std. dev.s of
estimnates est imates
-1.619 0.236
0.789 0.312
1.034 0.142
0.385 0.352
Stauges run 1S00 Error = 0.2271
Std. dev. of error= 0.1397
Parameter Std. dev.s of
estimnates estimates
-1.3583 g0.208
g.272 g.274
1.02¢ 0.152
0.4(3 0.349
" Stages run 1800 Error = 0.1957

Std. dev. of error= 0.1243

Paranster $td. dev.s of
estimates est imates
=1 .3999 0.198
0.74S 0.238
1011 0.121
06.457 0.311
Stages run 2100 Error = 0.1818

Std. dev. of error= 0.1249

Parameter Std. dev.s of
estimgtes estimates
E =1 .S570 0.179
1 0.77¢ 0.233
; 1.009 0.102
0.427 0.284
Stages run 2400 Error = 0.1587
Std. dev. of error= 0.1207
Parameter Std. dev.s of
estimates estimates
-1.354 0.169
0.749 0.220
1.000 0.103
: 0 4S7 0.253

Steges run 2700 Error = 0.1409
Std. dev. of error= 0.1096
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Jun 7 01:%1 noiseld Page 3

Paramneter Std. dev.s of
estimates estimates
-1.552 0.142
0.753 0.196
1.004 0.090
0.450 0.229

Stages run 3000 Error =

Std. dev. of errors
Paraneter Std. dev.s of
estimates estimates

-1.543 0.125
0.728 0.161
1.002 0.087
0.467 0.201

".
¢ '

- e e f’.»..'ﬁ{-i T I P -

e

0.1273
0.0841
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Jun T 02:00

System aorder n

The system parameters

.S100
.?790
.000
.00a
.§00
.Gn0

[l o U o i e

Noainal noise!

Contaminating noise!

Contamination

Th2 Hanmpel

noisel3 Page

= 2

1

Gaussian

level = 0.

paramneters are!

Stages run 300 Error =

Std. dev. of error=

Paramater Std. dev.s of

estimatas estimates

-1.739 0.537
1.089 0.783
1.147 0.310
0.138°7 06.637
Stages run 600 Error

of errors=

Std. dew.
Paraneter Std. dev.s of
estimates estimates
-1 .544% 0.310
0 858 0.471
1112 J.210
g.2v g.395
Stages run %00 Error =

Std. dev. of error=
Paranatar Std. dev.s of
esnimates 25t imates

-1 .547 0.287
3.8nl 0 396
1.076 @.172
J.230 0.396

Stages run 1200 Error =

Gaussian

0S

51
d1

0.4773
0.4407

0.3262
n.2276

0.3042
0.1995

are(in the orderal.

oM Bls. . 0BND
Mean= 0.00 Std.
Mean= 0.00 Std.
= 1.00 52
= 0.15e 01 42
ucutof = 0.17e 38

dev .= 1.00

dev.=10.00

9.00
0.17e 38
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Jun 7?7 02:00

Std.

Parameter

estimates
-1.609
0.798
1.032
9.359

noisel3 Page 2

dev. of error=

Std. dev.s of
estimates
0.223
0.307
0.156
0.350

Stages run 1300 Error =

Std.

Parameter
estimates

dev. of errors

Std. dev.s of
estimates

-1.590 0.215
0.772 0.231
1.042 0.162
0.391 0.342

Stages run 1800 Error L]
Std. dev. of errors

Parameter

estimates
-1.973
0.737
1.026
0.434

Std. dev.s of
estimates

.209

. 234

. 131

.319

[~ = Y o I - ]

Stages run 2100 Error =

Std.

Parameter

estimates
-1.378
g.772
1.023
0.408

dev. of error=

Std. dev.s of
estimates
0.189
0.234
0.113
0.303

Stages run 2400 Error =

Std.

Parometer
estimates
-1 . 997
0.747
1.013
0.439

dev. of error=

Std. dev.s of
estimates
0.172
0.226
0.113
g.270

Stages run 2700 Error =

Std.

dev. of errors=

0.1242

0.2334
0.1247

0.2058
0.1233

0.1934
0.1291

0.1659
0.1283

0.1462
0.1139
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Jun 7 D2:

Parameter
estinates

-1.350
0.750
1.016
0.437

Steges run 3000
Std.

Parametfer
estimates

-1.546
0.723
1.012
0.453

dev.s of

[ oo s Y e R e ]

est imates
. 142
.201
.098
. 244

Error =
of errors

dev.s of

0.

0.
0.
0.

estimates

136
164
094
216

noisel3 Page 3

0.1329
0.0944

158
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Jun 7 02:10

System order

The system parameters

.§00
.700
.000
.000
.500
.000

]
[ I = N = s I

Nokinal nois

Contaninating noise:

noiseld Page

n = 2

1

are(in the orderal. ..

e: Gaussian

Contamination level = 0

The Hampel p

Stages run
Std.

Paranmeter

estimates
-1.7358
1.002
1.156
0.093

Stages run
Std.

Parameter

estimates
-1.663
0.826
1.123
0.248

Stages run
Std.

Parameter

estimates
-1.638
0.878
1.100
0.228

Stages run 1

arameters are:

300 Error =
dev. of errors

Std. dev.s of
estimates
0.568
g.781
0.344
0.778

600 Error =
dev. of errors=s

Std. dev.s of
estimates
0.310
0.438
0.246
0.368

900 Error =
dev. of errors

Std. dev.s of
estimates
0.264
0.398
0.209
0.388

200 Error =

Gaussian

.08

0.35124
0.4897

0.3307

0.2061

0.3141

0.2022

0.2827

Mean= 0.00

Mean= 0.00

st = 1.00
di = 0.10e 01

san.bl, . .

Std.

Std.

s2
d2

ucutof = 0.17e 38

159

dev.= 1.00

dev.=10.00

= 0.00
= 0.17e 38
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Jun 7 02:10 noisel3 Page

Std. dev. of error=

Parameter Std. dev.s of
estimates estimates
-1.620 0.230
0.829 0.319
1.079 0.191
0.286 0.375
Stages run 1S00 Error =

Std. dev. of errors

Paraneter Std. dev.s of
estinates estimnates
-1.593 0.211
0.818 0.280
1.066 0.187
0.316 0.372
Stages run 1800 Error =

Std. dev. of errors

Pargomneter Std. dev.s of
estinmates estimates
-1.576 0.194
0.791 0.249
1.054 0.162
0.35e6 0.340

Steges run 2100 Error =
Std. dev. of errors

Parameter Std. dev.s of
estimates estinates
-1.608 0.205
0.7¢e1 0.240
1.047 0.142
0.351 0.321

Stages run 2400 Error =
Std. dev. of error=

Paraneter Std. dev.s of
estinates estimates
-1.580 0.184
0.763 0.228
1.038 0.137
0.3277 0.296

Stages run 2700 Error =
Std. dev. of errors=

0.1331

0.2584
0.1509

0.2270
0.1361

0.2132
0.1454

0.1865
0.1421

0.1698
0.1308
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Jun 7 02:10

Paraneter
estimates

-1.580
Q.757
1.039
0.384

Stages run 3000
Std.

Parameter
estimates

-1.560
0.738
1.038
0.39%4

noisel3 Page 3

dev.s of

estimates

0.158
0.211
0.123
0.271

Error =
of error=

dev.s of

estimates

0.1351
0.194
0.120
0.236

0.1382
0.1220

161




Jun 7 02:20 noisel3 Page 1
System order n = 2

The system parameters are(in the orderal,..,an.bl,...bn)
.500
.700
.000
.000
.500
.000

]
[= W= R ~ I =

Nominal noise: Gaussian Hean= 0.00 Std. dev.= 1.00
Contaminating noise: Gaussian Nean= 0.00 Std. dev.=10.00
Contamination level = 0.03

The Hampel parameters are: sl = 1.00 s2 = 0.00

di = 0.70e 00 d2 = 0.17e¢ 38
ucutof = 0.17e¢ 38

Stages run 300 Error = 0.7463
Std. dev. of error= (0.8583

Paraneter Std. dev.s of
estinates estimates
-1.826 3 1.024
0.537 1.519
1.124 0.336
0.328 1.232

Stages run 600 Error = 0.5207
Std. dev. of error= 0.5520

Parameter Std. dev.s of
estimates estimates
-1.778 0.572
| 1.042 0.771
E 1.132 0.303
-0.037 0.88595

Stages run 900 Error = 0.4167
Std. dev. of error= 0.3035

Paraneter Std. dev.s of
estimates estimates
-1.769 0.385
0.923 0.513
1.106 0.240
0.077 0.%533

Stages run 1200 Error = 0.3714

o,
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Jun 7?7 02:20

Std. dev.
Paraneter
estimates
-1.702
0.912
1.09¢
0.128

Stages run 1300
Std. dev.

Paramneter

estinates
-1.?207
0.856
1.078
0.181

Stages run 1800

Std.
est imates

Std.
estimates

noisel3 Page

of errors
dev.s of

0.361
0.429
0.230
0.9526

Error =
of errors
dev.s of
0.414
.393

0
0.209
0.507

Error =

Std. dev. of errors
Parameter Std. dev.s of
estimates estinates

-1.637 0.258
0.860 0.338
1.071 0.194
0.218 0.462

Stages run 2100 Error =

Std. dev. of errors=
Parameter Std. dev.s of
estimates estimates

-1.673 0.292
0.827 0.343
1.0863 0.174
0.233 0.425

Stages run 2400
Std. dev.

Paraneter

estimates
-1.639
0.808
1.038
0.264

Stages run 2700
Std. dev.

Std.
estimates

Error =
of errors

dev.s of

0.260
0.273
0.169
0.380

Error =
of errors

0.2862

0.3384
0.2943

0.2940
Q.2402

0.2814

0.2351

0.2464
0.202s6

0.2349
0.1919
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Jun 7 02:20

Parameter

estinates
-1.618§
0.823
1.0959
0.269

Stages run 3
Std.

Paraneter

estimates
-1.614
0.804
1.054
0.285

i
(3

noisel3 Page 3

Std. dev.s of
estimnates
0.225
0.271
0.163
0.362

000 Error =
dev. of error=

Std. dev.s of
estimates
0.225
0.260
0.154
0.339

164
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0.1826
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Jun 12 13:4% noiseld Page 1
Systen order n = 2 :
The 3u =m pnirameters ar2(in the orderal, »an.bl.,. .. bn) | i
=1 . S35
g 740
a €30
L5958 1
0 S35
3 023
Honminal nsisal Gaussian Mean= 0.09 Std. dew.=s |
Contes.nat.ny noise! Gaussian Mean= 0.00 Std. dev.=10. 0C ]
Cortan:nation level = 0.83
The Honpel paramera2rs are! st = 1.00 52 ==0 .27
dl = 3 12e G71 d2 = 0 3Se 0!I
ucutof = 0.7% 101
Stayges run 300 Error = 0.530¢8
A deaw. a9f error= 0 5041
Paran=2ter Std. dev.s of
2InimaAnes astinates i
-1.754 5520 j
t.028 9. 921
O et 8,329 \
g .229 g.729
3Ha32: run Bl Erronr =

oo
{ S0 |

O
" r

[w i}

3}
Std. dew of errors

S Ed deov .35 of
t i f eztinates
-1 .5%58 3.470 M
3879 2T.726
R g. 227
J.2%0 e
’ Stuges run 9800 Error = 0D.3275
Std. dew. of errcrs U@ .2703

Pauranser Std. dev .8 of
23t :ma%es 2zt imates
- 939 N.399
3 San 2 501
1.0%0 J.191
g .a2vl 1 443
i 1
.
Steges run 1200 Error = D 275%
165
L
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Jur 12 18:i46 noiseld Page

Std. dev. of error=

Paurewneter Std. dev.s of
estimates estimates
-1.626 0.268
0.789 0.350
{1.058 g0.171
0.338 0.363

m
T
e

ges run 1500 Error =
Std. dev. of errors

Parameter Std. dev.s of
estimates estimates
-1 .98 ¢.220
0.770 0.292
{1.054 0.169
¢.370 0.34¢

Steges run 1800 Error =
Std. dew. of error=

Farenster Std. dev.s of
estimctes estimates
-£.9386 0.206
¢ 760 0.269%
1 .044 0.148
U.&901 0.327

Stoges run 2100 Error =
Std. dev. of errors=

Parareter Std. dev.s of
ectimgtes estimates
L .97F 0.213
0.772 0.271
1.038 0.128
0 2ES 0.317
Stages run 2400 Error =
Std. dev. of errors
Parameter Std. dev.s of
estimaetes estimates
«1.993 0.181
0. .7%52 0.260
1.0340 0.125
0.4:9S 0.289

Stuges run 2700 Error =
Std. dev. of errors

0.157?7

0.2450
0.1371

0.2216
0.1276

0.2119
0.1434

0.1856
0.1373

0.1698
0.3899
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5.169
§.198
2.102
A s

167




AL v B s

-

Jun 12 18:59 noiseld

Systan order n = 2

The =ystem param2ters

-1.9100
3.7080
3.000
10120
5.Si30
0.000
Memina! noise:
Contaminating noise:
Contam:nation level =
The Hampel parameters
Stages run 300 Error

Std. dev. of er

Parameter Std. dev.
estinates estimat
-1.764 0.628
£.9385 0.919
1.124 J.278
9.179 0.737
Stages run 600 Error

Std. dew. of er

Parcuster Std. dev.
estimates estinat
-1 .6563 0.417

3 .845 0.564

1 0354 0.1838
0.323 0.475
Stages run 900 Error

Std. dev. af er

Paranetfer Std. dev.
est  mates estimat
-1 5647 0.364

0 847 0. 457

i 049 0.199
0.326 0.456

Stages run 1200 Error

Page 1

are(in the orderal.,.. ,an.bl,.
Gaussian Mean= 0.00
Saussian Mean= 0.00
0.05
are: st = 1.00
di = 0.25e 01
ucutof =
= 0.5347

ror= 0.514t

s of
es

= 0.3368
ror= 0.3118

s of
es

= 0.3111
ror= 0.2573

s of
es

0.2512

168

.. bn)

Std.

Std.

s2
d2
0.95e 01

dev.= 1.00
dev .=10.00
=-0.50
= 0.45e 01
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dewv . s of
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0 248
3.298

3
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Error =
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dav.s of
Linates

&, 221

G 264

0. 145
5.338
Error =
cf errors=s

Error =
of erraors

dev s of
Limates
S O e
5,249

2. 100
i3 284
Error =

2f errors

dev . s of
inates

or
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dJun 12 t8:59 noicel3d Page 3

Paeraneter Std. dev.s of
est i mutes estinctes
-1 . 545 0. 153
o 734 0.208
1.006 0.088
0. 369 0.228

Steges run 3000 Error = 0.1306
Std. dew. cof error= 0.0836

Ferameter Std. dev.s of
ezt hates ectimates
-1 .52¢ 0 130
8. 717 0.171
0.99§ 0 08e
0 452 0.203

Jun 7 21:01 noise? Page 2
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Syste: crder n = 3

The system paraneters are(in the orderal,...an.bl.,...bn)
-1.946 \
0.70S \
-0.1080 )
0.0sS
D.G43
~0. G085
Neninal nais8’ Gaussian Mean= 0.00 Std.
Centarn nating noise! Laplacian Mean= 0.00 Std.
Contaminaticn lewvel! = 0.0S
The Hanpel parameters are! st = 1 GO s2
di = 0 17e 33 d2

Stages run
Sed

Paramnetar
est imares
-0 .48
=0 2959
~3.136
0.S4¢
0.542
0.3%9

Stagas run
Std.

Paranster
est imarnes
-0.138
s B
=3, 199
g.31
0.2%6
g.2359

Stages run
Std.

Paraneter
a5t nares
-0 .4%7
-0 326
=0 .28

336 Error =
dew. of error=

Std. dev.s of
estinates
921
. 931
.438
. 854
Lol
. 530

— e e OO0 0O

600 Error =
dev. of errors=

Std. dev.s of
estimates
. 533
.824
. 350
.372
.N63
. 497

[N N~

a08 Errcr =
dew of error=

Std. dew.s of
estinates

b 989
1.409%
P 79¢

Jun 7 21:01 noise? Page

notse? Page 1

ucutof = 0.17e 38

1.3036
1.1228

2.2688
3.78%2

3.6052
10.5981

171
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Jun 7 19:56 noise? Page 2

2.€57 11.363
2.444 10.535
2.673 8.988

Stages run 1200 Error = 1.7120
Std. dev. of error= 1.30S53

Parameter Std. dev.s of
estimates est imates
-0.386 0.762
-0.246 0.527
-0.144 0.319
0.848 1.79¢
0.783 1.675
0.667 1.435

Steges run 1500 Error = 3.4263
Std. dev. of error= 7.3031

- Paraneter Std. dev.s of
estimates est imates
-1 .2066 3.479
-0.92¢8 2.894
-0.422 1.038
2.902 7.383
2.693 6.869
2.280 5.787

Stages run 1800 Error = 1.5420
Std. dev. of error= 0.8114

Paramneter Std. dev.s of
estimetes estinates
-0.242 0.517 ;
-0.162 0.336 |
-0.089 0.189
k 0.6£8 1.360 ‘
2 0.631 1.263
0.530 1.085

Stuges run 2100 Error = 1.8256
Std. dev. of error= | 0611

Parameter Std dev.s of
estimautes est inates
‘ -0.416 0.553 :
-0.270 0.363
-0.147 0.205 ;
‘ 1.114 1.662 |
1.027 1.541
P 0.870 1.322 .

172
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Jun

? 19:35%

noisa7?7 Page 3

Stagas run 2400 E

Std.

Paramnefter
ezt inates

=1
-0
-0

3
3
2

258
.812

457
.338
.338
.847

Stugas run 2

Std.

Paraneter
estimnates

=9
-3
C3,

0.

0

0.

.939
.35%
.214
9%6
.913
779

4.
2

dav. o
Std.

est

1

11

10.

9

700 E

dav. o
Std.

est

1

0

0

3

2

2

Stages run 3000 E

Std.

Paranater
ezt imanes

=t
=3
=0
0
b}
D)

.143
o &
.052
ATY
L4253
343

dew. 0

std.
est

WO O~

rror =
f errors=

dev.s of
1mates
248

320
R-Ya]
.564

789
.22%

rror =
f errors

dev.s of
imates

. 291
.879
.522

. 149

. 940
.9529

rror =
f errors=

dev.s of
imates
.073

. 651

. 347
.873
.595
.077?

4.4335
11.1638

2.,3211
2.2807

2.8510
2.6604

173
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Jun 7 20:12 noise? Page 1|

Systemn order n = 3

The system parameters are(in the orderal, . ..,an,bl.,...bn)
-1.35400

g.7cCsS
-0.160

0.065

0.048

-0.008

Nomina! noise!: Gaussian

Contaminating noise: Laplacian
Contaemination level = 0.0S

The Hanmpel parameters are: st = 1.00

Mean= 0.00 std.

Mean= 0.00 Std.

Stages run
Std.

Parameter
estimates
-7.1387
-4 364
-2.406
18.817
18.107
14 413

Stages run
Std.

Paramnetar

estimnatas
-0.477
-0.313
-0.174
1.331
1.278
1.083

Stages run
Std.

Parameter

2stimates
-0.371
-0.259
-0.146

Jur

di = 0.20e 0!
ucutof = 0.17e 38

300 Error = 20.0082
dev. of error= 99.0224

Std. dev.s of
estimates
37.782
22.710
12.237
100 .064
26 .360
76 .581

600 Error = 1.8467
dev. of error= 2.8810

Std. dev.s of
estinates
.763
. 423
.192
.174
.943
.512

NN WOOO

900 Error = 2.1003
dev. of error= 1.63520

Std. dev.s of
estimates
0.692
0.454
0.240

1: 23:30 noise? Page 3

dev.= 1.00

dev.=10.00

s2 = 0.00
d2 = 0.17e 38
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Jun T 20:12 noise? Page 2

{1.030 2.398
3. 947 2.232
0.8101 1.912
Stages run 1200 Error =
Std. dev. of errors=
Paramater Std. dev.s of
estingtes estimates
-0.151 1.483
-0.1138 1.054
-0.071 0.631
0.9598 3.824
0. 545 3.571
0.454 3.0723
Stages run 1500 Error =
Std. dew. of error=
Parameter Std. dev.s of
estimnates estimates
-0 .242 0.434
-0 . 1538 0.295
-9.103 0.169
0.S53 1.116
g.51S 1.045
0.430 0.980
Stages run 1800 Error =
Std. dev. of errors=
Paramater Std. dev.s of
estimates estimates
0.323 4.0358
D.355 2.045
-9 . 043 g. e3¢
-2.37 17.788
-2.282 16.501
-1.852 14 078
Stages run 2100 Error =
Std. dev. of errors
Paranatar Std. dev.s of
estinates estimates
-0 .549 1.266
-0.432 0.831
- 247 0.491
{1.658 3.203
1.536 2.989
1.309 2.579

Jur 12 00'04 noise? Page

2.3946
3.t749

1.4446
0.4982

5.3562
16 .4406

2.4394
2.7189

1
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Jun ? 20:1!12 noise? Page 3

Stages run 2400 Error = 1.8752
Std. dev. of error= 2.41S58

Parameter Std. dev.s of
estimates estimates
-0.524 1.082
-0.341 0.703
-0.185 0.375
3.377 2.642
1.274 2.466
1.0¢g2 2.124

Stages run 2700 Error = 5.9423
Std. dev. of error= 19.1609

Paramneter Std. dev.s of

estimates estimnates
0.194 5.640
0.053 3.481
-0.039 1.6e72
-1.893 20 .524
-1.763 19.095
-1.510 16 .340

Stages run 3000 Error = 1.9843
Std. dev. of error= |1.6696

Parameter Std. dev.s of
estimetes estimates
0.007 0.845
0.010 0.553
0.007 0.305
-0.002 2.421
-0.013 2.2%56
-0.02¢6 1.93e6

176
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v 20:2

noise7 Page 1

System order n = 3

The systam paranmeters are(in the orderal, .

-1.500
0.73S
-2.130
0.0»n5
0.048
-9 008

Hominal

Contam:nating noise:

Contaminatian

The

Hamnpel

Stages run
Std.

Parameter

estimates
-0.908

S71

0

~n

[V 8]
1 6 0
o~

© »a
o -
LX< N

Stages run
Std.

Paramster
estimates
-9.739
-9.458
-0.233
.378
.399

033

mnoN

Stages run
Std

Paramatar
estimares
19
i 04§
D S5a7

o

noise:

level = 0

parametears are!

300 Error =

Idev. of error=

Std. dev.s of
estimates
. 909
.504
.480
o i
. 733
i les

oS ™00 O -

600
devw.

Error =
of errors

dev.s of
imates
.028
.578
.260
.970
.615

. 933

Std.
est

LV I Y SN o e B

9no
dew

Error =
of error=

Std. dev.s of
est imates
9.421
5. 269
3.9729

Saussian

Laptacian

:Qﬂ:bll..:bn;'
Mean= 0.00 Std. dev.= 1.00
Mean= 0.00 Std. dew.=10. 70
.05
st = 1.00 s2 = 0 00
di = 0.15e 01 d2 = 0.17e 23
ucutof = 0.17e 38
3.0670
7.9708
2.9400
4 5393
7.1440
20.7792




Jun ? 20:28 n

-4 .22¢6
-3.949
-3.406

Stages run 1200
Std. devw

Paraneter St

estimates

.392

.268

.150

0.997

0.919

0.778

Stages run 1500
Std. dewv
Parameter St
estimates
-0.279
-0.181
-0.100
0.798
0.7323
0.6195

Stages run 1800

Std. dev

Paramneter St
estimates
-0.5¢4
-0.388
-0.217
1.630
1.509
1.283

Stages run 2100
Std. dev
Parameter St
estimates
-0.213
-0.145
-0.086
0.506
0.4¢62
0.3£4

oise? Page 2

. 237
19 .842
i17.102

1.6158
0.9473

Error =
. of errors

d. dev.s of
estimates
.492

. 347

. 190
.394
.300
.114

- 000D

1.5217
0.9725

Error =
. of error=

d. dev.s of
estimates
.438

. 283

. 1959

. 421
.322

. 131

- OO0 0O

2.3677
4.4900

Error =
. of errors

d. dev.s of
estimates
.684
.119
.612

. 8295

. 497
.866

[7V I = B

1.4430
0.4389

Error =
. of errors

d. dev.s of
estimates
.406
.268

. 149
.114
.041
.897

O rm ~0O0O0O

e

178




Jun 7 20:28 noise?7 Page 3

Stages run 2400 Error = 2.3381
Std. dev. of error=s 4.1726

Paramnater Std. dev.s of
estimates estimates
-0.137 1.883
-0.032 1.214
-0 0S8 0. 641
0. 458 4.7381
J 424 4 453
0. 343 3.345

Stages run 2700 Error = 2.6135
Std dewv. of error= 2.4616

Paranstear Std. dev.s of
estimates estimates
=3 . 837 0.993
-0.4(9 0.631
-0.235 0.338
1.7237 3.147
1 027 2.932
1 .324 2.512
Stages run 3000 Error = 1.4853
Std. dew. of error= 0.5839
Paramster Std. dev.s of
2stimatas estimates
-0 .29%0 0.435
=g . 198 0.311
-g.111 J.186
g.719 1.148
g.537 1.043
0.5391 3.923

¢
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Jun 7 20:44 noise? Page 1

System order n = 3

The system parameters are(in the orderal,..,an.bl,...bn)
-1.500
0.70S
-0.100
] 0.0sS
0.048
-0.008 |
Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contamninating noise! Laplacian Mean= 0.00 Std. dev.=10.00
Contamination level = 0.0S
The Hanmpel parameters are: si = 1.00 s2 = 0.00
di = 0.10e 01 d2 = 0.17e 38
ucutof = 0.17e 38
Stages run 300 Error = 1.4272

Std. dev. of error= 0.4274

Parameter Std. dev.s of
estimates estimates ;
-0.27 0.412
-0.209 0.294 |
-0.102 0.164
0.802 0.922
0.734 0.852 - ‘
0.821 8.727

Stages run 600 Error = 1.4816
Std. dev. of error= 0.6641

Parameter Std. dev.s of 1

estimates estimates
i -0.437 0.517 ;
i -0.299 0.352 |
: -0.169 0.197 |
1.047 0.938 '
0.955% 0.877
0.818 0.759

Stages run 900 Error = 2.6765
Std. dev. of error= 3.0766

Parameter Std. dev.s of

estimates estimates
-0.4024 1.213
-0.263 0.808
-0.148 0.434

1 180




Jun 7 20:44 noise7? Page 2

8, 28¢ 3.965
g 9134 3.692
! N 7sn3 3.161
Stauges run 1200 Error = b.064C
; Std. dev. of error= 14 .838s
3 Parametaer Std. dev.s of
2stimates estimates
0 656 5.761
D.4:19 3 .7921
0. 139 2.063
-2.435 15.940
-2.279 14 860
-1 932 12.759
Stages run 1300 Error = 2.1818
Std. dev. of error= 3.1740
Paraneter Std. dev.s of
estinates estimates
-0.370 1.043
-3.231¢ 0.608
-0.127 0.297
1.063 3.744
0.924 "3.432
0D.7%1 2.981
Stages run 1800 Error = 1.8810
Std. dev. of error= {.1242
Parqnuneter Std. dew.s of
ezt imaftes astimates
~3.258 9.762
=g.15¢2 3.519
=0 .19% 2.301
J.99%% 1.888
0.638 {.762
0.538 1.520

Stages run 2100 Error = J2I8S
Std. desv. of error= 2 .2817

Paranmaster Std. dav.s of
estimates estimates
-0 .309 0.99s8
~3.209 0. 545
=, 519 J.345
g.899 2.997
0.8&7 St I
0 5% 2.397




Jun

Stuges run 2400
Std.

Paraneter
estimates

=Q.
=@
=0
0
0
0

Stages run 2700
Std.

Faeranmeter
estimates

-0.
=0
-0.
1
1
.

Stages run 3000
Std.

Parameter
estimates

=0,
=0
=0,
0
0
0

7 20:44

332
219
122

.971
.893
.83

Saz
341
187

.600
.480

- 56

338
24
126

.874
.805
679

noise7 Page 3

Error =
of errors

dev.s of

estimates

.397
.273
.161
.967
.%903
.778

o000 0O0 O

Error =
of errors

dev.s of

estimates

.047
. 707
.404
.665
.488
.139

PPN OO -

Error =
of errors=

dev.s of

estimates

.580
.386
.220
. 489
.386
.192

e o v I o I )

1.4725
0.5871

2.3430
2.1272

1.4557
1.2236

182
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Systen arder n = 3
The system parameters are(in the orderal,..,an.bl, . .
-1 .508
0.7125
-3 1429
D 9sS
0 043
-0 . 008
Nominal noise! Gaussian Mean= 0.00
Contaminating noise! Laplacian Mean= 0.00
Contamination lavel = 8. 09
The Hanpel parametars are: st = 1.00
di = 0.70e 0O
ucutof =
Stages run 300 Error = 1.6394
Std. dev. of error= 0 .6627
Paraqnatar Std dev.s of
estimates estinates
-0.32% 0.457
=8, 253 9.309
-0.132 (31000 B e
J. 431 1.491
J. 443 1.390
g.3¢9 1.184
3tagss run 600 Error = 1.6829
Std. dev. of error=s § .0272
Paranater Std dev.s of
estinartes estimates
-0 .377 8.5595
=.27 0.378
-0.171 0.231
J.724 1.652
3 6a7 { 542
J 555 L. 349
Stages run 900 Error = 4 .057%
Std. dew. of error= 13 .7168
Paranater Std. dev.s of
aztimacres estimates
-1.014 3.743
-0 621 A4
-D.310s 1.019

noise7 Page 1

0.

,bn)

1

-

e

dev .= 1 .00
dev .=10.00
c.00

0.17e 38




Jun ? 21:01 noise? Page 2
3.57¢ 14 327
3313 13 .325
2.822 11.389

Steages run 1200 Error =

Std. dev. of errors
Paraneter Std. dev.s of
estimates est imates
-0.313 0.734
-0.211 0.471
-0.123 0.260
0.742 2.230
0. 681 2.079
0.574 1.785
Stages run 1500 Error =
Std. dev. of error=
Parameter Std. dev.s of
estimates estimates
-1.50¢ 7.762
-0.7¢62 3.991
-0.262 1.321%
7.118 37.233
6 600 34 .581
$.625 29.539
Stages run 1800 Error =
Std. dev. of error=
Parameter €td. dev.s of
ectimetes ecstimates
-0.471 0.55¢7
-0.310 0.365
-0.174 0.207
1.282 1.584
1.1895 1.476
1.00S 1.267
Stages run 2100 Error =
Std. dev. of errors

Parameter Std. dev.s of

ecstimates estimates
1.003 8.143
0.652 a:.301
0.410 3.165

-3 .92¢ 29 .548
-3 663 27 .500
-3.143 23 .517

T T

1.9298
1.5294
8.5212
35.3760
|
1.6960
1.3070
7.2183
28 .1430

184
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noise? Page

Stagss run 2400 Error =
Std. dew. of errors

Std. dev.s of
estimatas

Paramatar
estimaftes

-0 4d% 0. 563

= 27 0421

-3.156 0.227

1.042 2.007

3 951 1.870

D 813 1.607
Stages run 2700 Error =

Std. dew. of error=
Paramater Std. dev.s of
estimares estimates

-1.674 6 001
=1.110 4 436
-0.618 2.417
4.928 21,141
4 .3532 19.693
3.920 15 .891

Stages run 3000 Error =
Std. dew. of error=

Parameater Std. dev.s of
estimates estimatas
-0.154 1.03%
-0.119 D.661
-9 046 §.539
3.370 3.980
3, 339 3,332
0.276 2.8352

[

3

1.82%¢
1.4307

5.79538
20.5034

2.4496
2.6744

185
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Sysztes order n = 3
The systen parameters are(in the orderal,. .an.bl,.
-1.5458
0.703
-0 .1128
0.0s5S
0043
-9.01G3
Nesinal narse:! Gaussian Mean= 0.00
Contaw inat:ng noise! Laplacian Mean= 0.00
Contam:nation lewvel = 8.09
The Hanpel parameters are! st = 1.00
di = 0.12e 01
ucutof =
Stages run 300 Error = 1.5954
Std. dev. of error= 0.9244
Paramstar Std. dev.s af
est . estimates
~Di . 2ad 0.584
-0.193 g0.370
=gt 0.228
D.s497 1.5863
D227 1.455
g.331 1.242
Stngesz run 600 Error = 156.8828
Std. dev. of error= 80.7389
Paraneter Std. dev.s of
23T imanes 2st:mates
-4 .355 21.188
-2 .5%% 12.559
-1.2%5 6.225
16.793 83.587
15.537 AR
13 251 66 .429
Stages run 900 Error = 1.83%90
Std. devw. of error= 1 2212
Paranerar Std. dev.s of
a3t iMn%es estimatas
-0.187 0.700
-9 .,133 7 463
-J.023 J 264
186

Page

noisev?

.abnJ
Std. devw.= 1 00
Std. devw.=10.00
s2 =-0.27
42 = 9.35e 01
sr9e 51
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Error = L. 8317
of errors t.98722
549
5. 307
1647
. S
1.327
Error = 1.4127
of errars J.4632

day . s af
imates
405
273
. 155
L5325
360

.328

Cooves € 0D O o
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Errer = 13.318535
of error= b4 0430

dev.s of
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7857
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of error=

dev.s of

est imetes

T
.518

Error

1
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Goaussian

no :se!

tewal = 0

parameters are:

Error =
of errors

dev .z of
astimates
1.024
8.9517
g*372
2.915
2.933
2.415

Erraop =
cf ercor

d dev.s of
2

stimates
0. 543
0 403
0 227
2. 399
2 223
1.899
Error

of error

5% d deoy £ aof
est i matas
3.986
1 994

303

Laplacian

are(:n the orderal,

Mean= 0.010
09
st = 1.100
di = 0.25e 01
ucutof
2.0325
2.450¢
1.8570
{.7382
5 873%p
6. 9v7r ¢

189
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Jun 12 00:04 no.se7 Page 2

le . 969

ro G) ool
bro
o
fa}

Stugee run 1200 Error = 2. 6864
Std dey cf errcrs= 5. 4072
Furemeter Std dev £ of
est i mates estimates
-0 . 0eg 2.13¢
-0.623 1,420
-0 G2E 0.747
.45l & . 001
o3 3n S 994
0.360 4 297
Stagez run 1500 Erreor 1.9143
Sl dev. ¢c¥ errors § . 1135

granster 2td. dev.c of
gcTinQatES =stinates
-0 207 L. 679
~8. 132 L 469
-0.08ES 0.248
0.53s i.986
3 &sg { £46
0 267 i 584
Steges run 1600 Error = 2.0837
Std. dev. of errors 2.833¢
Foraieter std dev.s of
ect imeres ectinctes
=0.518 1.439
-0 .233 0.9
=g .193 8. 547
1 1.3i8 3.152
t 2iv 2.931
E 1 38 2 229
Stugees run 2i00 Error = 2.1482
Std. dew. of errors 2.95302

o
<r
L v
¥
o o
= £
= m
r <
o
m
o
oy

| SRR S 7N Y
n
o o

-
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Stagss ru

St

Poramster

es3t i1muTesS

1
<

SS9

S
-3 21T
1.538
1.430
1. 257

Stages ru
gt
Paranetar
8st imgnes
-0.233
-9.1%52
-Q.80D1
3 . nib
J.na9
0. S:28
Stiges ru
St
Poranester
est g tes
-5 .<33
- .27
-2.:28
1.847
1 73S
1422

n

d

04 ne

o400

»;‘ -y

7l

ot

[ O 3
w -

Errar =
of errors

dev.s of
timates
1.102
8.730
0. 40!
3.194

L 973
2555
Error =

of error=

dev.s of
timates
3.859
0.577

J.327
2.3638
2.393
2.091
Error =

of errors

dev.s of
timates
3456
.223
AEED

7350

431
S

) =a

(SIS S

2 3289
2. 6754

|
2 0355 |
{ 5563

3.0649
4.0918%

191




Systeam order n

The systawn parameters are(in the orderal, . .

-1.423%
0 .4%
0.000

ig2

9.1723

0.000

Hominal noise:

Contaminating noise!

Contamination

The Hanpel

noise9 Page

A

1

Gaussian

leval = 3]

parameters arae!

Stagss run 300 Error =
Std. dew. of errors
Parapeter Std. dev.s of
estimates estimates
-0.227 2.600
1.046 2.714
-0.0n1 0.247
9.21% 9.521
Stages run 600 Error =
Std. dev. of error=s
Parameter Std. dev.s5 of
estimates est imates
0.453 2.043
1.420 S.121
-0.057 0.187
0.064 0.442
Stagas run 9200 Error =
Std. dew. of error=
Paraneter Std. dev.s of
estimates estimates
-0.392 1.228
E.310 2.244
-0.0%54 0.131
2.116 9.270
Stages run 1200 Error =

Laplacian

.03

2.0169
1.7098

2.2687
3.1596

1.4319
1.17S3

1.9809

s1
d1

,an:bl.,. .,.bn)
Mean= 0.00 Sktd.
Mean= 0.00 Std.

= 1.00 s2
= 0.17e 38 d2
ucutof = 0.17e 33

192

dev.= 1.00

dev.=10.00

= 1.00
= 0.17e 338




Jun 9 09:56 noised Page 2

Std. dev. of errors
Paramater Std. dev.s of
estimatas estimates

0.3552 S.019
1.137 2.221
-0.10¢ 0.155
-0.05s 0.787
Stages run 1S00 Error =

Std. dev. of error=
Paramater Std. dev.s of
estimctes estimates

-0 .472 1.001

0.72 t.177¢

-0 .0387 0.105

0.102 0.18%
Stages run 1800 Error =

Std. dev. of errors
Paranm2ter Std. dev.s of
estimatac estimates

-0.151 1.762
0. 966 1.3515
-0.083 0.109
0.020 0.422
Stages run 2100 Error =

Std. dev. of error=
Paranmater Std. dev.s of
estinates estimates

-3 2902 1.147
1.093 1.740
-0.092 0.097
0.049 0.228
Stages run 2400 Error =

Std. dev. of errors

Parameter Std. dev.s of
estimates estimates
-0.101 1.908
0. 3638 1.6635
-0.0%8 0.2014
0.073 0.469
Stages run 2700 Error =
Std. dev. of error=

3.3571

1.0842
0.5394

1.3335
1.19861

1.3504
0.9448

1.35304

1.

1430

!.2194
i

1478

oy
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Jun 9 09:S6 noise9 Page 3

Paramneter Std. dev.s of
estimates estimates
-0.273 1.761
0.39S 1.328
-0.080 0.123
g.033 0.509

Staeges run 3000 Error =

Std. dev. of error=
Parameter Std. dev.s of
estimates estimates

-0.72¢4 1.408
D. 242 1.208
-0.07¢ 0.178

0.350

6.07

1.0457
0.8278

194




Jun 9 10:08 noise9 Page 1

System order n = 2

The system parameters are(in the orderal, .  ,an.bl.,. .,bn)
=1.423
0. 4%
0.000
-8 .102
g.173
0.000

Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1 .00

Contaninating noise! Laplacian Mean= 0.00 Std. dev.=10.00

Contamination lavel = 0.03

The Hanpel parameters are:

Stages run
Std.

Paraena2ter
estinates

0.010
g.27%

-Q0.114
0.050

Stages run
Std.

Paraneter

estimates
-90.383
0.338
-0.113
0.151

Stages run
Std.

Parama2ter
estimates
-0.879
1. 013
-0 . 0%
0.151

Stages run 1200 Error

300 Error
dev. of errors

Std. dev.s of
estimates
2.054
1.529
0.162
0.244

600 Error
dev. of error

Std. dev.s of
estimates
2.737
3.897
0.131
0.236

900 Error =
dev. of errors=s

Std. dev.s of
estimates
0.843
1.451
u.lEs
0.129

1 = 00
1 =

cutof

1.4660
1.2774

2.011e
2.5007

0.%692
0.731S

0.9284

195

1
0.20e 01
u

s2 = 0.00
d2 = 0.17e 38

0.17e 38




Jun 2 10:08

Std. dev.
Perarmeter
estinates
-0.77e
1.60S
-0.119
0.07°?

Stuges run 1500
Std. dev.

FParacmeter

estimates
-1.083
0.808
-0.123
a.12¢%

run 1800
Std. dev.

Stuges

Perewmeter

estirates
-0.832
0.848

« no
s O <

0. 092

Stuges run 2100
Std. dev.

Paramster

estimates
-1.147
8.789
-0.099
(3 e =

run 2400
Std. dev.

Stuges

Parcreter

estinctes
«f.193
B,709
-0.10¢
0.134

run 2700
gtd.

Stuges
dev.

Std.
estimates

Std.
estimates

Std.
estinates

Std.
estimates

Std.
estimates

noise9 Page 2

of errors
dev.s of

0.953
1.388
g.102
g.178

Error =
of errors=

dev.s of

1.39%6
0.878
0.098
D.174

Error &
of errors

dev.s of

0.876
0.707
0.058
0.133

Error =
of errors=

dev.s of

0.812
g.e80
0.067
6.118

Error =
cf errors

dev.s of

.582
. 894
.050
«t2d

[ I s s R e

Error =
of errors

e fi!-"‘-"---.-!!!I-!!-I-lIIII-III-.I---...!-..-...

0.8229

0.8648
0.7324

0.7208
0.4948

0.7009
0.4543

0.6421
0.3588

0.5402
0.3332
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Jun 9 10:03

Param2ter
estimates
-1.253
N Sat
-0.103
g.139

I e

noise?d Page 3

Std. dev.s of
estimates
0.600
g.721
0.054
8.1293

Stages run 3000 Error =

sStd.

Paranster

estimates

-1.2235
0.53¢%
-0.090
0.152

dew. of errors

Std. dev.s of
est imates
9.95335
0.633
0.073
g.102

0.5233
0.2450
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Jun 92 10:21 noise9 Page 1

Systen order n = 2

The system parameters are(in the orderal....an,bl.,..,bn)

-1.425

0.4%¢

0.000

-9 .182

Q.17

0.000
Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00 ;
Contaminating noise! Laplacian ' Mean= 0.00 Std. dev.=10.00
Contamination level = 0.03
The Hampel parameters are: st = 1.00 s2 = 0.00

di = 0.15e 01 d2 = 0.17e 38

ucutof = 0.17e 38

Stages run 300 Error = 1.3457
Std. dev. of error= 1.0236

Paranster Std. dev.s of
estimates estimates
-0.034 1.489
0.239 1.5°?7
-0.107 0.116
0.049 0.222

Stages run 600 Error = 1.4969
Std. dev. of error= 1.8338

Parameter Std. dev.s of
1 est imates estimates
3 -0.2935 1.917
0.578 2.821
T ’ -0.0935 0.139
P ! 0.137 0.219

Stages run 900 Error = 0.8086
Std. dev. of error= 0.2996

Parameter Std. dev.s of
estimates estimates
-0.806 0.676
0.820 0.863
. -0.0%£9 0.116
0.106 0.125
¢ Stages run 1200 Error = 0.7924
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Jun 9 10:2

Std.

Parameter
estimates

noise9 Page 2

dev. of errors

Std. dev.s of
estimates

-0.89%4 0.874

0.935 1.044

-0.1123 0.081

0.099 0.147
Stages run 1500 Error =
Std. dew. of errors=

Paramneter
estimates

Std. dev.s of
estimates

-1.009 0.724

0.698 0.78e

-0.098 0.069

0.128 0.129
Stages run 1800 Error =
Std. dev. of errors

Parameter

estimnates
-0.977
0.802
-0.113
0.09%6

Std. dev.s of
estimates
0.6290
0.689
0.107
0.153

Stages run 2100 Error =

Std.

Parameter
estimates

devw. of error=

Std. dev.s of
estimates

=3 117 . 0.710

0.713 0.777

-0.132 0.068

0.124 0.104
Stuges run 2400 Error =
Std. dev. of errors

Parameter
estimates

Std. dev.s of
estimates

-1.199 0.571

0.650 0.764

-0.104 0.0S5e

0.137 0.113
Stages run 2700 Error =
Std. dev. of error=

0.6257

0.688S5
0.3483

0.6322
0.3401

0.6429
0.36S5S

0.5951
0.2805

0.6094
0.5410
199




dun @ 10:2

Peraneter
estimctes
=1 . 390
(3 L
- .188
g 147

Stuges run 3C00
Std

Farenster
estimates

dew .

noise? Page 3

Std. dev.s of
estinmates
1.020
0.688
¢.071
0.099

Error =
of errors

ctd. dev.s of
estimates
0.483
0.558
0.060
g.09¢

0.4605
0.2328

200
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Jun 9 10:3! noise9 Page 1

Systen order n = 2

The system parameters are(in the orderal,...an,bl,..,bn)
-1.42§
0.49%6
0.000
-0.102
0.173
0.000

Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise!: Laplacian Mean= 0.00 Std. dev.=10.00
Contamination level = 0.03

The Hampel parameters are: st = 1.00 s2 = 0.00

dl = 0.10e 01 d2 = 0.17e 38
ucutof = 0.17e 38

Stages run 300 Error = 1.40453
Std. dev. of error= 1.2021

Paraneter Std. dev.s of
estimates estimates
-0.122 1.474
0.473 1.986
-0.100 0.130
0.041 0.2359

Stages run 600 Error = 1.3136
Std. dev. of error= 1.6293

Parameter Std. dev.s of
estimates estimates
-0.417 1.680
0.185 2.477
-0.078 0.172
0.148 0.218

Stages run 900 Error = 0.7768
Std. dev. of error= 0 .3861

Parameter Std. dev.s of
estimates estimates
-0.898 0.726
0 89S 0.905
-0.028 0.109
0.12e 0.100

Stages run 1200 Error = 0.6979

RN N
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Jun 9 10:31

Std.

Parameter
estimates

-1.061
0.881
-0.11¢
0.108

Steges run 1500
Std.

Parameter
estimates

-1.156
0.652
-0.119
0.134

Steges run 1800
Std.

Poarameter
estimates

-1.068
0.748
-0.10!
0.124

Steges run 2100
Std.

Paraneter
estimates

=1.1%9
0.655
-0.100
0.133

Stuges run 2400
Std.

Paraemeter
estimates

-1.221
0.626
-0.100
0 147

Stages run 2700
Std.

noise9 Page 2

of errors

dev.s of

estimates

0.711
0.962
0.078
0.141

Error =
of errors

dev.s of

estimates

0.606
0.874
0.067
0.133

Error =
of errors

dev.s of

estimates

. 487
.724
.058
.087

[ =~ I o Y )

Error =
of errors

dev.s of

estimates

0.602
0.78%
0.059
0.100

Error =

of error=

dev.s of

estimates
0.608

0.701
0.057
0.106

Error =
of errors

0.5140

0.6606
0.3223

0.5623
0.3174

0.5848
0.3730

0.5704
0.2803

0.4983
0.2414
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Jun 9 10:31!

Parameter

estinates
-1.2382
0.518
-0.103
0.144

noise9 Page 3

Std. dev.s of
estimates

.550

.612

.038

. 095

[ oo Y o ]

Stages run 3000 Error =

Std.

Paraneter

estimates
-1.223
0.5S0
-0.10t1
D.140

dev. of error=

Std. dev.s of

estimates
0.488
g.51e6
0.060
0.086

0.4482
0.2031

203




Jun 9 10:40 noise? Page 1
Systen order n = 2
The system parameters are(in the orderal,...,an,bl.,...,bn) :
-1.425%
0.4%6 1
0.000 ;
-0.1902
0.173
0.000
Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise! Laplacian Mean= 0.00 Std. dev.=10.00
Contamnination level = 0.03
The Hampel parameters are: st = 1.00 s2 = 0.00
di = 0.70e 0O d2 = 0.17e 38
ucutof = 0.17e 38
Stages run 300 Error =
Std. dev. of error=
Paraneter Std. dev.s of
estimates estinmates
-0.456 1.725
-0.101 2.997
-0.100 0.132
-0.009 0.327
Stages run 600 Error =
Std. dev. of errors
Parameter Std. dev.s of
estimates estimates
-0.434 1.965
0.50S 2.509
-0.092 0.151
; 0.128 0.214
{
Stages run 900 Error =
Std. dev. of error=
Parameter Std. dev.s of
estimates estimates
-1.046 0.979
i.307 2.693
-0.141 0.199
’ 0.038¢ 0.215
x Stages run 1200 Error =
§ 204
§
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Jun 9 10:40

Std. dev. of error=

Parampeter Std. dev.s of
estimates estimates
-0.9275 0.739
0.904 1.045
-0.114 0.074
0 116 0.133

Stages run 15900 Error =
Std. dev. of error=

Parameter Std. dev.s of
estinates . estimates
-1.167 0.6935
0.669 0.9%967
-0.118 0.110
0.144 0.163
Stages run 1800 Error =

Std. dev. of errors

Paramefer Std. dev.s of
estimates estimates
-1.031 0.571
0.786 0.848
-0.104 0.081
0.129 0.114

Stages run 2100 Error =
Std. devw. of errors=s

Parapeter Std. dev.s of
estimates estimates
-1.168 0.79e6
0.620 0.925
-0.147? 0.066
0.140 0.129
Stages run 2400 Error =

Std. dev. of error=

Parameter Std. dev.s of

estimates estimates
-1.154 0.604
0.611 0.745
-0.1423 0.056
0.144 0.116

Stages run 2700 Error =

Std. dev. of error=

noise9 Page 2

o0

[ == =]
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Jun 9 10:40

Parameter

estimates
=§.21%
0.53¢0
-0.09%6
0.145

Stages run 3
Std.

Parameter

estimnates
=1.239
0.5¢0
-0.100
0.141

noise9 Page 3

Std. dev.s of
est imates
0.514
0.652
0.059
0.097

000 Error =
dev. of errors

Std. dev.s of
estimates
0.499
0.558
0.055
0.087

0.4738
0.2026
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Syst2n order

Tha system paranmeters are(in the orderal,..,an,bl.,..,bnJ

-1.42§
0 496
D .01530

-3.1132
d.173
D.0100

Hominal nois

Contanfnoting noise! Lnﬁlncion

Centaminatio

T2 Hampel p

Stages run
Std.

Paranster
estinates
-3.231
0.406
-0 .09%0
0.051

Stages run
Std.

Parameter
estimares

Stages run
sty

Parameter
estinates
-0 859
0.742
-0.199
N 13ds

S5tages run 1

noise? Page 1

n = 2

n leval = 0.03

e Gaussian Mean= 0.00 Std. dev.= 1 .00
Mean= 0.00 Std. dev.=10 . 0C
st = 1.00 s2 =-0.27

arameters are:!

3083 Error =
dav. of errors=

Std. dev.s of
estimates
1.366
1.489
D.132
0.242

200 Error =
dev. of error=

Std. dev.s of
estimates
i.331
1.611
0.210
0.244

900 Error
dev. of error

Std. dev.s of
estimates
0.628
.838
0.098
. 133

200 Error =

di = 0.12e 0t d2 = 0.35e 0!
ucutof = 0.79%e 11

1.2634
0.2080

1.1722
0.%690

0.7411
0.3114

0.6471

207
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Jun 12 09:2

St .

Paremeter
estimates
-1.181
0 €3¢
-0 113
0 (23

Stuges run
Std.

Parawmeter
ecstimates
-1.186
0 657
-0.114
0. 144

Steges run
Std.

Parameter
estirates
=f . 189
g.79%2
-0.10%
0.137

Stuges run
Std

Paraneter
estinates
=4 1id
0.872
-0.10!¢

Parameter
estimates
-y .208
0
-0
0.

[\

o
(S e §
oM

e e

Stuges run
Std.

4 n

devw .

St

1500
dev

St

1€00
dev

st

2100
dev

St

2400
dev

St

2700
dev

cise?9 Page

of errors

d. dev.s of
estimates

. 644
.983

. 096

. 134

OO0 O

Error =
. of errors=s

d. dev.s of

estimates
0.679
0.843
0.063
0.128

Error =
. of errors

¢. dev.s of
est i imates
.649

. 764
.066

. 083

OO0 O0

Error =
. of errors=

d. dev.s of

estimates
0.558
0.743
0.053
0.090

Error
. ¢f error

d. dev.s of

estimates
0.546
0.677
0.057
G.0%¢

Error =
. of error=

208




o

Parameter
ezt imates
-1.251
0.52e
-0 .097
). 1495

Stages run
Std.

Paranater
estimates
-1 .2n2
J . S%e
-0.114
D130

noise9 Page 3

Std. dev.s of
estimates

.487

.6086

.054

. 0895

o0 oo

30003 Error =
jdev. of error=

Std. dev.s of
estimates
0.500
0.5392
0.0S57
g.102

0.49612
0.2068

209
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Jun 12 09:33

Systew order n = 2

The zystem parameters are(in the orderal., ..

noised Page 1

an.bl,...bn)

] 49¢
3 .030
-0.192
0.173
3.000
Hominal naojse: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise: Laplacian Mean= 0.00 Std. dev.=10.00
Contam.nation level = 0.03
The Hampel parameters are! st = 1.00 s2 =-0.50
di = 0.25e 01! d2 = 0.45e 01 -
ucutot = 0.95e 0!
Stages run 300 Error = 1.2220
Std. dev. of error= 0.8375
Parameter Std. dev.s of
e2stimatac estimates
-0.254 1.465
D.1290 1.20:z
-0.1437 0.122
0.036 0.251
Stages run 600 Error = 1.532e¢
Std. dev. of error= 1.5674
Paraneter 5td. dev.s of
astimates estimates
-0.842 1.857
1256 2.588
. =.101 0.119
0.0%¢ 0.221
Stages run %60 Error = 0.8169
Std. dev. of error= 0.3452
Paramater Std. dev.s of
estimates est imates
-0.8090 0.615
0.830 0.933
=0.90359 g.189
0 110 0.132
Stages run 1200 Error = 1.1329

210
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Jun 12 09:33 noised Page 2

Std. dew.

Parameter St
estimetes
-0.511
0. 903
-0.105
D.058

Stuges run 1500
Std. devw

Paramater St
estimates
-0.975
Q.778
-0 197
0.124

Stages run 1800

Std. devw
Paraneter St
estimates

-0.977
D 921
-D.128
0.0%56

Stauges run 2100
Std. devw

Paraneter St
est imetes
-1.138
3.790
-0.098

g.123

Stages run 2400
Std. dev

Paraneter St
estimnates
-1.219
3 655
-0 .098
0. 143

Stages run 2700

Std. dev.

of errors=

d. dev.s of

estimates
2.187
1.4786
0.0?75
g.299

Error =
. of errors=

d. dev.s of

estimates
0.9%18
0.895
0.074
0.157

Error =
. of errors=

d. dev.s of

estimates
0.895
0.788
0.075
0.146

Error =
. of errors=

d. dev.s of

estimates
0.829
0.760
0.061
0.101

Error =
. of errors

d. dev.s of

estimates
0.553
0.740
0.0S8
0. 104

Error =
of errors=

1.4841

0.7914
0.4674

0.7409
0.4808

0.6807
0.4039

0.5881
0.2536

0.5252
0.2799
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Jun 12 09:23 noise9 Page 3

Faramster Std. dev.s of
estimates estimates
w128 0.564
g.571 0.678
-0.102 ¢.060
0 1435 0.107

Steges run 3000 Error 0.5372
Std dev. of error= 0.2311

Paranster Std. dev.s of
estimates estimates
-1 24¢ 0.542
G.e50 0.654
-0.111 0.049
0 .13% 0.109

212
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Jun 18:22 Page 1

System order n = 2

The system parameters are(in the orderal.,...an,bl.,..,bn>
-1.428
0.4%¢
0.000
-0.102
0.173
0.000
Noninal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise! Gaussian Mean= 0.00 Std. dev.=10.00
Contamination level = 0.10
The Haempel parameters are: st = 1.00 s2 = 1.00
. dl = 0.17e 38 d2 = 0.17e 38
ucutof = 0.17e 38
Stages run 300 Error = 1.4392
Std. dev. of error= 0.8631
Paranatar Std. dev.s of
estimates estimates
-0.128 1.417
1.033 1.419
-0.240 0.311
0.:101 0.592
Stages run 600 Error = 2.5137
Std. dev. of error= 2.9001
Parameter Std. dev.s of
estimates estimates
-9.8393 3.265
1.321 4.577
-90.106 0.273
0.244 1.209
Stages run 900 Error = 1.8827
Std. dev. of error= 2.2558
Parameter Std. dev.s of
estimates estimates
0.5569 3.490
D.727 W o
-0.099 0.228
-0.032 0.862
Stages run 1200 Error = 1.4338
213




Std. dev. of errors

Parameter Std. dev.s of
estimetes estimates
-0.229 1.433
0 £€5¢ 1.704
-8.111 0.227
0.059 0.344

Stegez run 1500 Error =
Std. dev. of errors

Paramncter Std. dev.s of
estimates estimates
-0.162 1.325
0.0S3 1.663
-0.2095 0.664
-0.00e¢ 0.087

Stuges run 1800 Error =
Std. dev. of errors

Parameter Std. dev.s of
estimates estimates
-0.533 1.337
0.750 1.858
-0.229 0.719
0.100 0.758

Steges run 2100 Error L

Std. dev. of errors
Perameter Std. dev.s of
estimates estimates

-0.434 0.9%64
0.762 1.3%¢
«0.129 0.148
g.18¢ 0.235

Steges run 2400 Error =
Std dev. of error=

Parameter Std. dev.s of
est nates est inates
-0.320 1.349
0.209 2.607
-0.{0S 0.1720
0 195¢ 0.233

: Steges run 2700 Error -
} Std. dev. of errors=s

Jun 9 18:22 noiseld Page 2

0.9163

1.2922
1.2109

1.2868
1.2070

1.0818
0.7483

1.3361
1.5847

1.4829
1.4044
214




Jun 2

Paraneter

estimates
-0.730
1.011
-0.116
0.132

Std.

Parameter

estimates
-0.119
0.061
-0.091
0.144

AL R

18:22

Stages run 3000

noisel4 Page 3

Std. dev.s of
estimates

.088

. 118

.160

.352

oo mN

Error =
dev. of error=
Std.
estimates
1.571
2.670
0.178
0.227

dev.s of .

1.4060
1.7378

215




Jun 9 18:31 noisel4 Page 1
System order n = 2
The system parameters are(in the orderal,..,an.bl,..,kn)
-1.425%
0.49¢ ]
0.000
-0.102
0.173
0.000
Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1.00
Contaminating noise! Gaussian Mean= 0.00 Std. dev.=10.00
Contamination level = 0.10
The Hanpel paraemeters are: st = 1.00 s2 = 0.00
di = 0.20e 0t d2 = 0.17e 38
ucutof = 0.17e 38
Stages run 300 Error = 1.9327
Std. dev. of error= 3.2329
Parameter Std. dev.s of
estimates estimates
-0.791 2.406
-90.408 5.070
-0.134 0.189
0.030 0.324
Stages run 600 Error = 1.6729
Std. dev. of error= 1.7616
Parameter Std. dev.s of
estimates estimates
-0.049 1.350
1.247 3.031
-0.103 0.149
-0.031 0.363
Stages run 900 Error = 7.8%522
Std. dev. of error= 35.8222
Parameter Std. dev.s of
estimates estimates
1.407 9.563
10.920 33.908
0.074 1.026
0.219 0.870
Stages run 1200 Error = 1.29513
216
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Jun 9 18:31

Std.

Paranaeter

estimates
-0.918
0.434
-0.116
0.108

noiseld4 Page 2

dev. of errors

Std. dev.s of
estimates
1.344
1.866
0.134
0.200

Stages run 1500 Error =

Std.

Parameter

estimates
-0.823
0.627
-0.113
0.150

dev. of errors=

Std. dev.s of

estimates
1.641
1.510
0.127
0.225

Stages run 1800 Error =

Std.

Paranetfer

estimates
-0.84¢
1.029
-0.118
D.144

dev. of error=

Std. dev.s of
astimates
0.834
1.389
0.082
0.118

Stages run 2100 Error =

Std.

Parameter

estimates
-0.80S
0.974
-0.106
0.131

dev. of error=

Std. dev.s of
estimates
0.700
1.235
0.083
0.090

Stages run 2400 Error =

Std.

Parameter

estimates
-1.031
0.802
-0.101
0.151

dev. of error=

Std. dev.s of
estimates
1.141
1.023
0.155
0.134

Stages run 2700 Error =

Std.

dev. of errors

1.030e6

1.1218
1.0439

0.8703
0.8076

0.8271
0.6764

0.79351
0.7122

0.7719
0.7994

217
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Jun 9 18:31 noiseld Page 3

Paraeneter Std. dev.s of
estimates estimates
-0.701 0.904
0.429 1.220
-0.087 0.124
0.129 0.104

Stuges run 3000 Error = 0.3953
Std. dev. of error= 0.4421

Paraneter Std. dev.s of

estimates estimates
-0.860 0.610
0.409 0.73e
-0.092 0.131
0.:135 0.120

218




Jun 9 18:39 noiseld Page

Systemn order n = 2

1

0.

The system parameters are(in the orderal,...an.,bl.,.
-1.428
0.49¢
0.000
-0.102
g.1723
0.010
Nominal noise: Gaussian Mean= 0.00
Contaninating noise! Gaussian Mean= 0.00
Contamination level = 0.10
The Hanpel parameters are! st = 1.00
dl = 0.15e 01!
ucutof =
Stages run 300 Error = 1.89382
Std. dev. 2f error= 2.2992
Paramnater Std. dev.s of
estimates estimaetes
-0.39% 2.529
0.819 3.545
-0.118 0.171
0.096 0.293
Stages run 600 Error = 1.33e61
Std. dev. of error= 0.9530
Paraneter Std. dev.s of
estimates estimates
-0.406 1.015
0.95¢ 1.965
-0.142 0.150
0.032 0.239
Stages run 900 Error = 1.2934
Std. dev. of error= 0.7963
Paraneter Std. dev.s of
estimates . estimates
~0.95%52 0.985
0.99S 1.819
-3.0%s 0.134
0.077 0.168
Stages run 1200 Error = 1.2339

219

..bn) !
Std. dev.= 1.00
Std. dev.=10.00
s2 = 0.00
d2 = 0.17e 38
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Jun 9 18:39 noiseld4d Page 2

Std. dev. of errors
Paraneter Std. dev.s of
ecstimates estimates

-0.6053 1.339
0. 467 1.829
-0.122 0.141
0.10e 0.203
Staeges run 1500 Error =

Std. dev. of errors
Parana2ter Std. dev.s of
estimates estimates

-0.720 1.047
0.708 1.999%5
-0.104 0.115
0.135 0.168
Steges run 1800 Error =

Std. dev. of errors
Paramater Std. dev.s of
estirates estimates

-1.086 1.085
0.798 1.555
-0.103 0.102
0.135 0.121
Stauges run 2100 Error =

Std. dev. of errors=
Parameter Std. dev.s of
estimates estimates

-0.872 0.563
1.043 1.792
-0.11:3 0.062
g.122 0.103
Stages run 2400 Error =

Ctd. dev. of error=
Parameter €td. dev.s of
estimates estimates

-0.946 0.574
0.€47 1.233
-0.099 0.102
0.134 0.100
Stages run 2700 Error =

Std. dev.

cf errors

0.9876

1.0724
1.1372

0.8689
0.9477

0.8348
1.0461

0.7068
0.6790

0.7135
0.9047
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Parameter Std. dev.s of
estimates estimates
-0.948 0.670
0.348 1.536
-0.105 0.075
0.131 0.095
Stages run 3000 Error =
Std. dev. of error=
Paranetfter Std. dev.s of
estimates estimates
=f.111 0.608
0.538 0.596
-0.101¢ 0.162
0.137 0.133

0.5314
0.3059
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System order

The system p
~1.429%
0.496
8.000
-8.102
0.173
0.000

Nomninal nois
Contaminatin
Contaminatio

The Hamnpel p

Stages run
Std.

-Parameter

estimates
1.428
1.033
-0.182
-0.2350

Stages run
Std.

Parametfter
estimates
-0.502
0.926
=0 .19
0.070

Stages run
Std.

Parameter
estimates

noiseld4 Page

n = 2

arameters are(in the orderal., ..

e: Gaussian

g noise:

n level = 0.

arameters are!

300 Error =
dev. of errors=s

Std. dev.s of
estimates
10.316
§.923
0.281
1.474

600 Error
dev. of error

Std. dev.s of
estimates
1.245
1.989
0.142
0.206

900 Error =
dev. of error=

Std. dev.s of
estimates

-0.409 0.3808
g.798 1.600
-0.092 0.127
0.074 0.147
Stages run 1200 Error =

1

Gaussian

10

2.7769
7.6474

1.27S3
1.1086

1.1136
0.8071

1.05456

Mean= 0.00

Mean= 0.00

st = 1.00
di = 0.10e 01

,an.,bl,.

..bn)

Std.

Std.

s2
d2

ucutof = 0.17e 38
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dev.=10.00

0.00
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Std.

Param2ter

estimates
-0.717
0.982
-0.119
0.1832

Stages run 1500
Std.

Parametear

estimates
-3.790
).885
-0.090
0.144

Stages run 1800
Std.

Parameter

estimates
-0.944
0.908
-0.108
0.138

Stages run 2100
Std.

Parameter
estimates
=g .9351
B.9935
-0.103
0.129

Stages run 2400
Std.

Parameter
estimnaftes
-1.010
) .744
-0.090
n.147

Stages run 2700
Std.

noisel4 Page

of errors=

dev.s of

estimates

0.99%6
1.774
0.131
0.171

Error =
of errors=

dev.s of'
estimates

0.974
1.815
0.132
0.158

Error
of error

dev.s of

estimates

0.597
1.309
D.074
0.121

Error
of error=

dev.s of

estimates

0.536
1.839
0.073
0.108

Error =
of errors=

dev.s of

estimates

0.618
1.092
0.108
0.105

Error =
of error=

2

1.0074

0.92873
1.0561

0.7576
0.7085

0.8180
1.0616

0.6734
0.5808

0.7686

0.759%4
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Parameten Std. dev.s of
estimates estimates
| -1.201 1.148
5 0.423 1.141
-0.11t 0.118
0.151 0.119

Stcges run 3000 Error = 0.6136
Std. dev. of error= 0.6644

Parameter Std. dev.s of
estimates estimates
-1.143¢ 0.542

UD.6ES5 £.212
-0.1086 0.080
0.130 0.103
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Systen order n = 2

The systen
-1.425
0.4%
0.000
-0.102
9.173
0.000

Nominal noise:!
Contaminating noise:

Contamination level = 0.

parameters are(in the orderal, .

The Hanpel parameters are:

Stages run

Std.

Paramstfer

estimates
-0.013
0.291
-D.111
0.048

Steges run

Std.

Parameter
estimates
=3 .399
Olﬁ?s
-0.1135
0.049

Stages run

Std.

Parameter

estimates
-0.726
0.642
-0.108
0.041

Stages run

PRI Lot - SN, PR

300 Error =
dev. of errors=

Std. dev.s of
estimates
1.189
1.288
D.1353
0.255

600 Error =
dev. of error=

Std. dev.s of
estimates
1.167
1.796
0.128
0.195

900 Error =
dev. of error=s

Std. dev.s of
estimates
1.954
1.819
0.111
0.221

1200 Error =

Gaussian

Gaussian Mean= 0.00

10

st = 1.00

dif = 0.70e 00

ucutof

1.2262
0.8646

1.2445
0.9071

1.3012
1.2795

1.0301
225
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Mean= 0.00

s2 = 0.00
d2 = 0.17e 38
0.17e 38

dev.= 1.00

dev.=10.00
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Std. dev. of error= 0.9563

Parameter Std. dev.s of
estimates estimates
-0.814 0.985
0.663 :.7¢95
-0.124 0.127
0.092 0.182

Steges run 1500 Error = 0.9741
Std. dev. of error= 0.8148

Perareter Std. dev.s of
estimates estimates
-0 728 0.989
0.6 1.352
-0.189 0.464
0.0S0 0.439

Stages run 1800 Error = 0.774¢
Sted. dev. of error= 0.7524

Parameter Std. dev.s of
estimates estimates
-0 . g79 0.588
0.8671 1.375
-0.091 0.105
0. 134 0.115

Stuges run 2100 Error = 0.8052
Std. dev. of error= 0.9588

Parareter Std. dev.s of
estimates estimates
-0.£5S 0.637
0.%e7 1.627
-0.069 0.141
0. 141 0.104

Steges run 2400 Error = 0.7561
Std. dev. of error=s 0.7479

Paramneter Std. dev.s of
estinates estimates
-1.065 0.697
0.638 1.400
-0.10S 0.106
0.131 0.107

: Stuges run 2700 Error = 0.6503
. Std. dev. of error= 0.35245
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Paramster Std. dev.s of
estimates estimates !
-1.030 0.652 1
0.e30 g.99s
-0.037 0.120
0. 144 0.114

Stages run 3000 Error = 0.6511
Std. dev. of error= 0.5423

Parameter Std. dev.s of .
estimates estimates
-0.97e6 80.738 !
J.e?7 0.932 :
-9.079 0.093
0.13s 0.096
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Jun 12 0e:11l

noise

System order n = 2

14

The system parameters

-1 .
0.
.000

0

-0.
[
.000

0

423
496

192
173

Page !

Nominal noise:
Contaminating noise:

Contemination level = 0.

The Hamnpel parameters are:

Stages run
Std.

Paranster

estimates
-0.419
0.430
-0.131
0.044

Stages run
: Std.

Paraneter
estinates

33C Error
dev. of error

Std. dev.s of
estimates
1.816
2.9725
0.184
0.291

600 Error =

dev. of error=

Std. dev.s of
estimates

Gaussian

Gaussian

=¥
b}
-0
0

242

.703

038
951

1.

1.
0.
0.

069
429
121
226

Stages run
Std.

Paraneter
estimates
=1.990
-1
0.353
0.542

Stages run 1200

900 Error
devw. of error

Std. dev.s of
estimates
8.043
1.645
2.464
2.410

Error =

10

are(in the orderal,.. ,an.bl.,..
Mean= 0.00
Mean= 0.00
st = 1.00

di = 0.12e Ot
ucutof = 0.

1.5421
1.5504

1.2189
0.7402

2.0823
9.4919

1.0178
228

dev.= 1 .00

dev.=10.00

s2 =-0.27
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~

Std. dev. of errors=

Perameter Std. dev.s of
estimates estimates
-0.853 1.121
N.919 1.370
-0 1986 0.116
9. .12S 0.1895

Stages run 15303 Error =
Std. dev. of errors

Std . dev.s-of
estimates

Parameter
estimates

-g.915 1.304
0.233 1.369
-0.197 0.103
0.1852 g.231¢
Stiges run 1800 Error =

Std. dev. of errors=

Paramneter Std. dev.s of
estinates estimates
-0 978 0.619
g.799 1.195
-0.111 0. 072
g.139 0.1295

Stuges run 2100 Error =
Std. dev. of errors=

Parameter Std. dev.s of
estimares estimates
=1 . 012 0.628
0.83% 1.409
-3.103 0.065
J. 136 0.104

Stages run 2400 Error =
Std. dev of errors

Parameter Std. dev.s of
estinmates estimates
-1 074 0.627
D 823 0. 9?72
-0.1433 0.07?7
Q. 142 0.102
Stages run 2730 Error =

Std. dev. of error=

2

0.7459

0.9892
0.8866

0.7291
0.6216

0.76195
0.7639

0.6415
0.4833

2 8049
12.0311
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Parcmeter
estimates

noiseld4 Page 3

dev.s of

estimates

Stuges run 3000

.037
138
. 432
. 154

Error =
of errors=

Purameter
estimaetes

dev.s of
estimates

. 967

€14

088

084
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System order n = 2
The system parameters ared(in the orderal,...,an.bil.,...bn?

=1.429%

0. 3%

2.01990

-.1022

0.173

3. 030
Nominal noise: Gaussian Mean= 0.00 Std. dev.= 1. 00
Cortam nat:ng noise: Gahssian Mean= 0.00 Std. dev.=10 00
Contamination level = 0.10
The Hanpel parameters are! st = 1.00 s2 =-0.30

dl = 0.25e 01 d2 = 0.45e 0!

ucutof = 0.95e 01

Stnges run 300 Error = 1.8963
Std. dev. of error= 2 4334

Parameter Std. dev.s of
@3t :netes estimnates
-0 . 9438 2.394
3 314 3.983
-0 .1%9 6.1359
0.040 0.392
Stages run 600 Error = 1.74S52
Std dev. of errors 1.9129
Parametar Std dev.s of
astinmates estimates
.91t 2.930
0.73¢ 1 629
-0 .09S 0.150
-1 .09%9% 5.630
Stages run 900 Error 1.7048

Std. dew. of errors 1.6624

Paranzter Std. dev.s of
| estinates estimates
-0.310 2.0%81
1.27 2 675
v i -3 358 0.159
0Do124 0.283
5 |
f i Stages run 1200 Error = 1.749%6
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Std. dev.

Puraneter St
estimnectes
-0 279
1.307
-0.152
0.031

Stages run 1500
Std. dev

Paramneter St
estirates

of error=

d. dev.s of
estimates
.102
.541
.430

. 664

oo W

Error =
. of errors

d. dev.s of
estinates

=g .
0
-0
0

Stage

Parameter
estinates

-0.
0
-0.
.

Stuges run
Std.

Farareter
estimates

-0.
1
=i

0.

Stiges run
Std

Ferameter
estinates

-0
i

-
o

Stuge

@58

844

139

147

£ run
Std.

790

9%

124
4=
af

-

€65
0Seé
122

119

g€zt
778
gu?
130

€ run 270C
Std.

e

186

dev. ¢f error

1.327
0.112
0.186

Error

Std. dev.s of

estirmates
0.g820
1.226
0.084
g.129

Error =

dev. of errors

Std. dev.s of

estimates
0.81e
1.425
0.064
0.105

Error =

dev. of error=

Std. dev.s of
estimates

0.6306
AR e
0.108
0.107

Error =
of errors
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Paranmstger Std dev.s of
esftimates estimates
-0 837 0.838
g 4730 1.169
-9 112 0.080
g 127 D.106

Stages run 3020 Error = 0.769%2
Std. de2v. of error= 0.8197

Parameter Std dev.s of
estimates estimates
-1.038 0.3827
0 .8699 1.431
-0 .11 0.061
0.114 0.106
4
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APPENDIX A

ROBUST QUANTIZATION OF DISCRETE-TIME SIGNALS WITH UNIMODAL
DISTRIBUTIONS AND GENERALIZED MOMENT CONSTRAINTS
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I. Introduction

With the continuing evolution of digital processing ele-
ments the task of discretizing signals in communication and con-
trol systems is becoming increasingly important, Perhaps the
most widely used method of converting discrete-time analog data
to digital form is a simple amplitude quantizer., Often a uni-
form quantizer is used due to its simplicity and general good
performance[1,2] . However, if the class of input signals can be
restricted by a priori information, the designer should be able
to improve performance by constructing a quantizer matched to
the characteristics of the input signal, Typically, the a
priori information is the specification of the cumulative proba-
bility distribution of the input signal. However, in many cases
the distribution of the 1input signal is only approximately
known, so that the design task is complicated., In these cases a
robust quantizer may provide the most acceptable performance,
The robust quantizer will guarantee the best possible perfor-
mance commensurate with the available knowledge of the input
distribution.

This paper considers robust quantization when the a priori
information consists of knowledge that the input signal distri-
bution is unimodal and satisfies a generalized moment con-
straint., The restriction to unimodal distributions is a natural
one and results in least-favorable distributions much more real-
istic than those found in similar problems([3,4]. The general-
ized moment condition includes the possibility of using standard
moments, such as variance, as well as approximations to other
forms, such as percentile constraints. With these constraints
defining the admissible distributions and with performance meas-
ured by a mean weighted quantization error criterion, the prob-
lem is to find the least-favorable distribution and the best N-

level quantizer in the minimax sense. Section II of the paper
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presents the formal statement of the problem. In gection IIT

the existence of a solution is demonstrated, necessary condi-
tions are presented and an algorithm for finding the solution is
given, Section IV considers the performance of the robust gquan-
tizer for a specific choice of the error weighting function and
moment constraint.

II. Problem Statement and Preliminaries

Let X denote the real random variable to be digitized and
let F denote any of the possible cumulative distribution func-

tions of X. The distribution, F, is restricted by the general-
ized moment constraint,

G(F) = j‘wp(s)dF(S) £ < (1)
-

where p is a convex, monotonically increasing function of |s].
The most typical choice would be a moment, p(s) = |s!P, Wwe also
impose the condition that the distribution be unimodal as de-
fined by Feller([5]:

Definition: A distribution function F is called uni-
modal with mode at the origin if and only if the graph
of F is convex in [-®,0) and concave in (0,m]. The
origin may be a point of discontinuity, but apart from
this, unimodality requires that there exist a density
f which is monotone in [-»,0) and in (0,®]. (Intervals
of constancy are not excluded.)
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Denote the set of distributions satisfyinag these two constraints
by D, which we take to be a set in the normalized space of func—
tions of bounded variation on the extended real line
(NBV [-o, @] ) Since D contains only probability distribution
functions, it is a subset of the unit ball in the space, which
is compact in the weak" topology by the Banach-Alaoglu
theorem[6]. It is easily verified that D the admissible set of
distributions 1is weak# closed. Let D' be the set of distribu-
tions satisfying (1), and D2 be the set of unimodal distribu-
tions.

e

emma 1 D! is weak” closed.

Proof: Since p is convex and bounded from below, there exists
an increasing sequence Py of bounded continuous functions con-
verging pointwise to p. It follows from the definition of the
weak” topology that the sets Dl consisting of the distributions
satisfying (1) with p; instead of p are weak"™ closed. Also, by
1 must
be the same as D. Thus, by the infinite intersection property, D

is weak™ closed,

the monotone convergence theorem the intersection of the D

'

emma 2: D2 is weak closed.

Proof: Suppose Fi is a sequence of unimodal distributions weak "
convergent to a distribution F. We must show that F is unimo-
dal, Since the Fi
gin, weak " convergence is equivalent to pointwise convergence.

are continuous, except possibly at the ori-

Each Fi is convex for negative argument and concave for positive
argument; accordingly, the pointwise limit of the functions must

similarly be convex and concave -- thus unimodal.

The intersection of two closed sets is closed, so that D is
weak” closed. Thus, being a subset of the unit ball, D is also
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weax compact, Furthermore, since G is linear in F and since

convax combinations of unimodal distributions are unimodal dis-
tributions, D is also a convex set.

Remark: In crder to guarantee existence of solutions
to an optimization problem the admissible set must
usually be compact. Since compactness with respect to
the norm topology is a very severe requirement in a
function space, most sets of interest will not be norm

* : N
! compact. Since Weak compactness 1is much less
stringent, it is a more useful starting point for
proving existence of solutions,

A N-level quantizer q is a device with input X and output Y
defined by

vy xe[-aby)

qalx) = } y; xe[bj_q,b;) (2)

O —— s S 1 . e o e e

YN X€ [bi ’CD] ?

with by ¢ vy { V5 £ +ee £ ¥y £ b, (see below for the definition

| of bo and bN)° The bi have been called transition values and
the ¥y representation values. The admissible values of the 2N-1
quantizer parameters clearly define a convex, compact set in
R2-1, call this set Q.

A number is associated with each quantizer, q, and each
distribution, F, which measures the fidelity of the quantizer’s

represantation of the input signal. This number is defined by
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E(q,F) = [ g*(s)aF(s) , (3)
-0

where the integrand g*(s) is an upper semicontinuous function
defined by

g(bg-yq) se [-m, bg]
z g(s-yj) se(bjy_q,b5) i=1,.00,N
ksl g(by-yy) se [by, @] e
max[g(by-y4),g9(by=y;41)] s=by i=1,eee,N-1 ,

with g(t) a convex weighting function, monotonic in |t}. The
numbers bo and by define the input dynamic range of interest,
The assumption being, if the signal exceeds these values no ad-
ded penalty should be assessed for the increased representation
error. The function E(g,F), considered as a functional on D,
can be shown to be weak' upper semi-continuous. Considered as a
functional on Q it is continuous, However, while E(q,F) is con-

cave (linear) in P, no similar statement can be made with
respect to q.

Remark: The saturation of the weighting <£unction is
included for both aesthetic and mathematical reasons.
If the rate of increase of g is greater than that of
py, the problem does not have a solution. If they are

the same, then the cost is equal to ¢, the value of
the constraint.

Armed with the abovs definitions the statement of the prob-
lem is simple:
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inf sup E(q,F). (5)
qeQ FeD
III. Main Results

Before attempting to f£ind explicit solutions to the prob-
lem, we verify the existence of least-favorable distributions
and robust quantizers, so that our search shall not be in vain,

Theorem: For an arbhitrary guantizer q in Q there exists a max-

imizing distribution function in D. Also, there exists a minim-

izing quantizer for the resulting minimization problem.

Proof: An upper semicontinuous function achieves its supremum

on a compact set[6]. Since E(q,F) is weak” upper semicontinuous
and D is weak" compact, the conditions are satisfied for any
quantizer, The second part of the proposition follows since Q
is compact and the sup E(q,F) is lower semicontinuous on Q.

As usual, finding solutions to a problem is a bit more dif-
ficult than proving their existence. 1In this problem, knowing
that there exists a distribution solving the problem is of some
help in itself for, as Max[7] showed, when finding the optimum
quantizer for a given distribution function, the optimal quan-
tizer parameters satisfy

b, = (yy + ¥Y349)/2  1=1,2,00.,N-1 (6)

no matter what the distribution., This same set of equations
will hold for our problem; thus, reducing the number of unknown
quantizer parameters by almost one-half. The primary tool which
will be used to provide necessary conditions that the remaining
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quantizer parameters must satisfy 1is the Lagrange Duality
theorem([7]. This theorem is stated below in a form appropriate
to the current problem,

Theorem 2(Lagrange Duality): Let C be the convex cone defined
by D. Suppose that (qo,Fo) is a solution to the robust quanti-
zation problem and uo=E(q0'F0) is the minimax value of the
fidelity criterion. Then the following equation holds:

[+ ¢}
U = min min max [ E(q,F)-Mf aF(8)hg6 (Rt ahge 1, (7)

where the multiplier, A=(A1,>~2). Call the minimizing wvalue of
A, A0, Either x?:o or the corresponding constraint is satisfied
with equality, that is,

O(G(F 20( ar 3 &0 (8)
AR TleEl = KGN Stelaist) = G,

Note that the problem as stated is symmetric about the or-
gin and there will be no loss in generality by considering only
the non-negative half-line as the domain of definition for the
problem. We need only set bN/Z or Y(N+1)/2 equal to zero
depending on whether N is even or odd, respectively, Also,
renumber the parameters so that the b or y set to zero is now
subscripted by zero and the new value for N is the old one di-
vided by two or one plus the old value divided by two as ap-
propriate., Having done this, consider the maximization with
respect to F in (7). We can write the terms which are a func-
tion of F as,
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max g [g*(s)-nq=-rop(s)]aF(s). (9)

Since F is restricted to be concave, it can increase at most
linearly. Thus, a necessary and sufficient condition for (9) to
be finite is that

H(x) = E [q*(s)—x1_kzp(s)]ds <0, V x>0, (10)

If this condition holds, then the maximum value of (9) is =zero.
Using (10) an equivalent statement of the problem is

min min (A + Ayc), (1)
A20 geQ

subject to the condition given by (10). We must be able to
determine if, for a given A, there exists a set of quantizer
parameters making (10) hold. If we can do this, the problem is
reduced to a two dimensional optimization problem, and there are
any number of algorithms that can be used to solve it,

Inequality (10) will be satisfied if and only if all of the
local maxima of H(x) are less than or equal to zero., A neces—
sary condition of the local extrema of H is

g’(x) N L1 - 4\2p(X) = oo (12)

Because of the form of g*, this equation can have at most 2N+#1
roots, N of which are local minima or inflection points and N+1
which are candidates for local maxima (They may also be inflec-
tion points.). The equations for these N+1 points, Xy are:

244




b
¢

g(yi-xi) -y = }‘ZD(xi) =0 Dbjlxij<yj 1i=1,25e00,N (13)

and

glyn=by) = Mg = App(xyyq) = O bydxyyq. (14)

Remark: If the number of quantization levels in the
original problem was odd, then y,=0 and (13) holds for
i=2, 3, oo .’N.

We need to determine if there exist quantizers such that all of
the local maxima of H are less than or equal to zero. Consider
the construction, described below, for generating a set of quan-
tizer parameters:

1) Starting with y, and continuing iteratively through
the i’s, pick the values of the y;’s so that the value

of H(x) is exactly zero at the points X. i=1,2,eee,Ne

1

2) If H(xg,,) £ 0, the constructed quantizer satisfies
(10). Alternatively, if H(xN+1) > 0, then the con-
struction procedure fails.

This procedure will always find a quantizer satisfying (10) if
one exists. We give the following lemma to make this point pre-

cise.

Lemma 3: For a given value of A, if the set of quantizers

satisfying inequality (10) is not void, the construction tech-
nique described above will generate a quantizer in the set.
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The proof of this lemma is not difficult, but is quite messy.
Therefore, we will provide only an outline of the proof First,

observe that no matter what values x1 and Lz take, we can always §

find values for the ¥, making part one of the construction true.
Thus, we only need prove that no other choice of the Y; will

make the second part true if our choice fails. The approach

taken is to compute the variation of the N+1 maximum with
respect to changes in the Yi, noting that the y’s can only be
moved to the left and that moving any one of them left implies
some motion to the left of all of the others of higher index.
The variation shows that any such motion will cause the value of
the N+1 maximum to increase, thus continuing to be greater than
Zero.

By using the construction procedure, the computer program
necessary to compute the quantizer parameters and the minimax
value of the error is quite short and requires a minimal amount
of central processor time.

To illustrate the behavior of solutions to the problem, we
consider a simple example, Let the functions g and p both be
quadratic and let the total number of quantization intervals be
four with -b0=b4=1' The values of thg quantizer parameters and
the worst case error were determined for several values of the
moment constraint. These are tabulated in table 1 for various
values of ratio between the saturation amplitude, bn and the

standard deviation of the signal constraint, Also given are
values for the worst case error for the cases from [1] and [2]

in which the distribution was not required to be unimodal.
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Unimodal Not Unimedal

S.d. | Y, by ys |error | vy by y | error

1.0 0,17 | 0.49 | 0.81 | .0303 | 0.25 | 0,50 | 0.75 | .0625

2/3 0.,17 | 0.48 { 0,80 | ,0300 [ 0.25 | 0,50 | 0.75 | .0625

0.5 0.16 | 0,47 [ 0.77 | «0293 | 0,20 | 0.43 [ 0.67 | .0589

1/3 0.13}| 0.38 | 0.62 | «0265 | 0,12 | 0,32 | 0,50 | .0403

0.2 «086 | 0.25 | 0,41 | 40165 | «070 [ 0423 | 0.38 | ,0212

0.1 «040 { 0.13 | 0,22 | 0066 | 031 | 0,14 | 0,25 | 0066

Table 1. Robust Quantizer Performance
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APPENDIX B

ROBUST PROPERTIES OF SOLUTIONS TO LINEAR-QUADRATIC ESTIMATION
AND CONTROL PROBLEMS
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In this note we hope to provide insight into the optimality
properties of the standard solutions to a 1large class of
linear-quadratic estimation and control problems, when they are
viewed in a more general context. Of importance to the systems
engineer when he designs an estimation and control system is the
sensitivity of that design to deviations from the assumed model
of the environment. Sensitivity analysis of plant parameters is
an extensively studied discipline for linear systems; but,
beyond parametic sensitivity studies of the effect of changes in
the first two moments of the noise densities, little work has
been devoted to the sensitivity of such systems to deviations
from the assumed statistical model. However, in the statistical
literature this problem has received a great deal of attention
in the 1last decade(1,2,3], leading to a subarea of statistics
which we refer to here as robust design. Loosely speaking, a
robust policy may be described as one which performs well even
though the actual state of nature deviates "mildly" from the en-
vironment nominally assumed in the design. We put the word
mildly in quectation marks since it is a key word in the entire
concept. Quantifying mildly is impossible without a good physi-
cal feel for the noise generating process and its inherent con-
straints., If, for example, the noise is generated directly from
# well understood and accurately described process, such as
thermal noise in a resistor, thenvtight bounds may be placed on
the statistical description of the noise process, and a mild de-
viation is a very small change in the process statistics. 1If,
on the other hand, the noise to be modeled is a process derived
from a source which is not very well understood or quantifieqd,
then the nominal statistical description may be imprecise.
Thus, mild deviations from the nominal description may represent
large changes in the process statistics.

The hope of the engineer who adheres to the philosophy of
robust design is that he may be able to find a policy performing
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within a few percent of optimality for the most likely environ-
ment while protecting against performance deterioration of much
greater magnitude caused by "mild” deviations from the assumed

environment. The most frequent formalization of the robust
design problem is as a mathematical game between the engineer
and nature. How well the robust design can be effected will
depend on the situation at hand and the engineer’s ability to
pose the most appropriate game to be solved. A solution to the
resulting minimax optimization problem consists of a most robust
policy and a 1least favorable state for nature. If the least
favorable state happens to correspond to the most likely or nom-
inal state, the solution is particularly meaningful, since no
penalty need be paid for robustness. As we shall show, this is
the situation in many linear-quadratic estimation and control
problems. First, however, we need some basic concepts from game
theory.

- An abstract game may be defined as a triple (A,B,V), where
A and B are the sets of possible strategies for the engineer anad
for nature, respectively, and V is a function from AxB to the
real line which measures the performance of a strategy pair
(a,b). Nature chooses b to maximize V, and the engineer chooses

osPg) is called a saddlepoint pair

for the game if V(ao,bo), the value of the game satisfies

a to minimize it. A pair (a

V(ag,b) < V(ag,by) V be B (1)
and

V(ag,by) < V(a,b V aea. (2)

o)

It is not always possible to find a pair satisfying (1) and (2),
and in such cases more extensive consideratiocns are necessary.
For the problems considered here a saddlepoint will exist; thus,
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there is no need to discuss the possible additional complica-
tions (the interested reader should see Ferguson(4]).

This setup can be applied directly to many linear-quadratic
estimation and control problems. Let A contain all functions,
both linear and nonlinear, of the observations and let B contain
all probability distributions satisfying the standard first and
second moment constraints. Futhermore, let a, correspond to the
best linear solution to the problem and let b, correspond to the
Gaussian distribution function satisfying the moment constraints
(with greatest covariance matrix, if the second moment con-
straint is an inequality). Then, inequality (1) requires that
the 1linear solution perform no more poorly with respect to any
other distribution satisfying the constraints than it does with
respect to the Gaussian., Since the problem is linear and the
performance measure quadratic, a linear soluticn yields a value
for V that is only a function of at most the first two moments
of the noise distribution., These are constrained by hypothesis,
so that (1) holds with equality. Inequality (2) is a statement
that the linear solution must be optimal with respect to Gaus-
sian distributions for the noise. Thus, if any model admits the
same solution to both the linear-least-squares problem and the
optimal Gaussian problem, then this same solution also solves
the minimax-robust problem. A large class of linear—-quadratic
estimation and control problems have solutions that satisfy this
condition. The ease with which this fact is obtained should not
belittle its importance, The philosophical ramifications of
this added property are profound for, with it, we <c¢an provide
added justification for wusing 1linear policies even when the
noise is suspected to be non-Gaussian. Also illuminated is the
extreme importance of the constraint on the second moment of the
noise, It is this constraint on which the efficacy of the
linear solution rests and not on the Gaussian assumption. As we
have seen, any arbitrary deviation from Gaussian nois#, which
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continues to satisfy the second moment constraint, cannot in-
crease the cost. However, there exist distributions looking,
for all the world, like the Gaussian which can drive the cost
arbitrarily high; for example, consider a mixture distribution
with the Gaussian being the true distribution 99.9% of the time
and a Cauchy the true distribution 0.1% of the time. To detect
the fact that the variance of the distribution is very large (in
fact infinite) would require many thousands of observations;
however, any given sample function of the noise could drive the
estimation error or control cost very high.

Although the above results have escaped the general
kKnowledge of the engineering community, they are not entirely
without precedent. In fact, for the Kalman filtering problem
the robust property of the solution is almost as old as the
filter itself, having been pointed out by Carlton[5]. In various
specific problems[6,7] other workers have used similar ideas in

- a limited context. We believe appreciation of the simple result
! reported 1in this note and an application of the ideas in a
4 broader research context can be of major importance as a direc-

¢S bl

tion for research in the next few years.
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