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SECTION 1

INTRODUCTION

The development of many types of low density, high strength

construction materials has provided numerous possibilities for efficient

structural design. Quite often, however, the full potential of these sophisti-
cated material concepts cannot be exploited, due to analytical shortcomings.
Economical and convenient analysis techniques are fast becoming the most

- valuable tools of the structural designer. This observation is especially
true in view of current trends toward the development of automated design

procedures.

The practical applications of sandwich materials, in particular, have
outdistanced analytical capabilities to a considerable extent. A large body
of literature b is concerned with the analysis of sandwich structures,
much of it devoted to the important question of elastic stability. However,
only the most basic geometries have been studied extensively. The stability
of flat sandwich panels S and of full cylinders 11-15, for example, have
received much attention. A few investigators have reported on the stability

15-19

analysis of open cylindrical shells , most often within the context of

a linear theory.

The present report describes the stability analysis of an open
cylindrical shell of a somewhat more general type than has been considered
previously. Numerical solutions are compared with numerous analytical
and experimental values. Some investigation is also made regarding the

limits of applicability of the linear buckling analysis for sandwich shells.

Numerical superscripts indicate References listed at end of report.
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1.1 PROBLEM DEFINITION

The present analysis addresses the problem of incipient general
buckling of a cylindrical sandwich panel loaded by axial compression and
edgewise shear forces. Each boundary of the shell is considered to be
simply supported, and so constrained as to prevent shear within the core
parallel to the panel edge. The component layers are confined to linear
elastic response and small displacements, and are taken to be rigid in the

direction normal to the surface of the panel.

The stiffnesses of the core in extension and bending are assumed to
be sufficiently small that the core strain energy is due exclusively to
transverse shear deformations. The transverse shear properties of the

core may be different, as is the case in many practical situations.

The sandwich face sheets are considered as thin composite shells.
That is, each face consists of a number of orthotropic layers, having different
constitutive properties and arbitrary orientations with respect to the struc-
tural coordinate axes of the panel. Since the flexural rigidity of the faces
about their own axes is included, the analysis may also be applied to the
buckling problem of a laminated or isotropic shell. The face sheets are
assumed to be thin in comparison to the radius of curvature of the panel,

and to deform according to the Love-Kirchhoff assumptions.

1.2 METHOD OF SOLUTION

The mathematical model developed in this report is based upon the
principle of minimum potential energy. The total potential energy of the
panel, consisting of internal strain energy and the potentials of applied
forces, is formulated in terms of the displacements within the sandwich
core. The introduction of kinematically admissible assumed displacement
modes into the potential energy yields a quadratic form in certain discrete
displacement parameters. The discrete counterpart of the minimum potential

energy principle, which requires that the gradient of this quadratic form

T o T -————v‘
e ———————— -



vanish, produces a set of algebraic equations of equilibrium, in the

familiar form of a generalized eigenvalue problem. The critical load of
least magnitude for the continuous structure is approximated by the smallest
eigenvalue of the discrete system of equations. The corresponding eigen-
vectors are approximations to the buckled displacement shapes which are

the eigenfunctions of the continuous problem.

The displacement formulation used in the present analysis is a direct |
extension of the sandwich plate theory presented in Reference 20. This
method has been employed in the buckling analysis of flat sandwich pa.nels21 é

with good results.

1.3 COMMENTS ON THE LINEAR THEORY OF

STABILITY OF SHELLS

The classical stability theories of beams and plates are founded upon
certain assumptions which are easily visualized as applicable to a wide
class of practical problems. The consideration of shell stability by a linear
theory is limited, however, by two particularly troublesome effects. The
curvature of the shell surface couples transverse deflections with the in-
surface displacements. Consequently, significant changes in the surface
geometry may occur prior to the onset of instability, and indeed the buckling
phenomenon itself is somewhat less clearly defined than for the case of
plates or beams. Secondly, the curvilinear geometry tends to magnify the
effects of the slightest deviations from a smooth initial configuration. 5
Typically, the influence of such imperfections is most pronounced for shells

having severe curvature, and often the prediction of buckling by the linear

theory is extremely inaccurate. When displacement coupling or irregularities
are known to be significant, the use of a theory which considers these

effects is appropriate.

The linear theory of shell stability, though restrictive by nature,

does provide an economical method of analysis for problems in which the

L__A..________________:______r > |




effects of curvature are relatively small. For example, the shallow cylindri-
cal shell geometry can often be analyzed by a linear theory with good results,

since the deformations can closely resemble those of a flat plate.

The sensitivity of shell structures to initial geometry suggests that
careful consideration be given to the analytical representation of the boundary
conditions. The solution for simply-supported edges is often considered as
a bounding case for panels which are supported in some manner along each
edge; however, the presence of free edges or weak supports may have

considerable effect upon the buckling behavior of curved panels.

The limitations mentioned in the linear theory of stability of shells
should by no means be regarded as an indication that the theory is without
value. Rather, the complex nature of the shell stability problem requires
that the assumptions inherent in the linearization process be applied in a
judicious manner, and only when appropriate, if meaningful results are to

be obtained.




SECTION 2

DISPLACEMENT FORMULATION OF THE POTENTIAL ENERGY

In the formulation of the linear buckling problem, it is assumed that
two pertinent equilibrium configurations can be identified. The initial
equilibrium position is exactly that predicted by the classical linear theory
of elasticity, while the second configuration corresponds to some ''adjacent"
state which is obtained from the first by virtue of some small perturbation.
The phenomenon of buckling is viewed as a process of sudden transition
between these two states of equilibrium. By adopting the first position of
equilibrium as a reference state, and considering only those deformations
which must occur during the excursion toward the adjacent state, the
necessary conditions for the existence of the additional state of equilibrium

are defined.

With this visualization of the problem, it is often appropriate to select
as a reference state that configuration for which the prebuckling displace-
ments have already occurred, and the critical stresses are present, in
some specified proportions. In other words, the problem can be viewed as
one of initial stress. o The critical load magnitudes are then taken to be
that combination of the initial stresses for which some additional equilibrium
position can be shown to exist. Accordingly, the displacement field which is
considered represents that transition which occurs between the two
equilibrium states; that is, the displacements due specifically to puckling.
In the linear formulation of the problem, it is further assumed that the
equilibrium state existing before the time of buckling is characterized by
displacements which introduce only negligible changes in the geometry of

the component.

SRS
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2.1 GEOMETRY AND DISPLACEMENT

The cylindrical panel geometry is shown in Figure 1. The midsurfaces
of the individual sandwich faces are selected as reference surfaces, having

the local coordinates X Yo 2o In terms of the global coordinates r, 8, x,

x =
s
ys = Rse (2.1)
z = r = R - 8 =1, 2, €
s s

A global coordinate z =r - Ro is also employed, where Ro is the radius of

curvature of the panel midsurface.

The face sheets are taken to be thin layers which obey the Love-
Kirchhoff assumptions. Noting that the L.ame' parameters of the shell are

A =1, A  =r, the displacement at the generic point within face f is cal-

1 2
culated from:

f f £
M
Vf = v£ - Zg (Wf,y - E;) (2.2)
Wf = wf; £t =1,2.

Since only general instability is to be considered, the variation in the trans-

verse displacement through the thickness of the panel is neglected. That is,

For the purpose of describing only those displacements which are
due to the buckling deformation of the panel, it is assumed that displace-
ments which occur prior to the onset of instability are small and introduce
only negligible changes in the undeformed geometry. The uncoupling of

these two sets of displacements is accomplished by postulating that there




we3sAg @jeurpioon pue Axjpwiosd [dued

1 2an3dtg

31ISOdW0D
Q343AVT

| 30Vv4d

~>oo .~xuo
ANV IdILNY
34090

31ISOdWO0?
Q3¥3AVT

¢ 30V4




S

exist certain ''neutral' surfaces within the core layer, throughout which no

insurface displacements are executed during the buckling deflection. In

particular, it is assumed that

U = (z-e)@

C X
LS (z - ey) ) (2.3)
WV = w,

C

where @ and Y are functions of the surface coordinates xc, yc, and ex, ey
are constant parameters. Figure 2 shows the geometry of the assumed
displacement state (Equation 2. 3) at a section parallel to the straight edges
of the panel. The displacement u indicated in the figure is a prebuckling
displacement which is automatically excluded from the analysis by virtue
of Equation 2.3. Notice that the functions ¢ and Y can be interpreted as
rotations of the core layer which are executed about points lying within

the cylindrical surfaces z = B and z = ey, respectively.

The displacement fields in the faces and core are related by conditions

of continuity at the bond lines. Letting the total thickness of the panel be

d - =0 et TEaEne

the equations of continuity can be stated as

(UC,VC,WC) = (UZ’VZ'Wz)
e%: PHI .
e Al 2 g e
(2.4)
U VW) = (ULVLW)) .
t
. e e
e 1 1 2
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Defining

f+1
= (-1
< (-1)
d
B, =S -t
afx x Bf ¥ CfC

and requiring that

R >
£ —_—
2

the continuity conditions (Equations 2.4) can be solved to yield the following

for the midsurface displacements of the faces:

1
u = -colag P- St W, )

1 .
¥zt (2.6)

v

1
0

il

wf=wc=w sof= 1,2

The displacements of an arbitrary point within the face sheets are then defined

by the substitution of Equation 2.6 in Equation 2. 2,

1
U, == -— i
£ Cf( CI‘fxgb 2 tf b x) b *

= z
- 1 f (2.7)
¥, = . .
¢= clag? sy et Rf) T i
We=w s f=1, 2

Thus, the displacement components of any point within the sandwich panel can
be expressed in terms of the transverse deflection w, the core rotations ¢ and

Y, and the neutral surface parameters e and ey.

2.2 STRAIN AND STRESS

The extensional strains and in-surface shear strains within the sandwich
core contribute only negligible amounts of the total elastic strain energy since
the corresponding stresses are assumed to be small. Since the core is con-

sidered to be incompressible in the direction normal to the panel, the strain

10




energy due to deformations in this direction is also neglected. The remaining

components of strain in the core are the transverse shear strains,

=" + W
XZC 2 ¢, X (2.8)

Y
vc

Y =V + W - —

yzc c,z C,y ¥

Making use of Equation 2.3, the strain-displacement relations for the core

can be written as

Vze = Wr x
1 (2.9)

= ——— (¥+ W, ).
Yyzc 1+z/Rc( +WY)

The corresponding shear stresses are calculated from

A zC % GX YXZC
i e (2.10)
T =G Y
yzc yzc yzc
23

The strain-displacement relations for the face sheets are given by

€ =€ 4 z N
xf =t f xf
o
= "
%t fw (2.11)
- Yo + z o 3 f = 1 2
nyf © xyt £ xyf’ S
The midsurface strains and curvatures in Equation 2.1l are defined as
e =u .
%t " X
€ sy, =
e, o B (2.12)
° = v + u
nyf f, x f,y

11




xf XX
ol
X =-w, +—=% (2.12)
yf vy R
s
x _=-2w, -—22);f=1, 2,
xyf Xy Rf

where the midsurface face displacements Up Ve and w are defined in turn by
Equation 2. 6.

The generalized Hooke's law equations for a laminated face sheet are
most conveniently represented in terms of the membrane stress resultants and
moment stress resultants for the entire face. The development of these
equations is given in Appendix A*. The resulting stress-strain relations are

expressed in symbolic form as

o
N } A B ]{G }
f f £ f
-_— = e f =1, 2. (2.13)
{Mf [Bf o L

2.3 POTENTIAL ENERGY

With the assumptions of Section 2.1, the reference configuration of the
panel is identified as that state at which the critical loads have been applied,
in certain specified proportions, but the displacements due to buckling have not
yet occurred. Although the exact geometry of this reference configuration is
not known unless a classical solution is performed, its deviation from the
original (unstressed) state has been assumed to be sufficiently small as to be
negligible. Thus the applied loads assume the character of initial, or residual,
stresses, as noted previously.

The potential energy functional for an elastic body subjected to initial
(o)
y

stresses kc;o)and )\Tx can be expressed as

%«Discussion and more detailed derivations of the constitutive equations for
orthotropic laminates are widely available in the literature; see, for example,

References 24-26.
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+ )\ff_f -2 [ci ) (u,x + v,x + w,x) (2. 14)

+ ZT(O) (u, u, +v, v, + w, W, )] av
Xy X 'y X'y x 'y

The functions o,

() and TLOY) denote the relative magnitudes of the initially-
applied stresses, while the parameter ) specifies the intensity of the loading.

For the present problem, the region V includes both the face sheets and the
core; making use of this fact, and the previous assumptions concerning stresses

and strains, Equation 2. 14 is restated in the form

3
]}
™Mo
oy

1
{,f 2 (oxfex.f ¥ Tyt Txyt t cyfeyf> -
£

1
by "”‘“r 2 (szchzc + Tychyzc ) ch {5 150

In Equation 2. 15 it is assumed that the initial stresses are uniformly distri-
buted through the face sheet thicknesses, and that the squares of derivatives
of the insurface displacements are small in comparison with the squares of
the transverse slopes. By introducing the stress-strain relations (Equations
2.10 and 2. 13) into the potential energy, and performing the integrations

through the panel thickness, the following is obtained:

13
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(2. 16)

It is important to notice that, in Equation 2. 16, the variables and limits of

integration refer to the local surface coordinates defined by Equation 2. 1.

That is,

¥

b

1]

X
S

e Rse’

= e' -
b =R&s=1,2c,

if = 0 and 6 =© and understood to be the bounding straight edges of the panel.

The displacement formulation of the potential energy is obtained from

Equation 2. 16 through the substitution of the strain-displacement expressions,

Equations 2.6, 2.9, and 2.12. The resulting functional is

e 1 2 1
B dubs E; [Allf(c‘fx¢’x " B! T Aot ¥ = ot

i A66f(afx i 8 afyd)’x Yoyl

t 24 lag s -
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SECTION 3

DISCRETE FORMULATION

In this section the potential enevrgy (Equation 2.17) is cast into a
discrzte form from which a numerical solutison caa be obtained for the
buckling problem. The displacement field is expr=ssad as a linear combination
of knowa functions which satisfy the necessary conditions of kinematic admissi-
bility. The corresponding discrete form of the potential energy is a quadratic
function of a number of parameters; these are selected in such a manner that

the energy expression is minimized.
3.1 DISCRETIZATION OF THE POTENTIAL ENERGY

The discrete counterpart of a functional F[u(x, y)] is obtained by the
introduction of an assumed-mode approximation of the forr
N
u(x,y) = c.X.(x,v), (3.1)
iy )
J_
wherec.; j=1, 2,..., N are arbitrary constants, and xj(x, y) are known
J
functions satisfying the imposed boundary conditions and appropriate require-
27 - <
ments of continuity and differentiability. For the displacement formulation,
stress boundary conditions are satisfied as stationary conditions, while
22 ;
displacement boundary coaditions are of the imposed type. Thus, in the
present problem, the assumed-mode approximations to the functions ¢(x, y),

¥(x, v) and w(x, y) are required to satisfy the displacement conditions

@(x, o) =¢ (x, b) =0
Y(o, y) =¥ (a, y)=0 (3.2)
w(x, o) = w(x, b) =0
w(o, y) = w(a, y) = 0.

The above boundary conditions correspond to simply-supported edges and

vanishing core rotation on each boundary in the plane parallel to the panel

18
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edges. A suitable approximation is therefore given by the functions

Ml Nl mox otid
Px, y)=5 ¥ @ cos—— sin—%
sl el mn a b
Ml Nl n
Yix,y) =% v ¥ sinT X oY (3.3)
m=l nzl e B b
e m ot
w(x, y) = ¢ Yy W i ey et
m=1 n=l FE X b

Introduction of Equations 3.3 into the potential energy (Equation 2.17) permits
the direct evaluation of the integrations over the area, as described in
Appendix B.

By inspection of Equation 2.17, it is evident that terms of the form
2

a
fx
performed. By Equation 2.5, such terms are of higher order than the

2 . F : .
‘I’mn will appear in the energy expression after the integrations have been

desired quadratic, due to the dependence of Qe and afy upon the neutral surface

locations B and ey. Recall that the parameters e and ey, which are as yet

undetermined, are dependent upon the displacement modes; that is,

e

A ex(m, n)

e
y

The discretized energy expression can be reduced to the desired ocuadratic

e (m, n)
¥

form by the use of the substitutions

h =e
mn Xmn mn

(3.4)

k e .
mn ymn mn

An example of this substitution is given in Appendix B.

With these conventions, the potential energy is expressed in the matrix

X |TrA A
SR | i R e ¥ | B 9. 1% 1 Sl
P 2(X, T | A 3 2| X T r B X

AlZ 22 2 2 Elz

form

(3. 5)
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The construction of the matrices of Equation 3.5 is described in Appendix C.

3.2 APPLICATION OF THE PRINCIPLE OF MINIMUM POTENTIAL ENERGY

The variational statement of the principle of minimum potential energy

is expressed as

5np=0. (3.6)

The continuous displacement functions upon which np depends are in turn
specified uniquely by the conditions of Equation 3.6. For the discrete, linear
formulation, the potential energy Frp is a quadratic function of a number of

undetermined coefficients (see Equation 3.1),

fo=mf(c:j=l, 2, voor NJ.
o 5

The coefficients are selected by requiring that the gradient of this function

vanish:

—B -0;5=1, 2,...,N. (3.7)

For the present problem, the discretized potential energy (Equation 3.5)

is to be minimized with respect to the components of the vectors {XI} and {XZ}

Thus it is required that

[Au | Al.?.] 3 HI:Bn | Blz] Xl {o] 3.9
T A X T | B x, 1" }o
A, | 22 2 Bis 22 2

As noted in Appendix C, the matrices [BII] and [BIZ] are null matrices. Using

this fact, Equation 3,8 can be restated as
[ 150} + [ dfXp)= O (3.9)

[Alzjr{xﬂ H[a,,] (X} + BRI, )= 0 (3.10)
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Combining Equations 3.9 and 3.10 yields

)= -8, 'A%, (3.11)

and

([A,;) - [AIZIT[AHI'I[AIZ]){XZH NB,,1{X,}. (3.12)

Equation 3.12 has the form of a generalized eigenvalue problem, which can be
solved for the load intensity, ), and the vector {XZ }of transverse displacement

modes. The remaining mode shape coefficients | Xl}are then determined

directly from Equation 3.1l.




SECTION 4

NUMERICAL RESULTS

The numerical solution of Equations 3.11 and 3,12 is compared with a
number of existing analytical results in this section to confirm its accuracy.
Comparisons are made with experimental data, and the range of validity of

the linear analysis procedure is discussed.
4.1 SOME COMMENTS ON THE NUMERICAL SOLUTION

In performing the numerical solution of Equations 3.1l and 3.12, the
number of terms to be retained in the displacement functions (Equation 3. 3)
is generally dependent upon both the geometry of the panel and the type of

loading to be considered. A panel having an aspect ratio which is significantly

different from one, for example, may require a large number of terms for an
adequate representation of the displacement state. Likewise, the presence

of a shear load often dictates the use of a higher-order displacement approxi-
mation, since the deflected shape of the panel can be quite complex. For the
results reported in this section, critical compression loads are calculated
using M, = N =3andM2=N

1 1 2
shear loads or combined loads are based upon the limits of summation

= 6 in Equation 3. 3; solutions for critical

M1 = N1 = 6 and MZ = NZ = 8. The use of a greater number of terms in the
series for the transverse deflection is motivated by the fact that this is the
predominant mode of deformation; numerical experiments verify this fact.

Furthermore, increasing the limits M, and N1 has a significant effect on

1
computation time, since the matrix [All]' which is to be inverted, is of the

order 4M1N1 (see Appendix C).

4,2 COMPARISON WITH ANALYTICAL RESULTS

Numerical solutions obtained by the present method are compared with
previously published analytical results in Tables 1 to 3, Geometries considered

include sandwich plates, laminated composite plates, and cylindrical shells of
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both isotropic and sandwich construction,

Critical buckling loads calculated for flat sandwich panels are compared
with previously reported results in Table 1. The first example is a square
panel loaded in axial compression. The present analysis yields a value of the
critical load which corresponds very closely with the nonlinear finite element
result of Reference 28, The average experimental value obtained from four
tests reported in Reference 32 is Nxcr = -283, 3 1b, /inch, indicating that both
results are in error by about nine percent. The result of the present analysis
corresponds exactly with that of Reference 21 for the second example of Table 1.
This is to be expected, since the method of Reference 2l is a special case of
the analysis described here. The effect of a reduced order of approximation
for the core rotation functions (see paragraph 4.1) is illustrated by the last
two problems considered in Table 1. The solution for a pure shear load using
M1 = N1 = 6 and M2 = N2 = 8 with the present method agrees within one percent
with the eight-term solution of Reference 21; for the final example, involving
combined compression and shear, the difference in the two solutions is
insignificant,

Table 2 summarizes the calculated values of critical loads for several
orthotropic, laminated thin plates. The first two examples cited are taken
from the nonlinear analysis of Reference 28, The comparison of the present
results with those of the nonlinear analysis is very good. The second panel
listed in Table 2 also shows close agreement with the experimental value
Nxcr = -21.7 1b. /inch reported in Reference 29. A thin plate subjected to
a pure shear loading is the third example of Table 2. The calculated buckling
load is in agreement with the five-term Ritz method solution of Reference 24.

Solutions for the critical loads of cylindrical shells of isotropic and
sandwich construction are given in Table 3. The first case considered is
that of an isotropic shell, analyzed by a linear method in Reference 30. The
results correspond exactly in this instance. For the second problem, a sand-
wich shell loaded in axial compression is analyzed. A considerable improve-

ment is observed over the results of Reference 19 in this case, An analysis
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TABLE 1

SANDWICH PLATES -- COMPARISON WITH ANALYITICAL RESULTS

1 2 3 4
6
E 9.5 x 10 10.6 x 10° | 10.6 x 10° 9.5 x 10°
Ve .30 .30 .25 .30
te .021 . 025 « 025 .021
19000.
zec 50000, 4359, 19000.
Gyzc 19000. 20000, 4359, 19000.
. . 181 25 25 . 181
a 23.5 60, 10. 20.
b 23.5 20, 40. 20.
Loading Compression|Compression Shear i e
and Shear*
Reference 28 21 21 21
Nx = -411.5
Reference -307.5 -1025,.7 +1344, 3
Regult ny = 213V, &
N =-411.8
Present -309. 4 -1025,7 +1374. 1 N & i3
Analysis Xy E 5
*such that N = 3N
X Xy
24




TABLE 2

THIN LAMINATED PLATES -- COMPARISON WITH
ANALYTICAL RESULTS

1 2 3
6 5 6
A11 1.021 x 10 3.118 x 10 3,027 x 10
AlZ . 850 x 106 L1177 x 105 .091 x 106
AZZ 1.021 x 106 3.118 x 105 .303 x 106
A66 . 862 x 106 RVAT IS 105 < 2070 x 106
6 3
Dll 1.011 x 10 127. 2.523 x 10
D 6 ; 3
12 .842 x 10 4, 45 .076 x 10
3 3
DZZ 1.011 x 10 30.2 .252x 10
3 3
t . 109 . 055 . 100
a 11. 10. 20,
b 9.75 10. 20,

Loading Compression Compression Shear
Reference 28 28 24
Reference 745 19. 2 2194

Result =74 -19. 94.9

Present
Analysis - 745, 6 -19.1 +195.0
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identical to that of Reference 19, but neglecting the flerural stiffnesses of the

face sheets, is presented in Reference 33, By that method, a value of

Nxcr = -760 1b. /inch is obtained for the second case of Table 3. The last
example considered, a cyliadrical sandwich shell loaded in shear. corresponds
almost exactly with the numerical value given in Reference 16. However, an
experimental result of nycr = 227 1b. /inch, rzported in Reference 31, suggests
that the numerical solution is grossly in error. This discrepancy is due in

part to the depth of the shell, as discussed in the following sections, and to
difficulties which are typically encountered in experi-nentally maintaining a

true s—imply-supported boundary condition in the presence of a uniform shear

load.
4,3 COMPARISON WITH EXPERIMENTAL DATA

The present analysis has been used to predict the critical loads »f
cylindrical panels in axial compression for a number of known experimental
cases, e B A comparison of the analytical and exp:rimental results is
summarized in this section.

An important comment is necessary concerning the effects of differences
between the theoretical and experimenta! boundary conditions, and the impli-
cations of the present choice of assumed mode functions. In the experimental
studies reported in References 13 and 34, the loaded edges of the specimens
were attached to metal strips, while the unloaded edges were supnorted only by
loose-fitting wooden guides slipped onto the edges. Such a method of support
resembles the theoretical simple support provided the included angle of the
panel is small. However, for very deep panels, it appears that the experi-
mental edge condition is more flexible than the theoretical support condition,

since the analysis boundary condition imposes a rigid reaction in the

direction exactly normal to the panel. Both boundary conditions are pictured
schematically in Figure 3. In addition to this apparent discrepancy in the
boundary conditions, it is important to note that the assumed mode functions

(Equation 3. 3) employed in the analysis are periodic with respect to the




TABLE 3

ANALYTICAL RESULTS

CYLINDRICAL SHELLS -- COMPARISON WITH

E 1 x 107 1 x 107 4,19 x 106

xf

E . iz b0 1% ig" 4.01 x 10°

Y

Vaeyf .30 . 30 . 150

I .385 x 10 .385 x 10° St 1

te . 020% .010 .021

G e N. A, %% 10000, 32000.

Sue N. A 10000. 18300.

e N. A . 1875 . 300

R 50. 50. 21.94

e 34, 4° 34, 4° 128°

a 30. 30. 49,

b 30. 30. 49,
Loading Compression Compression Shear
Reference 30 19 16
Reference _81.0 _823. £630.

Result
APrese.nt _81.0 =773, +629,

nalysis

*Total thickness of isotropic shell

*%*Not Applicable
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circumferential dimension of the panel, so that the trial space of functions
disallows the accurate representation of deformations which are axisymmetric
in nature. As the included angle of the panel becomes large, the buckling
deflections can be expected to approach the axisymmetric deformations which
are typical of a full cylinder. For these reasons, the present analysis should
be expected to yield accurate results only for panels which are sufficiently
shallow that the form of the assumed mode approximations and the chosen

boundary conditions are appropriate,

—

The test data of Reference 34 are given in Table 4, with the corresponding

numerical results obtained by the presend analysis Ea f the experimental
specimens has aluminum face sheets, rang g oin ch and , 032 inch
in thickness, bonded to an end-grain balss thickness of
<125 inch*. The core shear moduli u.ed ! ' ased upon
average moduli = for the density range of 1} material,

and therefore are not exact, However, nunu shows that
an increase in the core modulus by as much as produces

an increase in the calculated critical load which s the order of one percent.
The lack of precise data for the core moduli is therelore not expected to be

critical to the comparison of numerical and experimental buckling loads.

The comparison of analytical and experimental results in Table 4 indicates
reasonably good agreement for panels having small included angles. Relative
errors in the calculated values range from 4. 5% (for € = 140) to more than
175% (for € = 42. 90). Furthermore, the least errors, for panels having large
included angles, are observed for those panels having the smallest overall
surface dimensions. This trend is significant in that the influence of the
experimental boundary conditions is indicated, since the smaller panels are

better represented by the theory.

*Exact dimensions for each of the specimens are tabulated in Reference 34,
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TABLE 4

COMPARISON OF ANALYTICAL VALUES WITH EXPERIMENTAL
DATA OF REFERENCE 34.

Specimen
No.

55-1
55-2
56-1
56-2

58-1

61-1
61-2

61-3

Length
a (in.)

29.0
29.0
28.9
28.9
41,1
41.0
41.0
59.9
70,0
59.9

69.9

Radius
Rc (in. )

63,2
63.2
59.9
63.2
51.0
48.3
517
77. 4
92.9
104.0

73.2

All specimens Aluminum faces on balsa wood core,

Ef = 10, x 106 psi, v = . 30, Gc ~ 10000. psi

Angle Xcr xcr
O (deg.) (exptl. ) (calc.)
17. 4 -165. -229.
17.3 -183. -231,
14.0 -220. -230,
1352 -200. -220,
46.3 -473. -687,
48.9 -430, -735,
45,8 -487. -699.
42.9 -518. -1432,
42,7 -170. -419,
32.6 -199. -353.
54, 2 -199. -484,
30
—




The experimental data reported in Reference 13 have also been studied
by the present analysis method. The test specimens are constructed of
aluminum face sheets, between .0l2 inch and . 032 inch in thickness, bonded
to corkboard cores. Pertinent geometrical data are given with the comparisons
of critical loads in Table 5. The relative errors in the calculated buckling
loads are seen to be quite poor for this group of specimens.

One important difference exists between the two sets of test specimens
described above. For the panels described in Reference 34 the core shear
moduli are approximately 10, 000 psi based on average values taken from
Reference 35, The moduli of the test specimens reported in Reference 13 are
between 320 and 15,000 psi, but fall primarily in the range 320 - 1000 psi.
Thus, the analysis procedure is more accurate when the shear rigidity of the
sandwich core is relatively large.

The relative errors observed for numerically determined buckling loads
in axial compression are plotted versus panel included angle in Figure 4. This
data includes the cylindrical panels from References 13 and 34, and two flat
panels (see paragraph 4.1) cited from References 29 and 32. A number of

conclusions can be made from this plot:

1. For panels having very mild curvature (included angles of approxi-
mately 15° or less), the linear buckling analysis gives reliable results
in most instances. The error committed in the linear analysis tends
to increase very rapidly past this limit, however. A similar limita-
tion is reported30 for isotropic shells, for included angles larger

than about 300.

2. The error in the numerical solution is the most serious for sandwich
panels having relatively weak cores. This suggests that the prebuckling
deformation may be more significant for weak-core sandwich, or that
the adoption of a linear displacement field through the core thickness

is unduly restrictive for such problems.
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TABLE 5

COMPARISON OF ANALYTICAL VALUES WITH EXPERIMENTAL
DATA OF REFERENCE 13

Specimen Length Radius Angle Nxcr XCr

No. a (in.) Rc (in. ) e(deg. ) (exptl. ) (calc.)
9114-17 29.9 23.8 29,2 -373. -1186.

61-1 70.0 92.9 43,0 -170. -421.

61-3 69.9 73.2 54,4 -199. -486.
1155-10 30.0 24. 4 28.6 -466, -1467,
9114-10 29.7 26. 2 26.4 -267, -773.
1463-25 29.4 22.9 29.8 -779. -2652.
1155-25 29.9 23,2 29.8 -776. -2024.
9114-25 29.8 27. 2 25,2 -479. -1096.
1155-6 29.9 60.5 18.9 -255, -475,
1463-3 29.4 23.6 28.6 -384. -1305.
1155-3 29.9 27.7 25,2 -289. -942.
9114-6 29.8 58.6 19.5 -132. -292.
9114-3 30.0 26.0 26.9 -225. -586.
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3. Scatter observed in the experimental values increases rapidly with the
panel included angle. This fact supports the previous comments
regarding degeneration of the experimental boundary conditions for

large included angles.
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SECTION 5

SUMMARY AND CONCLUSIONS

A method of analysis has been presented for the prediction of stability
of open cylindrical sandwich shells subjected to axial compression and shear
loading., The mathematical model is obtained from the linearized principle
of minimum potential energy. The total potential energy, consisting of
internal elastic strain energy and applied loads potentials, is formulated in
terms of displacements within the core of the sandwich. The Ritz method is
used to transform the resulting functional into a quadratic function of a set of
discrete parameters, which are then selected in such a way that the energy is
a minimum. The infinite sequences of eigenvalue and eigenfunctions for the
continuous problem are approximated by the finite number of eigenvalues and
eigenvectors thus obtained, the lowest eigenvalue corresponding to the load
intensity for which instability is first observed.

The analysis method described has been compared with numerous
existing results, both theoretical and experimental. Agreement with the
experimental results is shown to vary in a somewhat predictable pattern as a
function of the included angle of the panel, and to be influenced by both the
overall panel dimensions and the shear rigidity of the core. At least some of
the disagreement between theory and experiment can be attributed to the varia-
tion in experimental edge conditions, although further study is required in
order to evaluate the effect accurately. A few theoretical values obtained for
shallow panels with relatively strong cores are encouraging, showing relative
errors of five to ten percent based on test data.

The present study has demonstrated that while the linear theory of sand-
wich shell stability is restricted to a rather small class of geometric configura-
tions, it is possible to obtain useful results by respecting the limitations of the
theory., For deep shell geometries, it is evident that a more sophisticated
analysis, incorporating the effects of prebuckling deformation, is required.
Further study will help to define the limitations of the linear formulation with

greater clarity.
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APPENDIX A

STIFFNESS PARAMETERS FOR A LAMINATED FACE SHEET

The present formulation of stress-strain equations for the sandwich face
sheets follows the derivation presented in Reference 24. Each of the face sheets
is treated as a thin shell composed of arbitrarily oriented layers, subject to
the Love-Kirchhoff assumptions. Each individual layer is of uniform thickness
and obeys the generalized Hooke's law equations.,

Let (x, y) denote the structural coordinate lines of the face sheet, and
(1, 2) represent the principal orthotropic axes of a layer within the sheet. The

stress-strain equations for layer k of face f are given by

Foki i e 0 S e
1f 11f 12f G
k k % 4 k
<°2f Qo 2 P €2¢) A=k
Kk k K
T. 0 0 C Y.
where
PR k k
Gag = Epe /0 - Vo)
K k .k k K
Crae = M2eE 226/ 1 ~ Y ppVn¢)
k k Kk
Coze = E 226/ = VipVag)
k k
Ceer = Vis

Let the angle separating the coordinates (x, y) and (1, 2) be 0, and define
m = cosb
n = sinb

A transformation of the stiffness properties to the (x, y) coordinate system

gives
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where

Thus, Equation A2 relates the stresses and strains, referred to the structural

le;u |
Y

{ Q‘Z:
Q;Zi

)=

X
Qyes

k
Q
L 66f)

axes of the shell, in layer k of the face sheet.

"k e T N R
xf WE 12f T16f ‘xf
k k k k k
ot =] %2 D2 L <€yf >
k k k k k
evt] 196 Q261 Zess Lnyf
& = ] J
m4 ZmznZ n4 4mZnZ i
mzn2 {m + n4) mznZ ~4rm2nz
-m n -mn(m - n) mn3 Zmn(mz - nz)
n4 Zmznz l'n4 4mzn2
-mn mn(n - m ) m3n émn(nZ - mz)
mZnZ ~Zm2nz mZnZ (mZ o n2)2
¥ &

(A2)

By Equation 2.1l, the strains are separated into uniform and linearly-

varying components,

where z §

is the distance from the midsurface of the face.

( ek
xf

g . S
€ n
xf xf
o
= "
g <€yf ?+ z£§ vt 7
Yo "
f A xyf
J Tl A

combining Equations A2 and A3 is written symbolically as

e} - =]
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The result of

(A4)
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The stress and moment resultants for the face sheet are defined to be

t
f/2
k k k
(Np NN J=[ (gp 0, (RLEY
~t.
£/2
(A5)
iz
(Mg Myp M= [ e Lo et e
Stz

where the superscript k refers to the particular layer at a station z £ within

the integration. Integration of Equation A4 through the thickness with respect

to weighting functions 1 and =z f yields
o
E—[Af Bf] - (A6)
= e
Mf Bf Df i
The elements of the 3x3 symmetric matrices Af, Bf and Df are defined by
%2 i
N B S 1 , e A
(A Byjp Dip) { Aoz 200 dzid = 1,2 6 (A7)
f/2

By Equations A6 and A7, the membrane stress resultants and moment resultants
are related to the midsurface strains and curvaturss in a simple, concise

manner,
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APPENDIX B

INTEGRATION FORMULAS

The following formulas are used in performing the area integrations

of the discretized potential energy function:

fa sinmx sinmidx = 2 ¥
o a a 2 1)
J 2 COSE?COSJ?{—CIX s % i
(B1)
. L . 2 ..
an s'mlm\ cosm}idx = = - B
o a a 12 A
i -3 )
i et 2ai
fa coslm sinl——n\ dx = —Lal — a
o a a 2 2 ij
fij ~1i)
Here i and j are integer indices, and & _ isthe Kronecker delta,
1)
gl =0T
& = (R2)
B {o;:i#.

The operator A..is defined in such a way that, for any algebraic function X,
1]

X;i+j odd
XA, = (B3)
1'] o ;14 ) even.
The above definition is understood to apply also to the case where the function X

is indefinite, as for i = j in the last two integrals of Equation Bl

The mechanics of performing the integrations is best illustrated by a

simple example. Consider the first term of the potential energy (Equation2. 17),

2 b
f pal 2
Co —_— d <
L fEl ‘fo ‘ro ZAllf 0‘fxqb’x i

Substituting the assumed mode approximation (Equation 3.3) gives
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bf 1 1 Nl = y
Jn a 1, = o mo g sinmnx s.mnn X
1 o 02 Alf = = a mn a b
£=1 m=1 n=1
M1 Nl r T X nmy 2
sty —L P sin ™ sin™= 4% dxdy,
o wa rs a b fx

or, rearranging this,

: 1 M1 Ml -a miTx r1x Nl Nl bf
Tl—- }“EAIH » v Josin 5 sin a‘dx T o ‘f X
£21 ° *7 m=l r=l n=1 s=1 °
Ty STy rnrr2 2
n T
. P é -
il b i b dy aZ CLfx mn rs

Next, the integrations are performed according to Equation Bl. Using

Eiquations B2 and B3, the resulting expression is

2 M N mzﬂzb
1 f 2 52
Tl * & 2 Allf z z 4 cfo mn’
f=1 m=1 n=1 a

Substituting for lex from Equation 2.5, one obtains

2.2

2 M, N mTb
1 1 1 f st 2
T,= % 5A, T § —— (B® +2Be +ef )of
1 £-1 2 llt’m=1 e 4a f mn f f xmn xmn) mn’
2 2 2
It should be noted that the terms e ® and e @~ are expressions of
xmn mn xmn mn

cubic and quartic order, respectively, for reasons described in Paragraph 3.1.

Using the definition for hmn (Equation 3. 4), terms of the desired quadratic

order are obtained:




2 2

2 M N m T b |

60 2ty W | f[a2s2 , 2 |
Ty = 8 3Py T T o4 [Bf B s T PR Rt hmn] v ;;
f=1 m=1 n=1 |

The collection of the above and similar expressions into a convenient matrix #

form is outlined in Appendix C.




APPENDIX C

STIFFNESS AND GEOMETRIC MATEIX FORMULAS

Definitions are made in this Appendix for the entries of the elastic and
geometric stiffness matrices of Equation 3,5, The symbols ﬁij and Aij are
used as defined in Appendix B. The following notational convention is also
extablished: The superscript T, when assigned to an expression F(i, j, k, 1,)

is taken to mean
S R S
F (1’ s k’ 1) = F(kn 1) 1, J):

where i, j, kand 1 are integer indices.
The assumed-mode coefficients (Equation 3.3) are arranged in order

in the vectors

T
{o}” = | 2 ‘1’12"""1’11\:1’ <z>21,.......<leN1J
T
jel® = qun, Wsevernlin \1'21,.......\11MNJ
1 11
It elh o St
L 1T 12 N’ 21 MlNlJ -
T
ERE =] Sy Bl k21""""kMNJ
1 |
T
{w} =lwu, le’““WLNz, WZI,.......WMZNZJ.
The assembled vectors of unknowns (Equation 3.5) are then defined as
r -
{2}
{x tvl {x }={w} c2)
1}= ’ X = o WeE, (
fhn} ;
i}




g

Note that the dimension of {Xl} is 4 MlNl’ and that of {Xz}is M_N._.

M,
The elastic st}_ffness matrix is defined by - ‘
All AlZ A13 Al4 AIS
H W22 B 225
& [A] = £33 a3 A35 : (C3) ‘
L A44 A45
symmetric
A55_.

where the numbering AY refers to the ordering of the vectors of assumed-

13
mode parameters within {Xl} and {XZ}. For example, A is the submatrix ]

obtained from the products of q)mnhrs in the potential energy expression.
* The individual entries A]:jl of the submatrix Akl are given by
2 ab
11 7 C
aij = fz—l Bf Hl_f(m’ L zec c 4 Smrbns
2
12 2
aij f%l BfH3f(m. 1, Ty 8)
!
i 2 :
. 13
t aij =55 CfoHh.(m, f, Ty &)
i f=1
i
2
314 = Z CBH (m, n, r,s)
ij ol A
f=1
15 2 mnbc
= a t
aij f}:'l BfHSf(m’ el zec ¢ 4 Omrbns
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A TP R S AT

2 ab
22 2 c
aij = fi sfHZf(m, n, r, 8) + Gyzctc 5 rnréns
2
2
a..3= s CRH, (m, n, r, s)
ij £=1 ff 4f
2
a.%4= yCBH. . (m, n, r, 8)
ij ££ 2f
f=1
25 £ na
= = G —_— $
aij fi:lﬁfHH(m’ Be e B E yzc c 4 8 nrne 1
Z
33
a.. = ¢ H_(m, n, ©, &)
ij -1 1f
2
34
&y = ZH3£(m, n, r, s)
1 =1
2
3
a..5 = -y ¢ H {m, n, £, §)
ij £=1 £ 5f
2
af;.4 = R H_(m, n,; r, 8) 13
A H
t
2
a‘}.s = =¥ ¢ H_  (m, n, ¥, §)
ij £-1 f7f
&
55 _ 2 - n2 | T ab,
&, = TH (m,n 2 s)+lG &t =5 G _t === 5.8, (C4)
o g 9f e XzC ¢ a2 yzc ¢ b(Z: 4 mr ns

where the following definitions are used:
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1L bf nznza
Hli(m' ny Xy &) = Alu'—; t Abb{ 4:6f 5mr5ns
2

b (mz + rz)ns
5 A A
4A16f 2 2 T 2 Amr ns
(m” -1 Nn " -s)
B D 22
22f 22f \n 1 a
HZf(m' n, r,s) = [(AZZf +2 R + Z) 4b
£ Ry {
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66f 66f f
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2 2
% X tf : tf cf!( n]ZnZ“4 ab
— g t D —_— - mot— ——— —
1267~ BraSefe t Pragt By 2R B2 : 2,2 37 Snrebns
a
i

2
t t
_ B £ ct Z 2 2
4}[A16f 2" Pttt Plgrzn - P ”] - s
a
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£ 26¢
Fe| D e Bt Y % .
[ 2602 * “Paee Z(szt R, 5 TRt R )R = + 3
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AIUILS mrAns'
(me - 22)nl - a2 (C5)

The coefficients ali(j1 satisfy the symmetry relations

kl 1k
a,, = a,.
1 1)
such that the assembled matrix [A] is symmetric. The position indices i and j

are related to the indices m, n, r and s by
=N -1
a(m )+ n
=N -1) 4
G.(r ) S,

where

m, T2l Zeevy Maand ny 8 =1 &yeeey Na' a=1, 2, as defined in

Equation 3. 3,
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For convenience in the numecrical solution of the assembled matrix

equations, the elastic stiffness matrix is partitioned into blocks corresponding

to the vectors {Xl }and{XZ }, as

= AF 1 13 4 15

AT optte Tog o | A —‘
22 23 24 25

A A A | A |
All AIZ
33 34 35
A A ' A = —_— )] (C6)
T
4 5
A4 | A4 AlZ l AZZ_~

s 'm_m_et_ri_c______J{____
5k

L e 2T

This form of the stiffness matrix corresponds to that used in Equation 3.5.

Definitions of the entries of the geometric stiffness matrix are made
in a similar fashion. However, due to the assumption that the squares of the
derivatives of the insurface displacements are small in comparison with the
derivatives of the transverse slopes (see paragraph 2. 3), the submatrices
B.. and B__ are simply null matrices. The nonzero entries of B.27 are

1n 12 2
calculated from

2 & 2b
bZZ & N(o) 2P oS N 8N(o) mnrs A A c7
ij X xf 4a *mrins xyf 2 2, ¢ 2, mr ns]' (€7
f=1 (m -1 )n -s )

where i and j are related to m, n, r and s as noted previously. It should be
noted that the expressions N)S’)and N)(:,)f refer only to the relative magnitudes
of the applied loads, since the intensity of each load is characterized by the
single parameter )\ (Equation 2.15),

The entries of B22 may be restated in terms of a single parameter

for each load type by making the definitions
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2
Thus, the elements bijz are

22
22 m wb

= [
bij . Nx 45 ‘r‘mrﬁns 5
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