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ON RANDOM SEARCH WITH A LEAR N IN G MEMORY

Luc P. Devroye
University of Texas

Austin ,Tx. 78712
A new class of ra ndom search algorithms for minimum in which in the search for a new best esti-

stochasti c optimizati on is presented .The designer has mate ,only the very recent history of the search is ta-
the option to employ a learning memory in order to ken into account.This algorithm thus operates with a
reduce the cost of the optimization process measured short memory .However , over the lest five years two
in terms of the number of observations .The asympto— factor s in the design of optimization systems have
t iCQl propert ies of the procedure are discussed ,and changed .First , the computers have become very fast
new probability theoretical techniques are used in the and can handle very larg e active memorles.On the
proo f of convergence , other hand , the cost of taking measurements (i .e. cot-

I .tntroduction lecting data ,evaluat i ng a performance ,etc.) ha. gone
Let Q be an unknown real—va lued function on a up considerably because of the increased cost of man-

set BCE m where m �1.ln many applications , one is in— power .This has made the cost of the storage and pro—
terested in finding a w in B for which Q(w) is nearly cessing of data decrease relatively to the cost of ob-’
minimal.Becau se of the absence of any information tairsing the deta.This trend has been recognized by
regard ing the continuity ,d tfferent iablltty, smoothness several authors (e.g. (181) . So • one wants to develop
or unimodality of Q , or because of the special nature an algorithm which
of B (fo r exampie , B can be a countable set of Isole— (i)uses the available information as well as pos-
ted points from R m) , it is not possible to use a 5 t a ,e.g. },y storing the past observations and pro-
classical optimization technique such as the gradient cessing the data obtained during the search In an
method.. It is known that in such situations random intelligent way.
search can be successfully used (for a review of the (ii)guerantees that the best estimate of the minimum
I~~erature , see (1.2 ,3]) . converges , in some probabilistic sense , to the mini -

In this paper ,we are interested in the stoches— mum of Q.
tic optimization problern , tha t is ,Q(w) is no longer In this paper a statistical search method is
exactly computable but can be estimated If enough developed with a potent ially growing memory .The rate
observations are avereged.To be expliclt , it is assu— of convergence to the minimum is expected to be high
med that for all wc B ,one can observe (compute ,etc.) due to the learning behavior of the memory .Maciaren

(19] proposed , in a control engineering application , toY Y , . .where the Y are Independent random use a stochastic automato n with a variable structuren ’ n
variables all distributed as Y with distribution and a growing number of states to tackle a special

yd F (y)~~E (Yl .func tion F and mean Q(w)..$ 
~ ..., 

stochastic optimization problem.However , the conver-
Severa l people have tried the random search algo— gence problem for his method Is not satisfactorily
r ithms used in deterministic optimization with the re- solved while the field of applications is very small.
suit that there are as many heuristic random search Our appr oach does not resemble any other method
me thods as there are scientists studying the stochas- available in the literature and is partially modeled
tic optimization problem . on the learning process In the human brain. “Remem-

The most widely studied random search techni- bering exceptiona L facts ” , ‘fo rgetting the too distant
que for stochastic optimization is the algorithm of past” and “ averaging costs” are feature s that can be
Gurin (4] or one of its modifications (3 , 5],Gurin s recognized in the aigorithm .The theoretical value of
algorithm Is simple and can be used for general B the method is that it encompasses the well-known
and Q .Howe ver , th e task of proving the convergence random optimization method of Maty a s (20 ] for deter-

for the modified methods has become increasingly mi nhstic optimization as a special case.The emphasis

diffic ult. Fur thermore ,Gurin ’s method is very inefficient is on the new method for proving the convergence of

with respect to the number of measurements (obs.r- the algorithm in stochastic optimization prob lems.The
vat lons). I f  B I. a finite set of pointl ,on. can use techniques ,different from those employed in (4 ,5).de-

stochastic automata with a variable structure (6 .lJor pend upon some powerful probability theoretical in-

probabilistic strategy selection methods [8], rnost of equalities (22) .
which are proved to be convergent in some probabi- II . Problem Formulation
listic sense.ff Q sati sfies some regularity conditions, Let (J2,G , P) be a probability space and let
usually in terms of contlnuity. differentisbi lity and B be a closed set from Pm .L et B m be the c -algebra
unimodal ity , Local hill-climbing methods may be used . B
Most of these techniques are derived from the Kiefer- of all the Borel sets that are contained in B. We as-

Wolfowitz stochastic approximation algorithm (10 .11). sume that there exists a measurable mapping h from

the stochastic gradient algorithm ( 12-IS ]  and combi - (I2xB ,C xB~~) to (R .i) where B is the class of Borel

nations of these algorithms with stochasti c automats sets from R.Notice tha t for every w in Rm y..h(W ,%~â
a and random search ( 16— l7LFor inscance , if Q is con- is a random variable on (i1, G ,P) .We say that a col-

ti nuous and if the accuracy of the solution is of no lection
great importance ,one can always partition B Into a • ( F  Iw c B) (1)
finite number of sets and consider each set as a W
single point in a new space , t~’is reduc ing the prob— of distribution functions is a iandom enviroi~~!fl .t

tern to a finite optimization problem (see (9)) . with search domain B if B is a closed set from

The classical random search algorithm is a se— and if there exists a proba bility space (fl..G. P) and

quential procedure to update the best estimate of the an (OxB .CxB~’)-( R ,B )  measurable function h sUCh
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that for all yE ll , ç(Y)=F (u I WE.fl .h(Lw)ay3 .Notice and if e is e t for some t>0 with parameter L—0 , then’
e is determirtistt c ,Aleo , if e is Cthat if B Is countable , then such a probability space then C is C 5 for

and a measurable function h can always be found , all s’t.It should be pointed out that most environ-
Thus it makes sense to define a countabt y inftni~e ments of any practical interest are generalized gaus-
(finite) random environment as a countable (finite) coi- sian ,For instan~e , If all the F are gaussian with va-
lectton of distribution functlons.The reason of the de- riance a 2(w) ’a ,then C is J Wwj th parameters a andfinltion (1) is the following ,If Wis  any random vector D. I f  to all ~

‘ correspond probability measures thaton some j~.roba bhi ity space (J2’,~~’,P )  that is different W
fro m (.f1,~~,P) and W takes values in B , then Y=h(~ ,W) put their weights on [d 1(w) ,d2 (w)] where d2 (w)-~ 1fw)
is a random variable on the product of both probabi— gL , then C is generalized gaussian with parameters
t h y  spaces .Furtherrnore , j f W1,. - . ,W is any Se- 1/2 and L.In particular , if for all w In B , Y takes with

probability one values in [0 • 13 or (0 , 11, then C isquence of random vectors (all taking values in B)
that are applied to the envtronment , then there exists J with parameters 1/2 ana 1 .Such environment, are

often encountered in stochastic automata theory anda sequence Y Y of random variables (referred1 fl discrete optimization,
to as responses cf the environment ,measurements ,o~

_ The purpose is to find an optimization pro-
servations or rved losses ) where,given that cedure that generates a sequence of random vectors
W =w , .  . . , W =w (w E B , i=1,.... n) , the Y are in- W W ,. ..  taking values in B such that1 1  n n  I I 1  n
dependent and have distributi on function F .1—1 , . .. , Max(Q (W~) ,q 1~) tends in some probablUstic sense
n. Wi

We will refer to Q (w)=f Ydr
~

(y) — E
~ ~ 

,
~
,) to q as n-.. .Notice that we have to allow for theas the mm

possibility that Q(’W )cq for some n .Of cours., ifstochastic performance index .Q is by assumption a n mm
Borel measurable function from B to E.Except for B , W . . . ,W ,... were a sequence of hid random vec-1’ awe assume that there is no a priori knowledge about tors distributed as W ,then Q(W )~ q wpl for all a.e or Q.The stochastic opti mization problem Is to n mm
sequentially fi nd a value w in B for which Q is mini-
mal or nearly minimal . III. Optimization Procedure

Let (a  3 and (~ 3 be sequ•nces from [0 , 1]We assume that there is a random generator fl a
with support in B , i.e.a devIce for generating a se- with a + p si for all n ,and let (

~~
) be a sequence

querice W ... ,W ... of lid (independent identical-1. it ’ of positive integars .Further , let Z1, Z2 , . . .  be a se-
ly distributed) random vectors taking values In B and quence of independent integer-valued random variablesdistributed as W where W has a distribution function withG which is either known or unknown The minimum of
________________ 

P(Z — 13— s • P (Z . 0 )— B ,P(Z — - 13— 1 -a  -~~with respect to G is it it a a a n n
q • ess inf Q(W) (2)mm To start the seerch ,generate a random vector W8=W0where the essential infimum is defined as usual (2). having distribution function G.Given that W~=w , ,~Actua lly,q 1 is the unique number with the property

measurements are made ,say Y’ Y ’ ,all havingthat for all s>0 , P(Q(W)~ q~ j~_ e 3—0 and 1
distribution function ~~.La t the estimate of Q(w) beP(Q(W)~~q 1 +s), . O provided that q >-. .We remarkmm ye where

that if B is countable, say B=(w 1, w2 , . . . ) ,~ind G 0 y e —  ( E0 Y ’)/,~ (5)
i—i ,puts mass g1 at w1 such that Zg1—1 and 0~ g1~~1 for Let Y0=Y~ and N 0SN6= xo, where N 0 is the number of

all i , then q — m i  Q(w ) .In this case we see
observations that were used in compu ting the averagemm i:g1>O .The search procedure ConsiSts of generating twothat q is independent of C as long as every W~ s2quences of triples ,(W~ ,y* ,N~ ) and (W ,Y • N ) . n—mm

a n  it a n nreceives positive probability from C • 1 • 2 , . , .  where (We Y • N*)=(W ,Y , N ) . W is theWe categorize the random environments with 0 0 0 0 0 0 itj search domain B as follows , estimate at iterstion it of th. minimum in pm of Q.
(i) e is £ (determlnisli c ,noiseless) if for all W E B,  Y is the corresponding estimate of Q(W ) and N is

y ’.. Q(w) wpl (with probability one). tl~’e experience with W , that ma th. numb~r of obDsr-
(ii) é is e~ for some t>O with parameter Lc. if vations that were used1 in the computation of the es-

sup E
~~

( Y-Q(w) ) t )=~~p f y-Q(w) I
tdç(y) timate Y

a
a wEB wE B Let the search be at Itera tion n.The n W~ ~

s L < • (3) generated as follows .
(ill) e is j  (generalized gaussian) with parameters c (I) If Z =0 ,1st W~=Wa n n-i’and L (0~ cr’c. 0sL<.) 1! (11) If Z —1 , let W~ be an independent random vector

a
sup E

~~
(e ’

~~~
””3 ‘ .

.~~~‘2(1 -I)~~~ with distribution function C.
WE B (iii) If Z —- t ,W~ is arbth’ery with the restriction

for alt ~, with •I
~ 

(I.’ci. n i
If an environment is J then It certainly is C for all that P[W’~ 9 )—1 .
t>0.A deterministic environment is always ga~.a ssian
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Given that W~—w N~—A~ observations are made say Define tW~ ~~ j Ib) byn a n

n f l  a n n
,all having distrIbution function F

W
.LSI the 

(W e ye p4*) 1(W~ ,ye , N~) or (We ,ye ,Ne)e
estimate ‘~f Q(w) be (W 1,Y ,N ),1f S —1n i  n-i nye —a 1,, 1, L n  (6) i (W* ,y* NC) or (W* ,Y* ,Ne)a

W~ If Z I and how can the past observations be
Two questions naturally arise;( 1) How does one pick ~~~~~~~~~~~~~~ 

a a

it it if S —2 arid W~=W’~”used to aId in picking W*? (2) How does one find ‘I It i

(W ,Y ,N ) given (W*,y*,N*),1_O,I,,..,n and 
(W* ,y* ,N*) • i f $ —3 (9)a n n  a

n n it a a a where .if $ —i ,one either always merges or never mer-(W ,Y ,N )? We will refer to W as the ges and , if nS 2,one either always merges or never mer-n-i n-i n-I
basepoint and to (W •Y •N ) as t)1e base triple . ges.The merg’~ng operation can be randomized but this

a a it will only complicate matters now.The consistency in the
In Curia’s aPgorithm (3-SL to make the decision use of the merging opera tion and the fact tha t w and

n—iin answer to question (2) ,It is required that A ad-
ditional mea~~rements be made with W to ~~tain the W~~

1 .l~~
IsTa_i ,are pairwise unequal for all a are

an estimate 
~
‘a-i ~~ .The deciAloh is based Important factors in the proof of the theorem of COIl

upon a comparison between ~~
‘ and ~~* • that is , vergence givea below.
a-i it The next step is the decision whether to pick

W —W unless Y ~~~~~~~~ (where s >0 is a three- (W 
- 

,Y 
- 

,N 
- 

) or to select (W* ,Y* ,N *) as then a- n - i n n  a p 1  n i  n I  a n  a
hold) ,ia which case W aWC .However .valuable date new base trIple.Let D be a random variable takinga n
are waste d since Y is forgotten arid thus ,it is as values in (0,11 wheren D — 1 only if the old base
if N measurenteR~~ are thrown away at th. n-th triple Is updated at the n-1~th lteration ,Thus ,

n-i 
~1 I f S  — 1 or~~*<Yiteratioa.Therefore ,we will not require to make spe— D — it it n—i (10)

cial additional observations for the decision (2) , thu s “ (0 otherwIse
reducing the tota l cost of data collection , and — —

n Il
are memorized at time n where

‘(We ye 74*) ii D —iLet H be the data , outs lde the base tri ple , tha t (W ,y ,N ) — )  n n n ~ (11)a a 
~~~ , Y .74 )if D —0.n-i n-I it-i it

(W~ ,Y~ ,N~~ ) and where T is a nonnegative Integer The only thing that Is left is to obtain Ha

n-i a n n  avalued random variable.If T —0,then H is empty..If 
1~~, ~~~~ ~~ pairwise unequal , the following pro-

a it it from H and (W* ,Y* ,N*) .To make sure that W ” ana

T ~M c. for alt n ,we say &at the alg~rithm oper ates m
a fi ni te memory , If T e. as a-’— than we say cedure is suggested.it (I) If S — 2 and W*=VP ,remove (W~~’,~ 1 l) fromthat the algorithm operates with a growing memory .

We require that H be a measurable function of ~~~~~ ~ I

(11) If D —1 end S ~iI, add CW , Y • 74 ) to Hthe (W~’.Y;.N;).1=0.i , . . .,n  end that at alt times n it n-i n-i n-i n-i
W •W~,. .. are pai rwise unequal .Therefor .,T0—0 or add nothing at all.If D — 0 , add (W* ,~ *,~~*) toa a n nn 1 T
and T 5~ for aft ~~. 

Nfl_ i or add nothing at all.
‘We now continue the description of the algo- (iii) Any triple left in H after (ii) can be dropped

rithm.f’irst of all ,it is clear that in picking W~ if If desired .Droppmng X~~ riples corresponds to a
2 —- 1 ,w. can expect help from and (W,~~1. loss of memory but can sometimes be more econo-it

).Given (W*y * N*) (W ,Y .74 ) and mica!.Y ,N a a a n—I n—I n—I (iv) Relabel ~1l the triples left after (ill) so that ton-I a-
n-i ~~~~~~~~~ in two steps . all l~~igT 

~ n is the number of triples) there car-H ,ws will compute

First an auxiliary triple (W~.V~,R~) is obtamned.De- responds one arid only one triple (,~~,N
’).This

fine a random variable S,~ wher e relabeled sequence of triples is H~. 
add or to$ — i if W~—W The method of decid ing wheth

drop triples from H (in (ii),(iii)) is not specified.n-iif W~—W~~~or some Wrfrom H~_1 In fact this decision may depend in an arbitrary
$ —3 otherwise (7) fashion upon any inform ation available at the n-tbit

• Note that S is unlqu.ly defined since ~~~~~~~ 
iterstion .The decision may be randomized and can ,in

n-i i an extreme case , also be made through human inter-
W are pairwise unequa l .Defmne further th. ~ E- vention in the search process.

two triples ,(W ,Y ,N) end (W ,Y” N” L as fo l- Given (W ,Y ,N ) and H ,the above describedn a n  a
Iowa: procedure is repeated for n# I • that is • the generation

(W , Y , N) (W ,Y” ,N” ).’(W , (NY+N”Y’9/(N+N”) .74+741 of (W~~, 1
.Y* ~.N 

~ 
(see (6)), the computation oft (B) 

~ ~
e R’ ) ( ~Thus , th . experience of the new triple Is the sum of nel n+i ’ n’I’l ~ (7) , (9)) , the decision concerning

the exper iences of the component triples . (W 1,y 1,N 1
) (see (10-li)) and the determination
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of H~ ,1 (procedure (i) (iv)). A note is in order here concerning the merging
Remarks We no!e that the algorithm can be used operation in (9) .1! T is large and one goes throug h
______ ri-i
with 1’ —0 for all n.Notlce further that T0=0 and that the trouble of storing al l or most of the past observa-n
0’T ‘T ÷1 for all n.The memory can be labeled as tions ,it would be very inconsistent if no merging was

,~+l ~ used in (9).Further ,if merging is used In (9~,it isa learning memory either because the N’ are increa- wise to let Wk be equal to one of the ~~ .l~ isT
sing (In view of A -.. as n-.. ,or beca~ase of the 

n I n-i’

merging in (9)) or n because T ~~. as n-....Surprising- 
with positive proba~ittity, thus increasing the expe-

ly, the convergence of the alg~rithm is not affected 
riences of the Wr on the long run.If Tn Is small

by the finiteness or divergence of the sequence T . or zero,one can of course as well do without the mer-
ft

The undefined parts in the algorithm are gi rig in (9) .Thts  would simplify the algorithm consi-
(a) The generation of W’ If 2 ~ 

derably because (W* ,V*,f~*)=(W*,Y*,N*) and N~~X .11
n a r i m  ri n r i m  n n I(b) Steps (ii) and (iii) in the updating of H T — O for alt n , then it is easy to see that the only

a-i’ n-i
ft is up to the designer to use (a) and (b) to obtain thing to be memorized is (W _i,Yn_i ).The decision

high rates of convergence.Of course,some experimen- rUle (10—li) reduces to

tat know—how will be helpfui.Let us briefly discuss ~(W~’.Y~) if 1* < ‘1n n-I
the problems (a) and (b).We say that Q and B define ~

‘n”~n~ 
— j(W ,Y ) otherwise . 

(12)

an exhaustive search problem if for every finite sub— n-i n-I
In that case the algorithm reduces to the welt-knownset (w1 WL1 of B,the knowledge of Q(w

1),..., random optimization algorithm of Matyas (20].
Q(wL) does not convey any inforn~ation regarding the

value of Q(w) for any wEB,w
~
(wi wLJ.ln such 

IV.Theorem Of Convergence
problems,does it still make sense to store some in- Theorem 1 : Let B be a closed set from Vm and let ~
formation in H (i.e. ,to let T >0) ? The answer is be a random environment with search domain B.Let Q
of course nega~lve if the enviPonment is deterministic, be a Borel measurable mapping from B to P and let G
:~deed , tf the environment Is 4 , then it  Is clea r that be an arbitrary distribution function with support in a

wpl for all n.The only informatico that Let (°~). (Ba ) and “~‘~) 
be number sequences from

needs to be stored is (W .Y ) and it is not neces— (0,1] such that ° +B +y =1 for all n.Lat (x~J be an a n

sary to sample the basepoint (thus ,let 8 —0 for all 4 sequence of positive integers and let W •W be

Further,lf Z —i ,the best one can do is generate a sequence of random vectors from ~m whose distri—
W~ with dlustrtbution function G in B.Therefore ,if the bution is determined by the procedure described in

environment is deterministic and defines an exhaus- section III. If there exists a sequence (bi of integers
tive search problem ,we can let e ~ 1 and 2 =1 for all such that
n.In the random search lIterature~%his method is ca t— ~~~~~~~~~ (13)

led blind search (iLAssume next that the environment 0’b ‘n for alt n, (14)
is deterministic but that Q and B do not define an it
exhaustive search probtem ,e.g. because 8—pm and Q E B . , (15)
is known to be contlnuous.In that case it can be i—b
helpful to let T >0.[f ~ —-1 ,T —0 and Q is conti- a a

a n n-i 
2 

o -. . , (16)
nuous • one can let W* be gaussian with variance q i b  .~n n n
and mean W for the pur pose of local hill-climbing and the environment isn—i

(1)).If T >0,the distribution of We may be a mix- 2f.. J and(this method is referred to as creeping random search either 4 ~ .n-i n
ture of gaussian distributions with cente rs at W

— 
n—i 

for t�2 and in addition to the latter con-

end 
~~ ~~~~~~~~ 

. In order to sImultaneously dillon , nc t/ 7~~
’1 

(17)
climb separate local hills ,The same strategies can where c —a-b +1 and ~ ~

MLn (x
~~ .A b ~~~~

• , • •  ~~).thenbe used if the environment is noisy . i .e.not 4.But for it

noisy envlronments,even in case Q and B define an Max (Q(W ) q ) ~ q
- ‘  exhaustive search problem ,it makes sense to s~~ e n • mm mm I n probability . (18)

all the past observations in H~ on account of the f~~t 
The convergence In (18) Is with probability one if the
conditions (15-17) are replaced by (1S’ — 17 ’) :

n• that the are only noisy estimates ofthe Q(W~~) 
~ 

/ ~~~ n . , (15’)
for I—I ,. ..,T .In such case,lf Z =-l . one could for i—b .1 n~~ n 

‘
Iinstance define We C5 follows.Let M>0 be fixed and E ei / log n .. . , (16’)

consider those ~ W~~’1 that correspond to the M i—b
lowest values among the y~~~ , isI’T .Then let and the en~’ironment is either 4 or J andn-I
W~ have a uniform distribution over those Wr 1.The X b /C

fl 
tog a 

~ 
for t�2 end in addition to the

designer can for instance eliminate the other (W~~1, Ia~ er condition , t n C ~/’~~~ < .. ( 17 ’)

Yr,Nr’) from Hn_ i  so that T~~ M for all It . f~Q2f: Theorem I t s  proved in the Appendix .
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In some applications one is more interested in If the environment is 3 ,then (13—17) or (13-14 , 15’ —
the asymptotic behavior of the expected values of the 17)  bold if
measurememts , i.e . Q(W*), n_ i ,2 The following Max(o , 8) CM In( 6/2 , i ) ,  (24)
theorem holds true, a For this , it suffices that ° = 0— O and that 6>Q.The
Theorem 2 ;Let B be a closed set from pm and let e proofs of the sufficiency of (22-24) are given in the

Appendix.be a random environment with search domain B.Let Q V. Conclu sionbe a Boret measurable mapping from B to P and let G The theoretical properties of a large classbe an arbitrary dis~~ibution function with Support in B. of random search algorithms for use in stochasticLet (~ ) ,  (8 ) and ( y )  be number sequences from optimization are dlscussed .To actually obtain practi-n a
(0 , 1) such that ~ +1 +

~~ 
—l for all n.Let 

~~. 3 be a cal algorlthms , it is important to make the best usea n n of the freedom that Is left to the designer ,e .g.i nsequence of positive integers and let W~’, W 1 ,W~’.W2 , the choice of the sequences
be a sequence of random vectors from pm whose 

and

distribution is determined by the procedure described the procedure for the generation of W’ and in the
in section III . If procedure for updating the memor y coI(~tents H As

for most random search techniques , the class n0f) ,q  ) - .M ax(Q (W mm ~~~ 
in probability (19) random environments to be allowed Is very large.

and 
~ • (20) This makes the algorithm suitable as a basic bull —

di ng block for a widely applicable optimization pro-then gram in the computer library.Max(Q (W~~.q !~ q~~ in probability. (21) The designer has the option to use an a1-a mm
Proof : Let •>O be arbitrary and note tha t gorithm with a growing memory to reduce the cost

)c  ~~~~~~~~~~~~~~~~~ (Z/03 so that of optimization measured in terms of the number of
P (Q(W*)>q 1 + e)sP(Q(W )~q +s)+(i ’. Ø ).Th.orem observatlons.It Is pointed out how a growing memory

n-i m m  a can be useful even in exhaustive (but stochastic)
2 follow s from this inequality. (19) and (20) . optimization problems .In non-exhaustive search
Remark :It turns out tha t the convergence in probsbi- problems ,e .g . when B_Pm and Q is continuous ,other

procedures to extract information from the past ob—li ty o f Q(W* ) ,as In (2i) .normally is the str ongest servations should be studied .For instance , fur ther
possible mod e of convergence.lnde.d , it y 0 for all research is incouraged in parametric and nonparame—
n ,mt Is not always possible to i’~-~ure th.l t Q(w* ) tic estimators of Q that use the data that are cot-
converges wpl .This curious but ot ent irely sur~ ’ising lected during the search .
result is formulated in Theorem 3.The count.rsxaatple
proving Theorem 3 is given in he Append ix .The VL Appendix

Lemma 1 :Let Xresult in Theorem 3 ii not aL.solute in the sense that 1. ..., X ,X~ X’ be ild random,~n 2 •  afor special B and e it may be possible that Q(W
Ø

) variables with E (X 13=0 and E(X 1
’)...a <— .If S — Eaand Q(W*) both tend ~O q~~ ~ pi as it-... end S - E  (X -X’) , then

Theorem 3 :There exists a clornd set B from Pm ,. it i I
Borel measurable function Q from B to P ,a determinls-
tic environment e and a distribution function G with P ( ii (ISk/k I~ 

) )~~ ~ P(~S’ k i/2 k 1�il8]
k�n k�log~n 2 -

support In B such that for all sequences (e~) .( P J  2 >8g2 .and (y ) from (0 , 1] with a +0 —i and y —0 and for for all a and c> 0  with a
n it a a ~~~ff: Let ~Y denote the m edian of a random variabb

all sequences ( A )  of positive integers and for all Y.By P .Levy ’s symmetrizatlon inequaLtt~ and the
fact that if E(Y).0,then (~yI’(2E(Y

2))• algorithms fitting the description of section III .it is
impossible that p( ~, (~S~/k~~ c ) )  ~P( U (I(~ —~~),tI�*/23)

Ma x (Q(W’) ,q ) ~ q wpi. k�n k�na mm mm
For deterministic environments ,one can let b— i 4, 1~~ U ( I i ~ /k k /2 ) ) s

In the conditions of Theorem 1.The conditions of k�n
convergence then reduce to 2PC u ( I S~/kI�e/2 D1.P( u t(2c~k)~’k~~,23).

k�n k�na r B — . .
n— i , n— i • 

n The last term on tl~e right-hand Side of this in—
By a slight change in the proof of the theorem ,it can equal ity is 0 If ni /4>2c 2 .Arguing as in Loeve (21,

pp.25 2—253 ) .we have for 2k— l <~~~2k ,be seen that the condition E ~ =. can be dropped
fl

• altogether . IS~/nI=I(s~-S~ ~~/n +S k..l/nI
The conditions of convergence In Theorem I

k-ilook rather complicated .Let for instance or~_A/na,B~. ~Js ’ _S k,,l I”~ + IS’k-1 I/2
B/ri B and A1~

..Cn B where ~~ 0,B � O and 6�0.If the en- 
2 ( l S s

vironment is with t �2 , then (13-17) hold if 

n 

~ 2k-1 112k 
+ IS k l  1/2 k ) ,

Max (a ,B k M i n(6/2 ,(6 ( t— 1) -1 ) / t , 1) (22) By another application of Levy ’s symmetrizat ion in-
equal i ty,

a rid ( l 3— 14 , 15 — 17’ ) hold If P ( u (IS;/JI�c/2))
Max(e 0 )cM in ( 6 / 2 , ( 6 ( t — i )—2) / t  . 1), (23)
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2k Proof of theorem 1 :Let 1 >0 be arbitrary end let jb 3a c/4))  be a sequence of Integers satisfying ( 13- 17) , j f  c~ t (P( u k~~~
2 j 2

k_i I12 
n-b +l ,and W is a random vector with distribut io%k J— 22 an 

+ P (2 1S k_l I/2 ” a s/4 ) fu nc ~iion G ,then  we make the following crucia l obser-

~ E ( 2 P ( I S . k
_ S;

k,l I/2 k �(,g )+p ( I S ;
k l  I~~a~~

) vation where we use to denote the Indicator of
an event, nk 2 ( Q( W) > q  + i ) c [  

~
2 �n  It mm

n n= 3 E P (j S k-l I/2 ka.,l~ ) .  
u f L I~~ _ 0 3 aI )n( U ( t ~~-Q(%~~) t > c/4c 1kalog2n 2

i—b ~
Lemma 2 :Let X be lid random variables with a
E(X1)=O and E ( I X 1 I

t )~ Lc. for some t a2 .theit u ( n  (Q ( ’ ~)>q + s/2)) ) . (25)
l’ba,P(  u (J Sk IAa s 3)~ C1/.

tnh’l 
+ p2e C3 

First it is clear thatkan
for all n and e > 0  with n 12> 8L2/t where p (

i a n
C1=24 (1+2/t) tL8 t .C2= 12/ ( 1_ exp(_ l6e 2)) a rid 

~~~~~ 
~~~~Z~

_ 0 OI
~~

l’
~

( 1 0 m ) ‘exp(— z Bi
)
~~ 26)

i~b~% i~b
1/(32e t (2+t) L2~’t) . Also , n
____ P ( r i  (Q(W’)>qProof : From lemma Lan ~~~~~~~~~~~ Fuk and tie- i mm 

~~ i= i )~~~~~
”2)gaev [22 ,pp ,654] and E(X 1 3—c ‘I. ,we ha ve with a,, a,• S=X  4’ .. .÷X -x - . - .-x fl nn i a n+1 2n + P ( E I j2 ,.13> E a/ 2 ; ( ~ (Q(w ”)>q + s/2]]P ( U [~

Sk 1/kas))  z 6  t P ( I S k-l I/2ka.i~ )
~, 1.b~~ j ~~~ 

I rain
kan k �log2n 2 a

‘6 ~ 2(i+2/t) tL/((tj 8) t(2~ l) I
5 E e/2

~ i’bn,mkalog2n 
+ 2 exp(_2 et2k ( SAI ) 2/(t+2)cZ ) S(P (Q (W)>q~~~+ c/2 ,)

° )/c ‘- E ~ /2c~ ) .‘(C /Z.tnH) ~ (2 H)~
l
~+C2 (1_exp(_ IA6e 2)). 

i=b (2C1J ‘k—0 , 2 2k) n, a,~~exp( s
k alog2n~~ 

Using Bennett s Inequality (see ,e .g ,  (22]) arid the
z C1/e

tn~
1+(e Q31~t /~l_e <~3flh ))C2( l_ e ”146 e ) 

fact that by the definition of

• ~ C1/s
tnt 1+C2 

—C3ns = 1-B for some b0 , the right hand side of the last• e Inocuality is upper bounded by
for all ri with fl( 2 >8L2/t in view of e fh 2

re
_ 1 ~~ 

~~, 
arj/2 n 2 2 ‘~~~

_ 1i46 ~ W~ used the fact tl~~t for a ll a>1 ,b>I ••~~ (1-B) It’ ~ exp(-c ( E  a1/2c~) /(2o+~n i~b_bk _bK
/ (l_ a ). where 2 n a’ nK Integer , E a ~a

ka K c E a ( i - a )/c ~ E a/cLemma 3 :Let X X be lid random variables with i~b I ~ I it1 it a’ a’• E(X 1 3=0 aixi Therefore ,we can conclud e that
• E(e~~13 ~~eX~~~

/2(1 1”~~~for all A with IAIL .cI P(~ [Q (W’~>q 1 + c/23Jand for some caO and LaO ,then l’~

~C U CISkA � cJ 3 ~C4exp(-rt 12/cl28 c2+16 Li) ) ~ exp(..( e/2) ~ ~ ) + exp(— E °~/1 0 )  . (27)
for all nk~~ fld i>0  with n~

2>8c 2 ,where C4 — I~~ • i~~n n12/( 1—e xp (— 1/ 16( 1+Lc/8 a2)) 
~ • 2 

Next , n
Proo f :it is easy to see that E (X )=a2 .Note also that P ( u  ( I Y -Q (W1*) I > e/4c~ ) )

l=b ,f or  all n , by Chebyshev ’s thequsihy n n .
‘P(ij U ( IYiwe .v _Q wp I>s/4o~fl

~~~ ~~~b ‘
‘ ~~~~~~~~~~~~~~~~~~~~~~~ for all J A $ L < i c  n

a- - — I
With XL IL/c2(1+Lc/02),w! obtain ~n supP f U (IY(w.L)-Q(w)I>c/4c~]J

P(S /n�c)~ exp(—n, /2a2(I+cL/~
2)), wE B 1

~~b• The same bound is valid for P (S /n’ - c i  • so that by where Y(w , j.) — ‘f /~ and ~he Y1, �i ~n • are 1~d ran-a combina tion of bounds, i—i I
P ( I S  /n I � c ) s 2 ex p ( _ n c 2/2(02#L,)) . dom variables with distribution function F . Note thatft

By lemma 1 , for all n with n12 >8 c,2 , we used the fact that the merging in (9) W is consis-
t ently used and that for all n , the W and W’~, I~ i~TP( u ( I S k/k I a c ) 3~~

l2 ~~~~~~~~~~~~~~~~~~~~~~ are pairwise unequal . It I a
can k�log2 n From lemmas 2 and 3 we know that for all n let-

‘12 exp( ( s’9)2/2(c2+Le,~))/( 1~ e~~ ~ 4Lr ~~ ge enough

‘
~~4 exp(— n s 2/(128 g2 sup P,,,( U ( f r ( w .L ) —Q( w)I> c/4c fl ‘It flw E B

I
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where 0 If the environment is aI IT exp(-a. /(2-~~ )) a ~ 
ii e~~ c ~~ ~~ ct

/~~’~ + Iç~e~~iXbn~’
Cn if the environ- k-i , k— i ,

me nt is (t�2) and ~~ /c
2 �K 

where we used the inequality l-uaexp(-u/ (i-u)) for
4 0~u <i . Th is  proves (ii ) .Next .(~ exp(-K~~~ /(K7c 2+Y~c~) if the environ- P (Q (Wa) >*) � O P  (Q (w 1)> è) a 

~ 
e”y~

meat is 3 and Xb /% alc9~ 
and lim inf

and where K1, . . . ,  lç~ are positi~e constants that de— because the summability of the 
~ 

implie s that a !~0
pend upon c arid the parameters of the environment an~ B 1 .Thls and (I) show that It is impossiblee .g .L  and t it e is et with parameter L ,or L and ~,2 

that ~ Q(W*)~~q wpi.if the environment Is J .Le t  d=Mth( 1/ 10; B/2) so
that , after collecting bounds end res~ bstitutlon j~ Proof of the sufficiency of (22 -2)~~ :We display a se—
(25) ,we obtai n , for all n large enough , quence (c 3 with c — n—b +1 for all n such thata a na n

~ ~~~~~~~~~~~~ exp(— E B ) + 2 exp(-d E a1) ( 1 3— i l)  or (13-14 , 1S’ —1 7 ’) hold.Let c n-nY for some
i”b i-b , 0<y<1 .Because B<1  and a< 1 we hav’~ that

it a a+ ng~ - (28) E - fl y e and E B~Clear ly,(28) and (13— 17) impLy (18).The second part i”b
of the theorem follows from (28L( 1S’ —17 ’) and the Al$o , A~~ /c 2log n .sa~~

’2
~’/lognBorel-Ca ntel li lemma (2 1].Indeed ,tt IS easy to check

that for all c> 0 , and 
~ ~~ i+y t— 6 ( t— 1)

a It(Q(W )> q 4 . s ) < .  aE P n mm 11 (22) holds , then we can find a 0<y < l  such thatn—i
by a repeated use of the fact that for any sequence (13— 17) is satisfi ed for type e 1 environments with
(a I of nonnegative real numbers and any r>0 . t a2 .Similar [y ,(24) is sufficient for ( 13—17) and fora (15’ — 17 ’)for type 3 environments.Pmnally ,(23) Is suf—a /log a a if and only if ~ nte~

afl< ..This conclu- ficle nt for (13-14 , 15’-il ) for type environments .n—i ,des the proof of theorem 1. VII . Bibli ography
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