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1.0 INTRODUCTION

For missile seeker radars, the use of mechanically scanned antenna

systems becomes increasingly difficult as the requirements for the aero-

dynamic and electrical performance of-missiles become more demanding. One

possible alternative to the use of mechanically scanned antennas lies in the

direction of flush—mounted slot antenna systems on metallic cones or ogival

surfaces. These antenna systems would be inertialessly scanned in the re-

quired directions. Since scanning over a wide angular region is desired, the

• radiation characteristics, including the effects of mutual coupling on the

• radiating elements, must be investigated before the more detailed system

• aspects are considered . Those aspects of the problems that involve the

.• 
- antenna radiation characteristics have been examined.

~ For the purposes of this program, representative radiators integral

- with the surface of a 200 full angle cone were chosen a’ the mode].. The

• study has included a theoretical investigation of the radiation characteristics

~ of circutaferential and radial slots on the cone. X—band was chosen as the

system frequency.

Exact modal analyses have been implemented to compute patterns of

circumferential and radial slots on cones. The computed patterns have shown

excellent agreement with measurement of an experimental model with both

types of slots. The relatively slow convergence of the modal series and
I’

associated computational difficulties , however, limit the applicability of

the technique to slots relatively close to the tip of the cone. In addition

to the exact technique, various approximation techniques have been examined

for use in pat tern  calculations and in impedance calculations . These

- — 1 —
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include the approximate asymptotic approach and the equivalence principle

technique. The approximation techniques prOvide simplified computations as

compared with the exact technique, and are not applicable to all conditions .

A combination of exact and approximation techniques is generally required to

design or analyze an array .

The approximate asymptotic approach , which allows the separation of

the diffracted field and geometrical optics field , has been examined in

detail and the results were presented in the Final Report on Contract No.

N00019—74—C—0l27 (Bargeliotes , Villeneuve, and Kumiser, 1975) and Final Report

on Contract No. N00019—75—C—0l60 (Bargeliotes, Villeneuve~ and Kummer, 1976).

The investigation of the technique has been continued during thIs period .

It appears that the asymptotic representation of the Legendre function chosen

for the analysis leads to divergent expressions as the mode number rn is

increased, and hence limits the usefulness of the asymptotic approach in

the present problem . The computed radiation patterns of several azimuthal

modes presented in Section 2 verify the divergent nature of the asymptotic

expression.

The direct synthesis of radiation patterns of arrays on conical or other

more generally curved surfaces is a difficult problem. However, the application

of an equivalence principle allows the synthesis to be carried out by using

a convenient reference source located within the curved surface and by deter—

mining the fields of the reference source over that surface. From these

fields equivalent sources on the surface can be determined . A computer

program is being developed to apply this technique to a conical surface. The

new program will employ an improved element pattern over versions with an array

lattice identical to that used by the companion program for phase and polarization

quantization.
— •,—
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Radiation pat terns  from slot conf igurat ions on cone s have also been

computed by a conical array computer program in which continuously variable

phase shifts and cont inuously  ro ta tab le  polar izat ion have been int roduced.

Since real devices are usually digital in nature , digital devices appear to be

likely candidates for use in a practical conical array. Accordingly, the

computer program was modified to employ digital phase and polarization control

and a series of patterns were computed and compared with those obtained for

the continuously variable case.

The design of a conformal array on a cylindrical or a conical surface

requires knowledge of the mutual admittance of slots on such surfaces.

Expressions for mutual coupling of dominant mode slots on a conducting

cyl inder suitable for numerical computations have been found by the harmonic

series by Golden , Stewart and Pridmore—Brown (1974). Since the harmonic series

results in precise calculations of mutual coupling for the cylinder , the

cylinder is taken as the test model for other configurations.

For example , Golden , et al., have extended the harmonic series

analysis of the cylinder to predict mutual coupling of slots on a conical

suL~~~e for certain geometries . This is done by adding the t ip—diffraction

- - effects of the cone tip to results obtained from an equivalent cylindrical

model of the slots on the conical surface . The equivalent cylinder has

a radius equal to the radius of the circular cross section of the cone midway

between the two slot antennas.

The harmonic series as formulated by Golden, et al., contains a non-

~~~~~ 

. integrable singularity and in actual numerical calculations a small loss

tangent must be assumed in the expressions for the propagation constant for

free space. The a;plicabllity of tite harmonic series is also limited to
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relatively small axial slot separations since the expression is highly

oscillatory for large slot separations. An alternative modal solution for

mutual admittance has been obtained by Lee (1976) from the harmonic series,

cast in a form that does not require the introduction of small loss. The

integrand of the alternative modal expansion decays exponentially for large

slot separations instead of being highly oscillatory; however, the expansion

is not valid when the axial separation of the slots is zero. Thus the

self—admittance cannot be obtained. Preliminary calculations using the

alternative modal expansion indicate excellent agreement with the harmonic

series calculations even for small axial slot separations.

.5,
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2.0 RADIATION PATTERNS OF SLOTS ON CONES

Radiat ion pa t t e rns  of c i r c u m f e r e n t i a l  s lots  on cones have been computed

by the exac t modal series and are used to check the  accuracy of computa t ion

of similar radiation patterns by approximate methods. The approximate

asymptotic approach , for example, allows the separation of the diffracted

field and the geometrical optics field. The d i f f raction f ield is expre ssed

in terms of diffraction coefficients which are only a function of the angular

coordinates and do not depend on the radial location of the radiating element .

The diffraction field of any element location is found by taking the product

of the diffraction coefficients and a simple factor containing the info rmation

about tht’ location of the radiating element . In the following sections , computed

total and mode radiation patterns from the approximate asymptotic approach are

compared with corresponding patterns from the normal mode series . The ap~

plication of the equivalence principle in radiation pattern computation is

also discussed. In section 2.3, the e f f ect of phase and polar iza tion

quantization or the performance of a conical array are presented.

2.1 Mode_Fields of Circumferen tial Slots  on a C o n e

The total radiatior patterns of the nodal series have been compared

with measurement data of an experimental model and are in good agreement.

The modal series radiation patterns were also compared with corresponding

patterns from the asymptotic method and showed good agrec~ient as long as only

the first few modes of the asymptotic method were summed . As more modes

were considered in the computations , the values for the fields from the

asymptotic method Increased rap idly over most of the range of 9, rendering

—5—
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the asympto t i c  method qui te  inaccurate.  A f t e r  f u r t h e r  computations and

examination of the a sympto t i c  f ield expressions , it became evident  tha t

all three  types of f ie lds  (opt ical , t r ans i t ion  and d i f f r a c t e d)  diverge wi th

increas ing mode number.  This behavior precludes the accurate computat ion

of patterns by redefining the diffraction coefficients or eliminating the

diffraction coefficients and corresponding singularities of the transition

r ields for  higher order modes a l t oge the r .  Since the modal f i e ld  is obta ined

by summing the optical , the transition and the diffracted fields for each mode ,

the opt ical  f ie ld  mus t also be convergent with rn if the approximate  mode f i e ld

is to be identical to the norma l mode series mode f i e ld  of the same mode.

However , it may still be possible to use the diffraction and transition fields

of the first few modes and to neglect the remaining modes . It may then be

possible to combine these d i f f r a c t i o n  and t r ans i t i on  f ie lds  of the  f i r s t  few

modes wi th  the resul ts  of the geometrical  theory of d i f f r a c t i o n  to obta in

approximate  pa t t e rns . The reason fo r  th is  may be seen by examining the  exac t

modal f i e lds .  I t  is apparent  t h a t  the e f f e c t s  of d i f f r a c t i o n  are sig n i f i c a n t

only in the f i r s t  few modes and the  exact  modal f ie lds  themselves decrease

r ap id ly  in the t r ans i t i on  reg ion (9~~ -1T—90). Therefore , the higher order

diffraction and transition modes are not significant. Thus they may be
4

• neg lec ted , and the  f a c t  tha t  the  a sympto t i c  expressions for  these  f i e lds  give

incorrect results does not matter , since it is not necessary to use them to

approx imate  the r a d i a t i o n  p a t t e r n s .

.5 
The exact modal fields were examined by observing the relative

magnitude of each mode prior to sequential summation. The unnormalized

mode fleids of the first few modes of the ~iodal series are shown in Figures 2

—6—
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and 3 for  the  9—pola r i za t ion  and Figures 4 and 5 for the $—polarization~~~
For the E

9 component the mode field drops off quite rapidly as rn increases and

is of significance only at the broadside reg ion (9 = 80°). The m = 5 mode ,

for  example , has an average value of about —24 dB f rom 9 = 40° to 9 l40 0 and

about 1 dB ripple from 9 = 40° to 9 = 70° . Outs ide  th is  range of t h e t a , th is

mode c o n t r i b u t e s  very l i t t l e  to the to ta l  f i e ld .  Likewise , the  e f f e c t  of the

h igher  order  modes become s less important  except near the broadside region.

Thus , the h igher order  modes can be e l iminated f rom the computa t ions

comple te ly ,  except , perhaps , at the broadside region.  The E~ component mode

fields show similar sharp drop—off as the E
9 

component near the 8 = iT —

and near the  9 = 8 regions . All modes show a minimum in the v ic in i ty  of

9 = 90 °. 3elow 9 = 25° , the con t r ibu t ion  of the modes to the to ta l  f i e l d

is decreasing witn increasing mode number rn. At 9 = 165° , the m = 3 mode seems

to c o n t r i b u t e  the greates t amount to the t o t a l  f i e l d .  The m = 7 mode is at

a level of approximately —30 dB throughout the whole range of 9.

In Figures 3 and 5 , the mo4e f i e ld  of m = 9 as computed from the

a s y m p t o t i ( -  expressions is also shown for  the  and E
,~ 

components , re-

spectively. It is evident from the curves that the E
9 

node f i e l d  f rom the

asymptotic express -ions is approximately 25 dE avove the modal series field

at the broadside region and considerably hi gher everywhere else. Similar

t behavior is noted for  the E~ mode f i e ld s  of F igure  5 except the difference

between the two different patterns at the broadside reg ion is not as great.

• Mode fields from the asymptotic expressions were also computed with only the

(A) The usual spherical coordinate system is employed as shown in Figure 1.
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first term in the approximate representation of the Legendre function, but

• the convergence problem was not improved significantly. The m = 9 mode

field was also comp uted by a direc t Ces~ ro sum of the series in the dif-

fraction coefficients and without the singularities of the zeroth—order

and first order transition field functions T(u) and U(u). Again the computed

mode field using asymptotic expressions did not approach the field obtained

from the mormal mode series.

2.2 ~pplication of Equivalence Princij~ ,-~

A compu ter program is presen tly being wr itten to ob tain appr oxima te

radiation patterns from slot arrays on cones using the equivalence principle.

This program is a modification of a Basic language program developed previously

(Kumnier, et al., 1973). It will use an improved approximation for the slot

patterns , similar to that used in the computation of the array patterns pre-

sented in this report. The reference patterns that will be approximated in

the app lication of the equivalence principle will be those of a planar array

that would fit within the cone. This choice of reference pattern insures

tha t the conformal surface is suf f i c i en tly large to be capable of providing

a good approximation to the reference pattern . The difference between the

syn thesized pa ttern and the reference pa ttern should then res ul t mainly

from the discreteness of the excitation on the cone and from the use of approxi—

mate slot patterns . If exact patterns of the slot were used the pattern dif—

fereuce would be essentially due to the discreteness of the excitation.

The program will be capable of orienting the reference pattern in any

direction from the tip direction to normal to the tip direction and of

—13—
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-t adjusting the polarization at any angle from vertical to horizontal. Thus,

the capability of the conformal array to steer a beam of fixed beamwidth will

be demonstrated and at the same time excitations required to provide such

operation will be determined .

2.3 ~~~ntization Effects on Conical Array Performance:

The conical array computer program that has been used previously to

compute patterns from several slot configurations on cones has been modified

to simulate the use of digital phase—shifters and digi tal polarization—
*

rotators. In its original form o.f the program, the polarization of each

element was rotated in such a way that no cross—polarized energy was radiated

by any element in the direction of the peak of the beam. This condition ,

of course , can in general be met at only one point in the far—field patterns ,

and cross—polarized energy will exist elsewhere. Even satisfying the condition

at the peak of the beam in a practical antenna using crossed slot (or equiv-

alent) elements requires the use of a continuously adjustable variable power
.4

divider between the two orthogonal parts of each element.
I-

4 The phase shifters, as well as the polarization rotators, will be digital
1
, devices in conical array systems . Modifications made in the program allow

-Si
- quantization at any number of bits desired in either the phase shif t or the

• polarization rotation. With these modifications a series of patterns has

- - been computed . In most of the computed patterns , 4—bit devices have

‘~
4 

____

1~ 
• * The listing of the program and an explanation of many of its parameters

may be found in Appendix A of the Jan 1, to April 1, 1973 Quarterly Report ,“Dynamic Impedance Matching in Conformal Arrays”, Contract U00019—73—C—0l27.
The Final Report, “Conformal Antenna Arrays Study”, Contract N000l9—72—C—0212,
January 1972 to January 1973, has a compilation of many of the computed
patterns.
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been assumed for  each func t ion; however , some of the results indicate that

3 bits may be adeq uate for  the phase sh i f te r . In a composite digital  phase—

sh i f t er /polar iza t ion—t ota tor  described in the Appendix , two 3—bit d igi tal

phase sh i f t e r s  in a parallel arrangement produce both the effects of a 4—bit

digital polarization—rotator and a 3—bit digi ta l  phase—shi f t e r .  The patterns

resulting from the use of this device have not yet been simulated in the

computer program .

The element configuration used for computing this series of patterns

had a total of 432 crossed slots . Their phase centers were arranged in a

staggered fashion similar to that shown in Figure 6 with the exception that

48 generatrices were used instead of 32 to bring the elements closer together

in the circumferential plane. The generatrices in the 432 element config—

uration are spaced 7~~~50 apart in ~ starting at 3
~~ 750

•

It is apparent from Figure 6 that if the beam is pointed in a direction

in $ that is coincident with one of the generatrices that the elements will
tend to be symmetrically disposed in relation to the beam point ing direction.

Symmetry also tends to hold if the beam is pointed half—way between two

generatrices , although to a lesser degree . Calculations to observe the

ef fec t s  of polarization— rotation quantizat ion showed that these symmetries

tended to mask the expected degradations in pattern characteristics. In an

effort to avoid the symmetries, and to calculate the worst case, beam pointing

directions in ~ were chosen that differed from the angles of the generatrices
4.

by 1/4 of the angular separation between generatrices . Four such angles were

determined and used for computing a series of patterns. The angles were

~ 
— 5.625°, 9 •3 7 50 , 13.125° , and 16.875°, and encompass a variety of

asymmetries that should include the worst case.

* In this section 9~ , 
~~~~

‘ 
refer to the beam pointing directions .
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A scan angle of G = 31.0° was chosen as being a typically d i f f i c u l t

beam point ing d i rec t ion  for  the conical a r r ay .  was held at this  value

for each of the four scan angles in e~ mentioned above . For each bean point ing

direction in ~ a ser ies of 8 pa t te rns  was computed . Four of these were

cu ts (
~ = constant) for a Q polariz ed array and prod uce d i f f e r ence  patt erns

in the longitudinal plane . Four of them were T cuts with T~~ 90° for a

polarized array produce difference patterns in the circumferential plane.

(See Figure 17). Of the four patterns for each cut , one was a reference

pattern with neither polarization-rotation nor phase quantization , one had 4-bit

polarization-rotation quantization only, one had 4-bit phase quantization only

and the last one had both 4-bit polarization-rotation and 4-bit phase

quantization.

The results of these patterns are summarized in Tables I through IV.

In the tables four quantities are recorded for each pattern , (1) the sum

pattern nominal gain (the values given are relative gains only and are not

intended to give an accurate estimate of array gain), (2) sum pa t te rn  1st side-

lobe leve l (or shoulder , in some cases), (3) sum pattern cross-polarized

component (this is the highest value attained anywhere throughout the pattern

and is given in dB below the peak of the sum pattern), (4) the d i f ference

pattern null depth (also in relation to the peak of the sum pattern).

A survey of the results shows that quantization effects are not severe,

especially with regard to the degradation of the null-depth of the difference

patterns. The null depths are consistently lower for the ~ cuts than for the

1~ cuts for reasons that are not clear. Computer round-off  error as well as

* In this section Q~,, 
~~~~,
, refer  to the beam pointing directions.
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the d i f fe ren t  principal polarizations of the two cuts may be factors. The

computer program needs to be fur ther  modified so that it will compute dif-

ference patterns in both principal planes for either 9 polarized or

polarized arrays.

The tables show that phase quantization at 4 bits has very little effect

on the patterns . It shows up mostly on the 18:: sidelobe level , and in the

cross-polarized component. I t  appears thz t 3-bit phase sh i f ters  may be

adequate for this array with its relatively large number of elements.

A complete set of patterns for the 9•3750 
beam poi n ting di r ection

is given as being representative of the 4 sets. They are presented in

Figures 18 through 33 at the end of the Appendix . A st ud y of these pat terns

indicates that degradation due to quantization of the polarization-rotation

and phase shif t  is not severe.

- 
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10 MUTUAL COUPLING CALCULATIONS OF NARROW CIRCtJMFERENTIAL
SLOTS ON A CYLINDER

Expressions fo r  the  computa t ion  of mu tua l  coup l ing between c i r c u m f e r e n t i a l

s lo ts  on a cy l inder  have been found in terms of cy l i n d r i c a l  harmonics  b y Golden ,

et a l .  The harmonic series resul ts  in precise calculation of mutual coupling

between two s lots  on a cy l inder  and i t  can be used to check results from

approximate asyptotic expressions using the Geometrical Theory of Diffraction •

The pertinent geometry of the circumferential slots on the cy linder is shown
in Figure 7-

p

- 

R . ~

I I

- Figure 7 - Circumferential Slots on the Surface of a Cylinder •
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The harmonic series has been used to calculate self and mutual admittance of

circumferential slots on a cylinder. Th~ results of computations for two

different types of slots are presented in the following section. In section

3.2 , some preliminary results of the behavior of the input admittance of a

slot in a planar array environment are presented .

3.1 Nutual Admittance Calculations of Circumferential Slots.

In :he harmonic series approach , the stationary formula for self and

mutual admittance of two slots is expressed in terms of the Fourier transforms

of the surface magnetic field and the assumed dominant mod e aperture electric
12 TT

field , E~ 
V0 ~~~~~~~~~ cos ~~, where V0 is the tr?rminal voltate and a,b are the

dimensions of the waveguide , as shown in Figure 7.

The admittance between the two slots is given by equation (8) of Golden ,

-
5 

et al., (1974) as

Y
j i j

°° 
~~~~~5 

~ (m ,k2
) Y( m ,k )  e -j(k2z0+ m~0) dk

~ 
( 1)

-s 8n p0~~~~ m~—00

where ~i(m ,k5), and Y(m ,k )  are given below equation (8). The quantity z is

the axial separation of the slots and is the azimuthal slot separation.

Ag it can be seen from equation (1) the integrat ion with respect to is of

infinite range and the exponential factor e
_j
~
(0Z0 is highly oscillatory for

• large axial separations• The above characteristics limit the usefulness of

the expression for mutual admittance calculations to axial slot separations

of a few wave lengths.

- - --— — —— — -~ - —- ~~~~ -~~- - —  ~~~ -5——- ——--—-~~~~- . - —.----- -
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The computer program describing the harmonic series* has been used to

compute mutual admittance of two circumferential slots on the cylinder as a

function ot axial and azimuthal slot separations for cylinder radii of 1.991” ,

3.777” and 6.0”. The original computer program has been modified in some

respects and has been excuted successfully on the Control Data Corporation

7600 computer. Initial computations were made with a O.69A x 0 3lA rectangular

slot at 9 GHz.

The progranmied expressions have been normalized to the characteristic

admittance of the feed waveguide.

I 1/2
Y g = Y0 ~~

i — (iç~~
) where Y0

and k0 is the free space 
wavenumber. The integration is performed over the

normalized independent variable range of 0<k
~ /k~~~4 since the expression

for Y1~ is an even function of k
~
. The sufficiency of the integration range

is determined by looking at the self or mutual admittance calculations starting

at a specified value of k/k and noting the change in its value as the in—

tegra tion range is extended incrementally . For the cases considered here ,

i .e . ,  cyl inder  radii  R = 1.991” , R = 3.777” and R = 6 .0” , the integrat ion range

extends to k
~

/k 0 
= 8.5 for the last case. The convergence of the harmonic  series

is s imilar ly checked by not ing the change in the  admi t tance  as the number of
5--.

5_~ terms in the series is increased fo r  the spec i f ied  i n t e g r a t i o n  range . It was

—s found that approximately 70 terms were required for proper convergence of the

harmonic series. For larger cylinders both the integration range and the number

- 
- of terms in the series may have to be increased .

~1hen k~ 
k
0,non—integrable singularities are introduced in the expression

of Y(m ,k )  of equa tion (1). Because of these singularities , it is necessary to

assume tha t  f ree  space has a small loss t a n g e n t .

* Original program courtesy of Dr. Gordon Stewart , Aerospace Corporation ,
• El Segundo, California
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Variation in this loss tangent produces small changes in which are neg-

lig~ble. For small separations, Y12 is unaffected by the loss tangent , but for

larger angular and axial separations the loss tangent can affect Y12 signif-

icantly. Figure 8 shows the effect of the assumed free space loss tangent on

the calculated self and mutual admittance for a 6” redius cylinder and axial

slot separation of 16 inches.

Table V shows calculated values of self and mutual admittance of slots

on a 6” radius cylinder with 16 inches of separation. The integration range

is divided into two sub-ranges , k
~i 

and k
~2 

with corresponding step-size

Ak and Ak . In the present calculations k has been specified at 1.5zi z2 zI

an-J A k  = 5 A kz2 xl. As can be seen from the tabulated values , the admittance

values are changed significantly when the step size is reduced by 25% for a

specific number of modes in the series. The tabulated data also show the

effect of the assumed loss tangent of free space.

}lutual adnittaoce values between circumferential slots as a function

“I5 

-

of axial separation are shown in Figure 9 for the cylinder radii indicated .
— -1

Dhase angle data are tabulated in Table VI . It is evident from the curves from

the Stewart—Golden program that the coupling is increasing with increasing

curvature .

Calculated values of mutual coupling coefficients for the circumfer—
-‘- 

*
ential slots considered are shown in Table VII together with measured values

for the R = l•991” case. Measured and calculated values are in very close

agreement. It is concluded that the computer program gives accurate results

for up to six inches of axial slot separation.

* CourteSy of Dr. Gordon Stewart , Aerospace Corporation , El Segundo , Californ ia.
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20 log 15 12 1 
— 

20 log

Z in.. R—l .991” R—l.991” R— 3.777” R~ 6.0”° Calculated Measured Calculated Calculated

0.5 —13.29 —13 .1 —13.36 —13.41

1.0 —17.12 —17.3 —17.36 —17.48

1.5 —20.1

2.0 —22.18 —22 .2 —22.68

2.5 —23.8

3.0 —25 .26 —25.1 —2 5.94

3.5 —26.3

4 . 0  — 2 7 . 3 1  — 2 7 . 5  —2 8 . 1 6  — 2 8 . 5 3

5.0 —29.06 —30.04

5.5 —29.71. —29.9

6 —30.35 —3 1 . 4 4

7 —31.47 32.67

8 —32.59 33.92

9 —33.37 —34.75 —35.38

12 —37.90

16 —3 7 . 6 5  —40 . 34

Table VII. Calculated and Measured Mutual Coupling of Circumferential Slots
on a Cylinder at 9 G}Iz.
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The mutual coupling calculations with the O . 6 9 X  x 0.3lA slot indicated that

a stronger coupl ing exis ts be tween two ci r cumferen tial slo ts d isplaced al ong

the Z — axis than between corresponding slots on a planar surface. To further

substantiate this phenomenon , additional computations were made using a narrow

half—wavelength slot (0.5A x 0.01)’.) at 9 GHz. The narrow slot was proposed by

Hans-en (1976), since such a slot is more representative of the type of slots

used in many slot a r r a y s .

Additional constraints on the computer program are imposed for this

calculation. For example , the na~-row slot requires considerably more modes

in the harmonic series before convergence of the series is realized. Also , the

integration range must be extended. The i n t eg ra t i on  range required  was again

deternined by observing the change in the calculated self admittance or t~uLual

admittance as t he  integration range was e~:tended incrementally past a specified

va lue  of k / k . Figure 10 shows the effect of the  integration range on the

self admittance (Z= s”, 
~~~ 

0°) for the three different cylinder radii

cons idered .  Figure  11 shows the mutual a~1mittance as a function of the in-

t egr at i o n  :an ~ e of two slots on a 3 . 7 7 7 ”  radius cylinder displaced 8” along

the Z--~ixis. The oscillatory behavior of the mutual admittance for large

axial displacements of the slots is clearly evident. The svlf admittance , on

the other hand , shows an asymptotic behavior for all th ree  cases considered .

As in the previous  ca lcula t ions, f ree  space is assumed to have a small loss

tangent (tan 6 0.0025)

U-i t  i i i  ad mi t t a n c e  compu ta t i ons  fo r  the  na r row slot were per forme d wi th

80 nodes in the nodal series and minimum acceptable in tegra t ion range . The

consideration of additional harmonic modes and extension of the integration

range greatly increase the cost of couputation and seemed unwarranted for

— 32—
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the  small improvement  in the  f ina l  resul t at t h i s  t ime . Fi gure 12 shows once

again  the s t ronger  coupl ing  between the  a x i a l l y  displaced na r row slots  on the

cylinder with increased transverse curvature (small radius). This phenomenon

has also been confirmed by Lee (1976) using an alternate modal solution and

also an asymptotic solution. All mutual admittance results between narrow

slots are unnormalized .

Mutual admittance curves for axial separations of 0”, 2” and 4” ar e shown

in Fi gures 13,14 , and 15 f or cylinder radii of 1.991” , 3.777” and 6.0” , r espec-

tivel y. In all three cases a stronger coupling is noted for large azimuthal

slot separations and large axial separations . This is opposite to wh at

happens for small azimuthal separations. In the v i c i n i ty  o f  $ = 100

and particularly for the Z = 0” cases , the ca lcula ted values are somewha t

higher than expected. This region , however , represents the condition of over-

lapping slots and is not a practical case. For the cases considered , the

overlapping regions occur when < 18.33° for R = 1.991” , < ~~~~~~~~~~~ fo r  R 3.777”

and = 6.26° for R = 6.0”.

The phase iaformatlon of the mutual admittance , ca1cul~ tions for tie

different cases considered is tabulated in Tables VIII and IX.
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Table VIII. Mutual admittance of .5A x .OIA Circumferential

Slots on a Cylinder for øo O~.
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3.2 Active Admittance of Planar Array Elements.

In order to be able to select the most appropriate method of comput-

ation for a given configuration , it is desirable to know what effect the

accuracy of computation or measurement of the mutual coupling has on the

active admittance since mutual coupling of slots on a cylinder can be calculated

by various approximate methods • Some methods result in more exact calculations

than others; also the degree of cot~plexity in the numerical compu ta tions varies

wit!’. the method selected .

A planar array computer model of half height X—band waveguide slots

was selected for the admittance calculations . It was felt that the result

obtained for  the planar case would indicate the accuracies required fo r  the

cylindrical case. Hutual coupling coefficients of a 20 x 40 element array

were computed by an existing planar array computer program assuming dominant

mode incidence on the aperture. The program utilizes mode matching techniques

at the waveguide aperture ; ten waveguide modes and forty—five space modes

were assumed in th e calculation. A triangular lattice configuration as shown

I
in Figure 16 was selected for the model .

The admittance matrix , [ Y ] ,  may be determ ined from

[Y] = [E u ]  - ES] ] [[UI 
- tsi]-l (2)

where [-S I is th e scattering matrix defined by th e mutual coupling coefficients

-
, and Eu ) is the identity matrix. Conversly ,  the scattering matrix may be found

Iron tile admittance matrix from the expres sion

ES] = [[u] + ~~] _ 1 [E u] — [ ‘1]
] 

(3)
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Once the admittance matrix is determined from equation (2), the active admit—

* tance of the jth element of the array is given by

active = 

~~ ~~ (4)

The effect of the accuracy of computat ion of the Y 1~ s on the active

admi t tance  may be evaluated by introducing a small random varia t ion  (magnitude

and phase) on the of equation ( 4 ) .

Sone pre l iminary  calculations were mad e with a 19-element array in the

conf igura t ion  shown in Figure lfj. The active admittance of th e center element

of the array was calculated after introducing three, f ive and ten percen t

- 
maxinun random var ia t ion  in the magnitude and phase var ia t ions  from 0° to 20°

in each of the elements of the admittance matrix.

- Prel iminary computat ions indicated tha t the size of the array chosen

may have been too small to obtain meaning fu l  r e su l t s .

I
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b) 19 — element array configuration

Figure 16. Slot Configuration of Assumed Planar Array Model
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4.0 RECOtIHENDAT ION S FOR FURTh ER INVESTIG ATIONS

Rad ia t ion  pa t t e rn s  of a r rays  on conical or o ther  more general ly  curve.

sur faces  may be computed by app l i ca t i on  of the equiva lence  princ Iple ted iqtie .

The eqivalence p r inc ip l e  technique a l lows the pattern synthesis to be carried

out by using a convenient reference source located within the curved surface

and by determining the f ie lds  of the  re fe rence  sourc e over t ha t  su r f ace ;  f rom

these fields the equivalent sources on the surface can be determined. The

ap~)lLcation of the technique , however , will require the development of a

computer program with an improved element pattern . The modal series solution

can be used to check the acc ura cy of the equ ivalence pr incipl e techn ique.

In addi t ion , another computer program which calculates sum and dif-

ference patterns of a conical array has been modified to take into account

quantization effects. Although this program uses simp le approximations to

the element patterns of the slots on the cone and does not take into account

mutual coupling , it can calculate difference patterns and can be used to obtain

a measure of the sensitivity of th e null depth when the following three

p aramete r s  are quan t i zed : 1) polarization rotation , 2) phase , and 3) amplitude.

In an actual array it is very likely that these parameters will be varied by

dig i ta l  hardware  devices. The preliminary results of the program using

quantized parameters are encouraging . Additional computations , however , are

necessary for an accurate assesment of the sensitivity of the null on the

quantization of the above three parameters.

During the period of this (-ontract the problem of mutual coupling

between slots on a cylinder wa~; also addressed in grea t detail. h owever ,

additiona l mutual coupling computations on cylindrical structure~; should be

performed b r  various slot shapes and ~pacings. The exact  nodal series

— 4 5—
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solut ion should be used for  small slo t separa tions and the mos t accura te of the

available asymptotic solutions for large slot separations. The computations by

the two d i f fer enct me thods sho uld enc ompass over lapp ing reg ions for the specific

slot con f igu ra t ion .  The results  could be tabulated for future reference in

the design of arrays on curved surfaces.

Since mutual coupling for large slot separations can be computed only

approxiiiiately at the present time , it is desirable to know the sensitivity of

the slot admittance and nul l pattern on the calculated or measured admittance.

It is f e l t  that  the sensi t iv i ty  study can be performed by considering a planar

array model of moderate size and lattice structure commensurate with one that

would be used on a curved surface. This approach is most appropriate , since

the planar array computer program is available and can be used to derive

appropriate scattering coefficients.
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APPENDIX

Because of the complex geometry of the conical array and the wide range

of angles over which it is required to scan , it is necessary to have control

over the polarization angle of the signal radiated by each element as well as

th e phase . I f  polarization control is not available , an excess amount of power

will be lost into the cross—polarized signal at certain scan ang les and certain

ang les of p ref err ed polarization . Rotation of th’ ingle of polarization of an

element can be accomp lished by controlling the amp litude of the signal fed to the

two perpendicular arms of the element (assuming the element to be a crossed slot).

I f  a c i r c u l a r  waveguide element  is used , then two orthogonal TE 11 modes will

need to be excited separately in the guide . A variable power divider with a

range of zero to unity behind the element would be one approach to polarization

control. However , in addition to the power divider , a 0 to 180—degree phase

shifter would be required in one branch line to enable the polarization to be

thrown into anothe quadrart. This geometry is illustrated in Fii~ure A— l .

£

COMPONENT OF SIGNAL I
FROMO POLA RIZE O IARM OF ELEMENT i——--

~~ ~~~~~~~~~

— 

I OF ELEMENT

COMPONENT OF SIGNA L FROM 0
POLAR I Z E D ARM OF ELEMENT

• a. RESULTANT POLARIZATION IN 1ST QUADRANT
4

• COMPONENT FROM~~ POLARIZED APM

- N
/ R~ SL ’ LTANT

— i - ~ POLA RI Z.~ T IC~
COMPOSENT -r ~ E L E M E N T

- 
- FR OM6

POLA RIZED -

ARM 

~~EC EDIIG PAG
~IBL~~~~ NOT

Ii. RESULTANT POLARIZATION IN 4TH QUADRANT

Figui~e Al. Geometry of Variable Polarization Elements.
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It can be seen from Figure A— la that a unity amplitude signal will be

radiated at a polarization ang l e of 14) in the first quad ran t  i the two per-

pendicu lar components , E~ and E 0, have amp litudes of

E~~ Ecos t~-

E0 = E sin p

Variation of the powe r uniformly from “all to the E~ branch ” to “all to the

E~, branch
” will rotate the polarization throughout the quadrant. For the

polarization to move into an adjacent quadrant , the sign of one of the corn—

ponents must be changed. Such a change is most easily done by a 180—degree

phase shift of the signal in that branch. Figure A—lb shows the E0 — com-

ponent reversed In direction with the resultant polarization rotated into

the fourth quadrant. The polarization does not have to be shifted intO the

other two quadrants because a 180—degree phase shift in the main signal line

is equivalent to a 180—degree rotation of the polarization . A full range phase

shifter that incorporates a 180—degree bit would be available in the main line

to the clement for the electronic steering function.

The comp lete phase—shifting and polarization—rotating system required for

each &-lcrn -nt would thus require a phase shifter , a variable powe r divider ,

and a 0 to 180—degree phase shifter in one branch line. In practice , all

components would be di g ital , and the phase shifter would probably be a

3—bit unit to give a phase shift capability of 0 to 315 degrees in 45—degree
-i

steps. The variable powe r divider would also be a 3—bit unit t o  provide

• polariz ation rotation capability f rom 0 to 90 degrees in steps ot~ 22.5 degrees.

The branch line phase s~ii fter would have 1 bit (0 to 180 degrees) t o  shi tt

th e- p ol ;iri zat ion into the fourth quadrant.

Th is assemb l y has several disadvantages: (1) it is asymmetric al (i.e.,

it Ie - e~ a 0 t o  180—degree phase- sh it ter in onl y one bran ch line ) ; hence , losses

would he g r e - a t  ‘ - r in the branch co Ot  aining the phase shifter; (2) variable

power divid e r s are generall y comp lex and not easil y electronically controllable;

and (3) the c omplete assembly would he excessively long.

f
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Some of these- o b j ec t  ions can be overc ome by combination ot  t he  pha se—

si c  i fting and polari z I t  I o n — r o t a t i o n  t u n c t  ions into a single device. Such a

dcv ice could cons ist ot  two hybrids sc- p er a ’ed by 3—b it phase shi fters as

shown in Fi gu re  A — 2 .  F I c h  i — h  i t  phase s u i t  t c- r would have e i g h t  ~ t ates. i c r

e t c h  state of one of the phase shifters , the other could lasume- V Iny one - CCI

its ei ght states , so t h at  the device would have a total ot 64 s t a t e s,  I t  an

INPUT E—+---_—__--..
~~~~~7__ 

~~~~~~ ~ 
T O V I R T I C A t I Y  POLARIZ ED

~~~__ / 
__

\ —
~~~

‘ “

~~‘- .-) T O h O H IZONTAL LV POLA P ?E D

~~~ E~1~~ 
AR O F L I E M E N T

3811 DIGITAL PHASE
S H I F T E R S I N E ACH
BRANCH LINE

PHASE SHIFT CAPABILITY:  010 315° IN STEPS OF 45° Ev 0 5  E(ed 1 -

POLARIZATION ROTATIO N CAPABILITY.  0 TO 337 5° IN STEPS OF 22 5° 1H - 0.5 1 E(e I 1  • ~ I~~~

Figure A—2. Combined digital phasc— shi fter/p ola riza ’i o n—r ot .t tor
for conical phased array.

be shown that the two output signals of this device would he- e ith e r exactl y

i n —p hase with e ach other or exactl y 180 degrees o ut  — o t  — p h e ~~ re g a r d l e s s  o n

the se-tt ings of the phase s h i f t e r s .  As a r e s u l t , a l l  t h e  st i t c- s would generate

line ar l y polarized waves when the outputs were connect ed to orthogo n al terminals

ot  a r a d i : it or .

I t  is d e s i r a b l e  tha t the polarization be stepped in  r e l a t i v e l y s m a l l  s teps

so that the- cross—polarized component will remain low . With 22.5—degre e steps ,

t h e -  larg e -st polarization error Is 11.25 degrees , which puts the maximum cross—

polarized component from any one e lenient 14. 2 dB he low the preferred component.

011 t h e  ave rage  i t  w i l l  be on the order  of 20 dB down . It the polarization had

t o  hc stepped entirely around the 360—degree circl e In 2 2 . 5 — d e g r e e  s tep s , 16

p o s i t  i o n s  would be requi red impl ying a 4—bit polarizati on—rotator. However ,

a— d i scussed  above , h a l f  ot these states can be obtained by a 180--degree phase

s h i f t  and I r e -  t hus  r e d u n d a n t .  I t  w i l l  be s a t i s f a c - t o r y  I f  the combined phase—
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sh i f t e r/ p o l a r i z a t i o n- ro tato r  ro ta tes  the phase between —67.5 degrees and +90

degree s in ~ in 22.5—degree steps . This ro t a t i on  requires  ei ght  posi t ions

and hence uses up 8 of the 64 states ava i l ab le  from the device.  Since a

certain number of bits of ph ase shif t con trol is requ i red f or ea ch polarization

ang le , the total number of states required is the product of the number of

states specified for phase shifting and the number of states required for

polarization rotation . With 8 states allocated to polarization rotation , this

imp lies that there are eight states available for phase shifting at each

polarization ang le. These eight states imp ly a 3—bit phase shifting capability

so that phase shifting must be done in steps of 45 degrees. This arrangement

is c-onsidered adequate for most arrays that have a large number of elements.

The phase and polarization states available from the c o m b i n a t i o n  dev i ce

are given Table A— I . As can be seen, the phase states available shift by

22.5 degrees between adjacent polarization states. For a planar phased array,

this shift is no problem because all elements would have the same polarization

angle at any one time . ln the conforma l phased array , an effect will be

noticed at some scan angles when some of the elements will need to be rotated

to slightly different polarization angles in relation to the geometry of the

surface to obtain the lowest cross—polarized component at the beam peak.

—52—

I

V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ - -_- ~~-~~~ - -  - —

~e —C* ~ ‘. — — ~“.- - 

—



- -1k 1

TABLE A- I . PHASE AND POLARi~~.-Vi!ON STATES A V A I L AB L E
FflO~~ THE PHA S E- S HIF TE R / P OLA RIZ A TI O N - R O T A T OR

Pola r i za t i on  A n g le ,~~ 
——________________

- 6 7 . 5 ° -45 ° - 22 . 5 ° 00 ~~~~~~~~~ 
1 4 5

0 67 5° 90°

~l 5 7 . 5  0, 135 45 , 90 90 , 45 135 , 0

- 135 .0  0, 90 45 , 45 90 , 0 . 135 , 3 15

- 1 12. 5 315 , 90 0, 45 45 , 0 90 , 315

-90. 0 315 , 45 0, 0 45 , 315 90 , 270

-67. 5 270 , 45 315 , 0 0, 315 45 , 270

-45 .0  270 , 0 315 , 315 0, 270 45 , 22 5

-2 2 . 5  225 , 0 270 , 315 315 , 270 0, 225

• 
- 0.0  225 , 315 270,270 315,225 0,180

2 2 . 5  180, 315 22 5 , 270 270 , 225 315 , 180

45 .0  180, 270 225 , 225 270 , 180 315 , 135

67.5 135,270 180,225 225 , 180 270 , 135

90.0 135,225 180,18ö 225,135 270,90

112 .5  90 , 225 135 , 180 180, 135 225 ,90

135.0  90 , 180 135 , 135 180 , 90 225 , 45

157.5 45 , 180 90 , 135 135 , 90 180, 45

180. 0 45 , 135 90 , 90 135 , 45 180 , 0

NOTE: The n u m b e r s  a t  each location refer to the phase-shifter setting s
required to obtain the indicated ph ase and po la r iza t ion  ang le. The
first num ber is for the phase sh i f te r  in the upper  l ine , and the
second for the lower (in Figure A-2).
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approximation technique s have been examined for use in pattern calculation s and
in impedance calculations. These include the approximate asy mptotic appro ach
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and the equivalence principle technique. The approximation techniques provide
simplified computations as compared with the exact technique, and are not ap-
plicable to all conditions. A combination of exact and approximation tech-
niques is generally required to design or analyze an array.

The approximate asymptotic approach , which allows the separation of the
diffracted field and gebrnetrical optics field s , has been examined in detail.
It appears that the asymptotic representation of the Legend re function chosen
for the analysis leads to divergent expressions as the mode number in is
increased , and hence limits the usefu lness of the asymptotic aporoach in the
present problem. The divergent nature of the asymptotic expression is verified
by computed radiation pattert3s of several azimuthal modes. -

A computer program is being developed to apply the equivalence principle
technique to a conical surface. ~~he new program will employ an improved
element pattern over previous v4~1ons with an array lattice identical to that
used by the companion program fo1r\phase and polarization quantization.
Preliminary computed patterns shos~-, that degradation due to quantization of the
polarization-rotation and phase shift is not severe. In addition,mutual
admittance calculations of slots on a cylinder have been made using the har-
monic series solution . The cylinder is taken as the test model for other
configurations, since the harmonic series results in precise calculations of
mutual coupling for the cylinder. These calculations have been used to check
the accuracy of an alternative modal solution which can be used to compute
mutual admittance between slots with large axial separation.
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