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FOREWORD

This re por t gi ves an overview of the orbit computa ti on p rogram
CELEST used by the Naval Surface Weapons Center in processing Doppler
data to position both satellites and surface based Doppler receivers .
The Doppler system has been in use since 1 962 by the U.S . Navy and has
been us ed a t the Naval Sur face Wea pons Center , Dahl gren , Virg inia
primarily for Defense Department related geodetic studies.

T hi s CELEST com puter prog ram uses raw Dopp ler da ta to determ i ne
satellite orbits. It provides diagnostic information on the quality
of the orbits. The basic technique employed is one of weighted least
squares where the data is edited and weighted within the program. An
iterative capability exists for nonlinear problems . Trajectories are
formed by directly integrating the equations of motion in an inertial
frame . The force equa ti on has com ponen ts due to Earth , Sun and Moon
gravity , solar radiation , thrus t, atmospheric drag, solar and lunar
tidal distortion. A satellite frequency offset error can be determined
and the program has the facility for determ ining unknown rece iver
loca tions. The computer program occupies 130K octa l units of memory ,
i s struc tured as nine major overla ys and is comp letel y wr itten i n
fortran. The program is primarily operated on a sixty bit CDC 6700
computer a t Dahi g ren , two IBM 1108 computers at the Defense Mapping
Agency Aerospace Center and Topographic Center , on a CDC 6700 at
Cambridge Research ‘abora tory and an SEL 86 located at Naval Space
Surveillance Cen ter , Dahl gren , Virginia.

This report was prepa red by James W . O’Toole and reviewed by
Richard J. Ander le of the Astronautics and Geodesy Division.
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MEA SUREMENTS

The majority of Dopp ler measurements today are taken by Geoceiver
or Geoceiver type equipment. This equipment integrates the Doppler
effect on the transmitted frequency f5 over a pp rox imatel y 30 secon ds
to o bta i n a measuremen t equ i valen t to ran ge d if ferenc e . Le tt i ng fr
be the receiver genera ted frequency , slightly offset from fs, and
i ndi ca te ran ge from the rece i ver to the satell ite we have

(1) Doppler = Nc f r - f5(1 - 

~
/c )

Integrating fives

(2) - ~/f~ [Nc - (
~r 

- f5) (t2 - t1)]

w here t2 - t1 30 sec .

c = velocity of light

p = r (emission time ) - r(reception time )~satel l ite receive r

Ol der Doppler equipment which integrates over a time period less than
a second treats the data as instantaneous range rate. This is done
by solving equation (1) for ~ and assigning the midpoint of the
integration interval as the time of observation.

STRUCTURAL OVERVIEW

The bas ic program modules are indicated in Diagram 1. Coord i nates
of the sun an d moon are re taine d a t one day an d one half day i ntervals
res pec tivel y on the Sun-Moon f i le . They are in the Mean Ine rt ial Sys tem
of 1950.0 and ephemeris time. In addition values for the inertial to
earth fi xe d coor di na te transfo rmat i on are reta i ned on thi s fi le . T hes e
values are the nutation in longitude and obliquity of the ecliptic of
the sun , Bessel ian day numbers and the equation of the equinoxes. The
Satell i te Ta b le con ta i ns offse t fre quency values to the b roa dcas t
frequency of individual satellites. The Gravity file contains
spherical harmonic coefficients.

.~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .— ---—--.. - --- -~~~~~~~ —- -- -- - --‘-~~- - - ~~~~~~~~~ ~A
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Sun-Moon
Satell i te Ta b le ~ These files must always be attached to the program.
Gravity J
Raw Data Sta tion Ta b le In i tia l

4
Conditions

Pre-Processor ~...
__J 

integratorl

Data Prep file Perturbed Trajectory

Fi l ter

Pass Ma trix fi le

Combiner-Solver is

B-Inverse file

[~Pro pagator f t
~ Imp rove d Trajectory

Diagram 1

Basic Program Modules
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The program utilizes various pre-processors as each one is designed
to process a specific type of data . Pre-processors perform the
function of preliminary data editing, time correcting and placing the
data in a specific forma t on the Da ta Prep file.

Final data point editing and the assignment of weights take place
in the filter module. This function is performed by fittin j a
satellite trajectory to one pass of data at a time . Points are re-
moved which have a residual , from the fitted orbit , greater than twice
the computed standard deviation. This procedure is iterated until no
further outlying points are identified . At this point the RMS of
residuals, from the fitted orbit , is assigned as the standard deviation
of an observation. The reciprocal of this value is assigned as a weight.
Least square norma l equations are made up using the untagged points and
their weights.

The norma l equa t ions con ta i n a su bse t of six oscula ti ng o rbit al
elements , one dra g scal i ng constan t, three thrust parameters , a
radiation parameter, three receiver station coordinate parameters , a
refrac ti on :orrection parame ter , frequency bias and frequency drift
parameters . The subset is determined by the nature of the problem
being solved . The normal equation , the time of closest approach and
the RWS of residuals are written to a file (Pass Matrix file).

Ordinarily the Pass Matrix file would be the only thing required
to complete processing as the remaining task is that of suniiiing matrices
and performing an inversion. The solution area is designed however .
to determine solutions over various time domains with an option for drag
segmentation. This process requires access to partial derivatives
from the trajectory . Segmentation is a process whereby the effect of
perturbing x number of drag segments independentl y is desired as part
of the solution. The program accomplishes this by storing the effect
of perturbing any number of drag segments an equal amount in the pass
norma l ma tr i x v ia

~ Data =
B Drag Parameter ~CD

and using the trajectory part ials in the solution area to transform the
pass matr i x value

ID

BCD

into its associated values BD . Each ~D represents the
BCD. ~CD~
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perturbation in data due to independently perturbing the drag
coefficient in the ith segment of the drag force. This permits a
flexible treat: Ient of drag and is especially designed for short arc
processing.

The final step in the orbit determination process is generating a
refined ephemeris. This is done by using trajectory partials to
compute the effect on the reference orbit due to parameter changes
indicated in the solution. Trajectory values beyond the reference
trajectory time span iiiust of course be generated via integration.

The centra l theme on which both the Celest program and an
independent Celest Station Position program operates is the data
bank concept of Diagram 2.

It is pass norma l matrices whic h are saved in the data bank. The
matrices become the data for most work alth ough raw data is saved for -

more fundamental studies . By a continued use of matrices , trajectories
and the princip le of first order matrix adjustment , due to a change in
the reference parame ter values , orbit refinement and station positioning
can be carried on with a minimum of data reprocessing.

DATA FILTERING

Point filtering proceeds with the philosophy that model error
during a single pass can be removed by adjusting the orbit in the
along track and radial directions together with removing frequ~ncy andtropospheric refraction error. The ionospheric error has been re-
moved at the receiving station by gathering dual frequency data and
eliminating the first order ionospheric effect.

Th~ filter process is implemented by forming a pass norma l matrix
on ~ reference orbit.

rBorbit , orbit Borbit, biasi rAorbit Eorbi~~

Bbia s , bias ~b ias Ebjas
The or bit sec ti on alwa ys conta i ns s i x oscula ti ng or bit al elements

at some epoch time . The bias section contains receiver station
coordinates , a frequency bias parameter which measures the deviation
of the satellite frequency offset from an assumed value and a re-
fraction correction giving the percent deviation from the Hopfield
tropospheric model . A transformation is formed which takes norma l

.-..,
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Raw Data

Tra jector y for some 
____________________ 

Fil ter
reference time span I

Ex isting Pass Matrix file Pass Matrix file of new data

Merge

Updated Pass Matrix file

Dia gram 2

Pass Matrix Data Bank Concept
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equations pre~PrIt ed in osculating orbita l elements and reforms them
in position velocity components resolved in a special local frame at
TCA. The local frame is defined by the station-satellite range ( p
and along track ( 

~ ) vectors at the sate [ites time of closestapproach.

R = 
~~~~~
, ~~~. ~xr~]

where the indicates unit vectors .

The epoch transformation going from the osculating orbital element
time to TCA is

p (TCA) = ~,(x, )~ (TCA)
Be0 (epoch elements )

The transformation ~ is then

= R =  [~~]

A solution is determined and the RWS of residuals computed on the
adjusted orbit. Data point weights are recomputed by dividing their
present value by the adjusted RWS of residuals. Individual data
points are tagged if the product of their weight and associated
adjusted residual is greater than two (2 sigma filtering ). The
process iterates reforming the norma l equation at each iteration with
the untagged points and improved weights . All points are examined at
each i teration and the process terminates when the same points are
tagged on successive iterations. The final norma l equation and the RWS
of unadjusted residuals using untagged points is stored on the Pass
Matrix file. Basic technical procedures used in this work are given
below .

STATION COORDINATE CONVERS ION

(sl\ (cos Q5 cos
3) r50 

= S 2 = (A + h5) cos Q5 sin 
~~ J - Ae 2 0

\sin Qs / \sin Qs

6
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where

r 50 = earth fixed station coordinates

hs = Station geodetic heig ht above a reference elli psoid

e = eccentricity of the reference ellipsoidr 1 -i i.

= [(2-f )f J ~ = 2 - --~~ 
2

L E L  -

f = flattening

EL = ob latene ss

= 298.25

ae = semi-major axis of the reference ellipsoid

= 6378.145 km

Qs = station geodetic latitude

= longitude from Greenwich me ridian

A = ae/( ~25 i fl 2Q ) ½

RANGE AND RANGE RATE COMPUTATION

(4) Range = 

~i (tr) 
= r(te) - rs(tr)

where te = tr 
(
~*~)½Ic tr = reception time and te is determined by

iteration starting wi th te = tr.

(5) = i~(t~~) - ~s (tr) 
-

c (~*~ )~ 2

where 
~~ 

= ~ xr5 r
~ 

= i ner tial s ta ti on loca t ion
= ij~ XY’5 / = (ABCD)* r50
= (CD)* (

~ 7
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CD = Precession Nutation transformation

= Earths mean sider ul rotation rate determined by the time
lapse between successive transits of the mean equinox.

= .729~l15855 E(-04) radians/sec .

TIME OF CLOS[~T A~PROACH (TCA ) COMPUTATION

Define

t ~~~~~ 
= t 

~ 
— (~.* )t/ ~~~ +

Set t1 = value from the observation file and iterate until
t~~1 - t 1~ < .05 sec . or maximum i teration count is reached .

COMPUTATION OF ZENITH AN GLE

(6) Z~~= tan~ ([l~~~*Us)
2] /~*Us)

= (ABCD)*/’S1( ~2 ) Si computed from (3)

with h5=O

REFRACTION MODEL (HOPFIELD)

NT1 = dry term E = water va por pressure

NT2 = wet term H = humidity (percent)

R0 = r50 P = pressure (millibars )

R1 = R0 + 40.1 + .l49T Tk= Temperature (Kelvin)

R2 = R0 + 12.0 = T + 273 (deg centigrade)

N1 = [(.776) E_O4IP/Tk H = 8O~:.

N2 = [(.373) E_02]E/Tk2 P = 1013.25 Exp(- .ll99l3h 5)

T = 15 - 6.5h z

8 
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E = H exp(-37.2465 + .2l 3l66Tk - .0002569O8Tk
2)

n = i ndex of refract ion

n-l = N T 1 + N T

NT. = N~[~
2 -R~14 If r is in [R0, R~]

[R~~-R~ JN1. = 0 If r is not in [R0, R1]

Let 
~s 

be the un i t norma l to the ell ip so id at the sta ti on

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

us

ZV
~~~~~

(7) U~ = (ABCD) * s1 computed from (3) with h5=O

\
53/(l_e2)J

(8) k = r~0Is in Z~ = Ros i nZ
~

(9) cos Z
~ 

= IJS*p

(10) The refraction model is (l+CR) 
~~

= fs ~ range ra te

= ~R range

AfR = \R(tn) - AR(tn .l ) range difference

R an d AR are obtained by eva l uating the integrals

q

~~Ii1 _ 
- - f~

.__ . - -  -~~~~~~~~~~~~~~~~ - -~~~~~ -~~~~ - - -  — — - — -. . - --- --
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(11 ) AR = f rsate l l ite  R — kk f
rs ate ll it

J (n-I ) r*dr 1/2 
(12) A - 

(n-i) r*dr
rstati ~ 

(~~~ k2Y rstation (r*r_ k ? )

w here

k~ = cos Z V [ ( I~~~~*)~ -
~~~ x ]*Us

Letting R0 = rstation an d R 1 = rsa te ll i t e  we can com pute range and
range ra te cor rect i ons by

R.

( 13) AR 
=f~

n~n r*dr = 

2 
N j ~~~~ 1 ~~ (r*r~k2)

3 (k 2~R~)
4 3

R 
(r*r k2)½ (R~ - R~ )4 . 2j+l
0 i — i  j=0

R0

(14) 
R (r*r~:2;

312 
~~~(R~~ R~)

4 2i-l ~~ 
(r*r~k2)

3
~~ (k 2~R~)43

DATA TYPE FORMULATION

Lettin g D g denote range difference and D7 denote ran ge ra te we have

(15) D 9= [IP I - ~ fb(t-TCA ) - 
c fb (t-TCA )

2 + (l+CR)Af R]
t’

f00 2f 00 t~~1

where f 00 is an in put quantity usually taken to be E +(O6) so that the
bias solution will be in ppm .

Part ial derivatives are given by

(16) BD 9 = - B{]1_1 q = orbit set (p),
Bq Bq Bq 

station set
CR, 

~b 
or

10

~ 

~  
--.- —--. . 

~~~~~~~~~~~~~~~~~~~~ liii



r -~~~~~~ 

- - -‘ -—-

~~~~~~~~~~~~~~~~~~

- - - --- —- .- _

( 1 7) ~~~ = ~, * 
,_ l
.~ _

(18) ~~ = _ L * (A BC D) *
rso

(19) i~LL = AfRBCR

(20 ) i~[I.. = .~~~~~~~ (t -TCA )
Bfb f00

(21) .&LL = (t-TCA)2
Bfb 2f00

The vacuum rece i ved frequency us i ng a transm it ted frequency of 
~ 

isg i ven by

(22) 
~R 

= 1s (1 
~ * ~~(t)

where p(tr) = r(te - rs (tr)

(t e) = ~~_ (p *p)½ = emit ted time
C

tr = received time

computing ~5 from the expression for p and tak ing into accoun t the
change in t e as a function of t r gives

(2 3) ~ 
c’(te) -  ~s (t r ) f ( ~*/C) ~‘s ( t r)~ (t e) - (O*/ c )~ ( t ) ~. ( t )

(i+~*~(te)_\
c )

* 1~_~ j~= l+~*~(te) ~((~*~(te) 
-

C — .   ________

c c c

1 + ~5*~(te)

11
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= 
1 + ~~* ~s (t )/c

1 ~ ~ (te)/c

=

fs

Thus if ~ i s computed to first order i n 1/c 
~r/~s wi l l  be gi ven to

secon d order in 1/c .

(24) 
~~~ er ~(te) - ~s(tr) - (~*/c) (~ (te) - ~s (t r))~ (te)

Adding in the contribution of frequency bias and refraction gives the
formulat ion for range rate as

(25) D7 = f 5 (l+~bIf 00+~~~(t-TCA)) (l~~*~/c) + (l+c R )AfR

Th is formula is accurate to second order in 1/c where -as the corresponding
formula (15) for range difference is accurate to all orders in 1/c.

(26) BD7 = ii~i~ [~~~
(I_ ~~*)~~ + ~~~ ]

Bp C p J Bp

(27) ~~7 = ~~S [±~( 1_ *)+~5*x~3’* ](ABCD) *
Br~ c p 1

(28) ~ Z AfR
BcR

(29) ~2 = i!i~
_ (l_ ~* /c )

Bfb foo
(30) ~ = ~s (l_ ~* /c) (t-TCA)

~~b ~oo
The p rimary ou tput sta ti st i cs from the fi lter i ng process are f i ltered

no ise and the RWS of residuals.

rNObS 1 1/2
(31 ) RWS = L~ ~ (Dobs _D)~

/Nobsj
i =1

12
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where D is computed on the reference ephemeris and ~ is the computed
weight.

Nobs
‘
~~~~
‘ r 2 1 1/2

(32) Filtered Noise = 4L~ [l/(Nobs w~)j
i=1

= s tandar d deviation for an observa ti on
from the pass.

As the RWS of adjusted residuals converges to one during the
filterin g process and the weights are approximately constant we have

Nobs
w [ ~>‘ (O obs - Dadjusted)~ /N obs] ½ = 1

i=l 1
or RMS of adjusted residuals = J_ = standard dev iat ion

U) = Filtered Noise

SOLUTION OF NORMAL EQUATIONS

The solution area solves an equation containing from six to th i rty
nine dynamic parameters , several hundred b ias parameters and several
sets of station coordinates. To accomplish this the program performs
bias and sta tion parameter elimination in order to keep the matr i x
requiring invers ion under dimens ion of for ty. Lett ing “0” stand for
the orbit (dynamic) parameters and “b’ for bias we have the normal
equation

rBoo B
obi r~i rEol

L 
Bbo Bbb] LAPbJ 

- 

LEb]

The bias terms are el imi nated from the above equation and the elimination
equations are saved in order to recover bias solutions.

(33) Apb = B~~ (Eb-B bOAp0)

(34) (Boo-BobB~~Bbo)Apo = E0 - BObBb~Eb
DElim inated A - rElim inatedor u 00 P’3 - LO

13



Jus t pr i or to bi as elim i na tion pass matr i ces are ex panded from
their basic set of parameters to the desired solution set. This
is a major task in the solution area . The solut i on set may cons i s t
of or b ital elemen ts at a di fferent epoc h , mult ip le drag parame ters
due to dra g segmenta ti on, multiple thrus t, polar motion parameters ,
up to twenty grav i ty parame ters , bias parameters and station coord i nates .

Subsequent to bi as el iminat i on pass matr i ces are summed to form
an arc normal ma trix. Station coord i nate sections of the matrix are
summed over each sta tion and eliminate d jus t pr ior to matr i x inversion .
Station solut i ons are obtaine d by backsubs titution . D i rec t observa tt ion
of all parameters is permitted i n the form of aprior i s igma i nput for
each parameter. The inverse square of the input sigma is added to the
diagonal term of the norma l matrix prior to inversion. This corresponds
to an observation of the present va lue of a parameter w i th the input
si gma as the standard error of observa tion .

NAVIGATION SOLUTIONS

The primary diagnostic output is a set of navigation solutions.
A nav igation solution is carried Out for each pass of data and consists
of determining the receiver motion , in the along track and radial
directions , which minimizes residuals for the refined ephemeris. The
receiver motion is interpreted as satellite ephemeris error as the
receiver location is actually well known . The radial and along track
directions used are the range and range rate vectors at TCA discussed
earlier under fi l tering. The procedure is implemented by saving parts
of the bias elimination equations (33)

Bbb~ Bbo , Eb

and adjusting for the orbit solution Apo obtained at the time of arc
ma trix inversion.

Bbb Ab Eb - Bbo APO

The Bbb section contains earth fixed receiver coordinates which are
transformed to the local TCA frame . Solutions are generated for radial ,
alon g trac k , frequency and refraction error. Diagnostic cards con-
taining this information and filter statistics are generated at this
time .
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STATION DIA GNOSTIC CARDS

Station Analysis cards can be punched on option and contain
diagnostic informaion useful to the satellite tracking stat~ons .The car d values are as follows :

1 . STA - Station number extracted from the header message of the
raw data .

2. Time (hr , m m )  - Time of the first data point.

3. TCA (sec)- Time of closest appraoch of the satellite obtained
from the satel l i te orbit by search i ng for t he poin t i n time where the
range (p) and range rate (~) vectors are perpendicular to each other.

station

4. FREQ (mc ) - The Q number from the raw data header message is
used to determine a base frequency . The frequency given is this base
fre quency roun ded to the nearest MHz .

5. EL (deg ) - The satellite elevation at TCA computed from the
satellite orbit.

6. PTS. Good - Total number of points left after passing
throu gh the Celes t point f i ltering p rocess .

a. Points are filtered out in the Celest Pre-Processor if
information is missing , valu es are to lar ge or the da ta fa i ls  a
monotone tes t.

b. Points are filtered out in the Celest Filter by removing
orbit error from the residuals and testing against 2.0 sigma .
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7. F i lt . Noise (c ps/MHz or m) - Filtere d no i se i s the stan dar d
dev iation on the data after modeling error has been removed . In the
case of range rate this value is given in units of cps/MHz. In the
cases of ran ge di fference the value is given in un i ts of meters .

• •
• S

• _~ Before modelin g

• • error remove d

•
S • •

SS •

S
I •

• • - • • • After modeling

• • • • • • error remove d
S

Filtered Noise = RMS of residuals after modeling error is removed.
This value is scaled to 1 MHz for Doppler data .

8. ELT .(m) - This is the along track navigation error determined
from the refined orbit. Holding the orbit fixed the station is
allowe d to move i n the alon g track (p) and slant range (~) direc ti ons ,
i n or der to best f i t the data from the pass . Since this movemen t is
from a known position the result is tabulated as along track (ELT)
and slant range (ELR) errors . The values represent a measurement of
how well the final refined orbit fits the data of a given pass. (see
diagrar r for ~3)

9. ELR .(m) - Slant range error.

16
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10. DLT. F. (ppm )(~
) - Delta frequency is the value of the

frequency bias determined in the above navigation solution. Assuming
tha t the satell i te frequenc y has a constan t b ias dur i ng a gi ven pass ,
then this number represents that bias in parts per million.

11 . ACT - Action taken in the course of point filtering. Action
label described below .

A - No TCA

B - Rejected in filter because to many points were filter out.

D - Rejected on TCA zenith angle test.

E - Pass not balanced , i. e . the difference between the number
of points on one side of ICA and the number of points on
the other is greater than the balanced pass tolerance.

Passes are rejected for reasons other than the above, in the Pre-
Processor. These reasons are l isted in Pre-Processor under Reject Codes
but no indication is given on the Station Analysis cards .

INTEGRATION

For ephemeris com puta tion a var iable or der rou ti ne i s used on a
14 digit machine. Usually the order is set to ten and navigation
type satellites use a 60 sec step size. The ephemeris can be computed
to a one meter accuracy an d perturbations of or bi t cons tan ts to one pa r t
in 106.

The inte gra tion routine i s a Gauss Jackson tec hniq ue usin g backwar d
differences and follows the basic pattern of first initializing a
backward difference table to the order (N) of the process

A nom inal value of oscillator frequency offset (in parts per
mill ion) is associated with each satel lite. On the basis of
the Do pp le r data from a gi ven pass , a correction . DLT . F. is
calculate d. The corrected absolute offset, in parts per
mi ll i on , for the pass is the algebraic sum of the nominal
offset an d DLT . F.
Absolute offset = Nominal offset + DLI . F.

= AV 5 + DLI. F.
The nominal offset is alwa ys negative . For example, if the
nom inal offset for a satellite is -80 ppm , a DLT. F. of +.04
woul d indicate an absolute offset of -80+.04 = -79.96 ppm .

17
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then

1 . Extrapolates the difference table from line n to n+l.

v~ ~(n) = v~ S~(n-l)+v ° ~(n)
7-2 

~(n) = V 2 

~(n- l)+V ~~~(n)
‘IN 

~(n+l) = 7N ~(n)
k .. Kv x (ni-l)= v x (n) + vK~x(n+l ) K= i-l ,...O

2. Compute 2 position and velocity by
N

Xn+1 h2V 2
~n

+h2 
~~O 

cK Xn+l

+ h 

~~ 
a~ ~

K Xn+l

where
ak = aK~l a~ = l+a1=l /2 a0=l a1 =-l /2

K+2
cK = 

e~ J 
aeaK÷2

ag = -

3. Uses the force function, G , from 3~ = G(x ,~ ,t) to compute i~(n+l )an d determ i ne the di fference between the com puted and ex tra polate d
values of acceleration. The backward difference table is adjusted due
to this difference.

4. The process described in 2 and 3 is continued until the desired
number of iterations is reached . The final result from 2 is written
on the trajectory file and the process terminates by carry ing out step 3.

COORDINATE AND TIME SYSTEMS

The reference frame used for integration is an inertial frame defined
by the mea n equator and equinox of 1950.0 the sun and moon coordinates
are in the 1950.0 system using Ephemeris Time (ET). The time system
for Dopp ler observat ions is Universal Time Coordinates (UTC) and thus
the integration time is UTC. The difference between UTC and ET is
presently 46.15 sec and is not presently adjusted for when using the

18
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and moon coordinates in the force model. The gravity force is computed
by rotating the satellite inert ial position to the earth fixed frame
aligned with the Greenwich meridian and usin g the instantaneous earth
spin axis. The difference between UTC and UT1 is taken into account
when computing the rotation. The calculatio n of residuals is made by
bring ing station coordinates , referenced to the ClO pole , into the
inertial system . The transform~ion between the earth fixed system
using the conventional International Origin (ClO) and the inertial system
is given by

( 35) X EF = ABCDX Inertial

where D = genera l precession
C = nuta ti on
B = rotation from true inertial equator and equinox of a

given time to Greenwich at that time
A = polar motion to the CIO pole using polar motion values

routinely solved for in Defense Mapping Agency Navi gation
Satellite processing.

The force equation i s represen ted as

(36) ~ = G(x ,~ ,t) Ae + A~ + Am + Ad + Ar + Ats + Atm + At

where the accelerations are due to earth , sun and moon gravity ,
atmospheric drag, radiation pressure , solar and lunar tidal distortion ,
and vehicle thrust.

A (EARTH GRAVITY)

The earth ’ s potential in an earth fixed frame is

(37) V ~~~~~~~~~ [a~ CnmP~ (l~~)Cos (mA) 
+ 

a~ SnmP~~~i~~) sin(m~)]

where r f’ ) (earth fixed coordinates )
\g ‘J

ac = Semi-major axis of the earth
= 6378.145 km
= Legendre polynomia l
= Earth ’ s gravity cori~tant
= 398601.0
= Lon gitude with r2spect to Greenwich

1 -nr~~ Snrn = Gravi t y  constants

19
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Since the coordinate system has its center at the earth’s center of
gravity we have C 10=C 11 =S 11 =0. The earth ’ s gravita tional accelerat ion
can now be give n by

(38) Ae = IV =

-i Z

w here V
1 

is the inerti al gradient. For the purpose of calculation we
rewrite (37) as

N n
(39 ) V = [C nmU~~SnmV~] nfrl

n-T O m=O
noting the V °C 11 C10 S11 O.

Define the transformation E by

(40) E = P -CP~ae

Introduce the longitude by

(41) c(~ ) = sin (o) cos (x) = 
~~ 

E1~ x~

5 ( A )  = sin (o) sin 
~~~~ 

= 

~~ ~ l 
E2. x.~

where / , 

1

e = ~~~~ ~~~
~Ir I

X
l\ / 

x~\
x2 ) = y ) = i nertial com ponents of r

x3/

Us ing the recurrence relations for Legendre pol ynom i als we have
recurrence rela ti ons for U and V gi ven by

U~~1 = 

~~~ T) LJ~ 
(2 n+l ) U~ - (n+m)

~~
U
~~l1

(42)
—-—fl--—— [—9.-.~ (2 n+l ) V~ - (n+m ) pV~~1
(n-m+l) L i r i
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U~~ = (2 n+l) [U~ C(x) 
- V~ S(~ )]

(43)
= (2 n+l ) p[V~ C(A) 

- U~ 5(A)]

a
where

Equation (42) is called Horizontal stepp ing and (43) is called Diago nal
stepping .

Us ing the values

= u/~ I u° =r 1

V~~= O

~r- start at n r l  , m 0  in the horizontal stepping equation and comDute
u9. J9 ~o - i=2 .3... N . We then utilize diago nal stepping and calculate U 1,V -~.

Retur nini t i norizonta l stepping enables the calculatio n of
U.j . V~ for i =2 , $ ,...N. This process is repeated unt il m = M , where
NI N .  N ot *- ~h~~t

(~ 1)m (n~rn )! ~
m

fl n
(n+m)!

;~~+ 1
-m — 

(—1) (n-rn)! mV — - _
~ V n

( n t-rn)

We can now col lpute (33 ) by

(a4) 71V E* ~~ 
[C nrnaevU~ 

+ Snm aeVV~]n=0 m=O

where V is the earth fixed grad ient.

The recurrence relatio ns for U and V can be given by
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r rn-i in+l 
-

1 1 ~m 1
-
~~ ‘~~~ ~~~ 

_ -
~ ~~~

rn- i rn+l
vUt0 ‘- A Ve n ~~2 ’ f l  n+l n+l

(45) - (n-rn+l ) Urn
n+ 1

3~ 
Am ,,m—1 ~2 n ~~+l 2

aeVV~ ½ A~ U~÷~ +½ U~ 1

- (n-ni+l )V~÷1

where A~ = (n-rn+1 ) (n-m+2)

~~ 
A (SUN AND MOON GRAVITY )

Coordinates of the sun and moon are stored on the Sun-Moon file
at one day and one half day intervals respectively. A sixth order
Lagrangian interpolation procedure is used to obtain th e values a t
any time . The sun ’ s accelera ti on on the sa tell it e i s gi ven by

7 r-~rS rs(46 ) A~ = ~~~~ ( + - , 
~ 

= .1330614 E(12)
\
\Ir-r sI~ rs!3)

The expression for the moon is similar with 
~‘m 

.490074 E(04).

At5~ 
A t (TIDAL DISTORTION )
The gravitational (tidal) attraction of the sun and moon causes the

earth to become elongated on an axis pointing toward the disturb ing body .
The redistribution of mass results in a perturbation of the earth’ s own
gravitational field , which is represented by the potentials

(47) U5 = -k L Ir :3 rI3 
P1(~*~~) Urn -k L P2(r *r;11 )

where kL i s Love ’ s constan t and P2 is the Legendre polynomial.

The assoc i a ted accelera ti on on the sa tell it e i s gi ven by
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(4~ ) A t~ 
= 

~~ ~~~~~~~~ 

-~~~
-
~ [( 1.5(r*r ) 2+3/2)r+3 (r *~~)rs]

w i t h  a s imi lar  expression for A tm.

Ar (RADIA ILTh PRESSURE)

A shadow test is performed to deter - joe if the sat ellite is in
sunlight or shadow . If r~r5 0 then the satellite is in sunli -j ht. If
r.r5<O then we compute Irxr 5~ . If rxr 5 j is less than de the satellite
is in shadow and if not then it is in sunli ght. When the satellite
is in sunli ght we compute the radiation pressure acceleration by

(49) Ar krj~ 
1014 (r-r5)

where s is the sate l l i te  cross—sect iona l area and m is sa te l l i te  mass.

A r is set to zero in the shadow .

Ad (ATMOSPHERIC DRAG )

The relative velocity of the satellite with respec t to the
atmosphere is

V r =

where 5 (r,~ ) is the inertial satellite position , veloc i ty and ~ is
(CD)*(~ ~. The accelera ti on of the satel l i te due to drag i s

~~w J

S(50) Ad = C~ ç~ IV r~ V r2m

where m is the satellite mass, 5 is the cross-sectiona l area and 
~ 

the
atmospheric density function defined by

Exp [Ah-B- (Ch2+Dh-E) ~

The height h is the satellites geocentric altitude above its subpoint
g i ven by
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= I rI - 

(
~~~2 

:e~~~ z2)½]

= ri — R l-e

where R is the dista nce from the earth’s center to the satel l ites sub-
point.

aeR =
(i + e 2 sin 2 ~½
~ l_ e 2 )

o = geocentr i c lati tude

At (VEHICLE THRUST)

(51) At RA

where

R = [;,~ ,rx~’]

(Ar
A =

\ A rx

The values for A are given by input as constants in the radial ,
tangential and out of plane directions.

VARIATIONAL EQUATIONS

Partial derivatives are computed by the same integration procedure
simultaneousl y with the orbit integration. The variational equations
are

G G(52) h =

where lo p = osculat i ng or bi tal elemen t
: <~ a Model P C D, A or kr

~ 1 ~ Model Parameter
5
’.
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EARTH GRAVIT Y VARIATION

( 53) = .~ V = E* [C~11~~ 
211m + Snm4 -i2V~ ]E

where ‘
~ 

At~a~VU~~ -½

a~~
L U~ = -½ A~aeVV~.~ 

-
~~~ aevV~~

- 

- (n-m+l )a~ - -U~+i

(54) r
½ A~ aeVV~~ -½ aevV m t-

~

a~V2V~ = -½ A~ aeVU~~1 ~~ a~
VU~11~

L _ (n_m -
~
-l )aevV

~÷1

The partials for Cnm and 5nm are

= E*aevU~ (n ,m)$(O,O)

(55)

~V V
= E~a~VV~

~ Snm

aV TVL 
=

lu
Jo
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SUN AND MOON GRAVITY VARIATIONS

Setting p~ 
= I r-r~ the der i vat i ves are

[ -3 (x-x~)2 + 2

= 
~~~~~~~ 

—3(x-x 5) (y—y 5 )
L-3(x-x s) (z-z~)
-3(x-xs) (y-ys )

(56) vA 5,~ = ~~s -3(y -y5)? + p~p[
-3(y-ys) (z—z 5)

—3(x—x5) (z-z5)

—3 (y — y 5 ) (z-z 5)
VA 5 =,z _ -3(z-z5)2 +p2

with similar results for the moon.

SUN AND MOON TIDAL VARIATIONS

kL tj a5 ( S. S. 2vA t5 = T ir :13 -j-
~-p~

- (~~3_l5(r*rs ) I I

(57)
+ 6 

~s ~s* + [lO5 (i~*~~)_l5] ~

- 30 ~~~~ [~ ~~ ~~
• r S ~*i}

with similar results for the moon.
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RADIATION PRESSURE VARIATIONS

Setting p5 = !r-r s l the derivat ives are

krS 10
14 (-3(x-xs)

2+ p
~VA r ,x -3(x-x 5) (y-y5)

m \- 3 (x_x s ) (ZZ 5)

14 /-3(y-y5 ) (x-x 5~
(58) VA r ,y = -3(y-y5)2 +p

~m p~ ~-3(y-y5) ( Z - Z ~~)

krS 10
14 f-3 (z-z5) (x-x 5)

VA r,z = m 5 ( -3(z-z~) (y—y 5)Ps \_3(z-z5)2+ p2

aA r = S 10 14 (r—r 5)
m p~

DRAG VARIATIONS

-
~~~~

.
~~

---- = ~~ r PV~ ~-Y.~I + ‘V r + IV r IV r~~~.J (r~) 2m L ~(r~) 
J (rr)

(59)
~~~~~~~~

aCD 
2m

S i nce V r = - :xr=f- - ~2r

ro -
~~ ol

0 =(CD)* J ~ 0 0 J (CD)

L° 0 OJ

~Vr =~~ 
-

r

= i

= [- .~, I]

~(rr ) 27
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D IV rI - ~V r
_____ = V* -_____

r

=1
~(rr) L~r —

~
p ~h

~h ar

— p [A-- (ch + 0/2) (ch2+Dh_E) ½]
ah

~ 
__

[h+~jrI 
- h)3 ]r*+ 

(n 1 h)3 e2 (O ,O,Z)

ar i,.1 2 r1 2 a~ (l_e 2)

THRUST VARIATIONS

(60) aA t aR
= A

~(rf’) a(r&)

aA t
— = R
aA

/xl
Setting r = ( x2

\, X 3

aR 
_____ 

a?~ ar~f’
a(rf~) [a(rf~) 

‘a(rf~) 
‘a(rf~)

~ ~i r~‘

ar = 1
~~~~[I~~~r r *I

= [O ~ ]a(r f~) 
‘
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_

=

Jrxt’~ r~rx~ -r arxi”= ~~~-~
.
- - -

, 
-_~~—~~—--

3rx~ - 
- - -

~~~~ 
[ rr* *. .1

~ L’ - 

~~~~~ 
- ‘  r -‘rj

I rxrl

Jrx~ - r ~~~~~~
— I - —

~~~-—~,- 
- r -rrxr 1 L rxrV

where rxi’ = 

~rr = -~xr =

r a -x3 x21
0r 1 x 3 0 -x1

L~2 
Xl 0

= 

X~ + x~ -X 1X 2  X1X3 1
r 

~~~~ 
x~ + x~ -x~x3

—x~x3 -x2x3 x~ + 4
POLAR MOTION

Lett i ng r5 denote the earth fixed station position and ABCD the
inertial to ea~ th fi xed coor d ina te trans format ion

r5 = (ABCD) *r5 r5

= (BCD)*m ~5

29

-- -
~~~~~~~~~~~~~~

— -‘-.-
~~~~~~- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _  ___



r 1 UJ3 W21A = U)3 1 -w
~ ‘~‘l 

= 

~‘2 
=

~~ ‘~i 
1]

= 
~ (At + t~t)

t = time in sec . from the beginning of the year.

ro -5 3 W52 ots2lar5 = (BC D)* l S 3 a -~s1 —otSl I = (BCD)*Q
0 OJ

where P = (A g, Ap , At , t~t) is the polar motion set.

~
Dt ~~ ar 5

~~ ap

~
Dt

= — (BCD)*A*AQ

~°t 
3r~

=
— — AQ
ar arS 5

~

(61) — = — AQ

Thus
aD~ aD

~ 
aD* ao

B~~(t) = — = Q*(t) A*(t) —p 
~~~ A(t) Q(t)

ap ap ar50 arso
= ~~t)A*(t)B (t ) A( t ) Q (t)

Evalua ting AQ at TCA of a pass gi ves

(62) 
~~p 

= 

~~pass 
Bpp (t) = Q*(TCA ) A*(TCA ) B55 A(TCA) Q(TCA )

Equation (62) and other similar relations are now used to convert the
station coordinate section of the pass normal equations into a polar
motion section. Th i s technique is used to incorporate polar motion
parameters into Celest.
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