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I. 1NTRODUC~’ION

The mathematical analysis and dat.~ reduction techn i ques described in this

report were developed in con u n c t i o n  w i t h  our ro le  as data support personne l

for the proposed rocket fl ight. A35 . 1 9 1 - 4  whose f l i g ht prut’ile has two major

phases during which experimental measurements will be taken . Our principal

partic ipation in this project is to provide necessary programming and analytic

support to determine the attitude and other requested information , using

chiefly, the on-board attitude measuring systems.

The primary experimental mission of this proposed flight is the Earth Limb

Experiment (ELE), which requires extremel y accurate attitude information . To
attain the necessary attitude accuracy for the ELE , the attitude measuring

system for this portion of the flight consists of an Adcole High Resolution

Digital Solar Aspect System Model 15380-1 , a Star Mapper , and Honeywell Rate
Integrating Gyro . Transformations of coordinate systems , analysis , and data

reduction were developed which would be used to calculate the vehicle ’s attitude

from the on-board attitude sensing devices . The attitude will then be used to

determine tangent height.

After the ELE scans have been completed , the solar aspect sensor is re-

orientated and the vehicle itself torqued to a new predetermined orientation

to start the zodiacal scan. The precise knowled ge of this orientation , however ,

does not meet the requested attitude accuracy requirements . Accurate knowledge

of the orientation of the vehicle for the start of the zodiacal scan is

essential since the initial attitude for the zodiacal scan w i l l  be ca lcu la ted
using gyroscopic and Rate Integrating Gyro (RiG) output s whose zero reference

w i l l  be this  new o r i e n t a t i o n .

The a t t i t u d e  for  the  i n i t i a l  poi n t at the start of the scan will be

ca lcu la ted  from the preselected orientation of the rocket , updated by correction

factors established during the ELL scans . Using this initial estimate , sun

sensor and gyroscopic data available in a neig hborhood of this initial point ,

the Kalman filter w i ll be used to update this initial point after the initial

point has been determined , attitude during the scan will be computed using gyro

-- - -~~~~~ .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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.~n.i kit ; information . s ~ ~j j~ to the EUi por t i oii of the flight , the Ku ] niun

f~ l ter  w i l l  be used in sequential fashion to calculate attitude updates based
on the sun sensor data .

Digital tapes and printouts containing updated attitude and requested cal-
culations based on attitude information along with an estimate of the possible

error in the data will be supplied as final outputs of this project.
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2 . FUNCTIONAL DESCRIPT iON FOR ATTiTUI)L

To provide extreme ly accurate attitude informat ion , not only during the

ELL operational periods but also during other portions of vehicle lifetime ,
six retere nce coordinate systems must be introduced . These systems are required

becau.)e of the vehicle ’ s flig ht profile and on-board attitude measuring systems.

A d i sc uss ion  of the a t t i tu d e  measur ing systems , the flight profile and the

reference  coordinate sys tems f o l l o w s .

2 .1 Attitude Sensing Systems

The primary attitude determination system is comprised of a star mapper ,

Saf l  sensor and Rate Integ ra t ing  Gyro (RiG) . This system will provide necessary

attitud e information during the FLE operat ional  period . The secondary attitude

determi nation system is an Attitude Contro l System (1\CS) which is comprised of

a g0ii Stabilized Platform (RSI’) with two free gyros , which measure vehicle

yai~, pitch , and true roll and three rate gyros . The ACS system is used during

the transition phase to maneuver the vehicle to its predetermined orientation

so that all experiments will point in their required directions .

2 . 2 Fli ght Profile

The A3a . 1~> 1— 4 vehic le  should  behave like a norma l wel 1—behaved rocket

~nt ~1 t,-1 sccs.snUs after launch when the ACS is ac t iva ted . A f t e r  receiving a
Start s igna~ , tue .-‘tCS m i t  iate s vo— yo despin and payload—vehicle separat ion.
After separation the pay load roil pos i t ion is brought into a l ignmen t  w i t h  the
ro I i  gyro rctcrcn ~ .’ roll capture) . W h i l e  ro l l  cap ture is i i i  progress , p i t c h
and ai~ r.~ c: cc 1’ roug h t t o  :e cc under cont ro I of the rate gyros . Pa y load

pm tcn aud vai~ att i t  ado ire aligned with the gyro  r eferences  fo l lowing  rol l
cap tu re ~tfiroc — ~ix i s  c~~;~~ ire) . .-\ set of ‘‘remote ad~ ~ st ’’ maneuvers in roll , p itch ,

and yaw is pe r f o rmed f o l l ow i n g  i n i t i a l  a l i gnment of the payload w i t h  the gyros .
Upon comp let ion of the remote adjust , the payload sensor axis is aligned to
the p r’prug ran.~iied ori ent it  i ci f rom whi ch the first ot the IiLE sc an s beg i ns ,  i t

is to he noted that the ,tv cr ,ice er r o r due to the torqu in g on the yaw and p i t c h
axes is ~ 1 .~~~~

° as e s t , i b l  ish ct, t rom p r e v i o u s  h i — S t a r  fli ghts.

t tel eoetered i t t  i t  las  S , I  t a w i  I i be corrected , when poss i hi e , fo r s s t  em—
it  IC  er ror :,  ilifl erent to he sen’~or ic~t suring system . These errors w ii i  be

d e t e r m i n e d  f r~ii.i the st  ask s i t  c v ar i o u s  i t t  i tude sens ors ’ specifications . i . .

gy ro b i a s  d r i  f t .  The ~I ig ~~e ;c t i ~een t h e  sun I inc iLctoF and the center  l ine of

— -. ---- —~ .~~~~~ - -— - ~~~~~~~~~~~ ~~,- ~~~~~~~~~~~~~~~~~~~~~



the sun sensor w i ll be predicted and compared ~ ~tn ~ctiial sun sensor angular

readout. The attitude will tse apsiated , whcu iiecc ssarv , using the results of

this comparison. Further , the attitude d c t c r c in a t . i on  during the ELE scans

makes it possible to readjust the preselected orientations of the rocket given

at the start of a scan and could pos sibl y provide error correction factors

which would enable additional prese1~’cted orientations to be corrected .

lucre will be four veil ic~il tiLL scans , each in a Noi ti ieriv direction , in
manner such that Polaris wil l be detected by the star mapper on each scan.

The attttude of the rocket ’s S C ; I I I I I L f l I Z  axis will he determined during each scan

oy comnmning the discrete measurements of the star napper and solar aspect sen-

sor auc in tegra t ing  them wi th  the RIG rate of change information for this axis.

~nc attitude analysis has been developed assuming that all tiLE 5C~~flS will be

in a vertical plane . Any deviations or changes will cause modifications in

our analysis.

.\fter ai~ tiLE scans are complet ed , the sun  sensor will ~e re—oriented and

t h e  vecimcle tor~ued to a new preselected orientation so that a scan (zodiacal)

for another experiment can he pertormed . The ACS , comprised of the RSP with
tw o free gyros , three course rate gyros (one on each of the measuring axes)
and two accurate rate integrating gyros (one ci i  the pitch axis , the other on

~ue yaw j , will be used in coiuuuct ion with the outputs from the sun sensor to

uet er : : ;i i ic  tue  mo sL  a c c u ra t e  a t t i tu d e  p o s s i b l e  d u r i n g  the  zod i aca l  scan. Since

t he  gy r o s  .is w e l l  as the  c o h i c l e  are  torqued to a n ew o r i e nt a t .  ion at tn e s tu r t
of  the zod iaca l  scan • t h as determ ining ~ new gyro zero r e fe ren ce , t h i s  o r l e u t  a —
10;. ,:;ast he ~uowu as .eca :. o~ ~ 

as pos s i b l e . The p r e s e l e c t e d  o r i e n t a t i o n  of
ue ioc ~ et w i l l  be used i t  t~io start of th i s  scan as the .itt it u d e  of the rocket ,

tad is 11 oe t ipUd t CLl  1W c o rr e c t  ion f a c t o r s  e s t ah i  ished d u r i n g  the  t i LE scans .

~ac. tue  nest .  est  i t a t  e of  :n i s  o r i e nt at  ion has  been de t e rmined , the atm itude

I ‘c o a i  e u  ated 1W standard i t t  i tiide ana ly s i s  for gyroscopic da ta . h owever ,

the uat ,i redact ion anal y sis of the gyro data wi 11 have  to  be modified , since

dur  i f l i~ t i i  ~s scan t h e veh u c  Ic p i t c h e s  ou ts  ide the  cal  ib r o t e~J 1 im~ is of the  i n st  r u —

meat . I R i  s veil i ¼~ I e - s  I I sil l C.iiises the output of the pitch si gi ia l  to be s~ ara I

- sn ta re m a i n  so w u i s  ~e t u e  ‘,o h u c i ’  is p i tching outside the 1 ’it ci; .i . \ i s  c ii .. . . .itI. ~a

i 2°) .  -
~ p r o h i c i t i  w i l l  a’ corrected by Ut  i i  i zing t i c  5 su t  puts u t  ~~lsc pit c

~ l i  1 ~ l t t  e Cs f lt  s s ~~ ’ t i  l l ~ , t i  I i r  • I c l i  value s ~hu r i I g  this s .  a : *  u s i  - O t t

is tcchni 1 iii cIl t . I  u • t g  t a p~ t ch .iiigLi ~ ti r v.i lue  ‘ 1  i cc  i t  s . i i  a l i t  cu and

~Ju l u g  0 it I ii out  p t  o f  t a- pu cii ~ Id , . e .

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ -~~~ .-—- ,, -. -—- -
~~~~
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p l tch L t ) jh.tch~ t.) 
-
~ p z c n  Rl1J

~..t k+ . )  +

whe i~e a 1 is t tie ci’ L O  r e :~ t I 1,1 t C

Us mu g this approacn in areas in which the l)ltCh angular output is not

saturated , we will compare results and hence determine tile error estimate.

This data reduction techni que will then allow us to use the gyroscopic attitude

determination anal ysis mentioned above .

To update the a t t i t u d e  d u r i ng  the zodiacal scan , the sun sensor output w ill

oc used . This procedure , s i m i l a r  to t h a t  mentioned for the ELE , i n v ol v e s  a

comparison of the predicted and measured ang le between the sun l in e  vector and

ormentation of the sun sensor axis .

i f  we let P be the orientation of the sun sensor probe axis , given in the
fixed inertial system ~I J K) by

P 1 cosO cos~ + J cosU Sifl~ + K 51110
p p p p p

and the unit sun line vector as derived from empirical sources given by

S I cosO cos~ + J cos6 sinç + K sinU
S S 5 S 5

where

ü is the declination of the sun
S

~~~
. is til L r i g ht  a scens ion  of the sun ,

tu cr i  , ,  the angle between  P and S is

= cos ’ (P .S)  = cosd cosf cos~~~- , j  + s~nU sinO

f~iis predicted value t s  compared with the measured sun sensor output . Then

the attitude , if needed , will he adjusted within an established error bar to

acnieve the best possible comparison .

________ - — ~~~~~~~~~~ ~-ii~~r.~-~
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...3 Reference Systems

2.3.1 Fixed Inert ial Systeni

the most has ic ui the six refe rence coo rul n at e  ~~ st elliS t o be used i t h e

fixed inertial system (1 J K). I is a unit v e c t o r  i i i  the direction of the

autumnal equinox and lying in the equatorial plane of the Earth . K is a unit

vector in the direction of the Earth’s North Pole and J ~ K X I , This system

is fixed in space , and the position vectors representing the sun, Polaris , and

riopefully, preprogrammed orientations are to be given in this (1 J K) system.

2.3.2 Vehicle System at Launch

~~ second reference coordinate system to be used is a right_handed body

echicle system (~~~ Y Z). X is a unit vector along the vehicle ’s roll axis ,
1’ ms a unit vector along the vehicle ’s pitch axis and Z = X x Y where Z0 ‘ 0 0 0 0

is along the vehicie ’s yaw axis . All attitude systems on board the vehicle

output with respect to this (X
0 

Y
0 Z )  sys tem. Also , the orientation of each

on-board probe is ini tially referenced to the (X
0 Y0 Z0) system.

~.3.3 Local Launcher System

-~~ third coordinam system ta oe used is the local launcher vertical , East,

arid Nortr . system (V E N). N is a unit vector tangent to the meridian circle

turougn the launcher and pointing to true North , E is a unit vector tangent to

the circle of latitude through the launcher and pointing East of North , and V =

E x N . Since the gyro system is uncaged in the launcher whose position is given

in this (V Ii N) system , reference to this coordinate system is required in order

to provide a history of the v e h i c l e  f l i ght from l i f t - o f f  to desp in and the space-

carft ’s subsequent motions.

1 3 4  i ; c l m p t i c  In e r t i a i  System

A fourth reference system is an ecli ptic inertial (I K .). The e c l i p t i c

;1i~ ae determined ay the or tn on orm a l  vectors I and .J is d e f in e d  ~ s thu pi i:a

at the Eartn ’s orbit about the sun . Referring to the fixed inertia i s y s t e m ,

I . I and K makes an ang le  ~ w i t h  K.  The ang le of ob l i quity i: = 23° 2 7 ’  S . 2’

— , -. t ) ,~~ -~ ( t — i J L ~~) ‘‘ t t h e  ye.~r •n 51 ;t cst ion and .J = 1~

2 .3.s (5eoccnt r. c Syat.e;;

An intermculia te .- ele reui ce S y S t L l f l  to be u~ cJ is the ~,eocel t r u c system ~u 

~~~- — ~~~- ~~~~~~~~~~~~~~ . — - - .. - -—



w ~tu ~uiu an it v e c t o r s  mu t n~ cqu.~t or i~~. 1 p 1.1110 uP tue Liirta and i in the

d i r ect ion of tne Ureenwich Moe id , u t l  Plane . the unit vector k is in the direction
of taic i .1 rt h ‘ s Nor  t Ii Pole , i i l s  k - 1 x

2 . 3. o Uncage~I \eti ie Ic Sy s  t o u t

- \ ao t nc r  i n t e rm e uj i l I e  t e i e i ’ e i i c c  sy st e m  t o  Pu ui ~ ed i s  t he  (X V Z) orthonormal

system which positions tue ve h icle axis X w i t h  respect  to the  caged system

(X 0 I j .  Using gyro yaw , pitch and roll information , a transformation matrix

will be developed i~ Section 6 to transform this uncaged system to other required

reference systems .

7
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3. DATA FLOV ~ FOR A35. 191-4 (LLa/ 0i)iACAu. )

The data  f l o w  commences w i t h  p roces sing  the d i g it a l  ta pes con ta in ing  the
attitude informat ion into u;e~ii uing fui e ng i n e e rin g  u n i t s . This data is then

cor r e c t e d  for  any  systeina t ic  error i n h e r e n t  t o  the ,itt itude measuring systems .

As p r e v i o u s l y  discussed , tne  at t  i t u de  t o t  t u e  Ou ~~~L m c i i  scan s  u ) t  t h e  tILL

11 be c a l c u l a t e d  u s i ng  the  ou tpu t s  of the sun sen so r , s t a r  ; ;u . tppc r , and R1 (

whicri is mounted on the scanning axis . This attitude determination will be

constantly updated using the SUfl sensor in f o r m a t i o n  and , f u r t h e r , w i l l  a l l o w

tne preselected orientation lor the start of the tILt: sca ns to he updated .

This  f i na l  a t t i t u d e  data  w i l l  ne combi ned with the ephemeris data to calcu late

tangent  hei gh t .

Since the v e h i c l e  and gyros are torqued to :t p r e s e l e c ted  o r i e n t a t i o n  for

th e  s t a r t  of the z o d i a c a l  scan and s i n c e  the  i n i t i a l  a t t i t u d e  for the  : o d m a c a l

scau w i l l  be c a l c u lat e d  mis lug gyroscopic  and iUG outputs wuiose ~cro reference

•~~. ii ue this new or i e n t at  ion , i t  is  esSeilt jul for accurate • . t t  i t ude  i n f o r m a —

t~~oii ou r in g  the : o d ia c a l  scan tn a t  t hms o r i e n t a t t o n  be accura te ly  known .

Acc or a i ng to a previous d i scuss ion , up dates on t h i s  preselected posi t ion w i l l
Dv made by c r i t e r ia  e s t ab l i s h e d  dur ing the tI LE scans , and tile i n i t i al  a t t i t u de

~u ifo r rrt ation c a l c u l a t e u  for  the zodia cal  scan w i l l  be up dated u s i n g  the SUfl

se nsor  1, :itpiit . The f i na l  a t t i t u d e  for the zodiacal  scan w i l l  be represented
in an inertial ecl ip tic System . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . -- .-~~~~- .- - _ _ _
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Inc coord m a  t o  sos  I e l I  1 1 I a - s I t . , - a t l u  I k u d  1 lIe 1t I a I ~ 
- . t etil

~,1 J N ;  where I [ S i  f i s h  t O h  i l l  t Ile u t i  l O s  I l i t  s i  ( . 1  i ’ l l i . i s t~~~~I i l I l
~ , l I k I

l y i n g  i l l  t h e  e q U at o r i l I f l u b  
• N i s O  111111  C~ t o e  i i i  t :~~ d i i  u C t  ion ~~t the

Ear th’ s North Pole , and J I

the tangent he i g u t I s u a 1 a i t t  esi u t i  re fe e ~ t lu u -
~ I .1 k ~ v st  em

t I l L ’ er i cut at ion of t h u  .~ . 1 1 1 : 1  i ;  .~~ x i s  a l i d  t I  1 C e I t  I I c  I 1 I s o  C u l l  I er .1

thc Larth.

iS iep icsciited

~ I t ni J a ‘s
X

IS , fl l i i e  t i R  , i t t  i t s I d u  dot  e rm i n e d  d i  I C C  I I on  cosines of the ~c i t i I l 1 l I g

- - . t h e  d I s t an c e  K I ron the center o I I f l u  L o u t  I i  t u) t h u  V i i i  LC l u  is g 1 i i i  by

t u b  ex p r e s s i o n

5 = s. ‘ V .J N .
p It P

i nc equa t ion tor a Ir p0 i t  \ ,~~ , ~) LIII I lie OI ) la  t o  s~~ t I 0  1 0 1  d .  I Ear th ln~fJe i

is

t S 
— 

L - —

s-lucre a and c , t i le  e qu a t e  ~.il m d  ~i o I , i i ’  r iu l i I ru s 1 iec t i o e l v  ,

II n~~
’s. 5s~ km .

u 1 ~a(s .9l2 kin .

l i e d , 101 a t ~.iio ;l0 l I l t  ‘s , , -. Oil t I l e  l i t  U’ s I O u  l o u  C , the vector from the

center ui lu : & I t  Ii to  t i r l  S pe l i l t  C iii lie represented is

5 = x I V J $- S N .

I ~

~

. -. -‘ .-
~~~ —- , - -~~~~~~ -.. -. _ _ _ _ _ _ _ _
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/
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-. q •~x
b

h

Fi gure 1

Since the gradient is norma l to the surface q (x,y,z) = cons tant through
each poin t on the sur face *, a norma l to the spheroidal model at X

q~ Yq i 1
q

and to the scanning axis i s

x y 1
I + J ~_S. + K S
b2 b2 2

_ _ _ _ _ _ _ _ _ _

1x 2 + y 2 z 2

~~

V b k

An attitude dependent expression for N can be defined as

(R X X )

N X X  —

1k x ) ~p

since N is perpendicular to ~ and in a plane parallel to the plane of R~ and
* *

Phillips Vector Anaiysis, pg. 35.

Phiili ~ s Vector Anal ysis, pg. 17.
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tiuaaiiuing th e  v e c t o i s  ~n Figure , ~ u ~et

< + sX - hN - K = U . (4-1)

Since X is perpendicular to N ,

U

Taking the scalar product ~ t 
~ 

1) with X and N respectivel y, we find that

• (K -R )
4 p

ii = N • (K —R )p 4

Given Inc attitude ot ’ X and the posit ion vuct o r K1) in t h e  f ixed s y s t e m , the

distance s in the \ dir ection fF0111 tile rocket in t r a i e c to r y  to  N and the

t , i f i g C f l t  neight h i f u ’ C o l I h I l  u t u l v  uie ~ e r - ~~i .ed and can be rewritten as

-~~
2 {ii~~ h~ •X ’; -

S - ~k
S 

V ~~~ ~ ~~~~~~~~~~~~~~~~~~ - - — -  - - --- - (R •X)

b (n -c ’ ) [s  I t I
/  — -

- S -  - -
— i l-i • \ Jp p

/ 5 iY— c ’~ j: —n (K .X)]2
I . , - P X P
I i\ 

- 
— ~ S • b - -

~~~~~~~~~ 
— —

~~~~p p . 
-

Let the aireet on co: tile s of X’ when I t ie  distance s=O be g iven by , mx x
- 

0 0
0110 O ct  i f l C

= ~ I ~ in J ~ a it
x x X
0 0

_ _ _ _ _ _ _ _ _-- --rn 



then the scan angle ~ (Fig. 1) 
for any other direction X is 

-

6 = ~05 1 (~~X ) = c0s 1 (& ~ 
+ m m + n n )

0 X X  X X  X X
0 0 0



-~~
~~~~

- - - ----;.
~::: - -

D . ~ L A R MAPi t
~~5 COOIWINA L i . ~~~~ JI~MA5 id , \I~

I n c  I f l a th emat  ical and 5u ap l m c i i  re lu t i O t i : - - l l i j ) O  lu -  t w e u l i  the basic reference

coo r d i n a t e  sys tems  are presen t e i  here. Als o , L I V  in t e r m e d i a t e  resul ts  necessary
to produce the aforementioned systems wi lL be aescribed .

3.1 Fixed Inertial system (I J K)

Sinc e tne hi s t o r y  u t  veh ic  1~ f i  i ~h i  I s ha 501 upon t h e  lo c a l  tV L \ ) s~ st e;n
1 transformation to the fixed inert ia l i i J K) system must be made when providing

I-un and noon information. l i l e  rIJat ion of coordinate systems is necessitated

by tile ia ct that sun and 11100)1 L i l t  a are provided in the (1 J K) system . This

trans formdtlon can he s e p a r a t e d  i n t o  two dist L i i c t  phases , the first of which

re~ates ~\ E N~ to the 4 e O Cu ’I i t  i’ic sv s ten i  (i j K )  ar id the  second of which  r e l a t e s
the ~i 

~ 
5) system to the (1 J K) system . Sulhmlarizing these transformations

~~C d iv e

‘ - ii i i

= ..
~~ 

= AD~J l.
I A /  / I
[ NJ  H H

Tne m a t r ix  \ requires the 5 a t  i t t id e and Longitude w it h respect to the

i rec :iwicn Meridian Ph tue o f ’ t oe  P O S i t  to n on the earth’ S sU i ’t a c e  to w h i C h  data

is being referenced .

V () : latitude

-, lo.ig~ tude

J
I?

4

l i g u r e  2



The matrix 1) requires the coordinates of 
t u e  sun , moon or any other

body that is specified in the (I J K) system.

apparent rt. ascension
S

V .E. : vernal equinox

N
-J Line

/ 5

I Earth in orbit

V.E .

Figure 3

5.2 Vehicle System (X0 
‘

~

‘

~~ 

Z~ )

Given the elevation and i:imuth of the launcher in the (V E N) system ,

we can rela te the (X 0 Y0 1~~ to the local system by the expression

W= k
~

where the B matrix requires the launcher 
settingS .

18 

::~: .
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e:elevation

a:azimuth

- 

- 
Figure 4

I
The following C matrix r equ i r e s  the gyro yaw - , p i tch and roll information

d u r i n g  the veh ic l e  l i fe t i me . The (X Y ) orthonormal system positions the

v eh ic l e axis X with respect to the caged system (X ‘

~

‘

~~ 

Z).

y :y a w  ang le
C) 

p:pitch angle
0

S.

0

I - i  gU l~~LI 5



This transformation is expressed in matrix form ny

rj .. -

X
0

= d y  
I

L

To determine the attitude of any probe P. we must reference the orientation

of the unit vector P in the direction of probe P to the (
~~~ 

?~ 2,3) system . The

matrix G determines the orientation of P in the intermediate (X ~ 2) system , i .a.,

r~1
;= G~~ I~~ = GC L;I.

define probe position

X with respect to the vehicle

~ axis X and Y referenc e .

A

!-Igure 6

2(1

______ ____
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5 . 3  Local Vertical , L~ i S t , N U C I I I  ~ y s t e i i i  u~ L N )

The positi on ~~t t u e  \ C ) l i l C l e  O X i s  i~ t ie  l a m i i t c i m r  is given in the local

(V II N) system. Iii is caged p o s i t  i o u  r~ i’ s . i ;~~ start t a g  j)oint i ron which to

provi de a h i s to ry  of the v e h i c l e  f l i g ht  I C : ;  m i f t — n i f  to despin. Utilizin g

the transformation matrices already discussed , we c~in now specif y any probe P
in the (1 J K) system; i .e.,

P = GCttAI) J

LK

d C ) L 1 U  th e (\ I N , sys~ e:ti ‘v aes red as the reference system for sun and moon

da ta , the (1 J 5) system takes the form

- i~~

= ~~~~ ~
K t

1 i L ~

wricre (AD)T is the t r a nsp o s e  of tile mat r is m u lt ip i  ica t ion Al).

By the above transform~ tions , we can 110w 1) I ’OV i Ou ’ ~t t i i  Uuie for any probe P

either with respect to t~ie ~l J K) system or the j o c a l  (V 1: N ) sys tem.

a . 4 L c l i p t l c  . l le r t l ; j  ~- ) v - -i T -: :; ( 1  3 s
- C I

In orc~ r to  r e t e f - e l I c u  L i~ 1t~ i to  the ( I J S ) sy - ~tu I l : , we first express
1 u L

t he (1 3 N 1 In  t h u  l o t ’ .

r - r
1 1

/ S 
-

=

L

wri~- re F is the aIr I X 1 u l u ’ i t  u s  t i l e  ‘ i se I i C  t o  rs 01 t h u  ( .1 K~ -
~~ t s i’ L I

t h e  ~~~~~~~~~ Vectors U I  ec~ i p t  s y s~~u ’il .

_ _ _ _ _ _  _ _ _ _ _ _
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ang le of

K 
obliquity

.1 = K  x j  (an d
C e L

\ is not in the

p lane of 1 and J~

Figure 7

Now , any probe P can now be referenced to the 
~~ 

J6 K~) sys
tem; i.e.,

i i  -

P = GCBADF~ J

L ~~~

This (1 N
C

) system as neeti selected by the experimenter to be the

reference system for the last portion of the flight of A3S .191-4 during which

the zodiacal scar, occurs .

~\ fi gure re lat ing t u e  earth’s orbital motion on the celestial sphere to

the ecli pt ic follows . 



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

A figure relating the earth ’s orbital motion on the celestial sphere

to the ecliptic follows .

NORTH POLE OF
NORTH CELESTiAL ECLIPTIC

POLE

AUTUMN L EQUINOX

-
- N

June 2 1

\LR~AL EQUINOX

/ ~~~~~~~S
i’, CELESTIAL SPHERE

SOUTh CELESTIAL
POLE

- ,i) ~J 1 h l  POLL OF
E C L I P T IC

Fi gure ~

hle ;;I,i t l l e 1 i t  ~~~~ O X d h ’ C S S I O r i S  f o r  each of t h e  t r a n s f o r m a t i o n  m a t r i c e s
.\ , a , C , e , 1- , i t’ol ~ s w  i ,  h eu~t I O n  I i .

~~ - _ _ _ _  _ _ _ _ _- - - - - -  ~~~— - -  - - -  - - -—  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6. COORD INATE TRANSFORMATION MATRIC ES

The transformation matrices to be developed relate the following coordinate

systems :

1) local system - (V E N)

2) geocentric system - (i ) k)

3) fixed inertial system - (I J K)

4) caged vehicle system - (~ 2~
5) uncaged vehicle system - 2 2)

6) ecliptic inertial system - K

From Figure 2

V = i cos ) cosi~ + j cos @ sin~ + k sinG

1 - -
E = —~~~

- 
~~~ = -1. 5i 1~~ + ) COS Q

~‘N = ~~~~
- = -i sinG cosc~ - j sinO sinip + k cosO

Since

r i

~~~ 
A~J~

LNi ~5j
then ,

cosh cosq~ cusO sim ~ Sif lO

A = -SI I IQ COS i i  0

-sinO cosI~ -s intl sinQ cosO

24

~

T - 
~~

--: . —- ~~
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For the caged vehicle system , X0 is along the vehicle ’s roll axis , Y0
is along the pitch axis , and is along the yaw axis with X = Y x Z

0 0 0 0

V T

1’0 /
, — ‘I

H

Fi gu re t

From the above figure

V sin e + E cos e cos(-~- - a) + N cos e sin(~- - a)

or

= V sin e+E~~Os c s i u l a + N c o s  e cos ;i
C)

Si’ = - l  -i. cos a + N sin a
COS C

= = V cus e - S s I n  e sill a - N sin e cos a

:‘~ince

X V
1 0

‘I = d 1:O s

N
U
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~~~~~~~~~~~
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~~~~~~
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~~~~~~

-
~~~~~~~~
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~~~~
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~~~~~~
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~~~~~~~~~~~~~ 
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then the matrix B is defined as

Fi~ 
cose 5 1 ,1 cose cosal

B = I) -COSI I  •st f ia

cose -s i ne siiia -sine  cosa/

From Figure 5 and [1]

X = X0 cosp cosy ~~ 
COSp siny + Z

0 
sinp

- 
1 5X (6-1)

1 coSp~~
”y

~l a 1,

With the roll ang le r defined as the vehicle roll in the Y , Z plane ,

= cosr + s in r

(6-2)

= - y
1 

sinr + 2 cosr

where Y and 2 are displayed below .

Figure 10



According to [ij, X , \ , ,  , are l i n e ar e o i n b i nj t  ions of the unit vectors

in the  d i r e c t i o n  of the  gyro axes and the t r a n s f o r m a t i o n  mat r ix  C in the

expre ssion

- 0

= C \
- Us

2 2

is w e l l  de f ined .

‘l’o determine the m a t r i x  I) in the  expression

H
j / 0 J

K

we )egin by let t i f I g  1 and a be mu tual l~’p e rp end icular unit vectors such

tha t  K = I ~ J I ,J .
0 0

in F ~ n i ’ i’- , is  I O u ’ sun 1 m u ’  ect or  U’o:.; t h e  l a r ti l  t o  t I l e  511h
¼)

anu  t au ’  a 1l p a r e l i t  r t ;O t . i sC u ’l lS iOi l  
~~

- is the anglu ’ between tile vectors I and —

5 )  ¼ 1 s h i I I I O . l S I I I , l , O ( d U l )  - : ‘ i ’ I - . - O I L ’ :  ; i h s ’ I~~) ll s ) t  I i L ’ ~I t i t . ~
l L ) L P , L _ i l O s s ’ (~~ ~~~~~~~~~~~~~~~~ - s  , , i~ - - ‘ s l I  s , )  C ) . ,  l l I . i A l \ O I s ) f ’  I f h ’ s - , l s s~

I - s i ’ s ’ l i t i ’ . i C t  N I i i l I tn ’ l ’ I ~I ~ . l l - L - t i t j i i ’ ( s l l i i t u 5 :  h t , l t t ’ ’ S i l l’ l O I s e ,

________________



I 
E a r th  in orbit

Verna l Equinox

1

Since I and J are in the  1) 1a5 C O~
’ I auid .3 ,

I
0

~~ -ø s

I

F i ~~~ l r~ 1

1 = I cos (~ -:- ) - J 5fl1 1 -5t ) = - t  COS~~ — J Sifl~

(6-3)
j  = I coS (T-s~ - — )  - 3 S1fl~~~-~ - .1~) = I c o s (—  - 

~
) - J sin(~- -

or

3 = I S if ls s  - 1 cus~~

The g e u ceI l t  r i c  syst C I I  1 I1V ) 1 Ves  a I i ’a~ l5  I i t  10:1 a f the 10 
j

~ 
K system 

11 

_



and

i = 1 cos L~~~
t t m~ 

+ J s if l  L~~
( t t m) l

j  = I cos L~ot t - t ~1) + + J
~ 

S i n  ~
w(t_t m) 

+

(6-4

= -I Sill k(t t )j + J cos [i~i ( t - t  )1
0 

- UI

k = K .

incorpO rating (6-3) with (6-4), we find that

I = - I  kos~~5 
cos 1~ ( tt mfl - S1fl~~~ sin

- J ~sin~~ 
cos ~~(t-t 111fl + C0S~~ 5 

S i l l  L~ t_ t ~1) 11

= I 1 e 0 S~~~ 
S i f i  ~~~

t_ t
m) ~ 

+ sin~~. cos ~~~~ ~t~~fl I

+ J 
~~~~~~~~~~~~~~ 

SI l l  ~~~t_ t ~~) I  - cos~ 5 cos L w ( t _ t 11) f l

= N .

-\fter 5imp lif ylng tit e , i l ) O V C  e 5 1n i t  t Of lS ,

- • ~~t t _ t ~~ ) I - J Si l l  [ -
~ 

+ i
~~

( t_ t
~~

) I

~ ~-~ t - t ,~fl - 3 cos 1s~ 
+

anu

— C u ~S~~~~ + ~~ t - t )  -~~iii~~-I ~~~
t _ t

n
) j 0

I )  = I s m f i L~~5 ~ ~~~~~~~~ I - c s ) S I  :~ + ~~( t- t 1
) 0

- U 
I I  I~~~~.

L 

J
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I i~~~U i ’L ’ / l % t i s l  1 1 5 c  :~, Ie u i  5)u ) i¼ 1~~ ty u as delinCu in Section 2.3.4,

1 = 3 co~~. ‘ K ~I~~~fltL
(6-5)

K = ~J Co s  l u  + 
~

-) + K s in  (~ 
+ 

~~
-) = -J sinC + K C 0SC

A f t e r  s o l v i l . g  t o - S )  for ~J and K , the t r ans format ion  mat r ix  F in the

s 1 ’ C . ’ ~~.l 1 Oil

1 I

= F .J
C

K
U

a-c e~~1 rc5se~ aS

0

d cos : - I-inc

C) sinc C O s i ’

I e i’lliiflC c ori el 1t a tI ~ ’n of a probe ~ in the uncaged vehicle system

let

P = ( 2

I i Y  1 ) .  ( .  I S  ~‘ I V  -~ l ’L ) w  si 5t r :  .s

uX + +

I -
, 1 1 - .~~1’s ’ I)

= cosA
— S i l l - .  u 0 S 5~

= s i : t ~~ a l I l , L

s / l s . l s  I i i i ~ 1 h i ) ’ . I~~I , ~~t

& I L  .) ‘ ~ s i l  -~ i l l ’ , . s . s t  -
~ I I

-- --- - - - -  ,~~~~~~—-----~~~~~~- - - ‘ - - - - -~~~~~~~~~~‘ - - - ------.------- - - —~~~~~--— —-~~~-~~~
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7 . SOFTWAX~E MODULE S

A functional description , user ’s guide , and flow of the software modules

developed for the A3S .l~)1-4 coordinate transformations will be presented .

The coordinate systems and their codes are summarized in Table 1.

SYSTEM DIISCR 1 I” l’ ION CODE

X Y 2 at laun ch or caged 1
o 0 ’ 0

Si , Ii , N local 2

I, j ,  k geocentric 3

1 , 3, K fixed inertial 4

L, J , K . ecliptic I
Table I

‘.l Functional Description

The probe vector P can be expressed as

Hi r ‘

~ 1 F
H Pe t

15 = G Y  ~~~~I Si & - u c l i L i = GCBA~~ j l G L b A i H J a (~CBADF J
—‘ 

_~
u)~~ 

~

,_ I ~ 
-N i  k 1 K

L i L J L L c~~

where the (X Si ) ~vstem is a vehicle system in the uncaged position and the

C , u , d , A , D, 1- ~at r ices are transformation matr ices .

Since  we a n ’  a s s u m i n g  an attitude point for the probe vector P i s  known ,
t u e  mat r i c e s  C and C need not be computed . 

-- - - . ~~~~ ~~~~~~- --
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I t’ we are given the attitude of P in s> s te i : i  V s j U i ’  I and want the attitude

in system code 3 , the 1 ~ 3 array CC will be mult ipl ied on the right by the

3 x 3 array BA . Thi s will provide the attitude in the i , j, k system.

if we are given the attitude of P in system code 5 and want the attitude

in system code 2, the 1 x 3 array GCBAD F w i l l  be multiplied on the right by

(ADF) T, i .e.,

(GCBADF) (ADF) T GCBADFF TDTAT = GCB

which y ields the attitude in the requested (V E N) system.

Given the input system code to be LI and the output system code L2 , a

summary of the matrix multi pli cation fo l lows:

1. For Li < L2, successive multiplication of the transformation matrices

occurs on the right.

2. For Ll -, L2, the product of the successive transformation matrices

when going from the L2 system to the Li system is computed . Let

this product matrix be called H, then the inp ut attitude array is
Tmul tiplied on the right by H

7.2 User ’s Guide

The package consisting of

Subroutin e INIT1 (E, AZ , TM , P1-I)

Subroutine INIT2 (PHIS , TM , T)
Subroutine COORD (Li , L2)

will convert the attitude of a probe from the LI system code to the L2 system

code (‘fable 1) .  The argument parameters arc described below :

I) h = elevation of rocket axis when uncaged (degrees)

= azimuth of rocket axis when uncaged (degrees)

TI-f = latitude (degrees) at launch

P1-I = longitude (degrees) pos. east - at launch

- - ~~~~~~~~~~~~~~~~~~~~~~~ - . ._ - 
_ _ _ _ _  ~~~~ -- ~~~~~~~~~~~~~~~~



:‘~ese ujuantitles ax- c to be defincu i i i  t i l L - routine calling INI T I . INITI

snould be cal led only oiice.

1 1 )  P11 IS - rig ht ascens ion (deg r ees)

TM = ephemeris transit time (total su’cu>zids ~ ci1
— 

T = time of attitude point (total seconds E~’4~~~)

P1-US and TM need only be defined initia ll y, but T must be updated before

calling INIT2 ,

i1i) Li input attitude system code

L2 output attitude system code

A’ITIN(1) , ATTIN (2) , A T T IN ( 3 )  d i r ec t  ion cuIsines 01 t i e  )rObC vector in the

Li system (radians). These quantities x..ill ~~s’~ f rom the c a l l i n g
routine to COORD via unlabelled COMMON .

1::OCT(1), ATFOUT(2), ATTOUT (3) direction cosines of trh probe vector in

the L2 5>-stern (radians). They form part of the unlabelled CO~~1ON

block .

LI , L and AT’1’IN array roust be defined in the calling routine and be

associated with tine 1 . The ATTOUT ai-ra is the requested attitude of

the probe vector.

I V )  COM~.lON biocks

to be p i sc eL i  i n  - ; - ,1 1’oatlnes INITI and the calling routine.

-Si , B, F , are t ranstor:iation arrays.

bj cU>~ 1ON .’UA~~\ / I ~~s ,3)

to be ~~I 0 C C L I  in . u s u b r o u t i n e  INIT and t i le  calling routine .
a is a t r a n s f o r m at i o n  a r r a y .

c) COMMON ll L 3,3 ,4) ,-\TTIN (3) ,ATTOUT (3)

t o  be placed in ,i&l&routin e COO RD and the c i i  I ing routine. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - _ _ _



11 (1 ,3,1) = B(1,J), i i ( i . i , 2 , = -\i~I ,J), H(l ,,J ,4) = F(I ,J)

and ki(i ,J ,3)

7.3 Software Flow

The software transformation routin es involve three modules . iiu e first

of these initializes the tine independent transt’ormation matrices , the second

updates time dependent transformations , and the thiru computes the direction

cosines of the probe vector in the output system .

MODULES

A Initialize Time Independend
Transformation Matrices

\~~~
d
~~~

titud
~~~~~~~~~~~~~~~~~~~~~~1

Update Time Dependent
B Transformations

Specify Input and
Output Attitude System

Codes

C L:ALL COORD

- Output I_________________________
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S . KA LMAN FiLTER

In order to app ly the Ka l man filt er routines to the attitude determina-
tion problem for A3S.1~~l-4 , a dvn amiu&l model fur the payload port ion of the
flight is required . ‘I’he usua l relationshi ps between the angular velocities

of the body and the Euler angles describing the orientation of the body will

be used . There fore , the previously defined coordinate systems should not be

confused with those presented iii this section.

x i
Z

X 7 X 3

/
\ /

/
/ ,

,

V 
~~

Si - ,
I i —

Si ..
I i ~l i re 11

lw Si 2 u U l s i  l i u t e  sy s t em  i s  t h u  inert L i i  retel’en ce s Y S t C l i l  I I S L ’ U .  i l e

.~~~, Y~ L~~~- ,~-.tc’m I s  I n h id , & Xu ’~~~ sV st e e . I h e  o t h e r  s y st e ms  i u i d i c . & t e d

1 1  l a - I  r i t e  I n t e r - h h i ( d i a t L - p h a s e s  u i  thu t r - . & r i s l s , i . ~ , i t  ion v - i r e c e s s i v u -  r o l u l  i O n s

I rum t I I &  l I i e I ’ t  i i  S V it  em I a t h e  i ) s ) u l \ - s X ( S s v s t c~ i.  I I I  , u i l u I ,& l , .1 v t ~~ t o t ’  \ , V .

i i i  t I l L :  u R i s  l s  S L s t e h l i  u t  ac I l’ i f l s l~ sr , l , u ’u1 i i )  I ~ s rc2 )u - L-- -en tA t i on k _ i, , ,

_ 8 )  II s f l e  iou1 ’ ,iX L S sys teir • i : ~ t~~l l& )~e-,:

- - - - _ _  —__ -~~~ 



X
3
1

y3 
= R 1 (p) R 2 (i)  R 1 (ll) y

z 3 z
L

where R~ ( & )  r epresents a r ight  -han ded r o t a t i o n  th r o u g h the  ang le ~ about t he
J -axi s. With the above definition of Euler ang les , the dynamical relat ion-
ship between angul ar veloci t ies  and Euler ang les i~~~:

= 
l
(~ sinp + a cosp)

i = w cosp - U) 5if l~ (8.1)

cosiP = 

~x 
- 

~I j
- 1:.ii)y 

simp + 
~~ 

eosp)

where (w~~ Wy~ w )  is the angular velocity vector expressed in the principal
axes system (coincident with body axes system in this case).

In the possible situation in equations (8.1) in which sin j— ~~ , a new set
of Euler angles will be used in order to avoid numerical difficulty. The new

set is a lon~itude-iatitude-spin angle approach to defining the Euler angles.

In order to maintain the usual convention of taking the latitude iS to be

positive in the direction toward positive z, the following relation between

the vector ’s representations in the inertial system and the body axes system

is def ined :

1X 31 r xl
y

3 
= R 1(v ) R , ( - iS )  R 3 (A ) y

z

3() 

-~~~~~~~~--- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Figure 15

The relationship between the angular velocities and the Euler angles
i s :

= (i ii si nv  + ~e cosv)

= a sinv - 
~i cosv (s . 2 )o y

-‘ sin ~ - -I = - (us~ Si f lV  +
X COS y z

In the proolern ease wr5en i r i i 0, there will be no problem w i t h  eqnations

~~~~ since cos3 1 .

Solv1n~, t o; ul ie  Set i t  L , O i e J ’  ang les in terms of the other set is

accorn p i i s n c~. u1uit e ~ i i i 1)~ y oy ainipulating certain terms of the common tr~,is-

formation matr~ .. l’Ol u’fl s s l t e n ln g  from one set to the other , the set of

aifferentiai equations w~~ l ne s w i t ch e d  also .

inc dynamic al equations for the angular velocities are simply u:ule r ’s

equations:

3-/

_____ ______ ‘H ~~~~~~~ :_ --~~ —
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r~
’ [(I -I

a) ~y
’
~z 

+ M j
x

T ~~~~~~~ ~z~x 
+ M ]  (8.3)

~ = .J-~~~~i - l ) W & k i  + M ]I~ x y x y  z

(M
x i M~. M1) represents the torque which will be modeled as the nominal

output of the thrusters plus a random component. ~~ i~,,. and I~ are the
principal moments of inertia.

Since the equations describin g the dynamical system are non-linear , they

will be linearized about a state reference vector. The partial derivatives

of the righthand sides of equations (8.1), (8.2), and (8.3) are practically

identical to the same equations programmed for a previous attitude determina-

tion problem.

The observations can be directl y related to various elements of the state

vector. The outputs of the rate gyros and the rate integrnting gyros can be

directly compared with the current estimates of the angular velocity vector
U)~~1 w1) since the body axes rates are directly sensed by these gyros.

The angular sun and star data will be related to the Euler angles in the same

manner as programmed for a previous attitude determination problem. If roll ,
pitch , and yaw displacements from gyro null positions need to be used , they
will be related to the Euler angles by comparing the transformation matrix

based on the sensor outputs with the transformation matrix formed from the

current estimate of the Euler angles .

In apply ing the Kalman filter to the system of non-linear state equations ,

the standard linearization techniques are followed. The state equation is

expanded in a Taylor series about X = Xref) and all second- and higher -order

terms are truncated. After subtracting the reference state equation , the state

residuals equation remains:

x = A(t) x + B(t) w

~1



where x X_X
ref~ 

Alt) i s  ti- ic matr ix ot partial derivatives of the right-
hand sides of equations (8.1) or (8.2) and equations (8.3), B(t) is chosen
as a constant matrix for this problem , and w(t) is the random component of
the torque. In accordance with the theory of ordinary differential equations,
a solution for equation (8.4) can be written in terms of the state transition

matrix ~:

x(t) = l~ (t ,t
0
) x(t ) +J

~ 
41(t,’r) B(’r) w(T) d’t

A mean solution can be written :

It
~ (t) = E~x(t)j = t (t,t0) ~(t) 

+ J ~(t,T) B(T) ~
‘(‘t) dT

J-t
0

If the following statistical assumptions are made:

E [w(t)] = 0

E [~c(t ) - ~ (t0) )  (x( t ) - (~~ fl r
l = P(t0)

E [ (x ( t ) - i(t )) (w(t) - ~(t))~ J = 0

E [(w (t) - ~ (t)) (w(s) - w ( s ) ) h ] = Q(t) iS(t-s)

where 5~(t-s) represents the Dirac delta function ; then the variance solution

can be written :

P(t) = E [(x(t ) - i(t)) tx(t) - i(t))T]

= ~(t,t0) P(t ) ~
1 (t , t 0) =

~~~~~: 

~~(t , T) B(T) Q(T) 8
T
(1) ~

T
(t,r) di

It the variance solution is dift ’ercnt ated , the following differential equation

for P ( t )  is obtained :

= + PA1 + BQB 1

3~)
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where the fact that p = ~T was used . This equation is used to map the state
covariance matrix P from one time to the next. In mapping P forward over

a small interval from to to t, P(t0j is known; A is computed from the state
reference vector, which is integrated simultaneously; B is a constant matrix;

and Q is an input quantity representing the covariance of the state disturbance.

A similar linearization process involves the observation-state relational

equation at time

Y ( t . )  = G(X(t.) , t 1) + v1 (8.5)

where Y is an mx! vector-valued function , and v1 is an mx! vector representing
noise associa ted with the observatio ta. A reference observation is computed

using the equation ,

Y
f(ti) = G(X 

f
( t i ) , t i )  .

In applying the Kalman filter , the partial derivatives of G are required . This

matrix H is defined as:

aG

x = x ref ’

Equation (8 .5 )  is expanded in a Taylor series about ,\ = Xref) and all second-

and higher-order terms are truncated . After subtracting the reference

observation-state relational equation, the observation residuals equation

remains:

y = H(t) x + v

where

y = Y - Y ref

The Kalman filter is applied in this problem in accordance with the

following general scheme :

40



~~. Assum e tnat a~ t u e  t
1 

the foiiowing quantities are available:

X . ~,t )  state reference vector

P(t ) = P. state covariance matrix
1 i

The matrix P gi~~~~s a measure of the erro r in the best estimate of the state

vector at  time t.. Assume also that P. is based on q observations already

processed .

b. At time t
k (tk > t

1
) ,  a new data record is processed . This data

record contains new observations at times tkj respectively (j = 1 ,2 s) .

The covariance matrices R~ j = E [Vk j v~~jJ (j = l ,2,...,s) are also given .

c. The problem is to find a best estimate of the state vector 
~
(tk) and

the associa ted covar iance matrix based on (q+s) observations .

d. Map fo rwa rd X 1~,tj to X ref (tk) and P(t.) to P(tk) .  Note that P(t
k) =

is based only on ~j observations .

e. Map forward N ~~~~~~ to  X ref (t~~•) (j = l ,2 ,. . . , s). Compute the

corresponding state transition matrices 
~
‘Lt k

. )t ,) (I = i ,2,...,s). Compute

the reference observations ~~~~~~ ~) G(X ~-(t )tk.) and the correspondingle. K ret ~ j
partial derivatives U (t~~ 1 = ~

-
~id U = 1 ,2,...,sj. Find the observation

res~~du ~t i s :

z - ‘i’ r~~I
(t k~~ ~ 

= 1 ,2 ,...,s)

i r . e  t’~- i ~~-. . i i i _ set  of r e i a t io n s h i ps  hold s :

= 
~ki x(tk.) + V k l

= i L , X (t k)) + vk ,

V -~ II x(~t ; + V
~~~~~~ k~-. ~~

—, ks
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Equivalently, this set can be written:

~
‘kl = Hkl ~(tk l , tk) x(t k ) + Vkl

~
‘k2 = Hk2 •(t k2 , t k ) x(t k ) +

~
‘ks = Uks ~ (t ks , t k ) x(t k ) +

y = H x(t k ) +  v

g. The Kalman filter computes the best estimate of the state residuals
vector 

~
(t k ) and the state covariance matrix

= K k y

P(t k ) = (I - KkH) 
~k

where - -

— l
= PkH 1H~kHT 

+ R]

R = E [v vT ]

and I is the identity matrix.

Ii. The best estimate of the state X(t k ) is simply:

X(t k ) = X f (t k ) + 

~
(tk)

i.  In preparation for the next step, Xref (t k ) is redefined to be
and the process continues with step (b).
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9. ERROR ANALYSIS

An error analysi s will be performed to J~ te--i ~1 i~e optimum data flow and

weigh ting criteria for nidividual probe outputs . Inis analysis w ill identif y

error sources , bo th systematic and random , define the magnitude and resultant

contributions of the individua l sources , and thus estimate the total errors .

Included in this study will be expected random and bias errors caused by

sensor alignment tolerances , timing uncertainties , ACS cross coupling errors ,

and random as well as systematic drifts . Non-ramdom distributions will be

assumed so that Root Mean Square (RMS) accuracy bands will be app l icabl e.

This error analysis will allow us to evaluate the contributions of each

error source to the final output and thus to determine which error sources

can be ignored , how to minimize bias errors in the post flight data analysis
and how best to perform timing synchronization.
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