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be recovered. For example , with acceleration data having an accuracy of
±1 mgal, a 5° anomaly could be determined with an accuracy of ±4 rngais
with the low satellite at 250 km, and ± 8 mgals with the low satellite at
850 km. A comprehensive simulation experiment was then performed to
check the actual recovery of postulated anomalies determined from defined
sets of potential coeffic ients. Assuming known orbits the recovery of the
unknown anomalies was accomplished to about ± 2 mgals. When orbits
errors were introduced the errors increased but could properly be con-
trolled through assignment of data accuracies.

The promising results of this study indicate that least squares
collocation techniques can be advantageously applied to this type of anomaly
recovery avoiding the instability of the downward continuation problem that
exists in other methods of anomaly recovery from this data type.
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I
0. Introduction

Our goal is the derivation of gravity anomalies at the surface of the earth
from satellite to satellite range rates. The determination of gravity parameters
from SST—observations is described in several reports , among others in
(Schwarz, 1970; Kaula, 1972; Martin , 1972; Hajela, 1974 a; Kaula et al , 1975).
Common to the techniques described the r~ is that the partial derivative of the
sum range and range rate are formed with respect to the unknown parameters.
From the part ials a design matr ix is built and the residual ranges and range
rates (observed minus computed) are modeled in the least squares sense by
the unknown parameters. Since implicitly in all methods of surface gravity
parameter determination from satellite observations a downward continuation
problem is involved, certain difficulties arise in the mentioned least squares
methods. These difficulties are in keywords: truncation of the parameters
to a “inner cap”, stability of the solution, definition of resolution and so on.
Therefore , Rummel (1975a , 1975b) proposed the method of least squares
collocation for the stated problem. Least squares collocation should avoid
the mentioned problems to a great extent. Since it will be split in different
steps, each step can be separately checked for certa in criteria such as
stability and resolution.

In the sequel the method of determination of gravity anomalies by least
squares collocation is described . The method will in a certain sense combine
some ideas of Muller and Sjogren (1968), and of Kaula (1972) w ith least
squares collecation.

In this report a theoretical procedu re for recovery of gravity anomalies
from SST data will be given in detail. The theory will then be examined
through simulation studies that will demonstrate the accuracy of the pro-
posed method and indicate the accu racy to be expected of the recove red
anomalies.

1. TheoretIcal Discussion

We are considering satellite to satellite t racking (SST) observations
In a “high-low” experiment such as between the ATS-6 and GEOS-3
satellites. The data gathered in a SST experiment are sum range and
sum range rate, both types being described in (Mart in, 1972; Hajela, 1974) .
Because of the low information content of sum range data for gravity
parameter determination only sum range rate data will be analyzed in
this study. 
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The observed sum range rate, R 0~,., is defined by:

(1.1) Rob. + + + RS~~d )

with subscripts g, c, and r for ground tracking station, close satellite
(e.g. GEOS-3) , and relay satellite (e.g. ATS-6) , and with subscripts
u and d for measurements directed upwards and downwards.

Because the gravity field in the altitude of the relay satellite is
highly attenuated, the range rates ~ ru and R IM may be computed
very well from a low degree set of potential coefficients . Doing this,
we find the mean range rate ~~ between the relay and the close
satellite from :

(1.2) = 
~~ ( 

ñro~j + ~~r o u )  = f~ Ob .  ~~~~ (~~~ g r u  +

The time variation of i~I~.O is expressed by:

.. d R r o  •
(1.3) R~e = = ______

dt

The acceleration Il~~ is central for our com~ itations and will now be
discussed in more detail.

The orbit of the relay as well as of the close satellite is defined at
every instant by their position vectors X and velocity vectors X. After
applying corrections for side effects such as solar radiation pressure
and atmospheric drag the acceleration vector X is:

(1.4) X ,

where VV is the gradient of the actual harmonic potential of the earth.
The difference of the acceleration vector of the relay satellite, X ,. and
that of the close satellite, X e, yields :

(1.5) ~~~r 
— 

~~~o

-2- 
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Figu re 1.1 : Geometrical interpretation of the
acceleration vectors in a ~-~ST experiment



The doppler instrumentation detects only the quantity ~ of equation

(1.3) , which is the magnitude of the vector R r o  in a straight line connecting

the locations Sr and S~ of the two satell ites. In other words, R ro represents

the pro3ection of the vector ~~ ~ onto the line ~~~~~~~~~~~~ Denoting the unit
vector directing from Sr to S0 by ~ ,, we obtain:

~~~r ~, or using equation (1.5)

(1.6) = ~~~r ~ — !Yo e 0

These basics are demonstrated in Figure 1.1.

As already mentioned, the motion of the relay satellite can be well
described from a low degree set of potential coefficients. That means that

the gradient VVr can be determined from this set . Computing in addition

a reference gradient vV~’~for the close satellite a reference acceleration

~ is obtained from:

..~~~ 
(

R r o  = 
~!Yr~~~~ Y~ 4)~ ~~

With the anomalous potential, T, defined by T= V-V~~ we derive the 
residual

accele ration, h~ ’, from:

(1.7) R~
” = -vT e

Equations (1.1) to (1.7) provide the relation of the observed range
rates with the gradient of anomalous potential. The gravity anomalies,

~g, on the surface of the earth may now be estimated from the gradient
of the anomalous potential at the altitude of the close satellite by a
straightforward application of least squares collocation. Only the fact
that the input quantity to collocation is in this case a vector process might
deserve some additional thoughts. The least squa~ ‘s collocation estimate
of ~g at any point Q on the surface of the earth Is (Rummel , 1975 a): 

~~~~~--~~~~~~~~ -~~ ~~~~
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(1.8) ~g (Q) = C(Q)~1~~ ~~~~ ~ 
+ 

~~~~ ~2t

dj s 1•]. 3fl~~3f l  3~~~~3fl 3 n 1

with C(Q)~ ~ .... crosscovariance vector between
Ag(Q) and the input elements ~~~
at the points P, j= 1, ... n, dirn( 1.3n) ,

C 
~ 

..... matrix of the autocovariances between
the anomalous potential gradients
213 with dim (3r~ 3n),

D 3j noise matrix

What we would need to apply this equation to anomaly recove ry is the vector
of gradients 22~ . But actually we have only ~~~~“ the projection of the
gradient onto the line connecting the close and the relay satellite as expressed
in equation (1.7). In other words we would like to find the inverse of this
projection , that means an expression of the form:

=

In order to define the projector A one would have to know not only the
direction defined by ere but also the direction of the gradient VT0 , with
unit vector, e ~ , which is not available to us. The problem becomes
obvious by going back to equation (1.7): Rewritting equation (1.7) in
components of a rotating (X1, X~, X3)  coordinate system we obtain

~~~~‘ - 
( ~~~~ e • + e + 

~; 
Xa • ~X~ )

This equation contains the three unknowns, .~.L_ , =~, ~ ~ 
which means that

we need at least three linearly independent X~ equations of this type at
every instant in order to be able to determine the gradient VT0 .  As a result
we note :

For a unique recovery of gravity quantities from a”hgh-low” SST

• experiment at least three relay satellites are needed that track the
• close satellite simultaneously.

instead of postulating this ideal situation we will assume the more real ist ic
• case of only a satellite pair. From the above result it becomes obvious

• that a certa in approximation has to be introduced at this point. Basically we
may choose between two types of approximations, both w ith respect to the
direction of the gradient, VT0 .

---

~

--

~
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App roximatioii (l~

(1.9) 
~ ( 

-~~- , 0 , ~~)i  (~~~
. ~ ... transposed )

which means the gradient of the anomalous potential has approximately only a
radial component.

App roximation (lfl~

(1.10) -~~ _____

which means the gradient VT0 has approximately the direction of VV~~~. The
geometrical inte rpretation for both approximations is given in Fig• 1. 2 .

We expect that by using approximation (ll~ a smaller error is committe d
than by using approximation (1). But this advantage has to be paid by a far
higher computational effo rt since (1) for each obsi cvational point VV~~ has
to be computed and (2) multivariate collocation has to be used as expressed
by equation (1.8).

Sir’ce we are convinced that approximation (l~ is for most p ractical situ—
ations suf ient we continue to analyze only the latter. Assuming equation
(1.9) to be valid the relation to the acceleration V~~’ is:

VT0 
~ ( 

.11. 0 , 0 )T =
cos8

where 8 is the spatial angle between the vectors VT0 and ~~~‘~‘ with
cos8= ec • er e ,  wi th e0 the unit vector in the radial direction at the close
sateIlit~ . —

Using only the radial component this equa t ion becomes:

• ~‘T 
!~~ea

(1.11) ‘Fr = = T O

• ~~r cosR

From equation (1.11) it follows that errors, , in ii~’ propagate
to errors 

~7iT in ~T by

(1.12) var = 
1 var ( € • .  

)\~~T )  cos~~ \ R

_: • ._ _ __
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This relation demonst rates the importance of the geometry of the relay
to the close satellite on the errors. From (1. 12) follows:

• 
- 

(1) We expect good results from an analysis of acceleration data
at times where the close satellite was moving in the subsatellite
region of the relay satellite.

(2) We would like to see the estimation of gravity quantities from
SST-data to be an almost local procedu re. This means It would

- - be desirable that only data gathered in the subsatellite region
• of the relay satellite would have to be introduced into the

estimation process.

Equation (1.11) is the desired relation between f~7 as obtained from
SST and ?,T which can be intro~1iced Into the collocation solution.

7~r
Inserting (1.11) into equation (1.8) yields :

(1.13) ~g (
~

) = 
~~~~~ A 1ir (~~tr~~r r  t + Dji~• ) ~

1 (f~ :’/cos8h

d-tW 1 . I  1 n  fl~~fl n 1

Correspondingly for approximation (fl) the gradient VT0 of the anomalous
potential is related to R~~ with the approximate direction of VVO

FSt by:

j~re.

• (1.14) !Io~~~ ~~~~~~

where 8 is now the spatial angle between 
~~
. ~ and the direction of VV~~

and 
~~ ~ is the unit vector of W~”. We obtain for the multivariate

least squares collocation equation that solves for ~g by inserting (1.14)
Into equation (1.8)

(1.15) ~~(Q) = 

~~~~~~ 
(~~vv vv ~ + D  ~~~~ ( COSB ~~~

~ j • 1•1 ~ • f l  3f l •3 0  ~~fl • 3f l  



Computational Procedure

The information provided to the user in a SST experiment is usually
the time of measurement, the sum range and sum range rate observation,
R ob • and R ob , respectively, as well as the orbital elements at certain
periods of time. Using the GEODYN (Martin , 1972) program we can
compute the range rate, R~ ~~ 

at the times of measurement from a set
of potential coefficients and the given orbital elements. The diffe rence
between observed and computed range rate is:

(1.16) R~°0 = R~, -

which is the relative velocity between the close and the relay satellite
in the line connecting the two satellites. As indicated in equation (1.3)
we have then to find the acceleration 1~~~. The necessary numerical
differentiation may be critical for the whole processing and therefo re
deserves special attention.

We propose three different types of numerical differentiation.
Even though their features might be analyzed theoretically, only their
application on real data will give a final answer what p rocedu re should
be chosen. The first two methods of numerical diffe rentiation are
deterministic. This is to a certain extent a d rawback because the
range rate data will be disturbed by observational errors. But afte r
filte ring the raw data these procedures should alsobe applicable with
advantage.

(1) Finite Differences: (e.g. Whittaker and Robinson, 1967 , p. 62)
It is assumed that the residual range rates , B~ ’ , are given
free of noise equidistant w ith time in intervals of w. Then,
we find

i~ (t 0) = -
~~ [Añ~’(t 0) - ..

~~
. A2 ñ~ ~~~~~ + 4- A3

— .~~— ~~~ R~~
’ (t 0 ). .. ]  ,

where A , A~, A~, A~ are the first to fourth differences
obtained from the data in a difference scheme. Thus, from

• each sequence of , fcrexample six,~-non overlapping--data an
estimate for R~

’ can be determined.
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(2) Spllne Method: (~ . g. Shampine and Allen, 1973, p. 54)
This method seemed more accu rate to us than method (1) and
was therefore used in the simulation.

A cubic Interpolatory spline is computed for each sequence of
five or more--non overIapplng--R~~ data by a program given
in (ibid). By a minor modification of this FORTRAN program
the derivative R 80’ Is obtained at any desired point inside the

• used data interval. For details, see Section 4.3.

(3) Least Squares Collocation:
The advantage of least squares collocation would be that in

• contrast to methods (1) and (2) the filtering of observational
noise caLl be implemented into the procedure.

Using the classical least squares prediction formula

(1.17) R~ ’ (t) = C (t)~j (~~~~ti t . 
+ 

~~~~ t ~~ t ) ‘ 

~~ t

we obtain from the vector of residual range rates an app roxima-
tion to the range rate function B~~ (t) at any desired point on the
real (time—) line. The quantities appearing in equation (1. 17) are:

~ (th ~. • the autocovariance vector between the observations
and the prediction point,

• the autocovariance matrix of the observations, and

~ • . .the observational noise matrix.

~he autocovarlance function C(t) of R~~ can be determined by
approximating to an empirical covariance sequence--as derived
from simulated noise free data--a positive semidefinite function

• such as a Gaussian, second-order Markov, or third-order
Markov model shown in (Jordan, 1972). The autocovariance
function C(t) + D(t) can be derived in the same way using real
data. From thesetwo fu nctions,C (t) and C(t) + D(t) the co-
variance vector and matrix needed in equation (1. 17) can be
built.

The acceleration, f~~, is now computed at any desired point on
the real line by differentiating equation (1. 17),

(1.18) ii~~(t) = (~~~~t) 
) (çt i t~ + 

~~t t t 3 )  ~~ ‘°, t 3

I’



Since the differentiation is directly carried out on the analytical
expression for C (t) equation (1. 18) can be interpreted as an analytical
differentiation of the approximate function, R~ ’(t), derived from (1. 16) .

The solution proposed and applied by Muller and Sjogren (1968) for the
lunar experiment is of type (2).

Afte r computing R~’,cos8 has also to be determined. For approx-
imation (1) we have cosA= ~~ ~ , where ~~ is computed from the
geocentric coordinates of the relay and the close satellite and e0 from
the geocentric coordinates of only the close satellite . The geocentric
coordinates are provided by the GEODYN program together with the
computed range rates.

More tedious is the computation of cosfl using approximation (11).
Then we use cosA=e~~~. ~~ and the unit vector for the gradient
of the reference potential , vV~”~ has to be determ ined for each instant
from the set of potential coeffic ients .

Finally, least squares collocation in fo rm of equat ions (1. 13) or
(1. 15) is applied on the approximate values for VT0 deri ved from
equations (1. 11) or (1. 14). The covariance elements will be compu ted
from global covariance expressions such as those derived in (Tscherning
and Rapp, 1974) . The reby we use the FORTRA N programs developed by
Thchering (1976) which provide the covariance of the anomalous potential ,
the gravity anomaly and their firs t and second derivatives. The es-
timated gravity anomalies are chosen to be located on a sphere whose
center is at the earth’s center of mass and with the mean radius of the
earth. Mean anomalies are compu ted by numerical integration of the
appropriate covariances.

The problem of determining gravity anomalies at the surface of the
• earth from ~ T values in satellite altitude lies in the fact that a downward

r 
• ~ir

continuation has to be carried out. This will give us two types of difficulties :
• • (1) Small errors at satellite altitude will blow up to large errors in Ag

after the downward continnation ope ration is applied on them. (2) The
downward continuation operation may cause seve re stability problems.

- 

- To get an idea about this operation the expression C(Q)~1 ,~.(C~ Tr + D ) ‘ of equation (1 • 13) has been computed for a point, and a
• f~~ equal ~rea block that is to be estimated . The above covariance

expression transforms the (R ~~ /cosA)-values to Ag- values at the
surface of the earth. The given data are assumed to have a spherical



distance of 0° to 90° in 50 steps from the center of the surface ~ g— block
and are located in 250 km altitude. The noise is considered to be zero.
The results are given in Figure 1.3 , where the values of a vector
A = C (°)A”. (~~ 1~~ are presented with increasing spherical distance
from the estimation point. Even though we know that theoretically we

would have to have given the ~~~ values as a continuous function on a
sphere concentric with the cen~ec of the earth and in satellite altitude,
Figure 1.3 shows that for our practical situation data have only to be
given up to a maximum spherical distance of about 20° from the
estimation point . For a spherical distance of 100 the influ ence of the
data is already below 20% of the influence of the data with 00 spherical
distance. This question will be analyzed fu rther in detail in the
simulation study. In the simulation only approximation (1) will be

• considered.

2. The Covariance Functions

The evaluation of(1. 13)requires, in part, the determination of the
covariances between the ~T values at points i and j, and the covariance

between the anomaly being predicted and the observed or given

value. Such covariance functions can be derived in an analytical way
using an assumed model for the anomaly degree variances (Tscherning
and Rapp, 1974, Tscherning, 1976). In the Tscherning(1976) dis-
cussion covariances were computed for gravity anomalies, —AT / and

~r / r
other quantities not of specific interest for this report. We let:

(2.1) A E  Z!. j ..L or ~~~~~~ = - r A

• Then the covariance between the IL values is:

(2 .2) coy (.~i. P 
) 

= M {(—r p A~) (— rQ A~)}

= r~ rQ cov(A~ Ag)

Here M indicates an average value over the earth and r is the distance
from the center of the earth to the point in question. 

~__ • •_T~i•~ —••-• ~~-~~~~~~~~~~~ •-~~~~~~~~~~ •
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The value of coy (A p A g)  is available from subroutine COVAX(Tsche rning,
1976) in Eotovos units squared. 1E2 is equal to I x l0~~mgal2 / m 2 so that
the units of the left hand side of equation (2.2) will be in mgai2 if coy (Ap Aq )  is
multiplied by 10_B and the r values are given in meters.

Using a similar procedure we can write for the covariance between the
anomaly at point P and the radial derivative of the disturbing potential at Q:

(2.3) cov ( Ag~ , .~.! I )  —rq cov(A gp Ag )

where cov ( Ag~ A g)  is given in uni ts of mgal . E units from COVAX. If r is
given in meters the units on the left hand side of equation(2. 3) will be in mgal2 if
eov(Ag~ A g )  is multiplied by ~~~~~~~ Typical numerical values for these
covariance functions are given in Table 2.1 (fo r an ellipsoid refe rence
field) and Table 2.2 (fo r a degree 12 reference field) .

Table 2.1
Sample Covariances Needed in SST Reduction

Given With Respect to an Ellipsoid Reference Field
(Units : mgal2 )

coy (.~i. L I) co” (Agp jL L)
h, =250 km b9 =850 km l~~= 0 m  h, = O m

4 °  h~ =250 km h~ =850 km h,~ =250 k m h~ =850 k m

0 327 98 —341 —128
1 324 97 —329 —128
2 316 97 —300 —125
5 276 93 —216 —112
7 247 89 — 176 —101

10 208 82 —134 —84
13 175 73 —103 —68
15 154 67 —86 —59

H 20 110 51 —54 —39

-14—



Table 2. 2
Sample Covariances Needed in SST Reduction

Given With Respect to a Degree 12 Refe rence Field
(Units : mgal~)

( dT  ~T ~ ( aT
COV I~%~~~~~~~ p 

~gj:- q J  cov~ Agp .
~
— q

h~ =250 km hp =850 km h, = O m  h~~~0 m
~3 ° hg =250 km li~ =850 km hQ x250 km hQ =850 km

0 50 1.53 —129 —15
1 47 1.51 —117 —15
2 41 1. 41 —91 —13
5 15 0.84 —21 —6
7 2 0.36 3 —1

10 —9 —0 .30 16 3
13 —9 —0.48 15 4
15 —7 —0. 46 • 10 3
20 1 —0.06 —2 —0

Examination of the values given in Tables 2 .1 and 2 . 2 show the rapid
decrease in correlation as the altitude increases from 250 km to S50 km.
This decrease is simply a nu merical representation of the attentuation of
the anomalous gravity field with height. We also note that the covariances
with respect to the ellipsoidal field change very slowly dec reasing to the
first zero crossing for the radial derivative autocovariances at ~~~38°
(fo r both altitudes) and for the covariance between the surface anomaly and
the radial derivative at tj~ = 34° (fo r both altitudes). When the higher degree
surface is used as reference the magnitude of the covariances considerably
decreases and the fi rst zero crossings occur at srnalle r~ values. This
would indicate that only data close to the computation area can be used
when the higher degree refe rence surfac e is used. This statement will
be examined in the simulation studies to be discussed in the next sections
of this report.

3. Prelimina ry Simulation Studies

Befo re extensive simulation studies are performed it is of interest
to investigate the accu racy to be expected in the recovery of gravity
anomalies from -~‘T/~r values. Using the notation of equation (1. 13)
the error variance of the estimated gravity anomaly is

-15—
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(3.1) m2 
(~~(Q) ) C (Ag ) — C(Q)~~~ ~~~~~~ + D~1) 1 C ’(Q)~~i~.,

where m is the standa rd deviation of the prediction and C(Ag) is the variance
(or mean square value) of the anomaly block being estimated. Since we are
dealing with mean anomalies, all covariances dealing with Ag values have
been computed by numerical integration of the point covariance functions over
the mean anomaly block.

For this initial test,predictions were made for a 5° equal area block,
and a 2°x 2° block. A grid of 8 assumed data points surrounding the blocks
to be predicted was established as is shown in Figure 3.1. The predic-
tions were carried out for two assumed observation heights (250 km and
850 km) and for several accuracy specifications on the aT/ ‘ir values.

The predicted accuracies , with respect to an ellipsoidal reference
model, is given in Table 3.1 for the 5° block and Table 3. 2 for the
2°x 2 ° block.

Table 3.1
Accuracy of the Predicted 5° Anomaly Block

Using Known Data as Shown in Figure 3.1

Observation Height
Data Acc 250 km 850 km
0.0 mgals 3.6 mgals 3.1 mgals
0.1 3. 6 5.3
1.0 4.0 8.1

• 2.0 4,8 10.2

Table 3. 2
Accuracy of the Predicted 2°x 2° Anomaly Block

Using Known Data as Shown in Figure 3.1

Observation Height
Data Ace 250 km 850 k~~~~~j

0.0 mgals 6.3 mgals 8.9 mgals
0.1 6. 4 14.6

~_____ ______ _____ ________________________
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In judging the accuracy of figures given in Tables 3. 1 and 3. 2 , it is
helpful to note that the root mean 5° anomaly is about 18.9 mgals while
the corresponding value for the 2° x 2° anomaly is 25.2 mgals.

The values given in these tables clearly show the improvement in
the anomaly dete rm ination as the data accu racy is imp roved and/or the
observation height is reduced.

The promisin g results shown in these tables indicate that a more
complete simulation study should be performed trying to formulate a
procedu re that closely relates to a real world situation . Such a sim-
ulation is described in the following three sections.

4. Simulation of Data

We cons ider the sum range rate , R , (Mar tin , 1972) , from a
ground tracking station to the geosynchronous relay satellite ATS— 6
tracking the close satellite GEOS-3 . The R , observa-
tions were simulated, considering that the earth ’s gravity field is
fully described by the potential coefficients of the Godda rd Earth
Model 8 (GEM 8) (Wagner et al , 1975) , complete to degree and order
25 along with some resonance coeffic ients to (30 , 28) . This will be
called the high degree or the (30 , 28) P.C. field , and the H ,
observations as R ,(30 , 28). The 7508.0 version of the GEODYN
p rogram (Martin et al , 1975) was used for generating these
observations.

The reference gravity field for describing the earth’s normal
potential was taken as the potential coefficients , complete to degree
and orde r 12, f rom the GEM 8 field . This will be called the low
degree or the (12 , 12) P. C. field , and the H , values generated in this

• low degree field will be termed as H , (12 , 12) . The residual range
rate R rc between the relay and close satellites was obtained as:

(4.1) H r 0  = R , (30 , 28) — R ,( 12 , 12~

considering that the relay satellite is not pe rtu rbed over short
periods by the potential coeffic ients higher than the low degree field.

The residual acceleration R .  between the relay and close
satellites was obtained h~- the numerical d i f fe rentiation of R .  values .
This was done b~ fitting a natura l cubic into rpolator ‘-~p linc to R ?
values. The details of the p roceclu ui~ wil l Le dosc r ibc d l a tu r  in
Section 4. 3.
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• In judging the accuracy of figures given in Tables 3. 1 and 3. 2, it is

• helpful to note that the root mean 5° anomaly is about 18.9 mgals while
the corresponding value for the 2°x 2° anomaly is 25.2 mgals .

The values given in these tables clearly show the improvement in
the anomaly determ ination as the data accu racy is imp roved and/o r the
observation height is reduced.

The p romising results shown in these tables indicate that a more
complete simulation study should be performed trying to fo rmulate a
procedu re that closely relates to a real world situation . Such a sim-
ulation is described in the following three sections.

4. Simulation of Data

We consider the sum range rate, H , (Ma rtin, 1972) , from a
ground tracking station to the geosynchronous relay satellite ATS—6
tracking the close satellite GEOS-3 . The R , observa-
tions were simulated, considering that the earth’s gravity field is
fully described by the potential coefficients of the Godda rd Earth
Model ~ (GEM 8) (Wagner et al , 1975) , complete to degree and order
25 along with some resonance coeff ic ients to (30 , 28) . This will be
called the high degree or the (30 , 28) P.C. field , and the R ,
observations as R , (30 , 2~ ). The 7508.0 ve rsion of the GEODIN
program (Martin et al , 1975) was used for generating these
observations.

The reference gravity field for describing the ea rth ’s normal
potential was taken as the potential coefficient s, complete to degree
and orde r 12, from the GEM 8 field . This w’~l1 be called the low
degree or the (12 , 12) P .C. field , and the R , values generated in this
low deg ree field will be termed as R ,( 12 , 12) . The residual range
rate E 1.,, between the relay and close satellites was obtained as:

(4.1) H r c  = R , (30 , 28) — 1l ,(12 , 12)

considering that the relay satellite is not perturbed ove r short
periods by the potential coefficients highe r than the low degree field.

The residual acceleration H~ between the relay and close
satellites was obtained by the numerical differentiation of ‘1r0 values.
This was done by fitting a natu ral cubic interpolato ry spline to H~
valu es. The details of the p rocedu re will he described later in
Section 1.3.

II 
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The inertial position and velocity vectors, and the latitude, longitude
and height above the ellipsoid, of the relay and close satellites were also
generated in the low degree field using the Geodyn program, if at time t ,
the inertial position coordinates of the relay and close satellites are given
byX~~, Y r ,  Z r ,  X0 ,  Y 0 ,  Z 0 respectively, then the position vecto rs
r r ,  r~ of the relay and close satellites , and the respective unit position
vectors er and e0 ,  as well as the position vector r r c  from the relay to
close satellite, may be computed from:

(4 . 2)  
~~r ~~~/ ~r = (X r j~~ Y~ ~ 

+ Z r ~~) / (X~ + + Z~ )’/a

~~~~~~ I~~~! ( X ~~i + Y 0j . + Z . I~) / ( X ~ + y ~ + Z ~~)’/a

w ith usual notations for the mag-nitude of a vector , and the unit coordinate
vectors .

The angle ~ between the radial direction at the close satellite , and
the direction from the close satellite to the relay satellite may then be
computed from:

(4. 3) cos fi = (— ~~ ( arc ) = 
~ .c ‘

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The anomalous potential T with respect to the low degree field is
then,using approximation (l),related to H,.~ values th rough the relation:

(4. 4) (~ T/~~r)0 = lI re / cos~

The residual gravity anomalies 
~~~~

‘ referred to the low degree
field may then be predicted as discussed in Section 3. The data required
for these compu tations are the latitude ç~~, longitude Xc , height h 0 of
the close satellite along w ith (~ T / ~ r) 0 at the close satellite at
various times .

Further details about the generation of this data are described in
this section.
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4.1 Residual 10° and 5° Equal Area Mean Anomalies

The potential coefficients in the GEM 8 field are referred to the
following values of the gravitational constant times the mass of the earth kM ,
the semi—major axis a, of the ellipsoid , and the fully normalized potential
coefficient of degree 2 order 0, ?~~ as:

(4 .5 )  kM 3’ 986 , 008 x 10 :4 m~/ sec2

a, = 6 , 37~ , 145 m
C- , ~ = —484 . 164 , s7 x 10~~

The flattening f of the ellipsoid may be computed ~Hajela , 1974 b , page 7)
by iteration from:

(4 . 6 )  f = J  ÷ w 3 i— ~ ( i _ f r  +-i i r

where ~ is the rotational velocity of the earth , and the dynamical form
factor j~ is given by:

=

resulting in the value of flattening as:

(4 . 7) f = i/  29~~. 257

The mean gravity anomaly ~ gp- of a block , bounded 1w geocentric
latitudes c~ , c~ and longitudes X E , X ,. , as implied by the potential
coefficients up to degree N M , ,  is given, after neglecting the zero degree
value of the gravity anomaly, by ( I)esrochers, 1971 , page 13) :

I~~A X

(4 .~~) ~~~~ = 
A A ( ~~~~~~~ si~~~’) ~~ 

(n- i) (
~~~~)

n ~~~~ 
~~*

(sin~~’) cos~~’ d~~’ + (sinrnX~ - sinmA~ ) -

,~~ (coS m X E — cosmX~ )} . 
$ ~~ , .. (Sinø ’) coscp ’ d~~] ,
(0,
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where ~ X = — X~~; and r is the geocentric radius to the center of anomaly
block. ~~N N and ~ ,~, are the fully normalized potential coefficients of
degree n and order m, the ~~~ being reduced by 

~~: ,0 and~~ 4 10; andPN,M~~inp~
’)

are the fully normalized associated Legend re functions of degree n and
order m.

The residual mean gravity anomaly i~g ’ of a block referred to the
• low degree field was computed as:

(4.9) ~g’ = Ag(30 , 28) — Ag(12, 12)

These gave the expected values of the residual mean gravity anomalies ,
against which the predicted values may be compa red. 100 equal area
and 5° equal area residual mean anomalies were considered accord ing
to the subdivision scheme for equal area blocks described in (Hajela ,
1974 a , page 28) . These will be referred to as simply 10° and 5°
anomalies , and it will be understood that we are discussing the re-
sidual anomalies referred to the (12 , 12) P .C. field.

Figures 4.1 and 4.2 show the anomaly blocks which will be
cons idered in this paper. The anomaly blocks have been numbered for
easy reference, separately for 100 and 5° blocks. The pa rticulars of
these anomalies are given in Tables 4.1 and 4 .2.

Table 4.1
100 Equal Area Mean Residual Anomalies

-
~~
——-

~~~~~~~~ Th-- - -——- r•— - - 

~1I ~ g(30 , 28) i~~ (i2 , l2) ~.g ’
No. H~~ ~~ A~ ~~~~ mg-a1s~~~~mgals mgals

1 
- 

50 40 263 277 -3.93
2 40 30 252 264 3, 24 5.33 —2 .09
3 40 30 264 276 — 0.04 —5.42
4 40 30 276 288 — 7. 24 — 1 4 . 6 0  I 7.36
5 30 20 251 262 6.93 2 .13 4.80
6 30 20 262 - 273 — 2. 09 5 . 4 4  — 7 . 5 3

7 30 20 273 284 — 2 .67 — 5 . 83  6.15
8 20 10 257 267 14. 22 11.01 3. 20
9 20 10 267 j 278 18.64 15.92 2 .7~~j

_ _ _ _ _ _  •~~••• ~~~~~~~
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Figu re 4. 1: Satellite arc s for prediction of
10° residual anomalies no. 1 to 9
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Figure 4.2: Satellite arcs for prediction of
5

0 residual anomalies no. 1 to 12
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Table 4. 2
5° Equal Area Mean Residual Anomal ies

~ g(30, 28) Ag(12,12) i~g ’
t~o. ~~ p,° X°~ X~ mgals mgals mgals

1 40 35 258 264 — 0.13 7.11 — 7.24
2 40 35 264 270 — 7 0 3  3.98 —11.01
3 35 30 252 258 5. 86 2.82 3.04
4 35 30 258 264 — 1. 25 5.47 — 6.72
5 35 30 264 270 —11.25 2.82 —14.07
6 35 30 270 276 1.24 — 4. 23 5. 47
7 30 25 251 257 3. 74 — 0.48 4. 22
8 30 25 257 262 5. 79 4.07 1.72
9 30 25 262 268 — 7.93  5.19 — 13.13

10 30 25 268 273 — 6. 24 0.34 — 6.58
11 25 20 257 262 15. 79 6. 56 9.23
12 25 20 262 268 4.97 11.04 — 6.06

4.2 Residual Range Rate Between Relay and Close Satellites

The area of investigation for the prediction of 10° and 5° anomalies
was centered on 30° N and 270° E and was a portion of the area discussed
in (Hajela , 1974 a). The choice of the initial epoch for defining the inertial
coordinate system, and the computation of the inertial position and velocity

• vectors for the ATS—6 and GEOS-3 satellites at the starting time for each
arc was described in that refe rence, and is therefore not being repeated.
The location of the arcs with reference to the 10° and 5° anomaly blocks
have been shown in Figures 4.1 and 4.2 respectively. The direction of
movement, ascending or descending, of the subsatellite point of the close
satellite has also been indicated. The longitudinal spacing was the same
for the ascending arcs and the descending arcs. In each case, it was

• about 6° , which was roughly one—half of the size of the 10° equal area block.

The particulars of the arcs are given in Table 4. 3.

_ _ _ _ _ _  .4
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Table 4.3
Satellite Arcs Used For Prediction of 100 & 5° Residual Anomalies

Arc Ascending/ Starting Time* lAiration of First & Last Subsatellite Pts .
No. Descending — _____ Arc For Close_Satellite 

- -~ - -
Arc Day Hou r M m .  Sec. M m .  Sec. (0~ 

- X~ 
• 

~~~ 
—_ - -•— — — —  — - — ~~~~~~~ —~~~~~ — — - •-— — - — - — - -— - • - — *

_ — - - -

1 0 09 04 00 22 20 57 306 - - 9 250
• 2 0 10 44 30 19 20 61 292 7 233

3 c 0 18 44 30 22 20 — 8 299 : 59 240
4 0 20 25 00 19 30 —14 277 47 236
5 4 08 44 00 20 10 50 305 —12 261
6 4 10 23 30 21 30 57 293 — 6 239
7 4 18 26 00 18 50 7 I 304 - 61 247
8 4 20 03 30 20 30 — 9 287 

I 
54 239

9 2 08 53 50 21 20 54 306 —10 256
10 2 10 33 00 19 20 61 299 7 240
11 2 18 34 40 21 20 — 3 303 60 242
12 2 20 14 30 19 40 —1 1 282 50 238
13 6 10 10 50 23 30 60 306 — 9 2-14
14 

-~ 6 19 51 00 22 20 —13 295 56 241
L~_ _ _ _ _ _  • •  _ _ _ _  _ _ - - _ _ _ _ _ _ _ _ _

• * in elapsed time from the initial epoch defining the inertial coordinate system.

The pattern of arcs shown in Figure 4.1 would be available in a period
of 6 days , if 2 ascending and 2 descending arcs are observed each day. The
sum range rate (R ~) observations were simulated for about 20 minu tes for
each arc till the subsatellite point for the close satellite traversed the area
roughly bounded by latitudes 100 5. to 60° N. and longitudes 2400 E. to 300° E.

• The R, observations were simulated on a tape separately in the high degree
(30 , 28) P.C. field and the low degree (12, 12) P.C. refe rence field. This
was done by using the Geodyn program in the data reduction mode, with
input as zero 11, observations every 10 seconds in the Geodyn bina ry
fo rmat (Ma rtin et al, 1975, page C 26.16), for the duration of arc as shown

V in Table 4. 3. The residuals, with their signs reversed, then simulated
R, (30, 28) and R5 (12, 12) observations at time interval of 10 seconds,
depending upon whethe r the high degree or low degree field was used in the
Geodyn program. The residual range rate R r~ between the relay and close
satellites was obtained as in equation (4. 1):

= H, (30 , 28) — H, (12 , 12)

and w ritten out on anothe r tape in separate files for each arc .

V.—- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~ -‘-~~~~~~~~
• - _ - 
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The geodetic coordinates of the ground tracking station for simulating
II, observations for all arcs were assumed as:

(4.10) ‘P = 350 11’ 5&”096
A = 277° 07 ’ 27 ”899
h = 840• 52 meters

giving a hypothetical tracking station in the vicinity of Rosman, North Carolina.

4.3 Residual Acceleration Between Relay and Close Satellites

We fi rst determine a natu ral cubic interpolatory spline fitting a finite
number of R r~ values, and then compute the first derivative of the spline —

at any of the above points, or at an interpolated point between them. The

fitted spline would diffe r depending on the number of Rrø point values used,

eg. 10, 15, or 20 points, and whether we use these points at every 10, 20,
or 30 seconds apart. The value of B~. ~ would then also differ depending 

on

the number of Rrc values used, and their time interval.

If we consider n values of H1, ~:

H1, R~~, . . . ,  R~ at time t1, t2, . . . ,  t~~,

then we define the spline S(t), continuous along with its first (S’ (t) ) and
second (S” (t) ) derivatives on the closed interval I R 1, R 

~
, and fulfilling

the conditions:

(4.11) (a) S(t1) =R , ; i= 1 , 2, . . . ,  ii

(b) S”(t1) = 5” (t n) = 0
(C) S(t) is a cubic ~~1~nomial on each interval

I t ’  t4~ . I ’  ‘ , ...,n
L

The equation of the spline under the above conditions is given by:
(For further details, see (Shampine and Allen, 1973, page 54) . The
algorithm described below is based on that reference.)

(4.12) R(t) = S1 (t) = 
6~ t 1 

(t ,+1 - t) 3 
+ 6~ t~ 

(t - t 1)~

+ 

~~~~~~~ 
- ~~~~~ ~ t)~~~~ ( t - t  ~)6

+ (.~i~_ — 5 1~~~ t 1 
) (t~~~ _ t ) ;

I = 1, 2, . . . ,  n—i ,
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where:

(4.13) t~ �
~~~ ~~~~~~~~~~ and ~~t 1 = t ~,1 — t 1

We are interested in the first derivative of the spline, which is obtained
by differentiating equation (4. 12), and is given by:

(4.14) ~~(t) = S11(t) = — 
~~~~~~~~~ 

(t 141 — t ) ’ + ( t — t  1)

2

+ ~~‘
_ ‘

~~i - ~~~~~~~~ (s~ 1 _ s 1”) .

i = 1, 2 , . . . ,  n—i

The second derivatives (S “) of the spline needed in equation (4. 14)
are computed by the recu rsive relation:

(4.15) S,’-~ 
= p, S11’ + T 1 ; i 2 , . . . ,  n

starting from S~’ = 0; after we have computed the coefficients p~ and 
r 1 by

the following recursive relations (Shampine and Allen, 1973, page 57);
starting with p2 = T , = 0 in view of equations (4.11 b) and (4.15):

(4.16) p~,.1 = — 1/ 
(

~~~~~~ i~~ i p1 + 2(1 + 
~~~~~

-1) )

(4.17) T 141 = (d~ — ~~~~ T 1) / (
~~ t t~ i P1 + 2(1 + ~~~~t 1  ) )

= 2, . .. ,  n ; and where

(4 .18) d 1 = ~~~~~~ 
(

~~~ t.i - 
~~ - 

~~~~~~~~~~ 
)

The variation of It (t) in equation (4.14) was tested using R1.0 values
in 2 arcs (Arcs 1 and 8 in Figure 4.1), when the spl ine was determined
using 5, 10, 15, 20, 25 R~ values, which may be 10, 20 , 30, 40, 50, 60
seconds apart. The computation of H (t) , i. e. H,. ~, was in each case done

-27—
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at points 10 seconds apart , and the n points (n = 5, 10, . .. ,  25) were equally
distributed on each side of the computation point. The last condition of the
distribution of points for the splin e was of course limited by the first and
last H r c  value in the arc, when the computation points were in the beginning
or end of the arc .

It was found that if the spline was fitted Ofl fI r values at 20 , 30 , 40
or 60 seconds apart instead of H. -. values at every 10 seconds apa rt, the re
was a noticeable change in the computed Hr values . This may be seen in
Table 4. 4 wherc the computation points a re 51 and 55, i.e. 8 m m .  20 sec.
and 9 m m .  respectively from the beginning of the arc; number of points
(H ~~) 

used to define the spline are 20 and 15, and the time interval of
these R~~ points are 10, 20 , 30, 40 and 60 seconds.

Table 4.4
Variation Of Residual Acceleration Due To Tim e Inte rval Of

Points For Fitting The Cubic Spline

# Pts. In Time R r c  in mgals 
______

Spline Interval Compn. Pt. In Arc 1 Compu. Pt. In Arc 8 
j

(Sec. ) 
— 

51 J 55 51

20 10 0.54559 0.19493 —0. 43189 —1.09578
20 20 0.54624 0.19 324 I —0.43234 — 1.09459
20 30 0.546i4 0.19352 —0.43314 - — 1.09415
20 40 0.54640 0 .19355 — 0 . 43229 —1.09507
20 60 0.54311 0.19255 —0. 4369 6 — 1.09215
15 10 0.54560 0.19490 — 0. 43184 — 1.09581 1
15 20 0.54607 0.19449 —0. 43214 

- -1.09544
15 30 — 0. 54601 0.19380 -0. 43126 —1.09535
15 40 0.54314 0.19416 —0.431 15 —1.09518
15 60 0. 53866 0.19988 —0 . 43733 — 1.08928

It is therefore advisable to use the R r values at 10 seconds apart
to determ ine the spirne. The change in H. values with this t ime inte rval ,
but with diffe rent values of n = 5 , 10, 15 , 1 , 20 , 25 is shown in Table 4.5 .
We note that the re is little change in R .~ afte r n exceeds 15.
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Table 4.5
Variation of Residual Acceleration Due to No. of Points

Used For Fitting The Cubic Spline

# Pts. In Time  H ,. ~ in rngals 
-_____

Spline Interval Compn . Pt. In Arc 1 Compn. Pt . In Arc 8 
-

(Sec.) 51 55 51 55

25 10 0.54559 0.19494 —0.43 189 — 1.09578
20 10 0.54559 0.19493 —0.43189 —1.09578
18 10 0.54559 0.19495 —0.43188 —1.09578
15 10 0.54560 0.19490 —0.43184 —1.09581
10 10 0.54573 0.19721 —0 .43 100 —1.09324
5 10 0.52741 0. 22564 —0.48189 —1.05332

The computation of H ,. for all arcs was finally done afte r fittin g the
cubic spline to 18 R ,.~ values at 10 seconds time interval , i. e. for a total
time span of 3 minutes . With this fitted spline, R ,. was computed at 10
seconds time interval for 6 points in the central 1 minute. The fL values
were thus compu ted for one minute time span on each occasion using R r c
values for 3 minu tes, centrally straddling the one minu te period over which

was being computed . Only in the beginning first minute and the last
one minute , or the balanc e portion of the minute, the 3 m inute ~~~ values
did not encompass the computation points for ~~r ~ centrally. It was
howeve r found that due to condition (4 . l lb ) , the H r~ values in the beginning
and the end of the arc are much less sensitive to the number of points
used for fitting the spline.

The R ,. ~ values were writte n out on tape , one file for each arc , at
10 seconds time interval throughout the du ration of arc as given in Table 4. :1 .

4 .4 Radial De rivative of the Disturbing Potential

The ephemeris for the relay and close satellites we re writte n out on
tape in the low degree (12 , 12) P.C . field by the Geod yn progra m as
desc ribed in the beginning of Section 1. The ephemeris prov ided the
inertial position and velocity vectors , and the geodetic latitu de , longitude
and height of both satellites at 10 seconds time interval. The information
for all arcs being processed in a run was availab le on the same file on
the tape , along with headings and arc summaries suitab le for pr inter
ou~~ut. The ephemeris information was extra cted out sepa rately for  each
arc , and written on separate files on anothe r tape.
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With the inertial position coordina tes of both relay and close satellites
available in each arc at 10 seconds time interval , the cosine of the angle
between the radial direction at the close satellite and the direction fro m
the close satellite to the relay satellite could be computed at any time
according to equation (4. 3). Again , with the Fi ,.~ values ava ilable at the
same times , as desc ribed in the end of Sec . 4.3 , the radial derivative
of the distu rbing potent ial (~T/ ~ir)0 at the close satellite could be computed
using equation (4 .4).

The ephemeris information for each arc , and the residual aced —
eration ~,. ~ values for each arc , could then be merged together to provide
all the data required for predicting the residual anomalies. The pertinent
information consists of time ; geodetic latitude cpa , longitude X C and
height h 0 of the close satellite ; and (~ T/ ~r) values . This was written
out at 10 seconds time interval , one file for each arc for the duration
given in Table 4. 3, on the final data tape to be used for the prediction of
residual anomalies.

The algorithms for the prediction of residual anomalies have been
described in Sections 2 and 3. The actual prediction tests using the final
data tape will be described in Sections 5 and 6.

5. Prediction of 10° Equal Area Residual Anomalies

We will now examine the prediction of 100 res idual anomalies usin g
the (~T/~r)~ values simulated in the previous section. The expected
value of the anomalies , E(~.g ’), has been given in Table 4.1. The
estimated value, A’~’, of a particular anomaly is computed from:

(5.1) ~~~~
‘ = C~~g’~r (çrr ir + D) T ,.

— 
where T,. (aT/~r)0 is a vector of a finite number of (~‘T/~-r)~ values
used for estimating the anomaly, with an assu med noise matrix D and
the covariance matrix ci , .  ir ,  and ~~~~~ represents the transpo~è of
the vector of covarianc~s between the anomaly block bei ng estimated

~ I and the T,. vector.

- 
- The computation of and ~~ ~~ 

was discussed in Section 2 .
We now assume a diagona l noise matrix D with all elements the same ,
and equal to the square of the assumed standard deviation of data , T, ..
We will later consider the effe3t on the prediction , of various assumed
values of the standard deviation of the data .
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The number of data points, (~T/5r)~ values in the vector T,.,
depends on the spherical distance, ~, from the center of the anomaly
block within which the data is considered. Denoting the geodetic latitude
and longitude of the center of anomaly block as ~ 

‘
~ and A:, and those of

a (ST/~r)~ data point as ~~, A0 ; the value of ~ is given (Heiskanen and
Moritz, equation 2—168):

(5.2) = cos ’ [sin ~~~‘ sin ~~ + cos cos øc ~~s (A~ — A:)

The number of data points will also depend on whether we consider each
data point at 10 seconds time interval along the arc, or use some other
time interval, say 30 seconds or 1 minute. And, finally, the number of
data points will depend on the longitudinal spacing of arcs. It may be
recalled from Figure 4.1 that the longitudinal spacing of ascending, as
well as descending, arcs was about one-half of the lO~ anomaly block.

We will examine the variation of the prediction depending on the
noise matrix, or the assumed standard deviation of the data; and the
variation due to number of data points depending primarily on the
spherical distance 4~, and also on the time interval, and the longi-tudinal spacing of arcs .

The quality of the collocation will be examined by the standard
deviation, 6~ - , of the estimated anomaly; as well as the anomaly
discrepancy, ~~~~~ and for comparison only, the correlation coefficient ,
p, of the predicled and expected values of the anomalies. These
statistics may be computed from:

A I
(5.3) ~~~~ _ 2 = — 

~~~~ (~~i, . i~ + p11 
c~~

- ir

where C0 is the variance of the anomalies of that block size.

(5.4) = — E (Ag’)

~
i. 

(5.5) p = (:~~~~‘E(~~~
1
)/n )/((:~~~~

12 /n)V2 (:( E ( ~~g5) 2/n )V2 )

where n is the number of anomalies being predi-~ted.

A low root mean square(H. M .S.) value of the anomaly discrepancy
as compared to the mean standard deviation of the predicted anomalies ,
and a high value of correlation coefficient would prove the feasibility of
the prediction method.
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5. 1 Variation Due to Change in Assumed Standard Deviation of Data

During the simulation of data in Section 4, we did not consider any
observational errors on the R, observations. Also, no uncertainty was

• ascribed to the potential coefficients describing the high degree or low
; degree gravity field, or to the epoch parameters of the arcs. We there-

fore simulated perfect data of (~ T/~ r)0 values at the positi’)ns
(~~, A 0 ,  h~ ) of the close satellite at various times , except for any
inherent model inadequacy and de~eneration in the procedures of obtaining
(~~Ti’~ r)0 values from simulated H observations .

We may now consider this by t reating the ~~ data to have an assumed
standard deviation. 6 cases were considered with the standard deviation as
0.0, 0.1, 0.5, 1.0, 2.0, and 5.0 mgals. We present in Table 5.1 the pre—
dicted anomaly, ~~~~~ and the standard deviation of the predicted anomaly,
&-~~ ‘, for two 100 anomalies nu mbered 3 and 6 in Figure 4 . 1. We also
introduce different number of data points by letting the spherical distance,
&.- , vary as 5°, 7~ 5

0
, 10~, 15°. The time interval of data points was kept

as 1 minute throughout , except for an additional test w i t h  30 seconds for
5°. All the 14 arcs in Figure 4.1 were considered.

We f i r s t  note tha t with assumed standard deviation of data as 0. 0
rngals , though &~~ is obtained satisfactorily, the predicted anomaly

~ g ’ is greatly in error. By comparing equations (5.1) and (5. 3), we
conclude that the simulated data of (~ T/~ r) 0 values are not usable with
standard deviation as 0.0 mgals . The prediction is improved w ith standard
deviation of data as 0. 1 mgals, but is still unstable for vary ing spherical

• d istanc e .. On the other hand, as the standard deviation of the data is
inc i-eased beyond 1 mgal , the predicted anomaly, ~~~~~ is damped off ;
and this is very clearly noticable w ith the standard deviation of data as
5 mgals.

To examine this furthe r , the predicted anomaly is plotted against
the assumed standard deviation of data in Figu re 5.1, where we present three
cases of ~ = 5°, wi th time interval of data as 30 second s and 1 minute ; and

= 7. S~ with time interval of data as 1 minute. The results are plotted not
only for 100 anomalies numbered 3 and 6 given in Table 5. 1 and whose
expected vajues were negative , but also for anomalies -I and 7 , whose
expected values were positive. The predicted anomaly for standard
deviation of dal~ as 0.0 mgals has been omitted.

We clea rly notic e in all cases the damping of predicted anomalies
as the standard deviation of data is increased beyond 1 mgal . The some-
what erratic behavior of the predicted anomaly with  standa rd deviation of

data as 0. 1 mgal is also noted in some cases. The optimum standard de-
viation of the simulated (~ T/~ r ) 0 data appears from Figu re 5.1 to be
0. 5 mgals . (This will be found still more noticeable in Figu re 6.1 for
for the case of 5° anomalies.
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Table 5. 1
Prediction of 10° Residual Anomalies Showing Variation Due To

Assumed Standard Deviation (S .D .) of Data , Sphe rical
3 Distance (~ °) From Cente r of Anomaly Block ,

And Time Interval of Data Points

Spherical Assumed Anom. # 3 Anom. # 6
Radius i.~° S. D. of Expected Value Expected Value

& Time Data = —S . 4 mgals = -7.5 mgals
Interval (mgals) # Data i~g’ ~ Data
of Data

_— ________ 

Pts. (mgals) Pts. (mgals)

0.0 3.2 — 7 4 . 2  3 . 2  — 2 .6
0 . 1  3 . 6  - 4.7 3.6 -
0.5 18 4 .3  — 7 . 4  16 4 . 2 — ~‘. 3

30 sec. 1.0 4 .6  — 7.1 4.6 — 7 . 6

2 .0 5.4 — 6.0 5. 4 — 6 . 3
5.0 7.0  — 3.0 7 .1 — 2.9

0.0 3.6 — 3~ .6 ~. 5 — 9.6
= 5° 0.1 4. 1 — 10.0 - :1 . ~ 

- 
~~. 4

0.5 -‘~ 4.4  — 7 . 5  6 ‘ 4 .4 —~~ .1
1 m m .  1.0 5.0 — 6. S 

- 5.0 — 7 . 3
2 .0 6.1 — 5.0 6. 2 — 5.1
5.0 7 .6  — 1.7 7 .6  — 1.6

0.0 3. 2  — 12 .6  ;L 2  -30. 0
0.1 3.4 - 5.9 3.4 -1:3 . 2

0.5 19 4 .2 I — 6.4 19 4.1 —10.0
1 m m .  1.0 4 .9 — 6. 2 4 .9 — 7. :~

2.0 5.9 — 5 .1  5 . 9  — 4 . 9
5.0 7 . 4  — 2.1 7.4 - 1.~

0.0 3.0 95.9 ~. 1 — 15. 7
0 . 1  3 . 3  - 7 .6 ~~ 3 . 3  - 1 0 . 6
0 . 5  31 :~.9  — 7. 0 30 3.9 — 9. (~

1 m m .  1.0 4 .6  - 6.5 - 1.~ - 7.5
2.0 ~~~~~ • — 5.2 5.9 — [3 .0
5.0  7 . 4  — 2.1 7. -i — l.~

0.0 2.9 —134.7 2 .9  —70. 0
L - 0~. 1  3 . 2  — 6 .6  :~ . 3  — 1 2 . 2

0, 5 60 3. ~ — 7.0 75 
- 

:~ . - 
~~. 6

I m m .  i .o -1 . 4  — 7. :~ 4 .5 — 7.5
2. 0 5. - i — (; 4 5 .5  — 5.3
5.0 • 7. 1 — 3. 2 7.1 - — 2. 2

_ _ _ _ _ _  -- -_ ~~~~~~~~~~~~-~~~~~~~~~-- - -- - ___

~~~~~~

---

~~~~~~~~~~

- - -
- = Standard deviation ( i i i ga l  s~ of predicted 1 0 residual anomaly
‘= Predicted 10 residual anomaly (mgals)
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8 - ANOM.# 4 ANOM.# 7

- - 1 2  5 1 1 2  5
I Data Interval 30 Sec.

:: ~ °‘~
“
~N # 3

Y Axis Predicted ANOM. ( MGALS ) X Axis S .D. of Data ( MGALS )

ANOM.#4 - ANOM.#7

-

Data Interval I Mm . 
-

ANOM.#4 ANOM.#7

I 2 5 Data Interal 1. Mm . I 2 5

: ~~~~~ NOM.#3

Figu re 5. 1: VariatIon of predicted 10° residual anomalies due to
change in assumed standa rd deviation of data 
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The prediction of other 10° anomalies would thus be examined with
standard deviation of data as 0.5 mgals, even though the agreement of
predicted anomaly with the expected value may appear to be closer in
some cases with standard deviation of data as 1 mgal.

5.2 Variation Due to Change in~ pherical Distance From the Center of
Anomaly Block

The values for ~~~~‘ and A~’ for anomalies 3, 4, 6 and 7 are given in
Table 5. 2 for the spherical distance ~ = 5°, 7.5°, 100 and 150. The time
interval of data was 1 minute in all cases, and the standard deviation of
the data was taken as 0.5 mgals.

Table 5. 2
Prediction of 100 Residual Anomalies Showing Variation Due To

Spherical Distance (1P °) From Center of Anomaly Block.
Assumed Standard Deviation of Data — 0. 5 mgals.

Time Interval of Data = 1 Minute.

Anom. # 3 Anom. # 4 Anom. # 6 Anom. # ~
E (Al) E (Ag’) E (Ag’) E (Ag’)

= -~.4 m~a1s _~~~ 2 4_rng~’ls ~~
7
~~jp ~a1s = 6 .  ~j~gals

A A l  A A A ’  A ,

~ o~~- Ag # o~~’ Ag # v~~ Ag # a~ ’ Ag
Pts. Pts. Pta . Pts.

5° 7 4.4 —7.5 8 4.4 8.5 6 4.4 — 8 . 1  7 4. 4 6.4

7~ 5 19 4. 2 —6 . 4 19 4.2 8.4 19 4.1 —10.0 17 4.2 6.6
10° 38 3.9 —7.0 31 3.9 8.3 30 3.9 — 9 . 6  30 3.9 6.9
15° 86 3. 8 —7.0 60 3.9 ~8.1 75 3. 8 — 9 . 6  63 3 . 8  7 .1

= Standard deviation ( mgals) of predicted 100 residual anomaly

= Predicted 10° residual anomaly (mgals)

We note that the improvement in the standard deviation of the
• predicted anomaly is very slight, from 4. 4 mgals to 3.8 mgals, as the

- . - - number of data points cons idered (due to increasing ~) changes from 6 to 8
points at 4,= 50 to 63 to 86 points at ~~= 15°.
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The estimated anomaly also shows only a slight change due to change
in spherical distance i,~ . For a standard deviation of about 4 mgals ,
the range of £‘g is 1.1, 0.4 , 1.9, 0.7 mgals for the 4 anomalies as ~changes from 5° to 15°. The small range in the predicted values is also
shown in Figure 5. 2 , where the predicted anomaly dl is plotted against
spherical distance i~~.

— I t therefore appears that the prediction of the anomaly block is mainly
dependent on the data points which are close to the center of the block, i. e.
within ~ = 5° for the 10° blocks. Additional data points beyond l,~ = 5° do
not contribute any significant information to the predicted anomaly, or
significantly lower the standard deviation of the predicted anomaly.

The location of data points with ref erence to the anomaly block may
be seen in Figures 5.3 (a) and (b) . These show the data points considered
at time inte rval of 1 minute for the prediction of 10° anomaly number 6,
when ~ is taken as 5° and 7. 5°. The nu mber of data points inc rease fro m
6 to 19, but the additiona l 13 points lie on the periphery or in the corners
of the block and do not contribute any significant info rmation as seen fro m
Table 5. 2.

Fu rther tests for the prediction of 10° residual anomalies need then
be done only with data points within a spherical distance of 5 from the
center of the block.

5. 3 Variation Due to Change in Time Interval of Da ta Points

Figu res 5. 3 (C) and (d) show the location of data points for  the p re-
diction of 100 anomaly number 6 , each for i~ = 5°, hut with t ime interval
of data points as 1 minute and 30 seconds respectively . The numbe r of
data points increases fro m 6 to 16. We present in Table 5. 3 the standard
deviation o~ ’ of the predicted anomaly and the predicted anomaly Ag’
due to change in time interval of data point s for 1 minute to 30 seconds.

• 
- The information pertains to 10° anomalies numbe red 3, 4 , 6 and 7.

•‘l  
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Figure 5.2: Variation of predicted 10° residual anomalies due to
change in spherical distance ~~~~ from cente r of anomaly
block up to which data was considered. I)ata inte rval

was 1 minute. Standard deviation of data was
assumed as 0. 5 mgals.
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262°E. 273°E. 262°E.q 273°E.
30°N. ________________________  _______________________  30°N.

/ \
/ 

_ _20°N. ________________________ ________________________  20°N

(a ) ‘
~
‘ ~5° (b) ~~‘7.5°

Data Interval 1 Minute Data Interval 1 MInute
# Data Pts 6 * Data Pts.•19

262°E. 2730 262°E 273°E
30°N ______________________ ______________________ 30°N.

/ \
/

20°N. _______________________  _______________________  20°N.

Cc )  ~i .5
0 Cd ) ~,,

Data Interval 1 MInute Data Interval 30 Seconds

* Data Pts.=6 * Data Pts. . $6

FIgu re 5.3: Location of data points for prediction
of 10° resIdual anomaly no. 6
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Table 5.3
Prediction of 10° Res idual Anomalies Showing Var iat ion Due To

Time Interval of Data Points. Spherical Distance From
Center of Anomaly Block = 50~ Assumed Standard

Deviation of Data =0 .5  mgals.

Anom. # 3 Anom. # 4 Anom. # 6 Anom. # 7
Time E (Ag’) E(A g ’) E (Ag ’) E(Ag’)

Interval = -5.4 mgals = 7.4 mgals = —7. 5 mgals = 6.2 mgals
of Data

Pta. # &~‘ A~ # a~~’ A~~
’ # &~~‘ Ag’ # aL~S ’(sec.) Pts. Pts. Pts. Pts.

60 7 4.4 —7.5 8 4 .4 8.5 6 4.4 —8.1 7 4.4 6. 4
30 19 4.3 —7.4 18 4.2 8.6 16 4.2 — 8.3 17 4.3 6.3

= Standard deviation(mgals) of predicted 10° residual anomaly
Ag’ = Predicted 10° residual anomaly ( mgals)

it is obvious that the time interval of 1 minute for the data points is
adequate for the prediction of 10° residual anomalies.

5.4 Summary of Results

We no’c~ present in Table 5.4 the predicted values, ~~~~~

‘
, of 9 10°

residual anomalies , and the standard deviation, &M’, of the predicted
anomalies. The anomaly discrepancy, E~ g # , i. e. the discrepancy

- - -
~ between the predicted and the expected value accord ing to equation (5.4) is

• also given in Table 5.4. The expected value of the anomalies was given in
Table 4. 1, and the location of the anomalies in relation to the satellite
arcs was shown in Figure 4. 1. We recall that the longitudinal spacing of
ascending, and descending arcs, was roughly one-half of the 10° equal
area blocks , and that the time interval of (~ T/~r)0 data points was 1
minute. We consider data points w ith in a spherical distance of 5° from
the center of anomaly block, and we assume the standard deviation of
data a s o5 m ga l s .
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Table 5.4
Prediction of 10° Residual Anomalies.

Spherical Distance of Data Points From Center of Anomaly Block = 5°
Time Interval of Data Points = 1 Minute. Assumed Standard

Deviation of Data = 0. 5 mgals.

Anom. ~ q~ X~ E (Ag’) # Data A~
’

No. (mgals) Pts . (mgals) (mgals) (mgals)

1 50 40 263 277 —3.93 11 4.32 —0.78 3.15
2 40 30 252 264 —2 .09 8 4 .38  —0 . 22 1. 87
3 40 30 264 276 — 5.42 7 4.41 —7. 48 —2.06
4 40 30 276 288 7.36 8 4.38 8.46 1.10
5 30 20 251 262 4.80 6 4.34 0.23 —4 .57
6 30 20 262 273 —7.53 6 4.37 —8.10 —0. 57
7 30 20 273 284 6.15 7 4.43 6. 44 0.29
8 20 10 257 267 3. 20 6 4.42 3.41 0. 21
9 20 10 267 278 2.72 7 4.26 4.64 1.92

Limits of Anomaly Block 4~ , ~~ North & South Latitude in Degrees
X~~, X~ West & East Longitude in Degrees

E (Ag’) Expected Value of 10° Residual Anomaly
Standard Deviation of Predicted 10° Residual Anomaly

A~ ’ Predicted 10° Residual Anomaly
€~~~~‘ Anomaly Discrepancy = Predicted dg’ - Expected E (Ag ’~

The mean standard deviation of the predicted anomalies was 4 - 37
mgals, while the root mean square(R. M. S.) value of anomaly discrepancy
was 2. 21 mgals. Further, as the B. M. S. value of the expected anomalies
was 5.15 mgals, the R. M. S. value of anomaly discrepancy is acceptable.

-
~ 

I The correlation coefficient, p, between the predicted and expected values
of the 9 anomalies considered , as computed from equation (5. 5), was
0.915. We may therefore conclude that the procedu res developed for the
p rediction of 10° residual anomalies are workable.

6. Prediction of 5° Equal A rea Residual Anomalies

We firs t test out the conclusions arrived at in Sections 5. 1 to 5. 3
for 10° residual anomalies, regarding their applicability in the case of
5° residual anomalies. We then use the considerations, so developed,
regarding the standard deviation of the (~T/~r)~ data and the number of
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data points to be used , in predicting 12 5° residual anomalies shown in
Figu re 4.2. A comparison of the predicted anomalies against the expected
values given in Table 4. 2 would enable us to examine the anomaly disc rep-
ancies accord ing to equation (5. 4), and the correlation coefficient , p,
between the predicted and expected values according to equation(5. 5).
A low root mean square(R. M. S.) value of anomaly discrepancy in
comparison to mean standard deviation of the predicted anomalies, and
a high value of the correlation coefficient, p, would reinforce our con-
clusions of the feasibility of the prediction method developed in this paper.

6. 1 Varia tion Due to Change in Assumed Standard Deviation of Data

We again examine 6 values of the assumed standard deviation of
(~ T/ar)~ data. These were. 0.0 , 0.1 , 0 . 5 , 1 .0 , 2.0 and 5.0 mgal~s as
in Section 5. 1. The standard deviation of the predicted anomaly, ~~~~
and the predicted anomaly, Ag’, are given in Table 6. 1 for two 5
residual anomalies nu mbered 5 and 9. Because of the smaller a rea of
anomaly block , we consider the time interval of data points as 30 seconds ,
instead of 1 minu te in the case of 10° anomalies. The spherical distance,

from the center of anomaly block within whic h time data points were
cons ide red , was i~~= 2 . 5 °, 3 . 5° , 5~ , 7 . 5 °, 10°.

We firs t note from Table 6. 1 that for standard deviation of data as
0.0 rngals , thou gh ~j  is obtained satisfactorily, it is not possible to use
the data for prediction of 5° anomalies. The somewhat erratic behavior
of the predicted anomaly with standard dev iation of 0. 1 mgals is also
noticeable. This, and the damping of the pred icted anomaly for standard
deviation of data exceeding 1 mgal, is seen very clearly in Figure 6. 1,
where the predicted anomaly has been plotted against the assumed
standard deviation of the data for the spherical distance ~- = 2. 5C~ 3~~5
and 5°.

We therefore conclude, as in Section 5. 1, that for the simulated
(~ T/~r)~ data in Section 4, it is appropriate to use the standard devi-
ation of 0 .5  mgals.

6. 2 Variation Due to Change in Spherical Distance From the Center of
Anomaly Block

The standard deviation of the predicted anomaly, &~ ‘ , and the
predicted anomaly, Ag’, have been shown in Table 6. 2 for 4 5° residual
anomalies numbered 2, 5, 9 and 12 for the spherical distance ~ = 2 . 3 ,
3•50

, 5
0
, 7~~5O , 10°. The time inte rval of data was 30 seconds in all

cases, and the data was assumed to have a standa rd deviation of 0. 5
mgals.
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Table 6. 1
Prediction of 5° Residual Anomalies Showing Variation Due To
Assumed Standard Deviation (S. D.) of Data, and the Spherical

Distance QS~°) From Center of Anomaly Block.

Spherical Assumed Anom. # 5 Anom. # 9
Radius ~ S. D. of Expected Value = -14. 1 mgals Expected Value = -13.1 mgals

Time Data
interval ( mgals) # Data # Data ~~‘
of Data Pts. (mgals) Pts. ( mgals)

0 . 0  8 . 2  214. 0 8 . 0  7 7 . 8
0.1 10.6 — 3 .2  10.1 —12 . 0

• 0. 5 4 10.9 — 13. 3 5 10.6 —18 . 2

30 Sec. 1.0 11.5 — 11.6 11.1 —16 . 5
2.0 12.7 — 7 .7  12.3 —11 . 6

5.0 14.2 — 2 .3  13.9 — 3 .7

0.0 6.9 —242.3 7.7 51.0
0 . 1  9 . 8  — 6.0 9.8 —10.4
0.5 8 10.9 — 13. 2 6 10.6 — 18.1

30 Sec. 1.0 11.3 — 13. 2 11.0 —16.8
2.0 12.2 — 10. 4 12.1 —12.5
5.0 13.9 — 3 .9  13.8 — 4.4

0.0 6.2 —303. 9 
- 

6. 4 50.7
~~= 5° 0.1 8.3 — 9 .9  8 .1  — 16 . 0

0.5 18 10.7 — 13. 1 15 10.3 —17 .8
30 Sec. 1.0 11.3 — 13. 6 11.0 —16. 8

2.0 12.0 — 11. 9 11.9 —13. 5
5.0 13. 6 — 5 .9 13 .5  — 5.9

0.0 6.0 —508.7 6.0 298.0
0.1 8.0 — 15.0 7 .7  — 2 8 . 8

0.5 40 9.6 — 12. 0 40 9.4 —21.6
30 Sec. 1.0 10.8 — 12. 5  10.6 — 1 7 . 8

2.0 12.0 — 11.8 11.8 — 1 3 . 5

5.0 13.5 — 6.4 13.4 — 6 . 6

0.0 5.9 119.8 6.0 373.7
4~= 10° 0.1 7.6 — 8.6  7. 4 — 2 8 . 5

0.5 74 9.5 — 12.1  69 9 .3  — 2 1 . 4

30 Sec. 1.0 10.4 — 12.9 10.3  — 1 8 . 0

2.0 11.7 — 11.8 11.6 —13 .9
5.0 13.4 — 6.4 13.3 - 6.8

= Standard Deviation (mga~S) of Predicted 5° Residual Anomaly
= Predicted 5° Res idual Anomal y (mgals)
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Figure 6.1: Variation of predicted 5° residual anomalies due to
change in assumed standard deviation of data
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Table 6. 2
Prediction of 5° Residual Anomalies Showing Variation Due To

Spherical Distance (l~
0
~ From Center of Anomaly Block .

Assumed Standard Dev iation of Data = 0. 5 mgals.
Time Interval of Data = 30 Seconds.

A n o m . # 2  Anom .~~~5 Anom.~~~9 Anom .~~~ 12
E (Ag ) - E (Ag’) F (Ag ) I- (Ag’)

—11. 0 mgals = —14 . 1 rngals = — l a . I mgals = -
~~~ . 1 rngals

~ &
Pts. Pts. Pts. Pts. -

11 2 L~~~6~ 0~~~~ fl~~ 5 10 6~~ 1~ 2 2 U 1 ~~~~~~0
3.5°~ 9 11.1 — 9 . 7 ~ 10.9 — 13.2 6 10. 6 ~~~~ 1’~.7 ~~— 5 . 7
5.0

0 20 10.9 - ~~~ l~ 10.7 -13.1 15 10. 3 -l7.~ 17 10 . 5 -
7 5 ° 1 44 9 I ~~~~~~ 40 9 .6 -12.0 40 9. 4 - : ~l . G !  33 9 . 6 - 7 . 1

L~0° ~ ~ 7 -11 1 7 4 [  ~~ 5 -12 1 oO j 3 -21 4 6~ 3 _ l ( 1

= Standard l)eviation (mgals) f P red icted 5° Residual Anomaly

Predicted 5 Res idual -\no na lv  ( mgals)

There d o - ~ not appear be much diffe rence in the predicted anomaly ,
or much re duct i on in the standa rd dcv a l l u n  as the Hp herical distance is
increased from 2 . 5° to 100, except for the predicted anomaly for ~ = 2 . 5°
for anomaly 12 , which may he explained by only 2 data po in t s  being con—
side red . Because of the likelihood of insuff ic ient  data points , we may not
cons ide r ~~= 2 .5 , hut L= 3 5~ and 5.O~ appear to be equall y suitable for
predict ing the ~C residual anomalies. Fu rther tests wi l l  accordingly he
reporte(l wi th ~~ 3. 5~ . However , when all the 12 5 residual anomalies
were finally predicte d considering spherical distances ~~= 3. ,  5°, 7.
the latte r sets were found to be slightly better. This w ill be fu rthe r
elaborated in Section 6.4.

6. 3 V a r i a t i o n  Due to ( hange in Time Inte r v a  I Id  ~a Ui Poini S

\‘~e present the values of (J~~~’ and A~’ i n Table 6. 3 for 5° residual
anomalies nu nihe red 2 , 5 , 9 and 1 2 with t ime  inte rval I If  data points as 30

and 10 sec nds . i)a ta H On t  s were cons (k red w i t h i n  the sp herical distance
of 3. 5 and the standa rd dc~-~at fl of data was a s s um e d  as 0. 5 n~~als . . 
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Table 6. 3
Prediction of 5~ Residual Anomalies Showing Variation Due To

Time Interval of Data Points Spherical Distance From
Center of Anomaly Block = 3. 5°.

Assumed Standard Deviation
of Data = 0.5 mgals .

Time Anom. ~ 2 Anom . # 5 Anom. ~ 9 Anorn. # 12
Interval F (Ag’) E (Ag ’) E (Ag’) E (Ag’)

of = —11.0 mgals = —14. 1 mgals = — 13. 1 mgals = —6. 1 mgals
Data- H--— —r - ____  — — —

Pts. ’~~ &~~‘ A~
’ # ; - & j  A~~

’ &~ - A~
’ 

~ &~~~‘ ~~
‘

(Sec.) Pts.~ 
-

~ Pts.~ Pts. Pts. 
-

~

• —- — i - - - - — ——

30 9 11.1 — 9 . 7  ~ 10.9 — 1 3 . 2  6 10.6 —1~~. 1 s 10 .7 ~~— 5 . 7
10 29 10.9 ~10. 3~~~~J10.5 

~~
i.lJ 22 10.3 -1G.~ 2~ 10.4 

J

~~~~4 .7

= Standard Deviation ( rngals) of Predicted 5° Residual Anomaly

Ag ’ = Predicted 5° Residual Anomaly ( mgals)

It is obviou s that the t ime interval of 30 seconds is adequate for the
data points for the prediction of 5i residual anomalies , and no sign i ficant
advanta ge is gained by the increase in the numbe r of data points due to the
reduction in the t ime inte rval of data points from 30 seconds to 10 seconds .
The location of data points has been shown in 1-’igu re s 6. 2 (a) and (b) for
residual anomaly number  9 with the t ime inte rval of data as 30 and 10
seconds resp ect ively .

We recall from Figu re 1 . 2 that the longitudinal spacing of ai-cs
was rou ghly the same as the 5° anomaly block size , while in the case of
prediction If 10° anomalies , the longitudinal spacing of arcs was one—half
of the size of 10 block . Additional satelli te arc s were then simulated
til l  the longitudinal spacing of ascend ing, and d e s c ( n l i f l ~ , arcs was OOC —
half of the 5° anomaly blo ck .  The location of data points with this inc r t a s -~
density I f  a res has been shown in Figu re 0 . 2 (C) for anomaly number 9
wi th  ~~ = 3. 5~ and t ime interval of data points as 30 SeConds. In Figure
0 . 2 (d) we consider the same c :lse but w ith t i m e  int ~ -val of data points
as 60 seconds.

‘l’ he va lues of & . ‘ and ~~
‘ for anomaly nu mber 9 h ave l) e(fl  Shown

in Table 0 . -i for the 2 cases in Figu res 6.2 (c) and (Cl) , i .e .  for longi-
tudinal spacing of arcs one—half of the 5° block size w i t h  t ime  interval ~
data as 30 seconds and (~~ seco nds . The values for  the case  in l- ’i~ure
6. 2 (a) , i. e . spacing of a r c s  same as the S block size w i t h  t ime i n t e r v a l
of data as 30 seconds have a l s o  been shown for c I n~ j Ia  r l son .
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30°N. _ _ _ _ _ _ _ _ _ _ _ _ _  
____________ 30°N.

• 
25°

N. 
______________  

______________  25°N.

Arc Long. Spacing Block Size Ar c Long. Spacing = Block Size
(a) Data Interval 30 Seconds (b)  Data Interval 10 Seconds

262°E 268°E. 262°E. 268°E.

30°
N. _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _  30°N.

25°N. _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _  25°N.

Arc Long Spacing~~~BIock Size Arc Long Spacing~ ~BIock Size

( c )  Data Interval 30 Seconds (d) Data Interval 60 Seconds

Figure 0 .2: Location ~ I f  data points for prediction of S~ residual
anomaly no . 9. Spherical distanc e from center of

anomaly bloc k = ~~ 5
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Table 6. 4
Prediction of 5° Residual Anomaly No. 9 Showing Variation Due To
Change in Nu mber of Data Points With Inc reased Density of Arcs.

Spherical Dis tance From Center of Anomaly Block 3. 5°.
Assumed Standard Deviation of Data = 0. 5 mgals

r~ Anorn . # 9  Data ~~~~~ .‘ Ag
E (Aj ) = — 13.1 mgals Pts. ( mgals) ( mgals)

Longitu dinal Spacing of Arcs = 1/2 of 5° Block Size
Time Interval of Data Points = 30 Sec. (Fig. 6. 2(c ))  16 10.5 —17. 1
Time Interval of Data Point s = 60 Sec . (Fig. 6. 2( d) )  6 10.6 -16. ~
Longitudinal Spacing of A rcs = Same as 5° Block Size
Time Interval of Data Points = 30 Sec . (Fig. 6. 2(a))  6 10.6 — 1~ . 1

From a comparison of Figures 6. 2 (~) and (C) ,  it appears that a greate r
dens ity of observations within the comparatively small size of a 5° anomaly
block does not significantly alter the predicted values. Figure 6. 2 (d) appears
to be basically comparable to Figure 6. 2 (a) as thou gh the nu mber of arc s
have been inc reased , the time interval was reduced proportionately.

6 .4  Summary of Results

\Ve present in Table 6. 5 the standa rd deviation of the predicted anomaly,
the predicted anomaly, Ag’, and the anomaly discrepanc y , ~~~~~~~~~~

according to equation (5. 4) of all the 12 5° residual anomalies shown in
Figure 4. 2 . The expected value of these anomalies was given in Table 4. 2.
Data point s were used up to a spherical distance of 3.5° with t ime interval
of data points as 30 seconds . The standard deviation of the data was
assumed as 0. 5 mgals. 

_
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Table 6. 5
Prediction Of A Local Set Of 5° Residual Anomalies.

Spherical Distance Of Data Points From Center Of Anomaly Block = 3. 5°
Time Inte rval Of Data Points 30 Sec. Assumed Standard Deviation

Of D a t a= 0 . 5  mgals.

Anom. ~~ c~~ X~ E (Ag’) ~ Data &~g ’ A~~~
’

No. ( mgals) Pts. (m gals) (rngals) (mgals)

1 40 35 258 264 — 7 .24 11 11.1 — 1. 70 5. 54
2 40 35 264 270 —11.01 9 11. 1 — 9.69 1. 32
3 35 30 252 25~ 3. 04 6 10.~ 2.59 —0. 45
4 35 30 258 264 — 6. 72 6 10.9 —12.55 —5. ‘~3
5 35 30 264 270 —14.07 ~ 10.9 —13. 22 0. s5

6 35 30 270 276 5. 47 -~ 11.0 1.57 —3 .90
7 30 25 251 257 4.22 7 10.6 1. 71 -2 .51

~ 30 25 257 262 1. 72 7 11.2 — 6.96 —~ . 6S
9 30 25 262 26~ — 13.13 6 10.6 —1~~.0- ~ --1 .95

10 30 25 26~ 273 — 6. 5~ 6 11.4 — 1.15 5. 4%
11 25 20 257 262 9.23 ~ 11.4 — 0. 2~ —9 . 51
12 25 20 262 2I~ - 6. 06 ~ 10. 7 - 5. 66 0. 40

Limits of Anomal y  i3loeh c~~ , ~~ N orth & South Latitude in Degrees
X~ West & Fast  Longitude in Degrees

( 
F (Ag ’) Expected Value of 5° Residual Anomaly

Standard Deviation of Predicted 5° Residual Anomal y

PrL -dict ed 5 Residual Anomal y
~~~~~~

‘ A n o m a ly  Disc repancv = Predicted Ag — Expected E(Ag ’)

The mean standa rd d e v i a t i o n  of the predicted anomalies was 11.0
mgals , while the root m e a n  square ( R \ I S )  anomaly discrepancy was 5. 1
mgals . The latter v a lu e  was therefo re acceptable , considering tha t the
R. M. S. value of c \-pccte(l anomalies ~vas ~~. 2 mgals. The e n - d a t  0

coeffici ent  of the predicted and the expected values of the 12 an om : l es ,
as computed fro m equation (5 . 5) , was 0. ~i. The anomaly discrepancy
and the c o r r e l a t i o n  coe ffic ient indicate sat i s f a c t o r \  pred ict ion of 5°
re s idua l  anomal cs . Iloweve r, we w i sh  UI  exa m inc if these could be
improved fur ther .

The 12 5° residual anomalies were predicte d :i~ u in using data up
tO S he ca l  distances i_ 5° and 7. 5~. The t i m e  interval of data , and
the assu ed standard (1ev iat ion of the data was retained the same as in
the case of l a b i c  0 . 5 wi th  ~ :; . 5 .  The resu l t -~ of t hese l I s t s  ar ~ given
in Table 0 . 6, sb I\V j n~ the anomaly  discrepancies . E~~~~’ and the standa rd
deviations , a~~’ , of th e 12 predicted anomal iCS .

- - -
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— Table 6.6
Prediction of a Local Set of 5

0 Res idual Anomalies Showing Variation
of Spherical Distance (~ ) of Data Points From Cente r of
Anomaly Block. Time Inte rval of Data Points = 30 Sec.

Assumed Standa rd Deviation of Data = 0. 5 mgals .
‘ 

I ______________ ____________________________________ _________________________________ _________________________________ — I
~~~~~~ 7 5 C

Ano m. — — —----— _____ _______ ____

No. ~ Data E~~~ ’ Data &~~‘ E g ’ ~ Data &~~‘
Pts. (rngals) ( n-gals) Pts. frngals ) ~~gals) Pts. ~ngals) (mgals)

1 11 1 1 . 1  5 . 5  21 10.~~ 4 . 3  46 9.~~ 1. 2
2 9 11.1 1.3 20 10.9 3.0 44 9.~ 1.2
3 6 10. -’~ — 0.4 16 10.7 —1.0  -1 2 9 .5  -1.0
4 0 10.9 -5. ~ 16 10.7 -4 .6  42 9 .6  -5.3
5 10.9 0. -s 1~ 10. 7 1.0 40 9. 0 2 .1
0 -~ 1 1 . 0  -3 .9 1~ 10. 5 -3.3 40 9. 7 -1. 5
7 7 10.6 —2 . 5 17 10.3 —2 .0 34 9 .5  —0. 3

7 11. 2 —~ .7 16 10.~ — 5 . 3  40 10.0 — 3 .0
6 10.0 -5.0 15 10.3 -4 .7  40 9. 4 -~ .4

10 0 11.4 5 .4 16 11. 2 5. 2 3s 10.1 5 .6
11 -

~ 11.1 —9. 5 is 11. 2 —~~. 0 32 10. 4 — 3 .9

L 
12 10.7 0 . 4  17 10.5 0 .2  33 9 .6 — 1 . 1

= Standard Dev iation of Predicted 5° Residual Anomaly

• E~~~ ’ = Anomaly Discrepancy = Predicted Anomaly - Expected Value of Anomal y

The improvement in standard deviation with inc rease in the spherical
L distance , ~ , is only slight. The anomaly d iscrepancy even shows worsening

• in sonic cases , e.g. , anomalies nu mbered 3, 5 , 9 , 10 , 12; and only a
marginal  improvement in anomalies numbered 2 and 4 . Howeve r , the re is

• an improvement  when we consider the prediction of the whole set of 12
anomalies , as the sphe rical distance of data points inc reases from 3.15°
to 7 .5 ° . This is seen more clearl y in Table 6.7.



Table 6. 7
Pred iction of a Local Set of 12 5° Residual Anomalies ( Figure 4.2) -

Summary of Results. Time Interval of Data Points = 30 Sec.
Assumed Standard Dev iation of Data = 0. 5 mgals.

Spherical Standard Deviation of Predicted - Expected Value Correlation
Distance Predicted Anomalies of Anomalies Coefficient

in mgals 
________ ________ 

in mgals 
________ ____________

M m .  Max. Mean M m .  Max. R. M. S. (Eqn. (5. 5))

3.5 10.6 11.4 10.98 —9.5 5.5 5.07 0.814
5.0 10.3 11.2 10.75 —8.0 5.2 4.14 0.869
7.5 9.4 10.4 9.75 —8. 4 5.6 3.73 0.913

Hence, though the prediction of individual 5° res idual anomalies
does not show significant imp rovement in using data po ints beyond a spherical
distance of 3. 5° fro m the cente r of anomaly block , it would be a bette r
strategy while predicting a local set of 5° residual anomalies to use data
points up to a spherical distance of 7 .5° from the cente r of each anomaly
block.

7. Effect of Uncertainty in Epoch Paramete rs on the Prediction of Anomalies

During the simulation of sum range rate observations, R,, in
Section 4, the inertial position and veloc ity vectors at the initial epoch of
each arc were the same for generating the R, (30, 28) and R , (12, 12)
observations. The residual range rate between the relay and close
satellites, R r~ , compu ted in equation (4 .1); and subsequently the residual
acceleration , i~~ , and the (~ T/~ r) data points used for the prediction of
10C and 5° residual anomalies in Sections 5 and 6, had the implicit

- ; assumption that the epoch pa rameters for the arcs were known without any
uncertainty. This allowed the testing of procedures for the prediction of
anomalies without any ‘aliasing’ due to uncertainties in the a-priori
determined epoch pa rameters , i.e. the ine rtial position and velocit
vectors at the initial epoch of each arc. In practice, the epoch parameters
are dete rm ined from ground tracking, and b~ first carrying out ‘inner
i te ration ’ (\ l ar t in  et al , 1975) for eac h arc with the available observations.
Therefo re , the epoch pa rameters are known only app roximately, and we
would now examine how this would affec t the prediction of anomalies with
procedu res tested in Sections 5 and 6.
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We cons ider this by us ing diffe rent epoch pa rameters for generating
the R. (12 , 12) observations from those used for generating the R , (30 , 28)
observations. We then obtain R rc , f ir c  and (~T/° r)~ values as outlined• in Section 4. If we now use these changed (~ T/~ r)~ data points for the
prediction of 10° and 5° residual anomalies , we would notice the effect on
the prediction of the uncertainties in the epoch parameters by the amount
of differences introduced in generating the R, (12, 12) observations. The

• changes in the epoch pa rameters were introduced only in one coordinate
of the inert ial position and velocity vectors for each arc to give one test .
Thus there were 6 test cases in which the effect on the prediction was
exam ined for change in one of the X 0, Y 0, Z 0 , X 0, Y ,, Z coordinates
of the close satellite at the initial epoch for each arc. The epoch parameters
of the relay satellite were not changed.

We firs t present the predicted values of 10° and 5° anomalies with
• the changed (~ T/~ r)~ data, and then examine what interpretation may be

given to the predicted values, so obtained.

7.1 Effec t on the Prediction of 10° Residual Anomalies

We investigate the effect on the prediction of 10° anomaly nu mber 6.
The location of the (~ T/~r)0 data points used in Section 5 for predicting
this anomaly was shown in Figures 5. 3 (a) and (c) within the spherical
distance of 5

0 from the cente r of the anomaly block , and with the t ime
interval of data as 1 minute. This gave the number of data points as 6,
2 each for Arcs 1, 8 and 13, as may be seen from Figure 4. 1. We now
change the position and velocity vector of the close satellite, one coordi-
nate at a time, in generating the R, (12, 12) observations for each of
Arcs 1, 8 and 13. After repeating the procedures in Section 4 for these
3 arcs, we will get 6 changed data points but at practically the same loca-
tions as in Figures 5.3 (a) and (c) , because of only small changes in the
epoch parameters, as explained below.

We designate the 6 cases of changed (5T /
~’r)~ data by letters A to

F. The position coordinates were each reduced by 10 meters in their
absolute value in Arcs 1, 8 and 13 giving cases A , TI and C. Similarly, the
velocity coordinates were each reduced by 1 cm/sec in their absolute value
in Arcs 1, 8 and 13 giving cases D, E and F. The change by 10 meters in
the position coordinates and by 1 cm/sec in the velocity coordinates was
considered to give a realistic representation of the unc ertainty in the a-
prior knowledge of the epoch parameters. Fu rther, as the absolute values
of position and velocity coordinates were reduced but as some of these
coordinates were positive and some negativ e, the final effect was a random
increase or decrease of the coordinates in the considered arcs 1, 8 and 13.
The increase is indicated by a + sign , and the decrease by a - sign in
Table 7.1 for each arc in cases A to F. The ( -T/~-r)~ values for the 6 data
points in Figures 5 .3(a)  and (c) are shown in Table 7. 2 for cases A to F. The
values used in the origina l case in Section 5, when the ep~ch parameters for
the arcs 1, 8 and 13 were not changed , are also shown in Table 7.2.

~IT



Table 7. 1
Changes in Epoch Parameters for Arcs 1, 8 & 13.

Close
Case Satellite

Designation Coordinate ARC I ARC 8 ARC 13

-

• A X 0 +lO m +1G m + l O m
B — l O m +1 G m — l O m
C — lO m +lO m — lO m
D — 1 cm/sec + 1 cm/sec - 1 cm/sec
E — 1 cm/sec — 1 cm/sec — 1 cm/sec
F Z + 1 cm/sec — 1 cm/sec + 1 cm/sec

Table 7.2
Changed Data Points Due to Change in Epoc h Parameters

of Close Satellite For Prediction of 10° Residual
Anomaly No. 6. Spherical Distance of Data
Points From Center of Anomaly Block = 5°.

Time Interval of Data Points = 1 Minu te.

Time in (~~T ‘5r)~ in mgals
Arc Arc 

________ ______ ______ _____ ____ ______ _______

No. M m .  Sec. Original Case A Case B Case C Case D Case E Case F
Oise(Sec 5)

1 11 20 0.63 0.11 3.15 3.10 0.56 2.01 —0. -~7
• 1 12 20 0.55 —0.11 3.24 2.94 0.62 2.10 -0.95

8 10 20 1.08 2.22 2.90 —0.50 1.20 0.0k 1.57
8 11 20 1.97 3.18 3.68 0. 25 2 .17 0.97 2.67
13 12 00 2.13 2.47 4.79 5.31 1.69 3.71 0.14
13 13 00 1.10 1.39 3.96 4. 23 0.76 2.92 -0.89

The standa rd deviation of the predicted anomaly, ~~~ , and the
predicted value, AAg, of 100 residual anomaly number 9 are shown in
Table 7. 3 using the 6 data points in Table 7. 3 for each of the 6 cases
A to F. The values have been tabulated , assuming that the standard
deviation of the data points may be 0.0 , 0.1 , 0.5 , 1.0 , 2.0 and 5.0
mgals. The corresponding values for the original case in Section 5,
when the epoch parameters were not changed , were given in Table 5. 1
for ~ = 5° and time interval of data points as 1 minute.
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Table 7.3
Prediction of 10° Residual Anomaly No. 6 Showing Variation Due to

Change in Epoch Parameters of Close Satellite . Spherical
Distance of Data Points From Center of Anomaly

Block = 5
0~ Time Interval of Data Points = 1 Minute.

No. of Data Points = 6.

Assumed Case A Case B Case C Case D Case £ Case F
S. i~~~o f —  — ___  ___  ___  _ _ _ _

Duu ~ ~~ 6_ i - .s~~ ~~~

• 0 .0 1.5 -o- - .o 1.5 11.2 2 .5 55. 2 .5 —15. 0 3 .5  53 . 2 3.5 -62.~(~~i 3. - —2 G.~ 3.~ — 7 .3  3. 5 :37 .o 3. ° —1 1. 6 3.~~ 1- .9  s.~~0 .5  4 . -I — 1 1. 6  4 .4  — 2 1 . 7  4 .4  —~~~~~~ 4.4 —~~.4 4.4 —~~•3  4 .4 — 6.0
1.0 5.0 — 9 . 7 5.0 — 2 0 . 4  5.0 — 1 1 . 0  5.0 — 7 . 3  5.0 —9 , 2 5.0 — 3 . s
2 .0  6 . 2  - 6.7  9 .2 —1 4 . 4  6 .2  — 9 .4 6 .2  — 5.0 9 .2  — 6 .9 6 .2  — 2 . 2
5.0 7 .6 — 2.1 7 .6 — 4 . 6  7 .6 — 2 . u  7.6 — 1.6 7 . 6 — 2 . 2  7 . 6 — 0 .7

-~u vo :uc~ Ar e r \ tg~is
~. - = 2 1\ -

~aL~~n c.f PrI J~~tcd 12~ I s~ 5~i1 Anom aly N~ . 6
— 

~~~ 
= P: i, t~-2 10 ° Ncs.d ~a1 .-~r~ I-.~~II No . u . 

~ ~~~~ ) ~ —7. 5 l guis

We notice that the standard deviation of the predicted anomaly is the
same for all cases A to F, and the original case in Table 5. 1, for any
particular assumed standard deviation of the data points. This is so as
the location of the data points remains practically the same in all cases
because of only small changes in the epoch pa rameters, and the re is thu s
no particular change in any of the quantities in equation (5. 3). \\~e also

It notice as in Section 5. 1 that the value of the predicted anomaly is not usable
for standard deviation of data as 0.0 mgals. We have to now inte rpret

~~
- 1 what standard deviation may be assumed for the data to predict the 10°

residual anomaly. This will be done in Section 7. 3. We may, however,
note that the standard deviation of 2 mgals for the data gives , in general ,

• a close agreement of the predicted value in cases A to F with the ex-
pected value of — 7. 5 mgals.
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7. 2 Effect on the Prediction of 5° Residual Anomalies

We investigate the effect of uncertainty in epoch parameters of the
arcs in the prediction of 5° res idual anomaly number 9. Figure 6.2 (~ )
shows the location of 6 (~ T/~ r~0 data points used for predicting this
anomaly in Section 6. There were 3 data points each from arcs 8 and
13, as may be seen from Figure 4.2, and these were at time interval of
30 seconds, and within a spherical distance of 3. 5° from the center of
anomaly block.

We use the same configuration of data points but with the epoch
parameters of the close satellite changed during generation of R, (12 , 12)
observations, as shown in Table 7.1 for arcs 8 and 13 under cases A
to F. The changed value of the (~ T/~ r)~ data points is shown in Table 7.4
for cases A to F along with the original case in Section 6, when the epoch
parameters of arcs 8 and 13 were not changed.

Table 7.4
Changed Data Points Due to Change in Epoch Parameters of

Close Satellite For Prediction of 5° Residual Anomaly No. 9.
Spherical Distance of Data Points From Center

of Anomaly Block = 3. 5°. Time Interval
of Data Points = 30 Seconds.

Time in (~ T/~ r)0 in mgalsArc Arc 
______ _______ _____

No. M m .  Sec. Original Case Case Case Case Case Case
Case A B C D E F

_ _ _ _  ___  

(Sec. 6) 
___  _ _ _ _  _ _ _ _  _ _ _ _ _  _ _ _ _ _

8 11 10 1.87 3.06 3.59 0.17 2.05 0.86 2.53
— 8 11 40 2.12 3.35 3.78 0.36 2.34 1.12 2.~~9

8 12 10 2.16 3.42 3.76 0.34 2.41 1.18 3.04
13 11 20 2. 37 2.75 4 .90 5.58 1. 87 3.80 0.40
13 11 50 2.23 2.58 4 .86 5.41 1.77 3. 77 0 .24
13 12 20 1.85 2.17 4.58 5.01 1.44 3.51 -0. 13
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The 5° resIdual anomaly number 9 was predicted using the chanted
data points shown in Table 7. 4 under cases A to F, and the values of
and A~( are given in Table 7.5. The standard deviation of data was
assumed to be o.O , 0.1, 0.5, 1.0, 2. Oand 5. O mgals. The values of
&~~~ and A~~ for the original case in Section 6, when the epoch param-
e~ers of arcs 8 and 13 were not changed, were given in Table 6. 1 for

= 3.5° and time interval of data points as 30 seconds.

Table 7.5
Prediction of 5° Residual Anomaly No. 9 Show ing Variation Due To

Change in Epoch Parameters of Close Satellite. Spherical
Distance of Data Points From Center of Anomaly

Block = 3. 5°. Time Inte rval of Data
Points = 30 Sec. No. of

Data Points = 6.

Assumed Case A Case B Case C Case ]) Case E Case F
S. D. of — ____ ____ ____ ____ _____

~~~~ ~~~ ~~~~
° 

~~~ 4k~ 
dA( 4 &4~ 4~

0.0 7.7 —45.5 7.7 197.3 7.7 677.6 7.7 —38.9 7.7 361.6 7. 7 —301.7
0.1 9.8 —26. 7 9.8 — 8.6 9.8 55.8 9 .8  — 19.9 9.8 22.8 9.8 — 46 .2
0.5 10.6 -25. 7 10.6 —36.3  10.6 —20.0 10.6 —17.7 10.6 —18. 4 10.6 — 15. 1

• 1.0 11.0 —23.6 11.0 —33.9 11.0 —20 .6 11.0 —16.2 11.0 —18. 1 11. 0 — 13.0
2.0 12. 1 —17. 4 12.1 —25 .0 12. 1 —15.4 12. 1 —11.9 12. 1 —13.5 12. 1 — 9 .6

5.0 13.8 — 6.1 13.8 — 8 . 8  13. 8 — 5.4 13.8 — 4 .2  13. 8 — 4.7 13.8 — 3.4

All Values Are in Mgais
0 ,. — Standard Deviation of Predicted 5~ Residual Anomaly No. 9

- Predicted 5° Eec ideal Anomaly No. 9. E( Ai) - -13.1 Mgala

_ _ _ _  ~~~•i~~~~~~ ~~~~~~~~~~~~ •



We notice as in Section 7. 1 that the standard deviation of the predicted
anomaly is the same in all cases A to F, and the original case in T~ble 6. 1,
for a particular assumed standard deviation of the data, as the location of
the data points remains pract ically the same due to only small changes in
the epoch parameters of the arcs. Further, the predicted anomalies are not
usable for standard deviation of data as 0.0 mgals. We also note, as in
Section 7. 1, that there is generally a close agreement of the predicted
anomaly with the expected value of -13. 1 mgals, when the standard deviation
of the data is assumed as 2 mgals.

7.3 Interpretation of Results

• The predicted values of 100 residual anomaly number 6 and 5° residual
anomaly number 9 are shown in Table 7. 6, after ext racting these values for
the standard deviation of data as 2 mgals from Tables 7. 3 and 7. 5.

Table 7. 6
Predicted Residual 10° Anomaly No. 6 & 5

0 A nomaly No. 9
Showing Variation Due to Change in Epoch Parameters

of Close Satellite. Assumed Standard Deviation
of Data = 2 Mgals. Predicted Anomaly Values

Extracted From Tables 7. 2 & 7. 5

Residual l’rcdicted Ano maly i.’ Mgals S. D. of
Ano maly No. — Predicted Acorn.

Case A Case B Case C Case D Case E Case F (Mgals)

100 A nom, if 6 
— 

For Cases A to F
E ç~g~ = —7.5  Mgals — 6.7 — 14 . 4 — 8.4 — 5.0 — 6.9 —2 .2 6. 2

5
0 Anom. ~ 9 

— 
For Cases A to F

E fA g’) — 13. 1 Mgals — 17.4 —25.0 — 15.4 —11.9 —13.5 —9.6  12. 1
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\Ve find from Table 7. 6 that both for the 10 anomaly nu mber 6 and the
5° anomaly number 9, the predicted anomalies in cases A to F lie almost
within one standard deviation (last column of Table 7.6) of the expected value
(first column of Table 7.6). It therefore appears that even when there is
uncertainty up to 10 meters and 1 cm/sec. respectively in the inert ial
position and velocity coordinates at the initial epoch for the arcs , the pre-
dicted anomaly would be within one standard deviation of the cxpec ted value.
The uncertainty in the epoch parameters, I . e. the inertial position and
velocity coordinates X 0 , Y~ , Z 

~ , 
X 0,  Y, , Z~ at the initial epoch , for

the arcs U~~ to 10 meters and 1 cm/sec respectively, shows up as spurious
variations in the (~ T/~ r) . data with ~~ standard deviation of about 2 mgals .
\Ve recall tha t in Sections 5. 1 and 6. 1, we found tha t the simulated (~ ‘F ~~~~
da ta appeared to be impressed with a standard deviation of abou t 0. 5 mgals ,
when the epoch parameters for the arcs were implicitly considered to he
known without any uncertainty. Now when the epoch pa ramete rs have
uncertainties , hut are considered to be known perfec tly , the uncertainties
masque rade as a large r standard deviation of the (~ T/ ~ r). data .

This is fu rthe r borne out b examining the data used by us in Tables
7. 2 and 7. 4 . The variation of the data at each of the 6 data points , due to the
uncerta inties in the epoch p~ rarneters of the arcs 1, ~ and 13, has I)eefl
extracted fro m Table 7. 2 and shown in Table T. 7. The sanl 1)le standa rd
deviation of the data at each of the 6 POints as compu ted from the diffe rent
values in cases A to F has also been shown in Table 7. 7 .

Table 7. 7
Variation in (

~
- T/~ r)~ Data Due to Change in Epoch Parameters.
Values E xtracted From Table 7. 2

Data (ST/ar)-, in Mgals in Cases A to F Sample S.D .
Pt. # of I)ata

1 0.11, 3.15, 3.10, 0.56, 2.01, —0 . S7 1.66
2 —0.11, 3.24, 2.91, 0.62, 2.10, —0.95 1.71
3 2.22, 2 .90 , —0 .50 , 1.20 , 0.08 , 1.57 1.2 ~
4 3.18, 3.68, 0.25, 2.17, 0.97, 2.67 1.32
5 2.47, 4.79 , 5.31, 1.69, 3.71, 0.14, 1.96
6 1.39, 3.96, 4. 23 , 0 .76 , 2 .92 , —0 .~~9 1.51

Mean of Sample Standard Deviation of (~ T “~r~ Data 1.57

-.;7—
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The mean of sample standard deviations of data computed fro m ares
~ and 13 in Table 7. 1 ~ av a s imi l a r  value of 1.6. This value was also
cornputcd separately for  cases A to C , afld cases D to F, in Table 7.2
resulting in 1. 7 and 1. 1. It the re fo i-c appea I’S reasonable to as su me that
the uncerta inties t about 10 mete rs and 1 cm ’sec respectively in the
inertial posit ion and v & l ~ ci 1v coordinates of arcs at the initial epoch may
be accoUnted for I~ a s s um i n g  the standard deviation of (~ T ‘‘- r)_ data as
2 rngals.

( ‘~~flc luS iof l5

The estimation of mean gravity anomalies at the surface of the earth
from satellite to satellite tracking sum range rate observations is in
tendency unstable, It involves (1) a numerical differentiation which yields
accelerations from the range rate data and (2) a continuation of the radial
derivative , T. , of the anomalous potential , derived from the accelera-
tions , downward to the su rface of the earth . Both procedu res tend to
amplify errors in the observations and in the model.

We propose a method tha t consists of a diffe rentiation of an inter—
polatary cubic spline derived from the range rate data to dete rmine
accelerations (alternative methods are also discussed) and the leastsquares
collocation method for the estimation of the mean gravity anomalies at
the surface of the earth from the Tr — data . For a theoretical unique
solution the gradient , V T~ , of the anomalous potential would have to be
compu ted fro m the relative accele rations , R,.~ , between the close and
the relay satellite . Bu t the dete rm ination of VT. from the R rc — values
would mak e necessary a simultaneou s track ing of the close satellite by
at least three relay satellites. For the treatment of the actual si tuat ion
of having only one relay satellite we propose two app roximate solUtions.

The app roximation used in our s imulat i on stu dy assumed VT . of
having only the radial component, ‘Fr~ The experiment chosen was
satellite to satellite tracking between the GEO S—3 satel l i te  (h ~~~ kni~
and the ATS-G (h 36000 km) .

The s imula t ion  brough t the following results :

—— The proposed method (d iffe  rentiat ion of a ~ u 1i i ’ inte rpolato ,‘\-
spline followed by least square s collocation) is economical
and p roduceci meaningful results.

_ r~~~~
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—— A 10° residual anomaly (with respect to a (12, 12) reference
field) can be estimated witha standard deviation of about 4. 4 nigals. The
input residual anomalies could be well reproduced with in this
standard deviation. A 5° residual anomaly can he estimated

• with astandard deviationof about 11.0 mgals. Also here the input
residual anomalies could be well reproduced within this
standard deviation. We are well aware, however, of the fact
that the variance analysis and the simulation study may not
give conclusive ind ications for the real data p rocessing.

-- The prelimina ry least squares collocation variance analysis
shows that an essential improvement of the above results can
be achieved either by a dens ification of the data tracks or even
more by using a close satellite with lowe r altitude (eg. h~~250 km) .
A reduction of the random observation noise level does not ve ry
much contribute to an improvement of the estimation.

-- A ve ry encou raging fact is that only satellite data in a very
limited area are needed ( ins ide a cap with a radius of abou t
7. 5° spherical distance around the cente r of the estimated
anomaly block) . This allows a very economical data pro-
cessing. In addition , in contrast to least square s adjustment ,
least squares collocation allows the estimation of each mean
gravity anomaly block independent from one another , which
allows the recovery of gravity anomalies in restricted areas .

-- The model error mainly caused by the mentioned approxi-
mation inherent in the method could be reasonably controlled
by assigning a standard deviation of 0. 5 mga l to the noise—
free ‘F.. values.

—- Because of their systematic influence orbital errors may cause
a severe problem for all satellite to satellite tracking experi-
ments . In our simulation errors of 10 m in the position or
1 cm/sec in the velocit y were assigned to the sta rting
elements of the close satellite. These errors migh t be
considered as an upper l imi t  of errors occuring in a real
experiment with dense ground tracking covera ge. The
estimated anomalies were disturbed hut their deviation from
the inpu t values is most t imes still inside the already shown
standard deviation.

Cons idering these results , an appl ication of the presented method to
real satellite to satellite t racking observations is the next log ical  step.
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