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*ABSTRACT

• In rscent years more and more attention was paid to dig ita l

• i mage processing especially as a result of the deve l opement of

• hi ghly e f f i c ien t  algor i thms and also because of techno log ic a l l y

better facilities. Concurrently attempts were made to find a

mathematica l mode l for human vision to achieve better understand i ng

about that mechan i sm. Some of the i mage processing prob l ems that

were (and are) tack l ed are i mage enhancemen t, bandwidth reduction ,

i mage transmission etc. Unfortunately very few have taken the

mechan i sm of the human vision into consideration in their processes.

This work is an attempt to i ncorporate the mode l of human

vision in i mage transmission and coding. An optima l system is

deve l oped to transmit a di gita l image over a no i sy channel. The •1
same system i s  used for i mage bandwidth reduction utilizing a simple

cod i ng scheme wh i ch is not based on the know l edge of the statistics

of the lma ge in question. We demonstrate the i mprovement of the

optima l system over other similar systems and prov i de exp l anation

for situations where other systems failed. The mode l we use for

transmitting i mages can be also interpreted as the mode l of the

v eua I mechaniem itself and thus shed some li ght on human vision

from a new interest i ng aspect.

r 
_ _ _ _ _ _ _______________________________________ ‘VV V

*Thjs report reproduces a dissertation of the same title
submitted to the Department of Electrical Engineering,
University of Utah , in partial fulfillmen t of the requirements
for the denree of Doctor of Philosophy.
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INTRODUCTION

• In the last decade dig ita l image processing and digi ta l i mage

coding have deve l oped considerably. This is a trend caused not onl y

by the ava ilability of better and more efficient faciliti es but

mainly as a result of the developement of very efficient algor i thms

such as the fast Four i er transform and the high speed convolution

algor i thm. Successful attempts to deb l ur and enhance i mages

digitally have drawn more and more attent ion to the sub ject.

Presently the usual goal of i mage processing is to produce an i mage

• to be l ooked at by a subjective observer. Although research has,

and Is , be i ng done to find a good mode l for human vis ion very few

have attempted to i ncorporate those models in the processin g of

i mages. It is beyond doubt that human vision is not equally

sensitive to all spatial frequencies, and it seems that in

proces8ing more emphasis has to be put on the “more i mportant”

frequencies especially in cod i ng and transmitting i mages digital ly.

The work descr i bed here suggests a system for transmitting

i mages over a noisy channe l , that i ncorporates some properties of

human vision. We optim ize the system accord i ng to some optim ization

cr i terion and then check its performance and compare it with other

ava i lable schemes. V

The same system is used also for bandwidth reduction. Our
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objective in this respect is not to i ncorporate cod i ng schemes that

rely on statistica l properties of the source, since those are

usually unava ilable , but rather use coding schemes that are

i ndependent of the ensemble of i mages to be coded. Althou gh the

• reduction of bandwidth that may be achieved in this manner is

smaller than the reduction achieved by using statistica l information

• it was felt that a practica l , easy to implement method is preferred.

The mathematica l mode l for human vision wh i ch is i ncorporated

in this work is assumed to be given. Of the models that appear in

literature two were se l ected and used throughout this work. It is

shown that the influence of the linear part of the mode l on the

processing is only minor and therefore the cho i ce among a ll

available models (wh i ch are of course veru close to each other) is

not critica l from our point of view. The fact that the linear part

of the visua l mode l has very litt l e  effect on the results w i l l  also

be discussed.

In chapter one we introduce our mode l for i mage transmission

and the motivation behind that model. We optimize the system and

compare it with prev i ously suggested models. Chapter two analizes

the system and points at its i mportant properties. It is shown that

the mode l we suggest may a l so be i nter prete d, under some

assumption s, as a mode l of the human visio n mechan i sm itself and

thus prov i de some interesting insight into human vision. This is

discussed in chapter three utilizing the results obtained in

prev i ous chapters. The prob l ems of implementing the system on a

di gi ta l computer are discussed in chapter four, and fina ll y, in

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  .~~~~~~~~~~~~~ •~~ • •
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chapter five we introduce a cod i ng scheme, i ndependent of the i mage

statistics , that fits into our scheme and allows the use of this

optima l system as a means of bandwidth reduction. Comparision

between results obtaine d by this method w ith results obtained by

other available schemes is also inc l uded in this chapter wh i ch

visually demonstrates the advantages of our optima l system.
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CHAPTER ONE

INTRODUCTION OF THE SYSTEM

In this chapter we shal l suggest a system for transmitting

i mages over a no i sy channel that incorporate8 a mode l of human

vision in the design. We shall introduce the optimization criterion

and compare the resultant system with similar ones suggested before

by others.

The system in pr i nciple is described schematically i n  the

block diagram of fig (1.1). It consists of a preprocessor that

processes the image , and a postprocessor that undoes this processing

at the other end of the channel. The pre and post processors w i l l

depend on some properties of human vision that are represented by a

mathematica l model. The characte ristics of the channel w i l l  also

Influence the pre and post processors thus mak i ng the entire system

most immune to the disturbances along the transmission path.

Recent research shows (6,10) that human vision can be

approximately modelled as consisting of two parts: A nonlinear

• m emor yless system In cascade with a linear system , with memory, as V

descr i bed in the block diagram of fig. (1.2). The function F(s) has

been shown by experiments to be a monotonic i ncreasing convex

function. this means that rio information is lost by passing the

_ _ _ _
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si gna l through F(’). The logar i thmic function , 8atisfying th is

constraint , i8 the most commonly used. This is just ified Liy the

physica l properties of light as detailed later in this work.

In order to optimize the pre and post processors we have to

set a norm for the distortion and try to minimize this quantity.

V 
The norm chosen in this work is the mean square error. Although the

• criter i on of mean square error is not always the best for i mage

processing (4) it is mathemat i ca li y (to date) the most tractable ,

and was chosen because of that.

Fig (1.3) shows the fu l l  system In de ta i l .  The quantity I”

can be descr i bed as the image transmitted from the retina to the

observer ’s brain. I a” is the perception of the i mage if l ooked at

directl y by the observer whereas Ii” is the perception of the i mage

looked at after be ing transmitted through the system. The proces

it se lf  term inates w i t h  the production of 1~’ at wh ich a human

observer w il l  look. The norm we define is

d ( x ,y) —

and since the i mage is, stati stically, a member of an ensemble we

• shall d sfi ne

M (x,y) — E (d (x,y)}

Where E () Is the expected value operator. We shall later optimize

the system by minimizing M.

The system presented thus far has no constraints i mposed on

it. In this si tuation there is no optima l solution since the best

system is obtained by mak ing the preprocessor be a pure amp lifier V

that w i l l  amplif y I (x ,y) to such an extent that the channe l no i se is

• ~~~~~~~~~~~~~~ • V V ~~~~~~~~~~~~~ V V V V V V  V ~~~~~~~~~ • - • - -V •-
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negligible. This of course is not possible in  pr actice. The actual

power produ ced by the preprocessor Is Ilm ltte d . There must

therefore be some constraint i mposed on the system to make it

feasible. We chose to li m i t  the average energy (per i mage) produced

by the preprocessor. This measure is equiva l ent to limitting the

signal—to—no i se ratio of the channel. For a given channe l , for

wh ich the s i gna l to no i se ratio is given , and for a (statistica l ly)

given no i se the average energy in the signa l may be computed.

im posing this constraint on the system w i l l  force the preprocessor

to suppress some frequencies relative to others (some of them may be

totally i gnored) so that the best fidelity is ach i eved. An optimal

solution to the problem with this last constra int i mposed exists and

V 

is derived in appendix A.

V 

Tak i ng the model of the visua l system as in fig (1.2) we

V 
propose that the preprocessor have the same structure, name l y a

memor yless non l inear system F () in cascade with a linear system A ,

and the post processor be a linear system B in cascade with the

i nverse memory less system of the preprocessor F~ (). Fig (1.3) can; ~,. VV now be expanded to l ook as in fig (1.4).

The reader may question the necessity of mak i ng the nonlinear

portion of the preprocessor equa l to that of the visua l model.

I ndeed, in the m ost genera l case those functions should not be V

identical. This , however wi l l  introduce the prob l em of obtaining

the second order statistics of the signals i nvolved (wh i ch is

essential to the solution of the problem ) wh i ch is i mpossible to

evaluate in the genera l case. V
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The reader wi l l  readily convince himself that the relation

between I” (x ,y) and I (x ,y) as descr i bed prev i ousl y can be

schematically expressed in the block diagram of fig (1.5) to wh i ch

all later computation wi l l  refer.

Since the function F() is one-to—one the know l edge of I(x ,y)

implies the know l edge of O (x,y) and vice versa. We can thus assume

that the whole process starts with the given signa l O (x,y). The

relation between I” (x,y) and D(x,y) is linear and analysis becomes

much easier.

Note also that O’ (x ,y) is not the signa l to be viewed. The signa l

to be l ooked at by the observer is I’(x ,y)—F~(O’(x,y)) wh i ch does

not appear in fig (1.5).

It seems proper, at this point , to mention two papers closely

related to this subject. One is by Stockham (11], the other is by

Mannoe and Sakr i son (6]. Stockham in his early work (12], suggeste d

a system like that of fig (1.4) but set the linear systems A and B

V equa l to V and V1 respectively. No optimization attsmpt was done

but rather the argument was as follows.

If the origina l i mage I. (x ,y) is viewed by the visua l system we

get, at the output of that system , the signal

— F(I)øV t 
V

whereas when the image I (x .y) is viewed by the same visua l system

after passing through the channe l (with channe l no i se N(x,y) ) we

~ In this document the ® sign denotes the convolution operator.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V get

I i” (x ,y) — I i” (x ,y) + N (x,y)

so that If the no i se is white there wi l l  be a wh i te disturbance to

the s ignal sent from the retina. The parameters of the visua l mode l

V were based upon psychophysical data available at that time.
V 

Exper i ments carr i ed out did not produce nice l ook i ng pictures when

using a visua l mode l tha t complied with the psychophysical data

available , and the actua l mode l used was a corrected version. No

exp l anation was given , in terms of the system , for those results.

V More elaborate discussion for the reasons wi l l  be given later in V

this chapter and in chapter 3.

Mannos and Sakr i son carr i ed Stockham ’s i deas one step further

by try i ng to opti m ize the visua l mode l in a subjective way and, at

V V the same time , allow for some bandwidth reduction. Mannos and
V 

Sakrison defined a distortion criter i on and a rate distortion

function , and produced a collection of images processed by their

I 
system with controlled distortion.

The coding scheme, based on the defined rate distortion

function , requires the know l edge of the source statistics wh i ch is

-
~ usually unavailable. Mannos and Sakrison noticed that a Gaussian

source is the worst to code i.e. any source wi l l  yield a smaller

rats d istortion than a Gaussian would , thus by assum i ng Gaussian

source they set an upper bound for the rate distortion. Note that

in practice for imp l ementation of this method one would need the

V 
st a t i s t ics o f the source.

V 
By controlling the distortion , as descr i bed above, Mannos and

____  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V~~~~~~~ V V _ VV _~~~

V VV_
~~

V_
~~ V _ A
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Sakr lson produced a col lect ion of images that were later viewed by a

group of observers, who refereed the i mages subjectively. One of

their fina l results was find i ng a visual moda l that consistently

produced batter l ook i ng pictures in their method. It should be

emphasized that neither of those works optimize a system for a given

visua l mode l (as done in thi s work) but rather used the visua l mode l

Itself as a preprocessor.

Usi ng the ca l culus of variation and the mean square error

V cr i terion the optimum systems A and B are der i ved. Th. detailed

V derivation is given in appendix A and, in this section we shall only

summar i ze those results. The linear systems A and B are specified

by their two dimensiona l frequency response and obey the follow i ng

equations :
V 

(SIi)~ )
t/2(MV (f)_ (Sf~1$d)u/Z] if 4u V (~’v~d)

t12
(1.1) A~(f) —

0 oot herw l se

(1.2) B(f) A (f)/(lA (f)l2+S’y~ )

~s i
In the above equations :

Sa(f) Is the power spectrum of O (x,y)—F(I(x ,y))

S,(f) is the power spectrum of the channe l no i se

V (f) is the linear portion of the visua l mode l , and i s  assumed to

be known (6,18 and others].

p is a scalar evaluated to yield the prescr i bed signa l to

noise ratio.

denotes comp l ex conjugate. 
V
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V In all the above and hereafter (fJ stands for the two dimensiona l

frequency (f5,f~). The signa l to noise ratio Is denoted by P.

• Special cases such as frequencies for wh i ch Sd (f) — B etc. are

V discussed in appendix A.

Alt hough the noise is arbitrary and no constraints are i mposed

on its statistics we shall assume in the follow i ng section , for the

sake of the qualitative discussion , that it is wh i te.

• In fig (1.G) we have an original (called “MILL”) and the power

• spectrum estimate i t  generates (on a cib scale). Fig (1.7) disp l ays

a second origina l (called “BARN”) and its estimated power spectrum

(on a db scale). Some remarks on the prob l ems i nvo l ved and the

V 
algor i thm used for power spectrum estimation are given in chapter 4.

We tested our method on three different visua l models. The

frequency response of the linear portion of these models is given in

fig (1.8), UsIng these three models and the power spectrum

estimates of fig (1.6b) we calculated the frequency response of the

A and B filters wh i ch are g i ven in fig (1.9) and fig (1.18)

respectively.

1’, V The shape of 5~(f) resembles very much the frequency response

of a low pass filters i.e. most of its energy is in the low

frequencies (both f~ and fr). In images tha t contain more man—made

objects (like the MILL in f i g  (1.6)) we find that Sd(f) has

V additiona l energy along the axes. Since by aseumpton S,~(f) Is  wh i te

1~~ has essentially the shape of a highpass filter wh i ch is also the V

genera l shape of V(f), up to the point where V (f) starts to taper

off. 
V
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(a) (b)

V First original (MILL ) and its power spectrum
V (a) Original

(b) Power Spectrum estimate

V (a) (b)

Fig. 1.7 Second original (BARN ) and its power spectrum
(a) Orig inal V

(h) Power Spectrum es timate

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(b)

V

V 
(c)  

V

Fig. 1.8 Linear portions of various Visual Models

(a) Slow saturating
V (b) Fast saturating

(c) Taper—off V
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(c)

Fig. 1.10 B—filters for various Visual Models
(a) slow satura ting
(b) Fast saturating
(c) Taper-off
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Now If we take the case where p gets larger (i.e. i ncrease 
V

in the signa l to no i se ratio ) we may approx i mate 
V

A2(f) — pV ( f )  (S,~~1)h/z ; B(f) — A4(f)

and s i nce (S.~~)h/2 as mentioned before has a shape close to V (f) we

may say that A (f) is proportiona l to V (f) and B(f) Is its inverse.

This justifie s the mode l suggested by Stockham for high signa l to

no i se ratios. For low signa l to no i se ratios this w i l l , of course,

yield worse l ook i ng i mages.

Another special case to discuss is the follow i ng; We showed V

before that V (f) and (S~~~~p/2 are essentially highpaee so let us

consider the special case in which

V 
(1.3)

In this case, substituting equation (1.3) into equation (1.1) and

equation (1.2) we get

V 
(1.4) AZ(f) • (p_1)V2(f)

or

(1.5) A (f) — (p—1)112V(f)

and
1 ,  (1.6) B (f) — ((p_1)mfl/p)V~(f)

V 
Thus we see that A (f) and B ( f )  are proportiona ! to V(f) and V4(f)

respective l y. This is the only case in wh i ch the preprocessor is

V 
equa l (except for some constant amplification ) to the visua l model.

This case has some qualitative significance. Discussion on the

Im pl ication of these risul te is given In chapter 3.

Equation (1.1) specifie s the system A in terms of it.

frequency response (for a given signa l to noise ratio affecting ii) . =
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Obv iously for large p. the right hand side of equation (1.1) w i l l

V be posI t ive  for a l l  frequencies. For smal l  va lues of p then w i l l

be some frequencies that would be suppressed. Since A (f) is a

cont i nuous function of p there exists a smallest (critical ) p,

denoted by Pc for wh i ch all frequencies are transmitted. This

notion of the c r i t i ca l p w i l l  be used later for coniparisione .

The last i tem to be discussed here is the function F(). Many

functions have been suggested. The most common one is the

l ogar i thm. There is some physica l justification for the use of the V

l ogarithm or a function very close to it (as explained later In

chaptsr 3), tlanno. and Sakr eon using th. same etructur• for the

V visua l mode l (i.e. a memoryle se nonlinear system followed by a

linear system ) noticed , in their exper i ment , that there was almost

no difference wh ich function was used in the nonlinear part w i t h  a

sligh t preference of the cubic root. Since the results of their

exper iment are subject ive i t  is hard to comment or give physica l
V 

interpretation to those results especially that the functions used

were very close to each other. Exper iments done by this author w i t h

square root , l ogar i thm , and some other functions W ielded very slight

differences If any. In the rest of the experiments descr i bed here

the logar i thm function was used. It i s  i mportant to remember that V

the cho i ce of the funct ion F is completely i ndependent and does not

effec t the design of the rest of the system. The answer to the

question of what function F() optimizes the system is therefore

subjective. No attempt was made in this work to find the best F(S)

and the cho i ce of the logar i thmic function , that is used throughou t



___ _

V this work, Is justified by the reasons given in chapter 3.

I ,

~~~~~~~~

L 
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CHAPTER TWO

• ANAL YSI S OF THE SYSTEM

In the previous chapter we introduced the main i deas of the

suggested system. In this chapter we shall analyze the components

of the system.

Look i ng at equation (1.2) we notice that 8(f) is the Wiener

filter for a given A (f). This implies some known facts about B (f)

as follows. For low no i se levels B (f) converges to the i nverse of

V A. Frequencies that are zeroed out by system A w i l l  also be zeroed

by system B etc. The dependence of the system B upon the eye model

V 
is implicit in that A is dependent upon the eye mode l and B depends

on A. We shall devote , therefore , the rest of the chapter mainly to

ana l yz i ng the system A.

Equation (1.1) shows the dependence of the system A on the

visua l model. We mentioned before that the system A , in most

V instances , l ooks very much like the visua l mode l itself.

Qualitatively thi8 ehoulc be expected since frequencies i mportant to

human vision are expected to be emphasized over the the lees 
V

i mportant ones thus shap i ng the filter A in the direction of the 
V

visual mode l chosen. Also one must bear in mind that the

optimization criterion , the least squares estimation , influences the

shape of A no matter what visua l mode l ~s used. 
V

_ _ _ _  -- • •.— -- -- — — - ~~~~~~~~~~~~~~~~~~~~~~~ V • V -• -—
~~~~~~~
_

~~~~~ ~~~~~~~~~~~~~~~~~ -~~~
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The question that ar i ses immediatell y is the one of choosing

V an eye—model. There are a few models to consider , most of them

suggested previously by var i ous researchers. Stockham proposed two

different models [10,11,12] Mannos suggested another [6] and many

others appear in l i terature. A lthogh the visual  system has been

shown not to be isotrop ic a l l  the models suggested are circu larly

symmetric for reason of ease of imp l ementation. The models used in

this research, although they do not have to be symmetric , were

chosen to be such. In any case a l l  the models suggested are some

sort of high or bandpass filters. This stems from psychophysica l

experiments and are justified phys icall y by the desire to seperate

il l u m i nation from reflectance (wh i ch implies emphasis of high

frequencies over low frequencies ) and by the i mperfectness of the

lens system (wh i ch causes tapering off at very high frequencies ).

We shall elaborate more on this subject In chapter 3.

For a given signal to no i se ratio and a given visua l mode l ,

th1~ ~~~~~~~~na*r~ t~e SreV1 ,~~~F.. ~~~~~~~~~~~~~~~~~ ~~~~ qL~~~~~~rfl necl’?under ‘
~~~~~~~~

the chosen optimization criter ion ) and are given in equations (1.1)

and (1.2).

i t  i s poss ib l e , for a given signal to no i se ratio , to vary the

visua l mode l and produce a collection of images to be viewed by

subjective observers and determine the “best ’ visua l mode l for this

system. Preliminary experiments showed that the difference in

choosing between the results for the var i ous models tested are very

s l I g h t ,  and a more careful ekper i ment has to be conducted in order V

to come up w ith a conclu sive result relating to the visua l model.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ VV ~~~~ VVVV ~~~~V • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -V  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~VJ
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In fig (2.1) three different processed versions (of the
V 

origina l of fig (1.Sa)) are shown. Each of the three processed

versions was produced using a different visua l mode l with the same

signa l to no ise ratio of P~—14.S. I sometric plots of the visual

V models used are shown i r  fig (1.8). Most conspicuous in compar i ng

the processed versions of fig (2.P is the fact that the pictures

appear only slightly d ifferent from one other. In fig (2.2) we have

the second origina l (of fig (1.7a)) processed by the system using

the v eua l mode l of fig (1.8c) and P—P~—14.5.

The fact that the system is not very sensitive to changes in

the visua l mode l is ecmewhat encourag i ng. Definitely the true

visua l model is slightly different for different observers. It is

therefore desired that tl- e system be insensitive to the visua l mode l

so that its performance w i l l  be close to optima l for as wide a class

of observers as possible. On the other hand the fact that the

entIre system is so slightl y dependent on the visua l mode l (in the

I, -‘--c - -
~~~ ~~~~~~~~~~ — ._  — VfV~~~ ~~~ — — - ..4 _. .— ~~~~~~~~~~~~ _-~~~ V -

fina l subjective ~~ppearance of the images produced) makes tT~e

V find i ng of a “best model” a much harder problem to so l ve.

1 . 1  

The insensitivity to the visual model ra i ses the question of

the I mportance of i ncorporating a visua l mode l in the transm i ssion

I scheme. In our case there is a sli ght i mprovement in performance

when using a visua l mode l over the case where a flat visua l mode l

was used. However , this author believes that the visual mode l must
V 

be inc l uded in any kind of image processing and that its influence

may be enhanced when a different fidelity cr i ter i on i s  used.

Some remarks are appropriate here to point out the nature of

_ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~V V . . • V • V~ V • V VV VV .~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the dependence of the system A and B on their parameters,

From Appendix A we find

(2.1) p — (P+1)!S,ldf/JlV (f)I($’v~d)”df

Let us assume that two different exper i ments are conducted

with the same si gna l to no i se ratio P (that y ields p > 4u~
) , but

changing only the visua l model in such a way that

V (2.2) V2(f) — KV 1(f)

Where V~
( f )  an d Vz(f) are the visua l models for the first and second

exper i ments respectively and K is a positive constant. Using

equation (2.1) we find

(2.3) a

wh i ch in turn yields

V 

(2.4) p2V2(f) • (p1 /K] (KV 1(f)] — p1V 1(f)

Look i ng at equation (1.1) we notice that A (f) depends only on the

produc t uV (f) and consider i ng the result of equation (2.4) we

- 

conclude that for a g i ven s igna l to noise ratio the system i s 
V -

i nvar iant under scaling of the the visua l model. Obv i ously since

B(f) depends only on A (f) there w i l l  be no change in 5(f) in this

• case.

Another property is the fol low ing. Assume that in two

different exper i ments we use the same visua l model but i ncrease the

power of the no i se (not chang i ng its power spectra l shape) in such a

way that

(2.5) S.’(f) — K2S.(f)

and retaining In both experiments the same si gna l to no i se ratio.

V V Equation (2.1) yields

_ _  _
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IV

(2.6) 4u’ — K u

and after some simple al gebra we find

(2.7) A’ (f) — K~A (f)

This means that for a given signa l to noise ratio an i ncrease in the

no i se level amounts to corresponding amplification In the system A.

Substituting equation (2.5) and (2.7) into (1.2) reveals that

(2.8) B’(f) — B(f)/K

We conc l ude that the i ncrease in no ise l eve l does not affect the

shape (or performance) of the entire system except for a constant

amplification.

In the exper i ments conducted in this research the ensemble of

Images was sca l ed in such a way that O (x,y) (in fig (1.5)] ranges

between B and 511. The noise was chosen to range between —51 and

+51 (i.e. peak va l ue of the noise is 10% of the signal). We have

just shown that the result, for  w h i c h  p > Pc. w i l l  not change with a

change in the normalizati on factor.

— —  — —-- -rn WE ~~ f~p v~d~~àt thi s póTh’fsàme ~~~iiñation to the  r e s u l t s

sncountsrsd by Stockham when using the taper—off visua l mod.i.

7 Stockham used, as mentione d before V(f) and V4(f) as the A and B

V 
filters. Thus the preprocessing in his exper i ment y ielded results

V close to those obtained by our system. The postprocessing however ,

is qu ite different since there is no specific no i se handling

mechan ism in Stockham ’s scheme and it therefore produced completel y

different results. The prob l em was that the tapered portion of the

visua l mode l amp l ified parts of the no i se wh i ch made the entire

i mage bad l ook i ng. It turns out that the system B is not less

LVV~~~~~~~~ l ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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i mportan t then the system A and in fact may be more i mportant in

V some cases since i t  processes not onl y the signa l but also the

no i se. It Is i mportant at least to have the systems A and B be a 
V

match i ng pair in the Wienner sense.. Look i ng at 8(f) for the

var i ous syetsm . (figs (1dm) ) reveals that the B filter looks more V

like the I nverse of the visual mode l of fig (1.8b) than that of

fig (1.8c). What happenned in these exper i ments is that the i nverse

of the visua l mode l of fig (1.8c) enhanced high no i se frequencies

that irritated the human observer. Those frequencies should have

been suppressed since in this domain the power of the no i se may

exceed that of the rnage to such at, exten t that the i mage is

dom i nated by no i se. A better system that should have been suggested

Is one that uses the e~e mode l as the system A and its match i ng

Wienner filter as system B. At any rate thi e exp l anation Is now of

minor Im portance since it is proved in this work that for optimum

results the system A should not be made equal to the visua l model.

V In genera l , when uEing the minimum least squares cr i terion for

optimization , one should remember , as noticed by Costas (1] and

others that the i mportance lies in mak i ng the pre and po etfilter s a

matched pair , and that the prefi lter have the desired genera l shape.

The fine structure of the fHter wi l l  usually not i mprove the

performance of the entire system signif icantly.

To demonstrate the effect of the signa l to no i se ratio on the

results the follow i ng exper i ment was conducted. The i mage of

fig (1.6) was processed (see fig (2.3)) using P~~Pc. Us i ng Pc yields V

some signa l to no i se rat io that we term P~. (For the “MiLL ” and the

_ _ _  _ _  
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V “taper—off ” visua l model P~ was ca l culate d to be 14.5). The same

i mage wee also processed using P—2/3P~ and P—1.SP~. The A filter

for P—1.5P~ is essentially a sca l ed version of the A filter for P~.

Not 80 in the case of 2/3P~ where the A (and therefore also the B)

• filter wh i ch resu l ted looked essentially as for the P~ case except

V that some high frequencies (both f~ and f~) where zeroed out. The

V 

result of the processing with these signal to noise ratios is given

in fig (2.3). Although fig. (2.3b) is undoubtedly better then

fig. (2.3a) the latter is strikingly good in the preservation of

details. In fig. (2.3c) we used a ratio of P—I. which is much be l ow V

th. crit ica l power. A. can be seen the picture Is much noisier ,

dynamic range has decreased but in spite of this low signa l to no i se

ratio most of the detail , even the fine detail , is well preserved

• and demonstrates the capability of the system to transmit i mages

under extremely no i sy circumstances.

The i mprovement one gets when using our system over regu l ar

transm ission is demonstrated by compar i ng 
V 
fi g. (Z.~ J ~~~i t h

figs. (5.9a) and (S.lBa). These latter pictures are stat istically
‘V V 3

equivalent to what would happen if the origina l i mage had been

transm itted through the same no i sy channe l without the processing

V 

done by the pre and po.tproceesors.

The cho i ce of what ratio to use depends upon the subjective

distortion one would tolerate. If detail is i mportant one migh t

reduce the signa l to no i se ratio and if “cleanliness ” of the

resultant picture is i mpcVrtant a high ratio is necessary.
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CHAPTER THREE

I MPLICATION OF THE RESUL TS ON HUMAN VISION

The results obtained by ca l culating the A and B filters as

descr i bed in chapter one may shed some light on the mechan i sm of

human vision

Although , as mentioned before, the cr i terion of mean square

error is not always appropriate for i mage processing, and some of

the results us obtained are strongly dependent upon to the 
V

optimizat ion cr i ter i on, i t  s t i l l  seems that some consideration

V should be given to explain the results on a more qualitative basis,

V and to try and Buggest some new points of view about the nature of

_____ 
human_vision. 

_____ ____ __________ __________________ ___ — .——— -—- - -—_____

Look i ng at equation (1.1) there are two major components j
influenc i ng the design of the system A , name l y the visua l mode l V (f)

and the quantity ~~~ . If the human vision were equally sensitive

to spatial frequencies or alternately if we were not to consider the

visua l system at all in the process of optimizing the prs and poet

proc.esor. we wou l d get results that are worth some special

consideration. Quantitativel y this means rep l ac i ng V (f) in 
V

equatIon (1.1) wIth V
’
: V

(3.1) VU) — 1 for all frequencies.

_ _ _  _ _ _ _ _  V
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An i sometric plot of A (f) resulting from such substitution is

V shown i n f i g  (3.la). Compar i ng the result with the one derived for

a true visua l mode l (fig (1.9) ) reveals that the shape of A (f) has V

not changed much. This implies that the shape of A (f) is controlled V

mainly by the shape of the quantity SI
~ d . This suggests that the

V 
system Is more sensitive to the information itself (i m p l i c i t l y

represented by Sd) and to the channe l (characterized by S.) than to

V the mechan i sm of vision. In this case, where V (f) Is absent from

th. sy stem , the A filter that results l ooks very much like some

models of the visua l system that are suggested in the literature.

ThIs fact may prov i de us with some exp l anation on the behaviour of

human vision.

Many assumpt ions have been made about the nature of

information transmiss ion from the eyeball to the brain. The one

that seems very logica l is tha t the optic nerve, connect ing  the V

eyeball to the brain , acts l ike a noisy channe l (i.e. that

information is processed i n t ~~~~~eba l ) and transmitted to the brain

through the no i sy optic nerve). If we assume this kind of visua l

system It Is easy to model such a system. In fact the system we

suggested in chapter one becomes a good mode l for the entire visua l

system. Specifically the preprocessor corresponds to the eyeball in

which initial processing is performed. The processed signa l is then

transmitted through the noisy channe l namely the no i se optic nerve.

The brain , at the other end of the channe l is the postprocessor but V

since there i s no “v i sua l system ” at the other end as in the system

descr i bed in chapter one and fig (1.3), the substitution suggested V

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I~ (3,1) is appropriate. The result is the system A shown In

fI g (3.1). We noticed before the resemb l ence between the A filter

and the visual mode l , wh i ch strengthens the assumption that part of

V the eyeball’ s processing of i mages is directed towards a safer

transmissIon through the optic nerve much like the task of the -

V 

preprocessor In our system. The fact that A (f) is not circu l arly

symmetrIc strengthen the observation that the human visual mechan i sm

is not quite isotropic.

Early exper i ments in i mage enhancement showed that a h)ghpass

f ilter usually reveals or enhance8 details that could not be clearly

seen in the origina l is~age. Apar t for the reduction in dynamic

range due to highpass filtering of the log illumination the

follow ing arguments were made. An image ‘is compose d of two

components . i ll u m i naton and reflectance that are multiplied to form

the i mage. It is the reflectance that we are interested in since it

descr i bes the objects we are l ook i ng at. The il l u m i natIon has a

strong dependence on lig ht sources, wh i ch are slowly vary i ng across

the scene, and has therefore most of its energy in low frequencies.

The reflectance , on the other hand, has considerable amounts of

energy in high frequencies since it “represents” textures , sharp

edges of objects , and fine detail. Unfortunately i l l u m i nation and

reflectance cannot be absolutely separated because illumination has

some energy in high frec~uencies and reflectance has some important

low frequency components. This confirms that the separation between

i llumI n ation and reflectance cannot be made by a pure highpass V.

filter but only opt ima Hy approximated by a filter that would be

V V V~~~~~~~~~ V~~~~~~~~~ V V V~~~~~~ V V V V~~ V . • V~~~~_ .~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ . • . • _ _ _ _
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close to the one shown in fi g (1.8b).

Giving this argumert some mathematica l ground we may wr i te

(3.2) i (x ,y) - i (x ,y)’r(x ,y)

where I(x ,y) is the i mage, i (x ,y) and r(x ,y) are the illuminatio n

and reflectance components respectively. Using the l ogar i thm as the

non l i near function F() we get

V 

(3.3) O (x,y) Log [I (x ,y)) — Log (i (x ,y)) + Log (r (x,y)]

or

D(x ,y) — i’ (x ,y) + r’(x ,y)

Look i ng at (3.3) and remembering that i’ (x,y) , the

il l u m i nation component , i s  t he one we wan t  to get rid of , we realize

that some sort of highpa 3s filtering on O (x ,y ) is necessary. (This

is in short the pr i nc iple of homomorphic image enhancement as

originally stated by Oppenheim et al (7)). This analysis provide s 
V

us with the physical justificat ion for the use of the l ogarithm as

the nonlinear portion of the visual system.

The prev i ous arguments pose some Interesting questions. We

note that the visua l system is a kind of hi ghpass filter. We have

shown that hi ghpass filter i ng achieves best transmiss ion of i mages

through the optic nerve and we have also shown that a highpass

(homomorphic) filter achieves good separation between illum i nation V

and reflectance that is desired for good quality vision. This

suggests that the visua l mechan i sm achieves two goals : it separates

reflectance from il l u m i nation and encodes the i mage to be

transmitted in a safer w~y through the optic nerve. The question is

whether or not these are really ti..o separate issues or two aspects 
V

- -V  -- — -~~~- V ~~~--
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of the same phenomenon.

At the time of thi s writing there is no un i que decis ive answer

to this question. It is the aut hor ’s belief that the true situation

is some kin d of a compromise between the two arguments for the

reasons outlined in the rext paragraph.

If the eye system were based onl y on safe transmission

consideration we should have ended up with an eye mode l that obeys

\/(f) —

since In this case the signal , after passing through filter A would

have the same statistics and therefore optimall y i mmu ne to the no i se

of the opt ic nerve. An experiment that was conducted using that

kind of visual mode l produced very bad l ooking pictures. The reason

that the results were oad l ooking is that such a visua l mode l

suppresses low frequencies too much (tl~~s getting rid of some needed

reflectance component) and does not work right for high frequencies

e i t her , because of the high amplification it introduces in this

range. This suggests that the mechanism of the vision is not based

upon transmission cons ideration alone.

The fact that the visual system is not based solely on the

V separation of reflectance and illumi n a t i o n  can be proved by the fact

that for such a separation we need a highpas s filter (like that of

fig (1.8b)) whereas peycrioph ysio logical data shows that the visual

system is not really highpass but rather a sort of bandpase i.e.

tapers off at the very hi gh frequencies. (this taper i ng off is not

due to the finite aperture of the eyeball lens, that should have

occured at a much higher frequency but be~:ause of some i mperfertne ss
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in the lens system and retina l i mag ing surface).

It is therefore the auther ’s belief that human vision is a

compromise between safe transmission of the i mage through the

(no i sy) optic nerve and the desired separation of i llum i nation and

reflectance. Because of the i mportance of the i ssue it seems

-
s 

worthui le for future researchers tu focus more attention in try ing

to sol ve this question in order to acqu i re better understand i ng of

human vision and its mathematica l modelling.

I- 
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CHAPTER FOUR

V THE SYSTEM ON A DIGITAL COMPUTER V

The system descr i bed and anaiized in the prev i ous chapters and

the equations der i ved in appendix A are all true for continuous

functions, Because of the i somorphism established between the

continuous and the sampled functions (9) those results are true also

for the samp l ed case. Note that this i somorphiem relates the

continuous—space function to the discrete—space function (i.e.

functions of a continuou s or discrete domain) and does not relate to

the question of whether the range of the function is continuous or

discrete. We shall assun~e that the i mage in the computer is samp l ed

V 
fine enough and w i l l  serve as our or i g inal , and that the equations

apply to this origina l image. In this chapter we shall outline the

. 7 , : process of implementing the system on a di g ital computer. The

chapter w il l  not deal with problems that arise because of the

facilities (and their hardware limitations) but rather with some

theoretica l prob l ems.

V The f irst prob l em is the one of estimating the power spectrum

of the image ensemble. It is obvious that the true power spectrum

Is not avaIlable to us and we have to be satisfied with some close

estimate. The algor i thm used , based on averag ing per i odograms, was

_ _  _ _ _ _ _ _ _ _  V~~~~~ • V -
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V 

suggested (for one dimension ) by L4e l ch U.3). The picture is broken

up into (poesibly overlapping ) sections. Each section is windowed

(we used a two dimensiona l Hann i ng window ) and then the magnitude

square of the discrete Four i er transform of that section is

ca l culated. ThiB quantity is then averaged over all  sections. The

fina l result is then divided by the energy in the window. An

example of the power spectrum estimate (on a db scale) of the

logar i thm of an i mage is g i ven in fig (1.6) and fig (1.7).

The accuracy of such an estimate is discussed in We l ch (13].

Using the above algorithm we may take one of three approaches. Th.

first uses the estimate taken from one i mage as the estimated power

spectrum of the entire ensemble. The second approach averages

estimates over a collection of i mages. This author ’s ex per ience

shows that four or five careful ly se l ected images suffice for such

an estimate. The last approach is to divide the ensemble into

sub—ensembles each of wh i ch has a power spectra l estimate , and then

using one of those estimates for the given i mage. (The

sub—ensembles shou l d depend heavily on the amount of man—made
V 

objects in the i mages since this is the main contributer to the

differences In the power spectra). Th. third approach sisms to be

V the best one. However , i t  i s d i f f ic u l t  to automate because of some

unsolved problems in i mage classif i cation. In genera l the results

are not very heavil y dependent upon the kind of algor i thm used. The

image of fig (1.6) was processed by filters designed using the power

spectrum estimate of the image of fig (1.7) and the results are

g i ven in fi g (4.1). (con~pare with the image of fi g (2.lc)).

V V V~~—
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V 

V 

Another i mportant prob l em is that of windowing. By windowing

V we refer to the process of modifying the i mpu l se response of a

system in such a way that its frequency response w i l l  change only
V 

slightly. The need for windowing ar i ses mainly because we are

V dealing with an infinite l y l ong impulse response that has to be

• 

- 
truncated for the imp l ementation on a (finite memory ) digita l

computer. Our window i ng process was chosen to be the multiplication

of the i mpu l se response of the system with a bell shaped function

whose circumferencia l points are zero. Undoubtedly no window i ng at

all yiel ds bad results but on the other hand when a(x,y) is windowed

It is no more the optima l filter. One has to l earn, when us i ng

digital computers, to compromise opt irn a ll t y of the solution for the

use of this powerful device , A few exper i ments were made to find

the best way of window i ng out of the following five possibilities:

1 1. Win dow filter A only.

2. W i ndow filter B only.

3. Window f ilter A and B (after the optima l filters have been

V calculated.

4. Win dow filter A. Ca l culate filter B as the Wiener filter

of the windowed A.

5. WIndow as In (4) but apply window to filter B as we ll

From all  these possi bilities the one found most satisfactory

is the fifth method suggested above. Whenever window i ng was needed

this method was used. Seme examples of various window i ng procedures

~~~~~~~~~~~~~~~~~~~~~~ V V  
V V V  V V V ~~~~ V~~~~~~~~~ V~~~~~~~~~~~~~~~~~~~ V V VV ~~~~~~~~~~~~~~~ V . VV 
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related to the methods 1,3 and 4 above are shown in fig (4.2). The

V window it self is always a two dimensiona l Hann i ng window.

The onl y way to avoid window i ng (and i t s  side effects) is by

V using per i odic convolution , as oppsosed to aper i odic convolution

which requ i res window i ng. The periodic convolution although freeing

us from window worries introduces some other side effects. More

time is needed to estimate large—record power spectra (Although this

is a one time prob l em) and the result converges more slowly. In

V genera l , the results were not of much difference when both methods

had been compared. A sli ght preference was noticed for the periodic

convolution . Compare fig (4.3) wh i ch used circu l ar convolution with

fig (2.lc) and fig (2.2c) where aper i odic convolution was performed

with the same set of filters.

Another theoretical issue is the sensitivity of B (f) (or

b (x,y)) to the number of bits used to descr i be it. In genera l a l l

the computatu ion was done in standard floating point arithmetic but

V 

exper i ments were performed to see what kind of accuracy is needed

for b (x,y). The issue i s  of some i mportance for imp l ementing the V

system on a short word ccmputer or if attempts are made to use fixed V

rather then floating point ar i thm etic. The experiments show that

for 512 by 512 picture elements and filters that are 64 by 64 the 
V

use of fIve bits per sample of the filter B suffices , four bits give

good results but three bits introduce extra conspicuous distortion.

We would like to pause at this point and make some accounting V

V for the actua l number of bits to be transmitted. Two additiona l -:

pieces of information have to be added to the actua l data

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V L V ~~~~~~~ V~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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V 

transmitted. The first one is the average of the i mage, wh i ch is

usually not zero (in the log domain ). This is done because some

j cod i ng schemes work better on a zero average signa l and thus the

origina l average has to be separately transmitted. Experiment show

that this average is i n  the range in which 9 bits w i l l  usually

suffice. The second and more important issue is the B f i l t e r .  If

we dec i de to transmit the B f i l t e r  along with the image itself the

number of extra bits needed is computed in the following. We

mentioned before that a B filter with 64X64 elements quantized to

have 5 bits per sample yields good results. Thus the total number

of bits to be added to the transmission is 64X64X5. If the i mage is

a 512X512 this means an addition of less than 2.28 b-its per pictu re 
V

V 

element transmitted. Although this quant ity is quite small one

would like to avoid this transmission. One way of do i ng it i s

creating a “library ” of B filters. We have demonstrated before in V

f i g  (4.1) that the A and B filter s need not be matched 
V to the i mage

in question. Thus one c~n dec i de to use A and B filter pairs out of

a “standard” small library so that the only information to be added

to the actua l bits of the i mage is the index into the library wh i ch

is a neg li gible addition to the total. V
The last i tem we would like to comment on is the noise. 

V

Usually when talki ng about a channel , there is no control over the

no I se. In experimental work one must choose the noise. We

simulated the channe l by uniformly distributed zero mean random

numbers. Later on when this scheme is used for Image coding we

sha l l  introduce some dlfferennt kinds of r~o i se more common l y kno wn
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V as dither .
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CHAPTER FIVE

V 
THE USE OF THE MODEL FOR IMAGE COOING

Up to now we considered the system for transmitting images in

a genera l sense. One other very Im portant use of such a system is

bandwidth reduction or , how to encode dig ita l i mages with as few

bits per picture element as possible and such that the closest

possible version of the orig ina l may be retrieved . In theory, for

a given ensemble of sign als we can def ine a distortion measure d and

a rate distortion function R(d) based on this distort ion. It can be

shown (2] that for any distortion d there exists a cod i ng scheme

that w i l l  code the image with R (d) bits per sample (or unit area, in

V case of i mages). Unfortunately the creation of this most efficient

code rsquir.s V
the knowle dge of the joint probability density

function of the ensemble , which Is beyond our reach. Some

assumptions have been made about this function but none was close

enough to give a good approximation. Beyond the know l edge of the

source stat istics one needs to def ine a rate—distortion function.

The author is unaware of any rate distortion function for sources

other than Gauss ian. The direct consequence is that although In

theory we can get as low as R b ite per sample (for a given

distortion ) in practice this is unachievable. The problem is thus

~ 
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to find a reasonably efficient coding scheme that wou ld be

V 
practical.

One of the first schemes suggested in the i mage processing

V context is the one introduced by Roberts (8]. The algor i thm goes as

follows. To the i mage that has to be encoded we add pseudo random

no i se of zero mean and peak value K. The result is then quantized

(in quantization intervals oF 2K ) and truncated to yield the

desired number of levels. At the other end the pseudo random no i se

is subtracted to yield the final retrieved image. This subtraction

introduces a synchron ization problem between the send i ng and

receiving stations which , i f  poss ib le , should be avoided.

The system can be viewed as a “black—box ” tha t produces the

output signa l from the input signa l by adding no i se, quantizing,

truncating and subtract irg the same no i se again. This black box can 
V

V be also modelled as a simple addition of noise (not the one actua ll y

added) to the truncated i nput signal. Roberts i nvestigated the

statistics of the output signa l and states that if truncation is

i gnored (or possibl y avoided ) the equ i valent no i se (i.e. the

difference between the output and input signals ) , although differe nt

V from the one actually added , has the same distribut ion. As to the

second order statistics it has to be determ i ned how much is the

equivalent no i se correlated with the orig ina l and what is its

“co l or ”.

Lippe l and Kur l ard CS] carried Roberts ’ i deas one step

further. They questioned the who~~ i dea of using pseudo random

no i se and suggested instead using a sty lized pattern which is termed

V V~~~~~~~~~~~~~~~~~ VV ~~~~~~~~~~~~~~ V_ • V 
VVVV ~~~~~ V V V ~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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“d i ther ” . An attempt wa~ made to find optima l patterns according to

some cr i teria and a few of the results are g iven in (5]. one of
V 

wh i ch is used throughout this work. The i dea of the dither is of

i mportance because of a partial solution it prov i des to the

synchronization prob l em. The pattern Lippe l and Kur l and suggested

consists of a (relatively ) small kerne l that is repeated over and
V 

over again (the kerne l used in thi s work is a 4X4). This means that

the synchron i zation is l imitted to the knowledge of the kerne l only

and not to a big record like in the pseudo random noise method.

Lippe l and Kurland also noticed that using dither without the

subtraction at the other end yiel d satisfactory results. In the

work done here the use of dither proved to be super i or to the use of

pseudo random no i se especiall y i n  the case where no subtraction was

performed. Lippe l and Kur l and , in terested o n l y  in the fina l

appearance of the i mage , did not investigate the stat istical

properties of the resu l tant image wh ich are obviously different from

those obtained by Roberts ’ method.

A few exper i ments were conducted to find (empirica l ly and

theoretically ) the co l or of the equivalent no i se and its correlation V

with the I nput signa l , eEpecia lly when deterministic dIther patterns

are used. When random wi-ite noise was used the equiva l ent noise was

white even for co l ored irputs (for example fig. (1.6b)). The use of

dither pattern is more troublesome i n  that it is hard to talk about

its statistics , especiall y second order. Even if one - asumes that

averag i ng per i odograms produces some information about the spectral

properties one is faced with a more severe problem — the fact that V

_ _ _
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deterministic patterns are not space inva riant and thus making the

entire i dea of power spectral density i nva lid. However , the fact

that the power spectrum of the dither pattern Itself Is never

ca l culated , but rather the power spectrum of the equ i va l ent no i se,

l eaves some hope for good results. It is expected though that the

equ i va l ent no i se be correlated with the input signal even for quit e

fine quantization. Indeed , this fact was experimentally confirmed

and the power spectrum of the equ i va lent no i se is a mixture of the

power spectrum of the input signa l and the Four i er components of the

dither pattern.

We took V
the MILL , added a dithe r pattern , quantlzed to

1 bit /pc I and then subtracted the dither pattern and the original to

leave us with the equ i va l ent no i se. The power spectrum estimate of

the no i se is shown in f i~ (5.la) and clear l y demonstrates that thi8

V i s  a blend of the image and the dither. The power spectrum of the

image shows up in the shape of the peaks, and the symmetric

distribution of the peaks i s  due to the symmetry that the dither has

V in th~ Frequency domain. When quant izing f i n e r  the shape of this

power spectrum becomes more flat (i.e. smaller max /mm ratio) but

retains the shape of symmetrical peaks as shown in fig (5.lb) where

the same experiment was repeated with quant ization of 3 bits /pel.

If the noise that is actuall y added i s  white and does not have a

styl i zed Four i er transform l i ke dither patterns , the equivalent

no i se is white as shown in fi g (5.lc). In either case, i f  t he

original signa l is white the peaks cn sappear and the e q uivale nt

no i se ie white. When us ing cur system the signal enter i ng the

. -~~~~~~~~~~~~~~~~
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Fig. 5.1 Power spectrum estimate of Equivalent Noise using:
( a )  D i t h e r  V l f l d  1 b it / pi~1 quantization
(b) Dither and 3 bit/pel qulliti zat ion
(c) Random noise and 1 bit/I’e l quantization 
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quantizer is preprocessed and as descr ibed before the A f i l t e r

wh i tens the signa l thus m ak i ng the equivalent no i se white , which is

what we assumed when de8igning the preprocessor.

The amount of correlation between the signa l and the the

equ i va l ent no i se varies aga in depend i ng upon what no i se is actual l y

added. The amount of corelation turns out to be the smallest when

the I nput si gna l is wh i te wh ich is what happens when apply i ng our

preproc essor before quantizat lon.

The two originals of f i g (1.6a) and fig (1.7a) (with

9 bite /pel) where each processed using 1 bit/p c I and applying pseudo

random no i se or dither with and without subtraction at the retrieval

time. The originals used were carefully se l ected. The first

picture is a very “busy ” one wi th a lot of detail. The piece of sky

at the top right is of great i mportance because all the side effects

of the process w i l l  be clear l y seen there whereas they are hidden

(although existing, of course) in the other busy sections of the

picture. The power spectrum of the i mage (an estimate of wh i ch is

gIven on a db ecale in fig (1.Sb)) has a lot of energy In off—axes

frequencies because of the huge amount of diagonal structure in the

origina l image. The second picture differs quite a bit from the

first in tha t there are almost no man made objects i n  the scene.

This manifests i t s e l f  in the fact that most of the energy i s

concentrated along the axes of the power spectrum (given on a db

scale in fig (1.7b)).

To demonstrate v i suall y the operation of the system some

“Inte rnal” signals of the process (desi gned for P.P5) are shown i n

. V  V~~~~~~~~~~~~~~~~~~~~~~~ V V_  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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fIg. (5.2). Fig. (5.2a) shows the signa l after preprocessing where V

the contours have been enhanced and the low frequencies almost

removed. Fig (5.2b) shows the signal after be ing quantized to V

1. bit /ps I (dither was added before q~ant ization took place ), and

fig. (S.2c) shows the signa l pr i or to postproceesing i.e. after

dither was subtracted. The same in t e r ~nal si gnals when random wh i te

no i se was used instead of dither are shown in fig. (5.3). The

exper i ment was repeated for a signa l to no i se ratio of P—i. The

signa l past the preprocessor , past the quantizer , and with the

random no i se (which was added before quantizing ) subtracted , are

shown in fig. (5.4).

In f i gures (5.5) and (5.6) we have four processed versions of

V each of the two originals using the scheme just presented. In a l l

versions we preprocessed (us i ng P—Ps) the origina l , added no i se

(random or a dither pattern ), and quantized to 1 bi t/pel .  In

fi g s. (S,Sa), (5.Sc), (5.Sa), and (5,6c) we also subtracted the

- 
V 

noise that was prev i ously added , from the output of the quantizer.

A l l  s ignals were then postprocessed by the B f i l t e r .  The version

processed w i t h  dither and w i t h  subtraction seems to be the best V

l ook i ng of all. In all i mages details are very well preserved. V

V 

Enhancement doris by the author on the shadowed region shows that V

details in that area, although hard l y visible in the ori gina l , are

all present in the processed versions. Note that the version

processed with pseudo random no i se l ooks a lit t l e  “dirty ” especially

In  the upper rIght section of the picture. In that domain , i n  the

version processed w i th  dither , the careful observer w i l l  f ind a
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F ig. 5 •4  I n t e rna l s ig n V~1s (using P= 1 and random noise)
( a)  A ft e r  r e pr c) c I . s c i n q
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( c )  ( d )

F i q .  5. 5 MILL processed wi th  1 bit/pe l and P P = l 4 . 5

Pr -r cces~ ed , n oise added , quan t ized , and pOSt r O V k V c c V d

using :
(d) Pse udo r ando m n o ise w i t h  s ub t r a et iV ~ n
(b )  Ps eudo random noise si t h o u t  suh t r a :t ~~cn
( c)  D i t h e r p a t t e r n  V s it h  subt r act i on
(d) Dith r pattern without s u b t rac t i o n
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dither pa t tern somewhat embedded in the background. Th. small

difference between the results using dither with and without

subtraction suggests of course the use of the met hod w i t h o u t  the

subtraction of the dither. V

The reason that subtraction in the case of dither improves the

f inal  image only e lig ht ly is the fact that the dither pattern was

chosen such that its energy is entirely concentrated in the very V

high frequencies which have the l owest visibility. In those

frequencies the B filter is atte nuating the signa l considerably thus

reduc ing the influence of the subtracted dither which as ind i cated

before have low v s l b i l i t y  to start with. In the  case of pseudo

random no ise the energy is distr ibuted among a l l  frequencies and the

low—frequency component w i l l  get through the B f i l t e r  and show up i n

the fina l image.

In the origina l Roberta ’ scheme the subtraction of the no ise 4

V plays an i mportant role , whereas in our scheme it ‘seems to have a

much smaller effect. This bi g difference lies in the fact that we

V have the postprocessor at our disposa l to reduce the e f fec t  of the V

subtracted no i se. Follow ing the path this no i se goes through , we

find that it is first I owpassed by the B f i l t e r  to leave mainl y t o w

frequencies. Next , when viewing the picture with a human eye, we

pass the no i se through a filter wh i ch suppresses low frequencies and 
V

thus reduc i ng the effect of the components left by the

postprocessor.

The d i t h e r  patteri seen on these images is not the one

subtracted but is a pattern created by the process from the dither V

~~~~~~ A&_k L_ ~~ V j V V V V _ V V  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ._ _ _ _ __~~~~~ _ V_ V ~~~~~~~~~ . dlii
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added to the signa l before being quantized. Attem pts to • •ta i  b r ”

the B filter to reduce the visibility of this pattern failed , mainly

because the equivalent no i se in this rough quantizat ion was too

correlated w i th  the signal. In finer quantization this pattern has

much less effect.

The risult using our cod i ng scheme w i t h  much lower S/N ra t ios

V are demonstrated In fI g. (6.7). Here we have processed the MILL

w i t h  1 bit/ps I using a signa l to no ise ra t io  of 2 in figs. (5.7a) V

and (5.7b) w i t h  dither ard random no i se respect ive ly ,  and a rat io  of

1 in f ig. (5.7c) and (5.7d) w i t h  dither and random noise

respectively. The observer wi l l  notice i mmediate lly the presence of

a dither pattern (or noiSe) all over the scene even in busy reg i ons.

The detai l , though, is preserved far better than in the stra ight

Roberts method.

The reduction of the S/N ratio i m p l i e s  in our case the

reduction of the entropy , which when applying a source coding scheme

V plays an i mportan t role in the number of bits /pc I needed. When

V using the quantization method the way we did , this ratio is much

ieee i mportant since the quantizer cannot go below 1 bit /pel. It

should, however, be chosen to match the “Roberts Box ” w i t h  the rest

of the system as explained later in this chapter. Reduction of the

S/N rat io can be ach ieved by either increasing the no i se l eve l or

decreasing the total aigral power. The reduction in signa l power is

riot done by merely attenuating the signa l but also by changes in the

shape of th. filter (to retain the optima l it y Of the design ) which

may possibly in hibit some of the frequencies from be i ng transmitted

V~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ V V~~~~~~ V~~ V~~~~~~~
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and thus causing the resu l tant i mage to be more blurred. As results

indicate , when using the quantizer method (rather than source

cod i ng) it is not adv i sable to reduce the S/N ratio to such low

l evels but rather choose some intermediate va l ue.

A very i mportant issue in Roberts’ method is the truncation.

Roberts assumed that the entire range is devided into the desired

number of l evels , and the truncation occurs when the addition of

no i se cause, overflow of this range, In our cae• the no i si I. g i ven

in advance and thus the quantization levels are predetermined. In

the optimum case the preprocessor should take precaution to

compensate for (or avoid ) truncation. However this is a nonlinear

operation and the A filter is not optimized for this truncation. V

More over, the fact that A is desi gned for an average i mage may cause

more than average truncation for some members of the ensemble. We

can demonstrate the effec t of truncation by the follow i ng

exper i ments. We bet the quantizer have inf i nitely many levels (i.e.

no truncation ) but otherwise l eave the process unchanged. The
p 

result of th Is exper i ment is demonstrated in fig (5.8a) and should

be (ensemble wise ) equ i va l ent to fig. (2.lc) since the Roberts

process without truncation is equ i va l ent to the addition of no i se.

Alternately one can simulate the Roberts process by insert ing a
V 

“ciipper ” before random noise is added. This is shown in

fig. (S.8b) wh i ch should be (ensemble wise ) equ i valent to

fig. (S.5a). Thus the differences between fig. (2.ic) and (S.Sa) or

between figs. (6.7d) and (2.3c) are all due to truncation. The

flare that is seen near some of the contours is due to severe
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truncation in those regions.

As mentioned before there are two signa l to noise measures to

be considered and in some way to be matched. The first quantity P

(or alternately ,u) mentioned in chapter one, effects the design of

the filters. The second is a si gna l to noise ratio implied by the V

Roberts box and the truncation that takes place inside it. Those

two quantit ies need not necessaril y be the same but one ought to

choose P (or fi) to y ield a signa l that w i l l  suffer least

truncation. It is up to the user to decide whether fig. (5.7) (with

very l i ttle truncation ) or f i g. (5.5) (w i th  more truncation but 
V

better dither suppression ) is more to his liking.

Some comparision between the results using Roberts’ method and V

V 
the system we suggested wi l l  be outlined here. In figs. (5.9) arid

V 

(5 10) we have processed the MILL by Roberts ’ method using 1 and 2

bits/pc i , apply ing pseudo random no i se and a dither pattern and in

each case we demonstrate the results with and without subtraction ,

i.e. the way fi gs. (5.5) and (5.6) were produced except without pre

and poet filtering. All the versions of fig . (5.9) l ook qu i te dull 
V

and a lot of information is gone. The pictures of fi g. (5,10) look

much better and the user whose objective is to produce sharp b ook i ng

i mages w i l l  probab l y pre 4er this kind of i mage. However , some

Information is lost due to this kind of processing. Any observer

w i l l  note immediatell y the presence of the dither pattern al l  over

the image. Its existence is seen no t  only in the upper right corner

but rather all over the scene. Some information appearing on the

original is lost. The careful observer w i l l  note that the

~ 
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electrica l wires that go accross the sky in the upper right corner

have disa ppeared and also some detail in the background , seen

through the building , i s  gone.

The i mages processed with our system (we refer, for example ,

to f ig. (S.Sc)) tend to be more smeared and hazy. The total

appearance of the i mage is not so sharp (remember , though, that fig.

(S.Sc) is processed with 1 bit /pel ) but information is preserved far

better. Note for example that the dither pattern is much I...

conspicuous. This stems from the fact the the B filter acts as a

blurr i ng system on the dither and considerably attenuates the

frequencies in wh i ch the dither has most of its energy. The pattern

that is s t i l l  seen on the picture results from the dither added

V before the quantization and not the one that was subtracted later.

The electr i ca l w ires mentioned before are clearly seen in this

Ima ge.

We can summar i ze the compari8io n by stating that the Roberts

method creates (for 2 and more bit /pa l , but not for 1 bit/pcI )
‘0

sharper l ook I ng images but on the other hand tend to omit some of

the fine detail and makes the pseudo random no i se or dither pattern

more prominent. The system we suggest produces pictures that l ook

more hazy but wh i ch preserve more detail. The dither (or any other

no i se pattern) in our method i s  much less consp i cuous than in the

regu l ar Roberts method.

To demonstrate the power of this method and the improvement V

one gets when more than 1 bit/pe l is used we have processed the

“MILL” using dither and cu5ntizin g to 2 and 3 bits /pcI. The results
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are given in fig (5.11). Compare figs. (5.9) and (5.10) (that use

Roberts’ method with no pref ilter i ng) with fig. (6.11) to ver i fy the

i mprovement one gets when using our method over the regu l ar Roberts

method or the dither method.

Note how close theEe versions are to the origina l and how with

3 bits per picture element most of the flare , typical to this

V V 
processing , is almost gone since less truncation took place.

-(U

- -  —V- — 

-
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CHAPTER SIX

CONCLUS I ONS 
V

V This work attempted to incorporate some properties of human

vision into the processing of images specificall y for image

transmission and bandwidth reduction.

The i ncorporation of a mode l of human vision seamed to be

i mportant since the goa l of any image processing is to produce an

i mage to be viewed through this mechanism. The system we suggested

inc l udes a preprocessor the output of which is transmitted through a

no isy channe l whose statistics is assumed to be Known and a

postprocessor that undoes the preprocessing tak i ng into account the

disturbances that might have occurred in the transmission process.

Our goa l in bandwidth reduction was to emp l oy a cod i ng scheme that

is i ndependent of the source so that the source statistics is not

required since it is usually not available.

By emp l oying the least squares criter i on for optimization we

der i ved the optima l pre and post processors and i nvestigated the 
V

sensitivity of the resultant system to the visual mode l used. As it V

turns out there is very l i t t l e  dependence of the system on the

visua l model arid a much havie r dependence on the statistics of the V

channe l and the ensemble of images.

_ _ _  VV
VV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ I V V ~~~~~~~4
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An i mportan t point to consider is the optimization criter i on
V 

its elf. Th. minimum leaet squares cr i ter i on is not always adequate
V for i mage processing. Some of the resu lts obtained , depend on the

cr i ter i on chosen. Unfortunatel y there are not very many cr i teria

V 
- 

whose characteristics have been thoroughly investi gated and whose

mathematical properties are in  some way tractable. One of the most

i mportant consequences of using this criterion is the fact that the

entire system is not very sensitive to the fine structure of the

filters. As l ong as the filters are a matching pair and the

pref ilter follows the general outlines desired , the performance of

the system wil J be satisfactory . The fine structure of the

V 
prsfiltsr wi l l  usuall y not improve the performance of the system

significantly. This point has been noticed before by others and is V 
V

emphasized in this work by compar i ng the processed versions of the

same or i ginal with two different sets of filters.

The attemp t to emp l oy a cod i ng scheme has been ahown to be

worthwhile. We have used Roberts ’ me thod for quant izetion and the

result , going down to 1 bit per picture element are better than

anticipate d. Comparisi ori of images coded by Roberts’ method and

images coded by our scheme show quite an improvement in the numbers V

of bits /pe t needed.

Comparision of the system suggested here with the one V

suggested by Mannos and Sakrison calls for more detail. Mannos and V

Sakrison ’s work uses a source cod i ng scheme and therefore may y ield

results with an average ef less than 1 bit per picture element wh i ch

is the lower bound of our scheme. liarinos and Sakrieon ’s work sets

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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an upper bound on the number of bits per sample needed to code that 
V

source, but unfortunately the code requ i res the Know l edge of the

source statistics which is unavailab le. Our scheme, though

V requiring more bits for the code (per sample ) than the bound set by

Manrios and Sakrieon , is very easy to imp l ement and produces

V satiefactory results. 
V

In view of the previous discussio n it is suggested to merge

the two echemes. Some of the equations der i ved in the two works V

bear a lot of resemb l ence which emphasizes their closeness. As of

this writing there was no measurement made to compare the results of

Mannos and Sakr i son with those obtained in this work on a

quantitative basis. It is suggested to apply Mannos and Sakrieon ’s

work to the optima l system der i ved here. This may relate the signa l V

to no i se ratio to a distortion measure and w i l l  yield better

understand i ng on a quantitative basis , of how good this coding

scheme dose compared to the theoretica l bound. V

f For the pur pose of coding, it i s  not obvious that the random V

no i se or dither pattern used produce beet results. A different

pattern may i mprove the performance. Moreover, a special

investigation of the quantization l evels is required. ~4e chose the

V quantization leve l to be 18% of the max i mum value of the origina l

i mage in question. The choice is arb i trary and more exper i ment and V

research are needed to establ ish firm rules.

As to the comments on the visual system , very few have tried

to ana l yze the visua l system from a physica l point of view. Most of

V the exp l anations , as should be, are results of psychophysica l 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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exper i ments. In this author ’s opinion those psychophysica l results

should be ana l yzed also by physical consideration. The remarks made

V V in this work are by no means complete but should be viewed as

- 
V suggestions for future researchers in this area. Th. physica l

V exp l anation of natura l phenomena, of wh i ch human vie~on is one

instance, is of i mportance not onl y for understand i ng of the

I mechan i sm as such but to assist the design of artif icial mechan i sms

that interact with nature.

~
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APPENDIX A

QER I VATION OF THE EQUATIONS FOR A AND B FILTERS

In this appendix we shall derive and detail the restrictions

on the systems A and B. The der i vat i on refers to the block diagram

of f i g (1,6). ‘

We ehall denote by a(x,y), b (x,y), and v (x,y) the i mpulse

response of the systems A , B, and V respectively ~ and by n (x,y)

the channe l (random) noise. From fig (1.5) we have

(Al) O~’ — O (x,y); D~’ (x,y) — [a®D+n)eb

(A2) D~’—O~’ — (aeb—~ (x ,y)]eD +bøn

where ~(x ,y) is a two dimension a l i mpulse function. Also we have

0 (A3) I” (x ,y) - O’(x,y)~ v (x,y)
V 

Our aim is to find the linear systems A and B such that the quantity

V 
M defined in (A4) is minimize d.

(A4) M . E( U2 ”_ I 1” ]Z  . E(N0 2’—D1’ )ev 3 2)

where E(~) i s  the expected value operator and the random processes

t Results similar to those obtained here may be partially found in
Costae (1).

“ Throughout this appendix , to alleviate the tedious typ i ng
procedure, we shall frequentl y delete the arguments of the
functions. In cases where amb igu i ty may ar i se we adop t the notation
of using l ower case letters for space domain functions and upper
case letters for the correspond i ng frequency domain function. The
two dimensiona l frequency (f~,f~) w i l l  be denoted by (f).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V 
- are O (x ,y) and n (x .y) which are assumed to be statist ical ly

i ndependent. Therefore, using (A2)

(AS) M — Et (a®b—~)ev®D + neb€ v]Z}

_E(((aeb.4)eveD] zI + E((ri®b®v) 2)

Using Parseval’s theorem and switch i ng to the frequency domain we

get

(AG) M — !IA (f)B (f)—lI2IVi2Sddf + SIBIZIVI2S,,df ~

where Sd(f) and S~(f) are the power spectra of the signa l D(x,y) and

n (x,y) respectively. As explained in chapter one we also want the

energy of the signa l be i ng transmitted to be constra i ned thus

requiring~

(A7) flAl2Sad f — K

or by using no i se units we define

K—p~SS~df

W here p is a positive integer. 
V

V 

Let us define the quantity

c (A8) 
- 

H (f) — ( IAB—ll2Sd+lBl2S..)

in wh i ch ~ is a constant calle d Lagrange multiplier . Using the

calculus of variat ions for minimi s ing M in (AG) with the constraint

specified by (A7) yields a regu l ar m m -max prob l em on the function H

in terms of A arid B [3] . Since A and B are - i n  genera l comp lex

functions we have to soi~ e the f o l l o w ing set of four equations:

t A l l  the integrals in this appendix have the limits —~~ to +cs

unless otherw ise stated .

V V - ~~~~~~~~~~~~~~~~ V V V ~~~~ V V V ~~~~~~V_V~~~~~~~~ V VV



(A9) ~H/~Re (A} —0; *i/~ Im(A ) —8;

àH/~Re (B1 .2; ~H/~Im(B}.0;

Since each of the quantities in the le ft hand sides of equations

(AS) is rea l (note that H itself is real) we can equiva l ently solve

the following set of two complex equations V

(AlO) ~H/~Re (A} + j~H/Mm (A) -B

~H/~Re {B1 + j~H/~Imt B) -8

Perform i ng the derivation of equation (AlO) we geti

(All) SdlVlZ (AB_ 1)B~+~SdA~8

(A12) 
V 

SdiV i~~AB_ 1)A ’+ lV lZS..B_2

We shalt introduce the follow i ng notation in the rest of this

V I 
appendixi

p_ 1/(A)u/Z; S~ (S~/sd)
*/Z; cx—1/(1uiV l )

equations (All) and (A12) can now be rewritten as

V 
(A 13) (AB—l)B~ - 

_
~ZA V

(A14) (AB— 1)A~ -

Deviding (A13) by (Al4) we get

— (aZ/SZ) (A/B )

or

(A15) lBlZ/ iA l Z — uZ/S2

and multiplying (A13) by the comp l ex conjugate of (Al4) y iel d
V 

(AB—l)B’~(AB— l) A — (— ~2A) (_S2B’)

(A16) lAB —i 12 — ~~292

El iminating A (f) from (A13) and B (f) from (A14) y ield

(A17) A — B’/(1B12+a2)

(A18) B — AV (iA l2+S2)

~ 
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V Equation (A18) Is quite important . It states that B(f) Is the

I 

V Wienner fil ter for a given A (f).

Mu ltiplying (A17) by the conjugate of (A18) gives

AB — (BV ( iBi2+cx2)] [A/ ( iA lZ+S2) ]

(A19) (IBIz÷u2) (IAIZ+S2) — 3.

and substitu ting (AS) in (A19) y ields the fina l expression:

I. ~ (A 20a) IA IZ - S/u_SZ -

The left handeide of the latter equation Is obvioeusly (rea l and)

pos itiv e whereas the righ t haridside ~s not necessarily so. Equation

(A20a) should be interpreted (see (13 , [3]) as

S/cK (l—c~S) c~S < 1
(A20b) IA IZ —

0 Otherw i se

Equation (AlS) states tha t whenever lA l is zerc so is 181. At thoee

frequencies the phases of A and B are un i mportant. We shall now
V focus our attention to those frequencies for wh i ch iAl .~8 in trying

to find their phases.

Multi p l ying (All) by (A18) yields

AB (1B12+aZ) (iAl z+S2) — A B ~ V

V
t

~~~~ and using the result of (AlS) we ge t
I 

AG - (AB )~
wh i ch means that the quartity A-B is rea l thus

V (A21) 
~A — —~B

This i -s the only constra int i mposed on the phases of A (f) and B (f)

and therefore we may set the phases of both systems to zero at all

frequencies. Note that since Sa(f) and S,,(f) are even functions the

choice of even V(f) makes AU) even and thus a(x,y) wi l l  also be
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real aIld even.

We now have to evaluate p (or equ i va l ent ly ?%). We have only V

to satisfy equation (A7) hence V

(A22 ) K — fiAl2Sdd f • fS/cdl—US)Sddf 
V

— pf lV l (S,Sd)tad f — SS.df 
V

This integral is evaluated at the reg ion for which p> (S’~~d)
112/IV l

This y ields:

(A23) p — (p+1)fS.df/f IVl (S~Sd)
t’2df

There exists a smalle st p such that p> (S~~a)*Iz/lVl for al l

frequencies. This is called The critical p (denoted by Pc) .  For

~i>uc a ll integrals are evaluated from —
~~ to .s-~ and all  the results

may be obtaind in close form. For P>Pc we have

t iA l 2 — (S r ~~d ) t /2 ( p V _ ( S r ~lsl ) t / 2)

B - A / t p V ( Sr Vsa ) l
~’z]

Fl [f lVl (SnSd)1”2df]f/4

The only i tems that remain to be taken care of are the special

cases: 5— 8, Sd—0 and V-B. By look i ng at equations (All) and (A12) V

we note that if for some frequency V (f)—8 equation (A12) holds and

equation (All) y ields A (f)—0, and therefore B (f) may be set to zero

for that frequency. Th i s is onl y a hypothetica l case since the

human vieu al system i s  not  “ blind ” to any frequency.

If Sd (f)—2 for some frequency equation (All) holds and

e q u a tio n  (Ai2) yi elds Bifi-B and 

All 
‘ITt

T~1 
tT 

~T~T
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and may thus be set to zero to save power. This case means that in

the entire ensemble there is riot one single member that has a

nonzero component in this frequency. In the ensemble of regular

i mages , with wh i ch we are dealing, this does not happen.

If S— B for some frequency we have from equation (A14)

B (F)—A4(f) which when suostituted into (A13) gives A (f)—B and B (f)

is undefined (also A has no i nverse). This situation has to be 
V

interprete d in the following way. If S.(f)—0 it means that there

w i l l  never be a noise component in this frequency and the

informat ion conveyed by this frequency can be accurately restored.

But since we want to use the least power possible for sending this V

information we may set A (f)— c where is arbitraril y small and then

make 8(f)—i/c in this frequency, so that the information is truely

restored and a very small amount of power used. Practica lly we do

V 

not expect nature to be that courtous so th is situation , although

V possi b le , is very rare.

-
d

~~~~~~~~~~~~~~~~~~~~~ 
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