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SECTION I

WORK OVERVIEW

This report summarizes work completed on unstable resonator theory for the

BOA contract F296O1-75-C-0088 between the Air Force Weapons Laboratory , Kirtland

Air Force Base, and the Univers i ty of Arizona Optical Sciences Center. The first

section serves as an overview of the work. The second and third sections present

preprints of two papers on unstable resonator theory to be published , probably in

the Journal of the Optical Society of America.

1. Geometrical Theory of a Loaded Resonator

We have developed a simple geometrical model for estimating the intensities

inside of and emerging from high-Fresnel-number unstable resonators . This model

uses first-order rate equations to determine the wave ampl i tudes . The wavefronts

are taken to be the same as in Siegman ’s early geometrical theory . The amplitudes

in the core of the resonator (oscillator region) are found by solving a first-order

differential equation along the resonator axis subject to boundary conditions on

the mirrors . The amplitudes in the outer part of the resonator (amplifier region)

are found by solving the rate equations in the outer region and matching their

solutions to the core solution . The field is assumed to be chopped off discon-

tinuously at the shadow boundaries. It the unsatura ted gain G0 depends on the

transverse coordinate , then a simple i terative procedure is used to determine the

self-consistent steady-state solution . Although the predictions of the geometrical

theory are crude, the theory is usefu l because it is simple and requ i res very li ttle

computer time to perform calculations. This theory is described in the preprint

of Sec tion II , ‘Lasers with Unstable Resonators in the Geometrical Optics Limit.”



2. Theory Including Edge Diffraction as well as Transverse Gain Distribution

We have developed a theory that enables one to use only a small amount of

compu ter time to calculate modes of loaded unstable resonators with sharp-edged

mirrors . The theory has been developed so far onl y for strip (two-dimensional)

resonators, but it appears that it can be generalized to resonators wi th rectangu-

lar mirrors in a straightforward manner. Besides the advantage of ease of compu-

tation , the theory offers other advantages over the fast Fourier transform (FFT)

method . It is applicable at high effective Fresnel numbers. Indeed , i t  i s

expected to become more accurate as Feff increases . Calculation for Feff of severa l

hundred is feasible. On the other hand , it also works well for low Feff (nea r

unity ) provided that the magnification M is not too small. The theory can be used

to calculate any of the resonator modes , not just the l owest-loss mode. However ,

the theory does not include effects of i nhomogeneities in the index of refraction.

Also , it is not clear whether an analogous theory can be developed for resonators

with round mi rrors.

This theory contains elements of P. Horwitz ’s HAsymptotic Theory of Unstable

Resonator Modes,” 1 elements of our geometrical theory, and elements of Rubinowicz ’s

line-integral approach to edge diffraction.2 As in Horwitz ’s theory , the self-

consistency condition on the gain is found by solving for the roots of a polynomial.

This theory is described in the preprint of Section II , “Theory of Modes in

a Loaded Strip Confocal Unstable Resonator.” A talk on this theory was given at

Kirtland on April 26, 1976.
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SECTION II

LASERS WITH UNSTABLE RESONATORS IN THE GEOMETRICAL OPTICS LIMIT

1. Introduction

To develop some physical understand i ng of the behavior of lasers with unstable

resonators and to obtain numerical estimates of intensities , it is usefu l to con-

sider models which are relatively simple. This treatment uses geometrical optics

and rate equations to describe the single-frequency operation of a laser containing

a medium with saturable gain. The treatment is valid for resonators with high

effective Fresnel number. However , since diffraction of light at the mirror

edges is neglected , the high—frequency l ow-amplitude ripples in the intensity

which are found in more exact treatments~~
4 do not appear in the present theory.

Also , the intensity drops to zero discontinuously at the shadow boundaries . These

defects are offset by the ease wi th which calculations can be made using our

theory. The more exact theories require time-consuming and expensive computation.

Our theory allows a rapid determination of the resonator parameters which are likely

to give optima l results in a more exact calculation.

In the simple case where the unsaturated gain G0 is independent of the trans-

verse coordinates our model allows the calculation of the field distribution

ins ide the laser by solving a first-order ordinary differential equation for the

behavior in the core region and matching this to the solution of a similar equation

describing the “exit rays” leaving the laser. If G0 depends on the transverse

coordinates , then a simple Iterative calculation can be used to determine the off-

axis field. Our model is sufficiently general to describe situations where the

dynamics of the active med i um breaks the axial syninetry of the laser (for instance ,

a flow ing medium). Indeed , the optical rate equations restrict the present

analysis to the case where the laser and the field which it contains are axially

3



symmetric. We also neglect all refraction and diffraction and assume that the

resonator is perfectly aligned . We discuss two geometries , the symmetric resona-

tor and the confocal unstable resonator. The initial discussion is in terms of

the symmetric resonator. Numerical solutions for the intensities are presented

for both geometries , but with most at ten ti on be i ng gi ven to the confocal uns tab le

resonator . The geometrical aspects of our treatment are based on early work of

S iegman .5 The rate equations which we use are the coun terpart for the unstable

resonator of equations used by Rigrod 6 to analyze one-dimensional lasers .

2. Basic Rate Equations

Siegman , in his first paper on unstabl e resonators5, considered that the

field inside an unstable resonator consists of two spherical waves which , for the

symmetric resonator pictured in Fig. 1 , emanate from virtual centers C1 and C2.

The positions of these centers are determined by the resonator length D and the

mirror curvatures. It is easy to show that this pair of waves reflect into each

other if the mirrors have the form of hyperboloids with foci at C1 and C2. Thus ,

for the symmetric resonator we take the equations of the left and right mirrors

to be p
2 

= p
1 
+ 0 and p

1 
= + D, where p1, 01 and p2, 02 are spherical coord i-

nates centered at C1 and C2. We make a paraxial approximation where necessary by

replacing sin e~ by e1 and cos e 1 by 1. In this approximation it does not matter

whether the mirrors are hyperboloidal , spherical , or whatever , as long as the

mirror curvatures remain the same. The paraxial approximation is an excellent

one in many cases of practical interest , but could be eliminated at the cost of

increased mathematical complexity . If both mirrors of the symmetric resonator

have radius a and L is the distance between C1 and C2, we require that the outer

angle 2a/(L-O) of the cones of radiation emerging from the resonator be much less

than one.
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It is easy to see that if one comb i nes two spherical waves which are solu-

tions of the free-space Helmho ltz equation , then one can match the phases of

the waves on the mi rrors by taking the wave vector k = milD. However , the ampli-

tudes do not ma tch. This is not surprising , since we do not expect a steady

state in this case. However , we can easily ma tch the amplitudes if we introduce

a med ium wi th a linear gain y into the resonator and choose y so as to just

offset the geometrical losses. Then the fiel d becomes

E p
1~~ 

exp (imi p 1 /D ~ ‘~ l~ 
+ (~1)n p 2~

1 exp (thirp2/~ + yp 2). (1)

This is zero on the mirrors within the paraxial approximation if we take

= (1/0) N . fllhere M = (L+D)/(L-D) is the one—way magnification. The waves

first decrease in amplitude because of geometrica l spreading as one moves away

from their centers and then increase in amplitude again because of the gain. In

this way the amplitudes can be made to match on the mirrors .

We expect that something of this sort also happens with a noniinea r medium

in the resonator. However, for the case of a nonlinear medium above threshold ,

the intensity adjusts itself so that the gain G equals the loss in the steady

state . We anticipate that G will be a function of position and that the amplitude

of the spherical waves may depend on e .~ as well as p 1 .

To obtain the basic rate equations of our theory , we begin with the

wave equation

~
2E = c 2a2E/~t

2 
- 2c~~GaE/~t . (2)

The saturated gain G has been put into the wave equation in the form of

a negative conductivity . The gain is a function of position , but 
we5



assume that the Index of refraction is independent of position. This

can be a valid assumption if the laser operates in the center of the

gain profile. We take each spherica l wave inside the laser to have the

form

E = [f(p,9,t)/p] e1~~~~
t 

. (3)

where k >> G. The function f is assumed to be slowly varying in both

space and time. If we insert Eq. (3) into Eq. (2) and put w = ck , we

obtain the following equation for f:

= ~
2 1~~- 2iw~~} -2c~~G(~~~- iwf) (4)

If we neglect ~
2f/3p2 compared to 2ik~f/~p, neglect ~

2f/~t
2 compared to

2i&~ f/~t, and neglect ~f/~t compared to iwf, Eq. (4) reduces to the fol l owing

paraxia l wave equation:

21k + c~ ~f 
- Gf) + ~~~~~~~~~~~~~~~ (e ~-~-) = 0 . (5)

Equation (5) is sufficiently gencral to handle edge-diffracti on effects.

However , we wish to make a further approximation to Eq. (5) by dropping
the term involving derivati ves wi th respect to e. This gives the rate

equation

-l ac - Gfc . (6)

Equation (6) can be used to describe time-varying phenomena such as 
the6



build-u p of the laser field when the pumping is swi tched on. In the steady state

af/at = 0, so that

= Gf . (7)

Equation (7) is the basic rate equation of our theory.

The neglect of the term in Eq. (5) containing derivatives with respect to 8

represents a great simplification of the problem , but eliminates the possibility

of accounting for edge-diffraction effects. The rays associated with Eq. (7) all

pass through the point p = 0, and there is no possibility of ray crossing . Edge

diffraction gives rise to rays which emanate from the mirror edges and bounce

back and forth across the resonator, crossing in a complicated way . The wavelength

dependence of the resulting diffraction pattern is conveniently parameterized in

terms of the effective Fresnel number Feff (also sometimes called the equivalent

Fresnel number Neq)~ 
One might think that for large effective Fresnel number Feff

(i.e., large k) this approximation would always be a good one. Actually the

situation is more complicated . As k increases , the transverse oscillations in f

become more and more rapid , and it is not immediately clear that the neglected

term is small. Numerical calculations of Horwitz1 show that several modes can

exist wi thin the resonator and that only the l owest-loss mode approaches the

result expected from geometrical theory as k . This mode does not approach

the geometrical limit in a smooth manner , but rather it devel ops more and more

rapid but smaller and smaller amplitude ripples as k increases. The phase of f

is nearly constant in the resonator core even at fairly low Feff~ 
but the ripples

in the modulus of f die out rather slowly as Feff increases . They are about :l5~
of the mean value for Feff near 50. The magnitude of the ripples can be made less

than this by using mirrors with tapered reflectivity profiles .7’8 The calculations

of Horwitz apply to resonators with rectangular-edged mirrors or to strip7



resonators . Unfortunately no calculations for high Feff resonators wi th round

mirrors have so far been carried out. Probably the main difference to be expected

with round mirrors is an increase in intensity in a region very close to the

resonator axis. This increase results from constructive interference of diffracted

light coming from the mirror edges. The size of the region should shrink toward

zero as Feff increases . In summary , it appears that Eq. (7) is valid in an

average sense for the lowest-loss mode at high Feff•

Figure 2 shows ray paths for the symmetric resonator. We see that the reso-

nator is divided into two regions. In the core the left— and right-traveling

rays are both present and both contribute toward saturating the gain medium. In

the outer part of the resonator the “exit rays” leaving the resonator do not over-

lap. Let us consider the change in intensity along the exit rays. For a homo-

geneously broadened medium we may take G to be a function of the intensity I

according to

G = G0(l + I/I~)~~ 
, (8)

where G0 is the unsaturated gain , which may be taken to be constant or a given

function of position , and 10 is the saturation intensity . We choose f real and

normalize the field so that I = f2/p2. If we insert Eq. (8) into Eq. (7), we get

af/ap = G0f/[l + f
2
/(10

p2)] . (9)

This equation must be solved numericall y, al though asymptotic properties

of the solution are easily derived . For ins tance , if G0 i s cons tant and

p Is large , then

f (2G0I0/3)~~
2 ~,3/2 ( 1 0)

8



so that the intensity increases linearly with p for large p .

~ 1
3. Symmetric Resonator Intensities for the Case That G. Does Not

Depend on r

We write the field in the symmetric resonator in the form

E = p
1~

1 e1
~~ f(p1,81 ) 

+ (~~1) fl p2~
1 e~~~2 g(p 2,e2), (11)

which Is a generalization of Eq. (1). The functions f and g are assumed to be

slowly varying. In order thatEbe zero on the mirrors , we require that

= g(p 2, 8 2 ) 1p 2 (12)

on the mirrors . Using the geometrical relationship between the p 1,e1 and

coordinates on the mirrors , Eq . ( 12 ) becomes

f1½ (L÷D),01 1 = Mg [½ (L—D),Me 1 ], (13)

Mf[½ (L-D),Me2] = g [½(L+D),e2]. (14)

These relations could be easily generalized if the mirrors were not perfectly

reflecting , but had reflectivities which were functions of the radial coordinate

on the mirrors .

Let us suppose that in some region suitably close to the axis it is a good

approximation to assume that G0 is independent of r. Then in this region it is

consistent to assume that the field itself is independent of r, so that f does

not depend on 81 and g does not depend on 82. Using Eq. (7), we have

df/dp 1 
= Gf , (15)

dg/dp2 = Gg . (16)

9



In the paraxial approximation p2 = L - p 1. We take the Wronskian of Eqs . (15)

and (16) by multiplying (15) by g and (16) by f and subtracting. This gives , upon

integrating ,

f(p1 ) g(p2) 
= C , (17)

where C is a constant.

Using the Cartesian z coordinate shown in Fig. 1 , we define f0 and H(z) by

the equations

f[½ (L-D) + z} = f0 ~~~ , (18)

H(o) = 0 . (19)

It follows from Eqs. (15) and (18) that

dHfdz = G G0/(l + n t 0) . (20)

The total time-averaged Intensity I is found from Eq. (10) to be

i = p 1
2 f2(p1) + p2~

2 g2(p 2) - (~~1) fl 2Q i~ ~2~
l f(p1) g(p 2)

x cos [n~ ~~~~~~ 
- . (21)

The last term is a rapidly oscillating function of position which averages to

zero, and it will be neglected . We wish to write Eq. (20) as a differential

equation for H(z). Combining Eqs. (17), (13), (14), and (18), we have , at the

left and right mirrors ,

C = f2 (½(L-D)] M = f0
2 M (22)

C = f2 [~(L+D)]/M = f0
2 e2H~~ /M . (23)

10



By combining Eqs. (22) and (23), we obtain the boundary condition

H(D) = zN M . (24)

Also , using Eqs . (18) and (22) in Eq. (17), we have

g [½(L+D) - z] = M f0 e
_H(z) 

. (25)

Using Eqs . (21, (18), and (25) in Eq. (20), we obtain the desired differential

equati on for H(z):

dH/dz = G0/f 1 + [(½ (L-D) + zY2 e2H + M2(½ (L÷D) - zY2 e 211] f0
2/10} (26)

This equation must be solved subject to the boundary conditions (19) and (24).

Both of these boundary conditions can be satisfied only if f0
2/I0 has a particular

value. This value determines the steady-state intensity . Solutions exist only

if the laser is above threshold (G0D > ~n M).

If G3 is independent of r for all r, then the intensities found by solving

Eq. (26) are valid out to the region of the exit rays. The intensities along the

exit rays may be found by match i ng solutions of Eq. (9) to the interior solution

at the conica l boundaries = 2a/(L-D) separating the interior from the exit ray

region (see Fig. 2). Since the medium is less saturated in the exit ray region

than in the Interior , we expect the intensity to increase with angle within the

exit cones out to the “cut-off” angle e.~ 2a(L-D), where I drops to zero, as

shown qualitatively in Figure 3.

In Figures 4 through 6 we show numerical solutions for the syTTinetric unstable

resonator in which G0 Is independent of r. Here we assume that M = 2.5 and that

the mirrors have equal radii. Figures 4a, 5, and 6 show the intensities I i and

12 (In the core of the resonator) of the waves traveling to the right and left,

11



respectively. These are given in units of I~ and plotted as a function of z/D.

Computed points associated with I~ and 12 are indicated by +‘s and x ’s respec-

tively. Figure 4b shows the intensity on either mirror plane as a function of

r/z in the domain 1 ~ r/a ~ M. For n a  < 1 the intensity is independent of r.

For n a  > M the intensity drops discontinuously to zero. Figure 4 is for the

case where G0D = 4 throughout the cavity . Figure 5 is for the case where

G0D = 4 for D/4 < z < 30/4 and zero otherwise.

4. Confocal Unstable Resonator Intensities for the Case Th~ f
G,. Does r~ot Depend on r

The confocal unstabl e resonator is the configuration of choice in most

appl i cations because the output emerges in the form of a collimated beam . The

geometry of the confocal unstable resonator is shown in Figure 6. The field

consists of a plane wave moving to the right and a spherical wave moving to the

left and centered on a point C a distance d to the right of the convex mirror.

The cavity length is 0. The magnification of the spherical wave in traveling

from the right mirror to the left mirror is M = (D+d)/d. The left and right

mirrors may be taken to be parabaloids given by the equations p = z + D + d and

p = z - D + d. The field in the cavity has the form

E = elk sd) f(z,r) — p~ e11
~” g(p,e) , (27)

where k = nit/U. In order that E be zero on the mirrors , we require that

f(0,r) = (D+d)~~ g[D+d ,n/(D+d)] , (28)

f(D,r) = d~ g(d ,r/d)

The amplitudes f and g obey the rate equations

af(z ,r)/az = Gf(z ,r) , (30)

ag(p,e)/ap = Gg(p,e) . (31)
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We assume that the concave mirror is large enough so that all of the radiation

comes out to the right. If is essentially independent of r in a core region

suitably close to the axis , then the field may be taken to be independ ent of r in

this core region. If the core region extends out to the cone & = aid , which is

the boundary between the interior of the laser and the exit-ray region , then the

solution in the interior may be extended out to the shadow boundary r = Ma by

means of the exit-ray equation

af/ az = G0f/[l + f
2/ 10] . (32)

This equation is found by using Eqs. (30) and (8).

The differential equation giving the intensities in the core region may be

derived by the same method that was used for the symmetric resonator. Taking

the Wronskian of Eqs. (30) and (31), we find that

f(z) g(p) = C , (33)

where C is a constant. We define H(z) and f0 by the equations

f(z ) = f0 ~~~ (34)

H(O) = 0 . ( 35)

Combining Eqs. (33), (28), (29), and (34), we have, at the left and right mirrors ,

C (D+d) f2(0) = ( D+d) f0
2 

, (36)

C d f2(D) = d f0
2 e2~~

0) (37)

By combining Eqs. (36) and (37), we obtain the boundary condition

H(D) ½~~n M  . (38)

13



Note that the intensity at the right end of the cavity is a factor of M greater

than the intens i ty at the left end . Using Eqs. (34) and (36) in Eq. (33), we

have

g(D + d - z) = (D+d) f0 ~~~~ . (39)

Using Eqs. (34), (39), and (8), Eq. (30) may be written as a differential equation

for H(z):

dH/dz = g0/~ l+[e
2H + [(D+d)/(D+d-z)]2 e

_2H
1 f0

2/I0} . (40)

This equation must be.~so1ved subject to the boundary conditions (35) and (38).

In Figures 7 through 10 we show numerical solutions for the confocal unstable

resonator in which is independent of r. Figure 7 is for a resonator with

M = 2.5 and G00 = 4. Figure 7a shows the intensities in the core, while Figure

7b shows the intensity in the plane of the convex mirror. Figures 8 and 9 are

also for a resonator with M = 2.5 and 60D 
= 4, except that the gain med i um occupies

only the regions 0 < z< D/2 and D/4 < z < 3D/4, respectively. Figure 10 is for

a resonator with G0D = 4 everywhere, but with M = 1.5.

5. Confocal Unstible Resonator Intensities for the Case That G Does
Depend on r 0

In general it is not a good approximation to assume that is independent of

r all the way out to the shadow boundaries. In this section we show how intensi-

ties in the confocal unstable resonator may be calculated for an arbitrary spatial

dependence of G0. For definiteness we assume that the core region inside of

which G0 may be considered independent of r Is r < a/M. Smaller core sizes

could be used without much extra work. Inside the core the solutions found in

Section IV are still valid. The solutions outside the core may be found by

14



integrating the rate equations (30) and (31) along the light rays as they bounce

out of the resonator , matching the intensities of the left- and right-travel i ng

waves on the mirror planes . However , the saturated gain is u function of the

intensities I.~ and 12, which are not known until the calculation is completed .

Moreover , the use of the Wronskian to cast the problem into the form of a

differential equation is not possible if f depends on r and g depends on e. We

overcome this difficulty by doing an i terative calculation in which the intensi-

ties and the gain are calculated successively until both converge to a self-

consistent solution. We find that this convergence occurs after about five

iterations and takes very littl e computer time.

In order to carry out the numerica l integration , Il) 12) G0, and G must be

evaluated on a two-dimensiona l grid. We use the non-uniform grid (zm ,rn), where

Zm = [DM/(M-l)] ( l_ M _m/ N ), n = 0,... ,N , (41)

= ~~~~~ , n = 0,... ,2N . (42)

This grid is illustrated in Figure 11 for N = 10. The advantage of this grid

is that both the right- and left—traveling rays pass through the grid points , so

that no interpolation is necessary. We integrate using the trapezoidal rule ,

stepping up one value of n at a time from the known solution in the core, first

calculating 
~2 

and then t l• It is possible to do the i teration at each value

of n before proceeding to the next value. This would be convenient if the calcu-

lation were to be performed on a desk calculator with limited memory .

Figure 12 shows some results of calculations using our i terative scheme.

We take here to depend on r according to

G0D 4 exp [-O.5(r/a - 0.75)2] (43)

for r ~ 0.75a. Figures l2a and l2b show the intensity on the ri ght mirror plane ,

15



assuming that N = 1.5 and M = 2.5, respectivel y. These results illustrate the

competition between the effects of decreasing pumping at large r, which tends to

decrease the intensity as r increases , and decreased saturation in the exit-ray

region , which tends to increase the intensity .

6. Summary

We have described a simple geometrical model by which one can obtain

intensity distributions in a high—Fresnel -number unstable resonator containing

saturable gain. This model is not a substitute for the more exact, but complex ,

methods of calculation wh i ch include diffraction , but it does serve as a means of

obtainin g rough estimates of intensitie s in a quick , easy, and i nexpensive manner.
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SECTION III

THEORY OF MODES IN A LOADED STRIP CONFOCAL UNSTABLE RESONATOR

Summary

A method is described for calculating the modes of strip confocal unstable

resonators , using a technique that is practical and economical even at high

Fresnel num bers. The present theory is based on work of Horwitz . In contrast

to Horwi tz’s theory , the present theory does not give divergences at the shadow

boundaries . It also applies not only to bare resonators , but to resonators in

which there is arbitrary , slowly varying spatial dependence of the gain. It

appears straightforward to extend the present theory to apply to three-dimen-

sional resonators with rectangular-e dge mirrors . A variety of numerical

results for the symmetric modes is presented graphically.

In recent years unstable optical resonators have found wide appli-

cation for high power gas iasers .(1) These resonators offer the advan-

tages of large mode volume , automatic output coupling, and good mode

control . The confi guration of choice in most applications is the

positive—branch confocal unstable resonator , in which the output from

the resonator is in the form of a collimated beam . In performing theo-

retical analyses of unstable resonator modes , there are severa l principal

difficulties . One is that, because the li ght emerges arcurJ the edges

of at least one of the output mirrors , diffraction at the ml r-r3r edges

has to be taken into account. A second factor that has to be taken into

account is the transverse spatial dependence of the gain. The spatial

dependence of the index of refraction also is sometime s a significant

factor.
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Theoretical determination of resonator modes ger -ally requires

computer calculations . In a geometrical theory~
2
~ very little computer

time is required , but the results are crude and not valid at low Fresnel

numbers. In theories which  include diffraction the costs of computing

are often large or even prohibitive . Quite elaborate computer codes

based on the fast Fourier transform (FFT) algorithm have been devel-

oped.~~ These codes account for diffraction , gain , and index of

refraction effects, but are not practical to use at high Fresnel numbers

(Feff � 10). Even at low Fresnel numbers it is expensive to obtain

resul ts for a sizable sample of resonator parameters . For a bare

resonator several methods are available besides the FFT method. These

incl ude Fox—Li type iterative caicuìat ions~~ and matrix techniques.~~
In the matri x techniques the non-Hermi tean integra l equation describing

the bare resonator is approximated by a matrix elgenvalue equation , and

the eigenvalues and eigenfunctions are calculated numeri cally. The

matrix techniques give the higher-loss modes in the resonator, whereas

the FFT and Fox-Li methods ordinarily give only the lowest—loss mode.

With these latter methods extra work is required to determine the other

m odes, and it is not clear how to do this for l oaded resonators. None

of these three methods works well at large Feff•

In this paper we describe ~ new method of calculating modes of a

strip confocal unstable resonator; i.e., a 2-dimensional resonator with

cylindrical mi rrors. It is well—known that the Integral equation

describing a 3—dimensional bare resc natur wi th rectangular-edged mirrors

can be factored into two equations for strip resonators . Whil e this

34



factorization ordinarily is not valid for loaded resonators , it nevertheless

appears straightforward to generalize the present theory to such 3—dimensiona l

resonators . Our theory requires little computer time. It works efficiently for

Feff in the range from about one to several hundred , provided that the magnifica-

tion M is not too close to one. It yields the high -loss modes as well as the

lowest-loss mode. Our theory is an extension of a theory of Horwitz .~
6
~ In

contrast to Horwitz ’s theory , our theory does not give divergences at the shadow

boundaries . It also applies not only to bare resonators , but to resonators in

which there is arbitrary slowly vary ing spatial dependence of the gain. However ,

at the present stage of development it does not include index-of-refraction

effects.

1. Basic Formal i sm

The geometry of the confocal unstable resonator is shown in Figure 13. It

consists of a concave mirror and a convex mirror aligned so as to share a common

focal point. (Actually it is a focal line in 3-space if the mirror s are cylin-

drical.) For expository purposes we take the point of view that the concave

mirror is at the left end of the cavity and the convex mirror is at the right

end of the cavity . The cavity length is 0, and the focal point lies a distance

d to the right of the convex mirror. The convex mirror (also called the output

mirror) has half-size a, and the concave mirror is assumed to be large enough

to reflect virtually all of the light traveling to the left. In practical terms

a concave mirror half-size (M+l)a is sufficiently large , where N = (D÷d)/d is

the resonator magnification. In geometrical theories (2 ,7) the light traveling

back and forth in the resonator is assumed to consist of a left-traveling cylin-

dr-ical wave emanating from the focal point and a right -traveling plan e wave.

We use two coordinate systems in our analysis. One is a Cartesian system .
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This has a z coordinate which has its origin at the concave mirror and increases

to the right and an x coordinate which has its origin on the resonator axis and

increases upwards. The other is a polar coordinate system centered at the focal

point. This has a radial coordinate p and an angular coordinate e , such that

points exactly to the left of the focal point have 0 = 0 and such that 0

increases in the clockwise direction. We assume that the paraxial approximation

is valid , so that in the arguments of slowly varying functions we may take

z 0 + d - p , ( 1)

X = O p .

Sometimes we use a mixture of the two coord i nate systems . Thus , we take the

saturated gain G(p,x) to be a slowly varying function of the longitudinal coor-

dinate p and transverse coordinate x.

We consider G(p,x) to be a gi ven function (up to an additive

function of p alone). The other half of the problem , that of calculating

S in terms of the intensity distribution in the laser, is not treated

here. A complete solution for the laser steady state could be made by

Iteratively calculating the intensity distribution and the gain distri-

bution in turn until both converge to a self-consistent solution . We

have applied this iterative approach to our earlier geometrical theory ,
(2)

where we obtain convergence after about five iterations. Since the main

objective in our present work has been to test the validity of our approach

in a simple 2-dimensional geometry before proceding to a 3-dimensional

theory, we have not considered it worthwhile to do an iterative calcula-

tion for the strip resonator. We assume that the gain is syn*netric,
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G(~ ,x) = G(p,-x), so that the resonator modes are either symmetric or anti -

symmetric. Also , we assume that the mirrors are perfectly aligned and perfectly

reflecting . We take the field E to obey the scalar Helmho ltz equation.

The effective Fresnel number is ~iven by

Feff = a2k/(4iid) , (3)

where k is the wave vector. This parameter is called the equivalent Fresnel

number (Neq) by some authors .~~’
3’4’~ Resonator mode losses are well-know n to

exhibit a quasi-periodicity in Feff~ 
such that single-mode operation is favored

near half-integral values of Feff~
We write the field in the cavity in the form

E = f(z ,x) exp Uk(z+Mdfl - ~~½ g (p,e) e1L . (4)

The optical phases match on the mirror surfaces. If we use Eq. (4) in the

Helmholtz equation , we obtain the following paraxial equations for f and g:

2ik (af/az - Gf) + a2f/ax 2 = 0 , (5)

2ik (~g/~p - Gg) + p 2a2g/~O2 = 0 - (6)

Also , since E must be zero on the mirrors , we obtain from Eq. (4) the boundary

cond i tions

f(O,Mdo) (L4d)~~ g ( Md ,C) , (7)

d½f(D,dO) e2t
~~ , ~~ < a/d

- g(d ,e) = (8)

Ie~ 
> a/d
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Before discussing the effects of diffraction , we examine briefly

how our geometrical theory~
2
~ applies to the strip resonator. Our geo-

metrical theory is obtained by neglecting the last terms on the left-

hand sides of Eqs. (5) and (6). This gives t~e rate equations

af/~z = Gf , (9)

= Gg . (10)

Note that we define the gain G as a logarithmic derivative of amplitudes ,

rather than intensities. The logarithmic deri vative of intensities is

obvIously 2G. It turns out that, if Feff is large , the effect of

diffracti on simply adds a low-amplitude high—frequency ripple to the

geometrical solution . Sufficiently close to the axis it is consistent

with the geometrical theory to regard G, f, and g as independent of x

and e. Setting x = 0 = 0 and taking the Wronskian of Eqs. (9) and (10),

one obtains

f(0,0) g(Md,0) f(D,0) g(d,O ) . (11)

Using Eqs. (7) and (8) in Eq. (11) gives

e2~
kD M~~

’ g2(Md,0) = g2(d,O) . (12)

Comparing Eq. (12) with the solution of Eq. (10)

g(p,O) — g(d,0) exp[f G(p ’ ,O) dp ’] , (13)
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for p = Md , we obtain

(14)

where

M~~ e ex p~2 I G(p’,O) dp ’] . (15)

Thus , gain distributions which are consistent wi th a steady state in

the cavity must satisfy Eq. (14). If we incl ude the effects of diffrac-

tion , Eq. (14) is no longer valid. We shal l show that Eq. (14) may be

replaced to a good approximation by the condition that ~i be the root of

a polynomial .

Let us define

rMd
Q G(p’,O) dp ’ . (16)

d

Also , let -

G(p,x) Q/D + G’(p,x ) . (1 7)

We regard G’(2,x) as a given function . The integrated gain of G’ along

the axis is zero. Q cannot be specified beforehand , but must be calcu-

lated from the theory; Q is known once ~i has been determined. It turns

out that in order to calculate the field on the output-mirror plane , only

the integra l of G’ along various rays traversing the resonator need be

known. Thus , there are many gain distributions G’ wh i ch give the same

field on the output-mirror plane. For instance , If we add to G’ any
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function of p alone whose integral over the cavity is zero, then the integrated

gain is unaffected .

In this paper we assume that the laser operates at steady state with a

single frequency . However , the case where G’ 0 is ma thematically equivalent

to the case of decaying modes in a bare resonator. We accordingly refer to a

laser having G’ 0 as a bare resonator , even though we understand that G cannot

be zero if a steady state exists .

If we wish to account for the effects of diffraction at the mirror edges ,

it is not possible to neglect the second derivatives in Eqs. (5) and (6). Dif-

fracted rays emanate from the mirror edges and bounce back and forth across the

cavity. The phases associated with these rays have rapid transverse oscillations.

If one looks at the field associated with these rays wel l inside the geometrical

shadow boundaries , then the field , aside from slowly varying amplitudes , consists

of cylindrica l waves emanati ng from the mirror edges and the virtua l images of

the mirror edges. These image points (p n ,~
xn) are given by the equations

= dM?n , (18)

= aM n 
, (19)

where n takes on all integra l values . Clearly these points lie on a parabola.

For n< 0 the points lie to the right of the cavity , for n 0 the points are

the output mirror edges , and for n > 0 the points lie to the left of the cavity

(see Fig. 14) if we wish to calculate E out to the reg i on of tne snaoow oouri-

daries and beyond , then the two points for n 0 are to be regarded as edges

of an aperture illuminated by cylindrical waves coming from the image points for

which n < 0. Similarly the two points for n = 1 are to be regarded as edges of
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of an aperture i1lurn in at~d by cylindric al waves emanating from the

image points for which n > 1.

In accordance with the above discussion , we write the amplitudes

f and g appearing in Eq. (4) in the form

f(z,x ) = 
~ (p

~-pY~ [expCi~~
x
~
xn)

2/(pn~
p)} f~(~~x)

n 1

± exp{i~.(x+x~)
2/(p~

_
~)} f~(~~-x)] + f(p,x) , (20 )

-N+l
= (p-p

fl
y
~ [expCi~.(0_x~/p~)

2/(_.L +
n=0,—l ,—2,...

x g~(p, x) ± exp{i~-(0 + 
.i!.)2,(..! + 1.)) g~(p,-x)]

+ p ’g(p,x ) . (21 )

It Is consistent wi th edge di ffraction effects to take ~~ f, g~, g to
be slowl y var yi ng func tIons , whereas f and g have rapid oscillations ,

particularly at large Feff~ 
Cur chief objective is to calculate

f(D,x ) .

The phases appearing In Eqt . (20) and (21) are the Fresnel approxi-

mnation to the phases of cylindrical waves emanating from points (p~,tx~).

These phases are rapidly oscillating If ~~ is small , but approach

the constant pnase

exp(ika2/2d) = exp(2lTiF
eff
) (22)
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as t n t becomes large . The number N is to be chosen large enough so that

this limit has essent ially been reached when ~n! 
= N. (Horwitz finds that

tak ing MN = 250 Feff gives a suffi ciently large value of N.) Thus , we have

rays which emanate from tne mi rror edges and make N round trips of the

cavity. The rays ~sscci~tsd with f a~d ~~, ~n the other hand , originate

in the core, as do the rays of our geometrical theory. Equations (20)

and (21) are supposed to apply well inside the shadow boundaries . The

way in which these equations are modified to apply in the outer part of

the resonator is described later. The ± signs refer to the symmetric

and antisymetric modes.

It Is fairly obvious [and may be veri fied by inserting the terms of

Eqs. (20) and (21) into Eqs. (5) or (6)) that , provided G is slowly

varying, the amplitudes f~. f, g~
, ~ all obey rate equations of the form

af 3g
-.~~~= G f — - = G g  etc , (2 3)

where ~/~s indicates the directional derivative along the direction of

ray propagation.

BesIdes the rate equations , we need to specify the boundary conditions

satisfied by the various amplitudes. The boundary conditions at the con-

cave mi rror are easily found by setti ng p = Md and 0 = x/(Md) in Eqs . (20)

and (21) and equating coefficients of like exponentials when these expressions

for f and g are used in Eq. (7). This gives

~~~~~~~~~~~~~ = (Md - pi n )~~~
gi .n (Md~

x) 
‘

n 1,2,... ,N , (24)
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f(Md ,x) = (Md )~~~ (Md,x ) . (25)

The boundary conditions at the right end of the cavity require more

care. The total field must vanish on the mi rror , whereas the left

traveling part of the field must vanish for l x i  > a. Let us suppose

that G = 0 in a region just inside the right end of the cavity . This

assumption is made for mathemati cal convenience , and our final results

probably do not depend on it. Wi th this assumpti on g(p,0) can be given

for p near the right end of the cavity in terms of g(d ,e):

g(p,e) = 
~~~~~ [2ik~r/(~- -

x Jdo ’ g(d ,e ’) exp[~ - (e—e ’)2/(~ — 

~)] . (26)

Using Eq. (8) in Eq. (26) and setting r~ = O ’d /a , we get

1 1 1 —
~~~ 2ikDg(p,e) = ~~~~~ [2lk~r/(— — i-) ) ad e

x J dn f(0,an) exp [~-(e - an/d)2f (~ - ~)] . (27)

The correct sign of the square root Is that for which the real part is

positive . We insert the specific form of f(D,ari) in Eq. (20) and carry

out the integration over r~ using an approximate formula developed in

the appendix of Horwitz’s paper. For our purposes this formula can be

written in the form
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,1
I J ex p [ i (A~

2 
- 2Bn + C)] F(~) d~

— 1

(i7r/A)~ F(B/A) exp [iCC - 82/A )]

(28)
+ F(-l) [2i(A + B)]~ exp [i(A + 28 + C)]

+ F( l) [2i (A - B)] 1 ex p [ i (A - 2B + C)]

In Eq. (28) it is assumed that and B are large and that B/A lies in the

domain of integrati on and not close to ~ 
= ±1 . It is also assumed that

F(~) is slowly varying. Physically, the first term on the right hand

side of Eq. (28) corresponds to reflection and the other two terms

correspond to diffracted light emitted from the mirror edges. Equation

(28) becomes singular if A = ±B. These singularities are at the positions

of the geometrical shadow boundaries . The singularities In Eq. (28) can

be readily elimi nated , as we show l ater. However, for now we restrict

our attention to points well inside the shadow boundaries.

Once the integration over n in Eq. (27) has been carried out and

the form of g(p,e) in Eq. (21) has been substituted for the left hand

side of Eq. (21)~ the slowly varying functions multiplying the various

rapidly oscillating exponentials are equated term by term . After a

certain amount of algebra one obtains the following results :

The functions f~. f, ~~ 
g obey the boundary conditions which one

would expect on the basis of geometrical optics.
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e2~~ ~~ 
- d)~~ fn(d,x ) = (d - 

o~~)~~ g~~(d~x)

(29)

e2
~~~~

(p N - d)~~ exp (ika 2/2d) [fN(d,x ) ± f
N
(d,

~~~
)] + f(d ,x)}

(30)
A

= d 2 g(d ,x)

The last two terms on the right hand side of Eq. (28) lead to an expression

for g0(p,x), the amplitude of the diffracted wave on its fi rst trip across

th-~ cavity. This expression is only correct near the output mi rror and must

be multiplied by the exponential of the gain integral according to Eq. (23)

in order to be valid over the whole length of the cavity . One obtains

~ N
g (p,a+(p..-d)a) = ~~~~ (i/2irk)~ t~ ~~ - d)~~0 n=l

x [exp (i~(x~-a) 2/ (~~—d ) } f~(d~a) (ç~~~
1) 

-

( 31)

± ex p (i
~

(a+x n )2/ ( p n~
d )} f~(d~-a) (a~~~~ - )l]

rP
+ f(d,a) (a/d - cz )~~

} exp [ I G(p’ ,a+(p’-d)cL) dp ’]

In this equation ~ is the angle with respect to the axis of the ray from

the mirror edgL at (d,a) to the point where g is evaluated. Thus , if

the ray hits the concave mirror at position X
f~ then ~ = (xf—a ) / [ d ( M_ l ) ] .

The angles are the angles with respect to the axis of rays emanating
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from the points (~~~~:x )  and striking the output mirror edge at (d.a). Spec i-

fical ly, = (a/d)() M~~Y
1 These are just the angles of the shadc.~ boun-

daries . These angles -apid l y approach a/d as n becomes large if ‘1 is not close

to one. These shadow boundaries are illustrated in Fi~ ure 2.

Equation (31) describes the propagation of the amplitude of the dif fracted

wave on its first trip across the cavity . By solving Eq. (23) and apply ing the

boundary conditions (24) and (29) the diffracted wave may be propagated through

N round trips across the cavity . The solutions of Eq. (2) are

= f~ (Md~X)

(32)

x exp dz ’ G (Md-z’,x- (x-x )z’/(Md-p ))] , n =

g~(p,x+ (p-d) (x-x~)/(d-p~)) = g~(d,x )
(33)

rP
x e~p [

~ G(p ’ ,x+ (p ’— d)(x-x )/(d—p )) dp ’] , n = -1 ,—2 ,...,—N+l
n n

If we were to make an iterative calculati on in which G had to be determined

In terms of the Intensities in the cavity , t~ien we would need to evaluate

f. and g throughout the cavity (on a suitable grid). However , for the

present purposes we concentrate our attention on the amplitudes f~(d3x)~

~(d,x) from which the right—traveling field of the laser can be determined

on the output mi rror plane , according to Eqs. (4), (20) and (21). If we

set z = D in Eq. (32) and p = Md in Eq. (33) and ~pply the boundary
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conditions (23) and (2~ ), then fn (d~
x) can be expressed in terms of

f1 (d ,x) by the equation

f~(d~x ) = e2~~
1 l )

~~ M~~~
1
~
”2 [i’ (x)/I’1 (s (x))] f1 (d~s~(x)) , (34)

where

—2 — 1 1— 2n
s (x ) = 

1—M 
2 M1

~~ x + M -M a . (35)
1-M n l-M ‘~

In Eq. (34) we have introduced the function r~ (x) , which is defined as the

exponential of the in tegrated gain along a ray which leaves the edge of the

output mirror at point (d,a), makes n round trips across the cavity and

hits the output mi rror plane at point (d,x). Explicitly rn(x) is given

by the formula

n 1-Md M
l_m

r~(x) = exp ~ ~ [I G(p ’ , — 

2n 
(-M n

~ + a)
m=1 ~d 1-H

-l-n-+-m Md -n+m
+ 2 (x-M ~

’a,) dp ’ + J G(~ ’, M 2 
(x_Ni T

~a)
1-Ni ~ d 1-Ni n

-m (36)
+ ~~~~~ 

M 
2 (-M~~x + a)) dp ’] I

1-Ni ~

The first integral in La. (36 ’
~ g i ves  the in t en rat ,d  ~~~~~in on the m ’th trip

to the left ; the second integral gives the integrated gain on the m ath

trip to the right. If we examine the ray paths g 4 ven in Eq . (36), we

see that those rays wh ich remain in the resonator for many bounces enter

and leave the core along paths nearly ant ip ara llel or parallel to the
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rays of the geometrical theory . All except the fi rs t and last few trips

take place close to the axis.

We defi ne rr (x ) in the same way as rn~
:X), except that G’ -is to be

su~stituted for G in Eq. (36 ) . Then

r~(x) = e2~ I’ ’ ( X )  . (37)

Also note that

= M~~ e
2
~~
2
~~ . (38)

The functior cr’(x) converge to a limit function as n becomes large ,

since rays very close to the axis do not contribute signifi cantly to

the gain integrals. This convergence is the principal reason for

defining G’ as we do.

We can relate f1(d,x) to fn(d,±a) by starti ng with Eq. (31 ) and

making one round trip of the cavity . This gives

f1 (d,x) = ~e2Ik~ M~ r1 (x) (i/2irk)~ { ~ d~~ (M2m
~lY~

m=l

x [exp ~ika
2 l _Nim ,. f (d,a) ~~ 

1 
- 

xM —aN
d 1~~-m m d I+M-m d(1-Ni )

(39)

~ exp {11~L. l+M—m
} f (d ,-a) (

~
. 1 xM~~—aM~

2 
)
_l
]

l_ M -m m 1-M m d(l-Ni )

+ ~(d ,a) (
~ 

xM~~-aM~ ) l}
d(l-Ni )

48



Inspection of Eq. (39 ) reveals that the major part of the x dependence of

is of the form F1 (x) / (a - x/ M). Accc”dingly, if we define q(x)  by

f1(d,x) = e
21

~~ M~ r1(x) q (x) / (a-x / M ) , (40)

then q (x) will be nearly constant. Setting x = ±a in Eq. (34), substituting

into the righthand side of Eq. (39),  and using Eq. (40) , we obtain

q ( x )  = -(id/2~rka
2)~ C ~ (M~~ 

-
~ 

ika~ l~Nim—1 ) ‘- [exp
m l  ~

Ni1 ~~l -m
x e

2imkD MTfl/2 rm (a) q ( 
l+M~~ 

a)

x (1÷1(m) (1 - 
aNim(l_ W 2) 

) -l
(l+M

_m
)(a_x,M)

(41 )

± exp (.i.~ — ~ M } ~2im~
(
~ Mm/2 r (-a) q(M _ M

H-rn m l_M -m 
a)

x (l~M-m
) (1 - 

aNim(1+M 2) 
)-l ]

(1_ H_rn
) (a~x/M)

+ d~~a~(d,a) (1~Ni2) 
~

it
~ 

r ccss~ry r.o~; t; say r~cre about the fui;ctIons I and ~~~. if we
start wi th Eq. (25), propagate ~ and ~ to the ri ght end of the cavi ty

using the rate equation (23), and substitute into Eq. (30), we obtain

the following functional equation for f (d ,x) :

• 
{(P

N
_ d)

~~~ 
e1k~~

2d [f N(d,x) ± ~~~~~~~ 
+ f (d ,x ) }
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rMd Md
x e

2
~~ M~~ exp • & j  G(p ’ ,Mx) d~ + G( p ’ ,xp ’ /d) dp ’}  (42)

~d

= f(d,Mx)

From Eq. (35) we see that s N(x) a/H for large N. Therefore , from

Eqs. (34) and (40 ) we obtain

fN(
~
,x) = e2 f l~~ M~~~~

”2 [FN(x) /r l(a /M)] f 1(d ,a/M)

(43)

e2~~
kd M1’

~
’2 rN(x) q(a/M)/[a(l-W

2)]

Substituting Eq. (43) into Eq. (42) and using Eqs. (37) and (38) gives

for large N

{d~~ exp (ika2/Zd) 
~ 

[r~’(x) ± rN ’(_x)] q(a/M) a~ (1-M 2)~ + f(d/x)}

Md Md
x ‘

~.i exp (J G’(p’ ,Mx) dp ’ + J G(p ’ ,xp’/d) dp ’}
d d

f(d,Mx) . (44)

We choose N sufficiently large that r11 1 (x) has reached its limi ting form.

This may or may not require a larger N than the Horwitz cri terion MN =

250 Feff~ depending on the particular problem being sol ved. By a con-

sideration of the ray paths for large N , one can see that rN ’(x) i s a

synuietric function. The solution of Eq. (44) for the antisymetric

modes is simply f = 0. The solution of Eq. (44) for the symetric modes
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is

f(d,x) = {~N+1 / (1~~)J d~~~exp (ika 2/2d ) 2rN ’ ( x )  q(a /M) a~ (l— Ni2 )~~.

(45)

This may be veri fied directly by substituting Eq. (45) into Eq. (44).

In deriving Eq. (45) we have taken the limit N -~ in certain of the

factors (such as the phase). In numerical calculations it is actually

simpler not to use the limiting form. Then f(d ,x) has the same structure

as the other terms in Eq. (20) (specialized to z = D) except for division

by (1-ti). In the subsequent analysis we do sometime s use the limiting

form and sometimes do not, as Is convenient.

If we set x = a in Eq. (45) and insert into Eq. (41), we get an equation

In which the only unknown amplitude is q(x). However , further approxima-

tion is necessary in order to get a tractable polynomial equation for ~i.

We wish to make an approximation in which q(x) is constant and can be

divided out of Eq. (41). There is no unique way to do this. One way

Is to neglect M m compared to one everywhere where M
_m 

appears in

Eq. (41) except in the phases . A second way is to approximate the angles

øf all the shadow boundaries by a/d. With either of these approximations

it is consiste,;t to regard q (x) as constant. Horwi tz uses the second

approximation. For the most part, so do we. However , there seems to

be no obvious reason why one approximation is better than the other.

Fortunately, in those cases in which we have dcnc the calculation both

ways , the results are in very good agreement with each other .

Combining Eqs. (41) and (45), dividing by q, using the second

approximation just described , and also using Eqs. (37), (38) and (3),

we obtained the desired polynomial equation for
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1 N+l
1 = — 

~~ 
(I/2F eff) 

~m~l 
[exp {2iri F ff Sm} 8m 

2

x rm ’(a) ± exp {2iri Feff/8m} 8rn~ 
Fm ’ f l  ~m (46 )

x ( l/ ( l -~i) for symmetric modes if m = N+l)}

where

= (l_M
_m
),(l+M

_m
) . (47)

If we had used the first appr oximation , the factors and would have

been absent from Eq. (46). In the case of a bare resonator [rm ’(±a) 
= 1]

Eq. (47) becomes the same as Horwitz ’s polynomial, aside from differences due to

an overall complex conjugation between our theory ahd Horwitz ’ s theory .

The rays along wh ich the gain is integrated to give ‘~ ‘(±a) are rays which

leave the m irror edge at point (d,a), make n round trips of the cavity , and end

up at point (d,±a). Some of the ray paths are shown in Figure 3 for a resonator

with M = 2.5. Those rays which return to point (d,a) do so by retracing in

reverse direction the path which they travel on their first n one-way transits.

Because of the assumed symmetry of the ga in, the total integrated gain along

those ray paths which arrive at (d,-a), as well as those wh ich arr i ve a t ( d ,a),

is just twice the integrated gain along the first n one-way transits . One can

see in Figure 15 that the ray paths for large n approximate the ray paths of the

geometrical theory .

Once Eq. (46) has been solved for u, the amplitudes f~(d 1x) and ~(d,x) are

easily solved for. From Eq. (40) we get (putting q = 1)

f1 (d ,x) = ~Mr 1 (x)/(a-x/M) . (48)
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The amplitude f(d ,x) is given by Eq. (45) (with q = 1) for the symmetric modes

and is zero for the antisyninetric modes.

The total field amplitude f(D,x) of the right-traveling wave on the output -

m i rror plane is found by using Eqs. (49) and (45) in Eq. (20). However , this

does not give a valid solution except well inside the shadow boundaries. In

part i c u l a r , Eq. (48) diverges at x = Ma. In the next section we show how to

el iminate this divergence .’~~

2. Extension Through the Shadow Boundaries

So far we have restricted our attention to points well within the shadow

boundaries. In order to extend our results to large l x i we need a better

approximation to the integral I than that given in Eq. (28). We write I in the

form

I exp [i(C-B2/A ) ] J exp [iA(n-B/A)2] F(~) dn

(A/i~~~ J exp (iA~
2) d~ , (50)

where we have simply multiplied by an integra l whose value is one . We interpret

~ and ~ as Cartesian coordinates , so that the integration in Eq. (50) is over

an infin ite strip. Next we convert to polar coordinates r and , centered at

= 0, n = B/A , as illustrated in Figure 1€ . First suppose that B/A ~ 1. Then

ir/2 (1—B /A) sec~
I (A /i-7T )~ exp (i(C-S

2/A)] cJ d~ J F(n)rdr exp(iAr 2)
-~t/2 0

3~/2 (-1-B/A) sect
+ J d~ J F(n)r dr exp ( iAr2)}. (51)

0
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We wish to obtain an approximate expression for I which is valid if

F( n) is slowly varying. We do this by integrating by parts acccrding to

r exp(iAr2) F(~) = 

~+A~ 
F(n) .1.. [exp(iAr

2)J 

2 (52)
= -

~
-ç

~ 
[
~-~ [ex p(iAr ) F(n)) - exp(iAr ) -

~~~~~ F(n)}

and neglect the term involving the derivative of F(r~). Then Eq. (51)

becomes

I (iir/A)~~exp (i (C-B
2/A)] f(B/A) - (i/4~A) ½

(53)

x [e i~~~
28

~~ F(1) R (A(l-B/A)2) + e I 2 B
~~~ F(-l ) R(A(l +B /A) 2

)]

where the function R(p) is defined as

R( p) fr/2 ex p( ip tan2 ;) d~ . (54)
-ir/2

The function R(p) is essentially the Rubinowicz line integral appropriate

to a strai ght edge.19) It is possible to derive corrections to Eq. (53)

Involving the fi rst and higher derivative s of F(ri) at ri = B/A , 1, and -1.
However , we assume that Eq. (53) is an adequate approximation .

If we now consider the case B/A ~ 1 , we obtain instead of Eq. (53)

the expression

I -(1/4irA)~ C~e
1 -28+-c ) F(l) R(A (1-B /A) 2 )

(55)

+ e1 +2B~’-C) F(-1) R(A( 1- + - B /A) 2 )]
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Since R(0) = n , we see that Eqs. (53) and (55) give the same result when

A = C. An expression for I which is valid for all values of B/A is given

by

I = (1n/A)~~expEi (C-B
2/A)J F(B/A) e(A2-82) -

x Ee 1 -284-C) F(l) R(A (l-.B/A)2) c(A-B) (56)

+ e
i +28+C) F(-1 ) R(A(l+B/A)2) c(A+B)]

where

1 1 , p >0
0(p) E (57)

I.. 0, p 0

( 1 , p > 0
c(p) (58)

[—l , p ~ 0

Equation (53) can be reduced to Eq. (28) by making a stati onary phase

approximati on of Eq. (54) valid for large p:

R(p) (iir/p)~ . (59 )

The physical meaning of Eq. (56) Is that diffraction of a cylindri cal wave

by a slit gives rise to a total field that is the sum of three contribu-

tions: the undiffracted field , chopped off at the geometrical shadow

boundaries , and two cylindrical waves emanating from the edges of the

slit. These latter waves are not quite proper cylindrical waves , however ,

since they behave peculiarly near the shadow boundaries . !n fact, they
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are discont inuous at the shadow boundar ies in just such a way that the

total field is continuous . The right—traveling field in the resonator

may be viewed as a set of cylindrical wavas emanating from the points

(p, ±x) n = 2,... ,N and a plane wave . These waves are diffracted by

a virtua l aperture at (p1,±x 1 ). Similarly, the left-traveling field

may be viewed as a set of cylindrical waves emanating from the points

n = —l ,...,-N+l , and (0,0). These waves are diffracted at

the output mi rror (p0,±x0). In accordance with Eq. (56) the amplitudes

~~~~~~ and f at p = d are to be chopped off at the shadow boundaries .

The shadow boundaries of the plane wave are at x = ±Ma . The shadow

boundaries of the cylindrical waves are at x = Ma(l + M~~~ )/(1 + M~~
’
~ )

and x -Ma(l - M~~~
1 )/(l — ~~~~~ These differ significantly from

x = ±Ma if n is small. Equation (49) is altered to read

f~(d~x) = ~x
t
~ M

n r~’ (x ) (a—s~ (x)/MY~ e(Ma(l+M
_
~~~)/(l+M

_n
~~) - x)

(60)

x e (x+Ma(l-M ~~)/(l-M~~
’
~ )) , n = 2,... ,N

Equation (45) is modified similarly by multiply ing by 8(Ma-x) e(x+Ma).

We see that Eq . (60) Is well-behaved and that fn(d ,x) is , in fact ,

slowly varying. The singulari ty where s~(x) = Ma occurs at x

which is well outs ide the shadow boundaries , provided that H is not

close to one .

It remains now to determine f1 (d,x). To this end we calculate

the edge—di ffraction contributions to Eq. (27), using Eqs. (56) and

(20). We find that
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g0(p,x ) = - i?.- d~ e2ikD C~~ (p- d)~ p~~~ ~~~~~

x ~exp {~~ (x~
_a)2/(~~

_ d)1 f~(d ~a)  R(~~ (a~
(’
~ _a)2

• x (~-d)(~~-d) 
~~-n~~ 

p
~~

1
~ 

( (+) ) (61)

1k a+x )  kd 2
± exp’ {-~— ~ ~~~~~~ 

R(-~— ~ n -ct) (P_ d)(0n~~
)(P_P n) ‘~n

x E n~~~~~1 
+ (p_d)~~p ~e

ik
~~~

2d 
PN (fN

(d ,a) ±

+ f(d,a)] R(~~ (
~ - )2 (p-d) p~~) c(~ -

(p
x exo { I G(o s , a+(o’—d)a) do ’}

Equation (61) reduces to Eq. (31) well inside the shadow boundaries , where

Eq. (59) is val id , except that , to be consistent with our truncation

scheme, we extend the summation in Eq. (61) ‘~n1y up to n = N-I and lump

the term for whi ch n = N together with the term containing f(d ,a). To

calcula te f1 (p,x) we regard the points (p 1,±x1 ) as edges of a virtual

- 
aperture illuminated by cylindrical waves emanating from points ~~~~~~

n = 2 ,. .. ,N and by a plane wave. Near p = p1 the total amplitude f(z,x)

is given by the integra l

f (Md -p, x) ~]— C-2 1Tk i/ (p 1 -p ) J~ J
~ dx ’ f(Md-p1,x ’)

—X l (62)

x ex p 
~

-
~2~

- (x-x ’) 2/ (p 1 -p) ) .
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If we let n = x ’/x 1 and use the form of f(Md-p 1 ,x111) im plied by Eq. (20)

then we can use Eq. (56) to carry out the integration over 11. The function

f1 (p,x) comes from the second term in Eq. (56), which describes edge

diffraction at ~ = 1. We obtain

f1 (p,x ) = 

~~ ~~~ 
~~~~~ ~~~~ 

[exp (i~ ~:‘~:~ ~
k x — x  x - x  2

x f~(~1~x1) R(~
. 

l~~~~n l ~~~n~~ 
(_]___. + l n ) )

x1—x x1-x k (x +~ )2x + 

~~~~~~ 

± exp’ {i~- i-i l 
~ ~n~~i 

,—x 1) (63)

k 1 x -x x +x 2 x -x x+x
x R(~- i~~~~n i ~~~n~~ 

(_— + ~) ) ~(_L_ +

x - x 2
+ (p l

_p ) ?(p~,x~) R(~- (p 1—p ) (—) ) c(xl —x )}

If p is not close to 
~l’ 

then Eq. (63) must be modified by multiply ing the

ri ght-hind side by the exponential of the gain integrated along the rays

emanating from (p 1,x1 ). In particular , at p = Md one must multiply by

ex p 
1

Md 
G(p ’ , a+(p ’-d) dp ’} 

-

in order to match f1(Md ,x) to g0(Md ,x) on the concave mirror:

(p1-Md)~~ f1 (Md,x) = (Md—d)~~ g0(Md,x ) . (64)
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At p = d the right hand side of Eq. (63) is to be multipli ed by

The coefficients f (p 1,±x 1 ) and f(~1,x1 ) appearing in Eq. (63) are found

by substituting Eqs . (63) and (61) into Eq. (64). One gets

= e2~~
0 M~ in—i (d,±a) , n = 2,... ,N , (65)

f(p1 ,x1) 
= e2~~ M~~ Ee~~ 

/2d 
~~~ (fN (d ,a) fN (d,-a)) + f (d ,a ) ]

(66)

The values of fn(d,±a) and f(d ,a) are gotten by setting x = ±a in Eqs.

(49) and (45):

f~(d1±a) = iJ’ M’~ r~’(±a) (1 ± M~~)/[a(1-M
2fl , (67)

f(d,a) = d~~~a~~ (1—M
2)~~ exp(ika

2/2d ) (1±1):N ’(a))~
’/(l_

~
). (68)

If we use Eq. (67) (for n = N) a~d Eq . (68) in Eq. (66) and use the

limiting form of for large N , we get

f(p1,x1) 
= e2

~~
0 M~~ exp(ika

2/2d) d a ~~(1-M
2)~~

(69)

~ (1±1)r N ’ ( a )
~~/(1~4.

- 

Substituting Eq. (67) into Eq . (65) gives

f~(~1~±x1 ) = e2
~~ M~ 

n-i M~ r~~1 (±a ) (l±M ~~)/[a(l-M
2)] . (70)
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Next we substitute Eqs. (69) and (70) into Eq. (63) , set p = d , and

multiply the right-hand side of Eq. (63) by F1 (x). This gives

-l N+l
f1 (d,

x ) = - ~~ F1
1 (x) M(~-M 2) - a ~ (M2n

~lY~
n= 2

1n 
__________X u Mn [exp { i2Tr F

eff l÷M-n+l } r~~1 (a)  (1+W~~~)

M
_2_M 2n l+M

—l _ n x 2x R(2ir Feff (i~M-2n )(l~M-2) 
M 

l+M~~~
1 

-

(7 1 )

- ~-) ~ exp {i2-~ F 
l+M~~~x c(M 

l+M-n4l a - eff 1—M~~~ 
~

x ~1—M~~~) R ( 2 7r Fe 
M
_2_M _2n l—M~~~ 

2
_______________ _______ 

X )(M
~~ (l-M 2

~)(1-M
2) l-M~~~

1 - a

x c~M 
1-M~~~ - ~~)1 x (1/(i-j for symmetric modes if n =

1 M
_n+l a -

~

The total amplitude f(D ,x) is found by setting z = D in Eq. (20) and

substi tuting Eqs . (60), (45) multiplied by :functions , and (71) into

Eq. (20). After some algebraic sim p 1i fi c ati ~n using Eq. (35) and assuming x — 0

we obtain the basic result :

- ;~ r ‘(x)
N+l 2n)~ (l- M 2)~ [exp ~i2~ Fe 

(1 M ~,< 
2

f(D,x ) = 
- 

C~i (l—M
n=2 ~ l_M -2n n

x (1-M~~x) 0(
l4M - ~

) ± ex p { i2~ F :~ r ‘ ( - x )eff l—M 2
~1 +s1
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1 l~M-n~l
x (l+M ~~XY e(

l M n+I - 
~~

• I ]

(l-M ~~x) 2~ ~~ ‘(x) (l-M 2 ~ n (l~ l-2n )~) ui— [(exp’ (i27r Feff l— M~
2 2~r 1

-n+l
x [exp {i 2ir F l—M ~

eff l+M~~~~ 
~n~lW (1÷M -n4l ) (72)

l_ M —2 n+2 l+M
_ l_ r

~ X

]

2

) 

l+~c Cx R(2~r F
eff (1~M-2n

)(l~M~
2 ) ~1~ 1-n+l -

-n+l
± exp {i2~ F 

l+M
eff l~M

-n+l r~~1 (-l) (lM
-n+l

)

i_M _2n+-2 l_M —n- l 
- 

x]2) l-M
____________________ __________ __________ 

x
n+1 —x R(2ir F ff (l~M~2n )Cl~M~

2) l-M~
’
~ 

M

± (same expression with x replaced by -x)J} x (1/(1— ~) for

the symmetric modes i f n = N + 1)

In Eq. (72) we have set a = 1, i .e.. , x is measured -‘n units of a. It is

straig htforward to check that Eq. (72) is continuous at the shadow boundaries.

However , this does no~ rule out the possibility of significant di scont inuit ’es

in slope. It is possibl e that such discontinuities occur at values of H very

close to one. in tne iurrerical calculations which we have carried out , wnere

we take H = 2.0 or H 2.9, there is no noticeable lack of smoothness in f(D ,x ) .

For the symmetric modes the coefficients of ~ in Eq. (72) become
S

i ndependent of n for n ~ufficient iy large. Note that the last term
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( for n = N + 1) is to be divided by l-~i. The exact value of N is

un im por tan t, so long as it is sufficiently large . Further inc reases

in N simply add more high-loss unphy sical modes by increasing the degree

of the polynomial in Eq. (46). For the lowest-loss mode ~i is typ ically

quite close to one , especially near half—integral values of Feff , so tha t the

term which has (1-~) as a divisor is considerably lar ger than the other terms .

For the antisymmetric modes the coefficfents of un in Eq. (72)

approach zero as n becomes large. Physically this means that waves

emanating from the two mirror edges bounce back and forth and spread

c~it until thcy c~nc2l c~c~ othor by destructive i~terfcrcnc~.

3. Nume ’-ical Calcul ation of the Symmetric Mnd~c

In this section we present a variety of solutions for symmetric

modes of strip confocal unstable resonators . Since the l owes t loss mode is

generally symmetric , the antisymmetric modes are of less interest , and we do

not discuss them further here .

We present solutions both for bare resonators and for loaded

resonators . In the case of loaded resonators , we assume that the gain

G is independent of p. extends the entire length of the cavity , and

depends on x according to

G ’ (x)  A [exp ( -~x 2 )- 1]. (73)

We take ~ = 1.5/a 2 and take

A 1/4 9n M/[(M-l)d] (74)
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or

A = -1/8 Qn M/[(M— 1)d] . (75)

In the first case we have a Gaussian gain distr ibution. The value of A i s

chosen such that for the l owest-loss mode , for wh i ch ~
{ = 1 , the gain

G(x) = G’(x) + 1/4 ~n IMH /[(M-1)dJ (76)

falls to near zero for large x.

In the second case we have a negative Gaussian gain distribution. In this

case the gain G(x) for the l owest—loss mode dips to about 2/3 of its large-x

val ue as x ~~- 0.

We do not claim that either of these forms for G’ is realistic. Finding

a real istic form for G would require an iterative calculation. Such an iterative

calc u lat i on .~oul d be worthwhile for a three-dimensiona l resonator with a

rectangular—edged output mirror , but is probably not worthwhile for a strip

resonator. The main point of the present work is to test the general soundness

of our theoretical approach in a simple, two-dimensional geometry . Once this

has been tested, it appears straightforward to proceed to three dimensions.

We have developed two codes , called ROOTS and MODES , whi ch have been jsed

to calculate the results presented here . ROOTS uses the sub-routine CPQR

(provided by Kirtland AFB) to calculate the roots of the complex polynomial

in Eq. (46). For the examples presented the degree of the poi ’nomi al wric ii we

use ranges between 9 and 13. In the case of a loaded resonator it is necessary

to calculate r~’(ta). This is done by straightfo rward numerical integration ~

Eq. (36). We do this by using parabolic interpolation and Simpson ’ s rule inte-

gration. We specify G’(x) on a 25 x 25 grid extending the whole length of the

resonator and from x = 0 to x = 4.8a. We have also tried using a 49 x 49 grid
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and get essentially the same results. ROOTS does not operate at maximum ef ficiency,

since after each increment in F ff~ CPQR starts from scratch and recalculates all

of the roots . Horwitz s technique of using previous ly calcul ated roots as trial

solutions and omitting calculation of roots corresponding to high-loss modes

would make ROOTS operate much more efficiently. At present , using a CX 6400

com pu ter , a calcula ti on of roots a t 30 values of Feff typically requires about

7.9 sec execution time for a bare resonator and 14.6 sec for a loaded resonator.

Part of the reason for the longer time required for a loaded resonator is that ,

for  most of the cases we have considered , a higher degree of polynomial is re-

quired for a loaded resonator in order to make the :‘ s conver ge .

MODES calcula tes and plots the intensities and phases of the resonator

modes . For an M = 2.9 resonator , for exam p le , th is involves calculation at 401

values of x/a using a step size of 0.01 . This takes about 10.3 sec for a bare

resonator. For a l oaded resonator one must also calculate i n ’(x)~ 
Since the

~‘ s are s lo w l y var ying , we calculate them using a step size of 0.2 and interpo-

la te onto the f i ner grid . It i s ineff i c i ent to calcula te the ‘‘s using Eq. (36).

Ins tea d , we calcula te them success i vel y u s n g the equa ti on

~Md 1-n
r~’(x) = exp { t ~~~~(p

’
, 

H 
2 (—M ~~x + a)

1—H n

-l Md
+ ~~~~_ 

M (x-M~
’a ))  do ’ + J G(p ’ , -2nl M  d 1-H

( 7 7 )

x (x-M ~~a) + — 2n (_M
_ n

X + a)) do ’}
1 -M

x r 
~~~~~~ -2n M1 2

~ + M~~)x + (M~~ - M~
’
~~)a])~ 1-M
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The time needed to calculate the r ’ s is about 5.9 seconds. Since the :‘s do not

depend on Feff or on the particular mode being calculated , it is often useful to

calculate several different intensity and phase curves in one run while calculat-

ing the r’ s only once. The functions rn ’(x) are shown graphicall y in Fi gure

for the case of a Gaussian gain distribution in a resonator with M 2.9. For

small n the functions are asymmetric , but they approach a symmetric limit function

as n becomes la rge .

The function R(p) which is defined in Eq. (54) must be calculated in order

to determine f(D,x) accord ing to Eq. (72). This function may be expressed in

terms of the Fresnel integrals f(x) and g(x) by

R( p ) = ~(1-i) {g[(2p/~~~ + if[(2p/u)½ 1 . (78)

The functions f and g are well behaved and may be conveniently evaluated by means

of a rational approximation given in the mathematical iiterature .0~~

The results presented here are of high quality in the sense that the grids

used are sufficiently fine to give results of good accuracy and high resolution.

The amount of computation time required is nevertheless not large. If coarser

grids were used , the time required would be even smaller.

In Figures J and 19 we show plots of {X ( versus ~~~~ where fl~ E ~~~~~~ The

results are shown in this form to facilitate comparison with Horwitz ’ s results.

Fi gure 18 is for a resonator with M = 2.9 and 15.1 ~ ~~~ ~ 11.0. Figure l9a is

for a ba re resona tor , Figure l9b is for a resonator containing Gaussian gain

distribution , and Figure 19c is for a resonator contain ing a negative (~auss i an ca i n

distribution. Note that the presence of a Gaussian gain distribution enhances

the separation of the l owest-loss mode from the other modes , while a negative

Gaussian gain distri bution has the opposite effect.
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2
Figures 20 through 22 show intensity and phas e ~iistri~ u t i o n s  f ( T . X )  and

a rg [f ( D, x)] in the output-mirror plane for a resonator with M = 2.9 and Feff = 16.4.

The t~ck marks on the positive side of the horizontal axis indicate the positions

of the shadow boundaries . Fi gure 20 shows the lowest-loss mode of a bare resonator.

Figure 21 shows the next-to-lowest-loss eymmetric mode of a bare resonator. The

intensities in these two figures are in complete agreement with Horwitz ’ s

Figure 24 in the range 0 ~ x ~ a where comparison is possible. Note the large

peak in intensity in Figure 21 near the shadow boundaries the small intensity

near the axis. Also note that while the phase in Figure 20 is nearly constant out

to the shadow boundaries , the phase in Figure 21 fluctuates considerabl y. The

apparent (but unreal) discontinuities in phase are merely the result of requiring

the phase to lie between _l800 and +180°, normalized with respect to the phase

at the center of the mirror. Intensities are normalized so that the largest

intensity in the range 0 ~ x ~ a is unity.

Figure 22 is for the l owest—loss mode of a resonator containing a Gaussian

gain distribution. This may well be the first calculation yet performed for a

resonator containing distributed gain and having this high a Fresnel number. As

one might expect with this sort of gain distribution , the intensity dies off as

x increases well before x gets near the shadow boundaries . However , the fine

structures of the intensity distributions in Figures 20 and 22 are quite similar.

The phase distributions in Figures 20 and 22 are a lso nearl y the same .

Figures 23 through 25 show intensity and phase distributions for a resonator

with H 2.0 and Feff = 8.4. These figures are respectively for the l owest-loss

modes of a bare resonator, a resonator with a Gaussian gain distribution , and

a resonator w i t h  a negative Gaussian gain distribution. These results are for a

va l u e  of Feff where FFT calculations are feasible , and it would be of considerable

interest to have results of FFT calculations to compare with our results.
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Unfortunately, we have not found anything comparable in the published literature.

We have carried out a number of other mode calculations wh ich space does

not permit us to present here. These calculations show no obvious break down of

the theory a t smal l  Feff~ Our c a l c u l a ti ons ha ve use d va l ues as low as Feff = 2.9.

Horwitz claims good agreemen t with other methods of calculation down to Feff

None of these results of other workers extend to the domain x > a or to loa ded

resonators. We have not tried values of M smaller than 2.0. Our theory breaks

down for M too close to one , a t leas t as a prac ti cal ma tter , since the degree of

the polynomial required approaches infinity as M -
~ 1. However , i t shoul d be

possible to get quite a bit closer to H = 1 before this limitation on the theory

becomes important.

An extension of the present theory to three-dimensional resonators with

rectangular mirrors appears straightforward . Guided by the fact that the paraxial

wave equation for a bare resonator can be factored , we propose replacing Eqs. (20)

and (21) by equations coitaining double sums , one sum for each transverse dimen-

sion. The waves associated with the terms in these double sums would not simply

be cylindrical waves , but would be waves having one caustic on an edge of the

output mirror or one of its images and another caustic on an orthogonal edge of

a different image. The diagona l terms would correspond to spherical waves ema-

na ting from the corners of the mirror images.

It is not clear whether an analogous theory can be developed for resonators

with round mirrors. The main difficulty with round mirrors is that the edge-

diffraction wave adds constructively to give a caustic on the resonator axis.

The b e h a v i o r  at lar ge Feff of resona tors with round mirrors is not well understood ,

s i nce it has not been feasible to carry out mode calculations for th ese resona-

tors. No evidence of the separation of the l owest-loss mode from the other modes

has been found , but it is not known whether interleavi ng of the low-loss modes
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persists to very large Feff~ 
We are even further from understanding how the

spatial distribution of gain affects the mode behavior.
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