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Effect of Multipath on the Height-Finding
Capability of Fixed-Reflector Radar Systems

Part 4: Effect of System Noise

1. INTRDUCT-O

In previous reports 13we have studied the effects of multipath and the
C'W-39G;A radorne on the height -finding capabilities of an air search r-idar. In this
portion we will consider the effects of system noise on its operation. A suninary
of our results on noise effects is contained in Table 1.

(Itecelved for publicution 24; January 1977)
1. V.ante, U. I.. I'rochtn, 1P. I. *atnd Taylor, It. L., (19~76) Xffevt of MultilA1 jjlt

t~lo li~It .bdnfj& ito of a l'ixed-lieflector 1fiiiýis ytell -
li :~i NvI, Be- -Th 4 ,0

2. F.amte, It. I... Vrtwhi, .1). It. and Taylor, It. L.. (l1976) EfcofMultionth on
the Iteiglt-lFindin~ Cvambilty of Fixed -ltefctmr Itadllýtmn Part 2.

Uti*1, oal soitrcll tuida'r 1y44 W- Ill "Il *.1'
3.Vtnte, It. L.., Vranchi, 1. It. , and1 Tuylor. 11. L. (11,711) o f~ut;a~ ll

IeIh-I'indiln Capa~biltites of a Fie-elcu Nu te

MAII



"Table 1. Summary of Important Results for Target at Elevation

(a) Multipath Absent (No Clutter)

8.7 1 [(O '

angular error =a 0 = -- 10

(b) Multipath Present (No Clutter)

angular error a 0 + I6•O)I

)M\ J-1/2 f2 1/2

Moi~/ N Ml 2M,1(o
_,o_ MO(O),

d rf100)12
"a 0 10 sglo f(oY

where

(f l (q)j power pattern of high beam fi absence of multipath;

1f0(O)1 2 power pattern of. low beam IW absence of multipath;

M lt(6I) • F(0),l2 + 2 22 (0)ri -?1) Co + ÷ 2D 2 ( ! 4

R total power remeeved on high beam;

LIU .M o(O)12 - ifVGo)12 + 2p U to(o-') co to + P 21[.(_U.), 2

total power received on low beam.



Table 1. Summary of Important Results for Target at Elevation (Cont.)

signal to noise ratio on high beam in the absence of multipath

(not in dB);

M f2 [f1 (o)] 2 + 2p Df 1 (0)fl(-d0) cos 1 4p p 2 D 2fD (-2t)1 2() == --=
1l 2a2 202

n ;n

= total signal to noise ratio in the high beam;

2p Df (-o") o [fl(-1')12

Ml= + f( cos •, + r f0(r-o"2  ;

2P Dfo(-d') cos 0 0 2
MO- 1 + rO f. d, .

M and M are the normalized total powers in the high and low boams. respec-

tively.

2. TIlOIlNTIEAL ANALAS

F'rom lRef'erence 2 we recall that the signal voltage received by the primary

horn is proi4)rttonal to

SR HUI It(0 ) + p D %(-d')0 t 1 .t (1)

and the sigall I-ceived by tOwe tuuvondary horn clan be written as

S ll 0)* tf Di't) • Lt , (2)



where the far-field pattern of the primary horn is

f 0oW exp [io 0(o)] , - k(0) + .~R+

that of the secondary horn is

f 1 (0) exp (io1 (o)1 01 = t6I(d1 o + k LR +

LRi is the path difference between the direct and multipath linký-;, -y is the phase

angle of the eairh veeecrion coefficient, p is the niagnitude of tile earth reflection

coefficient, and D is the s~pherical -earth dispersion factor. The angle's 0 and

are shown in Figure 1.

REFLECTOR i~!.

PRIMARY HORN Ig__ MULTIPATH

SECONDARY HORN 4,` -

FigIure 1. Multipath Ueonletry

The noise ni, In the primary ch~annel, at the input to tile log-ampliftolo can be

assumned to be a narrow-hand gaussian process, and can be written asi

HoN 0 Co t-y0 sn

where x ) nd y0are the in-phase and quaidvature noise components, respoutively.
Simil~arly te noiose it) tile secondary chiannel is

U we now dflaiko

A0 f



Al=f 1(0~)

we can write the total voltage in each channel (at the input to the log-amp) as

e0 = (A0 + x 0 + B0 CosV/ 0 ) cos wt -(B sin p0 + y ) sin ut ,(5)

The output of each log-amp can be written as

e=K In Itel 2

where K is a constant and I e 12 is the envelope squared of e. Therefore

e K In (AO + x 0+3 BoCos 4 ) 2 +(B 0sin i + y0)2 1 .(7)

and the output voltage V defined in F~igure 1 is then

V K' In 2 ..

A ý- -A

'2I +)oY

+ + +



where

2B1  
/B I2

M1-- 1 +A Cos 1 + -A, (10)

M)=1+213 l o B 0\2
0 + A

The first term in (M) is precisely the voltage one would have if there were no noise
and no multipath. The second term contains the combined effects of the noise and

multipath. Note that because xo, Yo, X1, yl are random quantities this second

term is a random variable.

2.1 Cse, 1: Mutptuils&Ah ~ealk

Let us first study the effect of noise on the received voltage V. If multipath is

absent we have Ho BI ý 0 and (9) becomes

V VOV +IKn I Y (12)

whNteI

SNote th-t V k t-l:04h corlr•lupodu :u tir atctual target altitude. That

9 4 U(Vo) " (14)

Now. Wo. ( .) and .. 3u Ot

• . - . : - .'. -



If the signal to noise ratio is large, the second term in (12) can be expanded

in a Taylor series in

( < « , ( < « , << 1 , and io forth.

If we use the fact that

(xo) =(yo) =(x 1 ) = (yl) =0 (15)

(xlyo) = (XoYl) = Y1) = (xoyo- 0 0 (16)

(x 2 Y) =(0  (X2) (Y2) = a2(7

where ( , denotes an ensemble average, we can show that

(V) --Vo # (18)

2( 2 2 2 1 19)
Ao00

Therefore, with noise only present, on the average the voltage measured will be

the correct voltage V., but there will be a spread in measured values about the

correct value V0 with a standard deviation

.+ 7
1 /O 1V 4. 2)KO (20)

By ut;lng (20) we can calculate the mean square elevation error caused by this

uerror in measured voltage. The voltage error AV and elevation error ,e can be

related via

dV
& (,.

t • •1.



Therefore

2  (AV 2  (22)

(dV0

or

+C) 123)

Of course (aO\ - 0 by virtue of (18). If we substitute (20) into (23), and use the

ract that

K AK-- In 1 K-- In

do do (o do Itui~

we get

1>u;j h•" a I)O)

F~inl.)' 0Vidftt .'.N (1/2)(A0 , Hi)7 wi llt• .ileignl to 11018e dafnt ýN)Iatio ill tileo primalfry

011111110io, ait thu hinput tu thu hig-amp.l1 The. stunldulrd deviation inl theo unlulrill ouror

it tt,/



1' :We can also rewrite (25a) in terms of the signal to noise ratio

(S/N) 1 = (1/2)(A1 /an) 2 in the secondary channel. We get

8.7[1 +(41.2 (/2

Go = - .) i/ d( foI (2 5b

[2/ 1/2 i0 loglo T)

2.2 Case 2: Mulipath Present but h1 and No Never Zero

Let us now consider the effect of both noise and multipath for the case when

both Uo and VI are not near (2M + 1)v. In that case, even if A1 and BI are nearly

equal [that is, p Df 1 (-") f1(0)], the quantities

A2 M A2 + BACsi+B2

and

A2 Mo 'A2 +23oAcoso +AB2
0o0 0 0

are never close to zero. We next rewrite (9) as

V Vo + Vm

2x 1 AI B1 x 2I3I

2x, 2

+ ( + 0s P)+ + 4si t,
""-I A

+ 2. 
2

(2 6)

Where

Vm• .-,(K )



Note that V is the error due to multipath alone; this is the error we would have
in the absence of noise. We next assume that the noise on each channel is small

compared with the total received signal (direct plus multipath). That is

2 2
(X 1) ( xe)

<< 1 - 2 < 1. and so forth. (28)
M1 Al M0 A

We have found by numerous numerical calculations that (28) almost always is valid

in cases of interest. In this case we may expany the third term in (26) in a Taylor

series. After considerable manipulation, and the extensive use of (15) through

(17), we find

(V) =V +v0 , 1(29)

Cr2 ;;( V2 4K 202 [r1 + 1T(3L6)

That is, in this limit the error in the average voltage is caused only by the multi-

path term Vm. However, there is a spread about the average voltage with a

standard deviation

O~.~2I(Ofl I L oL.A lI2 0 
3

i:,~ ~ v2Kn !+Mo"•2

U Upon comparing (31) with (20) we see that when multipath is present we replace the

direct sigals A 2 and Ao by the total (direct plus multipath) signals

MA 2  2 2 and MA 2 -A 2 +2A1B.os+1B 2

By using (20) and (30) along with (21) we can readily oP.,ain the mean elevation

error and Its standard deviation. We get , since AV a (V) - V U + V4 - V0

in

GO ad W I
0~

14.
II (



1I _______÷ 1/2

go L Of (33a)

If we define (SN) Mo A /2 as the signal to noise ratio in the primaryIfwedein (/NMo 0 0 2

channel, including multipath, and

MA2

as SIN in the secondary channel, then (33a) can be rewritten as

2 1/2J2I\1/2
( A 

(
S M 1 , 2 1A 1 d I__ __ _

(33b)

Therefore, there is an average elevation error caused strictly by the multipath,

and a fluctuation about that average caused by a combination of both noise and

nmultipath.

.2.3 Gwo 3:' lulipatd Prol axad Ildwt .4 or 4 0 Now Zwo

Ixet uw consider the..awe when A0 0 IDo and 0, 0 r, but Ir . (1The case
when A I me1 and ji1 w v is equivalent.) The condition AO Ito will occur for

situations where the earth rvolectivity I1b nearly witty. this nmay be the ease for
S111 mall 1aau.ng-n1gle situations. I"or the sinal graling.axigie case we may have

p D 1and 0 O, o that o-d') f(o).

- We van have., w but Vt d 0 because o-0"1) - oo(o) is not neceusarily equal to



When A 0 Bo and 0o r we may approximate (9) as

/ [ 2x1  2x1B1 22M A2[1 + MII + _ Coso1, + o Bllsni, + 2
1~ 1b L MA I M1 12 M MA2 M A2 A2

Vx2 + y2

1(34)

In writing (34) we have assumed that the net primary-channel signal

2 2

Ao + 2AoBo cos o+ Bo • (Ao Be)2

is so small that it is exceeded by the noise x2 + y 2° If we again assume that the
0 0

signal to noise ratio in the secondary channel is large it is possible to expand the

numerator in (34) in a Taylor series, The result for the ensemble average of V

then is

In order to evaluate (In (x12 + Y u we use the fact that x and yohave a joint
"probability density

x - +' -. 7

2

? "~Then-".

*)2 2),. 2 ) ~n o -- '-y)/OWlx + y.1)):.-..... d- ddy in (X + e ( O

2--"

. . f ~r dk-a In r) e

-""",, f d- -(tI/nt'e

• a'• 0

.. . •



(ln(x + y) -C + In (2a ) (37b)

where C = Catalan's constant = 0. 577215. The integral in (37a) is from (4. 331) in

Gradshteyn and Ryzhik. 4 Upon using (37b) in (35) we get

In A +C " (38)

A similar calculation yields

2( 2
'2 (V 2 ) -V) 2=K 4ac, +~ (3)

VM A2  6,1
1 1

in deriving (39) we have used the relation

(In 2 (x2+Y 2) J" dt In 2 t exp t

(40)

2

where the above integral is from (4.33:5) i, Uraadshteyn and ltyIhik.

IWy usink (311) ant (13) we van evakuhite the mean lwevation errop. We recall

from (13) that for a target at an eMovatiton anlet| 0 thie Correct voltage we shuhld

enieasuie (in tile absumee uf nauie and multipath, %%hkh produce orrr) 1•

4. . udsiteyn, .1, :d I4htk, 1. MOO) TI Ie d I'roucts*
SAvidevl.ie Pres-i (New York).



Therefore the voltage error AV is

w- (V) - Vo

2( MA 1/
= Kln -! +KC KIn(4) T

2 (42)

= [K 2n%!C]42

Therefore using (21) we find that the mean elevation error is( M 2A.

2 In

do ALI)

and the fluctuation about that moan is

/ 2 [ v 2 1/2

A1 €.B and €' v ) but that tin the jin'kmary channel i• nut, we fined

S/ AA

19 10`l- .
(44)

-InI A-Y-~

.00) (40~)
d.j ,t..4.

S• ."' , ,



k4

r a2 11/2
12 

I
t oI6 A2 I

a 0 0 (46)

do

2.4 Ca•e 4: Zero Net Sigual in Both Chanools

If it happens that

0 o(-d ') - 0 0o(0) = 0 1(-0,,) - 01(0)

so that both Vo and V,, can simultaneously equal (2M + 1)7, where M v integer, it

is possible that the net signal in both channels may simultaneously equal zero

(assuming of course Ao l3B A1  1 1  In that case

2

V - K I 1 x'-+ J (47)(-2 72-'o, +v- yo/

and

(V) ", 0 ( 48)

2.,(V 2) -(V) 2  0 . (49)

In this case the voltage error

"aV (V% - V 0  (50)

zatd the inwim elevathiw error is

v(A)

2 . .41(
S. : 1



and of course

3. SAMPLE CALCULATIONS

Let us consider the elevation error caused by nois6 alone for the configuration
denoted by Case A in Reference 2. Let fe(O) denote the signal received in the low
beam and fl(O) denote the signal received in the high beam. Because, for small
target elevations, f 1 /f 0 << 1, it is convenient to use (25b) for the elevation error,
or

8.7 1 +\re

(t -0 -

8. 2, 
(. 

7

where (S/N)1 - (1/2)(f 1 /gn)2 is the signal to noise ratio for the high beam. For a
target at elevation o 00 we find from Figures A. I and 13. 1 in Reference 2 that
d/do (10 log,, (f,/f) 2 0 3. 5/dog, so that to N 2. 5 (2S/N) T1/2 hefor'. in
order to have an elevation error of 3000 ft when the target range is 100 miles we
require 1 a 1. 3260. This leads to a high-beam sipgal to noise ratio of 14. 7 dB.

When imultipath is present we get a different requirement on (S/N)1 becaus•
now I(Ao) I + o must be less than 0. 3260. If neithor M nor •1 W too Small we
may use (32) and (33b) to obtain

Max Angular Error cm I(40) 1 + o0

4.35 ( 1;( )

A04)

20



If we again consider the configuration denoted by Case A in Reference 2 and again

require a maximum angular error of 0. 3260 for a target at elevation o = 00, we

now get the requirement that

f2 1/2

in TI11+2 S l/2 + M () - 0. 263 *(55)

where

2p D f1 (-d') Cos + D (-")]2
M1= f (0) ca1+ • "

l = 1+ 
2p Df 0 (-0') C pDf 0(_ ] 2

VON 0

We may assume that the total signal M1 f2 in the high beam is much less than

the total signal Mo ?2 in the low beam; this leads to the requirement that

In + 0.263 (56)

[2 (NSM 
]

Unfortunately, for the patterns in case A of !reference 2 it turns out that usually

111h (M1/M0)l > 0. 263. Therefore for this case there is no signmI to noise ratio

which makes. the angular error ltoi than 0. 2630.

4. IXlFEC~TO C1 ,LUTIEIR

In general we can write the clutter return in the primary, and secondary clmn-

11els as complex ihasors cO 10 eOXp) (I t0 ) and c. :1 rt exp (0 11). reslpectively. The

net clutter return in eanh Channel is proportional to the integral of tile radiation

pattern of each alnteiaA over the complex clutter distribution, h(,. y). That is

72



co = r° e = const ff dS f0 (x,y) h(x, y) , (57)

E

c = rI ei = const ff dSfl(x,y)h(xy) , (58)

E

i~o0(X, y)
where dS is the element of surface area, fo(x, y) = f[o(x, y) eiiol(X, y)0 0

and f1(x, y) f= [o(x, y)] e are the field patterns of the low and high beams
(with 0 and 4o expressed in terms of x. and y), and E is the illuminated region of

the earth's surface. For small grazing angles E is equal to (c-,/2)(RO2 ) where -"
is the pulse length of the radar signal, c is the speed of light, R is the clutter

range and 0, is the azimuthal beamwidth. It is found experimentally5 that for

small grazing angles, ro and r, are log normally distributed random variables,

and rjo and r, are uniformly distributed random variables. Because the phases

are uniformly distributed it is evident that (Co) ý (cl ý 0; of course (I c12) and
(!el1 ') are not equal to zero. The only other quantity we will have to calculate

is (eoC 1 *); unfortunately this is not zero, because from (57) and (58) we have

<Oo Q, oot dS ffff fs N. ( y) f *(x,, Yl)(h1N. Y)h11(XI, Yl))

and the correlation function

11N, yxt, y') R (t(N, y)h*(x1, y9))

is not zero, Thororom ill out, calculatiosw we will not, itn general, be able to

We are now in a position to discuss how clutter it included in our anulytis.

When clutter is included, (5) and (6) become t

5. Nathatuzon, IX (1969))_l r.dtw,•ldqPine!.l.o, MRadtaawr-itU- New Vork,

U. lHtekmatnn, P. and SpI•zichhtto, A. (1963) The Scattering of EM Waves l'rom
'Houth utSufaces, MacMillan, New York'.

-- ' 22



eo- =(Ao +x +BOcos 0 0 +r Cos ) cos Wt

-(B sin o +yo +r sin o) sin wt (59)

e - (A1 +x1 + B 1 cos + rcos Y11) cos t

- (B1 sin l + y, +r, sin •1 ) sinwt (60)

Therefore, in our previous analysis we simply replace x0 by x° + r° cos no#

YObyy 0 + r 0 sin not Xlbyx 1 + r 1cos• 1 , andylbyyl + rlsinn1l. If we do this

and recall that the noise and clutter are uncorrelated, and each has a zero mean

so that (xor cos no) = (xo)(ro cos no) - 0, (yoro sin Yo) n 0, (xlrI cos nl} " 0,
(ylrl sin no = 0, we find that (29) is unchanged but (30) is altered by the clutter.

That is

(V) vo+vM * (61)

but

a 022 e 1 + I L-a 2 I

(MIA, MOAO M MOAN

0 ril,, 1

* cos I)., )O(U Ito )o

gjf "i Asn 0) ( U' t 91i (U2)

23



In deriving (62) we have assumed the signal to clutter ratio is large. Also

(lc 11, ) = r•) and (I c 0 2) = (r). In order to simplify (62) we shall assume that

the phase of the low beam radiation pattern f (x, y) is equal to the phase of the high
0

beam pattern fl(x, y). Then from (57) and (58) it is clear that no must equal nl"

Because 7° and nI are uniformly distributed we then have that

(cos n cos nl) = (sin no sin nl) = 1/2, and (cos o sinnl) = (sia no cos 0

so that

Cr2 2 • M-o (1c,12 ) +1c°'2)

V 4 a +1 ;j l + 2 - MA
2 n~ 2 2~

4(r r1  [( B A B \(~ B(
a006M A 1 J JA0  'Dl

Sil ,sin l VY (623)

We will now try to approximate (62) and (62a) further. When we are interested

in tile angular error for the air search radar in Case A in Itefercuce 2, it is Plear

th1t tihe total high-beam signal MIA" is much smaller than tile total low-boam• ig-

nla M A2. Therefore in tie first term ita ((62) and (42a) we may neglect (M A
A2 )-1. t lte o

in comparison with (M AI 1 I Next let us examine thi clutter contributions. If

we use the reigults In Natitawson, 5 tt Is found thlt, for the low boam, the clutter to
Yigpal ratio is {linoring Sldolubo clutter because thi4 IW quite small compared with

thl muin lube clutter)

.fle Vi )0 Ito.
1-• lV .((h, Lllo

whero e V~( ) w ' ~)I the 4'atto of the l.wchswajwwer tit rti' direction oif thle

clutter lpatch to that its the diretolln(it tho. targe"'t, v W lth speed if light, ' i1: the

.radr plulliu lengll, , I thie atwitnuthal lwiwlldWhtll, It likte tlagetl ranolge. I 1)

I~oth cao sApew 1".A iusually tukewt a-4 1. 1 d~l), o1. I' thet tatrget cross iloo, o

is hIne refivict\ity per unit lo•S 400ietl% Vitt titlr Wind I I11 the cluttr wilwlprV P'ttll

"foetur o t Ow NIItt Similarly. f(or the hligh beiam we have (fiet. the 'Otiil•bv.elutter
• t ,•l, fi ,•ic t.' taut .till less thvi| the aitaln~-b ati l Clutter, pirovided tihe Iligh-bean

ve;Ak occuro ut wiglus less. tHum 7)

24



l 2F() c_ Rac0I
1 .. . .. . .7 (64)

A2 F2(OT) p aT

where F1(Oc)/FI(OT) is the ratio of the high-beam power in the direction of the
clutter patch to that in the direction of the target. For the air search radar in
Case A of Reference 2 we have for a target at 1. 5, and assuming the angle 0c of
the ground clutter is approximately 00, that

Fo(0,1-- 0. 7 1  V 1 (0T- 0.17

If we use these results in (63) and (014) we find that

1 1 't, "0.058
(o 2~ /A 2

Therefore in (62) and (62a) we en neglect (e I /(MA 2) in comparison with
(IIC)/iMtA2 ). (Note that N so, the annuo order as MI, as is evident from (10)
and (I0.)

In the last term In (62a) we have that

(r)t, !c ([ 2) , 2 1,.,1 1/

iThomerorg the. ratio of the last to the second term in (62a) iW at inwot

1.. ci)( ) + ] 0 sil sinki:last terl ae / [ o

"becVaust1 th0e term il 4q4uRI k.-Cket t Iq lisan tunity. Therefore we Ahall tj•|elet
tho last tWeei ill 6t2) atro apnlwoxiale the voltage orror by
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2 K2 n + (65)av M4 A 2 (6)2

0

where

2 = 2 2

From (61) and (65) we now have

(A0) (66)

2 ddI

ze A(+

I ao
where

M 21 114
1 1. SiLMuI to ROWID MHtO Of high I)QUIT (inoiUdiulIg MUltipath),

(M A 2 ratio of total high-boana power to total low-beam power,

clutter to imhle rutto In low beam.

"The wipul to wishe ratiov awa • u ,dily be expreoased in terlw of. ilytea l Iaraeitur•..

-ve haw,

:,..-



2 2 A2
(S) M 1 Pt G1 H(eT) 1 T TL (68)

1 kT B (4 ir) R

where M is given in (1 0), Pt is the transmitted power, G1 is the gain of the high
beam, HI(OT) is the ratio of the high-beam power density at the target angle 0 T to
the peak power density, A is the signal wavelength, L is the system loss (beam
shape loss, attenuation loss, and so forth), k is Boltzmann's constant, T is the

1system noise temperature, and B is the system bandwidth (this is of. order r').
Also

"o C! P G HO(ec)MX Q 0( 2 1 (69)
(-n k Ts B (4 70(

where Go is the low-beam gain, lto(Ge) is the ratio of the low-beam power density
at the angle 0c (of the clutter patch) to the peak power density, and all the other

quantities in (69) were defined previously.
From (69) and (67) we see that it the MTI design is such that the clutter to

noise ratio is or or'der unity then clutter can be completely ignored in calculating
angular errors, because then

AA

since M IA I4 0< oA . II Oda= ease

MO tiwt OiUV lcultUiGtiS Iii l4s, (54) thr•ugh (56) arc th iapr uprupkiate.
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