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ABSTRACT

Patterns are defi ned to be stable s ta t ionary  nonconstant  solut ions

of the eq uat ions of reaction and d i f f u s i o n .  Several approaches are used

to show the existence (or nonexistence) of patterns depending on one

variable and de fined on the entire real line . For a scalar equat ion , it

is shown that ther e are essent ia l ly  no pat terns.  For a system , smal l

ampl i tude patte rns , la rger ampl i tude  ‘ peaks ’, and larger amp l i tu ~ e

“plateaus ’ a re treated. In all cases , s tabi l i ty  is an i mportant  considera-

tion . Applicatio ns to ecology and biophysics are ment ioned .
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S T A I J O N A R Y  PATTERNS FOR REACTION-DIFFUSION EQUATIONS

Paul C. Fde

JJ~1If1C41O~

I. I n t roduc t i on
D~ TRS!UT~OM / AV *IUCIt .T Y t~.

The equat ions of reactio n and d i f fus ion  DI:1. A ~~~L 1 , ~ r Sp~~~

- D~~u = i (u ) , u (u 1 , u 2 , . . . , un
) 

~~~~~~~

‘ / / ~~u an~ a re n -vector s , D a matr ix , oft en taken to be diagonal

a nd nonnega t ive)  have been the object of a considerable number of s tudies

in recent years , principally because of their actual and potential

app l i c ab i l t t y  to a va riety of problems in population dynamics , biophy sics ,

chemic al physics , and chemical engineering.

Here we concentrate on the question of existence of stationary

“patter ns ’ , which we defi ne to be stable , st ationary, non con sta n t ,

bou nded solut ions  of ( 1 ) .  (We do not consider “movi ng patterns ” here ,

s uch as those studied by Howard and Kapell , Wi nfree , and others . )

Interest  in such stat ionary solutions , someti mes called dissipative

structures , was aroused by the work of Turing [27 1 in the 1950’ s , and by

that  of Gmitro a nd Scriven [ 1  5 J ,  Pr igogine and Nicolis [ 2 2  1 and others

in the 1 60 ’ s and later .  Particular interest in them has been occasioned

by their  pos sible role in reflect ing the corresponding phenomena of

Sponsored in part by the United State s Army under Contract No. DAAG29-7 S-C-OO .~4.
and in part  L~y the National  Science Foundation under Grant  MPS - 74 -O6 83~ —A 01 .
Presented in part at an N.  S. F. Regional Conference on Nonlinear Di f fus ion ,
Houston , Ju ne , 19 7 ( .



pattern tormat io n in developing o rgan i sms  and in ecolu .i i ’ a l  ( r r ~un~~ies

However , it should he emphas i zed  th a t  for most  contexts  in wh ich  ( I )

has bee n ust~d to model a biolo gical  phenomen on ( s i g n a l  dyn amics  on

nerve axons excepted) , the model  i s  h i g h l y  ideal ize d ar ~l a c c uu n t s

impe r f ’  t l y  !or only part  of the pruce sses  a c t u a l l y  occurr in g to produce

the phenomenon .

Except for r emarks  at the end ol the paper , we re~; t r i c ~ at f t ~nt ion

to solutio ns depending on only  one s ça c e  v a r i a b l e .  This is necessary

for some of our results , mere ly  convenient  :ur others . Possible exten-

sions to many—dimens iona l  problems are no ted in section IV.

We are par t icular ly  interested in pat terns  which  are not elicited

by boundary ef:ect s , and for this  reaso n fur ther  focus a t ten t ion  on

p atterns def i ned on the entire real line . Again in the last  section , some

discussio n wil l  be given about corresponding resul ts  on bounded domains .

The above defini t ion of pattern requires tha t  it be s table , wi th

reference to th e evolution system ( i ) .  For some resul ts  given here ,

th is  mea ns C°-s tabi lt ty ,  which we defi ne as fol lows:  a bounded

s ta t ionary  solution Q(x) of ( I )  is C0 -stable if , give n any  e > 0 , there

is a b such that every solution u(x , t ) of ( 1) defined for x R , t 0 ,

s a t i s fy i ng ~u( ” , 0) — sup I u ( x , 0) — c”(x)I ‘
~ 6 also sa t i s f ies

x~ R

1 u . ,t) — 

~ 
~ for all t >0.



In other cases , we are unable  to prove C0 - s t a b i l i t y ,  and in s t ~~~ give

s t a b i l i t y  ar g u m e n t s  based on an ana lys i s  of the spectrum of the l in e  r i .~j t v~n —

of the r i gh t  side of ‘ I )  about  the s ta t ionary solution in q u e s t i cn .  In s t i l l

o ther  cases , we give les s rigorous heur is t ic  a rgumen t s  :avor in ’j  s t a b i l i t y .

Variat :o ns of the above reac t ion-di f fus ion  problems , such as those

obta ine i ~y allowing the di f fus ion  terms to be nonlinear , and/or f i r s t  deriva -

tive terms to enter the equation , are importa nt in some appl ica t ions , h u ~ wil l

not be disc ussed here . Othmer [ 2 1 1  has discussed (among othe r th ings)

sta nding osci l lat ion solutions of ( 1) , which bear the same rel ation to x-

independent oscillatory solutions as do ours to constant sc~~tions .

The paper is concerned with  the mathemat ica l  analys is  of patterns;

experimental and numerical simulat ion results are not mentioned except in

passi ng.  Nor do we go into much detail about applic ations in the various

field s mentioned above . For an extended discussion of the relevance of

patterns in ecology, see ( fo r examp le) the article by Levin [ 1 8 1 .

The plan of the paper is as follows.

I. Introduction

II. The scalar case, n = 1

III. Systems , n > 1

A. Small amplitude patterns

B. Larger amplitude patterns

I . Peaks

2. Plateaus

IV. Dlscusston

—3—



Throughout , we assume that  I is a cont inuous ly  d i l i e r e n t i au l e

f unction of i ts a rgument .

I grateful ly acknowledge helpful  discussions with D. H. Sattinger

and with K. Kirchg~ ssner , who convinced me that there exist quasiperiodic

solutions of ( 14 ) ,  and that  only the cases shown in Fig . 4 occur .

—4-



I I .  The sc~ 1w ~ asc , n

In th i s  case , D is a scalar , which we take to be u n i ty . The

eq ua t ion  or  one- l imens i ona l  patterns , the n , is s imply

(2 )  u + f ( u )  = 0 , x Rxx -.

This equat ion is well -known and easi ly  solved by a phase-plane analysis

or by :he a rgume nt below . Furthermore , the s tabi l i ty  of its bou nded

solut ions can be tested by means of a tech ni que due to Aronson and

Wei nberger [ l J .

The equatio n has a first integral , ob tained by mult iplying by the

i n tegra t ing  fac to r  u :

(3 )  ~ ( u )
2 

+ F(u)  = E = const

where

u
F(u)  I f ( s )ds

0

If one draws the gr aph o f the “potential” V F(u ) ,  as illustrated

i n Fig . I , then there is a one-one correspondence between the nonconstari t

solutio ns of (2 )  (modu lo translation of the independent variable and

reversal of its sign , which are always possible) and horizontal line

segme nts in the (u , V) plane whose finite endpoints lie on the given

curve , and which otherwise lie strictly above the curve . The projection

of such a segment onto the u-axis is the range of the corresponding

solution , and the ordinate of the segment is the constant E (its “energy ”)

— 5 —



‘ V

Fig . I .  The potential function V F (u ) . Horizonta l lines
(a nd points) such as a - f correspond to solutions of ( 2 ) .

in (3) .  Given such a segment , the solution u(x)  can be obtained by

further integrating (3) . On each interval of monotonici t y ,  we obtain

( 4 )  x - x0 ± 2 2 f (E - F(s))  2 ds

where u 0 is an a rb i t ra ry  number  in the interior of the (known )  range ,

and x 0 is arb i t r a ry .  This excludes the constant  so lu t ions  of ( 2 ) ;

but  they, of co u rse , can be iden t i f i ed  wi th  the points ot zero slope in

Fig . 1, ~:ir i c -’ then I’ ’~ u) t r u )  0.



Fig . 1 i l l u s t r a t e s  six so lu t ions :  ( a )  and (4 )  are c o n s tan t  ones;

(b)  is a periodic so lu t io n ; (c) is a solut i on a t t a i n in g  a m i n i m u t  ...t

s ingle f in i t e  value of x , and app roaching its supremum as x ±

~c) is a monotone solut ion approach ing d i f f e r e n t  l i m i t s  as x • 
~~

mi (1) is a solut ion bounded from below , but u nbounded above . These

pr operties ca n be deduced from ( 4 ) .  For example , in cases ~c) a nd e),

the tact  tha t  x -
~~ -

~~ as u appr oaches its supr emum u follows

from the fact  that  E - F(s)  < C(U - s) 2 for s near u , so that

the integral  in (4)  is unbounded as u U
m~ 

In the case (b) ,  a s imi lar

analysis  shows that  the maximum and m i n i m u m  are obtained for f i n i t e

values of x.  Then the uniqueness  of in i t ia l  value problems for (2) ,

together with the sig n reversibil i ty of x , show the solution mus t  be

periodic .

With al l  possible solutio ns of (2)  known , we now consider their

C°-s tabi l i ty  as solutions of (1) , which in our pre sent case is

(~ ) u — u  — f (u )  = 0 .
t xx

The result  is that  very few are stable.

Lemmp 1: Every bounded nonconstant solution of (2)  which at tains a

ma ximum or m i n i m u m  at  a f in i te  value of x is C°-uns tab le.

Proof: Let q be such a solution . Assume it  has a min imum ~~‘ = m

at x = 0 ( the  a r gument  for the case of a maximum is the same).  Then

it correspo nds to a ~ r ’ men t  I , such as th at in Fig.  2 , whose lef t



endpoint  is on the curve V = F ( u )  at a point u m such tha t

F’ rn) <. 0. Let E be the o rd ina te  of the segment  I ( the energy of ) ,

and for posi t ive 6 , let L b be the segment with energy E + 6

overlapping I. Let be the corresponding (possibly  unbounded)

V

m!~~~~~~~~~~~~~~~~~~~~~~~~~~~~
/

Fig . 2

sol ution of ( 2 ) .  For small  enough 6 , it will a t ta in a m i n i m u m  m 6 < m ,

where F(m 6 ) = E + 6. Furthermore

(6) li m m 6 m
5 10

By translation of the independent variable , if  necessary, we may

assume that also at ta ins  its minimum at x = 0.

Let X 6 be the largest interval on the x-axis containing the

origin , on which < 0(x). Since I~ is longer than I at both

—8—



ends . w i l l  a s s um ~ va lues  grea ter  than  sup 1’( X ) .  There fore

is m it e . J e t

- 1’o~ ’ x X f
=

L u~~x) , x ~ X
~

We shal l  need the following fac t , whose proof , being technical ,

is deferred unt i l  later .

Lemma 2: l im ~~~~ 
- 

~ 
= 0

Locally, ~ is the min imum of two solutions , so will itself be

a supersolution of ( i ) . Let u(x , t) be the soluti on of (5)  sa t i s fy ing

u~ X , 0) = c7~ x) . By a resul t  of Aronson and Weinberger [ 1] ,  u(x , t)

is decreasing in t , pointwise in x . ( The proof in [1]  was for the

case q’ const , but works as well in our case .)

Let [ 0 , T) ( T < ce) be the maximum interval of existence of U.

By the decreasing property , Urn u(x , t) ~(x) exists and , where ~~ > -i’ ,

t ’ T

i s a solution of (2 )  (see [ l j ) .

If  4 is a solution for all x , then it must  sa t i s fy  ~i(x ) < sup ~

and mus t  a t ta in  value s < m 6 < m. This follows from the max imum

principle and the fact that  q ( x )  < q ( x) .  But it may be seen that any

horizontal segment or point in the u - V plane corresponding to such

a solution must  lie entirely to the left  of the value u = m - 
~~~, 

for

some positive ri independent of h . Thus for each x,

(7 )  u (x , t )~~~m —

for lar .j e on .u qh t where u is Ir ~~i ned.



Un t t i &  o ther  han ~ , it is  not  t ~. . 1~i t i u m  b r  dl  x , tho r

-‘ for some x , so in a i m ~ co; , ( 7 )  h ol i s ‘~~ ~it  l~~is t  some ia lues

4 x and lar q ’.’ enou~j h t .  ( I t  ca n t o  shov; n , in t o ~~, t t a ’ e i t h e r

4~E -
~~~~~, or ~ const , and t h a t  u - a s t u n c u r m l i  n

bou nded sets. But we sha l l  not use these r e s u l t s . )

N ‘N le t  u be any s o l u t i o n  f (~ ) s a t i s f y i n g  U ) >: , 0 < c >0. By

the m d x i  m u m  pr inci  plc , u ’ x , t )  u t  x , : i,  so there  a T :  5 ss va lue s  of

x t . r  wh ich  u ’> : , t) < m — r1 f o r  a l l  large enough t wheo:  _~ s

def i ne . 1 c r  such t , we have u(~ , t f  - w 1 0 > ~ > 0 .  But  in ‘ie,;

of Lemma 2 , we may choose uU , 0) - c
0 

a rb i t r a r i l y  sma l l . Therefore

~ is j~~~~ y~ h i e , an d the th eorem is proved.

Beside s the unstable ones covered in the th e ’  rem , Ho only

~o n c o n s t i n t  bou nded solutions of ( 2 )  are the monotone ones , correspon d-

In : ;  to (e) in Fig . 1. These can be thou ght  of s zero veloc ity  t r ave l l i n .~

wave solutions in the sense of ( 1  3 J ,  where their global s t ab i l i t y  was

proved. On the other hand , their existence depends on a special

property of the curve F in Fig . 1, namely  that  two a. mj a c e n t  local

ma xima have the same he ight .  A s l i gh t  change in I wi l l  destroy

this  property,  so the monoto ne solution s are s tr uc tu r a l l y  u n s t a b l e .

This exhausts  the possible bounded solut ions of ( 2 ) , ex cept

f o r  the constant  ones. Though they are not candidates for be ing  p at t e r n s .

we inc lude  a discu ssion of their s t ab i l i t y  for the sake of c o m p l et e ne s s .

As it  t u rns  out , a consta nt solut ion u u 0 of ( 2 )  is ( — s t a b l e  i f

-10-



an d only i f  i t  is s ta H e  as a so lu t i on  o f  the equ a t ion

du
( S )  1(u)

Suppose f i r s t  t ha t  u0 is u n s t a b l e  as a solut ion of ( 8 ) .  I h e n

there  exis ts  a neighborhood 7 of u 0 , a nd solut ions u ( t )  o t

w i t h  w O )  a rb i t r a r i l y  close to u 0, but  w i th  u ( t )  ~ for some

Such a fu n c t i o n  u ( t )  is also a solution of (5 ) ,  howeve r. There fore u 0
is C°-un s t ab le  as a solut ion of (

~~~
) as well.  Next , suppose u0 is

sta~ lo a s a solution of (8) .  Then for each £ > 0, there is a b( c) > 0

such that sol ution s of ( 8)  with u(0)  - u 0 1 < 6 exist  for all t ime and

sa t i s fy  t u f t )  — u0 I < e. Let u(x, t) be a solution of (5 )  wi th

I u ( .  , 0) - u 0 I < 6. By the maximum principle , it is bou nded poir i twise

abo ve and below , respectively,  by u + ( t )  and u _ ( t ) ,  which ar e so lu t ions

of ( 8)  assumi ng ini t ial  values u~ ( O)  = u
0 

± . Therefor e u(~ , t ) - u
0

and u(x , t) is stable .

Altoget her , we have the following theorem.

Theorem: The only stable solutions of ( 2 )  are the s t r ic t ly  monotone ones ,

an I the cons tan t  ones which are stable as solut ions of ( 8 ) .  Moreover ,

the s t r i c t ly  monotone ones are s t ructural ly  unstable .

Proof of Lemm a 2: Firs t , consider the case whe n c is periodic.  Then

geomet rical considerations show th a t  the length  of X 6 will  not surpass

twice the wave-length of ‘p, so remains bounded independently of 6 .

The n the con t inu i ty  of solutions of in i t i a l  value problems wi th  respect

to in i t ia l  data easi ly  implies lim I q ~( x) — q ’(x) I = Urn f ., ( x )  — 
~~~ 

x ) )  = 0 ,
6 1 0

-11-



0

urn f o r m l y  in ‘ 6 ’ b u t  cu t s i d i ’  X , ,  ~,‘ . , so the conclus  ion fo l lows .

The only  other  case is when q’ appr oaches a l i m i t  as y m p to t ica l ly

as l x i  • ~~
‘
, an a  ~“ > 0 Hr x > 0. We t reat  th i s  case as fo l lows .

By a s s s u m p t i o n , I” f m )  t~m) 0. l e t  K = f ( m )  < 0 , and re s tr ic t  b

to be so smal l  tha t  I t u )  < 
~< for m .  ~ u m.  Then

= W 6
( O ) + W~~~)d~ d5

= W 6
( O )  - 

x ~~ 
f(W 6(~ ))d~ds

1 2> m 6 + 2 K IX

for x such that  m 6 < q 6 (x) < m . Let = 2( m - m 6 ) / I K I , so that

+ I = m. Then c 6(
~~6 ) > m . If we define as the first

value of x > 0  at which q~6(x) = m , the n ir
5 ~~~~ 

It f ollows that

( 9) lim 1T
6

O .
6 1 0

Let 46(x) 
E w~ (x + rr6). Then 

~~
(O) = m q~(0), and from (3), for x > 0 ,

= [2(E +6 - F(~ 6
))J2 , whereas W ’ = [2(E - F ( W ) ) I ~~ < [2(E + 6 -

It follows that  4 6 ( x) � (0 (X) ,  for x > 0 .

We now have, for x 
~

q’( x) — 4 f (x )  = Q(x) — o(x — + q , (x — n
6

) — ~, ( x  —

~ q ( x) — e(x — n
6

)

By the u n i f o r m  con t inu i t y  of o and ( 9 ) ,  we h av e that  W (X )  - W
6

(X) < ‘ 6 0

— 1 2 —



as ‘ • 0 , for x n
6

. By s y m m e t r y ,  the sa me is true for x ~ -n
F,

as well , and by the cont inu i ty  of ~ and W 6, we may ex tend the

relation to the interior interval  [ — r r 6,  ~~ 
j .

On X 6 we there fore have

(1 0) I Q (X)  - W (X ) l = Q(X) - 4~6
(X) <

~~~~

whe reas outside X6, we have I~ (x) - rp(x)I = 0. This completes the

proof.

—1 3—



UI .  ~jy : : k u u  (n  I)

A. Smal l  ampl i tude  p e r t u r b at i o n s .

Let us consider systems ( 1) in which t O )  - 0 , so t h a t  u 0

is a solution . It has been ‘bservi :i in the  pas t  t h a t  t h i s  t r i v i a l  s o i u t i ’ r,

may be uns tab le  wi th  re spe ct  to cer ta in  p e r t u r b a t i o n s  w h i c h  ar e  not

cons tant  in x , whi le  r e m a i n i n g  s t a b l e  w i t h  re s pect to c o n s t an t  ) u n i t u r i m )

pe r tu rba t i on s .  Another way  ot  s ay ing  t h i s  is tha t  the t r i v i a l  solut i on

u 0 may  be uns tab le , whereas the poin t  u = 0 is a st~~L le  ri. t i cal

point of the associated k ine t ic  equa t ions

( 11) dU 
= l u )

In such ca se s , the effect  of introducing d i f f u s i o n  ari d x -  l e t e n V n c e  is

therefore to destabili ze the system , somewhat  s n t r a r y  to ~~f l t ’ 5 i f l t U i t 1 .~fl

of d i f f u sion as a s tabi l iz ing inf luence.  An argument  was a ivance  r

Segel and Jackson [ 2 3 J  to part ial ly explain this paradox . I t  one can

characteri ze some of the components of u as “s t ab i l i z ing ’ in some

sense, and others as ‘ destabilizing ”, and if the s t a b i l i z e r s  J i f r u s e  mor e

rapidly than the destabilizers , then a very smal l  in i t i a l  mm r i u n i t e r m

concentration of both ( th is  being the perturbation of the tn v i a l  s o l u t i o n )

may result  in the stabil izers d i f f u s i n g  away,  their  e f f e c t  t h e ’ i u b y

di min i sh ing . This would happen to some extent  not only w i t h  the i n i t i a l

concentration of stabilizers , but a lso with s t ab i l i ze r s  p r e m u c e d  l a t e r

through the reaction process. In th is  way,  w i t h o u t  as m u c h  counl erac t in i

— 1.4 —



i n t l u e n i c e , the  J e s t a b i l i z er s  could L a h e  i r , ~in t :~ S H i m ‘: s I i

grow to f i n i t e  s ize . For th is  to happ en , i t  i s  of course  mi ess r y  th i t

the d i f f u s i o n coef f i c i en t s  not  al l  he the s ame .  In tb ’  ( x ~i m ) l  in [ 2 I J ,

n 2 and the sys tem represented pred ator -pre y equa t ions , the p reda to r s

b e ’inq s tabi l izers  and the prey des tab i l izer s .  Segel and Levin [ 2 I

hav e  pursued s i m i l a r  problems and have show n that  a f t e r  i n s t a b i l i t y  sets

in , on can expect solutions of ( 1) wi th  sma l l  in i t i a l  data somet imes

to evolve into patterned solutions .

We consider the system ( 1) , and assume the funct ion f depends

on a real parameter :  f = f(u , X ) . We also assume that there is a crit ical

num ber \ such that for \ < X , th e tr ivia )  solut ion of (1 ) iscr cr

stable , in a sense to be explained below , wherea s for \ > \ , it
cr

is not .  The new ins tab i l i ty  is respect to periodic perturbat ions wi th

wave length in a cer ta in range , bounded above and below (the me aning

of this is given below) . In pa r t i cu l a r , the zero so lu t ion  remains  s tab le

to cons tan t  pe r tu rb a t ions , so the i n s t a b i l i t y  is of the type ind ica ted

In the previous pa ragraph .  Under certain add i t iona l  condi t ions , the

e f fec t  of this  is that  periodic pat terns of small  ampl i tude arise for \

in a r i gh t -h an d  neighborhood of \ . In fact , we shal l  show how(:r

bifurcation theory may be used to const ruct  (1 two-parameter  f a m i l y  ( the

parameters being ampl i tude  and wave-length)  in a neighborhood of ‘cr~
The question of their s tabi l i ty  wil l  be taken up later.



Our i s s u r n~~t i o n s  n o e l  to be n i l e  precise .  The source term f

will be assun~~i twice continuously d i f f e r e n t i a b l e  for u near  the

origi n ; we write A~ for the Jacob ian  ~~~~~~~ For s imp l i c i t y ,  we

assume the dependence of A~ on \ is linear: A)~ = A 4 \ B , for

some matr ices  A and B. The l inear  problem associa ted  wi th  ( I ) ,

V DV + A V + \ B Vxx

has solutio ns of the form V ‘i~ exp[ ikx + if t j  for a rb i t r a ry  real

wave n umber k . Here ~ wil l  be an eigenvector of the m a t r i x

H(X , p) -pD + A ~ XB (p = k 2 )

with correspondi ng eigeriva lue u .

Assump t ion  1: There is a number  \ and a number  6 > 0 , such thatcr

for \ - ‘
~cr 1 6 and for all p > 0 , H(\ , p) has a uni que e igenv a lu

with  largest real part , and it is real and simple.  Denote it by o
~~~

\ , p) ,

and let = p : 1; lu’’ P) 0 } .  The n

for ).. — 6 < X < Xcr cr
= (p 0 } for \ = 

~cr ’ where p0 > 0 ,

L a bounded interval of positive length for X <- < \ + 6
cr cr

This assumption about r
1

(k ,p) is depicted in Fig. 3.

For simplicity we take X 0 from now on (except fri the

exam ple below) .

It follows from Assumption I that the matrix H0 = H(O, p0) has

zero as a simple eiqenvalue . Its nullspace Is therefore spanned by some

— i t  —



Fig .  3 . Typical dependence of the largest eigenvalue cr~ Ofl
\ a nd p, when Assumption I is valid. The cu rves are
tor \ constant .

real nullvector ~~~~, and the nulls pace of the adjoint matrix is spanned

by some real vector W.

Assumption 2: W B~ ~ 0.

Example: Let n = 2,

ri ol r i o
A = I  , B 1  

~~~
, and D = IL 2 - ~J Lo ?J L ° 2

Then Assumption 1 is satisfied with p0 ‘~2 - 

~~~~~ 
~~4’~2 - I ) .

In fact , the eigenvalues a of H(\, p) are t h  ro ts of the equation

~( 3p + I - \ )  + Q(p,\) 0, where (~ ; ,  \ )  ( p  - \)(2p f 1) + 4.

— 17—



It can be shown that  for s m a l l  — , the  tw ’ r o ot s  ire  r e in S
( :r

d i s t i n c t  for ~Il p : 0 , and the l e s s e r  of the  two is n ’ ; , t l J  ,in

l ,u n d ej  away from zero. The greater ru , ~( ; ,  \ ) ,  c i  L t wn L~

tb  q u a d r a t i c  f o r m u l a  to s a t i s f y

0 according as (, 
~~, 

\ )  ( I

t o ’  H b~ \ )  is quadra t i c , and has a m i n i m u m  w i t h  respect  to p for

‘: i :h \ .  Its m i n i m u m  is 0 (a t  p p0 ) for ~ 
~cr ’ is pos i t i ve

when \ , and is negat ive  when \ > \ . Thus the set of va luescr cr

of p u t  wh ich  ‘
~ 

> 0 is empty  for \ < \ , and is a f i n i t e  in te rva l

S r  \ > \
cr

The basic result is the following.

Theorem: Assume

12) f(u,)) = (A ÷ XB)u + G(u)

where G is continuously differentiable near u = 0, and

(13) IG(u) I < C 1 u 1 2

for u < 1. Let A, B, and D satisfy Assumptions I and 2. Let

k0 
- N p ~ be the “initial” wave number. Then there exists a two-

parameter family of periodic funct ions u (x ;c , K) , and a scalar k(c , K ) ,

both continuous in £ and K and defined for small le t , I K I~ such that

( i )  u and ~ sati s fy

(14) Du + ( A + ~B )u * G(u) 0 , x R

for each fixed e and K ,

— 18—



( i i )  u is periodic in x wi th  w a v e - l e n g t h  ( pe r i o s )  2~

where k = k0 
4 K ,

2n/k
( i i i )  f u(x;c,K) ~ cos kxdx = £

0

( i v )  \ i 0 , O) = 0 , u ( x ; 0 , 0) 0.

We s h a l l  ske tch  the  proof .  The f i r s t  s tep wi l l  be to give the

‘) r L i l c u :  a more convenient  fo rma t ion . By us ing  the new 1 i n i i m i  S x/ ’ .

we normali ze the wave-length of our so lu t ions  to be ~ u , h u t  it :n

s a m e  t~~ne introduce an extra parameter k 2 
= p into the equa t i n s

w hich become

( l i )  pDu- -  + (A + X.B)u + G(u) = 0

Henceforth we shall  omit  the bars on the x ’s .  For p = p
0 . \ 0 , tne

correspondi ng l inear  equation

p D U  + A U = 00 xx

has exactly two linearly independent solutions bounded for all x : =

a r i d  c ’ = —
~~~ stn x. This follows from Assumption I. We normalize our

Zn
so lu tions  so tha t  (o , e) I lo 2 dx ~ 

2 n I.  S i m r l a r l y ,  the

linear adjoi n t  problem has two l inea r l y  indep endent  so lu t ions  ~ ~ cos x

ari d .~‘ 
-

~~~ sin x.

Let P 1, P 2 be S2 -orthogonal projections onto span {~
} and

span {i ’ I respectively; for example , P
1
f = ( f , 4i ) 4. . Also let Q = id — i

1 
— 1 .

— lu—



4

Let Z be the Banach space of cont inuous 2ir -periodic f u n ct i o n s  wi th

values  in ~~~~
, ck 

the space of R’
~-va lued  func t ions  wi th  bounded

continuo us derivat ive s of order k , X = Z fl C2 
and Y the

or thocomplement of ~~‘ and 
~ ‘ in X. We norm X and Y by the

u s u a l  C2 norm , and Z by the C
0 

norm .

The n it is standard that the dif ferent ia l  operator

2
L = p0 D ~~ + A

dx

restricted to Y, is one-one from Y onto QZ, so that L
1 exists

a s a bounded operator from QZ to Y.

Since X span{q’ ,q~’} ~J Y, any solution in X can be written as

u ~~ + p~ ’ + v = 1(a cos x + ~ sin x) + v , v e Y. Furthermore since (15)

is autonomous , any solution remains a solution when subjected to an

arbitrary translation of the independent variable . In fact , such a transla-

tion , does not remove v from Y. We suppose our solutions have all

bee n so translated in such ‘ way that ~3 = 0; we then let c = a and

call i t  the “ampl i t ude ” of the solut ion.  In short , we seek solutions

i n the form

(16) u c(q7 + w) , W ( Y

With the two fi nal def in i t ions  F(u , c) = c 1G( cu )  (recall (13 ))

and q p - p0, we are ready for the reformulation . Setting (16) into

( 15 )  a nd us in g  the above definitions , we see that the problem is to find

a funct ion w Y satisfying

-20-



( 17 )  l w  + \B (e w) + qD( p 1 wI  4 C I t e  + w , e) = 0

We rewri t e  th is  as Lw ~ R(w;\,r ,q) = 0 , where for each (\ , c , q ) ,  R

is an operator from Y in t  Z.  Apply ing  project ion s Q, F1, and P2 ,

we see tha t  ( 17 )  is e q u i v a l e n t  to the three equa t ions

( I S a ,  Lw QR(w; \ , e , q) 0

li~~L )  P 1 R(w;k , C , q) 0

C , q) = 0

With  the a l i  of A ssumpt ion 2 and the implicit  funct ion theorem ,

the  f i r s t  two equa t ions  (18a , b) may  be solved un ique ly  for w(e , q) and

\~ c , q) for smal l  ( e , q) . It remains to be shown that  this solution will

au tomat ica l ly  s a t i s f y  ( 18c). Here we use the following simple invar iance

property of our problem. The operators L, R , Q, and L 1Q preserve

the class of even funct ions.  This fact is immediate  for L , R , and Q,

and not too d i f f i c ult for L ‘Q. It follows that ( 18a-b ) may also be solved

in the  class of even functions , so by uniqueness , the original solution

u s t  be even .  But P
2 . being or thogonal  projection onto a space of

odd f u n c t i o n s , a nn i h i l a t e s  even f u r t o n s .  Therefore  ( l8c )  is s a t i s f i e d ,

com ple t ing  the proo f of  the t a e i r eu .

Equat ions  ( 18) l en i  t h e m s e lv e s  to the ca lcu la t ion  of exp l ic i t

approximat ions  to w and ~ ~~ power series in c and q.  Up on

c a l c u l a t i n g  these  power series to term s of order two , one f i n d s

(Ia) - 

~~c 2 
+ ‘~2 cq + ~~q 2 

+ higher order term s

—2 1—



where the c o e f f i c i e n t s  ‘ can be w r i t t e n  e x p l i c i t l y  in t e r m s  of v a r i o u s

c o m b i n a t i o n s  of the operators B , U ~~~~~~~ L 
1Q, f~ , l~(~ , 0) ,  and first

r to r  d i f f e r e n t i a l s  of I , ac t ing  on the func t ion  ~~~. The fac t  tha t  there

are no f i r s t  order term s in the express ion f i r  \ is a consequence  o~ the

f a c t s  t ha t  F(~ , 0) is quadratic or zero, that q is a vector m u l t i p l e

of cos x , and that (0 , p0 ) = 0 ( in  term s of F i g .  
~ ‘ i~~cr ’ ~

has a m a x i m u m  at  p = p0
).

(I (T
11: we fu r the r  a ssume th a t  7(0 , p0) < 0 and T~~ 

(0, 
~~ 

> °
ap

(wh ich  inequal i t ies  are reasonable , from Assumpt ion  1) , then it  fo l lows

tha t  ~, ~ 0. In this case , it can be seen that the ‘b i f u r c a t i o n  d i ag ram ”

is ; r ier i a lly of one or the other of the two type s shown in F ig .  4. In

t ha t  f i g u r e , the shaded regions consist  of those pairs ( ‘ , e) for w h i c h

a periodic solut ion u = c(e + w) ex i s t s .  These are local d i a g r a m s :

C . q, and \ are all a ssumed s m a l l .

In the con tex t  of problem (14) , we have shown tha t  when i n c r e a s i n g

the value of k causes the t r i v i a l  solut ion to lose i ts  s t a b i l i t y ,  i t

also cause s many  new periodic solutions to appear .  There are two

imp or tan t  quest ions  now to be asked: ( i )  are there any  other  s ma l l  I undea

so lu t ions  besides the periodic ones we have c o n s t r u c t e d ;  and i i i )  w hi c h

ur new solutions , if any, are stable ? These are difficult questions ,

and no compl ete answer to them exis ts  at th i s  t ime.  However , some

co m m e n t s  an f e  made .

— 2 2 —



C

/ /

K

(I,
V,

4’
b)

F i g .  •4 . The shade S areas are the t o t a l i t y  of sm all  \ , C )  f or

w h i c h  a periodic so lu t ion  exists , wi th  wave n u m b e r  near  k 0 :

(a) the case - 1 )  >0; (b) the case <0.

Regardi ng the f i rs t  question , we have constructed all possible

periodic solut ions with wave number  near the one (k 0 ) wi th  respect

to which ins tabi l i ty  f irst  sets in .  This is clear by the impl ic i t  func t ion

theorem ’s un iqueness  assertion . However , there u n d ou st e ul y  e x:s t

qu asiperiodic solutions as well , as Kirch gassner  has argue s  in ni s : r ej t -

ment  of another type of model problem [ 1 7 ] .  In f ac t , th is  is c lea r l y  t r L c

of ( 17 )  in the case C = 0 ( the l im i t  equat ion for smal l  j m:~~l i tude  sol u —

ti ns) . This equat ion is l inear with cons tan t  c o e f f i c i e m i t s , i n :  tor cai c

sm all k > 0 , the re are exactly two values of q for wn i c n  i t  has even

per iu i ic  so lu t ions .  In terms of the original  f o r m u l a t i o n  (I i ) . t h e y

correspond to two i n f i n i t e s i m a l l y  small even periodic s l u t i o n s , with

d i s t i nct periods. Such solutions of the l inear  problem may be superposed ;

li near combinations of them yield new quasiperiodic solut i  ins  (w e l ch  are
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a c t u a l l y  also p~ r i ü J i c  w i t h  poss ib ly  large period , if  the  two ba s ic  pe r io d s

are rati ( na~ I y  l e p en l e n t ) .  Each of the  bas ic  so lu t ions  m ay  a l s o  be

sub j oe to i to a r b i t r a r y  t r a n s l a t i o n s  in x , so they are no longer even.

In t h i s  w i  y , two more pa r amete r s  are in  tnc d uce I , and in all we have a

c u r — p a r a m e t e r  f a m i l y  of quasiperiocl ic  so lu t ions  o f  the l inear  problem .

1 1 c r  f ixed k > 0 . one expects quasiperiodic solutions to exist  also for

c > 0 , and there are ways to construct formal approximations to them

in some cases .  If it could be shown that  a four parameter  f a m i l y  of

them exis t s , for some fixed X > 0, then it would follow from a result

on m a n i f o l d s  of neutra l  s tabi l i ty  [8 J that  in fact  there can be no other

small  bounded solutions besides those , and the answer  to ( i )  would be

more near ly  complete .

As for the second question , concerning s tabi l i ty ,  no completely

r isc n i u s  resul ts  wil l  probably be obtained for some t ime .  Never theless ,

h e u r i s t i c  resu l t s  on l inearized s tabi l i ty  may be within reach. Speci f ica l ly ,

on l ine ari zing the ope rator on the lef t  of ( 17) about a given periodic

sc l u t ì o n u C ( ~~ + w ) ,  one ob ta ins  on operator  wi th  periodic
c ,q

c o e f f i c i e n t s , depending  a lso on the pa ramete r s  C and q. One then

would loo k for  all e igenv alues  of this operator , acting on ( ‘ f u n  t ions ,

and ask for  a r e l a t ion  between e and q which wi l l  gua ran tee  that  no

such cigenvalues lie in the right half—plane (0 is always an e igenva lue ) .

Such pairs (e,q) would then yield periodic so lu t ions  wh ich  may  be

stable in some sense.

— 2 4 —



By a F loque t - type  a rgument , it is sufficient to pose this eigenvalue

problem in the class of func t ions  of the form ei
~~~v (x )  w i t h  v 2n-per iodic

and a real .  Then the set of e igenvalues will depend on ~ as well

as on C and q, and one can restrict  a t tent ion to smal l  a , b e c a u s e

otherwise all eig envalue s can be shown to have negat ive real part .

My conjecture is that  in case (a)  of Fig . 4 , only the solut ions

w i t h  ex t remal  e are stable in the above sense , whereas in case (b) ,

none are stable except the t r ivial  solution with k < 0.
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I l l .  N .  1. i~~~j er _am p h tu ~~~cpaLterps :  pe aks

I h c r e  ha. ;  been a s i ’.eaf le am o u n t  of n u m e r i c a l  s i r o u l , j t i c , n  i n  m e a n t

years d i r e c t e d  toward the di scovery of f i n i t e  a m p l i t u d e  p a t t e r n s  in c c  ci

r e a c t m o n — l i ~ u s e  in s y s tem s .  The m aj  r e f f o r t s  have been by a g roup  in ,

B r u s s e l s  (see , for example , [ J , [ I t  J ) .  and by Cierer a n f  M e i n h a r d t  ~[ l 4 J ,

1~ 1. [ 2 0 J )  in T~ib ingen .  These et fo r t s  have ind ee~i been s u c c e s s f u l ,

as ne can j u d g e  by r eading the cited papers.

The p r inc ipa l  impe tus  has been biological ;  for ‘~x~~mple , the  r e s u l t s

bear on the  f o r m a t i o n  of morphogenetic f i e lds  in developing o r g a n is m s .  The

models of Gierer and Meinhardt  have n = 2 , the two reac t ing  components

being an ‘ ac t iva tor ” u and an “ inh ib i to r ” v.  These authors  give

arguments  to explain why patterns m a y  be expected , if the inh ib i to r

d i f fuses  more rap id ly  than the ac t iv a tor .  (There is  some analog y w i t h  Segel

and Jackson ’s arguments  involving  s t ab i l i ze rs and des t ab o  c , z e r s ) .

Here we deal with the f o l l ow m n ~ inverse ” probl em:  given a pair

of f unct ions (c~( x) ,  ~(x ) ) , f ind  a r eac t ion— l i t  t u s i o n  sy s t e m  w i t h n = 2 ,

for which (e , c) is a pattern . Not e tha t  our ~heore rc i  in Sec. II

ind ica tes  that  the corresponding problem with n : does not have a

solut ion , un less c, is monotone; and even then , the pat tern is

structurally unstable. We prove that for “ single peak” d i s t r i bu t i ons

(c ’ , ~~) of a certain type , in which q’ and c.j.~ are relat ed l inearly,  a

solut ion of the inverse problem does exis t  ( in  fact , m a n y  so lu t ions

exist). We also show that for “multiple peak” distributions , solutions
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ex i s t  i f  t he  ‘‘ s t a b i l i t y  r e q u i r e m e n t  f t  p a t t e r n s  i s  w e a k e n : to the

s t a t t o o o : t ’l i t  t h a t  th e  s p e c t r u m  of the l i n e n i~ -~~H ope r~it  r s c ;  re , a n t s  i n

the u n s t a b l e  h a l f — p l a n e .  It shou ld  be emphasized  L o t  i t  i s  e asy  c

s y s t e m o i s  or which  a g iven  l i s t r i b u t i o n  (e , .~) is a so lu t ion ;  but  we m u s t

a lso  prove t h a t  ( . ,  d )  is s tab l e  for the sys tem , a c o n s i d e r ab l y  mor e

l i t t : c u l t  t a s k .  The sys t em s  we const ruct  are of the a c t i v a t o r — i n r ; i I itor

t y p e , and the inh ib i to r  does (as in [ 14 1 ,  [ 1 9 1,  [2 0 ] )  d i f f u s e  more r a p i s l - ~

t f : in the a c t i v a t o r . Our resul ts  are not l ikely to be of pract ical  impor tance ,

be L ause  model sys tem s (I )  which  have been used in the past , and

probably f u t u r e  models as well , have other desired properties besides

merely being of ac t ivator- inhibi tor  type . Thus , the source f u n c t i o n s

and g used in [ 1 4 ] ,  [ 1 9 ] ,  [20 ]  were bu i l t  on the bas i s  of more or less

speci f ic  morphogen react ions.  At the same t ime , in cons t ruc t ing  model

reactio n-dif usion s-/ stems with only two components , one should not

at tach overriding importance to having them mirror specif ic  reaction

networks involving the two species. In fac t , the ac tual  m e c h a n i s m s

modelled will  involve a large number of reacting species; if one pictures

the reduct ion to two as having been made through various pseudo-steady-

state , slow reaction , or other approximations , then the connection

between the source terms f and g and the actual kinet ics  wil l

necessarily be obscured . In any case , th e present analys is  does shed

light on the role which  activation and inhibi t ion mechanisms , wi th  d i s t i n c t

o i i ’j r a t i o n  rates , have in inducing s t a b i l i t y  of nonun i fo rm s t r u c tu r e s .
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.me i i  w i t h  a tw~ ~~~~~~ on p o n t - l i t  s y~~t -i n

( 2 O a )  u = U b u , v)t xx

1 20 b)  v
~ 

y ( u , v)

I t  ass been a n sn:en sior ia l i  s e ;  so t s i t  the d i t t u s i o n  c o e t t i ’, -n t  1 U

is i ;  we let k be t h a t  ol v.

___________ 
u is an act ivato r  if f ~ 0 , g > 0 , o r  the r in se s  ot u

U u

an :: v a t  han ’~. v is an i n h i b i t o r  if  1 0 , g 0 f u r  t h i s  r ange .
V V

Thus , increas ing  the a m o u n t  of the ac t iva to r  increa ses  the rate

of product ion of u and v , whereas i nc r eas ing  v has the opposite

e f f e c t .

r i n s t . we deal with “si ngle peak dis t r ibut ions ’ . Let c c ix) , ~( x )

be a pair  of C~ functions  which , as in F ig .  5 , are even in x , approach

l i m i t s  as x -~~~ , sa t i s fy

~ 0 for x ~ 0, qc ” ( O) ~ 0 , q~ = h( t ~i)

for some function h with h ’(v)  > 0 in the closure of the range of ~~~,

and such that  cc (x) approaches a nonzero finite l imit  as [ x l  -.

p (x )  -

Theorem 1: Let (w ,~~) sa t i s fy  the above assumpt ions .  Let k > 1 .  Then

there exist f u n c t i o n s  f (u , v) ,  g (u , v) , and p(v )  such that  f > 0 ,

> 0 , f < 0, g < 0 , p > 0 , and (~ , ~) is a C°—stable  stationary

so lu t ion  of

( 2 l a )  u~ ~~~ + f(u , v)

(2 l b )  v = k (p (v ) ) ’(p(v)v  ) + g(u , v)t x x
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Fig .  ~~~. Typical  s ing le -peak  d i s t r ib u t i on .

Moreover if  c = C
1~~ + c2 for som e cons tan ts c . with c

1 > 0 , the n

p 1, so tha t  our system is of the form ( 2 0 ) .

Remark:  In fact , our construction will  yield many solutions of the inverse

problem.

Sketch of proof: Firs t  we consider the case cc ~~~. Under the assumptions

jiven , there is a C
2 

func t ion  1 ( u )  such tha t  c” = —F( cc ) . The

si mplest  system for which (c ’, ~ ) is a pattern will be of the form

( 2 2 a )  u = u + 1(u ) + a ( u  — v)
t xx

( 2 2 b )  v = kv + k F ( v )  + k r ’ ( u  — v)
t xx

where q is 1 s u f f I c i e n t l y  large real number .  Other ‘-x ~imp le s  will  be

—



sh~~’.’. n l a t e : . I t  i s  cle i r l y  o f c t ivat r— i i ;t:i b itu r t y j ’  p r ov i  e . ‘ is

1 a r ;  u e tu  u ’~ h .

I t  is c i i  di i i  i c , ~~) ~ S a ; o l u f i n of ( 2 2 ) .  We ric ed h sh

i t  is s t i f 1~~. L t  c = , .in i l o t  1. be t h e  l i n e ar  p e r c i t

Lu u ’ + [‘i c ( x ) ) u .  Let S be t h u  l i r e - i r i s  i t i n of the r i g n t  h and  side

of ( 2 2 )  ,h u t  ( .  ,

- L u + ’ ( u - v)
= 

- - -k L v  + cor( u — v I )

2 2 0 0as an operator from C )< ( in to  C x C . I c r  any given scalar k ,

let P ( L)  be the operator

Pk (L)  ~~~ + ~[ ( l  - C) o - (I + c ) L J  + L2

acti ng on functions in C 1(R ) . If k is such that  P \ (L)  is bounded ly

invertible on C0
( R ) , the n it turns out that (S - )~) is boundedly

invert ible  on C 0(R)  X C0
(R) , so tha t  ~ ~ � . ( S) ( spectrum of S).  This

is proved by actually writing down a solution of (S - 
x )(  ~) = (~

) in

terms of P~ (L) 1 
and L. Hence L(S) C {x : Z (P~ (L) ) ~ ( I ) , so that

i n f o r m a t i o n  about  the spectrum of S can be found from knowledge of

=

The following l e t s  abou t  the func t ion  P~ ( 1.~) can be verif ied

l i r e et l y :  For fi xed ~~~, it is a q uadratic p olyn omial  in X .  Given any

M , its two roots will  be real and negative for any ~ ~ M and ~ ~ 0 ,

as long as 0 < £~~ I and (I - E)ci is large enough (depending on M).
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( Inc identa l ly ,  this  is whe re the condi t ion  k > I is seen to he n o o S e , .

1 ~ 0 , however , one of the roots wil l  be zero and th e ols en n c ’g i r .l ~~ ‘ -

Now the spectrum ~ (L) is , in fact , real , bounded from above by see ’

number  M , and con ta ins  0 as a s imple  isolated e igenva lue . This

i lL ’w s  from our assumpt ion s on cc , and from known fac t s  about  the

spectra of second order operators . Thus as ~ ranges over ~~( L) , tk i ~

Sc: am m a t s  \ of P~ (~ ) w i l l  range over a set of nonposi t i ie  real

n u n b en s  w h i c h  c o n t a i n s  the or ig in  once , and is otherwise bounde l aw~~/

t r om ~i zer - In view of the t a c t  ( shown in the previous paragraph )  t ha t

�aS) -_ , \ , wi know tha t  b(S )  has the same property.

But with this knowledge about  the spectrum of S , we can appl y

Satti nger ’s s t ab i l i ty  t neorem [ 2 4 ]  to deduce the C0— s t a b i l i t y  ot  t ao

solu tion U = cc , V = cc . (Incidentally, I believe this to be one of the

r i r n o t e xam p l e s  in which  Sat t inqer ’s theory has  been appl ied to spec io ’ ic

sys tems  of order greater  than o n e . )

N ow consider the case when e ho . ) 4 ~~~. 
We write the s y s t e m  1 2 2 )

wi t s  v r e p l a c e  I by  the  sy oi bc ’ l  w , then t r ans fo rm the second depe ndent

v ar i ab i ’-  i : c c r o i i n q  to th e  equat ion  w = h ( v ) ,  to ob ta in  a syst em ef

the form ( 2 1 ) , wi th  p ( v )  h ’ v ) .  Clearly i t  h ’ = const , we m a y  t s c ~e

p 1. This completes the proof.

Next , we consider  d i s t r ibu t ions with man y  peaks , in fac t  those

which are periodic in x.  Let ,p (x ) and ~( x) be periodic C ’ func t i ons

such that c ’ = -F (cc) for some C2 function F, a nd c = c 1 ç 4 c
2

, c1 
> d .
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i h c .  rc :n 2 : Let ans  ~, ; a t i s  iy  t he se  a s s u m p t i o n s .  Let k 1.

l b - n  t n i e t e  exist f u n c t i o n s  f . g s a t i s fy i n g  the i n e q u a l i t i e s  s tated  in

~ac~~r e m  I , s u n  t h a t  (~~~~
, ~~

) i s  c s o l u t i o n  of ( 2 0 ) .  Moreover , t h o

s; s~~ r 0: S ( t h e  l i ne a n i s s t e . r: of the  r i gh t  h an  i si l t -  c- f (20) a b o u t

u = ~s , v - . 1 is  ‘ m i t i m n e l ; n  the nonpos i t ive  real  ax i s .

n . i r~~ i n ’ -  S i  ‘ n , , :  none  of tne spectrum of S is in the u n s t a b l e  haI t -

i - l I t is  in in  I l a t i o n  of the s t a b i l i z i n g  in f luence  ot  the a c t i v a t o r —

i n h i b i t o r  n : e c m ; s a i s : o , u t n o u g h  i t  is not proved that  c c , o) is s tab le  in

0
t he  C sense.

The proof of Theorem 2 proceeds as did the other  theore m , wi th

the i t t  ference tha t  it is no longer true t h a t  0 will  be an isolated point

of the spectrum of L .

Ouier solut ions  ot ~ the inverse  problem~ Our solution s of the inverse

problem ( i n the case c’ = ~ ) have been of the form ( 2 2 ) .  Equal ly  va l i i

solut ions can be obtained by replacing the constant  ~ in the second

equa t ion  (2 2 b )  by a d i f f e r e n t  large constant  r in a cer ta in  range

depending on “ , and by a d j o i n i n g  extra  terms (u  - v) 2 
f ’ u , v) and

(u  - v 2 g~ u , v) to the r igh t  sides of (22 a )  and (2 2 b ) ,  respect ively,

where f and g are a rb i t r a ry .  The g iven  d i s t r i bu t ions  wi l l  of course

s t i l l  be s o l u t i o n s  of the revise I equa t ions , and the s t a b i l i t y  ana lys i s

is un cn a n g e d .  Moreover , the inequal i t ies  given in the s ta tement  of the

theorem hold trul’ for u near c , V near ~~~, but  are no longer

necessa r i ly  t ru e  for a rb i t r a ry  u and v.

—



Example :  The t u n e  t i c s  ~~x) ‘d 2 
is an even peak—li ke

(1 4 e
x
~

d i s t r i b u t i o n  wi th  ~0) 3/2 , b-~ ) = 0, and with peak-width of the

cr scr  s. It can be checked that  c’ satisfies the equation c” + d 
2

(cc
2 

— c i )  = 0.

Setting ~.sx )  - acc (x ) ,  a > 0, we see that (cc, ~) will  be an activator-

inh ib i to r  pa t t ern ;  fo r the system

u~ = u~~ + d 
2

(u
2 - u) + a(u - av) + (u  — av) 2 f ( u , v)

—2 2
v f = kv + kd (av — v) + od,u — av) + (u — av) g(u , v)

provided that k > 1, and r~ is sufficiently large. The functions f

and g are arb i trary .
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I I I .  l~. 2 .  P l at e aus

The ; - v l c s o ;  sec t i on  is relevant when one wishes to model t he

con e n t r a t i  t o  ( c i  r e ac t ing  subs t ances  at isolated l o ca t i o n s .  The p r e s en t

, * L t i  n , c l i  t ic  othe r  hand , is concerned wi th  mod e l l ing  phenomena  of

i i m ~~ r n t i , i t i  n , charac ter ized  by th~ development  of sha rp  b o u n d a r m e s

o’ ~v c ’ c ’n r ’~ ;1ons w i t h i n  wh i ch  the concent ra t ions  are r e l a t i v e l y  u n i L o r m .

We call these sharp  boundaries “t rans i t ion  layers ’ (see [ u ] ) .

The methods of s ingu la r  per turbat ion s m a y  be used to cons t ruc t

p atterns with sharp tra nsi t ion layers . This was explained in [ 1 0 ]  for

boundary value problems on f in i t e  domains  in h igher  d i m e n s i o n a l  space ,

and an example was given in [ 9 ]  of t r ans i t i on  layer solut ions  in one

indep endent  variable , thoug h no discussion of s tab i l i ty  was given in the

la t ter  paper.

Here we review the const ruct ion process for periodic pla te au- type

pattern s on the whole lin e. In t h i s  case , cont rary  to th a t  s tudied in [ 1 0 1 ,

there  w i l l  be no boundary e f f e c t  on the appe aran e of ou r  d i s s i p a t i v e

str u t u r e s , be cause  there is fl i b ou n d a r y .  The t o l l  w ing  w i l l  be fo rmal

and nu n r i g o r o u s .

As in [ 10 I~ we t ake as model s~-st em t i t i -  S l i i  w i n g :

(2 3 a) u c ’ u su , v)xx

(2Q )  V
t 

v g c u , v)

—



where c is sma l l , and where the source term f has the cha rac t e r i s t i c : s

shown in F ig .  6 (see [ i i  I for re fe rences to reac t ion  ne tworks  r e a l i z i n g

t h i s  type  of source f u n c t i o n ) .

‘
V

f a 0

I

J i g . 6. Regions o~ pos i t iv i ty  a nd ne ga t iv i ty  for the source
func t ion  f ( u , v ) .

Our object wil l  be to construct  periodic s ta t ionary solut ions having

the appearance shown in Fig . 7 .  As seen there , the upward t r ans i t ions

occur roughly  at  locations c~ wi th  ‘~
‘n = + np, where p is the

wave-l ength ; and the downward transi t ions are at 
~n = 

~o + np.  On

the rel at i ve ly  “f l a t ”  portions between the transitions , (2 ~a) with u~ = c 0

—



sh ~ uI  a roe sj t i s  i t c i a p p r t  x m m a t e l y .  Th at  is , f~u , v) - 0, so the phase

last  : : o a m t ’ s h ou l d  lie near the S-shaped curve in F ig .  6. Re ferr ing

: t t a t  : r u u r c - , wUc- r e -  t n e  two ascending  br~~~ches u h ± (v )  are a t t rac to rs

r r e s m K n  d i n g  k i n e t i c  equa l ns , we s p e c i f y  tha t  the lower f l a t

- i  - m i s  ~ x ‘ “ 1 l e  mapped onto the branch u = h _ ( v ) ,  and the

; o r t i n s  < x 
~n be mapped onto u = h ( v ) .

u u 0(x )

l i i i .  7 .  P la teau- type  pat tern  for the u -componen t .

We are seeking solut ions  for whi  ~:h v does not change abrupt ly

t h r ’  u g h  the  t r a n s i t i o n  layer , a l t h o u g h  u does. There fore to lowest

or l er , lb  re is a wel l  — i c  f ined  va lue  of v at each t r ans i t ion  point .  It

is x~~I - i i n e m t n  110 tha t  the  on ly  va lue  of v which can suppor t  a

t r  i r 1 s l t t  la~~er is a value v~ for which
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( 2 1 )  J( v~~) = 0

h~ ( v )

where J ( v (  f ( u , v )du .  Let us a s sume  there is only one value
h (v )

of v s a t i s f y i ng  ( 2 4 ) .  The exp lana t ion  of ( 2 4 ) ,  as well as the construct ion

of the so lu tion  in s ide  the layer i t sel f , is along the fol lowing l ines .

Suppose the t r ans i t i on  occurs at  x 0 , where v v0
. We stretch

variables by setti ng ~ = x/c , then (2 3a)  wi th  u~ = 0 becomes , to

lowest order in the new var iables ,

2d u
( 2 — )  + f (u , v0

) = 0

The methods of matched asymptot ics  dictate that  ( 2 5 )  should be solved

for  ~, (-
~~~~, -~) with boundary conditions ( i f  it is an upward t rans i t ion)

= h ( v 0 ) , u (+ ~~ ) = h
÷
(v0

). Assuming a solution u(~~) ex is ts ,

m u l t i p l y  ( 2 5 )  by and integrate the resu l t  from -r  ~c- +c t ~ to obtain

h (v

0 = 

f : [1 
~~ ((~~~

)
2

)
~ 

f (u , v0
) d~ = 

h ( v 0
) 

f~u , v 0 )du  = J (v 0 ) ;

hence v 0 v~’. It t u r n s  out  tha t  th is  is a s u f f i ci en t , as well as a

necessa ry ,  condition for the existence of a solution of ( 2 5 )  with the

given boundary  condi t ions .

At t h i s  point , we have obtained the following informat ion . On the

broad tops and bases of the plateau conf igura t ions  in F ig .  7 , u and v

are re la ted  by u h ±
( v ) .  At the t rans it ion  points between them , v = v - .
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5 ‘X f m  c - ,  t a d c - t e r m i n a t i o n  of v ( x ) .  In (2  3b ) ,  R -  r c - p l i - ; c  the

v a r i a b l e  u by h
±

( V ) .  depend ing  on whe the r  we are on the top or t r i o

m ase ~ f a plateau. We thus ignore the fine structure o he transition ,

m c -p l a c ing i t  b y  an ac tua l  di ucc in t i n u m  ty . Then ( 2 3b) ~wi th J~ = 0) 0 0 0 0 : 0 5

(2c ) v ~- G(v , x) 0
xx

r g ( v )  g(h _ (v) , v) for 13n x <

where G(v , x) = ç
L. ~~~~ g (h

÷~v ) , v )  for a X

F i n s  equat ion , together  wi th  the condition v = v * for x = a or 
~

,

can be expected typica l ly  either to have rio solution , or a one-paramete r

f a m i l y  of periodic solutions ( t ranslat ions in x would give a second

parameter , which we ignore).  For example , suppose g _ ( v )  ~ 0. Then

v >0 for x ~ (~3 ,a ), which implies v < v~ for x ( i ~ , a
xx n n+l n n ’l

ani  v ( ~~~) < 0 , vx(a n ) > 0. If g~(v) < 0 as well , then the same

J o n i v a t i v e  condit ions m u s t  hold at the endpoints  of the in te rva ls  ‘~~ , 
c
’ )

~n n

But these two sets of deri vative conditions contradict one another , so

there can be no solution .

f o r  a pattern to exist , it is there fore necessary t h a t  g~ ( v)  not

be of one sign. As a simple example , let us a s sume  tha t  g~ (v)  are

constants with g 0 < 
~~~~~~ 

The n from ( 2 6 ) ,  we have v = -g for

x (a ,~~~~); hence setting - a , we get

v = v ’~ + - a ) ( ~3 — x) ,  x (a ,(i ); v (~~) = -
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S i m i l a r l y ,  v - v 1 g ( x  — Pn)( 1
~n+i - x) in l i f~~, i~ c l 1 ’ 

m u m )

where p = — 3 (so that p + = p ) .  M a t c h in g  the i e r i v i t i v e s

a y ie lds  th e  c o n d i t i o n
n

( 2 7 )  g p~ = — g p

l’hus in  th is  simple example , we apparent ly  obta in  a p l a t e a u - l i k e  so lu t ion

for any s p a c m n g  p~ of the a ’s and ~ ‘s s a t i s fy i n g  ( 2 7 ) .  However ,

th i s  is only partly true:  the wavelength  p cannot be too large , for

then the range of the funct ion  v migh t  extend beyond the domains  of

one or both of the func t ions  h± .

The foregoing describes a method of ob ta in ing  fo rma l ly  approximate

solut ions  for small e.  The procedure could be cont inued to yield h igher

order appro ximations;  the constructions in [10 1 and [ I l l are re levant  here .

Now supposing a plateau solution (which  we denote by (u 0 ( x ) ,  v0
x ) ) )

has  been constructed , how can we in fe r  its s tab i l i ty  or i n s t a b i l i t y ?  The

fo l lowing  heur is t ic  a rgumen t  sugges t s  a workable cr i ter ion .

Suppose we subject  the given stat ionary solution to a per turbat ion

which is smal l  in the C° norm . Such a per turbat ion , of course , doe s

not erase or relocate the transition layers. For the moment , let us

assume  tha t  the lat ter  do not , in fac t , move dur ing  the subsequent  evolu-

tion of the perturbed sys tem . Then between the layers , the image  points

(u , v) wil l  aga in  be drawn to the at tractors h~ (v)  (by  r .eglect ing c

in ( 2 3 a ) ) ,  and at the same t ime , the evolut ion of v will  be governed
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L c ~2 n i ) .  L v o n t u a l l y ,  the term g in t h i s  l a t t e r  equat ion  may  be

: c - p l a i c~ by  Ci v , x) (see ( 2 0 1 ) .

v = v 4 G(v , x)
xx

i~~e s t l U t l c ’ n  b e fo r e  p e r t u r b a t i o n  was such that v0 s a t i s f i e d  (28) and

was tine-in dependen t , of course. So we must now inves t iga te  the

S ’~at l i 1t /  o: solut ions of (28). II we impose the condition

( this being the v-der iva t ive  along the ascending branches in Fig.  6) ,

then the solution v0 x) will  be stable . In fact , fo r small  positive

cons t an t s  6 , v0(x )  ± 6 will be super- and sub-solutions of ( 2 8 ) ,  so

aga in  as in [ I ] ,  solutions of (28 ) with initial data caught  between

v 0 - h and v0 + 6 will converge uniformly to v0 .

This argu ment  asserts stabil i ty under condition (29)  if we assume

the tr ans i t ion  layers are immobile . They are not , in fact , immobile ,

but  their move men t is slow and can be analyzed by the techniques in I Il l .

Immediately foll owing the initial  perturbation , the value of v at any

g iven  t rans i t ion  layer will  no longer necessarily sa t i s fy  J ( v )  = 0 ( a s

in ( 2 4 ) ) .  What this means is that the layer will develop into a sharp

wave f ront  which , locally ,  will be of the fo rm u U( X 
~~~~ , x), where

c depends on v at the position of the front, so will itself change with

time. This approximate representation of u follows the argument in

1 1 0 1 ,  ( l i i ,  to which the reader is re ferred for more details.  As stated
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,i lx ve, thc - vel  c i t y  cc w i l l  I i  sma l l , so th at  u n t i l  a t ime of the order

1 r has  ~- 1a p s e d , the abo ve a s sum p t ion tha t  the layer  is i r m i m n u b t l e  should

be v a l i d .

But a f t e r  t h i s  t i m e , s h i f t s in the t r a n s i t i o n  layer ’s pos i t ion  due to

the slow mr- t i c -n  of the front may  have accrued.

The e f f e c t  of changes in the layer ’s posi t ion should  therefore  be

de te rmined .  I t  turn s out that the nature of this  e f fec t  depends on the

s igns  of the two f u n c t i o n s g~ ( v ) .  In the following , we call the collection

of i n t e r v a l s  on which ‘.m h +
(v )  the domain of the ( + )  s t a te , and

s imi l a r l y  fo r the ( - I  s ta te .  Suppose , for exa mple , that g (v) - 0 g ( v) .

It will  the n also be true that g(u , v) < 0  when the point (u , v) is i n a

neighborhood of the lef t  a scend ing  branch in F ig .  6 , and g > 0 near the

r ight  ascending b ranch .  We focus a t tent ion  on the ef fec t  of s h if t s  in

the posit ion of a s ingle transi t ion layer . Suppose , in i t ia l l y ,  that  we ar e

in a stationary state, and that the points (u, v) lie in the two neighborhoods

descr ibed  above on opposite sides of the layer .  Now suppose  the posit ion

ot  the layer is perturbed in the di rection which will increase the “domai n ”

of the s ta te  (
~~~~ 

( tha t  is to say,  i t  is mo ved away from the (+ )  state

toward the (-)  state . Since > g ,  the immedia te  e f fec t  of this is

to increase  the source term g(u , v) in ( 2 3 b ) ,  i n the interval between the

o l d  and the new positio ns .  This wi l l  cause the funct ion  v~
(x , t ) ,  hence

v , to increase.  At the sa me t ime , the val ue of v at the laye r has

al so changed by v i r tue  of the fact  tha t  the i n i t i a l  s tat ion ary function v(x)
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w~~ r iot c ’ c n s t a n l . whereas  th e  1O ’~/’ ’ o ‘ s pus  i t i ,n was i i t c - r e j .  ib i s  se’ ur i~

: t 1 ’ t  n a y ,  ci a p~ r i  d of t i m e , (:~~U f l t c r 1( ’ t  the f i r s t  e f f e c t  ( t h e  m n o r ’ ca ue

o v due t~- I n cr e a s in g  the sourc e t om l o i s ) ;  bu t  e v e n t u a l l y  rh t  - f i r s t  w i l l

do m i n a t e , because  the s ub s - q u e n i  m o t i o n  of the  l ayer  is slow , as i

wi l l  r emain  p o s i t i v e  u n t i l  the po s i t i on  has  moved a s i g n i f i c a n t  a m o u n t .

So e v e n t u a l l y  the  va lue  of v at the  layer w i l l  su rpass  i ts  i n i t i a l  v a l u e .

Let us now assume that  J (v)  is an increasing funct ion  of v

(apparen t ly  the case for the fu nction f depicted in Fig.  6) .  Then such

an increase in the value of v a t  the f r o n t  a lso  ra i ses  J , which  in turn

resu l t s  in the ( + )  s ta te  becoming more d o m i n a n t , in  the terminology of

[10 ] and  [ i l l .  This means  tha t  the (s low)  mot ion of the f ront  wi l l  proceed

in a direct ion which f urther increases the domain of the (-f ) s t a t e . The

perturbed layer will there fore not tend to return to its original l oc a t i o n ,

and we are in an unstable situation .

On the other hand, if we assume the opposite inequalities

( 3 0 ) g ( v )  ~ 0 < g (v)

then the above analysis indicates that a perturbed position of t h e  laye r

wi l l  eve ntua l ly  move back toward its original location. E ssen t ia l ly  the

same analysis holds lithe perturbation is in the opposite direct i on .

On the basis  of the above a rgument s , which ad mi t t ed ly  are far  from

being rigorous , I conjecture that the constructed periodic plateau-type

s ta t iona ry solution wil l  be stable if  (2 9 )  and (30)  hold , and i f  J is art

i ncreas in g  funct ion of v.
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In [1° J , an argument for s tabi l i ty  or “ reali zabi l i ty ’ was given , in

some respects similar to the above . Yet in other respects , it was

different , because the effects of boundary conditions in a bounded domain

were essentially involved.
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I V .  D i s c u s s i o n

This pape r is devoted ent i re ly  to p atterns on the entire real line ,

~i n m  i t  m a y  wel l  be objected tha t  real react ing and d i f f u s i n g  sys t ems  are

a l w a y s  u n i t e .  Suppo se  the real sys tem is one-dimensional , and i ts

dom ain  is a f i n i t e  i n t e rva l  I . I t  the length of I is large compared

w i t h  the ch ar a c t e r i s t i c  length of the pa t terns  for m ed , the n the in f in i t e - l ine

ap p r o x i m a t i o n  should be a goo d one, in the interior of I. In fact, the

p a t t e r n s  stud i ed  he re are generated by the processes of reaction and

d i t f u s i o n only,  and so should exist  in interior regions independently of

a ny boun iary  e f f ec t s .  Of course there also exist patterns which are

generated or stro ngly conditioned by the presence of boundaries and by

the t ranspor t  mechanisms occurring there . This type of pattern is not

subj ect  of the paper. In short , our restriction to the inf in i te  line was

made for  th e purpose of exploring pattern phenomena generated solely by

react ion a nd d i f f u s i o n , without having to worry about boundary ef fec ts .

Never theless , some things can be said immediately about  certain

pat te rns  on f in i te  domai ns , analogous to those discussed here .

Consider f i rs t  the scalar case , n = 1. This is a mat ter  of solving

( 2 )  on an interval , with given bou ndary conditions. We restrict  a t tent ion

to homogeneous Neumann (no- f lux ) or to Dirichlet (u = 0) boundary

cond i t ions .  Again , a l l  solutions can be constructed , and their s t ab i l i ty

analyzed by techniques s imilar  to those described. It turns  out tha t  under

Neuma nn con d i t ions , the on l y  stable solutions are certain constant ones ,

d f l i  u n d e r  D ir i ch i e t  cond i t ions , the o n l y  s table  ones are those which have
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a s i n  :10 i n t ’~r s a l  e x t r e n : u m n  ( e x ce pt  in the case when u 0 is s t ab le ) .

See also  the t r e a tmen t  in s J .

( o n sij e r  nex t  the ques t ion  of smal l  a m p l i t u d e  pa t t e rn s , as t r c j t~~’ m

in I l l . A. Sot on a f in i t e  in terval  w i th  homogeneous b o u n i a r y  ( u r i d i t i  ins ,

:sis is a s t a n d a r d  b i f u r c a t i o n  problem , and the resu l t s  of I , ( 7 ~~, [ 2 3 ]

a p p l y .  One commonly  finds  stable super-cr i t ica l  b i f u r c a t i o n  b r an  h os

0.t n o nc o n s ta nt  so l u t i o n s  which , for smal l  ampl i tudes , approximate

periodi c f u n c t i o n s  with m any wavelengths f i t ted  into the given interval

( I  2 ] ,  4 ) ) .  These will also approximate some of the periodic solutions

t o u n d  in I I I .  A.

The t r e a t m e n t  of peaks--single or mul t ip le--  in II I .  B. 1. may  be

extende s  wi th  l i t t l e  change to the case of a f in i te  interval wi th  ( say)

Neumann bound a ry conditions imposed. (Of course , one mus t  begin wi th

J I S t r i b 5 t m o n s  e and d which , themselve s , s a t i s fy  these bou ndary

c o n d i t i o n s ) .  The same is true of the plateaus in III .  8. 2.  See especially

I ’~J and [ 1 0 ) .

A second objection may  be that  real reacting and  d i f f u s i n g  systems are

a i s t r ibu ted  in space or on a sur face , rather tha n on a l ine , as we hav e

here.  It is probable tha t  the extension of the present resul ts  to problems

or will  entai l  many complicat ions and d i f f i c u l t i e s .  In the

~ ase  n = I , for example , one can no longer immedia te ly  write down

a l l  s t a t i o n a r y  so lu t ions  of ~ u I f ( u )  = 0; and though in principle the

tc -  hn i ou e  ci Jtr ( m n s c c n and Weinberg er works in space , i t s applicat ion may

1)0 ~i f  t i -  u l
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fu r  s m a l l  a m p l i t u d e  p~i t t ’ - r l i . ;  in th ~‘ ise n ~
- I , t h i s  l r u ~~lerro is

: m a u ’ ; h t  w i t h  mu s t  of t h e  d i f f i c u l t i e s  i ; s o c i a t e 1 w i t h  the Ben ard p rub l e rm

in f l u i d  mechan ic s . One c an  f i n d  s o l u t i o n s  who h are d ou b l y  per i odic

wi h va r ious  k i m i ’ I s  of s y m m e t r i e s , b u t  the s t a b i l i t y  q u e s t m o r k  is very

d i f f i c u l t , un less  one al lows only  pe r tu rba t i ons  w i t h i n  c e r t a i n  c lasses

restr icted by a r t i f i c i a l  s y m m e t r y  cond i t i ons .  Of course , if one wants  to

f in d  p ot te rns  for which boundary e f f e c t s  are important , one has a boundary

value problem in a bounded domain .  Typical ly,  this reduces tc a s t andard

b i tu r c a t i o n  problem , and the i d e n t i f i c a t i o n  of the b i f u r c a t i o n  points ,

together w ith the determination of the approximate  shape of the sma l l

ampl i tud e  patterns which arise , involves solving a l inear e igenva lue

problem .

There are real compl ica t ions  involved in extending the t rea tment  in

I II.  B. I to higher  dimensions.  On the other hand , plateau conf igura t io ns

(as in III. B. 2) can be constructed , and was done in [101 (see also [121 ).

A f i n a l  comment  should be made about  the te rminology ‘ pattern

format ion ’ . The same term is also commonly  used in developmental

biology, where it refers to structural organization in developing organisms.

The possible relevance of r eac t ion -d i f fus ion  patterns , such as those in

the present pape r , to patter ns in this  other sense , wi l l  sugges t  i t s e l f .

No clai m is being made here tha t  r e ac t i on -d i f fu s ion  patterns are anywhere

near to being adequate models for the biological  p~ t te rns .  In fact , the

— 4  t) -



latter are undoubtedl y  h igh ly  cor ip l i c a ted  phenomena involv ing  m a ny  other

types of processes besides those suggested here . At the same time ,

any serious studen t of theoretical developmental biology should be

aware of the rich repertoire of solutions , including stable patterned ones ,

exhibited by rather simple models based on reaction and d i f f u s i o n  alone.

To this extent , I hope the results given in this paper may be useful  to

the biologist.
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