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ABS TRACT

In the dif fere n t ia l  equation

h ~~ = A(x , e)y

let A( x , e) be an n X n matrix valued function of the complex variable x
and the parameter c , holomorphic i n both variables for Ix J < x0, 0 < c < c~~.
Let y be a vector and h a positive integer.

Fundamental matrix solutions of the differential  equation are
constructed which involve functions that can be represented asymptotically
by series in powers of e. The domains of validity of these expansions grow .
as e tends to zero , in such a way that their distance from x = 0 tends to
zero with e . Combined with stretching transformations of the form x =

thi s result  is a basic tool for the analysis  of turning points of unre stricted
corn plexity.

Equivalent results are contained in papers by M. Iwano (Items [ 6 ] ,
[7  1, [8 1 of the bibliography at the end of this paper. ) The method of the
present article has many points of s imilar i ty  with Iwano ’s work , but it is
substantial ly simpler and shorter. This is achieved by a systematic use or
a somewhat generalized concept of asymptot ic  series in powers of c for
functions of x and e , by drawing on results by H. Turrittin and
V. I. Arnold , and by avoiding the preparatory reduction of the problem to a
block-triangular form , necessary in Iwano ’s presentation .
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U t l E E R  S(QUT 1ONS FOR GENERAL U N E A R  T U R N I N G  POINT PROBLEMS

Wolfg ang Wasow

~ 1. In t ro duct ion .

I L c i e  is a vas t  body of l i t e ra tu re  on the propertie s of l i near  a na l y t ic

d i l t e r e n t i a l  equat ions  near a pole wi th  respect to a parameter .  For

general  inves t iga t ions  such d i f f e ren t i a l  equat ions are u s u a l l y  wri t ten

in the lorm

h~~~(1 .1)  E dx 
A(x , e)y ,

where A(x , e) is an n X n matrix-valued function , y an n-dimensional

colum n vector , £ a small  parameter and h a positive integer.

The mai n d i f f i cu l t y  in these theories stems from the fact  tha t  the

algebraically releva nt properties of the coeff ic ient  matr ix  A(x , c) may

change discont inuously ,  even at points where it is ho lomorphic.  Some

restrictions on A(x , c) have there fore been imposed in most papers in

this field , whether they deal with local or global questions.

M. Iwano , in th ree connected papers E ~1, [ 7 ] ,  [ 8 1,  has deve 1ope~i

a theory that is truly general, in that for any problem of the form (1 .1) a

method is described by which , for any point x = x0, a set of asympt ott c

series for certain fundamenta l  solutions car be calculated so that the

dom ains j f va l id i t y  of these expansions together cover a whole neighborhood

Sponsored in part by the United State s Army under Contract No. DAAG~ 9 -7 S -C-
0024 , and in part by the National  Science Foundat ion Grant No. McS7~ -O S~ 7~~.



of x0 . The great length and complexity of these invest igat ions makes

it  desirable to s i m p l i f y  and shorten the presentat ion , so as to make it

more eas i ly  accessible. This is the aim of the present paper. Its

arguments  hav e many points of s imi l a r i ty  witn Iwano ’s , but  there are

also some impor tant  differences.  In part icular , I per mi t  from the

begi nning matrices that are not bl ock-tr iangular , a restriction which Iwano

removes only in the Appendix of his third paper. The widened concept of

asymptotic power series introduced in section 2 is a helpful  tool which

shortens the sub sequent analysis.  In addition , the presentation Is

facilitated by employing certain results of Turrittin [1 7 J  and of Arnold [ i j .

Ne a- poi nts of the complex x-plane where all e igenvalues of A(x , 0)

are di st inct ,  a complete solution of (1. 1)  in terms of a sympto t i c  series ”

in powers of £ has been known since ear ly in this  century .  Its descrip-

tion ca n be found in several textbooks , e. q . , 1 or 18] .

The existing knowledge near points where A(x , 0) ha s mult iple

elgenval ues is still incomplete . If A(x , 0) has no eigenvalues which

are id entically equal , there exis ts  a set of isolated points in the x-plane

at which mult iple  elgenvalues occur. They are often called ‘ turning points .

The asymptotic nature of the solutions near such points can be extra-

ordinarily complicated (see , e. g . ,  [9 ] ,  [10 J ,  [ i i ] )  and involves as

yet unsolved connection problems. If A(x , 0) possesses some eigen-

values that are identically equal , It i s not even clear what  terminology

should be adopted . Is it then reasonable to call every point in the domain



of A(x , 0) a tu rn ing  p o i n t ?  One m i g h t  1~ t em p L e d  tu ip p l y  t h a t  ~~~~

only to points , where some e i gen v a l u e s  -Ir e  equa l  w i t h o u t  L e i n g  I j C f l t 1 c~,~ 17

equal .  However , as H u k u h ar a  [ 
~

) ~ind T u r r i t t i n  [17 1 ha’io shown , the

asympto t i c  a n a l y s i s  near  point s  where al l  m u l t i p l e  roots are i d e n t i c a l l y

equal often leads unavo idab ly  to problems tha t  have there a t u r n i n g

point in the former sense.

I shall , therefore , not a t t empt  to o f f e r  a m a t h e m a t i c a l l y  precise

def in i t ion  of the concept of tu rn ing  point ’ , b u t  I wil l  use these words

in a descriptive sense as having  to do w i t h  d i f f i c u l t i e s  in the a sympto t i c

theory ar is ing near certain points fro m abrupt  changes  in the a lgebra ic

structure of relevant matr ices  at tha t  point .

The most generally appl icable  method  of approach to turning point

problems is based on ‘ s tretching ’ and ‘ m at c h i n g ’ . li the point in

quest ion is at x = 0 , a t r ans format ion  of the form x K > 0 ,

is f i t t ing ly  called a stretching . For properly chosen va lues  of K the

“stretched” di f ferent ia l  equat ion can of ten  be solved or , at l eas t ,

brought  closer to a solut ion , in bounded L n a i .~s of the c -p lane .  As the

im age in the x-p lane of such a domain s h r i n k s  to zero w i t h  e , a

success fu l  “ma tch ing ” require s tha t , in add i t ion , a s y m p t o t i c  so l u t i : ’n r ~

are available In regions which , whi le  poss ib ly  bounded away ~r nu i  tti v

turning point , expand towards it , as £ tends to :~c r ’ . The ~wc type s

of solutions are often called inn ~ r a n i Lit  r s o l u ti o n s .

~~~~~~~~~~~~~~~~~~~~~ 
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As Iwano and Sibuy a  h we shown (I J , ( 7 J ,  8] , [10 1)  the stretched

problem m a y  aga in  r equ i r e  a comp~)~5i te  a n a ly s i s , involving series of

outer ’ and “inner ” type with respect to the new , st retched , variable.

The ingen ious  and methodical  work in the papers cited above does not

yet solve the problem of the con nection of the several fundamental  solu-

t ions w i t h  known asymptot ic  series valid in d i f f e ren t  domains . For

partial  results  concerning the calculation of the “connectio n matrices ”

see [14 J and [ 2 1 ] .  As far as the calculat ion of each of these solutions

is concerned , all the features app ear already in the outer solution for the

origi nal different ia l  equation . A few further remarks on this point can

be found at the end of section 11.

Because of the length of the arguments it is desirable to begin with

a description of the main resul t  in a language that is not excessively

tech nical :

The asymptotic solution of the different ial  equation (1. 1) constructed

in thi s paper involves asymptot ic  series in powers of c whose coe fficients

are not necessar i ly ho lomorphic in x at the p o int  x = 0 near which

the oute r solutions are to be found. These coefficients may grow as fast

as some negat ive  powers of x , as the point x = 0 is approached.

However , the exponents of these negat ive powers do not increase faster

than at a li near rate wi th  the order of the term in the series. Thus , if

is the r th te rm of such a series , there exist two numbers , p

and K , independ ent of r such that f ( X ) X P4n/’i( remains bounded as



x -. 0, at least  in some sector of the x-plane . Functions of x and £

tha t  possess such expansions are said to be in class Q . For precise

d et in i t i o n s  read Definitions 2.1  and 9 .1  below .

Theorem 1.1 iM a i n  Theorem) . Let

(1 .1 )  ~
h 

~~ = A(x , £)y;  h > 0 , integer

be a sys tem of n scalar di f ferent ia l  equations whose coeff ic ient  matr ix

is holomorphic in lx  < x0, 0 < c < and possesses an asy mp to t i c

expansion

A(x , £) 
r~~O 

A (x)c r , £ 0+

(1 .2 )  uniformly in arg x l  < ô ~~• Then (1 .1 )  has a fu~4amenta 1 matr ix

solution Y(x , £) of the f orm

(1. 3) Y(x , e) = Y(x , c ) e C Q( x , e)

with the followi ng properties

(i)  ~ = ~l/m , ~ = m , ‘ are positive integers. Ii is a non- .

negative integer.

( i i )  Y(x , c) ~~~~ Q(x , e) are matrices In class ri lii

l arg x l  < 

~~

( i i i )  Q( x , c) j~~~~~oj~y~~ mial in ~~~.

( i v ) Q(~ , c)  is diagonal.

(v)  The determinant of the leading term Y0(x) in the e x p a n si o no f

Y(x ,~~) is not ident ical ly  zero.

— 5—



The method of pr oof is completely construct ional .  This does not

ex~ lude th at  for many concrete examples shorter procedure s may be

avai lable .  Most of the required operations are rat ional .  There occur ,

in addit io n , calcul ations of eigenvalues  of holomorphic matrix funct ions

and quadratures  of analytic functions .

The by now fairly common notation A = :  B will occasionally

be used to indicate that the formula represents a defini t ion of B. The

meaning of A := B is analogous .

—6—



~~~. Asympto t i c  Expans ions  in Growing Domains.

The sequ ence  ot t r a n s  r m a t i o n s of the d i f f e r e n t i a l  equa t ion  ( 1 .  1)

to P, p er  t e r m ,  I i  t r  in t h i s  p i p e r , w h i l e  s imp l i  t y i n g  it  in e s s en t i a l

respects ,  also compli , jte .~ i t  by  i n t r o d u c i n g  d i v e r g e n t  a s y m p t o t i c  series

an nega t ive  Ix ’wers  of x. lb co pe w i t h  tn ese  d i f t i c u l t i e s , a theory ot

a s y m p t o t i c  series of the form 
r~~O 

A ( x )e r wi l l  be developed in which

the analyt ic  funct ions  Ar
(X) are allowed to have poles at  x = 0. This

the ory can easily be extended to slightly more involved types of

s ingular i t ies . See section 9.

P~Jinition 2.1.  A matrix valued function A(x , £) wi l l  be sai~~~~~~~~~ ricj

to the class Q, if  it has the following properties:

( i )  A is holomorphic in both variables for

( 2 . 1 )  0 < l x i  .~~ x0 , 0 < £ 
~~

( i i )  A has an asymptotic expansion, in a sense to be~~~ p 1ai

~~esently, of the form

( 2 . 2 )  A(x , e) 
r = 0  

A ( X )C r , as £ 0+

where

(2.3) Ar(X) 
= x r A ( x) , A(0) ~ 0. r = 0 . 1,

whenever A
r
(X) is not identically zero. Here a is an in teger  (not

necessarily non-negative) and A
r(X) is holomorphic in l x i x0.



( i i i )  There is a cons tan t  K , 0 < K such  tha t

(~t .  4) ° r r ,/ K , r = 0 , 1 

( i v )  Def in e  the domain  
~

‘

(
~~

. ~) = {x ~~~~~~ l x i  < x 0, l arg x - 00 1 < o~~}

where t
0 

> 0 , x
0 

> 0 , o 0 > 0 , and 00 are certain cons tan t s .  Then

there is for  every N > 0 a cons tan t  
~~~ 

dep ending on N , but  not

on x or c , such that

(2. h ) A(x , £) - 

r = 0  
A ( X ) C r I ~ cN ( lx l 1

~~c)~~
1

for x L , 0 £ < C
£ — o

Re marks:

(a)  The inequality (~~~. 4) means that the order of the poles of A (x)

can grow , at worst , l inearly with r. This restraining inequal i ty  is the

stronger the larger K i s .  The leas t  upper bound of the possible values

for the number  K will there fore be called the restraint index of the series.

(b )  The cons tan t  00 will be held fixed throughout  the arguments

to come. It can be made equal to zero by a rotation of the x- plane .

There fore , the condition

( 2 . 7 )  00 
= 0

doe s not restrict the generali ty of the paper. It will be imposed from

now on. If It is desirable to specify the other constants , the corresponding

sub fami l y  of ~ will be designated by o(t 0, x0, C
~~ , ô~ , ~~). Decreasing

— 8 —



any 0 1 thes e  en s t a n t s  narrows the  t a m i l y .  f o r  s imp l i c i ty,  it wi l l  be

assume l ~n i t  1, a i t h o u g h  t h i s  is n ot essent ial. Then one m u s t

~~l~~~i Ii,i ’Jo t 0 I X
0 

<

~ c) in s u t  : om ains  of 
~ 

w h er e  l x i  x 1, x 1 indepen dent  of C ,

tue  0 1 1  L ’ r  in (~~~. ‘ ‘ is u r . i f i r~i l y  u1~~
N I ),  as for ordinary a s y m p t o t i c

se r i e s .  A~ tn ~ o~r ;~:tr ~ me , the bes t  t h a t  can be said u n i f o r m l y  in the

I d om a i n  ~ is t h at  the i r r r is 0 t~~ 
N+l)

) as to 0. In the

s u b d o r n a i n  of f. c :c fined by  i x !  ~~~~~~~ with K 1 K K~ the r ight

( l — K ’/K ) (N +1)
member  of (

~~~
. e )  becomes O(c ), as e -

~~ 0-f .

(d)  I t  A(x , c) is in ~~~ , the ma t r ix  x~~~A x , e) ,  wi th  k > 0 , is

not , unless A
0
(x) 0. However, e

h
x~~ A~x, c), with h > 0, belongs

to ,
~~~ 

with a restraint index K ’ > min(K , h/k). This is most easily

von tied by a geometric interpre tation of (
~~~

. 4): The points (0,0), ~~~~~~

~~ 
etc . in the r, r)—plane lie on or below the line r — K’1 0

and in the r i gh t  h a l f - plane.  M u l t i p l i c a t i o n  by ~
h
~

_ k  
t r ans la tes  th i s

point  set by the vector (h, k).

Ihe  l emma  below is a lmost  obvious , and the proo f wi l l  be om i t t e d .

Lemma 2 .1 .  1: A and B ir e u 1  ~~, then  A + B and AB are in

7t t ~~, X
0

, ~~~~ 6~ , K) with v a l u e s  t the  c o n s t a n t s  that  are the smal le r  one

~ t the curresp onding va lues  ~~~ A ~~~ B , res~ ective 1y .

Lemma 2 .2 .  I t  A ~7~t 0, x
0

, c 0, ô 0, K) an d A0
(0)  is inver t ib le ,  then

A ’ ’ t ~~ t 0
, x~~, C

1~~ 
b 0 , .‘) w i t h eon r~~ 

~~~~
‘ 

~~~~
‘ ~~ 

tha t  do not exceed

t 0 ,  X
0

, £~~~.



b r e u t .  By c n t i n u i t y ,  A
0

(x )  is i n v e r t i b l e  fo r  s m a l l  x. ~f is

sm a l l  enough , the re la t ion  ( 2 .  ( )  for N 0 i m p l i e s  then  t h a t  A(x , c)

i s in v e r t ~ L l u  (see the Remark (c), above) .  To ca lcula te  an a s y m p t o t i c

ton  A
1

(x , c ) .  one f i r s t  de te rmines  r e c u r s i v e l y  a sequence of

m i l t r i L e s B~ x) ,  r = 0, 1, . . . , t ro rn  the formal  re lat ion

~r~~O 
A X) C r )( \ B (x)J)  =

. . tu se expansion leads to the re la t ions

B0 = A0
1; B

r = A0
1 

~ 
Ar • B

~ 
r = 1, 2 

The y i m p l y ,  by means  of a s imple  induct ion , that

—a

( 2 . 8 )  B x )  = x r B (X ) B
r (X) holomorphic in x i  

~~~~

Now def ine  the remainders  RN
(x , e) , SN (x , c) by

N
R
N
(X , c) = A(x, C )  — ~~~ A ( x)J

r= 0

A 1(x , c) - 

r = 0  
B (x) C r

Then the  i d e n t i t y  AA~~ = I can be written as

ASN 
I - 

~~~~ 
A C 5 (~~ B J )  - R

N ~ , Brer

or , in : nsequence of the d e f i n i t i o n  of the B
r~ 

as

(2 . ’i) SN A 1 
~~~ A B ~~~~~ - A ’R

N 
~~~ B J

r + s > N  0
r , s~~ N

—10—



i f ie  s u m m a ti o n  in  the r i gh t  m e n i f e r  s~ ti s lies the inequa lity

—r K — s / k  r+s —1 K N I
A ( X ) B X ) C  _ K

N
x £ ~~P~- l i x u  £ 1

r
r , S N

‘.V [ ii ,)!fle cons tant  1” N ’ by v i r tue  of (2 .  3), ( ~ -4 ) and (2 .  ~ ) . Nc, vi ,

C )  is bounded in 
~~~

, for 0 < £ < C
~~, and so is 

r = 0  
r

Also , P
N t X

~ 
C) = 0(( l x i 

l/K
E)

N+I
) in that  domain .  Hence , ( 2 . 9 )

e s t ab l i shes  the same order of magni tude for SN
(x . £) ,  which proves

the Lemma.

Lemma 2 . 3 .  If A(x , c) E ~7(t0, X0, C0, 60, K) 
~ “~

- 
‘

~~~~~
‘ 

~~~~~~
‘ 

~~~~~ 

are an y

p osit ive constants less than t0, x0, ô~~, then dA(x, £)/dX € O(t 0, >
~~~ 

£~~, 
~~~~

‘ ~T~7)

and xdA( x, C)/dx E ~~(t 0, x0, ~~~ K ) .  The asymptot ic  series for the

~~~~vative is the termwise derivative of the se izes f or  A(x , c). k~.

x ~~
‘
, one may  replace K / ( K  + 1) with oo .

Proof .  One has

N -(a +1)
(2.10) dA(x, c)/dx dA0

(x)/dx + 
r~~1 

x r A (X)C ’
~ + dR

N
(x , £)/dx

with

A (X ) = _a
r
A
r
(x)  + xdA (x)/ dx

(The summation in (2. 10) is absent for N 0 . )  Let be the s u b d o ma in

of ~~ def ined by

= { X f t 0
l

C
K

< ~ i 2 °, i ar g x l

where

— 11— 



— \ ) ,  x = x
0

(I l ) l 

~~ 
— arc sin y

an d ~ i s  in ar b i t r a r i l y  s ma l l  pos i t ive  c o n s t a n t .  Around a given x & 

~

as c en t er  ces n ibe  a c1~)so i d i sk  T of r ad iu s  ix  I ~~. Then , for every

~ T one nia s- x

— 1 K  ‘~— l K
£ = t 0 C ( 1  — K x ( 1 — -y ) ‘ ~ x (1 + ‘y) < x0 (l  + ‘y) ~ x 0

and

I arg ~ - arg x i  < arc sin ‘y

so tha t T 
~~~

, for x E 

~~~ 
Hence , by the Cauchy inequal i ty  and (2 .  6),

(2.11) , I d R N
(x , C)/dX i < max i R N

(
~
, e) I / I x  I y 

~ 
C
N lxi 

_ (N+l)/K_l
~
N+l

The constant  depends on y.

From (2.4) it follows that a + I < r/K + 1 < r/~~ - < r/~~L, for r > 0.
r K+r K + l

This shows that  the termwise d i f fe ren t i a t ed  series for A(x , c) sat isf ies

( 2 . 4 )  with K replaced by K/( K + 1). Also , (2 .  11) implies that the

analog of (2 .  6) for dA(x , e)/dx is true with the sam e substi tution for K.

Thus, the statement of the lemma for dA/dx itself is proved . The

statement for xdA(x, €)/dx is proved by going through the same steps

after multiplication with x.

Lemma 2.4. Let

Ar
(X) = X r

A (X ) ,  r > 0  ,

where the a are integers such that
r

< r/K

— 1 2 —



to t  sc e i ’ - ;t i a in t  ±U~~CX K in 0 .. ‘ wI t h a t  the  A ( x )  arc

h o l o r h ic~~n ly 
~- x0 1, ~~~~ A o )  ~ 0 , unL~~s A x )  0. JuL11

t l i i o x i s t ~ in every f a m i l y  i(t 0
, X

0,  
~~~

, £~~, K )  t0 1 a fun ct ion

A x , r )  w k t h  the ~~~~j~~tot ic  expans ion  
r = O  

A ( X ) C r .

_______ Thi s  l e m m a  is a generalization o t the B o r e l — R i t t  I h o o r e m  n the

> I s t e f l L e  ot a s y m p t o t i c  series (see [i s] or Thr ii .  9 . 6  in [ 1 8 ] ) .  Let

(2.12) iA (x ) I < a  for x i  < x
r r — o

anu aefine ~~~~~~ by

(~~.l 3) ~~~~~~ 
- exp1-a

1(x~~~~c)~~~}

whenever a 0. The pos i t ive  cons tant  (3 is to be chosen so smal l

that  the exponent in braces is in the le f t  half  plane for i a rg  x l  < b~~.

Then

(2. 14)  1c~( X , C ) I  ~~a 1( i x i
1
~~ e)~~

for t a rg  x I < o
~~

. In the part of that  sector where

2. 15) t0~~~
K < l x i  < x 0

one has

IA (~~ i x , C) C n i  < ( l X J - 1 )
” r

~~~~~C
r-(3 ~ ( I x I 1~~ )/k E r ( 3  

K

Therefore , there is a function A(x , C) defi ned by the convergent series

( 2 . 1 6 )  A( x , c) = ~~~~~~~~~~~~~~~~~ , C ) C ~

— 1 3 —



A ( X . c) is  ho lomorphic  in 
~ 

fo r  0 c C
0

. (Obs erve , aga in , that

one mus t  choose £
~~ 

so smal l  th a t  t0
1c~ < x 0 1).

To prove tha t  A(x , e) 
r~~O 

A ( x)J , i n the sense of the de f in i t i o n

(2 .  b ), one proceeds as fo l lows .

A(x , c) - 

r~~0 
A(x)a (x,C)C r I

(2.17)

+ ~ a l x l r l a  (x , c ) i c r 
=: +

r = N + l  r

For abbrev ia tion , set

-1/K
C .

Then

(2 .18)  x~~”<t ~ k I  .~~

for x in t~ £~~ < I x I  < x 0, and also

— if r r  r
X C < ~~~~

Hence ,

* 
(2.1 9 ) 

~ l < 1~~1
N+I 

r=0 
a
r
exp (_a Re( P) } j ~~1r_N~~ < f t i C~~

for i r ~ I in the interval (2 . 18) .  The constant CIN is independent of rD .
Fi nal ly ,

~ 2a N+l f t j ~~~
’ + 1~~j N+l ~

r= N+2
( 2 . 2 0 )

= kt ~~
1(2a N+l + 

Id 1
~~ < C 2N I~~l •

The proo f of the lemma Is completed by InsertIng (2.1 9) and ( 2 . 2 0 )  Into ( 2 . 1 7 ) .
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L The l i u g r a m .

The m ore genera l  type s of d i f f e r e n t i a l  equa t i ons  to w h i ch  one i s

led in the r e du c t i o n  process to be performed on the o r ig ina l  equa t ion  ( 1 . 1 )

have the form

(~~
. I)  £ h x k 

~~ = A(x , £ )y

where h and k are in tegers , h > 0, and A(x , £) is of class ~~
‘.

For equat ion ( 1. 1),

( 3 . 2 )  h > 0 , k = 0, K

Incidental ly ,  with the subs t i tu t ion s x = tc ’< and

(~ r— (T Kr r r
= A (x)t £r r

in the series (2. 2) for A(x, £) , the d i f f e r e n t i a l  eq u a t i on  ( 3 . 1 )  can be

interpreted as involving two independent var iab les  a f a s t  one , t , un u

a ‘ slow ’ one , x. This is an approach used in much  of the l i t e r a tu r e ,

e. g . , in [19].

The seque nce of t ransformations through which one reaches ,

even tua l ly ,  a form amenable to elementary solution may  be long . It

avoid an awkward proliferation of the notation , the previous notat ion wil l

be re-adopted a fter each transformation . The simplification of the problem

reached at each stage appears t hen as a property that may be assumed

without loss of generality.

It will be he lp fu l  to begin with a list of the types of t r a n s f o r m a t i o n s

to be performed , to number  them and to give them descriptive names .
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J~ypc 1 ! r a n s u t u u i t i  ii by p I ’.vcr s e ri es ) :

y I tx , C)y

w i t h  P & in P (0 , c) i n v e r t i b l e  for sm al l  C > 0.

Iii t~JJ. ( I  ir a  se ten s he a r i n g ) :

11 1~ ‘F
1 2 n - ~y = d i a g ( e  , c , . . . , e )y

where , a , . . . , ~ are certain rational numbers .1 2  n

~ype III (Independent variable shearing):

~1 ~2y = diag(x , x , . . . , x )y

with certain rat ional  numbers  (3k , 13~ , .. . , 3 .

Type IV ( R e - a d j u s t m e n t  of the parameter) :

£ = £ , m a positive integer

Type V (Re -ad jus tment  of the independent variable):

x = x , m a posi t ive integer.

~ype VI (Eigenvalue shifting):

y = exp 1~c >t (x)x dx}y

wh ere \ (x)  is a holomorphic scalar function (usual ly  a constant) .

A tra nsformation of type I changes (3 .1 )  into

(3. 3) 
h k  

= (P 1AP - £ h x p  ~~~

Lemma 3.1. II A ~~~ P are in 7 wi th  restraint indices 1
~A’ K p~ iL

P(O , c) is invert ible  for small positive c , and if h > 0 ,

—16—



P 1
AI~ - € h

~ 
k 1H 

~~ is in w i t h  a r e s t r a i n t  index K that  sa t i s f iesix

the inegj~iaIit ~es

Ii
K > mmil n (K A, K 1, , ~~~~

( ‘ . ~iii . l
K 

~ 
fTiiii l i~~~ , k 1

j(K
1 

I- 1), — )

when k > 0. I t  ~~ ~~~~, the middle  term in both inequa l i t i e s  may  be

omit ted .  i f k 0 the last  term can be omitted in (3. 4).

h -k dP h -k-I dPProof. Write C x — = C x (x —) ,  then the lemma followsdx dx

immed ia t e ly  from Lemmas 2 .1 , 2. 2 , 2 . 3 and Remark (d) a f t e r  De finit ion 2 .1 .

— 17—
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§ 1. An Approxi m aLe B1ock-diaqona1iz~ tion.

In [ i~~J Sibuy a proved a fundamenta l  b lock -d iagonalj z a t ion theore m :

for differenti al equations of the form (1. 1). In this and the following

section Sibuya ’ s resul t  is being extended to the more general  d i f f e r e n t i a l

equat ion  ( 3 . 1 ) .

The block diagonal iza t ion  is indicated only when

(4.1) h > 0

and if  A0 (0)  in ( 2 . 2 )  has at least two distinct eigenvalues. What follows

applie s only in this case.

It is clear that a sui table  t ransformation of Type I with constant coef-

ficients will change A0 (O into Its Jordan canonical form . This transforma-

tion does not a f f e c t  the restraint  index. According to the program

explained in section 3 it may be st ipulated that  A0(0 ) has already the

property below.

Property 1: A0(0 ) is in Jordan canonical form.

Since A0 (0) has more than one eigenvalue It can be written - not

uniquely  - in the partitioned form

[A~ (o) 0
( 4 . 2 )  A0(O ) = 

22L o  A0 (0)

with A~ (O ) A~
2 (0) being Jordan matrices without a common eigenvalue.

There is an often proved theore m to the effect that there exists a

holomorphic nonsingular matrix P(x) in l x i  
~ ~~ 

(0 < x 0 < x 0) such

—18—



tha t  l 1(x)A 0
( x ) P ( x )  is block-diagonal in the same part i t ioning as

that  in (4. 2). (See, e. g . , [ 4 ] ) .  A t ransforma t ion of Type I with th is

mat r ix  P replace s A0
(x) by a block diagonal mat r ix , as descr ibed.

Thus , one can s t ipula te

Property 2:

[A11 x o 1
22

0 A~~(x

~~~~~~~~~ A~~(0), j = 1, 2, are in Jordan form and have d is t inc t  eigenvalues .

Note that this transformation may have lowered the restraint index

to h/k , if k > 0 .  (See Lemma 3 .1).

Now , a matrix P(x , c) E ~7 will be constructed such that  the new

coeff ic ien t  mat r ix

(4. 3) B = P 1AP - ~~~ k~~
l dP

of  the differential equation

h -k dz
( 4 . 4 )  £ x = B(x,C)z

resulting fro m (3. 1)  by the transformation

(4 . 5) y = P(x,c)z

has an expansion

B(x ,c) 
r~ 0 

B (X)C
r

which has all Its coefficients B (x) block diagonal in the partition

—19 —



d et i n e t by  ( 4 .  fl. To th at  end , one inser ts the ser ies

( 4 . 7 )  P( x , c) 
r 0

as wel l  u s  the  series in ( i .  6) into (4 .  3) re—written in the form

( 4 . 8 ) c hl x k ~~ AP - PB
dx

and identifi es like powers of £ in the two members .

The f i r s t  of the recursive sequence of conditions so obtained is

A
0
P
0 

— P
0

B
0 

= 0

It is satisfied by setting

(4.9) P
0 = I , B0 = A 0 .

The subsequent conditions then become

(4 .10)  A P  - P A  = B  + H , r > 0
O r  r O  r r

with

dP
(4.11) H = ~~

‘ (P B - A P ) - A - 
-k r-k

r ~
-‘ ~~~ v p ~ r dx

v +~~. — r
v K r

The last term in (4.1 1 ) is absent for r < h .

The successive calculation of the matrices B , r = 1, 2, . . . ,  from

(4.10), (4.IP so that they are all block diagonal follows almost exactly

Sibuya ’s procedure in [16 J  as presented In [is], §~ ll and 26. One desires

to have

B 1 1  0
(4 . 12)  8r [

~ B22] , r > 0

—20-



This can , i f l J ee j , be achievea , even by means  of m a t r i c e s  b of
r

the specia l  h~rm

r o  ~ 12
(l .l~ ) f — 

r
r 

~~~~

as can be seen by i n ser t ing  ( 4 . 1 2 )  and  ( It I I )  I n t l  ( i .  1 0 ) .  (one f i n d s  the

to u r ~~I! i~~i t ions ( C f .  [ 1 8 ] ,  fo r m u l a  Il l  !~~))

H H ‘ 1  ( ‘  ‘ 2 ’O = B + H  A l’ — 1 ~~~A~~ 1i~~
(4.14) 

A~
Z
P
21 

P
21

A
11 

= H
21 

r 0 r

If B , P have already been cah . u l i te fo r  j r, the ~ i tr i> H is

know n. Since A~ ~, A~
2 

have no Common c igenv i lu c s  ten  sm a l l

the matrices P 12 and P~~ can be c d l cu l a t e 1 u n i q u e l y  from the o f f -

diagonal  relat ions in (4 .  14).  The mn a t t i c e s  B 1 1 , B 22 
are given d i r e c t l y

by the diagonal equations in (4.14).

The ma trices P , B so de term ined have poles at x = 0 and i tr r

m u s t  s t i l l  be shown tha t  the orders of these  poles grow at most l inear l y

wi th  r , i . e . ,  that  ( 2 . 1) is true for some r e s t r a in t  index x .

It is clear from (1. 11) t a t  i f  1
~
1
r 

is already known to have a pole

~st ‘r Ier a , then P and B
r 

have poles of at most order a .  By

induction , it follows from (4. Il) and (4.14) that the inequality (2.4) is

true , wi th  the rest ra int  index K of A, up to r h. Beyond tha t  one

has the

.k~mma 4.1.  The series ( 4 . 6 )  and ( 4 . 7 )  constructed by solving (4.~~), (4.14)
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~0it ~~J~ ( 2 .  i )  wi th  a r e s t ra in t  index K = K p which  sa t i s f ies  the i neq u a l i t ~y

- h
(4 . l~~) K p~~ m i n ( K A, k + l ~~’ 

when k~~~O

unu K
p 

> K A, when k < 0

w f l c r e  K
A 

is the res t ra in t  index of A.

Proo f. Assume k > 0 .  The asser t ion  is already known to be true for

r < h. Assume it  to be true for all subscripts  below a certain r .  Then

H in ( 4 .  11) can have a pole whose order is at most

(4.16) max [
~
-
~ 

+ ~, —i- , k + ~ + h]
v + ).j. = r
v , ~~< r

where K is the r ight  member of (4 .15) . If K 1 = k + 1  ‘ then 
~

and k + 1 + = j~(k + I ) = — 
. Hence the number in (4.16)  equals

r/K ’. If  K 1 = K
A~ 

one has K t <  

k +  ~
, i.e. k + 1 , so that

k + I + 
r h  

. Again (4 .1 9 )  has the value . As 
~r 

and Br do

not have poles of higher order than has H , the lemma Is proved for

k > 0. For k < 0 one has , always , ~ =

A reference to Lemma 2. 4 now guarantees the existence of matrix

functions P(x,c), B(x ,t) in ~7, with restraint index K p as in (4.1c),

such that  P (x) and B r ( x) are the functions in (4.  12) and (4 .13) ,

respectively. It does not follow , however , that these mat rices P and B

sa t i s f y  ( 4 .  3) exactly . It is true that  the two members of (4 .  3) will have

the same asymptotic expansion , but th ey may still d i f fe r by a function

about which nothing is known except that its asymptotic series has all

its terms zero.
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Accordi ng to the pr ogram of this paper , the result  of this section will

be fo rmula ted  in the or ig inal  notation as

Pro per ~yJ .

[A”(x 0 1
( I .  17) A (x )  = 

r 
22 

r = 0 , 1
r L 0 Ar ~x) J
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c . ~~~~~~~ R L c kj ~~c o na1j za t io n .

Lar q e  ~~i r t : ;  o f  t h i s  s ec t  ion  r esemb b the m a t e r i a l  in § 1 1  and 2~~I

of th J ,  w h i ch  r m m a y  be consul ted  for a f l ie r  n r a i l e d  des nil t ien of the

mt the See il ~ 110 J and [ b

I n a m i ,~s t0 Lemma 2 .  1 iii ~~ Propel t y  ;
, above , there exis ts  a t r u l y

i a  e n u l  m a t r i x  Ai >: , e) in ~ such  t h a t

~~~. 1) A ~ (x, c 

~ 

A~
t x)J , ~ 2

in the sen~ie of the de f in i t ion  in (2 .  6) .  Property 3 does not imply  that

A(x. c) is s t r i c tly  b lockdiagona l  but if

0
( 5 . 2 )  A(x , e)

L 0 A ‘~~x , c)

then

(5 .  
~) A x , e)  - A (x , C ) = :  E(x , r)

wi th

(s. -; E (x , c) -. 0

i t ~ purp ose  o f t h i s  section is t t  t r an s fo rm the d i f f e r e n t i a l

equat ion ( 3 . 1 )  - whose c o e f f i c i e n t  m a t r i x  m a y  now be a s sumed  to s a t i s f y

(~~~~
. 3) and (~~~~. 1)  - into one w i t h  the s t r i c t ly  b lockdiagona l  matr ix  A ( x , e) .

This is to be done by a t r a n s h r m m i a t i e n  o f Type I. In other words , a

m a t r i x  1 ~ m u s t  be found  such that  the c o e f f i c i e n t  m a t r ix  in ( 3 . 3 )  is

~ciua 1 to A ul , e qu iva l en t l y ,  t h a t

(~~.5)  ~h~~
k p, = A P- PA
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In view of ( 5 .  3) , ( 5 . 4 )  it is obvious tha t  ( 5 . 5 )  can be forma ~ y sa t i s f i ed

by a series of  t he form given in ( 4 . 7 )  with P0 ( x ) = I , Pr ( X )  = 0, r >0.

I t  m u s t  be shown that  among the i n f i n i t e l y  many funct ions  in ~7 with

tha t  t r i v i a l  a sympto t i c  expansion there is one tha t  sa t i s f i es  ( 5 . 5 )

exac t ly .  This  wi l l  be done by fo l lowing  essent ia l ly  Sibuya ’s procedure

in [ lo] . (See also [ 1 8 ] ,  §~ 12 , 16).

Insert

r o  ~l2

( 5 . 6 )  P = 1 +
~~
L~

2’ o

into ( 5 .  s) . By an easy elimination there results then the differential

equatio n of Riccati type ,

( 5 . #)  ~h~
_ k 

= A~~~P~ ’ — ~
21

A
11 

+ A2’ —

for ~2l An analogous equation holds for P’2. The problem now consists

in proving that  ( 5 . 7 )  possesses a solution which is asymptot ic  to zero .

The notation will be simpler if the entries of the r oc t angul ar  matr ix

P21 are arranged - no matter in what order - into an rn-dimensional  vector

to be called w . Equation ( 5 . 7 )  can then be written as

h -k dw(~~.8)  £ x = f(x,w,c)

with a right member that has the following properties:

( i )  f is quadratic in w , in the sense th at

(5.9) f(x,w,e) = a(x , c) + M(x , c)w + g(x , w , c)

—2 5—



where M is an m X m m a t r i x  and the components  of the vector g

are quadratic forms in the components  w , ,  j  = 1 , 2 , . . . , rn of w.

(ii) The vector function a I X , c) is in 0 and is a sympto t i c

to zero. The reason for the last  assertion is th at  A21(x , c) 0 in

(~~~
. 7) ,  by (~~~

. 2), (5.3) and ( 5 . . ; ) .

i m i ) M ( X , c) & 0. Let

(~~. l0) M(x , c) 
r = 0  

M (X) C r

be the asymptotic  expansion of M(x , c ) .  Then M0(O) is non-si ngular .

This refl ects the fact that A~
1(O) an d A~

2 (0) hav e no common eigen-

values , accordi ng to Property 2 in section 4. No generality is lost by

assuming M0(O) to be in Jordan form , since this requires only a

prelimi nary linear transformation of w with a constant coefficient

m atrix.

(i v) Let

(5.11) g ( x , c , w) := 

~ 
g,~~ (x , c)w w~ , j 1, 2 , .

be the components of g in ( 5 . 9 ) .  Then g ,  0, and g.  0.j~~3

Again , the last mentioned fact is a consequence of the fact  that the

o ff-di agonal blocks of A(x , e) are asymptotic to zero .

Following a standard procedure , the different ial  equation ( 5 . 8 )

is now written in the form

(5.12)  ~
h

~
_

.k 
= M0(O)w + p(x , w , £)

—2 6—



w i t h

~~. 1 ~ t~~~ X , w , c) = a(x , c) + (M( x , e) — M
0( 0 ) ) w  4 g (x , w , C )

an d tn~~n co n v e r t e d  into the equ iva len t  in tegra l  equat ion

(~~~
. 1 ; )  w~~ , c )  = ~

_ h 
•~~

‘ 

exp {[ q ( x ) _ q ( ~~) ] M 0 I 0 ) c  h }p( r ‘.v 
~~~, 

c ) ,  c r  d(
I tx)

lit

I i ; . :  = x~~
1 

k 4 U , t or  k $ —I , and q x )  = 10;  x , or t~ —l

1t ~c’ symr  ci  I ( x )  s t ands  for  a set of m pa ths  ‘~.( x) ,  j = 1 , 2 

a l l  ending  at  x , each to be used for the integrat ion of the corresponding

. ( m p o n e n t  of the integrand vector .

The construct ion of regions and paths suitable for the asymptot ic

ana ly s i s  of the integral equation ( 5 .  13) requires some geometric preparations :

The mapping

= q(t j , with x = q(x)

takes the do main 
~ 

in the ta -p lane into a domain q(~~ ) i n the r, -pla ne.

For k > 0 , the latter domain is again a sector of an annulus  near the origin ,

as i n (2.  5). If k -1, it i s a rectangle in the left half plane and for k -1

a sector of an arinulus in the left half-plane , close to the point at in f in i ty  for

small c. If X ., j = 1, 2 , . . . , m , are the elgenvalues of M0 (O) - none of which

are zero - there are f ini te ly many “exceptional” directions in the ~,-pl ane along

whi ch Re(~~~.) is constant for at least one j .  Now construct a rhombus Q in

according to the following rule . If the bisecting ray of q(~~ ) does not

have exceptional dire ction , then q(x 0) and q(t 0
lt iC ) are two opposite

vertices of a rid the interior angles of ~ at these vertices must be so

— 2 7 —



s f l a i i  t h a t  no d ir e l t l i ns  from these vertices in to  Q are exceptional.

if the bisecting ray of q(~~ ) is exceptional, the construction must be

rne~ itied by rotating the diagonal of i~ slightly with respect to the

real t-axis , but  keeping the two opposite vertices on the boundary of q(~. ) .

Next , choose x1 , t~ and so small  that the image q(~~~)

ot the domain

* K * *= (x t0 
c < f t I  < x 0, I ar g ~j c60)

in the T~-plane lies inside 9 .  The pre—image of Q will  be denoted by 1?.

( See the f igure , below . The case k > -1 has appearance similar to k � 0 ,

except that  the sector opens to the l e f t . )

For the remai nder of this proof , x is to be an arbitrary point

of ~~~. If  x 1, x 2 are the vertices of P and x = q(x) ,  then Re( r~k .)

decreases strictly along one of the two directed segments x
1
x or x

2
x in

the ~,-pla ne. This was the purpose of the preceding construction. Let

y .(x) be that segment. The path ~~(x) in the ~,-pl ane is its pre-Image.

The existence of a solution of the Integral equation (5 .14 )  can be

established by the contraction mapping theorem. Let 8 be the Banach

space of vector value d functions v of x holomorphic In the closure ~

of the rhombus P with the norm

Il v il = max j v(x) !
X (  P

where Iv (x) ! : 
j = l  

Iv ,(x) I. For each c in 0 < e  
~ 

the right

— 2 8 —



( - p l a n e

k > 0
P

0

Exce ptiona l
Case

I)

_
_ ___ _ _  

k = - 1

N_ 0
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4 membe r in ( S .14) de f in es an operator on w ‘~~ , which w i l l  be cal led 3 .

To e s t ima te  113 Ii , one f i r s t  observes that  the properties (i) t h r o u g h  ( i v )

imposed on the func t ion  f ear l ier  in t h i s  section , i m p l y  tha t  p, as

~e t i ned in ( S .! ~) , satisfies the inequality

( 5 .  15) p( , w, C ) ii < C N tO 
+l)/ K

(1 + lw 1)
2 

4 c
1t~~~ lw ii

Here, N is an arbitrary non-negative integer , and c1, N are constants

independent of £ and t0, for 0 C < £~~. 
- 

- -

The expression for 3 w  defined by the r ight-hand member of

( 5 .1 4 )  can be more easily appraised a fter the stretching

(~~.l 6 )  ; = ~~~h q(x)c
_h

, ~ = ~~~
h 

= q~~)~~ h

which takes it into

(x-~ )M 0(o)
(S .17) 3w  = f e p(~ ,w(~~,C),c)d~

- 
F( x)

The symbol F( x) stands for m paths V . ( X ) ,  j = 1, 2 , . . . , m in the

~,-plane , which are straight segments ending at x. The letter f~ in the

i ntegrand is , of course , the pre -image of t, u nder the t ransformat ion

(5.16) . Now

e
M O (0) 

=

because M0(0 ) is assumed in Jordan form , by Property ( i i i )  of f(x , w , e ) .

Here , A = dl ag~~1, ~~
, )~~) , and H is nilpotent .  The entries of

exp[( ; - ~,)H J are polynomials in .- 
~~, say,

(x-r,)He = {q~1(x - ~,)}
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Theretore , the ~th component  of the vector 3 w  in ( 5 . 17 )  is

( x — r ~) X . . m ~. ~. V

( S . 18) f e ~~~ q . 1 (x -
t = 1

~y . ( x )

By cons t ruc t ion , Re[ (x - t~)k . J is strictl y negat ive , f u r  a l l  x

along th e  path of in tegra t ion  in ( 5 .  18). The rhombus  ~ depends  on c ,

but the e igenvalues  \ ,, and there fore the direct ions of the  paths

‘,, k x ) ,  do not. It follows that there is a constant 6 > 0 , i ndependent

of C , t
0 

and so that

m ( x —f , )k . m
( 5 . 1 9 )  ~ le I ~ I~ ., (x - 

~~) I ~ e~~ 
X-~ , i = 1, . . . , m

j = l  1= 1

for all x in the image of Q in the c-p lane , and for all  ~ on ; . (x) .

The est imates  ( 5 . 1 5 )  and (5.19 ) su f f i ce  to appraise 3 w  from

( 5 . 1 7 ) .  One f inds

(5 . 20) 1i3 w 11 < lI p( ~ , w(~ , c) , c ) I I  f e
6
~d p

< 6
l{ cN t O (I + 11w Ii ’) + c1t~~~ lIw I I

The contraction property of 3 is proved in a similar  way with

the help of the inequality

( s . 2 1) II g(x , w , c)  - g(x , v , C) II ~~ CN t O [ ma x ( 11w II , ( Iv 11 ) 1 11w - v u ) ,

which follows easi ly fro m the property ( iv)  of f(x , w , c) .  Formulas ( S . 2 1)

and (5 . 13) ,  together wIth (S . l7) ,  lead to

— 3 1—



( 5 . 22 ) ~J w  - ~~v Ii o~ [ c
1
t~~~

” + CN tO max ( lIw II, liv II) llw - vi i )

in a way  t h a t  is analogous to how ( 5 .  20) was derived. The last inequa l i ty

shows tha t  3 contracts  the distances in any given ball , say in

1iw ii 1, i f  t 0 is chosen suff ic ien t ly  small .  Also , one sees from

( 5 . 2 0 )  tha t

11 .~~ ~~

tor smal l  t
0

. The contraction mapping theorem as stated, e.g ., in ( 3 J ,

Lh.  XII , now guara ntees the existence of a unique holomorphic solution

w of ( 5 . 12 ) .

Fro m the resu l t  thus  obtained one concludes by a short calculation

that

(5 .23 )  ii w II < KN t
~~

(t
~~

) fo r all N , as t0 — 0

for x 
~~

, 0 < £ < C 0~ 
K N indep. of c. One needs only to replace

ii in (5 .  20) by li w II and to solve the quadratic inequal i ty  for lw Ii.
Thi s is , of cour se , not as strong as the claim that w .~ 0 in the sense

of the definition (2.6), since t
0 ~ xI

1
c’< for x ~ and 0 C c 0 .

However, If 0 < K ’ <~~ arid x Is restricted to the smaller sector

I~’ defined by
C 

x ~ = {x/t~
1C~~

’ < x l < x0, iar g x l  ~ 6)

then ( 5 . 2 3 )  does contain the desired Inform ation.  In fact, ix I t
0
1
C ”

means that

X K  — l Kx ~ (t 0 c ) C
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Hence , ( S . 2 3 )  is va l i d  wi th  t 0 replaced by t0e’~~
’
~~, so tha t

M - ‘ Mli w lI k
M

t
O ~~~~~~ 

K 
, K M a constant

For any  given in teger  N ~ 0 set M > (N + 1)/ (K  - K ’) and thus  write

the last  i n e q u a l i ty  as

N+ 1
w < K

N C

As x0 was as:urn ed to be less tha n one , x~~”~
’ 

> 1, so tha t , indeed ,

11w II < (K
NX O 

) for all N , if x if’ . The following theorem has

now been proved.

Theorem 5 .1. If A(x , c) has Properties 1, 2, 3 as stated in section 4,

there is a t ransformation of Type I wh ich takes the d i f f e rent i a l  equa t ion  ~3J)

into a system with a b lockdiaqonal coef f ic ien t  matrix

1 11
1A ( x , c) 0 - -

( 5 . 2 4 )  I 22 A~~(x , c) 0, j = 1, 2
L 0 A (x , C)

By repeated application of Theorem 5.1 the given system of

differential equations may be split into a set of uncoupled systems of

lower order , each of which has a leadi ng coefficient matrix with only

one dist inct  elgenvalue at x = 0. This eigenvalue can be reduced to

zero by a t ransformation of Type VI. Accordingly, only differential equa-

tions that have the property below need to be considered from here on ,

at least when (4 .1 )  is true.

Property 4. Wh?fl h > 0 , Q~~j~ A0
(0) is nilpotent and in jç rd an form.
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Simp l i f ica t ion  by Arnold ’ s Theory.

in 1 1 1 ,  V. I .  Arnold has developed a s i m i lar i t y  theory for  h o lornorphic

m a t r i x  func t ions  of one or several  var iab les , and in [ 2 2 J  I have shown

that  th is  theory is u se fu l  for the a s y mp h  t o -  s i m p l i f i c a t i o n  of d i f f e r e n t i a l

e q u a t i  fl. ;  of the form (1. 1) .

Here is a very brief descr ipt ion of Arnold’ s canonical  f orm for the

matr ix  A0 ( x) ,  which is assu med to have Property -l stated at the end

of section 5 .

Let

(~~~ . 1) m 1 > m 2 > > m , in
1 

f m 2 + + m = n

be the degrees of the elementary divisors of A
0(0) ,  and assume - this

i m p l i e s  no loss  of genera l i ty  - triat the corresponding diagonal blocks of

A0 0) are arranged in this order of decreasing size. Denote by

~‘ = 1, 2 , . . . , p, the rectangular blocks in the parti t ion of A0 (0)

corresponding to this  Jordan form , and , more generally, denote by M~~
V

the blocks in the analogous part i t ion of any n X n matrix M .

Arnold ’s theorem , applied to the matrix A0(x) says that i t  is

holomorphically similar, in a sufficiently small disk lx I < x0, to a

matrix A0(x) in which A~~
’(x) has non-zero entries In its ~~~ row only,

when ~ < v , and in its ~~~~ column only, when ~ > v .  A matrix of

this structure will be called an Arnold canonical matrix.  It wil l  again be

a ssumed that  this reduction of A0(x) has already been perf ormed by a
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t rans format ion  of Type I independent  of c. In other words , Property 4

of section 5 will  be s trengthened to

Propert y 5. A~(0) is ni lp ote nt.  and A0 ( .’-:) is in Arnold ’ s canonical form.

This resul t  can be improved by the method of [ 22 J ,  as wil l  now

be explained . To that  end it  is u s e f u l  to in t roduce  cer ta in  cons tan t  n x n

matrices F~, 1, 2 , . . . , d. The F • have on ly  one non-zero  ent ry ,

and that entry is equal to 1. It is located in the last  row of the block

when 
~ 

< v and in the f i rs t  column when ~ < v . All such matr ices

are contained in the set F1, . . . , F
d

. The lemma below , worded somewhat

diffe rently ,  can be found in [ l J .

Lemm a 6 .1 (Arnold). Corresponding to every constant  compl ex n x n

m atrix H there exists an n X n matrix X and d scalars p . .

j = i , 2 , . . . , d such th at

d
(6 .2 )  A0(O)X - XA

0
(0) - ~~ p F . = H .

j = l

(X and the p. are not un ique . )

Property 5 and Lemma 1 . 1  form the basis  of a fur ther  s i m p l i f i c a t i o n

of the coefficient  m atrix A(x , c) ,  at least  when A0(0) is not zero . ~1t

2
A0( O)  = 0 , the p = n , d = n , and ~~~ A0 ( x) that vanishes at x = 0

is in Arnold’ s f o r m . )  The method resembles that of section 4 and also

that described in [221 . However , instead of aiming at matrices Br (X) that

are block-di agonal , one stipulate s that
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d
(~ . ~) B (x)  = ; .  (x ) F ., r > 0r 

J = l  ~

for a l l  terms of the form al  coef f ic ien t  ma t r ix  

~ 
Br ( x)C r obtai ned

from ( 3 . 1 )  by a formal  t r a n s f o r m a t i o n  of Type I .  Instead of ( -1. 10)  one

gets  now the r e c u r s i v e  condit ions

(~~~
. 4) A0~x)P (x) - P

r
(X)A

0
(X) - 

j = l  

P jr (
~
()F

j = Hr ( x) , r > 0

Now assu me that H (x ) is already known to have , at wor st , a

pole of order a- at x = 0. This is true for r = 1, when H1 = —A 1,

by (4. 11). Setting

(6. 5) P (x) = x~~~~~(x) ,  
~jr ~~ 

= x~~~~ , (x)

In (
~~~

. 4) and cancelling the common factor ~~~ r , one obt ains an equation

for P r
(x)  and P jr (x) which doe s have a solution at x = 0 , by Lemma i . 1.

By a form of the implicit function theorem for ho lomorphic functions (or

else , by a simpl e matrix argument) one concludes th at the equation for

P (x) ,  p (X )  can be satisfied by functions holomorphic in a neighborhood

of x 0 that does not depend on r. It follows that (6.  4) has solutions

Pr (X)
~ P j r (

~~ 
with poles of order a- , at most , at x = 0.

The induction with respect to r now proceeds exactly as in section 4.

The orders of the poles of P (x) and 
~jr ~~ 

again sat isfy the inequality

(2 .  4) with a restraint index K that satisfies the inequality ( 4 . 1 5 ) .
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As before , the result  of this section will be stated as a non-

restrictive assu mption:

Property 6. A0 (0 ) is nilpotent , A0 ( x) is in Arnold’s canon ical form , and

(6 . 6) A (X) = 
~ 1) j r I X ) 1 j~ 

r > 0

Pro perty 6 prescribes a special form for all  the coefficient  matrices

in the expansion of A(x , C ) ,  unless  A0
(0) = 0. Lemma 2 . 4  then

permits the con struction of functions p ( x , c) in 0 with the corresponding

asymptotic expansion

( 6 . 7 )  p ( x , e) ~~~~~~~~~ j = 1, 2 , . . . , d , p 0( O)  = 0

The coefficient matrix A(x, C) has therefore the form

(6.8) A(x,c) = A0(O) + 

~~ 
~~~~~~~ + E(x, c)

where

E(x , C) 0

in :he sense of Lemma 2 . 4 , i .e . ,

(t . ~) I E(x , c) I 
~ ~~~ 

x I C)

for all  N an d for x t 

~~
, 0 < C < C

0
.

On the basis of the theory developed , so far , it cannot be asserted

that £(x, C) m a y  be taken as identically zero , as was proved to be

possible in section 5 for the formal s imp l i f i ca t ion  of section 4.
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‘7 .  Shearing and R e - a dj u s t m e n t .

Fol lowing a technique  used by T u r r i t t i n  [17 J an d , in a form more

simila r to the one here , in Iwano and Sibuya [ i o J ,  Iwano [ 6 J ,  [ 7  J ,  a

t u r t he r  r e d u c t i o n  of the problem wil l  now be achieved by m e a n s  of a

c. u b i n a t i o n  of shearing t ransformat ions  of Types 11 and III (see 3) .

This i s necessary and meaning ful only if

(7 .1) n > l

since a scalar f irst  order linear d i f ferent ia l  equation can be t r iv i a l l y

solved . First , a few convenient symbols will be introduced:

Let

( 7 . 2 )  
~jr~

9 
a-~~o 

Pjra-
X
~~ 

lx i ~~x0

(c f .  (6 .  5)) .  Denote by 1~ the set of ordered triples ( j ,  r , a -) for which

~jro o • Ne xt , call (~~, v .) the row and column numbers , respectively ,

of the one non-zero entry of the matr ix F . Fina l ly ,  defi ne t2 (a )  by

(7.  3) c~(a) := d ia g ( l , a , a 2 , . .  . , an l )

The shearing t ransformat ion (Type s II and III combined)

( 7 . 4 )  y = Q(c x )z

with a and ~3 to be sui tably determined , takes the dif fere ntial  equation

(3. 1), in which A(x , C) has now the form ( 6 . 8 ) ,  into

(7.  s) = B(x , c)z

where
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4 1 —6 ~
B(x , C) = A0 (0)  + ~~ ~~ (x , C ) c  x F

( 1 . f l )

— C x ~~~~~ diag)0, i , . . . , (n  — !)~ t )  4 l ( x , 1)

Here ,

(7.  7) = ~~. 
— 

~

‘ + I

and E ( x , C)  — 0. If the p ( x , C) in ( 7 .  t )  are repl aced by the i r  series

expansions from (6 .  s) and ( 7 . 2 )  the term s of the r e s u l t i n g  s u m ma t i o n  are

a — a  —~~

( 7 . 8 )  P • r C x r 
, ( j ,  r , ~) 1~ .

The triples of P with 6 . > 0 correspond to terms of ( 7 .  l~) tha t  occur

on or below the main di agonal , while all terms with 6 . ~ 0 are above

the main diagonal.  The subset of P with 6 , > 0 wil l  be called

( ‘ L ’  for “lower ’). Note that , since 6 ) 0(0) = 0 , no tr iple (j , 0 , 0)

is in P.

The par ameters a , ~3 are to be chosen so that  one term in ( 7 .  8)

becomes a constant. For a convenient descript ion of the proper choices

for a’ and ~3 the polntsets

( 7 . 9 )  u r/~~., v = (a — a r
)
~
h’6j~ ( j,  r , a )  ( S~

in at-i auxiliary (u , v)-plane is introduced . These points do not exist

fo r 6 . = 0 , unless the (u, v)-plane is interpreted as a projective plane

and those p oints are taken at i n f i n i t y  in the direction indicated by ( 7 . 9 ) .

For the construction that follows these points are irrelev ant , in any  case.

The set defined by ( 7 . 9 )  will be called Q, and 
~ L is the sub set

— 3 9—



co rN ’s pun i1n~ to 6 ~ 1. Because of the i nequa l i t y  ( 2 .  -1 ) , the set

l ies in the c losure  of the sector S bounded below by the line

(7 . 10) u + Kv = 0

and to thu  l e f t  by the v—axi s. Since (j, 0 , 0) is not in ~~~ , the or ig in

of tne  (u . v )—p lane  is not  in Q. Also , the fact  tha t  J o  I < n implies

tha t  ne i t he r  the set Q it se l f , nor its projection on the coordinate

axe s has accum ulat ion points in the f ini te  plane. The set ~ -

lies in the r e t l e c t i o n  of the sector S in the origin.

To take  into account the term with  the powers C h a ’x k l P  in

(7 .  t), the point  wi th  coordinates  u = h , v -k - 1 is added to

except when ~3 = 0 , and the so augmented set will be called

If > h/ ( k + 1) > 0 , the line (7 .10 )  must  be replaced by

hu +  ~~~~ v =  0k + 1

and S m u s t  be accordingly tncreas ’~d to a larger sector S .

The determination of a and ~3 that  will  now be described is

related to the use of the Newton-Puiseux  polygon in severa l other papers

on the asymptot ic  theory of d i f ferent ia l  equation; for instance in [10 j, [ 6

[ l l J .  Let be the boundary polygon of the convex hull  of and

the boundary  polygon of the convex hull  of ~ 
- 

~~~ 
Observe that

IJ~ is never em pty, si nce alwa ys contains the point (h , -k - I ) .

However ~ - 

~ L may exceptionall y be empty.

Among the left-most vertices of fl~ there is one with the smallest

ordinate . Let this vertex be (u 0, v0 ). Two quite different cases must now

be dist inguished.
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-~w,e l . u~~ - h .

1j ~~e ~ u 0, ~ = v0 .

(ase 2. u
0 

= h (u 0 > h is impossible).

Take a = h , ~i = 0.

The second case will be postponed , for the t ime bein g . In the

f i r s t  case , there is now , indeed , at leas t  one term in ( 7 . 8 )  th at  h as bo th

e>:~ i i en t s  equal  to zero , and for wh i ch  (j , r , a-) ( P 1. Also , for all t r iples

in ~ one has r - O a  > 0. It mus t  s t i l l  be shown that  the new non-zero

exponents  of C and x in ( 7 . 8 )  s a t i s f y  an inequal i ty  such as ( 2 . -I ) ,

i .e. , that for a suitable positive n u m b e r  K
1 one has

(7.11) o , — a- + O .~3 < r —

‘lo f ind such a K ’
1 observe that the p oint set Q:

(I —

( — a’ 
r 

— 

~ ( j  r , a )  P

is obtai ned from the set Q by the translation (-a ’, -i~~
) .  The point u 0, v0

u f  becomes the origin , which is not cou nted , si nce its contribution

is com bined with  A0(0 ) . There fore , there exist  in f in i t e ly  many s t ra ight

lines thro ug h the ori gi n with non-posi t ive slope which separate the

tr anslate 
~ L of 

~ L from the t r an sl a te of Q - 
~ L ’ This remains  true

i f  ~s repla n e l by Q1, the set obtained by adding the point

(h  — t’ , 
—

~~ - — 1 — 3 ) .  Let

u + , ‘v = 0 w i t h  0 < K ’ < ~~
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one of those l ines .  The n u m b e r  K
1 canno t exceed K. i c r  l a ter  use

t f l e  s tronger res t r ic t ion

(7.12) K ’ < K

will be imposed .

For all p oints  of Q one hasL
\

- a’ + K~ 

a 

- > 0 , 6 > 0

which  is equ iva len t  with (7 . 11) for those points .  For points in Q -

the number  6 . is negat ive . As these points lie below the line u + K ’ v = 0

the i n e q u a l i t y  (7.11)  is again  true . It is also val id  for (h — ~ , — k  — 1 —

The t ransformed di f ferent ia l  equat ion ( 7 .  5) is not yet of the

-
~ . i l ,  because a’ and (3 are , in general , non-integral rational n u n c l ~crs

w ith least denom inator not exceed ing n. By appropr ia te  o- - a d j u s t m e n t

t ransform a tions of Types V and VI, say,

-m( 7 . 13 )  X = x , C = C

the dif ferent i al equation can be restored to a form involving only integr al

powers of the independent variable and the parameter . The new differential

equation is now

(7 .14)  ~(h—a )m~~— (k+ (3 + 1)q +l  ~~ =

wi th

(7 . 15) B(x~~~) = q~ (~~~~~m )

— 4 2 —



B(x , c) being as in ( 7 . 6 ) .  The right member of ( 7 . 6 ) ,  when expressed

in terms of ~~~, ~, can be written as a power series

(7 . 16 )  ~~

r =0

who se coefficients , tha nks to the construction of the shearing t ransforma-

tion , h ave the form

( 7 . 17 )  ~~~
-(

~~~
) = X B ( X ) ,

- 
i/q

where B ...(x ) is holomorphic in l x i  < x ~ and

(7. 18) r~ . <r / ~~, ~ = mK ’/q

It remains to verify that

(7 .19)  ~(~~~)

in the sense of the de finition in (2 .  6), i . e . ,  th at the N th partial su m

~~~~~~~~ of the series in (7.19)  satisfies an in equal i ty of the form

(7 .20 )  I ,~ ) - ~ (N) (~~~ ) 1  < C N ( I x I
~~

’
~~~

)
~~~

for ~ € ~~, 0 <~~~ < C ~~~
m

. Here is defined by inequalities of the form

(7 .21)  ~-l~~ K 
< ~~ <~~i/t Iarg~~ I <6~/m

To prove (7.  20), denote by ~cM) (X , c) the Mth partial sum of the

series for p . ( x , e) in ( 6 . 7 ) .  Then there is a constan t C
M 

such tha t

( 7 . 2 2 )  i~~ (x~ e) - P
(M)

(X e ) I  < c M ( I x I e)
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for  l < j < l , X ( ~ , 0~~ C~~~~C
0

. If B ( M )
(x , c) is the func t ion

C

( M )obta ined by replacing p . (x , c) in the r ight  member  of (7 .  6) by p ,  (x , c ) ,

one has , t he re fo re

( 7 .  23)  B(x , c) - B
( M )

( X , c) I cM ( x I ~~~~ 
M + 1  -n~ -nP

C )  C l x !

in the same domain .  The integer  M can be chosen so large tha t  a l l

(N)  — — ( M )  ~q — mterms of the partial sum B (x , C) occur in qB (x , C ).  Then

— ( N )  ~q — m ( M )  -q .-m ( M )  — —( 7 . 2 4 )  B(~~,~~) — B ~~~~ = q(B(x , c ) — B (x , c )) + Q (x , C )

( M ) ~~where Q (x , ~) has the form

Mm -
~~~~ -(M) - -( 7 . 2 5 )  Q (x , C) = ~~~~~~~~~ 

r~~r

7~= N +l

l/qwith q~ (~~) h olomorphic in I~~I < x 0 . From ( 7 . 2 3 ) ,  ( 7 . 2 4 ) ,  ( 7 . 2 5 )

one gets , using also (7 .18) ,  that

- ~~~(N)
(
~~~~~~~~

) I < q ~~~ 
—l/~ M+l -n~ -n px l  C) C X i

( 7 . 2 6 )  — l/ -. N+l
+ k M ( I

~d c )  , (k~~ a constant)

1/m < t 1
~~~. Now ,This is valid for ~ p -.- , 0 <~~~ < e0 , provided ~0 —

( 7 .  26) can be written

- -1/~~- N+l 
_A

M B
( 7 . 2 7 )  l B ( ~~~) - ~ (N) (~.~~ ) 1  ~~( i x i  C) [k M + ~c~~l x i C 

M~

wi th

AM = [ K ~~~( M  + 1)) + n pJ q  - ~~~
1(N + I)

B M 
= [ ( M  + I) — n a j m  — (N + 1)
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By ( 7 .  21 ) ,

A M -~~M (~~-l~.K ) 
A M ~~ M 

= ~~~M ~ ( M + l ) m ( l - K ’/x )-nqK i -nma

In the l a s t  ~- q u a 1 i t y  the second fo r rn u l~ c f  ( 7 . 18 )  has  also been used .

Than~ s t~ : the i n e q u a l i t y  ( 7 .  12) ,  M can be chosen so large tha t

the ex p one n t  of ~ in the l a s t  fo rmula  is posit ive . With M so chosen

the expression in bra cke ts  in ( 7 . 2 7 )  is bounded for ~~ ( ~~~~~~, ~~ 
~~

This  comple tes  the proo f of 17. 20), i.e., of (7. 19). With the definition

D(~ ) ~~~~~~~~~~~~~~~~~~~ . . . , ( n  - l)p )

and a return to the notation of ( 3 . 1 ) ,  i . e . , replacing ~, ~, h - a’, k -

B(~ ,~~) by

(7 . 28) X , C , h , k , A(x , c)

respectively , th e result  of this section can be stated in the form of a

non-restr ic t ive assumption , as follows.

Pro perty 7. I f  h > 0 , the coe f f i c i en t  matrix A(x , c) in ( 3 .  1) has the form

d
( 7 . 2 ~~) A(x , t)  A0(0) + ~~ P~ (x 1 C ) F ~ + D(x) e

h + E(x , c)
j = 0

Here

(7 . 30) A0( 0 )  = A01 + A02

with A01 n i lpo ten t  and in Jordan form , and A02 i s a  lower t r i angu l a r

matrix of the form

d

~~ ~1) A = a I ’
‘

4 . 02 Oj j
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The F’ are the mat r i ces  d e f i n e d  earl ier  in this section. The 1 .(x , m )

are in class ~7, with lim p (0 , C) 0 , and E(x , c) — 0. The ma t r ix
C~~~0 +

D(x) is diagonal .

In general , the cons tan t  lead matr ix  A0 (0) i n ( 7 . 2 9 )  has m ore

than one eigenva lue . The reduction process can then be continued as

.iescribed in section 5 .  However , the poss ib i l i ty  tha t  A0(0) has again

only one eigenvalue must also be explored. This is the subject of the

next section .

Now Case 2 above , in which the shearing exponents are a’ = h ,

p 0 , remains to be considered . If that situation arises C disappears

from the lef t  member of ( 7 . 5 ) .  The asymptotic solution of such

differe ntial equations - in the original notation of ( 3 . 1 )  - can be found

in section 10.
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8. An Except ional Case: All E igenv alues E qual  After Shearing .

In this  section it will  be assumed that the lead matrix Ilo (0) i n

( 7 . 2 Q) has only one distinct eigenvalue . Then the b lock-diagon al izat ion

process of sections -4 and S is omitted from the sequence of operations

in the reduction process. The steps to be performed next are : Reduct ion

to Arnold ’s form , shearing, re-adju stment ( fro m X , C to x ,

m ult ipl icat ion by ~ a’~~

Let

(8 . 1) -~h - -k 
= A(x , C )y

be the problem so obtained , and assume that the new lead matrix

has agai n only one distinct eigenvalue. Here A(x , e) is the matrix

called B (x , C) in ( 7 . 19 ) .  It has the following structure :

d
( 8 . 2 )  A( x , C) = qA0 ( O ) + ~~

1= 0

(8. 3) A0(0) = A
01 + 

j = 0  
K F .

The m atrix A01 is as in ( 7 . 3 0 ) ,  i . e . ,

(8 .  4) A01 = H1 
(i H2 d . .  

~~~

- I-I

where H . is a “shif t ing matrix ” of orde r m , (see ( 6 . 1 ) ) .  (By def in i t ion ,

a shif t ing matrix of order greater than one is one that has a line of Is

abo ve the diagonal and zero entries elsewhere . A shif t ing matrix of order

one is zero. )  The 
~~

. are constants. They are zero for all j with 
~~~

. < v .
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The e igenvalues  of A0 (0 ) , which i s a lower block- t r iangular

matr ix  in the par t i t ion  i nduced by the blocks in (8.  -1 ) ,  are the e igenvalues

of i t s  d iagona l  b locks .  By a s s u m p t i o n , there is only one d i s t inc t  eigen-

v a l u e , \~~~ present . Let T , s = 1 , 2, ..., p, be cons tan t m )< m

r s a t r i c e s  s u c h  tha t  a t r a n s f o r m a t i o n  of Type I with the block diagonal

coe : r i c i en t  ma t r i x

( es . s) T = T ~ T ~ ~ T
1 2 p

takes  the d iagonal  blocks of A0(0)  into their  Jord an form

( 8 . 6 )  X 0I + H , s = 1, 2 , . . . , p

(I is the identity matrix of order m) . Such a transformation takes

each block A~~
V (x , ~i) of A(x , e) into T 1A~~

’(x , C)T  , so tha t , in
I-’

part icular , any block ~~~‘(o) that is a zero matr i x  remains  a zero matr ix

after the transformation. After that, the entries in the main diagonal

can be re moved by a transformation of Type VI. The new coeft icient  matrix

A(x , c) so obta i ned has a lead matrix of the form

(~~~
. ~~ A0(0) = A01 + Aoz ~

with A01 
as in ( 8 . 4 )  and A02 strictly lower b locktr iangu lar .

Next , A0
(O) is changed into its Jordan form by another t ransformat ion

of Type I with a constant mat r i x .  This is not necessary if

( 8 . 8 )  A02 
= 0

Otherwise , the leadmat Ti x is now again a blockd lagonal mat rix composed
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of L ie  K S  s uch  as (8. u l , b u t , the u n i q u e  e ige n v a lu e  wi l l  gene ra l l y  not

be the same us in t he  ana logous  t r a n s f o r m a t i o n  of A0( 0 ) .  Moreover ,

an - i  th i s  is l e c i s i v e , a Lemma of Turritti n in 1 17 J ,  ( proved somewhat

di : t e r e : i t ly  in I 181 ~s Lemma 1” . -4) ,  says  t h a t  not all  blocks wi l l  hive the

sam e size as before  in (8.  t ) .  In fac t  the Le m ma assures  tha t  a f t e r  a

finite number o~ such sequence s of trans fo rma tions , the lead matr ix

wil l  consist  of one block only.

If (8.8), is true, ( 8 . 7 )  shows that  A0(0)  is i tself  a nilpotent

Joruan ma t r ix  and the next shearing can be perform ed immedia te ly .  No

change in the block s t ruc ture  occurs then .

Thus , under the a s sumpt ion  of th i s  section that  all shea rings

int roduce lead-matr ices  with  only one d is t inc t  e igenvalue , one is even tua l ly

led to a problem with the addi t ional  property that  all nonzero entr ies

introduced by subseq uent shearings are in the las t rows of the thagonal

blocks . If only one block is present, this is , of course , no fur ther

s tn cti on.

The shear ing , in th i s  s i t u a t i o n , in t roduces  exponents a’ and 3

that are , by necessity,  integers , beca use there mus t  appear nonzero

entries on the ma in  diagonal of the lead mat r ix  a fter the shearing , other-

wise the new uni que eigenva lue would have to be zero , contrary to the

f ac t  t ha t  at  least  one nonzero ent ry  has been added by the shearing . Now ,

the shearing introd uces nonzero diagona l entries only i f  5 . in ( 7 . 7 )

—
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is e~ u il  to one in the i e t i n i t i n of c c i , v 0
) = 

~ , p) .  In that  case c~~,

a r e  • iii feed , integers .

1~ Ic f l o w s  t h a t  no r e — a  i J u s t nc 4t t is necessary:  x x , C = C

There t ~ re h = h — 
~~ . I f  ~ > 0 occurs h time s , i t m o s t , in the

r - ; e t i t i c f l s  0 1  tu e  r e f u c t i o r i , a n 1 le n w i t h o u t  a power of C in the l e f t

:~ e:~, t  er has  been r e ached  au Cue i - i  ceeds as in section 10.

There r e m a i n s  now eri e f i a a l  p o s s i b i l i t y :  The shea r ing  exponent  i,

in tne  s i t u a t i o n  iescribed in the l a s t  two paragraphs  is forever zero in

‘ i  h repetition c f the reduct ion process. This case is taken care of in

the lemma below .

L e ;u mu  c.~ 1. Assume tha t  the ~J iven d i f f e r e n t i a l  equa t ion  has the form

~e s c r u f e i i n  (8.1) through (8.-I) and that  A
0
(0) has no nonzero entries

c~~t s i : e of the diagpna l  blocks.  Assume tha t ,  in add i t ion ,  the sequence

c t  ope ra t ions :  Reduction to Arnold ’s f orm, e igenvalue sh i f t i ng ,  shearin g,

multip lication by the appropriate power of x, always leads to a problem

of the same type with the same value of h. Then the matrix A
0
(x) has ,

ident ical ly in x , exactly one eigenval .~~~

Pro of.  To s i mp l i f y  the notation the tildes wi l l  be omitted from the nota t ion .

The shearing t ransformat ions , as well  as the reduct ion to Arnold ’ s form ,

subject A0 ( x )  to s imi la r i ty  t ransform a tions and , there fore , 10 no t chan ge

its  e irjenv alue s. Let 4m)( x) be what  becomes of A0 ( x ) u t t e r  m

i tera t ions  of the reducing cycle , with A~
0
~ (x)  = A

0
( x ) .  ii  11m) (X ) , . .  . ,

are the eigenv a lue s of 4m)(x) ,  then , by assumption ,

-



( S .  a) hun ~
( m )

(X) = >~
( m )  0 . n

x .0

Let p the shearing exponent  in the m th i te ra t ion . Then one has iLo

( b . 10) m
~~~(X)  = X 

m
(~~

(m)
( X )  - ~( m ) ) m 0 , 1 

i . e . ,

(m) ( )  = 
(m+1)~~~~~ m 

+ ~( m )

Hence ,

(0)( )  = 
( 1)~~~ Po 

+ ~
(0) 

= 
( 2 )  ~ ( 1) P 0 

+

By repetition of this  procedure one prove s that , for  a rb i t r a r i l y  large I ,

1—1 1

P 5
(8.11) ~ °~(~ ) = + ~~‘~x 0 + + ~( !) s = 0  

+ O(x~~~
0

On the other hand , the funct ions  ~
(0) (x)  as e igenva lues  of

40)(x), wh ich is ho lomorphic at x = 0 , possess convergent  exp ans ions

in ascending fractional powers of x. By the uniqueness  of power series

expansions this series must be the one constructed in ( 8 . 1 1 ) ,  i. e . ,

rn-I

~J
ps

(0)~ ,~ — ~ 
(m) ~=0

—‘ ~o X
m 0

This series is independent of j ,  which prove s the lemma.

In the situation described by the lemma above , i . e . , if  ?10
(x)  has,

identicall y in x , exactly one eigenva lue )+.
0

(x) an eigenva lue-
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sh i f t i ng  t ran sformat ion  of Type VI wi th  k x )  = k0 ( x) produce s a

si mi lar  problem with a new funct ion A0~x) which is iden t ica l ly  n i lpo ten t .

A0 ( x )  m a y  a l r eady  be a s s u m e d  to be in Arnold ’ s form . There fore its

J i a c p ni~~l b locks  are s h i f t i n g  matr i ces .  A fter  the next shearing , eithe r

the new i~~ad ;: a t r ix  A0( 0) has no nzero entries In the blocks

below the diagonal  blocks or th e nonzero entries or iginated from

matrices Ar (X) with r > 0 , in which case a’ > 0. In either case

situations have now been reached which were discu ssed before , and the

whole process mus t  terminate after a finite number of steps .

The theorem below summarizes what has been achieved so far.

Theorem 8.1. By a f ini te number  of t r ans fo rma t ions  of Types Ito VI,

described in ~ 3. every differential equation of the form (3.!) can be

reduced to a f i n i t e  n u m b e r  of e q u a t i o n s  of the same form for which  ei ther

n = 1 or h 0.
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~, i . A~ y r r -j ~t u t i c  Sulution ut the Scalar ~qua tion.

I f  ( 3 .1) is a sca lar  equa t ion , one of  i ts  so lu t ions  is

(~~~
. 1) y ( x , E) exp{C ~~ j ~~~~~~ c)d~~}

x0

In this section the asympto t ic  na ture  of t h i s  solution wi l l  be inves t iga ted .

When k “ 0, the integral in (a .l) u s  not always in class ~2.

Therefore the follow ing w ider classes are in troduced .

Definition 9 . 1 .  A funct ion A(x , C) is said to be in class ~7 , if  it has

all the properties of class ~ except that A
r

(X)  need be ho lomorph ic in

0 < x < x , ~arg x~~~~ 60

~~~ A (x)  mus t  be bounded in that  domain. A funct ion  A(x , C)

such tha t x~A(x ,c) ~ 0 for some p > 0 said to belong to class cJ

The asym ptotic relation (2. 2) is defined in these wider classes

exactly as in Definit ion 2.1, and the lemmas of Section 2 remain valid

in them .

The integrals

( 9 . 2 )  Br
( X )  

X 

~
k Ar

(~~)d~
x0

with A
r
(x) as in (2. 2), (2. 3) have convergent ascending series in powers

of x , except for the possible occurrence of a logari thmic term . The

series may  begin with a negat ive power of x.

Lemma 9.1. Let

h r—h
(9.  3 )  Q(x , c) - 

~~~ 
B ( X ) C

r - 0
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and

~~~~ 4) F(x, C) = C
_h ç ~kA(~ C)d~ 

- Q(x , C)
x0

*Ihen l ç x , c) 0 , and

(~~ . 5) F(x, c) — ~~ B
r
(x)C

r h

r= h+l

Proof. I t  is convenient to re—write the series in (9 .  5) as 
r~~O 

C (X)C
r 

wi th

(9.6) C0(x) 0; C (x) = B
r+h

(X)
~ 

r > 0

Then

Iconst. , for k * I — 
°r+h >0k+ !—r

(9.7) IC
r(X)I 

~ 
const. 

r+h
, for k * I - °r+h 

<0

1~const. flo g x I , for k + I — ‘ r+h 
- 0

because of (9.2) and (2. 3). As C
0

(x) 0, the inequa l i t i e s  ( 2 . 4 )  and

(9.7) imply the relations

(9.8) C
r
(X) = c x r , C

r
(X) bounded

(9.9) o <r,~, , 0 < K~~~K .~~
QO .

If ~ < h/(k + I) one has ; = K.

To prove (9. 5), recall that by (2. 6),

(9 . 10) A(x , c) = 
r~ 0 

Ar(x)C
r 

+ (x~
1
~~

e)
~~~

1RN (x , c)
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4 with R
N

(x , ~) uniformly bounded in 
~~~~~

‘ 
for 0 < e ~ c0. Let M > N -‘ 0,

replace N by M in (9. 10) and insert it into (9. 4 ) .  Referring to (9. 2)

and 1 . t )  one then obtains  the relation

N M
F(x , c) = C (x)c~ + C (x)J

r=0 
r 

r=N+l 
r

( H+ . 11)

+ C 1

X 

R
M
(
~~
, C)~~~~~~~~~

”<d~
x0

From (9. 8) and (9. 9) one conci udes that  the second summation in the

right hand member of (9.11) sat isf ies the inequal i ty

(9.12) I ~ C (x)Cn j

r= N+l

I f M is so large that  k — (M ~ 1)/K <—1 , the last terms in (9.11) is

less than

M+l-h k+l— (M+l)/K
(9.13) const. C x

in modulus , I . e . , less than

(9 .14) const . ~
M41 h

~~~~~ J~~I 1 M + / ÷l)/~ I x ~~’~~t 1
N+l

One verifies I mmedi atel y th at for

t~ C ’~ ~ j x I .~~

the last expression Is O( 1x~~~”~~ (N+ 1 ) provided M is taken so larg e

that the exponent k + 1 - (M + 1)/K + (N + l)/~ In (9.14) is negative .

Insertion of these estimates into (9 .  Il )  shows that
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N
F(x, c) = 

r= 0 
C (X)C

r 
+ O( I x 1

~~ c J
N4l

)

for 0 C C
0

, x 
~~

, which complete s the proof of the lemma .

From the expansion

F(x) - 
r~ 0 

C (X)C
r
, C0

(x) 0 ,

which is the same as (9.  5) in simpler notation , one proves , jus t  as for

*
ordinar y asymptotic power series , that Y(x , e) := exp(F(x , c)) also is in 0

Th u s, the theore m below has been proved.

Theorem 9.1. For n = 1, the differential equation (3.1) has a solution

of the form

(9.15) Y(x,c) = Y(x ,C)e~~~’~~

with  Y(x, c) J~ ~~~~~ Q(x , C) ~ polynomial of degree h ~~ C 1
, ~~

described in ( 9 . 2 ) ,  ( 9 . 3 ) .

Remark. It is easy to analyze the function Q(x , C) ifl more detail. This

will not be elaborated upon here. Since the result depends decisively

on whether k > -I, = -I or < -1 the description is a little tedious.

In all cases the first term , B0(x) C h , domin ates the others in 
~~

, at

least for large t
0
.
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10. A s y m p t o t ic  Soluuon when h = u.

I l u  Po blern is to study the solutions of a sys tem of thu form

(10 .1) ~
_k 

~~ = A (x,C)y, A(x, c)

b r  s m a l l  C in the r e g ion  
~ 

. A l t h o u gh  t h e  c h a r a c t e r  of t u e  solut ion

d ’; c t n f S  - c - ~~5 u d e r a b ly  on whe the r  k > —1 , k = —I or k —1 , the discussion

w i l l  i c  u n i f i e d  as much  as possible.

Formally, (10.1) always admits matrix solutions of the form

r O  
~~~~ C r . The Y ( x )  mus t  only s a t i s f y  the di f ferent ia l  equations

(10 . 2 )  ~
_ k 

~~~ 
A0(x)Y r + ~, A (x)Y (x), r = 0 , 1 

= r

~L >o

For r = 0, that equation is

dY
(10.3) x

_k 
~~~ = A0

(x) Y
0

The nature of its solutions near x = 0 is described by the next lemma.

Lemmp 10.1. The differential equation (10.3) possesses a particuLar

f undamental  matri x solution of the form

(10 .4 ) Y0(x) = Y0(x)x 0e
Q

~~

with the following pro perties.

- I/p
(I) Y0(x) has an asymptotic series in powers of x , as

x~~~0 Afl IargxL~~60
.

det Y0(x) ~ 0 for x � 0 and Y
0

( O) ~ 0

~M1 
det Y0

(0) may be zero. The number  p i s a positive integer.
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( i i)  cix ) is a d i agona l  m a t r i x .  If it is not identically zero, it is

a polynomial in x
1’~~ without constpnt t.~~~~

( i i i )  G is a cons tan t  mat r ix ,  which commutes  w i t h  Q ( x ) .

( i v )  I f  k = —1 , then I I = 1, Q(x) E 0 and Y0 1x )  i s

at  x = 0. If k > 0, then C = 0 , ~~~~~~ll an~ le t  Y
0
(0) i 0.

‘rhis lemma s u m m a r i z e s  wel l  known c l a s s i c  al  r e su l t s  w h i c h  can , e . g . ,

be found in [ 1  8J Chapters  I-V.

Two preli min ary  t rans format ion  wi l l  now be per formed.  While  not

necessary, the y are he lpfu l  in that  they s i m p l i f y  the subsequen t  a n a l y s i s .

F i r s t , set

(10. 5) x = x 1’~
’
~ -

in (10.1). This produces a d i f ferent ia l  equation in which k is replaced

by p(k + 1) - I and p becomes equal to 1. As often before in this

paper , the notation will be changed back to the original  one. Then the

non-restrictive condition below can now be imposed .

Proper ty 8. In Lemm a 10 .1 , one has p = I.

Next, set

( I 0.~~) T(x) = Y0 (x)x G

fu r  abbrevi a t io n , a nd perform the t r ansformation

(10 .7)  y = T(x) z

In (10.1) .  There exist real numbers g1, g 2 ( they  are not uni que)  such that

(10.8) T(x) x 1
, T

l(x )x 2 
are bounded in 0 x l x0, !arg x l
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I i i  h i t  l e r e n t i a l  eq uat i o n  (10. 1) is now changed in to

-k dz
( lO. a )  x = B ( x , c)z

I l y ,  ti- ce series in the expans ion

-I-’

(10. 10) A(x, c) - A (x)J , ~~ 
. 0 ~

r =  0

becomes 
r=0 

B ç ~ )J, with

(10.11) B
r
(X) = T 

1
(x)A(x)T(x), r >0

The new lu i l u n g  coeff icien t B
0
(x) is more easily calculated indirectly:

in an a l c : c ; y  to the formal  series solution 
r 0  

Y (X)C r the d i f fe re ntial

equation (10. ~i) has a series solution 
r~ O 

Z (X)E
r 
with Y (x) = T(X)Z

r
(X)

~

In par t icular , there fore , ( 10 . 4) implies

(10.12) Z0(x) = e
Q(x)

This m ust  be a solution of the equation

dZ
(10.13 ) x

k 
dx
° 80(x) Z 0

Therefore ,

(10.14) B
0

(x) -k ~~o~~-l x
_ k

Q~(x)

In explicit form , if Q(x) ~ 0, then

m -

(1 0 . 1 5 )  Q(x) = ~ Q x 1 , 
~ m ~ 0

j=1

— 5 9 -



so t h a t

(10.16) B
0
(x) = - 

j = l  
ic~x~~~~~~ = _x_k m_ l 

j=l 
JQ~x

m J

unless Q(x) 0 , when 80(x) 0.

R e t u r n i n g  to ( 10.11), one sees that  by vir tue of (10.8)  the matrice s

— 
g

1+g +~
(10.17) B

r(x)x 
2 r

are bou nded in 0 < l x i  ~ x0, I arg x l  < ô~ although not necessari ly

holomorphic at x = 0. Now , set

(10.18) B(x, t) = B(x , C)X k f m l , Br (X) = Br (x)x~~
m_ l

The differential equation (10. 9) can then be written

(10 . 19 ) m+l 
= B(x , c)z

and the B
r
(X) satisfy an order of magni tude  inequality of the form :

(10 . 2 0 )  B (X ) X
r is bounded for 0 <  l x i  ~~x0, l arg x I ’ < o 0

(10 . 21) P r~~~rhhI( l, 0

*
The proof that B(x,c) t O  , I . e . , that

(10 . 22) B(x , c) - 
r~~O 

B ( x)C r

fri the sense of Definition 2.1, resembles so much analogous previ ous

arguments , e.g. in section 7, that a repetition Is not necessary .

Thus the following lemma has been obtained.
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Lemma 10.2.  The t r ans fo rmat ion  ( 1 0 . 7 )  (where T(x) is defined by ( 1 0 . 6 )

and (10.4) ,  t ake s the d i f f e r en t i a l  equation (10 .1 )  (which is supposed to

have Property 8) into

(10 .23)  xm +I  
~~ = B(x , c )z

where B (x , C )  0 .  The leadi ng term B0(x)  in the asymptot ic  series

(10. 22 ) for B(x , C) is ei ther  zero, and then m = 0, or

(10 . 24) B0
(x ) = - 

~~~~

(wi th Q. as in ( lO.1 5j .)

The coefficients  Z (x) of the series 
r = 0  

Z (x )C r which solve s

(10 . 23) formally must  be solutions of the di f ferent ia l  equat ions

(10.25)  x
m+l ~~~ = B0(X) Z + ~ B (x)Z (x) ,  r = 0 , 1, . . .

= r

which Is the analog of (1 0.2) .

The asym ptotic calculation of the Zr (X) is based on the lemma below .

2 m
Lemma 10.3.  Let q(t)  be a scalar polynomial q(t)  = q

1
t + q

2
t ~~~~~~ + q t

m > 1, q ~ 0 , and let g(t)  be a scalar function holomorphic and

bounded in the region

S = {t~t
0 

< I t  I , Iarg (t — 0
~
) I .

~~ ~~~~~ 

.

Then the function

f(t) = ~~ (t) g(~)~h (h an integer)
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has an antiderivative F(t) of the form

I’lt ) =

with  G(t)  ho lomorphic and bounded in some subsector

S
4 

{t~ t 1 ! t j , i a r g ( t  - O
o

) I o~}

o t  S .  (G t )  has nothing to do with the matrix C in (10. 4).)

Proof. Choose t1 > t
0 

so large that the mapping s = q( t )  has a

holomorphic inverse in the subsector of S with i t i  t
1

. Define F( t )

by the integral

F(t) = J ’ e
T) g ( T ) T h

dT
v( t)

The path y(t ) ,  which must end at t is to be suitably chosen later.

Since t = q l/’rn l/m (J + 0(5_l/m )) , as s -
~~ ~ , the transformation

q(T) = a changes the integral into

F(s) = F(q (t))  = F(t)  = f e (f f )~~~~
m

~~~~
m da

‘v( 5)

;(s) is , of course , the image of the path y(t) with g(a- ) bounded

and holomorphic in the image S = q (S) of S. When written as

(10. 26) F(s)e~~ f ea s r )a ’ m+O/m da ,
Si(s)

the integral takes on a fo rm dealt with in Lemma 14.2 of [18], where the

setting is more general , except th at the exponent that corresponds to

the exponent of a in the Integral above is assumed to be non-positive .
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This i s s u r u p t u o n  is , lu wever , u uw h er e  u i u c  essary  in the proof.  Instead

01 r - p e a t i u i j the r i t h i &  - r  l e n g t u i y  a r g u m e n t s  o f  t h a t  proo f it wi l l  s u f f i c e

- ( h - m+ l ) / mto state the c c nc - l u s i on  w h i c h  is  t ha t  the in t eg ra l  in (10 . Z t ,) is O(s

as s -, in q(s ), i t  is taken s ma l l  enough .  ih i s  complete s

the proof of Lemma 10. 3.

Lemma 10. 4. The d i f f e r e n t i a l  equations (B.  2 S )  possess solut ions of the form

( 1 0 . 2 7 )  Zr (x) = Z (x)e Q(X)

(10 .28)  Zr (X) = Z
r

(X)X 
r

where Zr
(x)  is ho lomorphic  and bounded in 0 < l x i < x 0, iarg xi 

~ ~~
, 

~~~
(10.2 9) (1

r~~~ r/K

for some number K in 0 K

P~~~ f Formula (10.12)  e s tab l i shes  the lemma for r = 0. For r > 0 ,

replace 10 .25)  by the equivalent  in tegra l  representat ion of the Z
r

(10. 30) Z Z
0

(x )Z 0~~~) ~ B ( ~~) Z ( ~~) m l d~
r

The i n t egr a l  sign is to be interpreted as indicating an as yet unspeci tieLl

a n t i c b e r i v a t i v e  take n at ~ = x. A ssume the lemma to have been proved

to r /~~ , Z1, . . 
~ 

Z 1. By m a k i n g  use of th i s  hypothesis , as well as

m o r m : i u l a s  t A O .  20) , (10. 21) and (10.12)  one f inds , a fter mul t ip l i ca t ion  with

on both sides of the equation , tha t  (10 . 30) can be written in the form

(10. 31) 
~r = 

~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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A short  c a l cu l a t i o n shows that  i t  h r sa t i s f i e s  the ine qua l i ty

(10 . 32) h r K

where ~ has l oon taken so sma l l  that

K ‘< l~~ 
I (m l ) K

1 J

with as in (10.21) ,  then H (x) is bounded , as x -
~~ 0 in i arg x i  c c

The r igh t  member  of (10. 31) is a mat r ix  of n
2 

scalar integrals

of the form

x q .  (x ) - q .  ( a ) ,..
(10 . 33) j e Jk jk  

h .k (~~)~~~
r/K d~~, j ,  k = I , . .  . , n

The ~~.~~(x)  are the d i f ferences  of the polynomials  in l/x that  appear

as the di agonal entries of Q(x) . Their degrees may therefore be any

integer between 0 and n. If the degree of ~ .~~(x) is positive ,

Lemma 10. 3 can be applied , after the t ransformat ion ~ = l/T . The

result , in terms of x is then , that the integral is O(X 2 r
~
’
~o ) , as

x - 0. If ~ .~ (x) is constant , an elementary argument show s that the

l— r/K -integral is O(x ), except if r/K = 1, whic h can be avoided , by

not choosing K as an integer . Thus , the relation ~- ( x) =

as x -. 0 in l arg x 1  
~ 

Is always true , and the lemma is proved.

The matrices

( 10. 34) Yr(x) = T(x)Z (x),  r = 0 , 1, . . .

solve the differential equation (10 . 2).  It remains to be shown that the
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t c c i i i l ~il s& ro -s  so lu t ion 
r~~0 ~~~~~~ 

represents asymptot ical ly  a solut ion

of (10 . 1) .  I t  is conven ien t  to prove f i r s t  the analogous statement for

t h e  s~’r ic ’s 
r = O  

Zr (x) C r wi th  respect to the equatio n (10. 23) .  The

r c : u m u  to ( 1 0 . 1 )  is then a s imple  ma t t e r .

~~ th  the nota t ion  of Lemma 10 .4  let Z be a function in ~7

wi ’h ~~ a sympto t i c  expansion

(10 . 3 5 )  Z(x , C)  — 

r=0 
C
r
, as C 0+

ror x 
~~~~~

. Such a func t ion  exists  according to Lemma 2 . 4 , which

rema ins l iterally val id in 0 ins tead of 0.

Since 
r~~O 

Z
r

( e~~ Cr is , by construction , a formal solution of

(10 . 2 3 ) ,  i t  follows that

(10. 36) (X m + l  
~~ - B(x , C ) ) ( Z ( x , C)e

Q(x) ) = W(x ,

where W ( x , c ) — 0 , i .e . ,

( 10. ~7)  W ( x , C) < cN ( I x l _ l ~~~c) N
~~

: - r  x ~~~, 0 ‘ C C
0 

and for all N ~- 0 . There fore , if (10. 23 )  is

c ~~;- : ‘c i~~tu a : i c - r e : u t i a l  e q u i t u  for th e  m a t r i x — v a l u e d  f u u i c t i n V

u ,

( 10. ~~) = (V

nt  - it . c a m e  gets , w i t h  the help of ( 10 .  1 ‘ - ) ,  (10 . 24) and (10 . 31 ) , the

~0 - ’ —



d i i  e r i - u i t i j l  equa t ion

(10. 3~~ ) ~
m +l  

= B
0

V - VB
0 

+ ( B  - B
0

)V -

and the  t a s k  is now to show tha t  i t  has  a solut ion t h a t  is a sympto t i c

to zero . To achieve this , one obser ves that , according to a version

of the v a r i a t i o n  of parameters fo rmula  derived in 1 18 1,  ~ 30. 1, every solution

ot :ho integral equation

(10 . 40) V(x , C ) =  f  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
r ( x)

also solves (10. 39).  Here , formulas (10. Is )  and (10. 24) have again

bee n used.

The estimation of the integral operator in the right member of (10. 40)

begins with the observation that

IB(~ ,C) - ~~(~ ) l  ~

for ~ £~ , 0 < C < C 0, in consequence of (2 .  6). Now, replace

* *by a smaller number K 0 <~~~ < K , such that

* K
K 1 + K ( m  + 1)

ari d write for the subset of ~~~~~ obtained by this change in the

def in i t ion  of Then

(10 . 4 1) lB( ~~~, C) - B0(~ ) I i~ 
-m-l 

~ c0t m+l C 1
4
(1/ m~~

*for x ( , 0 < c  
~ 

£ ,~, and the right member can be made as small as

one pleases by reducing C
0 

or t
0

.
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- t . th~ x) , j ,  k - 1, 2 , . . . , n be de fined as in (10. 33) , then

t h u  sc - t  of n’ paths of i n t eg ra t ion , each ending at ~ x mus t  be such

tha t  in  each  scalar integral in (10. 40) the f u n c t i o n  Re~~.~~(~~) is non-

i n c r e a s i n g .  The proo l tha t  th i s  can be done hoc x ~. , provided ~~ ~~~

C 0 , x0 are chosen s m a l l  enough is a s t andar J  a r g u m e n t  tha t  wi l l  be

orni t t e u

A so lu t ion V of (10. -10) which is asymptot ic  to zero can now be

constru c~c u  by the usual  Picar i i t e ra t ion :  Set V0 0 , then

V,(x, C )  - f e 1
~~~~~~~~~4’(~, , C)~~~~~~e~~~~~~

’
~~~~d~

r( x)

The path of integrat ion has f i n i t e  length , the exponential factors are

bounded for the appropriate choice of the matr ix of paths IT ’(A) , and

( 10. ~ c j  implies

I~~~ ,C)(m
l

I ~~~~C~~~ ( x l ~~~~~~c)~~~
1

for x € ~~~~ 0 < C 
~ 

and all N ~ 0. (C N is a constant) . Hence , also

(10 .42)  I V 1(x , C ) I  
~~~~

C
N

( l x i  C )
N l

with some constant

The detai ls  of the proo f from here on - whether based on the

Contraction Theorem in Banach Space or explicitly on the Picard iteration

argument  - are analogous to those found , with variations , in almost

every paper on the asym p totic nature of lorrnal  series solutions for

d i f f ere ntial equations.  It  su f f i ce s  to po int out  that the possibility of

making the right member of (10 . 41) sma l l  is the bas i s  o f  the existence in - i
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uniqueness  pr oof for the solut ion of the in tegra l  equat ion (10 . 40) ,  while

( 10 .  4 2 )  impl ies  tha t  this solution is s m al l  of the same order , i . e . ,  that

(10 . 4 3 )  V(x , C )  -~ 0 for  x ~~~~, 0 < C C
0

in the sense of Def in i t ion  (2 .  1 ) .

I’ m n a l l y .  the las t  resul t  m u s t  be t ran s la ted  into the equ iva len t

s ta tement  for the  d i f fe r e n t i a l  equat ion (10 . 1) by the t r ans fo rma t ion  (10. 7) ,

replacement  of x by x in the notation , and return to x by the

inverse of the change of variables (10. 5). The proof of the theorem below

is now complete .

Theorem 10.1. The d i f fe ren t ia l  equation ( 10.1) :

= A(x , C)y, A(x , C) t 0 ,

with k an integer  - positive, negative or zero - has a fundamental

matr ix  solution of the form

(10.4 3 )  Y(x , c) = Y ( x , e)x Ge
Q

~~

with the following properties.

(i) U ~~~~~ Q(x) are the matrices defined in Lemma 10.1;

( i i )  Y(x , c) = Y0( x ) Y ( x , C )  , where Y0( x) was described in

Lemma 10.1 and Y ( x , c) 0

lim Y(x,C) = I .

C ~~~0+
- G **Remark. The product Y(x, t)x is , of course, in class 0 . Only this

weaker fact is needed for the Main Theorem stated In the Introduction .
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§ i i .  The M a i n _Theorem .

The several  successive t r a n s f o r m a t i o n s  of the original  d i f f e r e n t i a l

equat ion (1 . 1) can be assembled  in to  one t r ans fo rma t ion

— ‘-in —i
(1 1 .1)  y ~ i(x , c)z , x x , £ C

T(x , C) j 5  ci  product  of m a t r i c e s  eac -h co r resp ond ing  to a trans l o r m - i t i o n

of Type 1 , I I , I l l  or VI .  Whenever  one of these t r ans fo rma t ions  is app i i e i

to one of the block s of the block diagonal izat ion reached at tha t  ~t i g e

it ca n be extended to a tran sformation of the whole space which leaves the

remaining components unchanged. Observe that the transformations of

Type VI are scalar in each of the blocks of all subsequent t ransformat io n s .

Thus , these trans formations can all be moved to the rightmost positions.

Therefore , T(x , c) in (11.1) has the form

(11 .2 )  T(x , y) = T(x, c)ex p~ c ~1
(x , C))

with the same structural properties as formula (I .  ~
) .

The di f ferential equation for z re sulting from trans format ion l l . l )

consists of scalar uncoupled equations with solutions of the form

descr ibe-I  i n Theorem ~ . 1 and , ~~ssib ly ,  of sys tems  w i t h o u t  a power of C

m u l t i p l y i n g  the der ivat ive . These systems were solved in section 10. The

solutions so oL t a in ’d can be a ssembl ed n i t  a mat r ix  Z(x , C) of the same

f orm as ( 1 1 . 2 ) .  Mo reover , the expo nential  f a c t o r  in (11 . 2) commute s with

Z , s i n ce  th e diagona l m a t r i x  Q1(x , C )  ~5 scalar  in each diagonal block

of Z. There fore the exponential f a c t c r 5  in the product Y = TZ can be

— hc) —



combined , which comple te s the proo f of the Main  Theorem as stated in

the Introduction .

The equat ion s of the form (1 .1 )  for which the outer solution , as described

~n Theorem 1. 1 has been explicitly connected with an interior or intermediate

solut ion (see, e.g. [l2 J , [13], [14], [19J, [22J ) all possess , to my

knowled ge, the special property that

( 1 1 . 3 )  l c Q(x , c ) H K

for some constant K and for certain values of x and e that lie in

the domain ~~ , 0 < C  < in which the asymptotic results of Theorem 1. 1

*
are valid. This is by no means always the case, even if Q ~~ , as

will be i l lustrated by the example below . That example also shows that

the methods of this  pape r , while  constructional in principle , involve

long com puta tions , even for simple equations .

Examp les.

The equa tion

0 1 0

( 1 1 . 4 )  = 0 0 1 y, m a positive integer

€ O x

is of the type (1.1) wIth h = 2 , and

0 1 0  0 0 0

(11.5)  A(x , € )  A0(x) + A 1( x) C = 0 0 1 + 0 0 0 C ,

0 0 
m 1 0 0

while the coefficient matrix Is a simple companion matrix , the turning
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poin t  at  x = 0 is r L it i  ve ly  c l i i  ph i -  i t ü d .  Iw u  e igenvalues  of A0
( x)

are i d e n t i c a l l y  ~erc , and the t h i rd  c ig e n v a lu e  becomes equal  to the

other two at x 0. The e l emen ta ry  d iv i so r s  of A0
( x )  have degrees

2 i i i  - r x 0 , h u t  he r  x = 0 there is only one e l e m e n t a r y  d iv i so r ,

of i t - - n - c 3.

As A
0

(0)  is already in Jordan form and nilpo tent , the decom posi t ion

of the system begins with the shearing described in § 7.  The figure

below shows the Puiseux pol ygon for equation (11.4) .

V

(0 m)

-

. 

__

(2 , — i )

The appropriate shearing transformation is

- m 2m~ ’-
( 1 1 . 6 )  y = diag(l,x ,x )y

a nd the transformed di f ferent ia l  equation becomes

10 1 0  0 0 0  0 0  0

( 1 1 . 7 )  
2 - r n  

~ = o o + 0 ~ 0 ~~~
3m

~ 0 —m o x
m_ 1

C 2
~~

~ 0 O j  1 0 0  0 O — 2 m J
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N - x i , - ns I n u t  t im - f l

1 0 1  1 0 - I

( l l .~~i U y  w i th  T = 0 1 1 , T ’ 0 1 -1

0 0 l  0 0  j

i ~ o. — u i a  ;- u - i h : e s  t i e  new le cic i  m a t r i x .  One gets

( o i o  — 1 0 - 1  0 0 2

( 1 1 .  i)  C
2

X 
ii 

= 0 0 ~ + 1 ~~ 
- ~ 

3m 
+ 0 -1 1 mx m 

C
2

0 0 1  1 0  1 0 0 2  J
The f o r m a l  b lock ‘ i i c g o n a l i z a t i c cn  of the whole coef f ic ien t  ma t r ix  by tne

technique of § 4 introduces a non-terminat ing series in powers of C .  The

ca lcu la t ions , while elementary,  are tedio us.  One find s that a transforma-

tion u~ the form

( 1 1 . 1 0 )  y = P(x , €)z

with

0 0 -1

(11. Il) P(x, ~) = I + 0 0 -2  ~~~~~~ + O(x 6m C 2 )

-l  — 1  0

takes the di f ferent ia l  equation ( 1 1 .9 )  into the block-diagonal form

lo  1 0 -1 0 0

(11.1 2) 
2 — r n  

= 0 0 0 + — i  0 0

L o o l  0 0 1

1 1 0

Sm—h —6m 2 — 9m 3+ 1 1 - mx x C + O(x C ) 1z
Sm - i0 0 - 1 — Z mx
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which splits into the two uncoupled problems

( 1 1 . 1  ~) 2 - r n  du [o I 
+ 

-l 
X~~~~~~C + 

1 1 
X

6m
C

2 + O ( x
_ 9 m

C
3

)~~ udx t~o 0 -l o i I - mx 5
~~~’ J

2 -m dv -3m Sm-I  -(cm 2 -u rn  3
(11.14) C x = ( I  + x C f (—1 — 2rnx )x C + O(x C )}v

Here z (u ,v)
T.

First , the analysis of (11. 13) will be continued. As the reduction

to Arnold ’s fo rm according to § 6 is not essential here , it will be skipped.

Anothe r shearing is then in order. Below, the points of the Puiseux

diagra m which can be recognized from the partial sum in (11.13) are

plotted . Fro m the form of the series it  is clear that the remainin g points

are irrelevant for the exponents of this shearing.

V

1 3
- ~~m)

•(2 , — u n — I)
•(h , — 3m)

•(2, —6m )
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i~~e ‘ i i  h i t a t e d  shearing trans formation for (11. ) is

( h 1 . K )  u d t a g ( 1 ,

I t  produces the new d i f f e r en t i a l  equat ion

- 2 2 d u  r 0 I 1 0 -~~ m 
1/2 

0 0 -3m 1 2 1 1/2
f l 1 . l h c )  C X + X C X C +  X £

dx 
Li 0 0 1 0 1 0 -m

-Om 2+ O(x e )  u .

The re -adjus tment  to integra l exponents will  be bypassed as inessential ,

since (11. 16) can be diagonalized directly by the method of § 4. The

resul t  of this  calculation is — details are omitted - that a transformation

of the form

( 11 . 17)  = [( ‘ 
+ O(x 3m

c)1~~

change s (11.17) into a diagonalized system of the form

(11. 18) € 3
~’2xm

~
’2 ~ ((~ 

°) + ( i  O)x ~ 3m/2 c I/Z

+ 

1/2 0 

)X
3m

C ~ O(X 7m/2
C

3/2
~~~U

0 1/2 J
Now the diago nal system (11.18) and the scalar equation (11.14)

mus t  be integrated by the elementary procedure of § cj and , f ina l ly , the

several t ransformat ions  performed in this section can be combined to

yield the fi nal result .  Nei ther  the details of the f in al  formula nor the

calculat ions have much intrinsic Interest , except for the structure of
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the exponent  in (1. 3) , wh ich  is the decis ive part of the asymptot ic

so lu t ion .  For m > 1 tha t  exponent is

~
_ H

Q(x c) = diag {e 3/2 
m/Z - 1 X

(m/2
~~~[l +

- 
- 3/2 

rn/2 - 1 + o(x 2 C~~
2

) J

m +1- 2 x  -3m
— C  

m + l ~~~~~°~~ 
c)J } .

Thus, in the notation of the general theory, C = ~~C , x = x or x1”2 ,

depending on whether m is even or odd , and H - 4. The restraint

index is I/3m , in terms of x and C.

The condition (11. 3) is clearly not satisfied. It m u s t  be expected

that this fact will make the central connection problem at the turning

point harder than for problems where the solution remains bounded , as

C -‘ 0 , in some parts of

The properties of the d i f f e r e n t i a l  equation (11. 4) in the shrinking

disk aro und x = 0 are very complex.  Details of a general analys is  -

though not a solution of the problems that arise - are given in [10 1

and [ 6 ] ,  [ 7 J .

The natural  tool is a stretching t r ansformat ion

(11. 19) x ~~~~~~ p > 0

It cha nges (11.4)  into
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(11.20) £
2 1 ) o o y

In m p
C 0 ~~~~C

If ‘ 1/ ~rn an y  f i n i t e  d isk  in the c—plane  overlaps wi th  
~~~~

. at least

: 1  smal l  enough C .  However , as one can check d i r e c t l y ,  the theory

ot  t h i s  paper , when applied to (11. 20) does not extend the v a l i d i t y  of

t f lm a sympto t i c  ana lys i s  to points closer to the origin than O(xe V3m ).

For p l/~ m . the shearing indicated by the theory is

1 / 3  2/ 3y i i a g (1 . C , C ) z and leads to

0 1 0

~~~~~~~~~~~~~ 
dz 

— 0 0 1 z .

1 0

Now , the origin is no longer a turning point , but there are 3m isolated

points in the c-plane where some etgenvalues of the coefficient matrix

coalesce . Thus , the local problem in the x-plane has become a very

comp l ex global problem in the ~-pl ane.

The occurrence of such secondary turning points after the stretching

is typ ical , whenever the original Puiseux po l ygon has more than one side .

The paper [11 ) by M . Nakano and T. N ishimoto illustrate s well these

complications.
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