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ABSTRACT

In the differential equation

el 4¥

e A(x, e)y

let A(x,&) be an n Xn matrix valued function of the complex variable x
and the parameter €&, holomorphic in both variables for le < X 0<e< €0
Let y be a vector and h a positive integer.

Fundamental matrix solutions of the differential equation are
constructed which involve functions that can be represented asymptotically
by series in powers of €. The domains of validity of these expansions grow,
as & tends to zero, in such a way that their distance from x = 0 tends to
zero with €. Combined with stretching transformations of the form x = ge",
this result is a basic tool for the analysis of turning points of unrestricted
complexity.

Equivalent results are contained in papers by M. Iwano (Items [ €],
[7], [8] of the bibliography at the end of this paper.) The method of the
present article has many points of similarity with Iwano's work, but it is
substantially simpler and shorter. This is achieved by a systematic use of
a somewhat generalized concept of asymptotic series in powers of €& for
functions of x and €, by drawing on results by H. Turrittin and
V. I. Amold, and by avoiding the preparatory reduction of the problem to a
block~-triangular form, necessary in Iwano's presentation.
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OUTER SOLUTIONS FOR GENERAL LINEAR TURNING POINT PROBLEMS

Wolfgang Wasow

§ 1. Introduction.

There is a vast body of literature on the properties of linear analytic
differential equations near a pole with respect to a parameter. For
general investigations such differential equations are usually written
in the form

(1.1) € = A(x, &)y,

=
S

where A(x,€) is an n Xn matrix-valued function, y an n-dimensional
column vector, € a small parameter and h a positive integer.

The main difficulty in these theories stems from the fact that the
algebraically relevant properties of the coefficient matrix A(x,€) may
change discontinuously, even at points where it is holomorphic. Some
restrictions on A(x,€) have therefore been imposed in most papers in
this field, whether they deal with local or global questions.

M. Iwano, in three connected papers [6], [7], [ 8], has developed
a theory that is truly general,in that for any problem of the form (1. 1) a
method is described by which, for any point Xx = Xq @ set of asymptotic
series for certain fundamental solutions car be calculated so that the

domains of validity of these expansions together cover a whole neighborhood

Sponsored in part by the United States Army under Contract No. DAAG29-75-C-
0024, and in part by the National Science Foundation Grant No. MCS76-05979.




of X The great length and complexity of these investigations makes

it desirable to simplify and shorten the presentation, so as to make it
more easily accessible. This is the aim of the present paper. Its
arguments have many points of similarity witn Iwano's, but there are

also some important differences. In particular, I permit from the
beginning matrices that are not block-triangular, a restriction which Iwano
removes only in the Appendix of his third paper. The widened concept of
asymptotic power series introduced in section 2 is a helpful tool which
shortens the subsequent analysis. In addition, the presentation is
facilitated by employing certain results of Turrittin [17] and of Arnold [1].

Near points of the complex x-plane where all eigenvalues of A(x,0)
are distinct, a complete solution of (1.1) in terms of asymptotic series®
in powers of € has been known since early in this century. Its descrip-
tion can be found in several textbooks, e.g., [2] or [ 18].

The existing knowledge near points where A(x,0) has multiple
eigenvalues is still incomplete. 1f A(x,0) has no eigenvalues which
are identically equal, there exists a set of isolated points in the x-plane
at which multiple eigenvalues occur. They are often called ''turning points''.
The asymptg?ic nature of the solutions near such points can be extra-
ordinarily complicated (see, e.g., [9], [10], [1l]) and involves as
yet unsolved connection problems. If A(x,0) possesses some eigen-

values that are identically equal, it is not even clear what terminology

should be adopted. Is it then reasonable to call every point in the domain
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of A(x,0) a turning point? One might be tempted to apply that term

only to points, where some eigenvalues are equal without being identically
equal. However, as Hukuhara [ 5] and Turrittin [ 17] have shown, the
asymptotic analysis near points where all multiple roots are identically
equal often leads unavoidably to problems that have there a turning

point in the former sense.

I shall, therefore, not attempt to offer a mathematically precise
Jefinition of the concept of "turning point'', but I will use these words
in a descriptive sense as having to do with difficulties in the asymptotic
theory arising near certain points from abrupt changes in the algebraic
structure of relevant matrices at that point.

The most generally applicable method of approach to turning point
problems is based on ''stretching'' and ''matching''. If the point in
question is at x = 0, a transformation of the form x = geK, K>,
is fittingly called a stretching. For properly chosen values of « the
""'stretched'’ differential equation can often be solved or, at least,
brought closer to a solution, in bounded domains of the £-plane. As the
image in the x-plane of such a domain shrinks to zero with ¢, a
successful ""matching' requires that, in addition, asymptotic solutions

are available in regions which, while possibly bounded away from the

turning point, expand towards it, as & tends to zero. The two types

of solutions are often called "inner'' and "'outer'' solutions. |
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As Iwano and Sibuya have shown ([ 6], [7], [ 8], [10]) the stretched
problem may again require a composite analysis, involving series of
"outer'' and 'inner'' type with respect to the new, stretched, variable.

The inéomous and methodical work in the papers cited above does not
yet solve the problem of the connection of the several fundamental solu-
tions with known asymptotic series valid in different domains. For
partial results concerning the calculation of the ''connection matrices"
see [14]) and [21]. As far as the calculation of each of these solutions
is concerned, all the features appear already in the outer solution for the
original differential equation. A few further remarks on this point can

be found at the end of section Il.

Because of the length of the arguments it is desirable to begin with
a description of the main result in a language that is not excessively
technical:

The asymptotic solution of the differential equation (l.1) constructed
in this paper involves asymptotic series in powers of & whose coefficients
are not necessarily holomorphic in x at the point x = 0 near which
the outer solutions are to be found. These coefficients may grow as fast
as some negative powers of x, as the point x = 0 is approached.
However, the exponents of these negative powers do not increase faster

than at a linear rate with the order of the term in the series. Thus, if

f(x)clr is the rth term of such a series, there exist two numbers, p
r

+r, :
and «, independent of r such that fr(x)xp & remains bounded as




x = 0, at least in some sector of the x-plane. Functions of x and &
that possess such expansions are said to be in class @ . For precise

definitions read Definitions 2.1 and 9.1 below.

Theorem 1.1 (Main Theorem). Let

(1.1) eh gﬁ = A(x, e)y; h >0, integer,

be a system of n scalar differential equations whose coefficient matrix

is halomorphic in [x | <x., 0<g <e . andpossesses an asymptotic

0’ 0

expansion
Q0
1 %
A(x, €) ~ Z Ar(x)s , € =0+,
r=0

(1.2) uniformly in iarg x| £ 60. Then (1.1) has a fundamental matrix

solution Y(x,e) of the form

~_H ~
A N > X, €
(1. 3) Y(x,€) = Y(x,¢€)e Qlx, €)
with the following properties
o ~ [ 8 oy 5 .
(1) x = xl/m, € = el/ ; m, £ are positive integers. H is a non-
negative integer.
A~ o~ ~ ~ AR
(ii) ¥Y(x,e) and Q(x,e) are matrices in class @ in
< 8.
Iarg x| 561_ %0

(iti) Q(x,€) is a polynomialin &.

~ o~

(iv) Q(x,€) is diagonal.
~

(v) The determinant of the leading term YO(;) in the expansion of

~

Y(;, E) is not identically zero.

s Bn




The method of proof is completely constructional. This does not
exclude that for many concrete examples shorter procedures may be
available. Most of the required operations are rational. There occur,
in addition, calculations of eigenvalues of holomorphic matrix functions
and quadratures of analytic functions.

The by now fairly common notation A =: B will occasionally
be used to indicate that the formula represents a detinition of B. The

meaning of A := B is analogous.
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§2. Asymptotic Expansions in Growing Domains.

The sequence of transformations of the differential equation (1.1)
to be performed later in this paper, while simplifying it in essential
respects, also complicates it by introducing divergent asymptotic series

and negative powers of x. To cope with these difficulties, a theory of
o0
' r
asymptotic series of the form L Ar(x)e will be developed in which
r=0

the analytic functions Ar(x) are allowed to have poles at x = 0. This
theory can easily be extended to slightly more involved types of
singularities. See section 9.

Definition 2.1. A matrix valued function A(x,¢&) will be said to belong

to the class ¢, if it has the following properties:

(i) A is holomorphic in both variables for

(Z:1) v 0<|x|§x0, 0<e_<_eo;

(ii) A has an asymptotic expansion, in a sense to be explained

presently, of the form

[0 o]

(2.2) Ax,€) ~ ), A(x)e’, as & ~0+,
r=0

where

(2.3) Ar(x) = X Ar(x), Ar(O) 0 S O B ¢ BRI

whenever Ar(x) is not identically zero. Here o is an integer (not

necessarily non-negative) and Ar(x) is holomorphic in x| < XO’




(ii1) There is a constant «, 0 <k <o such that

(2.4) 'ir_’ir/x, S G | e

(iv) Define the domain FC by

(2.5) 0 {xlt. e :fx:;xo, }argx-oo'jbo},

where t > S S 4 bo >0, and 6, are certain constants. Then

0

there is for every N >0 a constant NG depending on N, but not

on X er &, .such that
N
: \ r
(2.6) Alx,e) - ), A(x)e'l<c

f 0 < < :
or X ¢ ‘\st LB f:0
Remarks :

(a) The inequality (2.4) means that the order of the poles of Ar(x)
can grow, at worst, linearly with r. This restraining inequality is the

stronger the larger « 1is. The least upper bound of the possible values

for the number « will therefore be called the restraint index of the series.

(b) The constant 90 will be held fixed throughout the arguments
to come. It can be made equal to zero by a rotation of the x-plane.
Therefore, the condition
{&s7) 0. =0
does not restrict the generality of the paper. It will be imposed from

now on. If it is desirable to specify the other constants, the corresponding

subfamily of @ will be designated by d(to,xo, € 60, k). Decreasing




any ot these constants narrows the family. For simplicity, it will be

assumed that Xg 1, although this is not essential. Then one must
also have thEK A ]

ave 0 0 xo < .

(c) In subdomains of ne where x| ;xl, xl independent of g,

N+l
the error in (2.6) is uniformly Of(e ), as for ordinary asymptotic

series. At the other extreme, the best that can be said uniformly in the

k(N+1)

whole domain xfE is that the error is C)(tO

Jeras tO*O. In the

- 1
subdomain of £ defined by fxl Sk e , with ' <k, the right
€ 0

e(l-x'/x ) (N+l)

member of (2.6) becomes Of ), as & — 0+.

(d) If A(x,&) isin @, the matrix x-kA(x,e), with k >0, is

h -k | .
€ x A(x,e), with h >0, belongs

not, unless Ao(x) = 0. However,

to ¢ with a restraint index «' > min(x, h/k). This is most easily
verified by a geometric interpretation of (2.4): The points (0,0), (1’”1)’

(2,0.), etc. in the (r,o)-plane lie on or below the line r - «xo = 0

2

. J E o \ h -k ,
and in the right half-plane. Multiplication by € x translates this
point set by the vector (h,k).

The lemma below is almost obvious, and the proof will be omitted.

Lemma 2.1. 1f A and B garein ¢, then A+B and AB are in

at ) with values of the constants that are the smaller one

0' %0 €02 Yo7

of the corresponding values for A and B, respectively.

Lemma 2.2. If A« Cl(to,xo,eo,f»o,x) and AO(O) is invertible, then

~ ~ ~

tO’ Xq1 &g that do not exceed

A_l’t d(to,xo,eo,f ) with constants

.’0’ ®

€




~

Proof. By continuity, Aot\x) is invertible for small x. If tO is
small enough, the relation (2.6) for N = 0 implies then that A(x, €)

1s invertible (see the Remark (c), above). To calculate an asymptotic

; -] 2 r )
series for A (X,€), one first determines recursively a sequence of

matrices Br(x), r=20,1,..., from the formal relation
) o0
Sk r
(), AEN(), B(xe) =1,
r=0 r=0

whose expansion leads to the relations

-0 v v ~
(2.8) B(x) = x rBr(x), B (x) holomorphic in [x| <x .
Now define the remainders RN(x, g SN(x, e) by
N r
RN(x,e) = A(x, ) - Z Ar(x)e
r=0
®
_l N r
Sy(x€) = AT (x,€) - r;O B (x)e" .

-1
Then the identity AA ~ = I can be written as

N
(2.9) S. = A ) AB g T~k R ) BR
0

-10-




The summation in the right member satisfies the inequality

X r+s “r/K‘S/KEr+S

g AAX)BS(X)C | <Ky lx (xxi'l/“ Mt

<K €|

o
r+s>N

r,s <N

N

with some constant KN, by virtue of (2. 3), (2.4) and (2.8). Now,
N

A l(x, €) 1is bounded in f:e, for 0 <g <e and so is :J Br(x)er.

0’
r=0
~ N+
x| 1/Ks) g

Also, RN\x,e) = o((| ) in that domain. Hence, (2.9)

establishes the same order of magnitude for SN(x, e), which proves

the Lemma.

Lemma 2.3. If A(x,&) ¢ d(to,xo,eo,éo,x) and tg, X, o, areany

~

then dA(x,e)/dxcd(tO, 6 ,—5-)

5 ey s L

positive constants less than t

QU0 60’

~

and 'xdA(x, €)/dx e d(to,xo, €g 60, «). The asymptotic series for the

derivative is the termwise derivative of the series for A(x,e). (lf

x = ©, one may replace «/(x +1) with .

Proof. One has

-(crr+l)

N A
(2.10) dA(x,e)/dx = dAo(x)/dx + Z X Ar(x)er + dR, (x, €)/dx ,

r=1 .

with

;\(x) = -OFAF(X) + xdi\r(x)/dx :

~

(The summation in (2.10) is absent for N = 0.) Let ‘Qe be the subdomain

of F’e defined by

ﬁe={x; e < Ix] <x

where

il




t t (1= X = X \ it & = 0 - g ]
0 041 v), X, ‘(01 ) #0 arc sin vy,

and vy 1s an arbitrarily small positive constant. Around a given x ¢ £
€
as center describe a closed disk Tx of radius lxly. Then, for every

0 k| one has
X

=1 ~-] : ~
t e" = to el-y) < Ixl-vy) < lel < Ixla+ Y) Sx,(1+y) <x

0
and

larg E=Nane x| < arc sin vy,

so that Tx € se, for x e Bs' Hence, by the Cauchy inequality and (2. 6),

(2.11) ,ldRN(x, £)/dx| < max !RN(é,e) l/I1xly < (’ENlxl-(r\lﬂ)/‘<'—lt:1\1+1 :
EeT
X
The constant 6N depends on .
From (2.4) it follows that T Fisir/ic +11 < r/ffrg r -KKTrl’ for 't >0

This shows that the termwise differentiated series for A(x,&) satisfies
(2.4) with « replaced by «/(k +1). Also, (2.11) implies that the
analog of (2.6) for dA(x,¢€)/dx is true with the same substitution for «.
Thus, the statement of the lemma for dA/dx itself is proved. The
statement for xdA(x, €)/dx is proved by going through the same steps
after multiplication with x.

Lemma 2.4. Let

where the ¥ are_integers such that

<rTr
(rr__ /

“)2=




v

for some restraint index « in 0 <k < @ gand that the Ar(x) are

holomorphic in [x| <X

<1, with Ar(O) # 0, unless Ar(x)s 0. Then

0
i
there exists in every family /7(10, X0 flo,eo,x) with to <1 a function
o r
A(x, €) with the asymptotic expansion L Ar(x)e
=0

Proof. This lemma is a generalization of the Borel-Ritt Theorem on the

existence of asymptotic series (see [15) or Thm. 9.6 in [18]). Let

(2:12) |Ar(x)[ SE for |x| <Xy
and define ur(x, €) by
(2213} ar(x,t:) = e exp{—a;l(x—l/‘(e)-ﬁ} !

whenever L 0. The positive constant P 1is to be chosen so small

that the exponent in braces is in the left half plane for |arg x| <6

0
Then
(2.14) la(x,¢)] < a;l( x|V xey®
for ‘arg x| < 60. In the part of that sector where
2.15) g% < lxl <
(2. 6% = )
one has
r -1 or-p/K r-p -1 (r=B)/k_r=-B _ (r-B)/«
,Ar(x)ar(X, gle | < (=] ) s R4 % 2

Therefore, there is a function A(x, e) defined by the convergent series

: A (x)a (, gt .

(2.16) A(x,¢e) =
|

n[\/"s

-]13=




A(x, €) is holomorphic in Pz for @ <g 380. (Observe, again, that

-1
2 .
one must choose CO so small that tO 80 x0 < 1)s

To prove that A(x,e) ~ A (x)er, in the sense of the definition

r

I:L/"S

(2.6), one proceeds as follows.

| - ks ‘3\
T e L § P

N
| < ; arlxl rfexp{—ar

{2-1¢)

-

> e}
+ LN arlxl rlozr(x,t:)l&:r =3 ZI+ZZ'

For abbreviation, set

L = x—l/Ke .
Then
(2.18) x(-)1/.<55 lg ] 5%/",
: -1 &
for ‘% in toe < lxlgxo, and also
-0

bl e = el
Hence,

N
(2.19) = < [tM™ ) a expf-a'Re(t ™)) LN ¢ (NG

1 T IN’

for Iz_,l in the interval (2.18). The constant ClN is independent of .

Finally,

[* o]
2Rt D R P
r=N+2

1-p
N+l N+l
lel (ZaNu*lSLl_Tl- 3 L1700 1T

The proof of the lemma is completed by inserting (2.19) and (2. 20) into (2.17).

™
nA

2an 4
(2. 20)

I

-14-




§ 3. The Program.

The more general types of differential equations to which one is
led in the reduction process to be performed on the original equation (1.1)
have the form

ehx_k QY _ A

(S“ dX 50 (X7C)Yy

where h and k are integers, h >0, and A(x,&) is of class &.
For equation (1.1),
(3.2) h>0, k=0, k= o .

Incidentally, with the substitutions x = te and

- r=o k

g
A (x)e" = A (x)t ‘e
in the series (2.2) for A(x,€), the differential equation (3.1) can be
interpreted as involving two independent variables a ''fast' one, t, and
a '"'slow' one, x. Th.i‘s is an approach used in much of the literature,
e.g., in[19].

The sequence of transformations through which one reaches,
eventually, a form amenable to elementary solution may be long. To
avoid an awkward proliferation of the notation, the previous notation will
be re-adopted after each transformation. The simplification of the problem

reached at each stage appears then as a property that may be assumed

without loss of generality.

It will be helpful to begin with a list of the types of transformations

to be performed, to number them and to give them descriptive names.

-]



Type 1 (Transformation by power series): Set

~

y = P(x, ey ,
with Pe @ and P(0,e) invertible for small € > 0.
Type II (Parameter shearing):

(Il ”Z (7n~
¥ mudiagie g s e se e

where -y are certain rational numbers.

@) Q’Z, .
Type 111 (Independent variable shearing):

B, P g -
y = diag(x l,x 2,...,x l'l)y

with certain rational numbers [31, pz, Nahoy Bn.
Type IV (Re-adjustment of the parameter) :

~m i v
€ =€ , m a positive integer .

Type V (Re-adjustment of the independent variable):

X = >~<m, m a positive integer.
Type VI (Eigenvalue shifting):
¥ = exp{e—h f x(x)xkdx}; .
where \(x) is a holomorphic scalar function (usually a constant).

A transformation of type I changes (3.1) into

h -k dy .-l h -k _-1dP
(3.3) B % dx—(P AP-¢ x P o

~

)y

Lemma 3.1. If A and P are in ¢ with restraint indices Kar Kps

P(0,e) is invertible for small positive €, and if h >0, then

-16-
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. 2 h =k -1dP ' ‘ e e
PFAR -2 % ] 4x isin 7 with a restraint index « that satisfies

the inequalities

, S S
K 2 min( kg, 7 l)
(3.4) and h
K > min(KA, K}//(l<}) t l)v ;:)

when k > 0. If Kp = w, the middle term in both inequalities may be

omitted. If k <0 the last term can be omitted in (3. 4).

Proof. Write ehx-kQ: ehx-k—l dp
dx dx

immediately from Lemmas 2.1, 2.2, 2.3 and Remark (d) after Definition 2.1.

(x =—), then the lemma follows

-17=-
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§4. An Approximate Block-diagonalization.

In [16] Sibuya proved a fundamental block-diagonalization theorem
tor differential equations of the form (1.1). In this and the following
section Sibuya's result is being extended to the more general differential
equation (3.1).

The block diagonalization is indicated only when
(4.1) h>0
and if AO(O) in (2.2) has at least two distinct eigenvalues. What follows
applies only in this case.

It is clear that a suitable transformation of Type I with constant coef-
ficients will change AO(O) into its Jordan canonical form. This transforma-
tion does not affect the restraint index. According to the program
explained in section 3 it may be stipulated that AO(O) has already the

property below.

Property 1: AO(O) is in Jordan canonical form.
Since AO(O) has more than one eigenvalue it can be written - not

uniquely - in the partitioned form

Ag(o) 0
(4.2) A (0) =
0 1 AZ2(0)
0
i, 22

with AO (0) AO (0) being Jordan matrices without a common eigenvalue.
There is an often proved theorem to the effect that there exists a

holomorphic nonsingular matrix P(x) in |x| <x. (0 <x_ <x_.) such

0 0 0

-18-




~1
that P (x)AO(x)P(x) is block-diagonal in the same partitioning as
that in (4.2). (See, e.g., [4]). A transformation of Type I with this
matrix P replaces Ao(x) by a block diagonal matrix, as described.

Thus, one can stipulate

Property 2:
Aél( ) 0
A (x) = g
g o A%

where Az)](O), j = 1,2, are in Jordan form and have distinct eigenvalues.

Note that this transformation may have lowered the restraint index
to h/k, if k>0. (See Lemma 3.1).
Now, a matrix P(x,€) ¢ @ will be constructed such that the new

coefficient matrix

(4.3) B = piap- P kpidl
dx
of the differential equation
h -k dz
(4.4) B B(x, &)z

resulting from (3.1) by the transformation
(4.5) y = P(x,€)z
has an expansion
Q0
B(x, €) ~ Zo Br(x)&:r
r=

which has all its coefficients Br(x) block diagonal in the partition

-1G-




defined by (4.2). To that end, one inserts the series
4.7 b5
(4.7) P(x,e) ~ ), P(x)e ,

as well as the series in (4. 6) into (4. 3) re-written in the form

h -k dP
Sa

= AP - P
dx 8

(4.8)

and identifies like powers of & in the two members.
The first of the recursive sequence of conditions so obtained is

AOPO-PB =0.

It is satisfied by setting

(4.9) P =1, B, =A

The subsequent conditions then become

(4.10) AOPr = Per = Br 2y Hr’ r > 0
with
dP
= Y = ¥ P

(4.11) Hr - £ (P Bv Ava) Ar X e

L T

By V ST
The last term in (4.11) is absent for r < h.

The successive calculation of the matrices Br’ E=li@e v i, ITEmM

(4.10), (4.11) so that they are all block diagonal follows almost exactly

Sibuya's procedure in [16] as presented in [ 18], §§11 and 26. One desires

to have
Br” 0
(4.12) B = -
. 0 B2?
r
'
«20=




This can, indeed, be achieved, even by means of matrices R S of
r
the special form

0 I

4.13
(4.13) 2 :

-
as can be seen by inserting (4.12) and (4.13) into (4.10). One finds the
tour conditions (cf. [18], formula (11.15))

4.14
( ) ZE. 2 2111 21 22 _Z&
r

AO Pr -Pr AO = Hr 0 B

If Bl" Pj have already been calculated for | - r, the matrix Hr is

. 1] 22
known. Since AO , A have no common eigenvalues for small X

0
the matrices Prlz and PrZI can be calculated uniquely from the off-
diagonal relations in (4.14). The matrices Br] ). sz are given directly
by the diagonal equations in (4.14).

The matrices Pr’ Br so determined have poles at x = 0 and it
must still be shown that the orders of these poles grow at most linearly
with r, i.e., that(2.4) is true for some restraint index «.

It is clear from (4.14) that if Hr is already known te have a pole
of order o then Pr and Br have poles of at most order o By

induction, it follows from (4.11) and (4.14) that the inequality (2.4) is

true, with the restraint index « of A, upto r = h. Beyond that one
has the
Lemma 4.1. The series (4.6) and (4.7) constructed by solving (4.9), (4.14)

2=




satisfy (2.4) with a restraint index « = Kp which satisfies the inequality

£ = h
(4.15) kp 2 mink,, 77 +l)’ when k >0

and K when k <0 ,

PR

where KA is the restraint index of A.

Proof. Assume k > 0. The assertion is already known to be true for

< h. Assume it to be true for all subscripts below a certain r. Then

r

Hr in (4.11) can have a pole whose order is at most

(4.16) max [“—,+L.,—r,k+1+r-,h] ]
V+|J_:l' K K KA K
Vo <r
; . h
where «' 1is the right member of (4.15). If «' = Eal’ then «' < Ka
r-h r r :
and k +1+="= H(k +1) = —. Hence the number in (4.16) equals
K K
rfels If wt =k one has «' < h i.e. k+l<£ so that
A’ — KL i ot
r-nh r p r
k +1+~" <~+ . Again (4.19) has the value ~;. As P and B do
K K K I r

not have poles of higher order than has Hr’ the lemma is proved for
k >0. For k <0 one has, always, «'= Kp:

A reference to Lemma 2.4 now guarantees the existence of matrix
functions P(x,¢€), B(x,¢) in @, with restraint index Kp as in (4.15),
such that Pr(x) and Br(x) are the functions in (4.12) and (4.13),
respectively. It does not follow, however, that these matrices P and B
satisfy (4. 3) exactly. It is true that the two members of (4. 3) will have
the same asymptotic expansion, but they may still differ by a function

about which nothing is known except that its asymptotic series has all

its terms zero.
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According to the program of this paper, the result of this section will

be formulated in the original notation as

Property 3.
Axlrl(x) 0
(4.17) A (x) = SR o5 I [
22 '
r 0 A“%(x)

=2 3=




§5. Complete Blockdiagonalization.

Large parts of this section resemble the material in §§14 and 26
of [ 18], which may be consulted for a more detailed description of the
method. See also [10] and [6].

I'hanks to Lemma 2.4 and Property 3, above, there exists a truly

blockdiagonal matrix A(x,&) in # such that
, \ r .
(5.1) A”(x,e)~ L A”(x)e, =2

in the sense of the definition in (2. 6). Property 3 does not imply that

A(x, €) 1is strictly blockdiagonal, but if
11

v ¥ A (3 8) 0
(5.2) Alx. e) = - Z,ZZ(X,C)
then
(5.3) Alx,¢e) - I\(X,E) =: E{x, &),
with
(5.4) Bix, e}~ O,

[he purpose of this section is to transform the differential
equation (3.1) - whose coefficient matrix may now be assumed to satisfy
(5.3) and (5.4) - into one with the strictly blockdiagonal matrix :&(x, e
This is to be done by a transformation of Type I. In other words, a

matrix P ¢ 7 must be found such that the coefficient matrix in (3. 3) is

equal to A or, equivalently, that

(5.5) e"x Xpr = AP - PA .
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In view of (5.3), (5.4) it is obvious that (5.5) can be formally satisfied

by a series of the form given in (4.7) with P_ (x) = I, P(x) = 0, r > 0.

0 I 2

It must be shown that among the infinitely many functions in @ with
that trivial asymptotic expansion there is one that satisfies (5. 5)
exactly. This will be done by following essentially Sibuya's procedure

in [16]. (See also [18], §§12, 16).

Insert

(5.6) P=1+

into (5.5). By an easy elimination there results then the differential
equation of Riccati type,

=21

(5.7) 8hx--k ddPx 3 AL‘_PZI o PZlAu 1 AZI _ pZIAIZPZI :
=21 ; 212 :
for P . An analogous equation holds for P . The problem now consists

in proving that (5.7) possesses a solution which is asymptotic to zero.
The notation will be simpler if the entries of the rectangular matrix

21 s ¢ ! ,
P are arranged - no matter in what order - into an m-dimensional vector

to be called w. Equation (5.7) can then be written as
h
(5.8) 8% .. 5 s fix, W)

with a right member that has the following properties:
(i) f 1is quadratic in w, in the sense that

(5.9) f(x,w, €) = a(x, &) + M(x, €)w + g(x,w, €) ,

«2 5=




where M is an m Xm matrix and the components of the vector g
are quadratic forms in the components wj, e (R N v R % S

(ii) The vector function a(x,€) is in ¢ and is asymptotic
)
21
to zero. The reason for the last assertion is that A ' (x,€) ~ 0 in
(5.7), by (5.2), (5.3) and (5.4).

(ii1) M(x,¢e) e @. Let
(5.10) M(x, €) ~

be the asymptotic expansion of M(x, e). Then MO(O) is non-singular.
. 11 22 '

This reflects the fact that AO (0) and AO (0) have no common eigen-

values, according to Property 2 in section 4. No generality is lost by

assuming MO(O) to be in Jordan form, since this requires only a

preliminary linear transformation of w with a constant coefficient

matrix.

(iv) Let

m

(5. 11) gj(x,e,w) = . gjap(x,e)wawﬁ, J= L3 ciastb
a,pf=1

be the components of g in (5.9). Then g, . e¢@ and g, _ ~ O.
jaP jap
Again, the last mentioned fact is a consequence of the fact that the
off-diagonal blocks of A(x,€) are asymptotic to zero.
Following a standard procedure, the differential equation (5. 8)

is now written in the form

h -k dw
(5.12) o Mo(O)w + p(x,w, €)

P




with

(5.13) p(x,w,e) = a(x,€e) + (M(x,€) - M_(0))w + g(x,w, €)

0

and then converted into the equivalent integral equation

(5.14) wi(x,¢) = e_h ‘f‘ exp{[q(x)-q(g)]M()(O)c—h}p(g,'Neg,c),z)ékfil_ ;
)

Here,

q(x) ka/(k +1), for k#-]1, and q(x) = logx, for k = -1.
The symbol I(x) stands for a set of m paths yj(x), | i S0 SNPR ,
all ending at x, each to be used for the integration of the corresponding
component of the integrand vector.

The construction of regions and paths suitable for the asymptotic
analysis of the integral equation (5.13) requires some geometric preparations:

The mapping

€ =q(t), with x = q(x)

takes the domain ﬁe in the {-plane into a domain q(ne) in the Z—plane.
For k >0, the latter domain is again a sector of an annulus near the origin,
as in (2.5). If k = -1, it is a rectangle in the left half plane and for k < -1
a sector of an annulus in the left half-plane, close to the point at infinity for
small e. If Aj, j=1,2,...,m, are the eigenvalues of MO(O) - none of which
are zero - there are finitely many "exceptional'' directions in the Z—plane along
which Re(ij) is constant for at least one j. Now construct a rhombus { in
q(ﬂc) according to the following rule. If the bisecting ray of q(se) does not

-1
) and q(t. &) are two opposite

have exceptional direction, then q(x 0

0

vertices of ® and the interior angles of ® at these vertices must be so

w27 =
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~

small that no directions from these vertices into R are exceptional.

If the bisecting ray of q(ﬂe) is exceptional, the construction must be
modified by rotating the diagonal of 5 slightly with respect to the

real g—axis, but keeping the two opposite vertices on the boundary of q(ﬂe).

b+ X * *
Next, choose Xy Yo and 60 so small that the image q(ﬁe)
of the domain

8 k=] K
ﬁt: =l tO

'é‘<x larg Qleb
in the {-plane lies inside § The pre-image of 5 will be denoted by ®.
(See the figure, below. The case k > -1 has appearance similar to k >0,

except that the sector opens to the left.)

For the remainder of this proof, x is to be an arbitrary point

of R. If ;(l’ >~<2 are the vertices of ® and x = g(x), then Re({\)
o g l
decreases strictly along one of the two directed segments xlx or X,X in

the Z—plane. This was the purpose of the preceding construction. Let
;j(;c) be that segment. The path yj(x) in the {-plane is its pre-image.
The existence of a solution of the integral equation (5.14) can be
established by the contraction mapping theorem. Let /#& be the Banach
space of vector valued functions v of x holomorphic in the closure R

of the rhombus ® with the norm

vl = max [v(x)|
XeR
where |v(x)| = Z |v x)l For each ¢ in 0<e§eo the right

2iB=



{~plane

Exceptional
Case

(=}
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member in (5.14) defines an operator on w ¢ 5, which will be called Je'
To estimate ”3€ “, one first observes that the properties (i) through (iv)
imposed on the function f earlier in this section, imply that p, as
iefined in (5.13), satisfies the inequality

t(NH)/K(I +lwlh® 4 cltg/“ lwll .

(5.15) llp<-,W,e)llscN0

Here, N 1is an arbitrary non-negative integer, and Cp Gy are constants
N
independent of €& and tO’ for. Oi<g < €y
_ : N
The expression for Sew defined by the right-hand member of

(5.14) can be more easily appraised after the stretching

(5.16) x=%e "= qe™, 1= e = que™,
which takes it into
(X~§)M0(0) -
(5 17) J w = e p(gy W((,,C), E)dé &
I'(x)

The symbol I(x) stands for m paths yj(x), f=12...,m in the
t-plane, which are straight segments ending at x. The letter { in the

v

integrand is, of course, the pre-image of ¢ under the transformation

(5.16). Now
(x=£)M _(0) s St
oM (x-0)A (x-0)H

]

because MO(O) is assumed in Jordan form, by Property (iii) of f(x,w,¢€).

Here, A = diag(\ Xm), and H is nilpotent. The entries of

o e

expl[ (x - {)H] are polynomials in x - ¢, say,

v

(x-0)H _ s
e = {q“(x-é)} ‘
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Therefore, the jth component of the vector Jew in (5.17) is

(=N, m e "

e Y ) a,(x = U)p, (L, w(t, ), e)dg .
ol Sl L :

—

(5.18)

].(i)

~< ¢

v v

By construction, Re[(x - g)xj] is strictly negative, for all x ¢ ‘;,
along the path of integration in (5.18). The rhombus ® depends on ¢,
but the eigenvalues xj, and therefore the directions of the paths

~ v

yj(x), do not. It follows that there is a constant & > 0, independent

G, t and Xy SO that
f\n (X-é))\j r\n v o~ —6{;—2[

(5.19) 'ul le Ilbl |qj£(x-g)|_<_e L T
]: =

v v v

for all x 1in the image of ® in the {-plane, and for all ¢ on yj(x).
The estimates (5.15) and (5.19) suffice to appraise Jew from

(5.17). One finds

(5.20) “3ew|| = ”p(-,w(-,e),e)ll f e—épdp
0
<67 e N L) ¢ et lwll

The contraction property of :Ie is proved in a similar way with
the help of the inequality

(5.21) llg(x,w,e) - g(x,v,e)ll < CthNH)/K[max( lwll, vy llw = «l),

which follows easily from the property (iv) of f(x,w,€). Formulas (5.21)

and (5.13), together with (5.17), lead to

-3]=-



(5.22) ”JCW - UEV“ < t‘»-l[ Cltg/K + CNtéNH)/Kmax( Ilwll, lvl))llw - vl)

in @ way that is analogous to how (5. 20) was derived. The last inequality
shows that Je contracts the distances in any given ball, say in

flw | <1, if t_  is chosen sufficiently small. Also, one sees from

0

(5.20) that

H:xe(o) e e <y,

for small ty: The contraction mapping theorem as stated, e.g., in [ 3],

Ch. XII, now guarantees the existence of a unique holomorphic solution
w of (5.12).
From the result thus obtained one concludes by a short calculation

that

(5.23) lwll <k t(I)\J(th

N ) forall N, as t, =0

0

for x e me, 0 <ege< €y KN indep. of €. One needs only to replace

Hﬁ’ew” in (5.20) by llwll and to solve the quadratic inequality for flwl.
This is, of course, not as strong as the claim that w ~ 0 in the sense

of the definition (2.6), since to 2 ‘xl_le'< for x e ﬁe and 0 <g < €,

However, if 0 <«' <« and x is restricted to the smaller sector

ﬂ:: defined by

- ]
X € pl = {x/tolsK < Ixl <x_, larg x| <8},

0’
_l '
then (5.23) does contain the desired information. In fact, [x] > to e”

means that
S |
[x| > (tot:K i B Tl
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Hence, (5.23) is valid with tO replaced by tOCK-K , - so that

M, k-«' M
Mo (€ il 1 a constant .

“w“ <K M

For any given integer N >0 set M > (N +1)/(k - ') and thus write
the last inequality as

HWH < K;ENJrl .

x_l/KI > 1

0 , so that, indeed,

As x_ was assumed to be less than one,

0
lwl < (kEas /<N

for all N, if x ¢ ;Q'e. The following theorem has
now been proved.

Theorem 5.1. If A(x,€) has Properties 1, 2, 3 as stated in section 4,

there is a transformation of Type I which takes the differential equation (31

into a system with a blockdiagonal coefficient matrix

Au(x, €) 0

22 ?
0 A (%, e]

(5. 24) Mz elea, §=12.

By repeated application of Theorem 5.1 the given system of
differential equations may be split into a set of uncoupled systems of
lower order, each of which has a leading coefficient matrix with only
one distinct eigenvalue at x = 0. This eigenvalue can be reduced to
zero by a transformation of Type VI. Accordingly, only differential equa-
tions that have the property below need to be considered from here on,

at least when (4.1) is true.

Property 4. When h >0, then AO(O) is nilpotent and in Jordan form.
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6. Simplification by Arnold's Theory.

In [1], V. I. Arnold has developed a similarity theory for holomorphic
matrix functions of one or several variables, and in [ 22] I have shown
that this theory is useful for the asymptotic simplification of differential
equations of the form (1.1).

Here is a very brief description of Arnold's canonical form for the
matrix Ao(x), which is assumed to have Property 4 stated at the end
of section 5.

Let

(6.1) o el D S i e T T

be the degrees of the elementary divisors of AO(O), and assume - this
implies no loss of generality - that the corresponding diagonal blocks of
AO(O) are arranged in this order of decreasing size. Denote by ASV(O),
w,v = 1,2,...,p, the rectangular blocks in the partition of AO(O)
corresponding to this Jordan form, and, more generally, denote by M"Y
the blocks in the analogous partition of any n Xn matrix M.

Arnold's theorem, applied to the matrix Ao(x) says that it is

holomorphically similar, in a sufficiently small disk |x] <X to a

o’
matrix Ao(x) in which Z(;*v(x) has non-zero entries in its last row only,

when p <v, and in its first column only, when u >v. A matrix of

this structure will be called an Arnold canonical matrix. It will again be

assumed that this reduction of Ao(x) has already been performed by a
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transformation of Type I independent of €. In other words, Property 4

of section 5 will be strengthened to

Property 5. AO(O) is nilpotent, and AO(.".) is in Arnold's canonical form.

This result can be improved by the method of [ 22|, as will now
be explained. To that end it is useful to introduce certain constant n Xn
matrices Fj’ jes Lge iy Jde - The I‘j have only one non-zero entry,
and that entry is equal to 1. It is located in the last row of the block
Fj“V when p <v and in the first column when u <v. All such matrices
are contained in the set Fl, S Fd. The lemma below, worded somewhat

differently, can be found in [1].

Lemma 6.1 (Amold). Corresponding to every constant complex n Xn

matrix H there exists an n Xn matrix X and d scalars pj,

j= L2 ..,d guchthat
d
(6.2) A,(0)X - XA (0) - ; i =

0 ;
]

(X and the p; are not unique.)

Property 5 and Lemma 6.1 form the basis of a further simplification
of the coefficient matrix A(x, &), at least when AO(O) is not zero. (If
A (0) =0, the p=n,d-= nz, and any Ao(x) that vanishes at x = 0
is in Arnold's form.) The method resembles that of section 4 and also
that described in [22] . However, instead of aiming at matrices Br(x) that

are block-diagonal, one stipulates that

-




d
(6. 3) B (x) = }_, p. (x)T,

for all terms of the formal coefficient matrix L Br(x)t:r obtained
r=0
from (3.1) by a formal transformation of Type I. Instead of (4.10) one

gets now the recursive conditions

d
(xl= 1 g leit =B, r20,

(6. 4) Ay(X)P (x) = P (x)A Tam r

0 r

Now assume that Hr(x) is already known to have, at worst, a
pole of order " at x = 0. This is true for r = 1, when Hl = -Al,

by (4.11). Setting

(6.5) Pr(x) = x

in (6.4) and cancelling the common factor x r’ one obtains an equation
for ‘E"r(x) and ;jr(x) which does have a solution at x = 0, by Lemma 6. 1.
By a form of the implicit function theorem for holomorphic functions (or

else, by a simple matrix argument) one concludes that the equation for

v v

Pr(x), pjr(x) can be satisfied by functions holomorphic in a neighborhood
of x = 0 that does not depend on r. It follows that (6.4) has solutions
Pr(x), pjr(x) with poles of order o at most, at x = 0.

The induction with respect to r now proceeds exactly as in section 4.

The orders of the poles of Pr(x) and pjr(x) again satisfy the inequality

(2.4) with a restraint index « that satisfies the inequality (4.15).
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As before, the result of this section will be stated as a non-
restrictive assumption:

Property 6. AO(O) is nilpotent, Ao(x) is in Arnold's canonical form, and

d
(66) A(X) = ZJ p. (X)l‘q SR

Property 6 prescribes a special form for all the coefficient matrices
in the expansion of A(x, &), unless AO(O) = 0. Lemma 2.4 then

permits the construction of functions pj(X, e) in @ with the corresponding

asymptotic expansion

[>o}
r
(6.7) p.Ax,€) ~ Lp. (e LAk . d 0] = 0
J oy O jo
r=0
The coefficient matrix A(x, €) has therefore the form
2
(6.8) Alx,€) = A(0) + 2, pj(x,e)r}, + E(x, €) ,
j=1
where
E(x,e) ~ O

in the sense of Lemma 2.4, i.e.,

-1 N+l
ColIx] /KE)

(6.9) |E(x, €) | s

IA

for all N and for x e Ee’ 0 <e<eg.
On the basis of the theory developed, so far, it cannot be asserted

that E(x,e) may be taken as identically zero, as was proved to be

possible in section 5 for the formal simplification of section 4.
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§7. Shearing and Re-adjustment.

Following a technique used by Turrittin [17] and, in a form more
similar to the one here, in Iwano and Sibuya [10], Iwano [ 6], [7], a
further reduction of the problem will now be achieved by means of a
combination of shearing transformations of Types 1I and III (see § 3).
This is necessary and meaningful only if
(7:1) o=
since a scalar first order linear differential equation can be trivially
solved. First, a few convenient symbols will be introduced:

Let
(7.2) P = ) X, lxl <%
o=0
(cf. (6.5)). Denote by P the set of ordered triples (j,r,o) for which
pjm # 0. Next, call (p,j,Vj) the row and column numbers, respectively,
of the one non-zero entry of the matrix F),. Finally, define Q(a) by

(7.3) Q(a) := diag(l, a, az, s .,an_l) ;

The shearing transformation (Types II and III combined)

(7.4) = Q(eaxﬂ)z :

with @ and P to be suitably determined, takes the differential equation
(3.1), in which A(x,€) has now the form (6.8), into

h-a -k-p dz
(7.5) € X ﬁa‘;r B(x, €)z ,

where
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R e
{7.6)
—eh_"x-k-ﬁ-ldiag(o, B, . o B = LB} + E"(x,a) <
Here,
(7.7) .8y =w, +1

and Em(x, glrs 0 Sifthe pj(X, e) in (7.6) are replaced by their series
expansions from (6.5) and (7. 2) the terms of the resulting summation are

r-6 . a 0-0[-6 6)
(7.8) po gl A Vo ,r,0) e P

jro
The triples of £ with 6j >0 correspond to terms of (7.8) that occur
on or below the main diagonal, while all terms with éj <0 are above
the main diagonal. The subset of # with 6), > 0 will be called

PL ("L'" for "lower'). Note that, since & .(0) = 0, no triple (j,0,0)

jO
is in .
The parameters a, B are to be chosen so that one term in (7.8)

becomes a constant. For a convenient description of the proper choices

for ¢ and P the pointsets

(7.9) W= r/6]_, v = (0 - nr)/bj, (j,r,0) € P

in an auxiliary (u, v)-plane is introduced. These points do not exist

for 6 = 0, unless the (u,v)-plane is interpreted as a projective plane
and those points are taken at infinity in the direction indicated by (7.9).
For the construction that follows these points are irrelevant, in any case.

The set defined by (7.9) will be called Q, and QL is the subset
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corresponding to & > 1. Because of the inequality (2.4), the set (‘)l,

lies in the closure of the sector S bounded below by the line

(7.10) U+ ky=0

and to the left by the v-axis. Since (j,0,0) is notin P, the origin

of the (u, v)—;)lane is not in Q. Also, the fact that JéJJ <n implies

that neither the set Q itself, nor its projection on the coordinate

axes has accumulation points in the finite plane. The set Q - QL

lies in the reflection of the sector § in the origin.
To take into account the term with the powers eh—o’x-k_l-‘3 in

(7.6), the point with coordinates u = h, v = -k - 1 is added to QL

except when P = 0, and the so augmented set will be called QLP‘

If «>h/(k +1) >0, the line (7.10) must be replaced by

and S must be accordingly increased to a larger sector S*.

The determination of « and p that will now be described is
related to the use of the Newton-Puiseux polygon in several other papers
on the asymptotic theory of differential equation; for instance in [10], [ 6],
[11]. Let Ilz be the boundary polygon of the convex hull of QL and

”U the boundary polygon of the convex hull of Q - QL' Observe that

% 3%
“L is never empty, since QL always contains the point (h, -k - 1).
However Q - QL may exceptionally be empty.

%
Among the left-most vertices of IIL there is one with the smallest

ordinate. Let this vertex be (uo, vo). Two quite different cases must now

be distinguished.
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Cage L. ®. <h,
Take a Uy P = Vo
Case 2. u. = h (u0 > h 1is impossible).

Take a = h, p = 0.
The second case will be postponed, for the time being. In the
first case, there is now, indeed, at least one term in (7.8) that has both

exponents equal to zero, and for which (j,r,0) € P Also, for all triples

E
in ® one has r - 6ja > 0. It must still be shown that the new non-zero
exponents of € and x in (7.8) satisfy an inequality such as (2.4),

i.e., that for a suitable positive number «' one has

(7.11) ks 6jt3 =Wr - 6ja)/x' .

To find such a «', observe that the point set Q:

e =il

r F >
(g_—a’ 5 -B)) (],I',O)(P,

v

is obtained from the set Q by the translation (-~a,-p). The point UO’ 0

of Q#

1 becomes the origin, which is not counted, since its contribution

is combined with AO(O). Therefore, there exist infinitely many straight
lines through the origin with non-positive slope which separate the

translate 6L of QL from the translate of Q - QL' This remains true

~

if Ql is replaced by (NDI, the set obtained by adding the point

(h-a, =k =1-p). Let

u+wk'v=0 with 0<k'<w

o



one of those lines. The number «' cannot exceed «. For later use

the stronger restriction
(7.12) K<
will be imposed.

For all points of Q one\has
-1l _g8)>0, 6 50

which is equivalent with (7.11) for those points. For points in (:) - E)L

the number t‘:J is negative. As these points lie below the line u + «'v = 0

the inequality (7.11) is again true. It is also valid for (h - a, -k - 1 - B).
The transformed differential equation (7.5) is not yet of the form

(3.1}, because « and @ are, in general, non-integral rational numbers

with least denominator not exceeding n. By appropriate re~adjustment

transformations of Types V and VI, say,

(7.13) XN, =€

the differential equation can be restored to a form involving only integral

powers of the independent variable and the parameter. The new differential

equation is now

~(h- ~=(k+p+ N
(7.14) e(h a)mx (k+p+1)q+] dz _ B(x, €)z ,
dx
with
~o~ ~C ~M
(7.15) B(x,¢e) = qB(xq,e A

“gPe




B(x, €) being as in (7. 6). The right member of (7. 6), when expressed

in terms of X, €, can be written as a power series

(7.16) Y Ba(@f

= P
r=0
whose coefficients, thanks to the construction of the shearing transforma-

tion, have the form

(7.17) B (%) = X Er(i) ,
h st TR - 1/q

where BF(X) is holomorphic in lx‘ < xb and

(7.18) ‘~’F <r/x<, x = me'/q .

It remains to verify that

(7.19) B(X,€) ~ ),qB
0

in the sense of the definition in (2.6), i.e., that the Nth partial sum

~

B(N)(;(, t) of the series in (7.19) satisfies an inéquality of the form

(7.20) B 5 - V& B <oylxl <M

for X e BE’ 6<es et)/m. Here BE is defined by inequalities of the form

1/¢

(7.21) £ < IRl S5

, larg x| < by/m .

To prove (7.20), denote by ng)(x, e) the Mth partial sum of the

series for pj(X, €) in (6.7). Then there is a constant C,, such that

(M)(

j xl-l/xe)M‘H

(7.22) ij(x,e) -y iz e)] sepll
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for Tl =d. x e fE, 0<eg< €4 If B(M)(x,e) is the function

obtained by replacing pj(X, €) in the right member of (7.6) by ;)EM)(x, 2,

one has, therefore

(M)

(7.23) IB(x,€) = B (x,8) | <l [l g M e p-aip

in the same domain. The integer M can be chosen so large that all

terms of the partial sum E(N)(;(,E) occur in qB(M)(;Zq,Em). Then

(.24 B D -G B e e @ Y - ™ M
where Q(M)(;c, €) has the form

Mz . —n
(7.25) M8 - ), ax®x (&

r=N+l

s ~ 1
with q;(x) holomorphic in |%]| gxo/q. From (7.23), (7.24), (7.25)

one gets, using also (7.18), that

PRCTRE ) =] M+l - "
8%, 2) - BNV&, 7 <acy, (x| el e M
(7.26) 1/x~.N
~1=1/k~ N+l
+kM(|x| e) . (kM a constant) .
~ e ~ l e I
This is valid for X e ﬂE B I N eo/m, provided g 5 to/q. Now,
(7.26) can be written
= -A B
Py R - ~ o~ ~ _l ~ N+l ~ M~ M
(1.2 186, - BN&E B < (%7 9Nk, +acy, 151 MM
with
-1 ~=1
AMz[K (M +1)) +np]Jg=-« (N +1)

[(M +1) - na]Jm - (N +1) .

oo}
1}

-




4

M «( M+l)m(l-«'/k)-ngk p-nma

In the last equality the second formula of (7.18) has also been used.

Thanks to the inequality (7.12), M can be chosen so large that

the exponent of € in the last formula is positive.
the expression in brackets in (7.27) is bounded for

This completes the proof of (7.20), i.e., of (7.19).

TR R TTIN

With M so chosen
1/m

;(c£~ 0<t<c¢
e’ =

With the definition

n - 1)p)

and a return to the notation of (3.1), i.e., replacing X, €, h-a, k-8,

~ o~

E~3(x, €) by

(7.28) % B K ki #x.el,

respectively, the result of this section can be stated in the form of a

non-restrictive assumption, as follows.

Property 7. If h >0, the coefficient matrix A(x,

(7.29) A(x,€) = Ao(o) + i pj(x, e)Tj + D(x)
i=0

Here

(7. 30) Ay(0) = Ay + A,

with AOI nilpotent and in Jordan form, and AOZ

matrix of the form

d
(7. 31) A = }_, a. .t .

-45-

€) in(3.1) has the form

e 4 Blx &) .

is a lower triangular



The I are the matrices defined earlier in this section. The ;)J(x, €)
)

are in class @, with lim p,(0,e) = 0, and E(x,€) ~ 0. The matrix
€ +0+

D(x) is diagonal.

In general, the constant lead matrix AO(O) in (7.29) has more
than one eigenvalue. The reduction process can then be continued as
described in section 5. However, the possibility that AO(O) has again
only one eigenvalue must also be explored. This is the subject of the
next section.

Now Case 2 above, in which the shearing exponents are o = h,
B = 0, remains to be considered. If that situation arises €& disappears
from the left member of (7.5). The asymptotic solution of such

differential equations - in the original notation of (3.1) ~ can be found

in section 10.
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§8. An Exceptional Case: All Eigenvalues Equal After Shearing.

In this section it will be assumed that the lead matrix AO(O) in
(7.29) has only one distinct eigenvalue. Then the block-diagonalization
process of sections 4 and 5 is omitted from the sequence of operat.ions
in the reduction process. The steps to be performed next are: Reduction

to Arnold's form, shearing, re-adjustment (from x, € to x, €),

5.

~
~= O

multiplication by & X
Let

(8.1) P T O

be the problem so obtained, and assume that the new lead matrix AO(O)

~ ~ o~

has again only one distinct eigenvalue. Here A(x,¢) is the matrix

called E(;, E) in (7.19). It has the following structure:

d

(8.2) A(x,€) = qA (0) + ), p.(x,¢€)T,
0 ; j j
j=0
& d
a = § A

(8.3) Ay(0) = Ay + 2, T

j=0
The matrix AOl is as in (7.30), f.e.,
(8.4) Ay = HE@H, & - @H,

where Hj is a ''shifting matrix" of order mj (see (6.1)). (By definition,
a shifting matrix of order greater than one is one that has a line of Is

above the diagonal and zero entries elsewhere. A shifting matrix of order

one is zero.) The w}, are constants. They are zero for all j with pj < vj’
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The eigenvalues of AO(O), which is a lower block-triangular

matrix in the partition induced by the blocks in (8.4), are the eigenvalues
of its diagonal blocks. By assumption, there is only one distinct eigen-
value, \O‘ present. Let TS, 5= 1.2,..:,0, be constant m_ X m
matrices such that a transformation of Type I with the block diagonal

coefficient matrix

8.5 =
(8.5) T TleiTZQ & T

p
takes the diagonal blocks of RO(O) into their Jordan form

8. B
(8. 6) Nolg tHy 8=1,2,...,p

(Is is the identity matrix of order ms). Such a transformation takes
~pv~~ ~ o~ o~ . "1~P-V~~ 1
each block A" (x,uw) of A(x,&) into T A" (x, s)Tv, so that, in
K
particular, any block ASV(O) that is a zero matrix remains a zero matrix
after the transformation. After that, the entries )\0 in the main diagonal

can be removed by a transformation of Type VI. The new coefficient matrix

5(;, €) so obtained has a lead matrix of the form

>0

with AO as in (8.4) and A strictly lower blocktriangular.

1 02

Next, AO(O) is changed into its Jordan form by another transformation

of Type I with a constant matrix. This is not necessary if

>0

(8.8) 02 = 0.

Otherwise, the leadmatrix is now again a blockdiagonal matrix composed

48~




of blocks such as (8.6), but, the unique eigenvalue will generally not

~

be the same \0 as in the analogous transformation of AO(O). Moreover,
and this is decisive, a Lemma of Turrittin in [17], (proved somewhat
differently in [ 18] as Lemma 19.4), says that not all blocks will have the
same size as before in (8.6). In fact the Lemma assures that after a

finite number of such sequences of transformations, the lead matrix

will consist of one block only.

~
~

If (8.8), is true, (8.7) shows that AO(O) is itself a nilpotent
Jordan matrix and the next shearing can be performed immediately. No
change in the block structure occurs then.

Thus, under the assumption of this section that all shearings
introduce lead-matrices with only one distinct eigenvalue, one is eventually
led to a problem with the additional property that all nonzero entries
introduced by subsequent shearings are in the last rows of the diagonal
blocks. If only one block is present, this is, of course, no further
restriction.

The shearing, in this situation, introduces exponents a and p
that are, by necessity, integers, because there must appear nonzero
entries on the main diagonal of the lead matrix after the shearing, other-
wise the new unique eigenvalue would have to be zero, contrary to the

fact that at least one nonzero entry has been added by the shearing. Now,

the shearing introduces nonzero diagonal entries only if 6}_ me (17}

- ;() -




is equal to one in the definition of (uO, vO) = (a,pB). In that case o, P
are, indeed, integers.

It follows that no re-adjustment is necessary: x = X, € = €.

)
Therefore E =h-a. If a>0 occurs h times, at most, in the
repetitions of the reduction, a problem without a power of & in the left
member has been reached and one proceeds as in section 10.

There remains now one final possibility: The shearing exponent a,
in the situation described in the last two paragraphs is forever zero in
each repetition of the reduction process. This case is taken care of in

the lemma below.

Lemma 8.1. Assume that the given differential equation has the form

~

described in (8.1) through (8.4) and that A (0) has no nonzero entries

0

outside of the diagonal blocks. Assume that, in addition, the sequence

of operations: Reduction to Arnold's form, eigenvalue shifting, shearing,

multiplication by the appropriate power of ;(, always leads to a problem

of the same type with the same value of h. Then the matrix Ao(x) has,

identically in x, exactly one eigenvalue.

Proof. To simplify the notation the tildes will be omitted from the notation.
The shearing transformations, as well as the reduction to Arnold's form,

x) to similarity transformations and, therefore, do not change

(m)
0

subject AO(

(x) be what becomes of A _(x) after m

0
Oy = &) 18 W™, 0

its eigenvalues. Let A
iterations of the reducing cycle, with A

(m)

are the eigenvalues of Ao (x), then, by assumption,
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(8.9) lim p‘m)(x) = X
x =0

; : th . :
Let pm the shearing exponent in the m iteration. Then one has also

(8.10) uﬁ”‘”)m = ’"(ugm)u) - xg’”)), m = 0,0, ...,
i.e.,
(m) - (D) m ()
K, 3 0
Hence,
5 B,tF )
pgo)(x) = p,gl)(X)X g + xéo) = “EZ)(X)X ik + xi)l)x 0 + \E)O) ’

By repetition of this procedure one proves that, for arbitrarily large ¢,

-1
2, B , B
(2) s=0 . S%IO :
X X

+ oo 4
)\0

p
(0) ., (1) 0
0 + )\0 X

(8.11) “20)(,() b
0
On the other hand, the functions pg )(x), as eigenvalues of
0
Ag )(x), which is holomorphic at x = 0, possess convergent expansions

in ascending fractional powers of x. By the uniqueness of power series

expansions this series must be the one constructed in (8. 15110 P - T

(0) 3
Phig 1 T S
J 0
m:
This series is independent of j, which proves the lemma.
In the situation described by the lemma above, i.e., if A _(x) has,

0

identically in x, exactly one eigenvalue )\O(x) an eigenvalue-

=B]=




shifting transformation of Type VI with (x) = xo(x) produces a

similar problem with a new function AO“X) which is identically nilpotent.
Ao(x) may already be assumed to be in Arnold's form. There fore its

diagonal blocks are shifting matrices. After the next shearing, either

the new lead matrix :\0(0) has nonzero entries in the blocks

below the diagonal blocks or the nonzero entries originated from

matrices Ar(x) with r >0, in which case « > 0. In either case

situations have now been reached which were discussed before, and the

whole process must terminate after a finite number of steps.

The theorem below summarizes what has been achieved so far.

Theorem 8.1. By a finite number of transformations of Types I to VI,

described in §3, every differential equation of the form (3.1) can be

reduced to a finite number of equations of the same form for which either

n= ] £ h= 0.

]




€9, Asymptotic Solution of the Scalar Equation.

If (3.1) is a scalar equation, one of its solutions is

..h .X k
(9.1) y(x,€) = exp{e = | & A(E,e)dg) .
X
0

In this section the asymptotic nature of this solution will be investigated.
When k <0, the integral in (9.1) is not always in class &.
Therefore the following wider classes are introduced.

Definition 9.1. A function A(x,€) is said to be in class dﬁh, if it has

v

all the properties of class @ except that Ar(x) need be holomorphic in

0 < < %, fargxiféo

only. But Ar(x) must be bounded in that domain. A function A(x,€)

%k

such that pr(x,e) € d"‘ for some p >0 is said to belong to class ad .

The asymptotic relation (2.2) is defined in these wider classes
exactly as in Definition 2.1, and the lemmas of Section 2 remain valid
in them.

The integrals

.x k
(9.2) B(x) = | & A(&)dE,
%0
with Ar(x) as in (2.2), (2.3) have convergent ascending series in powers

of x, except for the possible occurrence of a logarithmic term. The

series may begin with a negative power of X.

Lemma 9.1. Let
h‘ ot
(9.3) Q(x, €) = Lo Br(x)(»:r :
r;

wf 3o




Proof.

(9.6)

Then

Rk
F(x,e) = ¢ @ [ & A&, e)dE - Qx,¢€) .
%0

F(x, &) ¢ d‘l‘, and

Eix.€) ~ Z; B (x)e
r=h+l

(> o]
: - E
It is convenient to re-write the series in (9.5) as L Cr(x)e with
) P

CO(X)E 0; Crbd = Br(x). r >0

r+h

const. , for ik +l~=0 . >0
k+l-o h i
r+
lCr(x)| < ( const. | x| SR o RS o <0
const. llog x| 5 for k +1 - ® il O

because of (9.2) and (2.3). As C_(x) =0, the inequalities (2.4) and

(9.7) imply the relations

(9.8)

(9.9)

If « <h/(k +1) one has K K

(9.10)

To prove (9.5), recall that by (2.6),

(X, 8) ’

N
A(x,€) = Z Ar(x)e:r + (x-l/Ke:)NHRN
r=0
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with RN(x, €) uniformly bounded in se, for  0iscgi< €y Let M >N >0,

replace N by M in (9.10) and insert it into (9.4). Referring to (9. 2)

and (9. 6) one then obtains the relation

(9.11)

k=(M+l)/

X
M+l-h
+ e f RM(g,e); Kdg .

XO

Frcm (9.8) and ($.9) one concl udes that the second summation in the
right hand member of (9.1l) satisfies the inequality

M

(9.12) f Z C(x)sr' < const. |x
r=N+l °

-1/K€ 'N+l :

If M is so large that k - (M +1)/k < -1, the last terms in (9.11) is

less than

(9.13) I, eM+1—h'ka+1—(M+1)/x

in modulus, i.e., less than

gL At +(N+ ‘ af Fe N+l
(9.14)  const. ¢ ti™h (N+1) | o |k H1=(M+])/k+(N+1) /% I V/%e | .

One verifies immediately that for

v

-1
ty & < Ixl <%,

the last expression is O ‘x-l/‘(e INH)

, provided M is taken so large
that the exponent k +1 - (M +1)/k + (N +1)/% in (9.14) is negative.

Insertion of these estimates into (9.11) shows that
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| F(x, &) = x-l/xg‘l\Hl) ’

E

(Jr(x)er + (]

N
\w
J
=0

fop Qise =g e Re’ which completes the proof of the lemma.

0’

From the expansion

Q0
E(x) ~ L (@ (x)er, Co(x) 20,
r=0 J

which is the same as (9.5) in simpler notation, one proves, just as for
ordinary asymptotic power series, that Y(x,¢&) := exp(F(x,€)) also is in a2 .
Thus, the theorem below has been proved.

Theorem 9.1. For n =1, the differential equation (3.1) has a solution

of the form

~ T

(9.15) Y(x,¢e) = §(x, e)eQ(X’e)

with Y(x, €) A and Q(x,e) a polynomial of degree h in € °, as

described in (9.2), (9.3).

Remark. It is easy to analyze the function Q(x, €) in more detail. This
will not be elaborated upon here. Since the result depends decisively

on whether k > -1, = =1 or < -l the description is a little tedious.

In all cases the first term, Bo(x)e-h, dominates the others in .\Qe, at

least for large to.
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§10. Asymptotic Solution when h = 0.

The problem is to study the solutions of a system of the form

(10.1) =k if S

for small ¢ in the region RE. Although the character of the solution
depends considerably on whether k > -1, k = -1 or k < -1, the discussion
will be unified as much as possible.

Formally, (10.1) always admits matrix solutions of the form

r=0
_k dYr 1
(10. 2) s ARl b3 A (Y (x), =0l
p_+V:r
u>0
For r = 0, that equation is
dY
o
(10. 3) % = = B G

The nature of its solutions near x = 0 is described by the next lemma.

Lemma 10.1. The differential equation (10. 3) possesses a particular

fundamental matrix solution of the form

(10'4) Y (x) = QO(X)XGGQ(X)

with the following properties.
1/p

(i) Y,(x) has an asymptotic series in powers af =", &

x -0 in largxlgéo.
det?(o(x) #0 for x# 0 and YO(O) =0,

ut det Y, .(0) may be zero. The number p 1is a positive integer.
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(11) Q(x) is a diagonal matrix. If it is not identically zero, it is

1/p

a polynomial in x without constant term.

(11i) G is a constant matrix, which commutes with Qlx).

(iv) If k=-1, then p=1, Qx)=0 and ?{O(x) is holomorphic
at x=0. If k>0, then G =0, aswell, and det ;0(0) £.0.

This lemma summarizes well known classical results which can, e.g.,
be found in [ 18] Chapters I-V.

Two preliminary transformation will now be performed. While not
necessary, they are helpful in that they simplify the subsequent analysis.
First, set
(10.5) x = x/P
in (10.1). This produces a differential equation in which k is replaced
by plk +1) -1 and p becomes equal to 1. As often before in this
paper, the notation will be changed back to the original one. Then the
non-restrictive condition below can now be imposed.

Property 8. In Lemma 10.1, one has p = 1.

Next, set

(10. 6) T(x) = §O(x)xG :

for abbreviation, and perform the transformation
(10.7) y = T(x)z

in (10.1). There exist real numbers gl, 9, (they are not unique) such that

g g

(10.8) T(x)x l, T (x)x . are bounded in 0 < |x/| « X 'arg x| < 60 ‘
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The differential equation (10.1) is now changed into
(10.9) X e = R leal

Formally, the series in the expansion

o0
) r
(10.10) Alx,€) ~ ), Algle, &~ 0+,
=0

o0

i r

becomes ZJ B (x)e , with
r=

(10.11) B(x) = T (x)A(x)T(x), r>0.

The new leading coefficient B_(x) is more easily calculated indirectly:

0
i r
In analogy to the formal series solution L Yr(x)e the differential
r=0
o0
equation {10.9) has a series solution L Zr(x)sr with Yr(x) = T(x)Zr(x).
r=0
In particular, therefore, (10.4) implies
(10.12) Zo(x) = eQ<x) ;
This must be a solution of the equation
dZ
-k 0 =2 ~
(10.13) X ey BO(X)AO .
Therefore,
- d4
-k 0 _~1 -k
10. 14 B = e = $
(10.14) CLE e S Z, x Q%x) .
In explicit form, if Q(x) # 0, then
0 =
(10.15) Q(x) = 191 ij » Q #0,
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so that

g ety IS N
(10.16) By(x) = - Q,x e 2 ijxm o
=1 =1

unless Q(x) = 0, when Bo(x) = 0.

Returning to (10.11), one sees that by virtue of (10.8) the matrices

19 g, +g_to
(10.17) Br(x)xl &0 X

are bounded in 0 < |x| S 'arg x| < 60 although not necessarily

O’

holomorphic at x = 0. Now, set

(10.18) B(x,¢e) = E(x,e)xk+m—l, B (x) = Br(x)

’

The differential equation (10.9) can then be written

m+l dz
X

Ty Bix,e)z ,

(10.19)

and the Br(x) satisfy an order of magnitude inequality of the form:

p ‘
,arg x| <56

(10.20) Br(x)x " is bounded for 0 < [x| < Xg 0}
(10.21) prjr/Kl, 0<Kl§°°-
x*
The proof that B(x,€) ¢ , i.e., that
o0
y r
(10.22) B(x,e) ~ Br(x)e

0

I

r
in the sense of Definition 2.1, resembles so much analogous previous
arguments, e.g. in section 7, that a repetition is not necessary.

Thus the following lemma has been obtained.




Lemma 10.2. The transformation (10.7) (where T(x) is defined by (10.6)

and (10.4), takes the differential equation (10.1) (which is supposed to

have Property 8) into

m+l dz
, az _

(10.23) .

B(x,ejz ,

where B(x, €) ¢ 4 . The leading term Bo(x) in the asymptotic series

(10.22) for B(x,€) is either zero, and then m = 0, or

(10.24) B (x) = - ijx . )

(with Qj as in (10.15).)

0
The coefficients Zr(x) of the series >_J Zr(x)&:r which solves
r=0

(10. 23) formally must be solutions of the differential equations

dz
mEliaar \
. = =0 i
(10.25) X s Bo(x)Zr * p+"‘j:r Bp(x)ZV(x), r e
p>0

which is the analog of (10.2).

The asymptotic calculation of the Zr(x) is based on the lemma below.

. 2 m
Lemma 10.3. Let q(t) be a scalar polynomial q(t) = qlt+q2t o +qmt :

m>1, q. 7 0, andlet g(t) be a scalar function holomorphic and

bounded in the region

S

{t|ty < It], larg(t - eo)l $8g) -

Then the function

f(t) = e 'g(t)t (h an integer)

-(l=-




has an antiderivative F(t) of the form

h-m+]
t)t

with G(t) holomorphic and bounded in some subsector

P d , ¢ 3
S ttlgltl, larg(t 00)|: i)

of S. (G(t) has nothing to do with the matrix G in (10.4).)

Proof. Choose t1 > tO so large that the mapping s = q(t) has a

holomorphic inverse in the subsector of S with [t] > tl' Define F(t)
by the integral

The path +y(t), which must end at t is to be suitably chosen later.
Since t = qr_nl/msl/m(l + O(s_l/m)), as s — o, the transformation
q(t) = ¢ changes the integral into

A

F(s) = F(a(t) = F(©) = [ e"&(o)
v(s)

U(h-m+l)/md(I

-~

v(s) is, of course, the image of the path y(t) with (3(0) bounded
and holomorphic in the image S = gq(S) of S. When written as

(10. 26) E(s)e = I eo-sa(g)q(h—mﬂ)/m

v(s)

do

’

the integral takes on a form dealt with in Lemma 14.2 of [ 18], where the
setting is more general, except that the exponent that corresponds to

the exponent of o in the integral above is assumed to be non-positive.
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This assumption is, however, nowhere necessary in the proof. Instead

of repeating the rather lengthy arguments of that proof it will suffice

s(h-erl)/m

to state the conclusion which is that the integral in (10.26) is Of )i

as s = @ in q(s'r), if \‘»l 1s taken small enough. This completes

the proof of Lemma 10. 3.

Lemma 10.4. The differential equations (B.25) possess solutions of the form

(10.27) z(x) = Zr(x)eQ(x) ;
o 2 e i
(10. 28) z(x) = Z(x)x a
where Zr(x) is holomorphic and bounded in 0 < |x]| < Xy larg x| < 60, and
(10. 29) (J‘rjr/K

for some number « in 0 <k <o,

Proof. Formula (10.12) establishes the lemma for r = 0. For r >0,
replace (10.25) by the equivalent integral representation of the Zlr

.x o \ - -
(10.30) z = | Zo(x)zol(g) b B (£)2 (£)€ s
ptv=r
p0

The integral sign is to be interpreted as indicating an as yet unspecified
antiderivative taken at § = x. Assume the lemma to have been proved

for 7,0, 2 Z . By making use of this hypothesis, as well as

R
formulas (10.20), (10.21) and (10.12) one finds, after multiplication with

e-Q(x) on both sides of the equation, that (10.30) can be written in the form

~ X TR - E -h
(10. 31) z_ = f (%) Q(Q)Hr(g)eo({’) Q(x)g Ta¢
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A short calculation shows that if hr satisfies the inequality

(10. 32) h <+

r K
where & has been taken so small that

K ixl/ll + (m + “Kl] 5

with K

| as in (10.21), then Hr(x) is bounded, as x = 0 in larg x| < 6

0
2
The right member of (10. 31) is a matrix of n scalar integrals

of the form

X G %~ (%) . n
(10.33) 78 B Ik h (£)8 4o T G R
The qjk(x) are the differences of the polynomials in 1/x that appear

as the diagonal entries of Q(x). Their degrees may therefore be any
integer between 0 and n. If the degree of qjk(x) is positive,

Lemma 10. 3 can be applied, after the transformation ¢ = l/T. The

: . : ! 2-r
result, in terms of x is then, that the integral is O(x /K) as

’

x - 0. If qjk(x) is constant, an elementary argument shows that the

integral is O(xl_r/K), except if r/k =1, which can be avoided, by

not choosing « as an integer. Thus, the relation ir(x) = O(x_r/'(),
as x -0 in |arg x| < 60 is always true, and the lemma is proved.

The matrices

(10. 34) Yr(x) = T(x)Zr(x), e Oleeis

solve the differential equation (10.2). It remains to be shown that the
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iz
formal series solution Yr(x)e represents asymptotically a solution

0

IVL(S

r

ot (10.1). It 1s convenient to prove first the analogous statement for
" o)

the series 1 Zr(x)er with respect to the equation (10.23). The
r=0

return to (10.1) is then a simple matter.

~

With the notation of Lemma 10. 4 let 2 be a function in 5('/0

with the asymptotic expansion

(10. 35) Z(x,€) ~ Zr(x)ar, as & =0+,

for x ¢ ss. Such a function exists according to Lemma 2.4, which

remains literally wvalid in d’r instead of «&@.

: b ) S . J )
Since Z (x)e € is, by construction, a formal solution of

r=0

(10.23), it follows that

(10. 36) (xerl f; - B(x, e))(z(x, e)eQ(x)) = W(x,e)eQ(x) .
where Ww(x,e)~0, i.e.,
(10. 37) ¥(x,€) < oyl |x|-l/'<:s)NJrl .

for x e &E. 0<ec< € and for all N > 0. Therefore, if (10.23) is

converted into a differential equation for the matrix-valued function V

by inserting

-~

(10. 38) 2 = (V + Z(x, ¢))e X

into it, one gets, with the help of (10.15), (10.24) and (10. 36), the
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differential equation

m+l dV
X

). 3¢
(10. 39) pres

= BV - VB + (B - BV -¥(x,e),

and the task is now to show that it has a solution that is asymptotic

to zero. To achieve this, one observes that, according to a version

of the variation of parameters formula derived in [ 18], §30.1, every solution
of the integral equation

eQ(X)-Q(é)[ (B¢, €) -m—leQ(é)—Q(X)d

(10.40) V(x,€) = [
I'(x)

- B (E)]V(E, &) - W(x, €) )€ 3

also solves (10.39). Here, formulas (10.15) and (10. 24) have again
been used.

The estimation of the integral operator in the right member of (10.40)
begins with the observation that

IB(g, €) - 8,(8) ] < e, le]™¥e,

for £ e se, 0<egc<e in consequence of (2.6). Now, replace «

0’
* *
by a smaller number « , 0 <x <, such that

¥

R S _—

1l +x(m+1)°
and write ﬂe for the subset of xﬂs obtained by this change in the
definition of ne. Then

J/etmtl Lk “(1/x+m+1)

-m-l
(10. 41) IB(g, €) - By(e) [ 617" < cptg

3
for x¢e§ , U<g<e and the right member can be made as small as

0’

or t

one pleases by reducing eo 0
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(x), j,k=1,2,...,n be defined as in (10.33), then

Let the qjk

)

the set of n~ paths of integration, each ending at £ = x must be such

that in each scalar integral in (10. 40) the function Reqj (¢) 1is non-

k

increasing. The proof that this can be done for x e ﬁg, provided tO’ 60’

€y Xy are chosen small enough is a standard argument that will be

omitted.
A solution V of (10.40) which is asymptotic to zero can now be

constructed by the usual Picard iteration: Set V0 = 0, then

-m-leQ(g)-Q(X)

v (g, el dg .

The path of integration has finite length, the exponential factors are
bounded for the appropriate choice of the matrix of paths I'(x), and

(10. 37) implies

I/K* N+l
N o

le(e, e)e™™H < cllxl”

e
*®

N
%
( lx,-l/x a)N+l

sk
for X ¢ fer 0<e<e, andall N>0. (C, 1is aconstant). Hence, also

0

(10. 42) lvi(x,e)| < C

¢
with some constant CN.

The details of the proof from here on - whether based on the
Contraction Theorem in Banach Space or explicitly on the Picard iteration
argument - are analogous to those found, with variations, in almost
every paper on the asymptotic nature of formal series solutions for

differential equations. It suffices to point out that the possibility of

making the right member of (10. 41) small is the basis of the existence and

b=




uniqueness proof for the solution of the integral equation (10. 40), while

(10.42) implies that this solution is small of the same order, i.e., that

p R L

(10. 43) Vix e) ~ 0 for xe nc 0?
in the sense of Definition (2. 6).

Finally, the last result must be translated into the equivalent
statement for the differential equation (10.1) by the transformation (10. T,
replacement of x by x in the notation, and return to x by the
inverse of the change of variables (10.5). The proof of the theorem below

is now complete.

Theorem 10.1. The differential equation (10.1):

x_kgl:A

dx (X, E)Y’ A(X’ 8) € d’

with k an integer - positive, negative or zero - has a fundamental

matrix solution of the form

(10. 43) Yix, &) = Tk, e)x 2%

with the following properties.

(1) G and Q(x) are the matrices defined in Lemma 10.1;

~

(11) ¥(x,e) = ;(O(x)?(x,a) , Wwhere §~(0(x) was described in

(x,€) ca ,

<

Lemma 10.1 nd

Hm  Yix,e)=1.
g

~

*

*
Remark. The product Y(x,e)xG is, of course, in class @ . Only this

weaker fact is needed for the Main Theorem stated in the Introduction.
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§11. The Main Theorem.

The several successive transformations of the original differential
equation (l.1) can be assembled into one transformation

~ o~ ~ ~1
(11. 1) y = T(x, e}z, x = xm, € = &

T(x, €) is a product of matrices each corresponding to a transformation

of Type 1, II, IIl or VI. Whenever one of these transformations is applied
to one of the blocks of the block diagonalization reached at that stage

it can be extended to a transformation of the whole space which leaves the
remaining components unchanged. Observe that the transformations of
Type VI are scalar in each of the blocks of all subsequent transformations.
Thus, these transformations can all be moved to the rightmost positions.
Therefore, T(;(, €) in (11.1) has the form

(11. 2) (%, ) = ~(~,E)exp{E-KQl(>~<,z)}

with the same structural properties as formula (1. 3).

The differential equation for z resulting from transformation (11.1)
consists of scalar uncoupled equations with solutions of the form
described in Theorem 9.1 and, possibly, of systems without a power of &
multiplying the derivative. These systems were solved in section 10. The
solutions so obtained can be assembled into a matrix Z(;(,E) of the same
form as (11.2). Moreover, the exponential factor in (ll.2) commutes with

Z, since the diagonal matrix Ql(;, E) is scalar in each diagonal block

of 2. Therefore the exponential factors in the product Y = TZ can be
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combined, which completes the proof of the Main Theorem as stated in
the Introduction.

The equations of the form (1.1) for which the outer solution, as described
in Theorem 1.1 has been explicitly connected with an interior or intermediate
solution (see, e.g. [12], [13], [14], [19], [22]) all possess, to my
knowledge, the special property that

Hox, €)1 <k

(1. 3) le ™
for some constant K and for certain values of x and E that lie in

the domain ﬂg y 0% E < EO in which the asymptotic results of Theorem 1.1
are valid. This is by no means always the case, even if Q e 7*, as

will be illustrated by the example below. That example also shows that
the methods of this paper, while constructional in principle, involve

long computations, even for simple equations.

Examples.

The equation

0.1 0
2dy _ S b s
(11. 4) s 0 0 1 y, m a positive integer ,
m
€ 0 X

is of the type (1.1) with h = 2, and

0.1 0 0 0 0
(11.5) A(x,e) = Ao(x) +Al(x)e = [0 0 1 + ({0 0 0 |e,
00 x" 1 00

while the coefficient matrix is a simple companion matrix, the turning
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point at x = 0 is relatively complicated. Two eigenvalues of Ao(x)
are identically zero, and the third eigenvalue becomes equal to the
other two at x = 0. The elementary divisors of Ao(x) have degrees
2and ] for x + 0, but for x = 0 there is only one elementary divisor,
of degree 3.

As AO(O) is already in Jordan form and nilpotent, the decomposition

of the system begins with the shearing described in §7. The figure

below shows the Puiseux polygon for equation (11.4).

(2, 1)
The appropriate shearing transformation is
y 153 (N4 52 (W
(11. 6) y = diag(l,x ,x )y ,

and the transformed differential equation becomes

b 010 000 0- 0 0
2. =m - =rn= o
{il.7) & x gﬁz 001] + 000x3ms+- 0 -m O xm]&:2 ¥'a
00 ) 100 0 0 -2m
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Next, the transformation

{0 ] 10 -1
(11. 8) ¥y=Ty with T=l0 11}, T =01 -1
00 1 00 I

block-diagonalizes the new lead matrix. One gets

- 010 -k =] 0 02
i L L ~
(11.9)cxm%§: 08 Bl Rl s o e
00 1 ety 0 0 2

The formal block diagonalization of the whole coefficient matrix by the
technique of §4 introduces a non-terminating series in powers of &. The
calculations, while elementary, are tedious. One finds that a transforma-

tion of the form

<22
1

pac)

”><

™
N

(11.10)
with
0 0 -1
(11.11) Plx,e) = 14 |0 0 “2]x ™+ o "™e?
-1 -1 0

takes the differential equation (11.9) into the block-diagonal form

3 R -1 0 O
& - e
(11.12) €& x mj—i‘ = 0 0 O] +[-1 0 0]|x 3me

0 0 1 [0 JL0 JI |

1 1 0

5m- -6m_2 -
sl aeme " x6m£ + O(x 9m£3) 2y
0 0 wi -mesm-l
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which splits into the two uncoupled problems

[ B -1 0 | | . )
2 -1 - ~€ =k
(1. 13) & x ng_)\: - + X 5ma+ Sk X )mel+()(x )maj
0 0 -1 0 I 1. ="mx
2 - - =1, = -9m -
(11.14) e“x ™ 3‘:}} S e g T g SR L S
Here z = (u,v)T.

First, the analysis of (11.13) will be continued. As the reduction
to Amold's form according to § 6 is not essential here, it will be skipped.
Another shearing is then in order. Below, the points of the Puiseux
diagram which can be recognized from the partial sum in (11.13) are
plotted. From the form of the series it is clear that the remaining points

are irrelevant for the exponents of this shearing.

.(_é., S -Zém)
o(2, -m-1)
o(l, -3m)
e(2, -6m)

el




The indicated shearing transformation for (11.13) is

(11.15) T 8l/.zx—.sm/z)a ;

It produces the new differential equation

m 3 m
S| 0 1 1e0% =T m 00 0. 1) —-1 :
2 -
(11.16) € xza—u-: +( )x . el/2¢ X jmz:+ x2 eS/Z
% 1o Yo i 01 0 -m
=0m 2, \ ~
O Me Y2

The re-adjustment to integral exponents will be bypassed as inessential,
since (11.16) can be diagonalized directly by the method of §4. The
result of this calculation is - details are omitted - that a transformation

of the form
(11.17) u = +0O(x E)lu

changes (11.17) into a diagonalized system of the form

~ -i 0 1 0 .
(11.18) 53/2xm/2 %ﬁ = + X 3m/zel/2
0 1 0 1
1/2 0 =
+ X 3me + O(x 7m/283/2) T
S F

Now the diagonal system (11.18) and the scalar equation (11.14)
must be integrated by the elementary procedure of §9 and, finally, the
several transformations performed in this section can be combined to
yield the final result. Neither the details of the final formula nor the

calculations have much intrinsic interest, except for the structure of
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the exponent in (l. 3), which is the decisive part of the asymptotic

solution. For m >1 that exponent is
i
s H S 378 1 -(m/2-1) i S
e Q(x,¢&) = diagfe m7z =1 X [1+ O(x gl
e
-3/2 i -(m/2-1) 25172
€ ——_m/z-lx [1+ O(x s
m +1
-2 X -3m
- m+1[l+0(x el .
~ ; ~ 1/2

Thus, in the notation of the general theory, € =g, x = x or x’
depending on whether m is even or odd, and H - 4. The restraint
index k)3 is 1/3m, in terms of x and e.

The condition (ll.3) is clearly not satisfied. It must be expected
that this fact will make the central connection problem at the turning
point harder than ‘for problems where the solution remains bounded, as
€ - 0, 1in some parts of ss

The properties of the differential equation (ll.4) in the shrinking
disk around x = 0 are very complex. Details of a general analysis -
though not a solution of the problems that arise - are given in [10]
and [6], [7].

The natural tool is a ''stretching' transformation
(11.19) x=ge”, p>0.

It changes (11.4) into

- G-




(11. 20) gz“"%g: 0 o0 I ¥,
€ 0 z;mcmp
If p <1/3m any finite disk in the £{~plane overlaps with ﬁe. at least

for small enough €. However, as one can check directly, the theory

of this paper, when applied to (ll.20) does not extend the validity of

l/3m).

the asymptotic analysis to points closer to the origin than O(xe

For p = 1/3m, the shearing indicated by the theory is

3 2/
y = diag(l, el/ . & /5)2 and leads to
01 0
M S R G P
d§ o
1 0 ¢

Now, the origin is no longer a turning point, but there are 3m isolated
points in the £-plane where some eigenvalues of the coefficient matrix
coalesce. Thus, the local problem in the x-plane has become a very
complex global problem in the £-plane.

The occurrence of such secondary turning points after the stretching
is typical, whenever the original Puiseux pélygon has more than one side.
The paper [11] by M. Nakano and T. Nishimoto illustrates well these

complications.
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