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AN EVALUATION PROCEDU RE FOR INCOMP LETE GAMMA FUNCTIONS

Walter Gautschi

1. Introduct ion. The incomplete gamma funct ion , and its complemen t a ry  (unct ion , ~tr ’

usual ly  defined by

x

(1.1 ) y(a,x) = f e
t t 8 l dt , r(a , x) = f e t t~~~ dt

0 x

By Euler ’s integral  for the gamma funct ion ,

( 1 . 2 )  ~~a , x) + F(a ,x) F(a)

We are interested in comput ing  both funct ions  for arbitrary x , a in the h a l f - p l a n e

V = {(x , a) : x ~ 0 , - ~~ < a < c e )

The func t ion  f(a , x) is mean in gfu l  everywhere in ~I, except along the nega t ive  a-axis ,

where it becomes i n f i n i t e .  The def in i t ion  of V(a , x) is less sa t i s fac tory ,  inasmuch  as i t

requires a > 0. The d i f f i c u l t y ,  however , is easi ly resolved by adopting Trico~~i ’s vers ion  1I~

of the incomplete gamma  function ,

*
( 1 . 3 )  y (a ,x) = V(a , x)

which  can be c )n t inued ana ly t ica l ly  into the entir e (x , a) -p lane , resu l t in g  in an entire f u n c t i o n

both in a and x ,

‘1 4~ 
*1 ~, — e

_ X
Mj~ ,~a~+ l;x) — 

M(~~~a + l ,—xJ
y ~a,x, — [‘(a + i) 

— [‘(a + i)

where M(a ,b ;z) = 1 + ÷ 
~~~ 

‘ is Kum m er ’s func t ion . Moreover , ,y *(a , x)

is real-valued for a and x both real , in cont ras t  to [‘(a , x), which becomes complex for

negative x.
*

Our objec t ive , then , is to compute y (a , x) and [‘(a , x) to any prescribed accuracy for

*

arbitrar y x , a in ~~‘. We do not a t t e m p t  here to compute ‘y (a , x) for negative x, wh ich

Sponsored by ~~ U n i t e d  St ,t ’ .s  Army under  Cont ~~ict No. DAAG~ 9-7~~-~ ’-0024 and the Na t iona l
Science Found . i~i n  under g ran t  MCS 7 t - 0 0 ~~42 .



may well be a more d i f f i cu l t  (but , for tunately,  less important )  t a sk .  We accomplish our task

by selecting one of the two funct ions as primary func t ion ,  to be computed f i r s t , and comput ing

the other in terms of the pr imar y  function by means of

*
(1.5) F(a,x) = [‘(a)(l — ~~~~ (a , x )j

or

* -a _____(1.6) y (a,x) = x {i -

If ‘~~(a , x) is the pr imary func t ion , we evaluate  it  either by Taylor ’s series , or by a l i t t l e -

known continued f rac t ion  due to Perron . For [‘(a , x) we use excl~ sively the c l ass ica l

continued fract ion of Legendre . Careful  a t tent ion is re quired when a is very close (or e q u a l )

to a nonposit ive integer , in which case (1 .  5) is not suitable for computa t ion .

An evaluat ion procedure of the general i ty  attempted here is l ikely to be of in teres t  in

*
many diverse areas of application.  Widely-used special cases of y (a , x) or r(a , x)

include K. Pearson ’s form of the incomplete gamma funct ion E 8] ,

( 1 .7 )  I(u , p) = (u~J f l)~~~ 
~*(p + f , u~I~7i), u ~ 0 , p > -1 ,

the ~
2 -probabili ty d i s t r ibu t ion  funct ions

v/Z 
* 2

(1. 8) P(x 2 Iv ) = (
~~x 2) 

~ 
(
~ , ~ x 2), Q(x v ) = ‘

~~

“

~~~~

“ [‘(~~, ~ x
2 )

the exponential Integrals

(1.9) E (x) = x” 1 r(—~ + 1, x)

(which , for i. = -n, a negative Integer , yield the molecular integrals A (x) [5 1) ,  and the

error func tions

* 1  2 1 1 2(1 .10)  er f x = xy (~ , x ), erfc x = ‘2~
’..’ ~~ x

*
When a I s Integer-valued , y (a , x) becomes ,an elementary function ,

(1. 11) y *(_ fl , x) = x~, V
*(n + 1, x) = x~~~~

+
~~[ 1 — e~~e~(x) J ,  n = 0, 1, 2 , ..

where e ( x ) = x /k!.
k = 0
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2.  Asyjj~ptoti c f o r m u l a s .  It is u se fu l  to have some general  idea as to the m a gn i t u a  of

the func t ions  [‘(a , x) and y )a, x), when one or both var iab les  are large. If a is

bounded , and x — ~r , it is well known [12 , p. 174 1 tha t

-x a-I
( 2 . 1 )  r(a , x) -‘ e x , x -. ~, a l  bounded

By (1 .6 ) ,  t h i s  impl ies

( 2 . 2 )  y*(a , x ) _  x 8, x -.
~~~~~ , I a I  bounded

Equa l ly  s imple  is the case x l  bounded and a -= ~ (over posi t ive va lues  of a) , in v.’r ; :~~:.

case [12 , p . 175]

-x
(2 .3 )  y

*(a , x) -. ‘f
~ ’Ti) 

, a -. ~ , lx i  bounded

hence , by ( 1. 5),

( 2 . 4 )  r( a , x) [‘(a), a -. ~, l x !  bounded

An ind ica t ion  of the behavior , when both var iables  are large , can be gained by s e t t i n ~

x = pa , p > 0  fixed , and letting a oo~ Lap lace ’s method , applied to the in ~eg:c~l .~ in  ( 1 .  ft

then gives

[‘(a), O < p <l ,

p =  1, a -~~ ,
(z . s) r(a , pa )

a -ap( aP )  e
(l~~~p) a ‘

and

(1 - p ) F ( a + l) 0 < < 1 ,

( 2 . 6 )  Y*(a , pa) — I a~~, ~ = 1, a

(~~8)
a 

p > 1

Simi larly,

( 2 . 7 )  r(-8, pa ) L~ ) 0 < p < a” , a

— 3 —



from which, by (I. 6) and the reflection formula for the gamma function ,

* 
~~ r(a)~~ aP If pe1’

~~ < I, a � 0 (mod 1),
(2.8)  

~ (-a , pa) — a 00 ,(
~ (pa) a if pe 1

~~~�i ,

Uniform asymptotic expansions are derived in [10) .

—4—



3. Choice of 2~~ 1ary f u n c t i o n .  We recall from ( 1. 5) , (1.6)  tha t  either of the two func t ions

*
[‘(a, x), y (a, x) can be expressed in terms of the other by means of

(3 .1) [‘(a , x) = r(a) {1 - x~~~
t

(a , x) }, y
4

(a x) = 
-a {1 -

In our choice of p r imary  func t ion , we are guided by two considera t ions:  the numer ica l  st a b i l i t y

of ( 3 . 1 ) , and computa t iona l  convenience.

With regard to n u m er i c a l  s t ab i l i t y ,  we m u s t  be ca re fu l  not to loose exce E sivc ly  in accuracy

when we per form the sub t r ac t ions  indicated in curled brackets  in ( 3 . 1 ) .  No such loss occurs

i f the absolute  v~ l ue of ~~ respective d i f f e r e n c e  is larger  ~lia n , or equal  to , . This c r i t e r ion

Is ~s i 1 y  ~‘xj ~re ’ssed in t e r m s  of the rat io

( 3 .  ~ r(a , x)

In ~~~ f , th ~ ~i i s t  r e la t ion  in ( 3 . 1 )  is stable exact ly if l r ( a , x) I ,~ ~~~, whi l e the second is

i n e i the r  of the two cases r(a , x) � and r(a , x) As a consequence , ~,~~~ .~~ l choice

Qi the j~rim iry function is y (a,x) ~j ~ r(a, x) < , and I (a , x) i f  l r ( a , x) I ~ in ~.ll

L~rn.~.~ning cases ei ther  choice ~~fls factor .

For the practical implementation of this criterion , consider first a > 0 , x > 0. In th i s

case, 0 < r( a , x) < 1 , and r(a , x) increases monoton ical ly  in the variable a ( [11 , p. 2 7 6 ] ) .

Since lim r(a, x) = 0 and , by (2 .  4 ) ,  lim r(a , x) = 1, there is a uni que curve a = p(x )

in the first quadrant x > 0 , a > 0 , alon: which r(a , x) = ~, and r(a , x) ~ dep end in ~ on

whether a ~ p(x). Since, by (2. 5), r(x, x) — as x ~, we have p(x ) x for x large .

By numer ica l  computation it  is found that in fact  p(x )  x for ~fl posit ive x , the value of

p(x) consistently being slightly larger than x. Ideal ly ,  a good choice for the pr imary  fur ’ ...Licn

*
then is r(a,x) If 0 < a  < x , and v (a , x) if a �x  > 0 .

Direct computation of [‘(a , x), when a and x are both re la t ively  small , however ,

is d i f f i cu l t , owing to the siri~ ular behavior of [‘(a , x) near a r 0 , x = 0. In contrast ,

—5—



*
y (a, x) is easily computable from its Taylor series, when x is small and a is arbitrary.

These practical considerations lead us to choose r(a, x) ~~ primary function ~~~ j~ x > 1. 5

*
a < .x , while  ‘~ 

(a , x) j~ taken ~~ primary funct ion 
~fl other cases. The choice of

the breakpoint  x = 1.5 is fur ther  motivated In Section 5 . 2 .

An analogous discussion in the case a < 0 , x > 0 Is comp licated by the more invo lved
*

behavior of r(a, x) , and also by the prese nce of lines along which y (a , x) vanishes.

Computational conve nience , nevertheless , dictates the same choices of primary functions , as

made above in the case a > 0 , x > 0. Thus , if we divide the hal f -p lane  V into three regions

*
as shown in Figure 3.1 , labelled I, II , III , we use y (a , x) as pr imary funct ion in regions

l and II , and [‘(a , x) in region III. The partition of Figure 3.1 also reflects d i f f e ren t  choices

*
of computing methods: Taylor ’s series for ‘

~
‘ (a , x) in region I , Perron ’s continued f racuon

In region II, and Legend re’s continued fraction In region III.

Since practical considerations led us to deviate from the ideal choice of primary function ,

some loss of accuracy will be unavoidable. The problem is most pronounced in region I

when a Is close to a nonpositive integer. It also occurs In the lower portion of region III

*
near zero-curves of y (a,x). The simplest remedy, in mos t cases , consists in computing

the primary and secondary function In double precision (when available). An exception to

th is arises In region I, when a Is very close (or equal! )  to a nonposiuve integer, in wh ich

case we need to compute the appropriate limit function . This is further discussed In Section 5.

-6-
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Fig. 3. 1. PartItion of domain ~/
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*4. ~~y)~or ’s series for y (a , x) .  The fol lowing series expansions follow immediately

from (1.4),

00 n n* 1 
~~‘ a (— ~~) -x 

~~‘ x(4 .1)  y (a , x) 
[‘( + 1 )  

n = 0  (a + n ) n !  = e U [‘(a + n + I)

When a ~ 
- ~, we prefer the f i rs t  expansion , since it terminates af ter  the f i r s t  term when

a = 0. Although the series is a l t e rna t ing ,  its sum is a lways posit ive ( in  fact , larger than

e~~ ) when a > -1, as is seen from the f i rst  relat ion in (1. 4) .

If a < - ~ , we let ( a )  denote the integer closest to a [ closest to , and less than ,

a , in case of a t i e ) ,  and def ine m = -{a) — 1, = a - {a}. Then

a + I — m +

where m > 0  is an integer , and e l  < . From the second series in (4 .1 )  [or , alter l 3t ively,

from the recurrence relation y (a - l , x) = x’y (a , x) + e /r’ (a)J ,  we then find

-x 2* m+l * e x x
V (a , x) = ~ V ( , x) + [‘(a + 1) (1 + 

- m ÷ (c  — m ) (e  — m + 1 )  +

(4 .3 )
m

x. . . +
(e  — m)( ~ — m -i I) . . . (& — 1)

I *Since Ic  I < ~ , we can use the f ir s t  expansion in ( 4 . 1 )  to compute y ( , x) in (4 .  3). Also ,

when m is very large , we need to compute only as many  terms in the sum between curled

brackets as are required to give a me aningfu l  contribution to within the desired accuracy.

The reciprocal of [‘(8 + 1) , appearIng in (4 .  3), can be expressed In terms of m and

( as

1 — / F(m + 1 —
4 . 4 ,  

[‘(a + l) ’

By virtue of m > 0, k I <~~~~, th is  requires an evaluation rout ine for r(x) that  needs to be

effective only In the rançe x . It should be noted , however , that when a Is very close

to a negative Integer , e will be small and inaccurate , causing the evaluation In (4 .  4) to be

inaccurate.

-8-



5. £v~ I u: t t e -~n c~ [‘in , x W~~~• I ~ 1s ne~i r a non i t i v e i n t e ~ er . Special ana lys i s  is
requir ed for [‘(a , x~ wh en a Is \ ‘ery close t a nor c ; : t l v  i n t • ; ~~ , a r J  0 x < 1.5 .  The

*primary function then is ‘~ )a , x~ , a nd l1 ’~u r t I ~~: ( 1. 5) ex~ re! ;scs I Ia , x )  a s a product (A

two quant i t ies , one very large  in  a b s o l u t e  va lue , ~in d the other  ‘er , small  - the d i f f e r e n c c r , f
two almost  equal numbers .  Computa t i on( I l l y th i s  is u n s a t l s f r c t o r y  m d  c~i r ~ lead t~ gross
Inaccuraci es .  If m > 0 is an integer , ow~’v , r , i t  is k n w  n tha t

(5. 1) [ ‘ ( — m , x) x m E m 4 l (x) , x . 0

where E
1

(X)  is th e  exponent ia l  integra l  of c ider  m ~ I (Cf . [ I , E q.  5 . 1 . 4 ] ) .  ~t is f

Interest , therefor e , to ( l i scu ss  under wh it con dition s the r i g h t - h ~m n ~ ,i~ e 0 m ( 5 . 1) is ~r . accept
able approx imation to [‘(a , x) , when a -m , and how to com~ u~e X m

L 
4 1

( X .

5. 1. It b ehavior  of [‘(a , x~ as ~i • - m .  Consider

[ ‘f - rn  , x)  e t t
m 4 (  1dt , x > 0

where m 0 is an In t eger , and I c I is sm al l , say,  I < ~~~~. We h a ve

[‘(-m + , x)  f e
_ t

{( nh1
~~ ÷ ~~

m l
11

E 
- l ) ) d t  X mE 1 4 1 ( X ) 4  I e~~t~~~~

1(t~ - 11th

so that

[‘(-m ÷ ( , X ) - x m
E ÷1

(x) 5 e t t m l (t
( 

- l )dt

Using Taylor ’ s theorem , we have

t~ = e
d m n t  

= 1 4  e
0(

~~~t 
. ( I f l t , 0 = 0(e , t) , 0 < 0 < 1 ,

giving

-m -t - m - l  Oc m t( 5 .2 )  [‘(-m 4 ,x) - x E
m+i

(X)  c f e t e ln t dt

- 9’-



We consider f i r s t  the case 0 < x  < I. Since

e0’ m t 
< e I c l i n t  

~~

- ~ ~
, If 0 < ~

and

mit .- - 1, if t > 1

we obtain for the Integral In (5. 2),

dt < 
1 

e t t m l t 1 l i n t  Jdt 4 5 e t t m l t ~ ‘(t - l ) d t

(5. 3)

~ 
I ,~~~IX m E 

1
(X) 4 f t

~~
m (~ - l ) d t

The Integral  on the far ri ght equals e ’
~ if m = 0, e

1 - E
1

f l)  if m = I, and E 1
(l)  -

if m > 2. Using  the inequal i t ies  ( [ 1 , Eq. 5 . 1 . 19 ] )

-x -xe e
( 5 . 4 )  ~~— —  < E 0

(x ) 
~ ~ ÷ ~~ - , x > 0 , n = 1, 2 , 3 , . . .

we find

1’ If

I e~~(~~~t - 1)dt a e ~~, °m = if m r 1

If m > 2 ,
m - l

and therefore , by ( 5 . 2 )  and (5. 3) ,
-m -1r ( -m 4 x) - x E (x) I a em4 1 , / - j e t m< I e ~~~ x I nx 4-m — -mx E (x) ( x E lx )m u  ‘.. m+1

Since x
_m

E~~4l(x) = [‘(-m,x) clearly decreases, as x increases , we have , again with the

help of (5. 4) ,

X
m

L ÷1
(x) > E 1(l) > 

e 
, 0 < x  < 1 ,

end thus , f ina l ly,

-10-



F( -m + e ,x) - ~~~~ (xl 
- I

(5 . 5) -m 
m + l  

� 1 I (x C l mrt x I (m 4 2)a ) , 0 < x < 1
x E lx)m+ 1

where

2 If m = 0 ,

(5.6) (m 4 2)a 
If m r 1,

I 2(m~~~2)
I if r n > 2 .4 l ) ( m  - 1) —

In the case x > 1, we estimate the integral  in (5 . 2) by

5 ... dt~ 5 e t t m Y (  t n t  dt < 5 e tt m (t -

from which

-m
4 J ( - m~~ x ) - x  E (x l  im 41 

_____________ 
—t — m

e t (t — l d t-m — -m -

x E  (x i  x E  (x ) xm+ 1 r n + l

The integral on the rig ht  evaluates to xe X If m = 0 , to e X 
- E 1

( x )  if m 1, an ; :

- ( m - 2 )  - ( r n - l i  S - -x E 1
(x) - x L IX ) If m > 2. Using once more the inequa l i t i e s  in  ~~. 4 • w~’ f m .

XIX + I )  If m 0 ,

+ , x) - X
_ m

Em+l
(X) J x

2
(x 4 2) if m 1

( 5 . 1 )  -m � It I . x + 1
x E

1
(X )  I

I x (x -4• m ~ l) { X 
- 

1 
~ If m

x 4 m - Z  x 4 m  —

If we restrict attention to the interval  1 < x < 1. 5 , the factor of I I in 1. ” . 71  can

bounded , respectively, by = 3 . 7 5 , 3.1~’, and r 4 . 8 2 1 . . . ,  so that

-mF(-m + e , x) - x E 41 (x)( 5.8) -rn 
m 1sH , 1~~x~~1.5

E~~1(x)

— 11—



Since the approximation x E
1
(x) will only be used If I t I Is quite small , we

shal l assume , somewhat arb i t ra r i ly ,  that  it I < .001. Then X m E 41 (X ) approximates

r(-m 4 , x)  correctly to d s ignif icant  decimal places , whenever

ld(x~~
°°1l i nx l+ ( rn + Z ) a ) < ~~~lO d

, 0 < x < l ,
(5 .9)

5. 2. Evaluat ion of x 1
~’E~~~1(x) .  We propose to use the expansion [1 , Eq.  5.1.12 1

( 5. 10) X
_ m

E m +l
(x)  = 

(~~ +~~( m 4  1) 4  ~~~~ 
t~ 0 ~~+ l ) ( m 4 1 + r ) !) 

+ m ~~~m - s )

where the last term is understood to be zero If m 0 , and where

~ (m 4 1) = + 
k=l k

y . 5772. .. being Euler ’s cons tan t .  It Is Important  to make sure that  little cancellation

take place among the various terms on the right of (5.10) . Empirical computations convinced

us that  no more than approximatel y one decimal digit is lost due to cancellat ion , If we

restrict x to the Interval [0 , 1.5] , the cancellation being noticeable only near x - 1. 5

when m 0 , 1, 2 or 3. This , In fact , is one of the motivat ions for p lac ing the break at

x = 1.5 in the part i t ion of Figure 3.1. (Another motivation is the progressivel y slowe1

convergence of Legendre s continued fraction for r(a , x) as x decreases.)

Assuming,  then , 0 < x ~ 1. 5 , it Is easily veri fied that  all partial sums of the Inf in i t e

series in (5.10) , as well as the sum Itself , are strictly positive . Since , moreover ,

- m x  + 4 ( m  + 1) > - i n  1.5 + 4 ( 2 )  - . 4 0 5 4 . . .  + . 4227 . . .  > 0  for m > 1 , we see that the

expression between curled brackets in (5 .10)  Is also positive for m 
~ 1. No such statement

can be made for the finite series In (5.10), which can be negative , zero , or positive . Its

terms , when m is large , need to be computed only so long as they contribute significantly.

-12-



6. & dre s cont i nu  fraction for [‘(a,x). The following continued fraction , due to

Legendre , is well-know n ( [9 , p. 103] , [1 , Eq. 6 .5 .31 ] ) ,

-a x 1 1 - a 1 2 - a 2(6.1) x e F(a , x) — — — —x+ 1+ x+ 1+ xf

It converges for any x > 0  and for arbitrary real a.  We can write (6 .1 )  in contracted fo r m as

- a x  ~0 ~l 
_____x e r(a x) = —

X 4 ~~ 4 x + a 4  X 4 a  +

ak
_ Z k 4 l a , k 0 , l , 2 , . . . ,

= ‘‘ ~ k 
= k(a - k), k = 1, 2 , 3 , . . .

or , alternatively, in the form

a a a- a x  1 1 2 3(6 .2 )  (x + l - a ) x  e F(a , x ) = j~~j~~j - -  j .-
~
- . . .

where

k(a - k)
(6.3) 8k = (x+ 2k - l  - a)(x + 2 k + 1  - a ) ’ k = 1 ,2,3 

We investigate the convergence character of the continued fract ion in (6.  2) for - ~ < a =. x ,

x > 1 . 5 , which is the region III in Figure 3.1 , where ( 6 . 2 )  is going to be used .

It is well-known (cf. , e .g . , [ 13 , p. 17ff] ) that any continued fraction of the form (6. 2 )

can be evaluated as an infinite series ,

(6.4)

where

(6.5) p0 I , 
~k ~l~’Z ~k’ k = 1,2,3 , . . .

ak
(l +

( 6 . 6 )  
~ 0 ~~~~ 

~ k 
= 

1 ÷ 8k
(l + 

~k i ~ 

k = 1,2,3 

-13-



The n -t h  par t ia l  sum in ( 6 . 4 ) , in fact , Is equal to the n - th  convergent of the Continued frac-

tion , n 1 , ~~, 3 If we let

= 1 +

then the recursion for In (6.6) t r ans la t es  in to  the following recursion for

(6.7) 0
0 ~ °k 1 + , k = 1,2,3 

k-i

Consider now the case of a
k 

as given in (6. 3). If k < a (thus a > ii , then ak 0

(since a < xl , and It follows inductivel y from ~~~. 7) that 0 < < 1 , hence -l < 

~k < 0.

In view of (6. ~~, this means that (6.4) Initially behaves like an a l te rna t ing  series with tcr n s

decreasing msnotonlcally in absolute value.

If k > a, then a
k 

< 0, and 
~k 

may becomne larger than one. However , if

0 <O k l  < 2, we claim that I <
~~k ~ 

2 whenever x ~ ~~~ . Indeed , for the upper bound we

mus t show that 1 a
k

clk 1 ~ i.e. , a
k
a k l  > - 

~~~, or , equivalently, la k Ia k~ l <

Since = k l  ~ 2, It suffices to show la k i < ~~~, which Is equivalent to 1< (x - a
2 

4kx.

Since k > 1 a nd x > 0, the la tter is certainl y true if x > , which proves the assertion

< 2. The other inequalI ty , 1 < 
~k ’ is an easy conseque nce of 1 a

k= k l  > 0, established

In the course of the argument Just  given , and the negativity of a k Since for the first k

with k > a we have 0 < C k l  ~ 1 (by virtue of the discussion in the preceding paragraph ,

or by virtue of - 1), It follows Inductively that 1 < a k < 2 for all k > a , hence

0 < < 1. In the case k = a , we have a
k 

= 0 and = 1, thus = 0 , and the

argument  again  applies.

We have shown that ‘~ k ~ 1 for all k > 1 , that Is , the terms In the series of ( 6 . 4

are nonincreaslng in modulus , whenever - < a  ~ x , x 
~ , in particular, therefore, when

(x,a) is In the region HI of Figure 3.1. Moreover, the series changes from an alternating

series, Initially, to a monotone series, ultimately .
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In the region a > x , convergence of Legendre ’s continued fraction may deteriorate

considerably In speed , which, together with the appropriate choice of primary function , is

the reason why we prefer Perron ’s continued fraction for a > x (cf .  Section 7).

_ _ _ _ _ _ _ _ _ _ _ _ _ _



4 7. Perron s con t inue d  f r ac t i on  for V ( a , x ) .  From the d i f ferent ia l  equation sat isf ied by

Kummer ’s funct ion M ( a , b: z) , Perron [9 , p. 2781 derives the fol lowing continued f r ac t i on ,

(7 II  • j a 4 l ~~~~ jj~~ - b (a 4 1)7  (a ~ 2)z
M(a,b;z) 

- b - z i  b 4 1 - i m  b 2 -

We have shown in ( 2] that , when z -X .. 0 a nd 0 ~; a 1 < b , the continued :m ~~cti -n . 11

converges monotonical ly  in the sense that  a l l  conv ergents  ~ro p o ;it iv c  m n u  m n c r o l s e  n ; o r .  -

tonicall y t o t h e i r  l i m i t .  Let t ing b a 1 , and t ak ing  m t e  1 the second r t - l m t i  ~ i r ;  i i .  4~ ,

we fi nd I m m e d i a t e l y

*
‘y (a 4 1~ x~ - 

1 
~~~~~~~~ (a 2) x

* a 4 l 4 x -  a 4 2 ’ x -  a 4 3 4 x -
V (a , x )

which may be combined with xy (a 4 l ,x) y (a ,x ’ - e~~ /r ( a  1) to yield

x * 1 x Ja 4 l)x (a 4 2)x(7.2) r(a + 1)e V (a,x) , ~ =
I - q ’  a 4 l 4 x -  a~ 2 + x -  a 4  3~~ x-

The algorith m in ( 6 . 4  - ( 6 . 6  may be used to evaluate  ~‘ , if we write

a a a
a 4 1 4 x  1 1 2 3(7 .3 )  

~

with

(a 4 k)x k 1 2 3.4)  ak 
— - 

(a + k + x)(a  + k + 14 xl ‘ 
— 

‘ ‘ 

Perron g continued fraction in (7.2) will be used only for a � x ~ 1.5 , i.e. , in region H of

Figure 3.1.

The speed of convergence Increases with a , hence Is slowes t when a = x. Com pared

to Legendre s continued fract ion (6 .1 ) , Perron s continued fraction unfortunately converges

only about half as fast  near the line a = x . This Is Illustrated in Table 7.1 , which shows

the number of convergents required for relative accuracies i 10
-d 

d = 8(4)20, Legendre s

continued fraction (LI being used for a .999x , Perron ’s continued fraction (P) for

a = l. 00lx~, where X
r 

. 3872 + 5(r -l) , r = 5(5)40 .
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r 5 10 I S  20 25 30 35 40
d —  —_ _ _ _ _ _ _ _ _ _ _ _ _

X 20. 3872 45. ~R72 70. 4 8 7 2  4 5 •  3872 120. 3E 72  145 . 3872 170. 3872 195. 3h 7 2

8 L 15 20 24 27 29 31  33 34

P 29 40 49 55 61 66 71 76

12 L 18 25 30 34 37 40 4 2 44

P 38 53 64 7 3  81  88 94 100

16 L 20 30 36 40 44 47 50 52

P 46 64 77 88 97 106 113 12 1

20 L 22 34 41 46 50 54 57 60

P 1 74 89 101 112 122 130 13 Q

Table 7.1. Speed of convergence of Legendre s (L) and Perron s (P) continued

fraction near the line a = x.

Equation (7 . 2) Is subject to a potential loss of accuracy when q~ - 1. From the

asymptotic results in Section 2, however , we can see that ~ -
~~ 0 when x Is fixed and

a • ~~~~. When x = pa and p Is fixed in 0 < p < 1 , then ~‘ 
-. p as a -- ~~~~. Any

significant cancellation , therefore , appears to be possible only near the line x = a, when

a Is large . Even then , however , the problem is very minor , since y ( a , a)  -. ~ a a
, he nce

I - = 1 (1 + o( 1)) , as a — ~~~~. We thus loose between one and two decimal digits

* . -1800only if a 640, at which point V (a,a) 10 , much too small to be representable

on most computers.
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8. F lowchar t . We b r i e f l y  review the sal ient  features  of the comp lete e v a l u it i on

procedure , wh ich  forms the ha3 is  of the a l g o r i t h m  in 3 J ,  a r i d  en c a p s u l a t e  them in th o  f lowch ar t

of F i ç u r e  8. 1 below .

*
Ou r goa l i~~ to e vj i u a k  y (a , 9 and “(a , 9 to d correct s i g n i f i c a n t  dec ima l  pl aces ,

where  d ~ d0, wi th  d0 denoting the number  of dec ima l  d ig i t s  a v a i l a b l e  on the c o m p u t i n g  device

at h a n d .  (On a b ina ry  compu t e r  w i th  )3 b ina ry  d i g i t s  in the m a n t i s s a  of the sing le -p rec i s ion

f l o a t i ng - p o i n t  wor d , we may  sot d 0 = i i n Z / i n l O . )  Due to unavo idab le  rou n d ing  errors ,

a nd the  po ssi~~i l i t y  of minor  cance l l a t ion  errors at a t~ w places ( e . g . , in Taylor ’s series

for the e x p . ) n e O t i l l  i n t eg ra l  ari d in Perron ’s continued f rac t ion ;  c f .  Section 5 . 2  and the f i n a l

paragraph of Section 7), it would be unrealistic to require d = d0 . We shal l  in fact  tolerate

losses of 1 to decimal digits , before taking any precaut ions , so tha t  a reasonable

choice of d should be less than d
0 - 1 or d0 

- 2.

Due to our choice of p r imary  func t ion  ( c f .  Section 3) ,  more ser ious  cance l l at i on  errors

may  be incur red  in the use of

( 8 . 1)  r(a ,x) = r( a){l  -

when 0 < x  < 1. 5 and a < x , and in the use of

* -a f  r(a . x)
( 8 2) 

~ 
(a ,x) = x — [‘(a)

when x > 1. 5 and a < 0. With regard to (8.  2) ,  the problem is on ly  s i g n i f i c a n t  near  a zero

of V (a ,x). In our a lgor ithm in [ 3 )  we make no at tempt  at achieving fu l l  s i g n i f i c a n t  accuracy

*
near zero-curves of 

~ (a , x) .  Instead , we issue an appropria te  message to the user of the

algorithm , if the accuracy requirement cannot be met.

in (8 .1) ,  the loss of accuracy is most prominent when a is close to a nonpositive i n t e g e r ,

a —m , m = 0,1 ,2 

Dif fe ren t  actions are taken , in th i s  ins tance , depending on whether dcuble-precision is

able or not . if i t  is , we recompute the expression on the r igh t  of ( 8 .  1) in  d~~uh le p r e c i s i on ,

— 1 8 —



whenever the single-precision calcula t ion (to  d d i g i t s ! )  reveals  that

( 8 . 3 )  I i  — x~~~(a , x ) I  ~ . 05 ,

i. e. , when the d-d ig it  accuracy in r(a , x) is in j eopardy. If s ingle  preci sion is the  on l ?
d -d

precision mode available , and if enough extra precision is ava i lab le  ( say ,  ~ 
0 

> 20 ) t o

occurrence of (8 . 3) will  prompt us to recompute [‘(a , x) to fu l l  s ing le -prec is ion  a cvu r ~i: ~- -

If these countermeasur es  prove to be of no avail , then again our algorithm issues an . ip~ .~~ - 
- ,

message.  This will  notably be the case if

a * 
— (d 0-d)

( 8 . 4 )  I l  — X ~ (a ,x ) I  ~~l0

af ter has been recomputed to an accuracy of d0 decimal  d ig i t s .

it is possible to estimate how close to a nonpositive integer -m the value of a has

to be for the predicament (8. 4) to occur. From (8. 2), and [‘(-m, x) = x m
E +l (x), it follows

Indeed that

* m m m 2y (a,x) = x — Ix Inx + (—1) m!E
41

(x) J + O( ), e = a + m — 0

from wh ich

I - x y ( a , 9 = ( l ) mm !x m E ( X )E O( 2) ,  e — 0

Neglecting the O(
2
)-term , we thus have ( 8 . 4 )  if

-(d 0-d)
m ’x m E ( ) ~ < 10

which , by virtue of x m
E

m+l
(x) 

~ 
1 S m

E ( l  5), implIes

-(d — d)
(8 .5) I. I K 10 

0 
, K =— m m 

m ! l . S m E ( l . s)

(The first few values of ‘~m are : = 9 .9980 , K
1 

= 20 .520, 
~2 

= 19.827 , = 1 2 . 2 2 6 ,

(
4 = 5.4746, = 1.9 137 ) Thus , for our procedure to concede defeat , the value of a

must  be su f f i c ien t ly  close to -m so as to have (8. 5) , but not so close as to s a t i s f y  (c . 9),

since then the l i m i t  va lue  (fo r a - -m) wil l  be accura te enou gh .
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IN

compute
In IF(a+l ) I , sgn I ’(a+l)

a~0, — 1 , — 2 , ...

x=0 ~~es4compute V~(a, 0), [‘(a, O)J

compute no
yesx > I . s  

no yes
a < x

by Taylor ’s series

compute ht = l-’p compute l( a , x)
e /F(a +1) V~

’(a, x) by Legendre ’s continued
by Perron’s continued fraction

fraction
- 

h = I — F(a , x ) / I ( a )
es *

a > 1 warning:  h too small
F inaccurate no ! h I  too smal l

yes no
no yes V *=e /h *F (a+l )  warn ing : ~ -a

- y inaccurate  x h

a~~~ -m a *h= !-,x Vm 0, 1 ,2,... no OUT

yes I h i  too small  no F(a , x ) = h F ( a )  OUT

F(a , x) X E  (x )  compute yes
yesm+ 1 

V *, h , r(a , x ) =h r ( a )  double precision
In double prec ision ava il able

enough extra no warning :

no

CU precision available V inaccurate

yes

recompute
*warning : yes 

Ih~ s t i l l  too sm all V ,h, r(a,x) = hF ( a )
r In accura te  to fu l l  s ingle precision

accuracyno

OUT
OUT

Figure 8. 1. Flow chart for computing V*(a, x) and r(a, x)
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An important feature of our a lgor i thm is the automatic moni tor ing of overflow and under-

flow conditions. This is accomplished by f irs t  computing the logar i thm of the desired

quant i t ies  and by making  the tests for overflow and underf low on the loga r i t hms .  As a resul t ,

minor inaccuracies are Introduced In the f inal  exponentiation , par t icul ar ly  if  the result  is

near the overflow or underflow limit.
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9. Testing . The algor ithm in f 3 1, and a double-precis ion ver sion of i t , were t es ted

ex tens ive ly  on the CDC t~ 0O computer  at Purdue U n i v e r s i t y  and on the UNIVA C 1 1 1 0  computer

at the U n i v e r s i t y  of Wiscons in .  The double-precision a lgor i thm was  used to provide r elerence

values  Icr checking the sing le-precision a l g o r i t h m , and on a few occasions , to check a g a i n s t

high-prec i s ion tables  (no t ab ly  the I-I S tables in [ 6 J ) .  Other reference va lues  were t ako : ;

f rom va r i ~-u ~; m a : he :n a t r c a l  tables  in the l it e ra tu re .

The tests include :

( i )  the error f u n c t i o n s  ( I .  10) , checked aga ins t  Tables 7 .  1 and 7 .  3 in [ 1  J ;
( i i )  the case ( 1 .  1 1 )  of integer values  a = n , —20 n 20;

(iii) the exponential integral E (x) in (1 . 9 )  for integer  va lues  ~‘ n , 0 < n < 20 ,

and fractional va 1~re s of v in 0 < v < 1 , checked agains t  Tables I , II , III in [7  J ;
( iv)  Pearson ’s incomplete gamma function ( 1.7) , checked agains t  Tables l and II in

(v )  the incomplete gamma funct ion P(a , x) = (x/2) V (a , x/2) ,  checked aga ins t  the

tables in [ 4 ) ;

(vi) the x
2
-dtstribution (1.8), checked against Table 26.7 in [1];

(v i i )  the molecul ar  in tegra l  A (x ) ,  checked aga ins t  Table 1 in [ sJ and the more accurate

tables in [ 6 ] .

In additio n , the performance of the routines was examined for parameter values a In

the ne ighbor hood of zero and in the ne ighborhood of negative integers . When a is very close
*to a negative integer , the accuracy of V (a , x) was observed to deteriorate subs tan t ia l ly .

This is due to inaccuracies in the evaluat ion of F(a + 1), as remarked at the end of Section 4 .
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— 
An important  feature of our algori thm is the automat ic  m oni tor ing  of overflow and under-

flow conditions. This is accomplished by f i rs t  computing the logar i thm of the desired

quant i t ies  and by making  the tests for overflow and underf low on the l o g a r i t h m s .  As a resu l t ,

m inor inaccurac ies are introduced In the f inal exponen tia tion , particularly if the result is

near the overflow or underflow limit.

—21—



References

[ I )  M . A h r a m o w i t z  and 1. A. S tegun  ( e d s . ) ,  Handbook of M a t h e m a t i c a l  F u n c t i o n s , ~~~~

Standards  App l .  M a t h .  Ser icc , , Vol. 5~ ( 1 9 6 4 ) .

2 )  W . (  .. :  : h i , A c o m i l o u s  cc r i on c e  c f  a con t inu ed  f r ac t i on  for r i t  os t r u m : - : I L : .

tions , to be pub l i shed .

3] W . c  ; ; ‘~~~h i . Al r o r i t h m  . . . — Incomp le te  g a m m a  f u n c t i o n s , to he p u L i i s t iec .

4] S : r le s  of C Incu i p lete  G a m ma  Fun ct ion  R a t i o  Ju s  u n I c

D o r m r t ~~~’., 1~~r 5 .

[ s j  M~ h- c . ~~. A: ~- c : ~~- i , E. I s h i g u r o  and T. k i m u r a , Tah le of M c l e c c i a r  lr terj: r1 ~~,

Ma -u ,en  Co. , L t d . , Tokyo , 1~~SS .

I t ]  j . L~~d : , 
~~

. M . u - au s  and F. A. Ma t sen ,  Quan tum C h e m i s t r y  ln~c-c~al s ar ; : T:L~ ec .

U n iv e r s i t y  of Texan Press , A u s t i n , 1959 .

[7] V. L I’ u r c v~i , Tables of the exponent ia l  i n t eg ra l  E x I e
_ X U

u
_ i

du .  ( ;:.s :c~V

from the Russ i an  by D. G. Fry) Perg amon Press , New yu : h , l~~o l .

[~ ) K. Pear son ( e d . ) .  Tables of the Incomple te  F -Func t ion , R i o m e t r i k a  Of f ice , U o i v c r s i :y

College , Cambr id ge  U n i v e r s i t y  Press , Camb ridge , Engl and , 19 3 4 .

[9 )  0. Perron , Die Lehre von den K c t ! c i l  ~~ ch en , Vol. II , 3rd ed. , B. G. Teub i .

Stuttgart , 195 7 .

10] M. Temme , U n i f o r m  asymptotic expansions of the incomplete gamma tunct i o~ a n )

the incomplete beta function , Math . Comp. ~.9. (1975), 1 109-1 1 1 4 .

E l i )  F. G. Tricomi, Sulla funzione gamma incompleta , Mn. Mat. Pura Appi . ( 4 )  ( 1 9 - 1 ) .

26 3—279.

[12) F. G. Tricomi,  Funzioni ipergeometriche confluenti , Edizioni Cremonese , Rome , 1 ° c ’ ~

[1 3) jj, S. Wall , Analytic Theory of Continued Fractions , D. van Nostrand Co., New ~~rk ,

1948. (Reprinted in 1967 by Chelsea Pub!. Co., B ronx , N. V .).

—23—



S E C U R I T Y  C L A S S I F I C A T I O N  OF THIS PAGE (P~,cii Data Entar.d)

REPORT DOCUMENTATION PAGE READ INSTRUCT I ONS
BEFOR E COMPLET ING FORM

/ 1/ L~~!PORT N U MB 2 GOVT ACC ESS~~~~

1 

3 RECIPIENV S CA T ~~~~~~ NUMBER

‘~~ 17 17 1 7° / ~~~~~~~~~~~~ 
I / I

~~~~~ F~r~t~ (.,j~~u 7flT T ~~—~~‘P~ ‘~~~~ ~~~~~~RP- ILRIOD COVERED

/AN EVA LUAFk N P R O C L 1) L F ~~~FOR IN ( (~~~~ L E l L  / Summary  p~~t~~ no specifi c
1e~~~FUng period

GAMMA F U N L I I O N S b I 6 PERFORMING ORG. REPORT NUMB ER 
--.-- ---- --

7 A UTHOR(.) ( ~~. C O N T R A C T  OR GRANT NUMBER(.)

Walte r au tsch i

— 

/ 
~ DAAG ~~ 75-~~-oM24

( ~
V 

_ _ _ _ _ _ _ _ _ _ _ _ _ _

6- PERF~~RMING ORGAN iZAT ION NAM E AN D ADDRESS 
F— MCS— 7 6— 0(0d 42

-‘V. u~j i~aM ELt ~~~15T. ~~~~UJ~~~~~T, T1ASK
AREA & W ORK UNIT NUMBERS

Mathematics Research Center, University of
610 Walnut Street ~_.‘Wiscon sin 7 ( N u m e r i c a l  A n a l y s i s )
Madison , Wisconsin 53706 

__________________________

II. CONTROL L~MG OFFlCE N A M E  A ND A D O R E S S  ~~~~ l 2 . RE~~9~~ Lg.AIL_ _ _
~~-7 ,/

See Item l o  be low.  Feb~~~~~r ~~7 7 /
V~~

_____________________ ____________________ _____ 
2 3

Th. M ONITORING .~GEN CY HAM 6 AODRE5~~LLdLU.r.nt fro,o ControlI In~ Offica) IS. SECURITY CLASS. (of this rapoat)

( ~~~~~~~~~~
— ) I)  .-‘ -

~~~~ UNCLASSIFIED

f — ISa . DECLA SS IF ICAT ION ’ DOWN G RAO ING
- S C H E D U L E

15. D ISTRIBUTION S T A T E M E N T  (of this R.port~

Approved for public release; distribution unl imi ted .

17 DISTRIBUTION STATEM ENT (of A . abstract .mlar.d In Block 20, II diff.,.n t fp oo,  R.port)

IS. SUPPL~~*~~ I T A RY  NOTE S

U .  S. Ar~ny Research O ff ice  Nat iona l  Science Foundation
P . 0. Box 12 2 1 1  Washington , D. C.
Research Tr iangle  Park 20550
North  Carol ina 27709

II. KEY WORDS (Continua ci, ,.v.r as add. If n.ca.wy ond id.nttfy by block nim~b.r)

com pu ta t i on  of incomple te  g a m m a  f u n c t i o n s
Taylor ’s series
continued fractions

—

20 AB STRAC I .f~~ontt nu. an ,.~ .ra. atda II n.c..aai~r and id.ntify by block nuanbar)
-.We~deve1o p~a com puta t ional  procedure , base d on Taylor ’s series and

cont i nue d f rac t ions , for evaluating Tricomi’s incomplete gamma function ,
- . -a x

- x
~ (a x) = f e tt a l dt ‘and the complementary  incomplete gamma function ,l ( a )  -

o

1( a , x) f 0
t~d 1 dt , ~ both In the region x > 0 , —~~~ < a

x ~~~~~~ ~~~~ ‘ 
- 

-

~~~~ F ORM 1473 EDITION or I NOV SI IS OBSOLETE UNCLASSIFIED~~~~ I J AN 71

\ SECURITY CLASSI FICATION OF THIS PAGE (Whan Oat. ftn t .,.d)

/ /


