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ABSTRACT

Let 0 < p  < 1 and T be a trigonometric polynomial of order n.

Then

f IT’(t)I’~dt. < ~~ 

~: 
IT~(t) I~dt

A similar inequality is established for algebraic polynomials in weighted L

spaces.
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BERNSTEIN ’S IN EQUA LITY IN L~ FOR 0 < p  < 1

Paul C. Neval

One of the mo st powerful tools in approximation theory is Bernstein ’s inequali ty:

( I )  f ~T~( t )  t~ dt < C ( p ) n ~ f I T (t )  ~
‘dt

which holds for 1 < p < ~ with C(p) = I. Here T Is an arbi trary trigonometric polyno :~:i a1

of order ii.

The main purpose of the present note is to prove the fol lowing

Theoremj . Let 0 < p ~ 1. Then Bernstein ’s inequal i ty  (1) is sat2s f ied with C(p) = 4ep ’.

n
ft~ f. Let b (x) = 

~ 
eikX . Th I D,~(x) I ~~ D (0) = 2n + l~ JD ’ (x) I < n(n + 1) and

~~~ 

D
2

( t )d t  = 2n + 1

If T Is a trigonometric polynom ial of order n then convolving T wi th  D we get T ,

that Is T = T * D . Hence T’ = T * D’ . Therefore we have the following two inequal i ti esa n n n n n

(2) (T (x) I < 
2n+ 1 IT (t) idt

and

(3) IT ’ (x) f < 
n(n + 1) 

~: 
IT~(t) Idt

Now let 0 < p < 1. We obtain from (2)

max IT (x) I < 
2: 1 f IT (t)I~dt max IT (x)I 1~~~,

J x J ~~~ ir —w j x J ~~~w
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that I s

Z n +  ~ 
~~ 

IT ~( t ) I ~dt

Thus by (3)

IT~(x) ( < 
nln + 1) f IT~(t) I’~dt [ m~x IT (x) I~J 

~

1:2
aLa + l )

j
-’1 

IT ~ ( t ) J ~ dt (zn 4 1 ) P 
~~~ ~: 

T (t) Pdt] 
~

Hence

IT ~(x) I” <~~ P(~ + l)~
’(2n + 1)1 P  

~~ ~: 
IT n (t ) I~dt

Now comes the trick. Let k = 1~~J + 1 and put here T (t)Dk(x - t) instead of T.

TD
k 

is of order n(k + 1). Therefore

IT~(x) (2 n + 1)k 
— k(2n + 1)k 1D’ (O)T (x) I~ <

+ 1)~[n(k + I) + 1J~ [2n(k + 1) + I I  IT (t)t~~ID (x — t ) t ~~
’dt

Using D’(O) = 0 and k p >  2 we get

~L f IT~(t) I~D~(x-t)dt

Integrating this inequality we obtain

‘(: ~~~~~~~~~~~~~~ +1 )~(2n + J ) I n ( k + 1 ) + 1 ) ~ [ 2 n ( k + 1 ) + 1 J ~~~ . 

~: 
iT ~(t ) I ~ dt

Let m be a natural integer. Appl y this inequality to T~(mx) instead of T~(x), divide

by m~ and let ~~~~~~ The result is

— 2 —



• IT’(x) j~ dx < (k + 1) l+P 2~ P P f IT ~ t I~~t

Recall that k ~ 2p 1 
+ 1. Thus the theorem follows.

Let us note that it would be of definite interest to find the exact value of the constant

factor C(p). There are several consequences and possible generalizations of our result.

In the following we wil l  es tabl i sh  weighted Bernstein Inequalit ies for algebraic

polynomials.  Denote Pn
(Q

~~
3
~

X) = ~~(a~~~)x + ... the orthonorrned Jacobi polynomials and lt~

n-I
K ( a ,~3, x) = 

~~ P~ (a~ 3~ X)
J = 0

Lemma 2. Let a > —1 , ~ > — 1 , y > — 1, k = 0 , 1 , . . . , 1 = 0 , 1, . . . , m = 0 , 1, . . .  and 0 < t < I

be fixed . Put

(4) P(x) = n
_ Z

xk
(l  — x) 1

(1 + x) m K ( a , ~3, x)K (- 
~~~ , ‘

~
‘, 2x 2 

— 1)

for n = 1, 2 Then

(5) IP’ ( x) I .~~ C1 Ix I ’(l — x2 ) _ 1 IP (x) I

for I x I ~~~l and

(6) 0 < C 2 .~ I P ( x ) I j x I _ k 4 Z ~~~(l - x)~~~~”’~ (I + X) 
m+~3+ 2 

.~ <~~~ 

-

for cn~~ ~~ Jx I ~~ 1 - tn 2 where C1, C2 and C3 do not depend on x and a .

ft ~~j . Fir st let us calculate K ( a , ~~, x) . By the Chri stoffe l-Da rboux formula we have

v (e , t3)
= 

~~~~ 
[P ~(e ,~3, x)P 1(a ,p , x) p~~1(a ,~3, x)p (o ,l 3 , x )]

Hence

= 
‘y~~(a ,~~) 

[p ”(ar , ( 3 , x)p 
1(a ,~~, x) —

Note that p ( e , ~~ , 
x) satisfies the differential equation

.4



( ) n ( n + a + P + l ) Y + [ a p + ( a +~~~+ 2)x JY

Therefore we obtain

K~(a , 13, x) ~~~~ 
4 ( a +  13 + 2)x K ( a , 13, x) - 

~tL:_
t
~

!;

~~ ~ ~n-l~°’ 
13, x)p (a , 

~, 
x)

It has been shown in [ 2  j that

~ cons t K ( a , 13 , x)

for I x I < i .  Thus

1K’ (a , 13, x)l .5 con st(I - x2 ) 1K t ~ .13, x)

for lx i 5 1 which yields (5) by a simple computat ion . Concerning (6) see e .g .  [2 ] ,  § 6.3.

Lemma 3. Let a > -I , 13 > -I , ‘y > -1 and 0 < p  <~~~~. Then there exists a number 6 > 0

such that for every polynomial ii of degree at most a

1w (t) I~~( l -  t)a
(l + t ) 1 3 i t I

~ d t < 2  f In (t) l~ (l - t)
a

(1 + t ) 13 I t I ~ d t .
-l 

~<l t I< i - -~-— 2
n

This lemma has been proved in [ 2 ] ,  § 6. 3.

I,~~~mp 4. Let 0 < p  < a O , 0 < c  <1 .  Let a , b and c be given real numbers.  Then there

exist two constants 6 > 0 and C4 such that for every polynomial n of degree at most

a the Inequality

f I~’(t)Ji~~~I~(l — ~)a(l + t ) b I t  IC dt .5 C4n~ f Iw ,.~(t) 1P (1 — ~)a(l + t)
b It I°dt

holds.

~ g2f . I t a = b - and c = 0 then the lemma follows from Bernstein ’s inequality

(1 ~ p <~~), Theorem 1 (0 < p  < 1) and Lemma 3. OtherwIse we choose a , 13, y, k , S

and m so that they satisfy the conditions of Lemma 2 , further a = p(I - a - ~~~
)- 

~~

b p(m - p — ~~
)- ~ and c = p(k - 2’y - 1). Let P be define d by (4) . Then Pw is of

-4-



degree 5n + k + 1 + m = 0(n). Applying the case a = b = - 
~~~, c = 0 to P~r Instead

of it we easily obtain the lemma. )
Lemmas 3 and 4 combined give us the following

ii~~~rem 5. Let 0 < P  <~~~~. Let 1 = x
1 > x2 > . . .  > x~ = -1. > -l and r IR for

I = 1, 2, . . . , N. Let

N y.
W(t) r TT (

~ —i = l

and

2~ N -I  l~, zr
W ( ~) = ( ~./Fri +~

i) 1 TT J t — x j I +
1

) ‘ ( \TTI+ -’) 
N

Then for every pol ynomial it of degree at most a

f Iw ’(t)Jl - t 2 l~ W (t)W(t)dt .5 C5n~ 5 Iw (t) I~
Wn (t W(t ) dt

where C5 Is indepe ndent of n.

Let us remark that Theorem 5 is new only for 0 < p  < 1 .  For 1 < p <~~~ i~ was proved

In ( 2 J .  Even for the case 1<  p <~~~ the present proof is much simpler than that in ( 2 J .

There is an extensive literature dealing with N = 2 , that is when W is a Jacobi weight .

We refer the reader to [1] where a great number of works on weiqhted Bern stein inequa lif l es

is mentioned In the references.

REFEREN CES

[1) Neval, P.: Lagrange interpolation at zeros of orthogonal polynomials , ‘Approximation

Theory, II” , Academic Press , New York, 1976, Pp. 163-20 1.

[2]  Neval , P.: “Orthogonal Polynomials ” (to appear).

Department of Mathematics and and Department of Mathematics
Mathemati cs Research Center The Ohio State Universi t y
University of Wisconsin Columbus, Ohio 43210
Madison , Wis~~nsin 53706

— 5—

I



S E C U R I T Y  C L A S S I F I C A T I O N  OF THIS PAGE (W~i.ii 0.1. Ani.r.d)

lION PAGEREPORT DOCIJM 
________________________

BEFORE COMPLETING FORM
3 RECIP IENY S C A T A L O G  NuMeERI R EPORT NUMBER GOVT ACCESSION 

~
.J 

READ D4STRUCTIONS

172 b  ____________________________1 ~ 
~~~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ COVER ED4. T I T L E (a,d S~ btI t l . )

~~ERNSTE IN ’S~~NE QUALI TY IN ( L~ FORI 
~ u m rnary~~~p~~t. ~ no specific

reportin~~j~riod /
6 PERFORMING OR G. REPORT NUMBER0 < p < l  .——.--— 

—___
(/1 

/ 
5.-. ,C O N T R A C T  OR GRANT NUM BER(.)

_ _ _ _ _ _ _______________________ - \. ~.—

\~~~, c~1 G .JNeva~7 ~~~~~~~~~~~~ 7/ ~~ DAAG29-75~~~~~~ Z/~~~ 
~~~~~~~~~~~~~~~~~~~~ ( 

7 ~~~~~~~~~~~~~~~~~~~~~
9. PERFORMING ORGANIZA TION NAM E AND ADDRESS ¶ 0 .  PROGR44 EL~~MEPIT PROJECT , TASK

Mathematics Research Center , University of AREA & WORK UNIT NuMBERs

610 Walnut Street Wi~~~~nsin 
6 (Spline Functions and

Approximation Theory)
Ma di son , Wisconsin 53706 ___________________________
II . CONit ROLL I~~G OFFICE NAME AND ADDRESS 12 REPORT D*T~/ ~~~~~ ~~~~~~~7 7 ]
See Item 1 ~ below. ~~~~~~~~~~~~~~~~~~~~~~~~~ f - - u. N~~~ BER OF PAGES

5
14. MONITORING A GENCY NAME B AODRESS(II di f l .rw t~~voa, Controllin4 OificO) IS. SECURITY CLASS. (of thu. r .porf)

UNCLASSIFIED
5.. DEC L A S S I F I C A T I O N / D O W N G R A D I N G

SCHEDULE

16. DISTRI BUTION STATEMENT (of thi. R.port)

Approved for public release; distribution unlimited .

I?. D ISTRIBUTION STATEMENT (of ti. ab.tr.ci .ni. r.d in Block 20. if diff.rwl fro., R.porf)

IS. SUPPLEMENTARY NOTES
U. S. Army Research Office . National Science Foundation
P. 0. Box 1 2 2 1 1  Washington, D. C.
Re-earch Triangle Park 20550
North Carolina 27709

IS. CCV WORDS (Canting. an ,.v.r.. .Id. if nlc~ •~Ny and id.ntlfy by block nim~b.r)

Bernstein ’s inequality

20 A~~~~~~~ CT (Cc~ 1Inu. an r•v~~•• aid. If ~~~~~~~~~ and id.nui ~~ by block n~~~b.r) 
—

Let 0 < p  < 1  and T be a trigonometric polynomian

~~~~~~~~~~~~~~ 
1~~~(~~~

Pdt ~~~~~~~~ 
~~

‘
. - 4

~~~~~~~~~~~~
r 2

~~~Then

It It

L’~~Pn — p -

-Tr -II

similar  inequali ty is established for algebraic polynomials in weighted ,
.

. 

1,
spaces

EDITION OF I NOV IS IS OBSOLETE UNCLASSIFIED ADO ,~~~,,141 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

SECURITY CLASSIFICAT ION OF T1415 PAGE (~~ian D.I. Int.c d)

~ ./
I


