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PREFACE

Thi s - : t u i y  vu: ;  sponsored by the  Lake i - r i  € -  P s - i ~~i rOal ‘rransportat ion

A u t h o r i t y  (LERTA), ~i uv e  I r ind , o h i o , as -a par t  of t . t e  model t ’eris  I t i l i ty

i n ,  i’;’: I. i~~~’ t t .  I sr i s  - i i i , ’ conducted at , the U. C .  Army Eri í~i neer W r i t ’  - r w r t y  S

i- :- , n - , - r ’ j r e s - : i t  C t a t i u ~ ( Wi ’IC ) .  The ~~S i n v ’ .’ , ; t J;~r t L i o n , ‘Fris k ii i f ’  the Li-51 ’A

I n v r .’ : t . I ’ d  i o n , i s  a port ion of the s o c on d— i hasu  a irpo r t  i ’ e a s i l - i l i t y

st  :1,Iv Oh -i t ’rI.r t k s  ri by LERTA to evaluate prcrpo :;e -d a i r p o r t  s i  hr  -e , run ’  -

w h i c h  i s  in Lake Er ic  near Cleveland . The numerical  model Cer~~iL i l i ty

; ; n o P 5’ is associated w i t h  the  select ion and prel iminary design of’ t. I ie

necessary numer ica l  models for studying various phenomena considered

icrtinent to an offshore jetport site.

This report was prepared by Dr. Donald C. Raney , Dr. Donald L.

Dur ham , and Mr. H. Lee Butler of the Wave Dynamics Division (WDD),

Hydraulics Laboratory (IlL), WES , under the general supervision of’

Cr. P. W . Whalin, Chief , WDD , and Mr. H. B. Simmon s, Chi !-f , H L.
Dr. Haney is a Professor in the Aerospace and Mechanical I’Irlt’ine ’u-riru

fleI- t r t n m ’n t , Unive rs i ty  of A labama , and was a s s i gr i e ’d  to WEB under terms

of t i -~- Intergovernmental Personnel Exchange Act du rir~s - conduct of this

study r i f l - .i 
~~

- rc’prir;it is 11 of the report.

The Directors of WEB during the conduct of t h i s  invest,irri tion and

t ic l ruI-arvltiorl and publication of this report were COL (3. H. Hilt , CE ,
and COL J. L. Cannon , CE. Technical Director was Mr. F. B. Brown .
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C c O N V I - HCI IN }‘A (’ T OHC , M E T R i C  (SI) TO U. C. CI J : ITui - I IA RY A d
U . C . CIJC i ’OI-I A RY TO METR I c  ( i ) 110 ITS 01” MI - An- I II ’

Units of measur ores ’ I i t : usei l  in t h i s  report can U ’; converted ri : :  l u ]  Ow::

Mult i rd y By To Obt a in

Metric (SI) to U. S. Customary

metres 
1 

3.280839 feet

kilometres O.621i711 miles (tj .  S. statute)

metres per second 3.280839 feet per second

square centimetres 0.1550 square inches per second
per second

ielvins or Celsius degrees 9/5 Fahrenheit degrees*

U. S. Customary to Metric (SI)

inches 2.514 centimetres

feet 0.30148 metres

miles (U. S. statute) 1.60931414 kilometres

square feet 0.092903014 square metres

cubic feet 0.02831685 cubic metres

i ounds (force) per square 68914.757 pascals
inch absolute

feet per second 0.30148 metres per second

miles per hour 1.60931414 kilometres per hour
(U. S. statute)

degrees (angle) 0.017145329 radians

degrees Fahrenheit 5/9 Celsius degrees or kelvins **

* To ()1 t, r t j f l  r”ahren}1eit (F) temperaturo roril ings i ron Celsius (C) react—
ing:;, use the followirii- formula: F 9/5(C) + 32. To o u t r u n 1’; i i i r ’ ~~n i —
h e i t  readings from Kelvins (K), u s e - :  F = 9/5(K — 2 73 .15)  + ~n.

** To o b t a i n  Ceis ius  ( c )  t empera ture  r c r u l i n u g : :  from F’ahr i l i e j I , ( F )  i’ e o , i —
in gs , U; ; ’ -  the’ fo l lowing  f’ s r m u l r m : C = ( 5 / 9 )  (F  — 32) .  To olst r u i n  Kel-
v i n  ( K )  readings , use: K = ( 5 / t u ) ( F  — ‘3 1 ’ )  + “(~~ l5
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LAKE lIP I 1-I I N TEF1NATI ORAL .1 FITPORT

MOl i i -~L PEA S I B! Li TI INVESTIGATION

NIII-IERTCAL MODEL l EAd IBILITY AND SEI (ICI-I STUDY

PART I : I OJ’iSO 0 1) 1 CTID 00

Backgroun d

1. The Lake Erie Regi onal Transportation Authority (LERTA ) is

conductirir a feasibility and site selection study for a major huh air—

pc~’t in the Cleveland Service Area. One of the sites ‘being evaluri t o:! is

oCf’shore in Lake Erie near Cleveland , Ohio. As a part of the f’c’ru’i—

bility analysis of an of fshore  s i te , the U. S. Army Engineer Waterways

Exper iment deation (WES) is conducting a model feasibility investigation.

Objectives of the WES study
1 
are:

a. Compilation of available data on wave activity (wind waves ,
seiches , and tides) and mass circulation in Lake Erie with
par ticu la r  emphasis on e f f ec t s  of these phenomena in arid
around Cleveland .

b. Selection and pre l iminary  design of necessary h y d r a u l i c
models for studying various phenomena considered pertinent
to the jetport site.

c. Evaluation and preliminary application of analytical arid /or
numerical models of seiching and m ass circulation in a lake
to the jetpor t study.

The uive’ ’study tasks in the WES investigation are :

a. Synthesis of available data primarily concerning wave
cl imate , mass circulat ion , general shoreline character-
i s t ics, and general features of erosional problems .

t o . Lake sei che analysis.

Wave di t’fraction and refraction analyses including qu.-ali—
t a t i ve  el’fects  on shore erosion .

d. Analytical mass circulation analysi s.

e.  P re l i r n i i nary Ie : ;igr i  of necessary hydraul ic  mode l s .

Th is  report is th e  four th  report  in the series pub lished under the

u~eneraJ  f _ I  t1~ “Lake Erie  Internat ional  J e t p o r t  Model  F e a s ib i l i t y

5
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;:. ‘t j m trt i ~i ”d t i  . n i  w i t H  s ’ n ” - ’ : . ‘i’l ue ‘ n ” -  s j : ; s ’ i ll ’i . S I n : ;  d ive  
~~

- -  ‘ ‘ Oi lS t l i ’ i ’

‘s r” :- s - n ,  f - m t ‘i r on ? , t i ’ ’  ; , - . n ’ i s . - : m C  1 r i n t ‘,‘ s - n ’ 1  ‘ ‘‘ii - I i r : - - n i s  j . s n l :  u ;  t h s  1 r ~k ’ - ,

Cr 1 - - ‘.1 n , - s r i  ( 2 ’ -  r i i n : . t  - 5 of n i - i s  - : i t ’ t h i s ’s 5 - - n - i  I m i g  w .’ s v s ’ , t ( s i t  I : ; , i i  n ,  - -

v ; n ’ ’ d e v ir s t , i s ’sn:  of t i , , t ’r’s - -, ; i i r t ’ ’ i - ’e ‘ n on : . i t , , ’ ‘ I n :  i i : : l . i r ’ I , ’ , i v ; u l r m s -  i s  - I’- - .

IIe ’ l u t : j n i :  - ‘ C t , L -~~ ,O w i t  r ’ 1 - - v - - I  ‘ s r i - I m i ’s ‘H n ’ ’ s i l ’ i t  i - n  I’~~’ ‘ - n ’ :;. I t - \~~r ; ;



- ; ‘ r i  n ’ :  t o ; n y c - s t  i , ” ’  ‘ - hI~~’ - 1 - ’  i~ ‘ ‘ - I : :  , n n r o i  ‘ ‘ “ i n  ‘ i - ’ i n ’ s t , I on : ;  , ari d ‘I’ - I ~.i s ’  -

I n s  or’ . ’j l i : st . i - - n : ;  or  l i t ’ ;  i t ’ d -  I - o s  I ,  v i  ¶ } ;  ‘ r n - u  v i ’ Ic - u t

- rt et rod i : ’ - . ‘H i is i n i ’ ,’s ’sI _ I ‘ ‘ t i - u ,  ! .r :,V uh i ’: ; ;’ I ’ ’ .i  vu  In: I ’’ - ‘ ‘ ‘ ‘ i t , i - n :  ‘‘dr

i ’ ,:r’:t in ~
r, ,.. .I , 01 ’ ’.:, ’ ’ l ’ f ’s:: 5 01’ s - i - ’ ; ;  a : ;t . n ’ r i . ’ t , i r ” -  on t ,h s ’  r e - - I - - u ’ .-bd ’i: ’un ”it i - - :n~s

I r u n  - n ;  0 t ’ ’ i : ’  I ’ m’ , ; , ’  - d l latj - ’ n s, 0’ I : i k s -  1 - I r i s - .

S I s  t ’  
~~

- ‘  n -- n’ . - ‘no in s-i nns ’ t I n- . ’; ris , :° ,n di ~~~ w i  C s  e i  ‘Ir l r~ ’ i s  ::

, ‘ i n ’ ’s ’ . , ’ ;r ’ s ’,:’ o s ’u l ; i t s ’  i s - v ’ i ‘ I . i . ’t , ,’ i ’ . I . r n : ’ ’ ; i - ; . ’ eH l. i t} i ,’ ’,i i n’ i.I ;‘ . “ - :;s

no: .- - -:- .n ‘~n :  10’ 0 ra v i n g H n’ ; , ‘
~

I . ’ ‘.~ n: . .  A w i  r ’; ’ l  I - - i  -c,’ i n .  ov ’’r ’ i ’ , - l a ke  i - c s - r e , :

a :, nd ;; nd ‘ii ‘ “Cc : on ‘ n:’ i’sk(’ s-mn’ ‘ ‘ - - - n ,  in: I - i -  ‘ s ’ ; ; n i -s, i l s f ’: s - e -: ‘osr ” :n, ’. in,

- ‘u n - - n ” i i  i~j  lu ’ s - -ct I cmi oh t , h s -  v i  r id . ‘Thu ’s- ‘-o n’ n ’ - - ni t ,; ‘ I i ’ s.: i n -  - 2 - 1  1;

sh rill -c,’ —c-’- i t e ’ n ’ ’ ir ’ - ’is , thre e :‘ , , : i n i , ’ the 1- ike li -v - i ic ‘i , ;i : : - a n :  w h - u  - i n , ;

n ’ ’~ i . ‘ii. t ’  -H- - I I ’ . Tern ; : : ;  r ; , ’ s. .’ , i t o  1 - - , s i ’ i I - . s - t he:;’; f ’L o- - a ; ’  0 lor i s

‘u n-c ‘ ‘ne ’ 1: ” - r o n  “~~ i:t, 1- an.” The l a k e  s~~:’ I ” r - ‘l ’i e ’t . i i i ’ i . ’ ri i ‘ i r s  ‘c i-

a ’ , s ue r ’ , n t e  n - i ’ --  l u r e I I ,  ;:, v u n g  S I st e r  . - : ; i  ‘ - r :,; - : n ’ i - oori ei ’d-r ’ s: I I S . v i ’ . ’ ,

- - ‘ r he  ‘ - - t r . . ; ’e ,; s in ’ ‘. ‘m re .

A , ; - j  n ’ I ~1 i - -o - . n: -- ; , n : cd i:,; ‘ ‘ ‘ r n ; :’  i n  ~_ I :1  S i n , ’!- - ‘c ‘ r i ,

I ; ’d i -u n i n  tMi- I’iki- . TI: ’- e u ; : n ’ i v i m i i l  ‘- n o d  - n ’ -’ -I’ ” :n : ’ n:’ , ::: - ‘:r -

I - r i ’ i c  i n  I,’ r;e Eri e- i:: th e  v i ; ,  isJ The w i n  i — . - ’ - n , ’ n - r u O s - - - I  , !‘ic’i”;: 5 n , l .a

:en ’ r r ’ ’- ’ - l  i n t o  t,w ”: - ‘ : 0 -  ‘ n e : : : ; r J - :. : i _ : ; L s : r t I I , ’ and t i n n n e  i n s  n H  n it . In a

! - n ” :’2 1 5: , ‘. t : m : e , t I l s ’ l ’ s .’ ’ , l ’ ( : n ,  ‘ - ‘ - - ‘ n 1 7 — , : t ; i t r  ‘ I O u i ’ s - h t S  n i the 1; u k - -  s~~n , r ’d ~ I s -

- . ‘ - n o , : ‘in’ s - u ’u - : i l y v’ir’ ,’inr , ’ in i n t o - . 11ev” - i- - n’ ,

- “ i . . :  wh’ 1 . l i s -  i - i  i s  vr i n ’ v ’ I n o  ; i m l ’ ;’ i e  d oLl ,, ’ :.: l owly  h e  1 - s ’ n ’ n : .  i t

a :r~~’ - ’ i- : , — ; i , ’ i ’, ’ ‘ : r ’ : i , , : i : :  to i - s  ‘ i C r  n ” r x i r ’ , - r L ’ - I - :  ‘,‘ a l i - i .  A ::toa.l I,’— sl.:~t-.~:’

n : r or’ s,’ r i ’ n i l  r: i -  lo l  i - a s s -i i -i l l  ‘ S m ,  ‘ : X i  e l i s i O n :  01’ th u  s h ri l l  - - v — I  -~k- - ‘ I -  - ‘ry of ’

We i- i n , I i ’ - . - I ~’- -u L - .~ i s :  or , l i t  I r i n ’ i n d  I i ’ -  t . n .t arid w i r d . : i ’ n : : r i m i t n i : ’ r i o - r n  the

lake” is I nr 1 :‘;-; - i ;’ o’~ i b i d  I IsI s ‘ - r i -  ‘ i  l O s - to w i l l - i —  I n ’ i \ ’ s. :ri : i i ’ i  - H i - n -i r i s  - n i

m , n , - - b C ’ s 1 o- ~m i v e i r ’. I

6. ‘i~0 i - - n i  l i e , . , we ’l l  m i x - - I - ;u ri l iti - nis ri m ” ’ ouc h - i n -j-i i - r u b l e , ‘ :: ‘ I ~ -. - i s ’

s: u ’:in ; . ’ - n ’ n ’ i ’ im~ths , a : 1 . ’ ’ : ’ ‘ ‘ I s - i  - - - t n - ]  1 . : r ’ n r i i r ’ s ’ : i  ~~ - .  ir e- -s dast . a  u s -  n : : rL ; r

~~~l n’o r o i ’ i t i’ - - m i . A , : l r” i ’ . l n ’ i e i  n r i ’ , - l ” i i - n ’  ‘ o i l s - ; ;  ‘ n’ 1 ‘ ‘ s i - s i ’ - ”  h - i - t o ’; :,

( 1 5 , 1 , 1  ! n ; ,n n o r : )  : ; ‘  r i n d - - u  ‘ m ’orn t h i s -  i . . i j -  l i ’ s - n  (el-il i n r n i i o n )  t ’ 5- a ~h i n

‘ I - i - r n ’ . - - ‘ I  i r i s : . i : I -’ l i r ’ t i . ’u .i ; u r  in t ~s n o r t , u s sn:,’ el’l ’i - , ’t of t h u  li-t n- - n t

:; ‘ s i - l i  r ’ ’ ’ si lo cat i- imi of tb ’ L l i e n ’ n n : o ’ .l i r i s ’  -‘ i r : - l  ‘ i i i -  s - I ’ m ’s - c t  - m i  i o n  - I  i n t o I -’ bi

and ‘‘p i I I n : . n l ’ ’r :  c i  r eulnit  i s ’ m i  j r i ’ s s r 1 t i ~~s ’ - l  by .y b - I ’ ’ i I n r r m r : n - : s ’r ’ w.i;,.l carol It l imo ; .
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4- 7. The numerical model feasibility study was restricted to the

consideration of existing state—of—the—art models. No extensive model

development wa5 undertaken in this feasibility study ; however , areas

where additional nwnerical development are required were identified.

The theoretical limitations , verification , and accuracy of the model as

well as the cost of application of the model were considered .

I
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8. In this part of the report , rio analyt ical  and numerical stud;!

of the ‘ .‘f t ” cts  of a ,je tport  in Lake Erie near Cleveland , ~:hi . o , on

s e i c t i e : :  in the  lake is p resen ted .  For the f i r s t  f ive  modes of free

osc i l l at ions  in Lake Erie , the mode conf igura t ion , p”r i od , and veloc i ty

rs’ i ’ i r n i u : both w i t h  and wi thout  a je tpor t  are calculated.  These data are

:o. I a:; re lat ive informat ion  for  e s t ima t ing  the e f f ec t s  of a j e tpor t

s tru c t u r e  on sn - ich e s  in Lake Er ie .

Mathemat ical  Formulation

0 • As previously de f ined , seiches are vert ical  oscillations of the

water surface about the mean lake level . For a body of water wi th

variable depth and wi th  a maximum depth which is small compared wi th  the

wavelength of the osci l lat ion, a boundary value problem for seiches in

Lake Erie  can be formulated front the long—wav e equation :

4= I~~[~~~~(h~~~)+ ~~~(h~~~~] (1)

where

n ( x , y , t )  = surface displacement as a function of t ime  and space*

t = t ime

= acceleration due to gravity

t ( x , y )  = water depth

x ,y , ’z. = Cartesian coordinates

The c s , or r I i n a t e  system is showni in Figure 1 in which the undis turbed free

sur face  is I Fie plane z = 0 , where z is the vert ical  dis tance , the

t.e ,t tom is z = — h ( x , y)  , and the surface displacement is  z = r I ( x ,y , t)

For Cr” -~;c i i ia ~~ion in  a basin , the surface  displacement can be assumed

Lu i - c ’  barr - - r i i c  in  t ime .

* h - c r ’ s ’o r : v - - r i l ” - r l , ’r e’ , symbols a r - i l  unusual  abbreviations are l is ted and
l~~t~ i m i - ’ - I  in  t ,h ’-  Nota t ion  ( A l l i s - m i - I  ix  A ) .

9
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F ’igux” : 1. Coor’dinats -: system and sur face pro f i l e

Thus , n can, he represented as:

n ( x ,y , t )  = Re[~ (x ,y)  exp ( — iw t )1 (2)

where

Re = real number

= wave amplitude

i = in;:acinary number

w = 2um/T where T = period of oscil la t ion
icaser ] on Equat ions 1 and 2 , the governing partial  d i f f e r e n t ia l  equation
for free  harmonic osc i l lat ions  of a body of water becomes

f ~~~; ( x , y)  E~~
-
~-11÷ F {h(x ~ Y )  [~~~~~)]}+ A ’

~~(x
’,) = 0 (3)

where A is an cigenvalue expressed as A 2 
= w2/~’. The boundary con d i—

t ion  for th i s  1-re i l i l i en ni  is  t h a t  the normal component of veloci ty at the
Lo. :in boundary I se’ equal to zero . Since Equat ion  3 (special  form of t h e
Helntholtz equation ) is the equation for a standing wave , th is  boundary
condit ion can be expressed as

( 14 )

10
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4 
wI~~- m ’ ~ - n = unit normal t o l’oum i’lriry . Tb -fore , Eq iu rs t , i ons  sir sil 14 are-

hi .’ i - .’i m ’tial , .  - l i f t ’s - n’ - - : ,  t i r ul  .- i ? m i r i t  i on  o m i t  t , h , -  l , o u u n i - l r i r ’ ,’ ‘‘c m i i i  t i o r i , r e - spe : c—

i vu l y ,  Cci’ t h e  l - s m r j m i - i n i r ’ j  v a l ue  problem of the  Cr’ s- ’ ;  o; ; c i l l a ti o r i ; ;  O f ’  r i

lsuly of watt -s. 3 The x and ;i c n i m m i i r o r i I n i t , ;; of v e l o ci ty  (u  r ind

r e s p e c t i vel y )  Cr 5 0  i i ’  obtained by in tecra t i ng over a r u j  table t ime

i n t e r v ri l  I lu cdur itiori :; s f ’ x and y n n: - - r ; , ’ -  n i t , i c mr i w i t h  ~~~~ I ’~ ’ ’ ,:: :rur ’ , - ‘ra :1- n: t ,

e x r ’m ’ s ’ : : , : s - : l  ni; ; t - I ;~ ~ r r u i I i e n t  - sf ’ the su r f n i c n e displacement . These cor’q i ur i e r : t s

can l’u ;hinw:i to have Lii’ - follow i no form :

u ( x , y)  = — 
[
~~~ X~ Y ) ]  v ( x ,y)  = —

‘ i’h:ml ; , 5 so lu t ion  to the  boundary value  prolr ’l,em for the sur face di~~p 1r t r s - —

ment or the s’radient of the surface disp lacement having Lee--n ob tains - I ,

L i i i -  veloc i ty components can be calculated from Equation 5.

Numerical Scheme

F i n i t e  element method

10. The boundary value problem of Equations 3 and 14 can be solved

analytically for basins of simple geometry and t~~ io : - r ’n t ~-hy . h i o w n ’v s - r , t’ cr

basins of complex geometry and variab le topography such as Lake Erie ,

solutions to this  problem must be obtained numerical ly . The numer i ca l

approach chosen to solve th is  boundary value problem as applied to Lake

Erie  is a var ia t iona l  approach using the f i n i t e  element method ( F EM ). 14

The FEM is: a d i sc re te  approximation procedure app l i cab l e  whenever a

variat ional  p r inc ip le  can be formed . 5 This p r i n cip l e  is expressed as

an integral  over Li i ”  region under c o n s i d u m ’ n i t  ion w h i c h  i n ;  - l i s i ,n r ’ u t i e u d

into small re, - i  ons known as f i n i t e  e lements .  W i t h i n  ‘-rich element the

dependent variable (surface displacement ) is approximated by a locril

Taylor series expansion . Since there are no cons t ra in t s  imposed on the

shape of each element , the F’EM cn n  c o n v e n i e n t l y  and s ’n t s i ly  solve bound-

ary value problems i n v o l v in g  i rregularly shaped boundaries .

11. The v a r i a t i o r i n i l  fo rmula t ion  f’or the  boundary value problem of

11



ns4 L i i , -  I ’S’. - ,: r i s cj l l a tj i s m i : ;  of’ a l i - sl~ 01’ w~i~~(-r consi  ;:t ;: of t he  t o m s ’ I n i

im;t . s- 5’n” s 1

~~~

‘

~~~~h (x ,y) [
~~~~~~ i2 + h ( x ,;i )

— A 2~’(x ,;~- )
~ ‘lx - I ;,’

wbe ’-r~ - A is t 1, ’: : ; r u m ’ C ’ i c e  rire nt ut ’ Lake Erie. For a :;Lat i - s r i ; ,  n y  val i -  of ’

(mrstxirnu,m on minimum ) with respect to ~(x,y) , t he  l - u I i - r ’ — I , ni . c n ’ : , r - ”-

c c sn i - I i t i o n  of ’  the  func t iona l  in tegra l  is ident ica l  v- i th 1-knot ’, I - n: ‘I.

i den t i c;i l  I- - ;un , - .i’ im’ i cond i t ion  for l’kiu a t i o m  14 is
6

h~~-~’ 0  ( ‘i’)

12. The solution of ~ (x ,y)  for Equ~ tior i ( is founsi Ly ;ippl;~’ir;,

-the finite element techniques developed for what are known as non ,, ant ,

straini triangles (CST). The FEM codino for’ the program was dev e i i sn  u-I

using lion -al’ element geometrics and interpolation functions that ‘is’ —

scribe OCT as outlined by Desai and Abel . Dividing A into Ii sub-

regions or’ elements , A
e 

where e = 1 . . .n , the shape of an elem c ,’mi t

can be d-efined by a number of nodes (vertices ) that connect the el,.’rnennt

t i  ‘ thi n’ elements of the grid. Equation 6 can now be expressed a ’  the

elsi’mni enit level as

= 

~~~
1

~e 
~~~~~~~~~~ 

j

2 
+ ~e[~~

(x~Y)]
2 

- A 2~
2
(x ,y)}dx dy (8)

where ~e = the mean depth for each element.  For a t r iar igu l . ar — cn hns p eul

element , ~ (x ,y )  can be assumed to be approximated by a Taylor series

expansion :

~(x,y) = o.~ + a2x + a
3
y

12



wi,, - n ’ s - ,,~~ , - i  , i n .  1 i s  r i m ’ ,- ini kniowmi i .’ s ss-t ’ t ’ i r i s - m i t .s of t. 5 e- ~.:x i . nin :;ion .

:‘ i i  n i - f - h- r - ‘ i ’ m’ I x v t - - ’ t o n ’  { ~

r~1i= I ~ ILkJ
~r i - l the 5’oordin’st c-s i s  I’ t h e -  t h r s ’u  nodes fksmCr ,i mug the ‘:L umem it s as Cx . , ‘i .
(x . , : and (x

k
, ’

k 
) whers: 1 , j , and k n i b ’ s ;  m i-I ‘ices of these nu’li:::,

ion 0 can then b .- -:-x pr’e;;sed in nr n i t r  ix  form for ‘ ‘r ich  i . - lr’rn:,. - nL nun;

rix1y
~rai1

(~~}C 
=I 1X. Y . I I  a~
L~k~iLa3J

i’y t.:xSre::s I m is ~ t h e  a matrix in terms of the rio- Ic coordinates , a ru a i ,r ix

[C , wh i ch is known as ~,l i c  “ interpolat ion” or “ shape ” f ’ um i - s t ion , can be

l e t  I n ;s ’d ni:

[N] =

wh e re

C . = [(xk
yj — x

jYk
) + 

~~~ 
— y.)x + (x ~ — xk )Y1/2A and ~ = area

of the element A
e I

= :; i n ;: i . i . nsr’ expre ssi nn i:; obtained by the cyclical pet-mutation

of I , j  , and k

h l e - r s : . ;e ; r~(x ,y) (Equation i~~)  can be expressed for any point within the

element n - i ;;

= [N]{~~}
5 

(10)

I O W , w i t h  ~ uni quely and con tinously defined throughout t lit- region of

A ’ 
, tl ,sr f unc t iona l  x can t i e  minimized or maximized w i t h  respect t,o

1 - i



L ii ’ - n o i r i l  vr i luc - s 01 ’ F, . flul: ;t, it _ a t _ io n of ’ 1- k 1u r , L i o n  Id i n t o  i-k nu r jn . i-u n 8

s o t  ,- u t t i t i s ’ thu f im’ :;t v r i n i n i t i o n  s i t ’ x w i t h  rs’ :;riei ’f. to rsn ;J ni s u i ln i l p a i n ’-

a - ‘iu ;sl to zero i~ 1 yes

= 0 fJ~ C
~_) [r i~(±~ Le)

2

+ ~e(~~~~1C) - A 2({~~~~) ]d dy (11)

for m = 1.. .1” , where M i. :; the total number of node point: ;. 1- q u r i —

t i — s n  11 represents a system of M linear  r i lg o br a i c  e q u a ti o n: ;  in t scm’n :;

of the l~ v ;ilue -~ ol’ 
~m of the nodal po in ts , in which  the  values of

form the solut ion of Equation 3. The s,’istem of equations formed 1-y

Equation 11 can be expressed in general mat r ix  format for the ent i re

region of interest  as

[ K ] { ~~} = A 2 [M]{~~} (12)

w h i r , - ; A is the eigenvalu e expressed as

k 2
= m~

‘rod [K] = i’le-cs -n t  s t i f f n e s s  matrix

= lumped mass mat r ix

hs - i,,’ij L; of the expression of individual term; ; of [K] and [M] m a t r i c e s

can i, e- found in Reference 7. After assemblage of Equation 12 , f - l i e

boundary condit.ion ( E q u a t i o n  7) is inserted at the appropriate nodal

values.

13. I’klurit i o n  12 is: a form of an ‘:igenvalue problem . Thus , for

rea L , :nquar’ rnatr icr ’-s of’ order M there  will  be n independent

real ‘i g s - m i v n i l u c ; ; , A , where n = 1.. .M , whi ch satisfy Equation 12

and define the natural frequencies of the  system . For each A there

will be an eigenvector or “mode ” {~ ) in  which  the relative magnitudes
s f ’  nodal displacements are fixed hut not their ab”—olute values



(s- sl i t ’ l o m i  n c ’ ’ i nc 1 . 1 ’  ) .  To Iv n ; i : :  - u ’ ; n ’ - s l  ‘ - n ’ , i . ,- i n ” - ’ m n i , t , r i ’ .

n ’ s- : ‘ I ; -  sr n 5 ~ i - i n s  s 1 ’ q ’ i - b . i o n 12 iii ’ - - n h t i -  1 ‘ i n - i - in’ I ’- ; ’;’

j F i j { h . } = { z . } , I = 1,2,.. . ‘ - ‘ -
~ -

[ii i [ z I  = [ A ] [ z ]

H I = -~ ‘-‘ ‘ no ’ n’ - - ’- ’ r ‘ix - - C s ’ 0~ f ’
~~

’ I c i s - n t: :

[ Z ]  = n nis .I’ ,J ;- :s ’ ‘ i : : , u i ” - i ; u J ’~~’ n i .  c e -  ‘ - i g s - n vs:- ’ tor :  (V . .)  - - 0 [ H )

= I i r , , ’i s m m a l  n : ’ t t r ’ i y ,  - s O  s - igu n ’-.”- io ’ -: :

r - - ‘ i n ’ s - , ’ C - n ’ ’ ’ - - n u - ’ing i’~- p i - s f  I , n i  12 f _ cs :1_ m i — I - i n -I l - i n n-- , (i’i 1 ii- i t _ i omn 13)

n ’ . ‘ c-r i ’ s- i n :  det,ai 1 in  l5e ’ i n - n  - ‘7 ;sn ’i  8.

‘ n i - ’ ’ {r ,} I : ; - h 1 ’ s  i n  --‘ I C - i n ’ a I - i n t _ i c u l a r  t ’ r- - q ; u i - r c r ,~’ ( 5 - 1 5  i l - i ’ - )

of - s c i  l .1. ’~t i e - o , i i i , -  ‘~s:loci L;,’ ‘ ‘ on nin un it -n t: ; ( E q u a t i o n  5) nni ;iy i-c: c l n . ’ , Ili’ -

l’ r ’s mri t i , -  
~ l - ’ 1 - ,  o f ~, , w h i c h  w hicmr i  ‘ ‘xp m’ . . ; . :s :ii at. t h i s -  els - ru s ni t L i v e - i  I . ’

I lix
= - ; { ç } t 

(lii )

i
~hJ 

- i s  L i i ’ -  e l s : n n i s : r i t . slop e n: : ’ i t i ’ I x .  d i : ;  s i e f i n i s ’ l  ;s ; :

111
-~~~~~-~~~~~~--~~
lix li ,; lix

L i  =‘ ( 1 5)
:~ , ,  -Th -

~~ ~~1 ; -1;~ liy

Thus , ~1je h ;t v i  ni ’ i s ’ s - l i  i r . ’fl ‘u j r t t , ,.;’i a n - I  the : ; F i ; i ç ’ ’  f u n c t i o n  I N I  h n i i i w n i ,

t , i i (  h u r l ;;or s t , ’ i l  v s - l - .-” i l ,y at , r~nr, ’ p o i m i l .  ( x , y)  w i  t , l i i n  run e.l s - n n i ’ - m i t ,  c - ’ im i  lie

‘ - n; - . i n i ’ ; - i  On -un ’. V - n i i t . i o n n ;  11i ; imis l 15.  For t h i s  : ; t u s t y ,  L i i i -  vc- .l s i n - i t y  wr i s

15



v- I ’ i a t  c - - I  ‘ i f  t h e  i ’e~~ t r eid of each element .

15. ii. ’ m inn ’ - m ’ I ‘ri I ‘ i  1 culat 1 c o i n ;  required for the fini t . ’: ‘ ‘ 1 ’  ‘m s - n i t ,

I - r ’ f ” ’ rm ’~ at s - r i  a ‘ — 635 i!oni e~~ ell computer w i t h  1 - l u t . t , l o g

-r n . , - I n i  r i  5 ”h l c i i : ; ip  drum jslotter . The inputs required by t . t i s -  f in i t e

u i - n ’ . ; , ’ - ‘ - - - I ’  a r -  ‘ s :  t ’ - - l l i - w :

a .  T i . .- t o t a l  number of elements and r c s i l , - r ; .

1 .  ‘ l i i i -  a r r a nge m e n t  of nodes for each , ; L , ; r ; e m i t .

c .  I l e -  x ,y coordinates of each node.

1. The . I s - j - 1  h r et , each node.

t - . The i ’m - iun i i l a r y  c o n d i t i o n s .

I’. ‘ l i n e -  - iicitized natural boundary of the lake.

i - i s l e  out.~~n iL s  of the f ini te element code are as follow :

a. ~ natural frequencies (or eigenvalues ) of the lake .

I. Normalized surface displacements at every node and
centroid of each element for each natural frequency.

c. Normalized x and y velocity components at the centroid
of each element for each natural frequency .

Thos, results for the local region of interest (Figure 2) consist of

ri or’nncul ised surface elevations at each point labeled with an alpha N

or  ‘m 1 1 - h a E and normalized veloc i ty components at s- rue -h point labeled

wi th ;  ;tni  alpha E

D i s r e r et i z a t i o n  of [,ake Erie

16. The su r face  area of Lake Erie  (Figure  3) was ; approximated by

~0 s- le - n ; c ’t its w i th  2614 total  nodal p o i n i t s .  It should be noted that  many

of n,hc ’ element:; are quadrilateral  in shape , and these elements were
*n - I  r - ’ : ; t - n ’,ed in t i t i ;  f i n i t e  clement c o l e  by four CST ’s. A local region

- i f  i n ; ’- ’: re- , ;t  near Cleveland , Ohio , i n ;  i - h ’c n i t i f i e d  by a heavy l ined L u r i d—

- , r ’y I n ~ i - I . ’ i re  ~. T i l  s area is expanded n. ms Figur ’s; 2 for - e lement d e f i —

mi i L i ’ s r ;  - i f ’  ; l i ’i p -  w i t h  nodes and centroids  for elements of p a rt i c u l a r

i r ; t s - r s - : : t  i - s  m u ’ is ; ’ i gn iu d  numbers for fu tu re  i d e n t i f i c a t i o n  in interpret-

in g  th u  ;‘ - ; :u ~ ~,s. The cho ice  of the element shapes in the  v i c i n i t y  01’

* J .  F. Abe l , Memorandum for Record , Ii.  S. Army l - l n i g i n e e r -  Waterway s
Experiment O ta tion , CE , Vicksburg,  Miss .
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‘ h i ; m n ’ t  1 . l . 3 w : u l - ’ l ;  1;; “ - f ”  “ - m n ’ s - - I  to n j  I ow ~ a ’ - ‘ n’ ‘ I n m L ; ~~’ . - - I’ 570.5 ‘ I. .

I L  The v o l n u m ; : - , sur  ‘a- -c re-a , ‘ mi- i nnc’;un - I s  n - l u  , t ~ t .hu  i l i  ‘ - r n ” - 5  i s - - I

r n ’ s s t - r i b - i t . ’ r s f ’ l , n s k s -  - n i , -  n i l ’ s ’  n’ s - n - n u - , n s ’ n i t s -  i n  the f - i l l  - - w I n , -~ ‘ ‘ ; l . - u I ’ i n . i o r i .

I ‘ u n ” u n ’e t € ’ r l - : n s ’ r v s - - I  1’- -no -0 I

-
~~~ - r i  f t  1 . 8  ~ i h . h x

Fiin l” ae- s- i r s -n , sq ft  21. 1 1010 
~i ’(~~Q7 -“

F,.-nmn i  d e l t I , f t  ( n .7

i-o n - ‘ - , n ; ,  n ;i  r’ i :;c in i , the  ‘ -‘u - s t ~in i l  (observed ) valac- , ; of these [- anisr ; - t . ’ n ’:: f’

I ruks - Er i e r i m - c  also l i s t ed . ‘11 € ’ computed va I i c - n - . , in t , ’ u n ’t., I c ut ’ s ; ’  th e --  nn . s- ’c;

- I c r l b s  , ‘ i’ narc ’ ‘~‘er ’v vi L I  w i t h  the  obss’- n ’ vo il  ‘~‘i .l a u s.

V e r i f i c a t i o n

.1’ . To v ’ - n ’ i n y  t .I i ’  app l i c a t i on  of the  n i i u r c r i c ; i 1  rs -;c e - i u m ’ e  D i t  - l

in. tb . n - r - e’-zious section :;  to the inve : .’L i gn i t i o n  of the  ef ’ t ’u : - c t s  o f ’  a ,~

; - s i r ’t on the- m i ; i t c i n ” uI  o sc i l l a t ions  of Lake Er i e , the natural  periods ‘ccl

- m c l i ; ; . ’ normal nn s- -les of va r ia t i on  in s u r f n i u r s -  e levat ions f-s r th e

fi:’,:’~ five modes of’ oscil l a t ions  were calculated f’ s”- [ ‘ ik e  Fin e w i s h  sa l .

t h i s .’ i ’ L l  on - t , ;t n ’ ’ i c ’ t : i n n. - . The ca lcula ted  na tu ra l  ps - r i ccl:; of ti~ s Ore --

osci I at l oris nu n’ s- - shown in the  fo llowinis ;  t abu l a t i on .

I t  .n n i p u t e - i l  - - i - . ‘ ‘; rV’’
.. > 1  - I -  ~~~~~~~~~ n — 5 ’ ,— ‘ ‘ h -  I - -~~- - i i ~~~~~~~ - ‘

1 -L 14 .143 i. 14.

2 j.22 0.114

6.01

14 14 .~~i 14 .15

5 3.87 — —

* From F’D-I ’s -m’ s- n’r e  9.

* A to - i - of fiat , : f o r  c c s m i v ’ - l ’ ’ . i n n ’  n n u s ’ t . r i c  ( s i )  unit :; of n ns- ;m :au n s - sui’mit
n 0  I I.  2 . .  u ; i , ; t .o:mi n i r ’ ,’ - i t - i t : ;  i l l - I  U. 2.. i ’a~~I - Ti n y u n i  ‘ s t . ( . i m u l l ’ ’ (~~;T

an it , : ;  j~ ‘i ‘Iefl Ofl I -n i c e  It .
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A lso tabula t ., - -I ar-c t h u  s i l - : : s ’ r - j , ; ’ I  1-er i - u - i . ; for I l l ’ ;  On’ ,’ s -  o : ;e - i l J al . i - s m i , :  of ’ 2 -a k - -

E l — i - ri ’ - 1’_ - t , . - r rn i mi i .- -l l ’n — o r n - s i - u -  ‘t . r ’n o f ’  n - - co— is of i n k , -  I u v ’ - l . s  i- ’’ t i ’ u t ; - -. ’’ , ’ s n

b n u ~~. Thu - . i i sc r e t i z e - i  d e c - t i n s  i n  th i s  s t u d y,  si i s e u ,  I i n ,  “ i a ’  ‘n - - n  1 - ’ ,

v ’ t’ - .‘ , ‘ l ’b ’~’c’t ’’ ul to corru -: ;I” s mi - i 1, - i n i . c t n i ; i  1 I s ’ ! i t , h u : n  of’ h i ’ ’  I n m k ’ -  a ‘ I n ’ . - -  ( i l

i ,s l- : ; ,,.- r v , - - u  o s ci l l a t i o n s  by s ’ - ’ n i s ] s I ’ - r ’ i n g  I i  l s ’ n ’ 5 - l i e ( a ;  i n Lb s - ni f ’s - n ’ ’ - n , - ’ , - l ’ s ’ ‘in - ,

i ’~~~ ’~~~~~~ L . l’ .3 and mean lake  1 -v c il  at ‘. i n i ’ ..- : :  i .i h ’ ci l n n s ’ m ’ ’ j n i l , i o n .  f b i -n ’-

- laf I v ’. ’ ly ooul ; i gr o emn iunt  bet , w s - s  - n ~ the ob ser v s .’s . I j u u r lots ‘sri-i t .b i ’  ~- - - r i - i - I : ;

- somr . ;-u t e- : i  i ’ ’  L h m -  n ’inite  elem en t p 1-as s- - I  or ’  - . In n i - l i I t ion to th e  corn s ; s n i r ;r ,r i

Of n - u r i c - - I , ; , Ii s .~ computed a m m i j i l  I t ,u i i , - s  a t ’  the  r i -la t i v s - - sur face  v a r i a t i o n

I’ in t h i s ;  I ’undani ‘n uta l  mode of se ich i  Tin; for 1.3 locations ;t r ’cuu n- ,i ‘,h s ’  lake
10were -,.ro mnip ; i n ’ a I w i t h  the observed value:’. I n-ann ; Pl’mt .zmniari an-I Rao - The

ne- i ;s, tj vn- ‘ i .n ni i - i i. tudes around the-  l’ tl’is.- f rom th i n sei ch ’ -  stail ;- ,’ n r c  n i Or ;r~n i 1, —

ized - imp,l it cu - I ’- :; :;us;h that actual seicl~ - amplitudes around th e i sk ’: sari

be . i . ” t - - l’r n : i. 1 5 s ’ s I  , i f  t, i i s ’  seiu,rhe ; u n u j s l  .i t u n I s  at one locat i on is known , 1- ,’

mu lt i~ - .I y i m s i ”  the ns..-1;it ivc amp i . i tusi sr s  by t h U ;  kn own , ;‘ ‘ i c h s ’  ‘m rn , m - l i l. ; . ni e. F- .:n

eX ;mnnIl-le , actual  selehe ;.i m n i— l l tudes aroun d t i c lake I ’- u n - - i L- n ”, n t n n n - t i t u d e

at Toledo can be estimated by multiplyinc this ~—ft a : n i m ’ l i t u - i t -  I-; ’ ‘ h ’

relative amplitudes around the lake. For t h i s  case , t h i ” ai ,r n  - u ’ s .  :a- i - ’he

s imj- i itud e  of the  f i r s t  m ode at Clevelan d would be “1.0 t imni e , ; 0.27 ir

0.8 ft. Table 1 show:; t h i s  comparison , w h i c h  e x h i b i t s  o -u , I  ‘ s - r i - a n - n t

n u r ’uun ;~1 the  lake . The maximum - i ’-v i a t i o n  between computed r i o - I  ‘i l  sv r vu  I
r :l;it, .nV e ;mn ni p litus iern occurs near Port Clinton . This devi.’u ti-e ; mr n ’ i y

r e - f ’ I , - s t . the relin .iluility of the nls :nervationi s at Port Clinton ‘n , r n - i n s .’

~ rThablc , is ‘i:nsociated with the numerical r epresentation of the i sb n - I s ,

topography , a n - I  ,;h i o i’ s,’l ine in the eastern basin of the lake .

Model Results

20. For the ful l  lake and nearshore r n - i ; i o r i  w i t h o u t  a , l e t . T - on t , mode

cant’ i ‘urat ,  ions of relnit ivs.- ampli~tud es arid h s”~stli_ ;i .veraged hon uc o m it ‘ii

velocities are numerically computed for the  f i r s t  fi ve modes ( p nir - r i—

graph 19) or C - i g s . - n i v n l l u c s .  Resul ts 01 ’ these  computat ions  for  the ful l

lake ar s~ presented in Figures 7—16. For each spat i al location in the

nearnihore region , the i s - j th— averaged ho r i zon ta l  velocity is defi n ed as

22
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- 1  - - . .; I to,’ w i ¶ h - s - - n , .  n ’  n i t  d i  r~-c t. i- si  a r u - i  n an m l  ‘ u i s ’  - ‘ s , en - . I n ’ - w ’ i ‘ . - n

n . m  - i n  I -s- se - ‘ - n : . ’ - i n , ’ l i s t i on  ‘ i n n - I  nn , n i o n i i t ’ i - I s -  n ’ - r  n’ . ; - ‘ m i f ‘ n .  a v --n n i- ’i-- I

v e l u s e n t , - 5 5 - 5 ’ ; , ’ co r n ’ ’’ ‘S - ; i t s - r  i .r oj , -j n n i n i .  i n  - 1  l i t  l u a n i , rr , ’ i ’ n , i n  1 —  o f ’

the  I n  ‘ l i — - i , - - n” - ”  1 ‘ - - n u t - t i  v s n 1 i s ~~j 5 ,y i:’ ’ i m i - n ’ nn : ’i i i s s ’ - i  5” u ’ ’ i l l ..’ Uk ’-

; h i ’ .’ r e l a t i v e  .n s s i , s h , . ’ ‘ i . r r : l , i . i t . i t € ’  ( n - - n’ to ’ n - t n ” i a ’ - s n ’ I i  1’ ’) .  fbi ’ - ‘ i - lou ’’ ;

na ’ i . ’ m , i t  Si ’s , s t / e li  ‘i n ’ -  - . n ’n ’ .; ‘ S e - I in ~ t h i s  s L u t , - , ‘ n ’ s -  norn n , n t l i ’z,’ s l  ‘ a n ; i n i x n —

s - u i  rh ,  : -, n’ ’, i. i t - ~~l ’ ’  - ‘ 1 ’ 1. 0 ‘ 5 . T”ot’ t h i s ’  I ’ in ’ ,~ “ -- I ’ - - ‘ - u n - ~ - i ; - . ’ - n i ’ ’ j l ) ,  ‘h ’

mn , i. ’n i i t n i - u - - o f’ n .he n i- - m n .  ‘i i  L I  v u - i - s - - i n s ’  v ’ ’  ‘ t a n ’ . ; i n  n i , ‘ m l ’ - ’,- - - I ; u m , ’I ‘i n -  a n - - i . : ’

i .e r - : a l t  ~- i i ’ ’ - i i- ,’ the  ‘i ’,’t . u i n t l  : : s ’ i ’ s h s ’ ’c n c n - l i t , ’ i t - - i f . ‘I - d o - b ’ ,  L i i  - -1 L a I n  ‘ -

a ct  i i u ]  v . 1 - - s r i ’., ,’ s i t . : l - I -  . P r -u s - ’.’ - r , I ’ - .r ‘ i n n  . ; - .- n u  f _ b - -  r - - l at i ve  n — . ’ i - ’n n I —

:j n ’ s  -san l u  us’s-I w i t h - a n u S ., na ,’ 1 i m ~o. ‘ l ’ h i s .’ n i ’ ’ ’i n’ : ; t n o x ’ ’ - n - u  I t : :  s i’  hi ’- - : : ’ a ‘ c ’ —

c ’ ~
_ ux - n . f - i a ’  the fir : ;t  f l ’ ,’ ’  nrc - - f e : ;  of  osc ii .l’it  I o n  ‘ i n ’ ’  i - n ’ ’ - : - - m: ’ ’ -  I i m ~ I i  ‘ i t ’ ’ ’  17.

For 1 - - ar  - - - n i i ’ n ’ n i l ized - .‘ - i  n l ’ i u ’u cn ; i t ,i  - - n :s .  ‘ inn  I 1 s’,’ n~ t , i o m i : n  ( F i g u m ’ s ’  5) of th e  i - ’  —

; - - ~-t , n i uc ’sr : .;h s-r ” -  result : ;  of t he  r u l ’ f , l v - ~ - ‘ inn : !  l i t . : 1’ ‘in- I  I ’  n t , b , — ’ i v , .’n ’ i s - ’ -  I

2 s r i 5 r i - r ~;al v e lo ci t i es - , for the f ’ir s t  f i v e  n sa - I  - ‘ a r ’ -  !sx” .- . ; s : - m i t . e I  i n :

F i o u r ’ .’:. I — , ‘ . - The -s - - i .l c ula t - ’--I  n - e m i l , : of t he  f ’ I t ’ : ; t  f l - i ’ -  r n - u i - - s  - f  n rc ’ ,-

— a s n i l l a ’ i - s n , ; n - - n  - l i t ’ ] ”  r en t. ,~e ’ a w L  r u n : ] ’ i g r u ; ” it  i - - m i , : ‘ i n ’ -  c - - ‘ser t., s -’. 1 i n

Tnib Ls ” 2.

‘T i ’m i c l u : ;  I ori , .- - ‘ n h -  - To iu : i c  Aiialy ’n i s

21. h a n s - - I  u r - - . n i  n ’ o : n u i L : r  o f ’ t ,~~s, - n umn er’ ic ’ni l , ,  i n u ;i l y_ ; i , ; - ‘ :
‘ t h c - ’ - ! ’ l ’ ’ - -

,
.’’ . ;  of

a ,~ et . ; - , i ’ f , 01’ : ’ , :! s m ” -  n u - - n i n - I ’ [ ’- vel . , ’ u i u l , Oh io , u m i  t, ] ie m n - - -  o s c i i l ’ s . n , i - n , , : of

Lak”- f i l e , , n s - ’,” ’r ’ul ‘ - c r u - - f u i :n i ons. sin e -.t !s i . - s r c - m i t .  ‘F}i u : ; s -  u ’ ’ n i . ’l r c : j - n i : n  h . r 1 : I

n ‘ill I ’ j v - ’  m o - I t - s s u n  f r ’  -~~ - ‘ - ) , ; - ‘ f li n t ’, . ,‘ ‘ n i  un i h x r s r ’ -  :;t ’ i t . ’ - - l  o t h i s ’ n w i , ; e  ‘ u~~ t

as I - s  I 1 -  is : —

n i .  Pen - i - i s  on ’ t ,he fi r s  n. f i v e  modes n in e  n - s - .1 ‘iL l v u / v  i n i , r h i ’ i n ~ - ’c- I
by an;. , i ‘ - t , j - -  - s ’~, - - in  I”’ I -un - s f . i on .  T h i c ’r s - ox i st si I ’ l L in—
cnua :ne;’ (2. - — 5 . 0  T h i n : . )  in Lhc ’ l s s ’n d o ’is of t h e -  l ’i n ’ s -- t , hi ’ s - s

n r : s u - 1 ’ - , : w i  ~ f i  f b i ’, ’ f j r . :L  nc-u-I ’ ’ s x b u i i - i t . i n i s  f b i - ’  l ’ i t ’ ’ u n : ; t ,  incn’ s - n l s e
of l i—5 nt -in .

b . C h i n i m i g s ’ s  i i i  1 s i - ] ; s t , j v ,  - s - n ’ i c he  :int !i l i t , n n I e : n  n i ~~ I h o rj n— ,, _ , n ;S  ‘s . f
v - - I a - n  ty ‘ sr - s - ‘ - - n n f i r i - - -I  w i t h i n  a d i : , t n L n c o  u l ’ —t ’1 miles I ’m. ’;- .
L i i ’-  t ” e.i r  j s  ‘ L I - ’  -r t  c o nf i  c r - i n ’ s t i n  e l i : ;
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E’i gure 20. Mode shape and normalized current for third
eigenvaiue with d i f f e r en t  jetport  configurat ions
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c .  t T l i n t m i , ’s ’ : ;  i n  1 ( 1 ’ S , iso  s i !  - ‘ t i ’ ’ t ,n a ! I I ’  ‘ u - l u -  - I - i ’  ‘ . - - ~. r -  of ¶ 
h ’

f’ - s s i n , ‘I s ’ t . ! i ’ u n t .  c i u m i f i , ’ n u n ’ n u t . i , m i ,  ‘ ‘ im ” - ~
- i ’ i !  t~~ ,r I s - n ; : :

S ~1 f t . I ’ ci’ a I — 
1)_ f ’ S n ’ s ’,-, I o u m m ; . _ ; ‘ i s ;  ( s - sr i I I ‘ a ‘ - - r  :~ - — n ’ - -  ‘i ’ a

f b i — i r s  I ” )  s - m o u n t ,  s ’ I i ; s r : . ” -  In  so; .’], - ‘ sn-si . i i ~ .

.1 .  ( ‘ i n n i n g s  in  n i - I a ’ I ‘- _ ‘‘.- s - u - f  c l i - - ‘ : 1 . 1  I t - i t s ’  ‘ in _ -f  n , n _ n — n ’ ‘ii

~‘r n i - h i r ’ n t : r  o f ’ t }i  is . an ;n ! I i t . u - n - ’ ‘ s r . ’ L ’ s ’s ’ s - , ; t . ‘- - m  ,~~ ‘ n
t ’ i s u r n i t . i - ’i m i  C - n i  :n r n n t  I I t t : ; ’ . for 1 ’ ’ . n  n - 5 . - ‘  n : n ’ i  . “ u m ’ u L i s ,n i  A .

Sr .  The ln .t r c ru : ;t  hon s - e m i t ’ s  1 v - l o s  I t  ies  sir’  5, ’ -  1 i - s  ‘ n :-
f ’und arn€ ’ni t, ;i i or f i r — : ; t  n ’ :- - I s -  ‘at ’ o: ;ci . l  i - it / - ri , w n : 1 - n ; i n ;  ? n s - -
most  i n r n m , u ’ u n t . .a ri t ‘ i n - I  - I i ’si’Ii m i n i n t n- _i d ’ - . I—or t I :  i .  rn i - i ’ ’ , 0 - ’
con f i u u r n t t i o n  A I n - l u m e n  si i ’ s / i t i v ’ -  v s - i - i c  it s ’  of (‘1 .5
( r e lat i v e  to 1. 1) — ft  n;, ’i x imw ’ , : : o / i - I i ’ ’  ‘i.m j I i t u - l e )  1 ‘c S ’ - ’ ’

:n h r , -  and i s -’t !- - c -n f , : ;t n u e t . ur , ’ , ‘ s r i - I  i n  - - n f l  i -u i - - i t  i - ,ri B : n - l u  ‘ s - c r
a relat ive ve loc it y  ( i t  1.0 f ’ f h , ‘ ‘  w ‘ -s-ni :;hon’ - ‘u n - i  , i ’’ ’. n  s r ’
s t ruc tu re  - The r - s ’- i n t t  i v ’ -  v s - I - c - ’ i ],;j in t h l n ;  n i r ’.-’u wi ~.b, - ‘s- a
.1 et~ -t ar t  is 0.25 f’ !-~ 

F’ - n n ~~ ‘ -  t i n ;  t f .  - ‘in n o ’  I s - , -‘ . f’ u s - ’ 1 1  —

l ’t t i on , both con f ” i s ’n .i r at  i c - n c r  A ‘ u n - I  l~ in i ’ m ’- ; i s e  ‘.h0  c m i —
zontal velocity b e t w ee n ;  th e  j e t p o r t  ~~t n - u - .- t u i - c  and t i ’
shore line  w i t h  c o n f L E ’un’itcr i - ) m ,  I’- I n ’- -  b u s  i n ; s - - h i ’ ’  l n i m a ,- : : ’
increases .

f .  Recurrence li - i t er” ;nui s 1 
f ’s-  i- ,u l ’l ’ ;u l - — n u i r i u : : — f s i f  u --b ’ a, u n

( se iche  wave hei  b i t )  h ive  hec-n - ‘‘a n t . j - u u i  ed t’ i , n ’  t he - 
- -

period 1914 0_ 1959. Its - i n u these  r e su l t s , t l :s :  ‘ - x J  f l
f requency of occurrence and ab solute  values - f ’  r e i c h .-
velocity for the  f’und amentn s l  n i c h e  W o n ’ ’  u : ; t ,  i n - u n i t . ’: I f i r
exi s t ing  cond i t ions  and u.,’ o nif ’ j r u r a l , i n n s  A n s a - I  B (betss . ’. - m i
the  je tpor t  s t ructure  and the s h o r e l i n e ) .  The:;u s .- s t i n n i a t e s
are presented in the foil u w j m , r  t, n i t u l n u t  ion .

Recurrence Seiche Ve loc i ty , t’~ - . ;

interval , yr Amplitude , ft I - x i s t i n ~ l i a r s  A h a n

0.25 3 ‘ 075 1.5 3.0

0.50 3.5 0.875 1.Tt- 3.’-

1.0 14 1.]’- 2.0 14 .0

2 5 1.115 2.5 5.0

5 6 1. ’, 3 .0

20 7 1.75 .~~5 7. 0

. J s ’ t p u ’ u n t .  con f igu ra t i ons  C an’ . U bl ock the  a i -u n , - s ,b i ur - t- flow
near the jetport configurat ions  w i t h  c o n f i g u r n i t l o m i  C
producing the largest decrease in these h o r i c r c u r i t . n i l
v e loc i t ies  and creat ing areas near the shorelin e w it ! ,
m i n i m u m  or no c i rcu la t ion .
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f , .  Sf t h i s ’ t ’- u u i ~’ , ‘ - “ r n i , l i s - I  3. 5 l i n t , c - s if i ~~ n u m ’ t t , j ’ i r i : ;  ‘is - o il in t h i s
, n t ’ s u I\ ’ , I t t  cr - . ‘ ‘ s m i f ’ i — u m n i f , i o n  A i n s : :  t he  l ’ - ’i, :t _ s: C i a - n t , an
: ;,n L’ h i s - ’ : ’ - m ’  l a i n , m u - I n s  L ive , ; s , I u b : s -  am p l i t .u l ’ n ; n , t i n - I  r e la t ive
f i - u n ’ ! , : -  - n i t  ‘ii. V I  i i i  ¶ I . ’ , f ’ . - m  t h i s - ’  Ci r : ;t ,  C i v ” -  r at - ! ’ - : ;  of l r s ”c

- i , ; c i l l ’ , ’ : - - m i  i n :  I _ a k . ,  - n i ’ ’ .

22. T hj : ’- n iu in n , ’ - m  i - -a l  . : t s Ic ’ W’ t .: c i i n i - l u i - t . - ’ -I  I. ’ ’  ‘ : v n & l m u ’ s t . e  -;urint it at ively

the  ‘ - f f ’ . - u ’t . s  of ’ a i s - S  n - u n - S  in Lake Erie near Cleveland , u t h ie , on seiches

- a n n- i.t ucrr I e m s: ;  ) i m i t h s -  . l r sk ’  ‘ - The four j e t p o r t  c- r i f ’i gur’ s t , ions- u r n e l

in Ui I s  s tudy  ‘ii’ .’ t e n t a t i v e  i t t - I  gemis’ra .l in c o nf i gu r ;t t . i o n  ‘ur ~-I loc ;i t ion

t:ca wi _r v , t r , t i es-c c - : -nf igurn t t_ ion s- ;  s i n .  - i l - I  ~- r s i ’ i i n 1 s -  r e su l ts  fnc u rn: w i , i c n h the

u -f ’ f ’u - u ; t, :; - i t ’ a : ; T is ’ i .n j  f i c  c , i n i f i s -ur .’t t  ion can be extrapolate I .  The conclu-

s ion : ;  of t h i s  : n t s s u i v  I n s l i c n i t e  that the  nearshore e f f e c t s  of all ,j ’:t j ort

‘:,s n i f i ; ’ur -at i s ’ t i s -  t i m - u nti i r i imal f ’ in : ;“ i oh e  periods and mode c o n f i g u r a t i o n s .

However , the h- .u r i z on t a l  velocity I - c r ime  13 most a ffect e - l  by the  j r t . I . i ,r

c e n f i g u r nt t i o n s  w i t h  the  island conf igura t ion  ( conf igu ra t ion  A )  h i v i n g

the least e f f ec t  on the veloci ty  regime . These resul ts  for the v s - I ; - - ’ i t y

res ’in i u e indicate  t ha t  n’su i u i i t i o n a l  s tudies a re  needed t.o d e t e r m i n e  thu ’

n i c ’nu x ’ ::}iore e f f e ct ,s  of a , l u : t . l - o t - t . : ;t ,ru n -t ,u t - s c i i  the velocit’i n ’ - c r m n n u u .- f’ s n -

s t s ” i u iy — s t ’i t , s . .’ ‘m i d  t . i n n ; - - — c i u - p s n i i  l ’r n i t  w i n d— d r i v e n  c i r cu la t ion  in Lake i’ r - i . ’ .
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PART I I I  : ‘1’W O — D l I ~1EN fl I ONAL DEPT 1I—AV ERA~ ED
H YD R ODYNAM I C MODELS

u l e rue r -nj i  I” o r n i u . l n i t i o m i

‘3. The ~cm:u .’ n ’ ; s i  I ; r s - i  t ,h r e e—dimens io r sa l  d i  ffe rerit ial  e su n i t i r u n i s

‘: ‘ - v , ’n ’ m i i r n g  i t s ’  m n : - a t , i o n  a! ’ an in fin i tesimal fluid element are readi iy

51 ’ :- i v s  n 1 n i : ; i c  - . r - i n u ; i - i s - r n i t ions  of mn ni : r s  and momentum . If  the c - u ’ r - I ’i —

Oa t . -  , ‘ ‘ i s t  s--r n r b .  - v i i  in  I - i m m u r e  23 i s u:;cd , the three—dimensional r ’ .-ve r r i i ns-

s- . l U n s t u ( ~n , 5  f - t n -  an infinitesimal fluid element can be expressed ~ ?i t h e
- . . - 11al -rn . of r n ;s s nnu s . ’n t nlnns and con t inuity  equat ions :

-n’ u untu i ; .  u ..- s l u n i t .  ions-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 16)at ax ay az  p ax ~~~~ ~~2 ~~2 
~‘

L + u ~~~- + v ~~~L + w ~~i + f u = _
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (17)

~~~ + u ~~~~~+ v ~~~~~+ M ~~~~ = - i 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (18 )

at az az ~ 0z 
~~a 2 ay 2 az 2 )

C o n t i n u i t y  eq,ua t ion

+ f ( p u )  + f- ( n v )  + f’ ( p w)  = 0 (19 )

w h i s  - m’ s -
w ve loc i ty  in z d i r e c t i o n

V = ( Iu . i n io l i s  parameter

p = dens i t y  -,
p = pressure

K = c o e f f i cie n t  of eddy v i scos i ty  or d i f f u s i v i t y

in the  momentwn equations the f i r s t  term is the local accelerat ion

term , th e next three terms are the convective or advective acceleration

~42
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DISPL ACED WATER SURFACE
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INITIAL RESERVOIR SURFACE

Figure 23. Coordinate systs :n n ’i for problem for m u i ’ i T - i u m ~
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Ler- ;: :;, the n ex t  t, s,’ r - n n u is- the Coriolis forcu- term , foil -we-i l ,~ t h u .’

pre , - . - r s r ’ s ’ s m r - ’ i - I i e n ’t t erm -‘u i - I  S in -  515005.55 tress or di ffii :ni ’iri t ,°rr’i,: . ‘i h i e

C,srn ti n~’,; i t; ~‘ 1s i n s t i u ~~ i i s-  :; i n ’ i l - i ’ ,s ; s :nt’ ul ,er n i , - r , b . of Lbs.’ -s’ ,r ~n n , s r ’ ~’ni t , i o n n  - - C  m i s : ;

V ar -loi s , ’ :; i r n ; i - l i  f y i n s m c o r s d i t i i c i i s -  n in e  ns pp . l i s ’s I  to t he  t , h i r ’ - , ~- —

s l i m s - n i : ’ i o r in u l  ‘;  i s l ; t t l - ~ r t s -  to y i e l d  a tw - ;— -I i nn : s - n s i o n inu l  :‘;y . :U . ’nI i I’ -s’- i ’- u n i t _ i o n i : ;

Fi r s t  car s  i -c  nr , cus ’ e ns.”iIily treated by n uxner i c a l  t e c h n i  - l u s . - , : . I f ’ nt ~ r h - n ’ 1—

ti - - i i  i s  rn’ s- l u  -. uniy t .o problems c o n s - i s t e n i t ,  w i t h :  r e s t r i c t i u : u n i : ;  i r ; . h s n : ; — ’ - l  t , j

the van -c u , -, :; inni l ’ i l i f y in g  assumptions- , th u -n i  vnal ua lull c’ infor rn : , i t i - -n can b ’-

derived f n -  sin t w o — - s  inn ; en s- i o n al  considerations .

25. A reneral procedure for reducing the  three—dinn en :n i - r i ’u .l

u- ’1u n i t i o r i : ;  t o  a t w r ’,— -I imen siona l , depth—averaged f o r m u l a t i o n  wil l  be

presen t s-si . Most two—dimensional , depth—averaged rn oul elcr ; are vu ’ry s im i l a r

w i t h  the d i f f e r e n c e s-  due to the specific formulation used for the  !‘r ’/ s —

Lio n ansI  diffusion terms.

: 6 . It is normal to s impl i fy  the c o n t i n u i t y  e-~’uni t i on  irni r :edi ’t t s ; .ly

w h e n  w - s r ’ k i n g  w i t h  “bus i e n ]  ly incompress ib le  f lu i d s . ” The iy,u:;s- I nu sq

;u f- !-nnxinnnation is made, which  assumes that dens i ty vari at ions are sma ll

.in i can be neglected except in the  gravi ty  term of ~ b i s ’  n n o . n ; u - - n : t ,um equa t ion .

Thus , even i f  the  f lu id  is- not consiu le re d  as : ;t r i c t iy  incompress ib le,

the  variat ion in den sity i s  considered as; small and t h i s -  incompress ib le

Co n - r n of the continuity equation is  u:;ed. Two—dimensional formulations

‘tl: n ’c:; t ‘ i i w n i y s  consider  the flow ~~ be well mixed rind th” dens i ty  to be

conrrtant Equation 19 reduces to:

0 (20 )3x ay az

27. The vertical component of the local acceleration, advec t ive

accelerat ion , and veloci ty is assumed to have a, negligible effect on

the momentum equations. This- reduces th is.’ momentum equ at ion  to:

2 2~~
~~~+ u ~~~~+ v ~~~~ — f v = — ~~ ~~~~~~~~~~~~~~~~~~~~~ ( 5 ’)

ax ~ ax 
‘~.ax 2 

ay
2 

az
2 j

14 14



/

~~~~+ u~~~~~ + v ~~~~~ + f u — 1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ (22 )

ax ay ~ ‘
~~:. 

~‘~ ax’~ 11/ mis’)

p

P~
’
~~’ 

i - a n  23 icr  r i - n w  S i n n I l i l y  n u s ta tement  of the hydros t a t i c  var ia t ion  of

n- .-;s’sme i f  - I . .’n ; : n i t . 15 ’ 1:; a, c o n s t a n t .  The hydros ta t ic  i r ’ u ’ : .;sure assumption

I; r ’s- ’ i ; , - n , n i l  1 u ’  f or  shal low—water waves , i . e .  long—period waves , where the

I i .:t,uni tiom is- due to a wave are t ransmi t ted  v i r tua l ly  una t t enu—

‘~~t . . .1 fm - s .:r, he sur face  to the bottom . For intermediate— or short—period

waves t h e  huy irc’stnutic assumption may not be a good representation of

1. Pu i . r e : ; s l u n - c .

1’~~. Equations 20— 23 are now i n  the  appropriate forms for applying

the dep t h  ‘t V u m n L f ’ i n i g  process- . In tegra t ing  t h e  con t inu i ty  equat ion ,

l’~p i ; i t i o n  20 , in  t he  cr d i rec t ion  over t h e  w n i t s . - r ’  depth g ive s

dz + d z + ‘~ d z = 0

w h i c h  in tu rn  y i e 1ds

f’ ’
~~~ d z + J ’ d z + w t O (2 14)

At the water surface ,

z = n ( x ,y , t )

must be a streamline.  In other words ,

d
~~~~

- [z — n (x ,y, t)] = 0

which becomes
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or

w _ ( ~~~~+ u . ~~~~+ v ~~~~) 
tj

Therefore , t}ie f ree—sur face boundary c o n d i ti o n  is

at z q  ( 2 5)

If the so—called r ig id  lid assumption is made, then the boundary
condit ion at the  surface reduces to

w~~~~0 (26 )

The boundary condit ion at the bottom , z —h , is similar to that n it

the surface; however , since

ah
at 0

the boundary condi t ion reduces to

at z - h  (27 )

Subst i tut ing Equations 25 and 27 into 2 14 y ields

J ~ dz +f dz + + u F + v + (u ~~ + v 
~~~

)z=h 
0 (28)

Using d i f f e r e n t i a t i o n  of an integral involving a parameter in the l imi t s

of the integral ,
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u - I :c = u + u 
~~~~~~ 

+j
r fl 

F d z

— h ( x , y )  z f l  z=—h 
—h

or

dz = F’J U dz - H F — H ~~~~~

- ( 29)

In a similar manner

f ~~~ dz = v dz — v~ ~~ - u~ (30 )

Substi tut ing Equations 29 and 30 into 28 and cancelling terms gives

~~J u dz +
~~~ f v d z -F  (31)

The u and v components of velocity are assumed to be of the form

u ( x ,y, z ,t )  = U ( x ,y, t ) { l  + u ’ ( z ) J

v ( x ,y, z ,t )  = V ( x ,y , t ) [ l + v ’( z ) ]

where

f  u ’ ( z )  dz = 0

f  v ’ ( z )  (lZ = 0
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and

U = x—component of depth—averaged hor izon tal  veloci ty

u’ = depth—dependent perturbation in horizontal velocity in x

di rec t ion

V = y—component  of depth—averaged , hor izontal veloc ity

= depth—dependent  per turbat ion  i n  ho r i zon ta l  veloci ty in y

direct ion

I C  I J ( x , y, t )  un - I  V ( x ,y , t )  are depth—averaged velocit ies  given by

U = h~~~~~J u d z  ( 3 2 )

ui , - ,! 

V h + f v d z  (33 )

then the cont inu i ty  equation reduces to

‘~-~~~[ (h + ni)V} +~~~~
-
~~

- [(h + ~~) V ]  = _
~~~~~~~

- ( 3 14 )

29. From the simpitfied momentum equation in the z direction ,

Equation 23 ,

- I ~~ =
p ax

In tegra t ing  from the water surface to an arbitrary depth z gives

dp = pg dz

and
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— pg (~~ — z )

- in N

p 1 ,, = p g ( q  — z )
~~~~p I  (35

Also , i t  follow:’~ that  
-

= ,~-a + ~~~ , N,
ax ax ax r~

and
N

~E = ~~~~~~~~ay pg ay ay ’~

-

- 

The t a-s-ms i ) f - ..’~ x I  - inui ”
~~~r / a y I represent  the variat ion of atmospheric

pr essu re  wi th hor izontal distance  at the f ree  surface.  These terms- are
normally neglect ed , and the pressure gradient is given by

(36 )

s i r s - i

(31 )ay ~~~ay

30. The momentum equation in the x direction can now be inte—
rated over the depth a f te r  s u b s t i t u ting  from Equation 36 for the

pressure gr n s n l i en t .

dz +f ’ u F d z 
+J” v d z fv d z = g -J z

+ fIf (4 + + -~~
i’
~~

) 

d z (38 )
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Cons ider ing  the  i n d i v i du a l  terms in th i s  equat ion and per fo rming  t ,l i s ’

ind icat ed i r i t . e g r n i t , i  omi  gives

f dz F + u i ( z ) } }  dz (h + n )

f u dz u[l + u ’(z)] dz U (h +

f v dz v{l + u ’ ( z ) J  dz = V (h +

f fv dz = V[l + v ’ ( z ) I  dz fV (h +

Ti Ti

K ~~~~~~~~ dz ,J ’ K 
~~2 1u (i + u ’ ( z ) ]  dz K 

~~
-_-

~~~ (h  +

Ti

K ~~~~~~~~ d z = K ~_4hj  (h + T i )
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Ti Ti Ti

i’: i i :c  Jt’ 
F(K ‘p’) dz }“ ( T )  clz

Ti

= IdT T — T
I x x x

J Ti -h
—h

where i is stress in the x direction. Therefore , the basic morn: ’-ni—x
turn equation in the x d i rec t ion  beco mmies

+ u + v ~~~~~~ = — g }
~

- + fV + 
~ Ti) 

- ( Ti )

(39 )

where

the x—component of wind stress at the water surfacewx
T the x—cornponent of bottom fr ict ionBx
31. In a similar  manner the momentum equation in the y direc-

t ion becomes

+ U + V = - g ~~~~~
- - fU + - 

By
at ax ay ay p (h+ Ti ) p (h + q )

+ K 

~ 
+ 

4) 
(14o)

wher e

t h i ’r  y—compone nt of wind stress n u t  the water sur face
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‘‘v 
= ‘ h i s -  -

, - —- - - i n ’ ~ c - m i s - n i l  of bottonr: Cr 1 .-f , I - r i .

. 1 
~~~~ n u n ;  I C cnn the  lu nu : ; i s  f i r  m r u : ;t  ‘ u —

- i i r r ; s - m s ’ H n i ’ s I , - I ’ m - ’ n ; — - sv  - n - u - — s - - I n - u - l u - i s .  The-se s’ ’s l u l n i t j o n i s - r u i n  lo,; l ’’- - n n n . s i l ’ g e

“i’m:’ ~s f ’ !‘i  n : i  Le  ‘I i  f ’ :”- m a - n i - . r ’ .- s - - p i - ’ u t  io n : ;  f o r  :s .u i  s~ S , i on .  It sh i n u  I P

O.’1 n while 5 . } i , -  u” ] U ’ &i _ ions s i r s ’  i ’n m n i u l u t s ’ n - I  in  l u - m u:;  o f  1 w - u —

— - - 
u r r , , .. ’ : i s - i o r i n u l  b : - u r ’ j s i u n i t a l  v e l o c i t y  c n i t n n ! - ) i i I ’ r l t : r  , a ; - . r e - i - 1 - ’ i— f , i r’s ’ s c — - I  i r n a - r , , r i - o i a i

s - C r ’’ ct I : ’ rc ’serit - s- i r i s ’s  - s . s r tual  . l u - J t h : ’ a m ’ s:- i n n - s i t  to th e  nco u .l el -

I s i : n c s s s - s i o r i  i cC :,~j~~r i  f i r ’ f l - c - I s - ] - ’

33. ‘rhe t w o — - I  i rr . s’ ’n ;s ional  du c p f , ’n: ~ ni v s - r ’ uu ’e - I  f or rn , r u l n s t ,on  w’ u , r ;i sun: • i~ .

n’ - I i i , ’e to t .b ; s ’ , ‘. ‘ , s ts ,nnr of e q uat i o n s  r e - n - r e : ;  ‘- sited ‘by Equations ~ii , 30 , n u n ,  I

- . These - :  I f r ’ s- - n i t i a l  - - i ’~~~t I i s - m is  r n - A , . ; 5, I s- -l i sc re t i zed  r u n - .! fo r r r . sl a’ s-i i ns

- - c n n: , ’ o: ’ fi :1~~~- ’ s l i f f u r” - n i c ’ .- e q u at i o n s -  for solut ion by numerical tech—

n i l  i,js ,:;.l2 
‘i h i C  f i n i t e  d i ffe r e n ce  r’ u j ir ’es i ’n ta t ion  of the d i f f e r e n t i a l

s - - i s - ’  t i -  ins is net u n i  s~ u s . - ;  it can be formulated in terms of bnic ,n k w ’ ir  I

.‘I i f t ’erscmsc e s , forward - I i  f ’ t ’erence:; , central  d i f f e r e n c e s , or :;Onn,e c - - m it- ’: —

n a t ion  of these  -d i f f e r e n c e  schemes.  The problem also can be f c s r ’ r n : u l n s t e h

su- .r h x  t ha t  it i s e x p l i c i t , implicit , as’ i m p l i c i t — e x p l i c i t  in t ime . Pcis,’ h i

n r , e t h i u - I  of f ’ ‘r n n , u l - ’tt  ion does o f f e r  advantages-  and disadvantnis ss , n , n s l  th - ’cu ghs

non ’ ; ’. ’ f o rmnu la t i i .sn schemes have been shown to be completely ;inis .’ttisfactory .

In ; - u ’ i i s ral , t h e  exp l i c i t  techni ques are simpler  to formulate an- ..] r equ i r e

1 ’s-s -~r a n n : j - u t s . ’ r  time Cur n .j  given s ize time step. The exp l ic i t  sci,~.c, :s-s- ,

h - cw ev e r ’ , have  s t a b i l i t y  criteria that normally require a smaller’ ct - h -

size thisis -i the comparable calculat ion us ing  an impl ic i t  :;sc l ’i emns’ .

314 . Basically the two—dimensional  depth—averaged models are used

for two different types of problems . In the f i r s t  cas e the determni—

nnstion of circulation patterns is the primary objective with wind or

t i - de s-  !u u i r i g  the predominant forcing function . The second type of

app l i ca t ion  is used mainly to calculate th e di splacement of th e free
sur face d u r i ng  s torm Su,rgs.;. Experience has shown tha t  the i m rq ’- s .t n t . n i n c s ’

of t h e  v a r i o u s  terms in the govern ing equations and the boundary condi—

tin ni :: vary with the applicnition . For example, the nonlinear advective

terms and horizontal diffusion t ,s’r mni : ;  are normally n e g l ect e d  in the
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, n t  - - ; ‘ r ’ , , ‘ I n ’ ,’u r ;, - ’ s l s . - 1 : ’. w s - i  Is .’ they m rs - u ; !  i - s . -  v s - n ’ ,’,’ i m n s l - s u t ’ t r u i i t  in  c I r c s A l ’ i l  Cii

~;;a,j , .~] ’ , l u s t  l i culsurl ; ,’ m i s - - i l ’  t h u  ; b i i s i ’ s . - .

3’ - . ‘ i v ’  r ’ u .i :np s .o’i ‘ i c  t , w . , — - I i n ; : e r i u ; i o r s a l  I S - I t  h i ~~ i v s ’n - r ~ges 1 rr ; s’u s l u - l. :’ w i l l

ni- 5w b u - - I i  , ‘cu: ’- ss . - , l .  ‘ i ’ h i s ’ I s - h ’ u m ’ t : s r s ’  Of ’ s ’ :e ’h model from t h e  b ;u ;sI r ’  !‘ormu—

J ; , t i - - n i  - f ’ n Ps ’ n ’ — !  l u - m s w i l . l  l s -  u s u t l i n e d . A i m  l i c atj o n n :  and v e n i f i c ’ s t , I e m i

‘. 5 , 5 ’ n;, -~i s . - !  11 i - u - I l , ’ - ‘ u .;s u;I n i - m g w i t h  the g s ’ n i e r r .j~ c on c l l l s i , n i : ’ of

u - - i - s r . f i ’ m ~c .  The models d i s c o u r s e d  are r e p s ’u s ent at i v e  of L m ,s . ;  many tv ’ —

i n r , t - n u :  I in ’ , I ;n cu ’ls ;ls a ’Jnui I r u b l e .

- Is .’i . i 5 •~~~i.~~ J. ~ imons

36 .  The t w - ,— d i m n e n i s i o n a l  numerica l  model by T. J . Simons 1’3 I: ;  a

st ,r - u i g l t l a m - w i n ’ !  n u l - ! . l i c ’ u t i on  of the two—dimensional , depth— average- i

- - h u : ; t i -~~~n1s . 5 i h i e  mniodel i : ;  formulated , however , in terms of volumetric

f l - s w  m ’ n u t ’ i - ’~-r un i t  v i  l t , h  ( C - - u t )  ra ther  than average veloci t ies .

(P , -s)  =f (u ,v)  dz ( 141)

v h s - r e and ~ are vo lumet r i c  flows in x and y d i rec t ions ,

l’ s :r s’s tai’,’e . The -lepth—aver aged velocit ies can be obta ined  by averse ” —

lag t he  volume transport over depth.

(u,v) = (142)

37. The equations used in the model to calculate volume transport

are r an ;  f ’ s- 1 1 .’ a_-i: ;

2
+ P ‘~-

~~~ + Q ‘
~
-
~~~ 

= - gh ~~
-
~~

- — fP + _
~~L — —~~~~~‘ + A -

~~--~~~ + -
~~

---
~~~ ( 14 14 )at ax ay ay p p 

ax
2 a 2

( 14 5 )at ax ay
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‘i ’b e:;s ’ s ’ i s n t t i s - u m l u ;  a r ’  completely c on s i st , ’ - r s t , with k q s A s i t i i u n i s ~~~ f ’ , sir  I f i r s .

38. :~~i nn , - s n i ; i, - x ] - r e : n :nes  t h e  bot tom :;t ,re:;s in t , s ’ r m ni ; ;  ‘i f ’  a

f r i c t i o n  c o e f f i c i e n t  n u n - I  f -h e  components of volume tr’snim ;port.

= BP 1 l .(- )

= BQ ( P7 )

The bottom stress coefficient is considered to be represented l y

follow ing simple relationships:
a. B = a/h where a~~ 0.0l cm/sec

b. B b/h
2 where b~~ l00 cm2/sec

c.  B = c I P ,QI/h2 where c~~~0 .0025

39. The external forces during circulation are the surface pres-

sure and the wind stress-. In these calculations the surface pressure

is set equal to zero. The surface wind stress is related to the wind

velocity; however , this relationship is not considered in this model.

Instead , more or less typical wind stress fields are specified. The

w ind stress fields are taken to simulat e this ’- general behavior of the

wind following the ~snissage of an atmospheric front. The winds tend to

increase sharply for a relatively :;hiuu’t , ~-s’riod of time and thereafter

vary more .;luw .Ly. At the :;‘um~ ~. imsn the win -I I ’i eld will  move acros s the

lake in the general direction of the win - I stm’en;:; itself. Idealizing

this :;ituat ion , a :nemni i— i rif i n !  ~. s s - t m ’ ’ -:;s I n n - I  moving with a constant

tran:;lul , i u s - i , : j  s -  - I V - m i  hi nu v I ri s ’ a ii m u ’ ‘mm’ incrent :se of ins ten si  ty of

wind :;tr’s .’s:n over a Is- n od - ‘ C ¶ , i m n : s ’  T,, and a s ’s c n : r t n i n i t ,  intensity aftt-r

time T I:: u.;ed in t h u model.
S

14Q~ r 1s 115, :5/Sla in of’ s - - ] U ns t, i is-ri :; i n s - u i  I v o l  us - i  rig central uj i f ] ’s’n’ s, ’ i i u .n s ’ ,;

and nu n imp l i c i t  n- - h o r s . - . A s]-n ics.-~~:;trtgg m s ~-! I n i t t  ice is used on which
veloc ity, water I eve- I - h i : ; i - .I r u u ’ s .’ n e - m s t  , an s i water depth are described at-

di fferent locat i on: with in a g r i d  s e l L

- 
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141 - ‘ru e ~-n -~ m n n u r - y  ru s h -l I ~‘ r j s I on u s C ‘ h i s ’  n r i s m - i ’ ’ I  is I , - - ~-r ’  - ‘I i c t  ‘i r’ - ’ui  n t  I -  ni

i ’ m ‘ ‘ - r n : .  i n  l ru i - ;es . ‘ I ’ h i s ’  ,‘r ; s - -  I s - !  h i ’r , : i - s - s - i s  a p i l i s - -I t i  l n t k ~ ’ Cni l , n .u s ’ i o h s o t , h i  w i ’ ,h

‘ a n - i  w i ’ !~~- i s ’. t h i s ’  n - - r u m our r u I v , ’ u ’ t , i v ’ ’  t , s - u ’ n n :; ‘i n  ‘ f i t :  e qu r t l , l s s - i .  A P—kin

l’ s ’  ‘ t ’ i m u ’ s i l n u r ’  p’ m ’ a - I  wn i : ;  ii:; - - ! , ‘ m i - I  c i  n u l l - i t . ion I u r u t t , s ’rn i s ‘as’s’  s-~~o~.jn n i , v a r i ou , r

r n ’ - ,; I u n j n ’  t h e  i ’i ’ t s : r n u c s s  of ‘ s t i Y r - s : t h e t i ~~n u l  v i  m e .! fj r ] ~~ -

1i2. P - ni s -~ ,d u~ -o~ mi wni u , ’ r ’ i - , r , ’uI ex h . s - r - i rn i s .’ m l f , n i t  ion  w i t h  the  v a r i o u s  pnur” s.r’.—

‘ r u - n ’ , ’ i n  1, 1 i ’,.- n r ; - ’ u - i ’ - l , 1-he fol low i ng conclusions-  as to the e f f ” e r t s  of the:;e

i - - s n ’ - i.nr, s er :: are I-c’ ’-:; s- sited :

a.  ‘F t i s ’ n u c t  o i l  e f f e c t , of the  nonl inear  terms -I o s . .’:c r io t .  n t -rn ; to
h u n t  I fy the tremendous- i n s s n r e a : .;e in computat ional  e f f o r t .

1. The nionliri ’snur’ efl’ects are completely obscured by the
eff’s’cts of l-iucttom t , o p s i g r ’ n s n u } i ’ J , bottom f r i c t i o n , and
h i -  s m izontal sI i ff’us ion -

Increase’] e f f o r t s  ,;hiouid i s , ’  d i r e ct ,ed nu t i nc reas ing  hor i—
:;oni t  nil r eso lu t ions  ni ni si  improving  numerical  t r ea tment  of ’  the
h s o l ,A r i - I  an sr:: -

- 1 .  T ie  nii ’Lual f’ - ’ umn :u l at ion  u : r - - - I  for the botto ms stress coef-
f i c i e n t , - i o u ’:- not have  a great ef ’Cest on the c i rcu la t ion
pnat t e r r i  as lo r i s - a:; a r sn ;u sonab le  formulat  i o m i  i s  u::e-I.

Fhr’.’ smoothing effect of the hor izonta l  su f f u s i o n  term
is considerable.

f. The vertically m t - g r a t e - I  or avs cm nu g ed  ve loc i t i e s  p r o - s u c e l
by the  m nsu- Ie l  -‘i r e  not in d i c a t i v e  of the sictuni l, veloci t ies

‘o u r s - f  in ni I n u k e - . In general , the volume t.mrtnrport model
tend:; to unde re s t ima te  the magni tude of t i ses  s u r f a c e
veloc i t i es , the t ime var iat ion of the flow , and the
Corioli:; force effect.

~~~. A three—dimensional  or layered model is needed for
velocity distributions in a lake.

Model of George W. Platzman

143. The primary naisplicatior i of the model by Piatzman1’~ is to

predict nurf ’;u c s- displacement during storm surge on lakes. The formu-

lation - u t  this :’ çir’-blem is in term of volume transport rather than average

V u : ] - s - n  I t ’,’ . The bru: njc equations n u n ’ s ’  essentially identical with those by

~ i mn ;o n s , F ,qu ’s~~i -o i ; ;  14 3 h 15 ,  except that the nonlinear advective terms nu nuh

Pb s ’  hon z ’,ntal  d i f !’u : ; ion  term s- furs ’  neglected.

I4 1I . Whi .1 .’ tb’ e s lu n i t i o n s ;  us-ed by Platzman are s i mi ]  nur to those used

by f~ i rnons , tie .’ wind stress- and bottom friction terms are handled
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,I I f m ’s-n - en f l y .  i ’o s - f ’ t ’ i s ’ i s - m s t s  t ,h r i t , n m r ’  fu n c ti on s  u i  t ,h”  i’J~n n ; n m r ,  numbs”r n u n ’ --

, m , ’ n ’ - ’ -I o- .’ u ’ - l  i i i  , : s u - ’h a m r s - s o n s - n’ thirst t h i s . ’ s o l u ti on  for ‘t. ’ .- r u - i y — s t n t ’,e ‘.n” uri u s p n r r .

rs’ - l s i - ’ s. - :n t i c  t he  -‘an n a 1 , -tical :;oiution o l i t , r u  l n ~ - i luy Eknar l U for  :;u r f ’ n m c ’ -  s ]5I-e’

l’an ’I o n L n i - I  w i n ! t T ’ r t f l f l h s - ) n ’ t .  Ba s i c ru l . ly ,  f -h e  l- c t ,tom f r i c t i o n  i s -  re lns t ,e~i

- t Ps 1. ‘ ‘ u n i S h  s n ’ , n a z i - i  w ind  :;t r ’ s s-s is related to the square of t he  wind

s-i -s - e l  ; is - w’ s s r , - f i s ’  - ;nur l oss F - n i r ’ n m : s ’ t er s  r u n ’ s -  ‘sxpn -essed sir a funct I on of’

I s,, ~f i~~;’ uni  n u n - i s .  -

~5. T h i s -  :p,’ :;tem of equat ] s O s - n  ~~5 solved us I r i g  central  di “f’ e r , ’nicu ’s

i n  t i m  - n m - I  n - n m ’ s ’  -‘am . h a sp ; i c s - — s t nt g s r ssi’ s ’ -il l a tt ic e  upon which  vel oc it  ir - : r

water  level I i r -~ - I ’ s s .” - m u ’ n i t s , and water d ep t h s  are desc r ibed  at r l i f f s - n ”  s i n .

lu-s n l t ,i , cn ’i:n within a r i d  cell. The model provides f o r  a t ime an- i  s n - ’t t i ’i i

v a r iat i on  o f ’  w i n d stress by inpu t  of actual wir; -i data .
1 stP . Ti e- model i -s applied to n ine  rictu ;i,l extreme storm :‘ :urgsc c - s -n —

di t i - su ru c on Lake Er ie  wi th  w i n d  stress informat ion based upon hourly
:;un’ Cau e w i n - I  o l- senva tions  at six weather  s ta t ions  located on the

b - m ’ n i b h s e n ’ Y of ’  t h u s.’ lake . The wind f ie ld on the lake varies with time ansd

1 - o : i t i s r i  and is  b r uc e ’! upon a weighted average of the wind  data from the

s ix  w s- ’i n , n : s - n -  :n ’’ u t i o ns . f om n ; ç - --oted lake—level conf igura t ions  have been

corn i -ar s.- - s  w i t h  - i t - s - s - r r,’s .- i I - I ’ i t n i  f ’- -r the n i n e -  extreme storm s u r g e  c o n d i ti o n s

c om i c  I .k’r.cl -

b m 7 .  The m’-clis .’- w i n g  conclusions  on the  appl icabi l i ty  of t h e  model

C- -n  :;torm u n - u n ’s analysis  ‘sr..c p r s c s e n i t , e - I

~~. The computed w i n d  set,ur values agree well. w i t h  observed
value-: ; - 

-

I- . Perhaps  the most consp icuous defect of the compu ta t i ons
is fa i lure  t, uu p r e d i s n ’. the free osc i l l a t ion s of the lake

. ‘ u l ’t er the i-r i : ;  s- i  rig of’ the storm .

c. Improvements in the  model would probably result from r r c m r s . ’
c a re fu l  cons idera t ion  of the e f fec t  of d i f f e r e n c e s  in
anemometer exposure for the various wind rtnation s u ; ; s - -I  i n
the  analysis .

M . -del of J. J. Leendertse

148. r ish le primary application of the model by Leendertse
l6 is; for

circulat ion ~- ns tterns for tidal flows in bays and e s tua r i es ; . The ‘t-n t : n ic

governing equations are identical with Equations 314 , 39, and 140. The

horizontal  d i f f u s i o n  terms; are neglected ; while  w i n d  s t r s .-s:r  i s :  i nc luded
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in the for’m n ; ’s- I ; s r  n - m i , t l u l n u l  el, .’vations are thi s ’s- h i n ’ i m sn an- :/ f o r c i ng  t ’ ; ur ~- r t i o n .

The b u t t  - ‘mn ,n t r e ss  ts ’n’nn: is - ‘ e n s : ;  i - I - - m ’ s r - I  p roport ional  t o  ‘-h ’s- s ql .J : s r ’ s - - I  veloc i —

ty  mind is i’on ’rn : iln i Ce- I  in t s ’ n ’ n n l : ;  ci’ t h e  fh s’zy  coef’fic ient, , , ru n ;  f’ ollowz

I u2 
+ ( 1 4 6 )

T
B 

= PI ’~~( c2

/ 2  2
U + V

t
B 

= pgv J 2 
( 1 4 9 )

y 
y

The w i n - I  st r s : - , n s  1:; f ’o rmulated in the normal manner in terms of the

, :q i ar e  of the wind speed .

1 4 i m • ~\n explicit—implicit scheme is used to solve the system of

equations using a space—staggered grid arrangement where velocities ,

sur face displacement , and depths are defined at d i f f e r e n t  locations in

the grid system . This model has been applied to the North Sea, Jamaica

i’s-uy , Tokyo Bay and other lar ge bodies of water . 
- 
The general conclusions

r ega r d i ng  the model are as follows :

a. For appl ica t ions  to bay s , harbors , inlets , e t c . ,  where
t idal  elevations are the predominant fo rc ing  func t ion
and where a significant volume transport occurs , the
depth—averaged circulat ion patterns appear to give rer 1;;-m-
ru ble results.

L.  The model can also be used to model water waves cemc erate , i
by nuclear explosions , tsunami waves , and other- long—
period wave motion .

50. This model has no direct applicability to the h i n ’ mislem - i t ’ w i m i - I —

-Ir iven circulation or storm surge on Lake Erie. The implicit— explici t

n - imt ’r cal schem e used to solve the system of d i f f e r e n c e  equa f 1- s - n ;  w: , , :

of p r imary  in te res t  in th i s  model . Th is  basic numer ica l  pro ce- i s in’ s -  h i n i s

; ; s - ’j s - r a l  - i ”c irah le features that might prove beneficial ii ’ th i s ’ !-T’ -) C s’ - i n l n ” ’

v -re ‘in -pl ied I, )  ~ nss--lel of Lake Erie, This particular solution scheme

Wa s I n v s - : ; t i g n s t e s ’i :r I nc~ ’ i t , h s nad  not b e ss -ni used previously in a .l ’ i k s  - mr s u - l u ]

M .s’le s’~f’ h - r i n k  J) . Mass ,~ ii

51 - T bs- - n r so- l e l  by Mrus ch 17 is  pr I n s — s m ’  I ly intended for ap iu lii ’n s t.i . u m s  ‘ 0

u : s t u a r i s n s n where  s ; i g n i f j s r n m n i t .  t idal  fIrsts- e x i s t .  The basic equaf .i ons art’
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i ’ s- r’ ; n ; i l n m t  c-I in ts . - s’ mr , : :  - s ;  volume t n ’ r ’m m ; , ; m - - i n - t  n i n i s I  r a r e ’  eu ’si’,e ’n t,j  a l ly  ‘I s i s - r u t i c n u l

Co I- ’ - 1u n t t  i s- i : :  1~ ~— 14 5 .  The i - o t t o m  friction terms is exç-s” .- :::;”-I in t,erms of

t h u s -  !-i n u n l m i  i rig f r i  -s - ’, l i i i  l ’ n u u ’tor , n

t
B = ~~~~ p I 

~, 
-~ ~~ 

2 
+ ~- (50)

- 21h -

= ~~~~~ ~~~~~
- ‘ + (51)

Hor izon ta l  d i f f u s i o n  is n e g l e c t e d . This model is b a s i s- a l l y  an e x t e n s i o n
18

of the Reid—Bodine model.

52. The model c o n t ain s -  provis ions  for f l o o d i ng  of t idal  f’lats ,

such obs t ruc t ions  t m  flow as weirs  or breakwaters , and other phenomena

somewhat i-eculiar to tidal flows in estuaries. ~Pevera .l c - s-n ij - u t a t i o n a l

h oundrar’ ie :. n can be represented in the model-indicatin g ocean boundaries ,

river’ inf lows- , or ’ a r t i f i c i a l  boundaries established in the estuary for

computa t ional  conven i ence - .  This vnsodel has been applied to several

locations including Mnitnigorda Bay and flaiveston bay , Texas , and

f n i u n u n u l - o r o  Inlet , Nor th  Carol ina .  As a result of these a j u pl i c a t i o n s , i t

was conclude-i that :

a. Surface u l i s lu l acem en t s  and volume transport  due to tidal
forces can be pr edic ted  reasonably well w i t h s  the model.

b. Flooding of tidal f la ts , underwater  obs t ruct ions- , break-
waters , amid s imi lar  obstruction to flow can be included
in the model if step sizes are small enough for the
necessary spat~ial resolution.

53. This mnsodel has no direc t application to the problem of wind—

-Irive nc circulation or storm surge on Lake Erie. This model was investi—

gat ed  becau se of the detailed treatment of numerical pro cedure s for
treating breakwats.-rs , weirs , underwater obstruc tions , flows from streams

into the region hieing considered , flooding r e g i o n s , and other hydro—

dynamic features. These phenomena have not been treated in detail in

previ ous lake mod els , and their use may be necessary in modelin g a
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n s , t i o n ~t in Lake Eri e- and its effect on circulation , par t i cul arly lii
fl i t  v s , ’ l n u n u - I  Harbor .

f t  - i . - .1 of David F. l askausky

514 . The model by Pa:.n k n u u sk y 19 br as its o r ig i n  in thu .- t h r e e—

ij n r s e n i : ;  j s , n u r s l  equat ions  i s - f ’ hydrodynamics ;  however , the  devu .-lopms” n ’s t. of the .-

nn , s u - i e i  - i i  f I ’crs  s ir - n h f i c an t ly  from the models di :ccus ;sed p rev ious ly . The

pr i m a ry  n u s i p l i c a t i o n  of the  model is for storm surge; h- u w ’ - v e r , the

volum e t n ’ s - u - p o r t  n - s - n  u n i t  w i d t h  (foot ) is the  m o del  o u t p u t .  A r i g i d

li.! a5 ’ar n t i - s n  is m i n nI e at the water surface.

55. The development of this model initially follows the basic

formulation of’ the  two—dimensional depth—averaged model. Consider

h- ’ -~un ’~ ,ions  20—2 3, which  are the s - im t u l - l i f i e d  th ree—dimensional  d i f f e r e n t i a l

equations prior to vertical integration ov nr the water depth . Differ-

entiation of Equation 21 by — a/ny and Equation 22 by ~/~ x int roduct ion

of the vort ici ty component ~ and shear stress components ‘r and T

~v au au —11 = — — — T = K —  -t — K - —
~x ~y ’ x ~z ’ y

and addition of’ the two equations yield the vorticity equation:

—
‘

~~
-
~~~~+ ( f  + ~) (

~~~+ ~f\ + (u ~~~~ + v i-~ \ +  
~~~~~Dx ~y) \~ ~x ~y / \~y

E
— 

~~~~~ \ ~~~~~~~~~~~~~~~~~~~~~ 
-m

+ ‘~
-

~~
- ‘~~

-
~~ - ‘~~

-
~

- ~~~ + W ‘~
-

~~
‘ = K(~—~- +

~z ~x ~z ay ~~~~ 2

F
f~~~T ~~T

2
~x 3y

Ir ’m }-~s l u n u t , ionr A is t f s s . t o j u o gr a p h n i c  term , B i s- t he  hon zontal

nj jvs, .cCi u ms term , C is the  planetary vor t ic i ty term , D is the vert ical
a 1 v , ’ s ’ t , j ,  r u r , n n n ~s , E 1:; the inuteral friction term , and P is the net

~u rque [ur n unit volume exert ,eul on the top r ind  bottom of a water parcel .
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Ti n t -  v e r t i ca l  advec tion  f , s ’ nm ’m v ’ u r i I s h s e ’ : ;  IC r ’ a well m i x e d , c o n s t a n t — d e n si t ,’~

n uj - t l i c a t i o n .

56. isv’ c om b i n i ng  t, s - rmnss  r in d i s ’ m u s s r ’  i. ng the ve r t i ca l  advect ion term ,

I s u fl 52 can i s ’ wr .i t , f , enl in t he form :

~~~~ + V
1 

• (f + ~~ 
V
h 

= K
h 

V~ - (cur l  i)  ( 5 3 )

where

= i (a/ax) + j  ( a / ay )

V
h 

= iu + jv

= (a 2/ax 2) + (a 2/ay2)

curl t = (a’r~~/ax) — (a’r /ay)

in which i is unit vector in the x direction and j  is unit vector

in the y direction . Equat ion ~~ is now integrated over the depth , D

to obtain a two—dim ensional depth—averaged model .

dz +f 
~h 

~~~ + ç )  dz K
hf 

V~ ~ dz ~~ (curl T ) dz ( 5 14)

‘( - i i :  I n u s - n i n u r ’ the ind iv idua l  te rms in the equation for the well mix ed ,

- - r s t - u m u t — d e n s i t y  c o n d i t i o n  and assuming the bottom f r i c t i o n  stress

~.i’ u l  ¶~~~
‘ the mass flux mul t i pli ed by m u bo ttom f r i c t i o n  c o e f f i c i e n t  o

g iv . ’ : ’;

f d z = d z = D

6o



(f + ~) V~ dz = V
h 

( f  + ç )  V~ dz - [(r  + ~) V
h]~~ 

V
h
D

[(f +
~~

) V
hf

dz] - 

[~~~~~~~~~
hI D 

V~D]

= V
h 

- [(r + ~
) V~D] — {( f + c) v~ 

D 
V
hDl

= DV
h [(f + ~

) V~]

d z = [~~~v 2
~
]

D

f ~~ (curl ~) dz = cur l ~ = cur l T
~~D 

— curl

at
= 
(
__i~ — 

___

~) 
— curl Tax 3y 0

D

= f (vD~~) - (uD~ ) - curl.

— lay au\
= Da I— — — i -  curl i

\ a X  ay , 0

= D~C — curl
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Where K
h i s  the  hor izon ta l  d i f f u s i o n  c oe f f i c  i c - ru t,,  Equa t i on  5) r’ s ’ d u - ’ , .;d Cci

+ V ( f  + ç )  V
h 

= K
h
V
~~ 

- aç - cu rl T (~

An Ekman boundary l n i y s ’n ’  approximation for the bottom friction coeffi—

c j u n  t is used at t,i ss s- ;nc~u bed :

/ 0 . 5K  f~~~/2

& = ~~ D )

where K is the vertical diffusion coefficient .
v

57. Integrating the continuity equation (Equation 145) across the
depth yields

D
C ,  D
I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0
j  \ aX ay az,  ax ay

0

U s! r~5 ’ “ F ’ . - “n’H I i i i ” i- .u u r ~ 1. ’ tm’ y  c ond i t i on  (Equation  26) at the f ree

u ’. ur t ” u - , ru , - ‘ i n ,  n ’  - - ,  r . - . - ns i - s . s s n n d n t m ’  condition ( Equat ion 27) reduces to

(Du ) + -
~~~~~ (Dv ) = o (56 )

A volum e t r n i n u u ;p o r ’ t  stream funct ion q~ exists , such that

In terms of np the vorticity component ~ is g iven by

~~~av au
- ax - ay

(58)
ax \ D axj 3y \,D ayJ

62



~‘ -e  o f  P - p i t t ! -  - m 58 w i t h  a kru cuw ]. -’ Ig ’-  of ’ 
~ I n  s-ri 1 ’ s 1 n j ’ u r ,ion 55 Fal low:;

u . - v ’ t lu .’aC i on of ’ p by r ’e l axn t t  i s - m s  5 5 5I s ,~ -~ ‘I to n i n d s r ’ i , .u b  - n ’ i ate 1~o u r u - I n u r y  - ‘r u m s - I  i —

t I on, ; - Ci v - l o i n  i t ,’,’ I i  s - I  -i ir an  then  i - u  - calculs it,,; -j f r n s n n , ‘C 1un ,ut ,  I - in 57
58. thu - mn: -ss -s I  ‘ - )  ha:; i - s ’ s - m i  ap i -  l i ed to Lntk ss - ri t ar - i 0 f o r  a s imp] i f i  ‘ n- I

s t , i ’ u r ’ m ns ‘ cmi  h r  i o n s  i — i s - s l i n g  a l - s - r u g  t ) u , :  l ong  ax i s  of ’ t h ue l rs .ks .’ . The veloc i ty

c - n i - u t I. - si: in he lake are ~ n u1cul ;i teii  at var ious t ime s  -I ~~r ’ i ng i,he

~- ‘t.; sage on ’ h ’- s t o r m . The model h a s  also been applied to Laku s- E r ie

b r  i n ; ’ t h u . .’ ~u n j s - $n j , ’s - of S n i  s - I - mrs  Agnes .2°

~~~~~~ Whi le  the re ’s-u ]  Cs- f rom t h i : n  model  are quali tn i tively  irutss-r’e;;t—

inj’, C s - s r  ‘t i n  of i t s -  assumpt ions  sire : ; s m b ,~ect t .o q u e s ti on .  The vol urnse

tn” tm u, n n i snt , wh i c h  is in t egra t ed  ovs . ,r- t h u s ,: depth of the lake , an -i  hence

t in e  sur face  ‘ - ‘I e ’vn st ion s -  may be reasonably sons ’s-c t ;  however ’ , tb sc : ;e  values

s - s r , m u i s - t  h e  re l at ed  t o  prototype veloci ty  values in S li t s -  lake , which  are

h i 5 - h u l y  -Ic ’ ;” h i I s .- j e nden t.  The a p p l ic a b i l i t y  of the ri g id lid a:n ;umption

r u n t - I t -  i n  t h i s  mnei del  i s  quest ionable for storm surge .

Lim i t a t ions  of the Models

60. From the literature survey of the various two—dimensional

hydrodynamic models- available and based upon the experienc e sit W’ES w i t h

ur ns .’ Of t he s-e  models , the  applicabi lity and l imitat ions of the se models
bec ome  f n u i r ly  apparcn t :

o . Two—dimensional models will probably yield rt’nss ss-irable
n’ e-, ;ults in lake:; for s torm surge ( free s u r f ’ nict ’ d isplace ’ —
ment.) if a free surface rather than a rigid lid I — o u n u - I n a r ’ y
conditi on is used at the lake sw’face . Free surf ace
di. s p ln u c e m e n t  is basically a f u n c t i o n  of the k , u u t n t l  mass
trans-pont, and two—dimensional models appear m’ us -n t : ; om u . ’u h s ]y
capable of representing th i s  phenomenon .

b. Two—d imensional models will not yield results for ilepthi —
- l e p ’ - n i i I e n i t , w i r i ’i — dr i v e n  lake cur ren ts , wh i s - h  are nepre—
s s ’n t , n i t i v e  of t h e  cu r ren t s  e x i s t i ng  in n the  lake.

c. Two—dimensional models probably yie ld  re ’u ;nonable values
for both su r face  displacements and currents  in estuaries
and bays if lnun ’ r -e sal in i t~,’ variations ma re not present .

61. The fir st and second s ’ - m u s ,’ iu , , i on s  appear in  u ’u u m m u f l i u r t  r u t  first

inspectio n .  T h i s  nu p l in nr ’ s - n u l , con Ch ct can he resolved by c o n s i d e r i n g  the
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d i f f e n ’ ence in su,r f n i e n s -  ci s ’v n i t i o r n ; ;  required t o  c r c- - lw ’ ’ -  n s s~-eci f i  esi ye -b ”—

ity - Very  s-mr s-ill u r h a n u ’u ~ ; lii : r : n r ’  F’asre t’levat i ( s - mu can p r u d u n c s  - ; n I f inn I f i c a n t

vel - ‘ci tic-:: . Thus , t h u , tw - s — s h i r r x ’ n i ;; ional mr s~s t }s s .’nr s- it ical  model can pre- lic t

va .lus ’:  of sur f n u - r e  i i i s p ] n t c e m c ’m n t  in re asonalule  ap re emnse ni t  with experimental

- i n u t n a  if the tot.nii mass t r n t n i s - h s o l ’t is approximate ly  corn -c l , .  At the same

time very hsoru r representations of the actual currents in the lake are

j- r : ’I ;n o e c l  by the  models due to the complex s’I e j -t h— d ej u e n d e n t  ve loc i t i es

ex is ti n- in t h e-  lake . In most freshwater lakes the thnougb’;flow is

- , ; r r n u i l , and wind is the major c u r r e n t — p r o d u c in g  f ’ i s r s - i m ng function. The

current pattern is extremely depth d- -penderm t , v a r y i ng  in d i r e c t i o n  from

su ,r’flnsc e to bottom by essentially 180 ue- s .  A depth—integrated velocity

suc h mm :,. produced ‘by the two—dimensional models will generally yield a

very sm all average velocity proportional to the lake throughfbow and

completely fail to indicate the very complex depth—dependent velocities

existing in the lake.

62. Since the two—dimensional models have no provisions for a

re tu rn flow s b u s - the  bottom of t h u  lake , they must es-tnthlishi return

flow regirinu ;n in the lake i t s e l f  w ’ ;ens  w i n d  is the primary forcing f ’ n n n u~~—

tion. The depth—averaged flows predicted by the two—dimensional models

will tend to be in the wi nd d i rect ion in the shallow areas of the lake
wit , h a return flow in the  dc’s -i-em’ portions. This flow further distorts

t }u current  pat tern ob tai ne d 1’ru ~nni t he  two—dimensional model from those

ni c-l,ually exis-tinng in the lake .

63, Because cond it ions  in estuar ies and bayn~ normally are more
consisten t with the basic n i ; nsuj nptj ons  used in the de r iva t ion  of two—

d i men s i o n a l  models , the re: ;ult s are in better agreement w i t h  prototyp e

co n d i t i o n s .  For e ;;turm ries and i.u sys , the  prima ry t’ r . i r ’ c in g  f u n c t i o n  is

the ~,ide , an- I s ign i f i c a n t  mass t ransport  does occur .  The ve loci ty

-uis -tribut.i on v ’r  t h u .- depth i s -  generally in approximately the same

d i r e c t i o n  and of the  same order of ’  m a g n i t u d e ,  A depth—averaged veloc i-

ty there fore  has some physical  mn eanir ng in the estuary or bay , and nu-

merical velocity result:; compare more favorably than was the case in

laker ;.
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PART IV:  THR I ’~~— DT MENG b ONAL HYD R ODYNA N IC MOld - Lii

deneral  Formulat ion

614 . ‘rhe three-dimensional hydrodynamic models have only recent ly
been -Ieveloniesl to time state where application to complex geometric’;; with

reasonable re-solution appears possible ’. The delay in -leveb oping  Cu rs e—

dir r s eru , :ional  models can be attnibute’d to the unava ilab i± i ty  of’ extremely

l u - u ’s- , n ’- i : ;t  computers as well a:; tc- formulation difficulties . As previ-

ously l n u ’ b i c ited , the  depth — ave- n ’nigus - s l  Cwo—dimm us - r m s ion a l  models have ‘been

extensively applied to the hydrodynamics of lakes and oceans . The two—

d in r i e n s i o n a l  models have provided valuable- quantitative information for

ce rtain types of problems; however , for many other problems the two—
di mensional models y ield , at bes t, qualitative results. Certainly the

many pre ssln ’io problems associated with pollu~tant and sedi ment transport
requi re  the  dc -S -a i l s  of the  three—dimensional veisen i ty p r o f i l e  in the

lake , and such i n f o r m a t i o n  cannot  be ob ta ined  from t,hus - -ie’pth—integrated

tw o— - I imensi onal sy s - t e - n ’  of c -q u a S i  on, ;  - The s i io r ’t s or nu i n n .-~,; of the  dep th—

aw -n’ a e-i models ai-e most n i l -p ru ne -n t  w h e n  t h e  t -ottom shear s tress  is con—

s-idere-l. In the two—dimen ; ;  i o m i n i l  mn u s - - i e l s  the  shear :;tr ’ ,’ . ; :r is normally

related to the’ nuet hor izonta l  n n n a s - n ;  fl ux. However , f-s -r nrnl j  n portions

of a b ike , t he  flow at bl ue’ b o t tom may be ‘a n- u -tu rn  fb n .uw ~inat  ~s not in
the’ direction of the net mass flux .

65. The three—dimensional models m i mi  be b r o a h l ’,’ - s - i n : ; : ; 1  fi s’- - ’ I i n Cus -

the following u,rategories:

a. fu.snnstant—density , steady—flow models

h. Constant—density , unsteady—flow model ,;

c Var iab le—de ni : ;i ty , unsteady — f l o w  m o d e l , ;

W i t h i n  each cn t te ’gu,sry the  models can v— a n y  - n - s - n u n  h s u u ’ n ’ m l u l v  I epe n s l i nu , - ’ upon

the man ;su mpt ions  Chat n ine inm sç so s-e ’I . s-o ne of the n a : : : : r m n n s f i f  i - i t ; , ; ‘ire n - mru mn-u i

to  r us t  of’ t ,he models ;  other:; per tain  to a s p e c i f i c  nnode l .  A var iab le—

I t y ,  s teady—flow r’i ’ :;ult c n a n  be obt rained from model c an - i  I : ;  m u u t .

L i s t .e-I n n e [ - n i r a  C e - k y  s i n s ’ .’ no basical ly  d i f f e r e n t  formula t ion ha ;; hue - e n
- i - ~

- -
~ f o r ’  p m - o i l  ems ol’ thi :n ty - -  - - ‘ l ine ’  cons tan t—dens  i Ly , sI t - - n by—flow
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n n s s - b s : ’ l s -  s. ’ n s n n  l u ;  f u s n m n s m n l n t t e u l  s-sore : ; i mn s l - l y  than the  c o n s t n u n u t — - h - n s s i t y ,

ut ;: t i - I ’ ,’ — r i  ow mrs s i u ls —

- - Time t i ;r c-c- — d i m en s i o n a l  governi  rig e q u n i t , ir i s - ; ;  f o r  m um i n s  C i  ni t , ’- s I mal

n ’luid e l t - n n s s , ’ n s t  h ’ tve  been g i v s ’ n i  p r ev iou :n l~5- i n  1-C i u n s , t i on : ;  l6—1~~. ‘l in e i - - as ic

u u i u n t t , I - im ’u s fu n  t , b s -  t h r e e — d i m s  ri ; : i onal nrs u - b u n  I : ’r n il ’ e ob ta inc - -i  from t h e s e  ‘- ‘1~~r —

t i - . sn i ; :  :;ubj ect  to c e r ta i n  a; .;suxnpt ions  that  art .- common to mn ;os t  models .

67. The Boussinesq approximation is normally n n u n s s l u ’ . ‘Fini s ar -p r u x i  --

r n at i on  nass -wnes -  that  dens i t y  v n u r i n i t i o n m ;  are small and ‘an be nueg lec ted

except in the  gravi ty  term of ti -ne momentum equation . Thus , even if the

f lu id  is not strictly treated nas i n compres s ib l e , t i n e  c o n t i n u i ty  equation

is reduced to the incompressible form . In addition , for most existing

models , the vertical component of the local and advective accelc-rm~. t- iunu

is assumed to have a negl igib le  e f f ec t  on the vert ical  r r u orre -nutur  ‘ - u ~u- ’i, t ion .

This  assumption reduces the ver t ica l  momentum equation to the e:pi’ation

for hydrcsstatic pressure variation in a compressible fluid.

68. The basic equations from which the development of most t,h n-e ’r—

dimen sional models proce ed are the refor e given by

( 59 )

( 60)

(61 )
~ az

(6 2 )3x ay 3m

In a d d i t i o n  to t hese equations , an eruer~~’ equation , n s  c o nst i t u tlv e

equat ion for t i n e  u l u ’ n i s i t y  and d i f f u s i o n  5 - u l u n i t .  ions f o r ’  ;n ub:ntance s  01’

in te rest , may lie - ’ r equ i red , depend ing  upon time pa r t i cu l a r  problem formu-

lat ion . The K used in the momentum e q u a t i o n  i s -  generally a
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s- mn , ;  i n n n t j u ,s nu  of the nn iu - l t - - n u l n a r  v i ; ;co : ;i t -y nu n s - b  t h u  ‘. - i - I ~,’ v i s c o s i ty . Inn

n - n ’ s : ’ i - u - , h i - ”w c v snr , t he  m uu .s - l u - s ” i i ] , ar ’  v i u n - n o n s -  11 : 1 icr a b C s - n m  n i u ’ s ’ l n u s - t s - I s i m i ~’e i t

i s  nn ~ ;-~, ’ : :‘ nn , ”u l l u ’ n ’  - l i o n t ‘‘  s i - I ,” v i ; ; u ’os I C y  ‘ — - n’ 1 - u k ’ ’  ‘ g m  I ic’ut i on u : ; .

i . iscuss ion  us-f Speci fic 1-t i - l e t s

t -9 .  Tine t h r e e — d i m e s - s  i o m u n u i . mr s- ’ud e ls vary  s t i r s ; ;  i - I c r - s - i - I  y inn t h e i r  nn s ’’tho d

of . Iuu v u ’ l s s -h me- n u t  ; there  f , s-r ’ u ’ , no ge - ru e - s - -u i . formulat ion ;  of the model u ’OV ’ - I ’  i i  I n c

e l u ’ a t i i . nis , such as was po ss ible  in the two—dimens ional  equa t ion , w i l l  be

a t r c’m r €‘- i .  I n s - s - t u n i C , s T - u - c i V i c  models i l l u s t r a t i ng  the v a r i u s - u : ;  nn -o-1-- l

s it e -gu n ’  i u ’-s w i l l  i s:- - n - s - m i s - i  5 u - x ’ s : - - i  i n  su f f i c i  u . s - n i t  de ta i l  to m d i  ~n a t e  t h e

m ’- - s ’ r n ,u l n i t i o n  F - n ’ u s u - I u n ’ t.- r i ,; w u - l  I as t ine s t r e n g t h s  and weakrnes sen;  of ’  the

i m u I ’i v i - I u ’ a l  so— I t - i : ; . In ‘ i -n u e- r nu l , the n i l s i l i ca t ion  of th ree—dimens iona l

m n -  s I t  Is’s- to ‘actu-s -u l lake g e o m n e t r i  u s  is  s-t i l l  in its in fancy .  Cij r ’u ; ; iderable

w rk i s - n st i l l  r s l i t ’ s- i l In  t h i s  ‘ un ’s -a , and marty of the quest ions  conc e rn-

ing t h u  u- .’ ” o m” a-:y of the v a r i ou ,n  nmiodels can be resolved only when r. roto—

t~’j ’ -e - - I ; , u t ns  of the required qua l i ty  n arnd quant i ty  become available .

‘ICirce—dimen sional , steady—
n t - s - i t t, - , constant—dens -

m s - o l e -I  of H. T. Gedney and W. Lick

70. T h i s  rrs u u I e l
21’ 22 

~s- based upon the shallow—lake theory de—

v .1 q -ci i~ ~2 - lna r i ’I e - r .  Tin e- model can account for irregular ‘boundaries and

v a r iab l e  L- - t . t - s - n , topography ; it  is , however , res t r ic ted to constant

u l u - n : n i t ,y ‘an- I ;:t, . ‘i sny flow . The pr imary applicat ion of the model is for

cali :u l n s t i c ,n i  of’ t hr e u , ’— - I i n u s- n s : - i i ’ , n i n u i  s t eady—stni te  veloci t ies  when ~he lake

us - inn  s - r u  o n u s  ‘n- ut ; 1 1  ( s - - I  c u — n i - I  t h u s - r u . A r i g i d  .1 i d assumpt ion in - imposed nu t

Cli ’.’ n rur  b ’s-i s- C’ of ’ t h e  i s - i k e  to b ’i  U u s - i ’  out  g r a v it y  waves .

‘( 1 - Thus , - i ’ s - u .s - i c  model i us - ‘‘ F - ru b  h e  of de : ;cr ib ing  flows in a lak-

wh u .- re tine - l e l u t i m  is - ‘ u u n rs c - s - a r a b  I u . t 5 -  - in ’ i t ’ : ; : ;  t h an  tine Ekman layer ( s im allow

l n a k u -  ) as well s -u: ; iii n i -h e ’ I-i ke- . f l t ’v u  ‘u -n i l  assumptions result in ;.u imp i  I—

t ’ i  sn a ’, ion of t h e  g c s v e ’r n i n u n ’ s , ’ u l u n t t j  u r n: ;  wh en th ey are app l i ed  to shal low—

b r uk e  cons - l i  t i ons  . Th e n n c s u l r ’ i  is I h ma - s - — u h i m r s e m i s  t ona l  ; imowever , the computer

t ime r equi r e -In s - n s t . n n  a r t -  u’s-ru: ; i s - r a l l y  s-mall .  This :;mall requirement is
i i u i ; ’ . : ’ ib . l e- ‘. i n i ’ ’ - f ig -  f i n i t s -  - h l f f ’’ - r u m u u o -  n u n l m n s s ’ r  I - - t i  p o r t i s u n i  of the  model i s



‘ t -  t u i : s  1 1 : 1  tu s s - — - b  i rmn ensi on’a I. vi th the  van — a t , ion inn Cl ‘ 5W J ’ s -  m ans - u ’S’ rn ‘ i i  - - n s f

the vet’S i c a l  em’ t h i r - m  -limensiorn being ab f , n i i m i u -  I Cn n-u s - a - ‘ j n : ;u ” I — f c u r ’ n : , nu n s -u -

i:; S i s - a t  :no lu t  i s r i .

72 .  ‘h I s - b u s - i c  s t a r t i ng  u s l u n l t i ’ s - n i : ;  for Cl ;  “ ‘ n - i  i - - I  s- an’ s -  C -ho : ; ’ ’  1 i s ’ . - - - l

in  I’t 1s’ut , i - s - m n : ;  5 ,~—t ’ , ’ . These equat ion:’; are , hi u w i .’ver , c s -rn : ;  id - ’ r a l ly 5 i r s - i - l i —

f ’ i s - - i b y ns; ; , ; u m r ; n - C i - s - m i s  c o nsi s t e n t  wi th  t , h i ’ ’  i n tended s - i j s p t ’ i  c a t i o n  Co n -h a l  - w

lakes:

a .  The lake is  considered to be homogeneous, r e s u lt i r u ’  i t t

the dens i t y being considered as a constant  even in  S u e
g rav i ty  term in the ver t ica l  momentum equat ion.  This
assumption of homogenity in Lake Erie is found t o  be v a l . il
n h -p roximate ly  from about the middle of fall to t h u s -  1
g i n n i n g of summer.

1. The nonlinear i n e r t i n s l  forces are- s-u:nsume’d to b’ : ;n s -us-ul . 1 in
comparison w i t h u  the f ’u t ’ I o U s  for- s-tn rind ‘ are n e g l u u ’s - t ’ ’ l  i n
the momentum e - l l u s - n t i  cs n ~,’ - The Ro: ; :;by nun s - l i en  is a
s - f ’ t ime r a t i o  of tine non l inea r  i ner t i a  f u r - c e ’ ; ;  to the
C o r i o l  i n -  :‘o u ’s - e -‘ t n - b  is  i ’ s - f ine - -I by H D R / f L  , w h e r e -
i s  s-i s h i a r ’ n i c t . u - r i : s - t i c  veloc i ty in the is-ak ’s-, I i s  r b :u
C on i o l i : n  J e u r n u r s ’ - ’ - n ’  , ‘ a m , - ! L is s - i, - , - l u s - I r n a c t e n i s t i c  ho r i zon ’- ’ìI
scale. A c.’ t l u s - u I s - i t i  us- u n i t , ’ va lues  c h a r a ct e r - i s - t i ’  of ’ I s - ik e
Erie ,‘ ; h i -  u . t ha t  t x - n c - p t  in localized regi s - ru n -  vhs - n ’ s:’ C l ue
ho r i zo in t ,al l en n gt , hi s cabs’  i :n smaller han 50 1cm , the  r i - - n ’ —
11 rue ’ s - am ’ i ner t  i n ~ ~, en ’s - s:s - w i l l  l-e re lat ively unimportant .
T h i u ” ; n e  ‘, e n m , , ; r - - .luc e t h u  s o s v u .’n’n ins s -  equat iorn  C c i  m a l inear
sy st ’’mn ; ; b ; - s w s .’ver , t i n e  so lu t ions  obtained f ’ n- - u n n  ‘ h u e  ns - , s - ’ h ’ ’ l
n ’ ’n ir  i s l n a n d : s -  s - a n s i  inn shallow shore regions should i ts-
app l ius -ul  w i t h  c a u t i o n .

c. ihe e f f e c t s  of C h i c  horizontal internnal I’s- in -S l ent of thu
f l u i d  are ign or ’e-i ,  w h i c h  e l iminates the  t s ’-r ’n r , n i nvo lv ing
the horizontal eddy viscosity The horizontal Ekrmnan number

is a mean- nrc of the relative importance of the hori-
zontal -Jiff’u:nion terms by comparison with the fleniolis
force and is de f ine d by E1c = A11/ fL 2 where A j-j is t he
imorizontal eddy diffus ion coefficient . Typical values
for Lake E n ’ .’ i nd ica te  that EH is small and can be
i gnored except in the boundary layer near the shoreline.
F l ue h s o u n i - l ’ as’y layer near the shore is normally smaller ,
however , ~ h s’ tui  the  typical gr id s i z e  used in the ca lcu—
.In i t ions .

- 1. The pressn,we is assumed to be hydrostatic as a result of
nef ,~l€ ’c t t n g  ver t ica l  acceleration and veloc i ty terms .
This  st andard  assumption for most numerical models is
probably , l u ;n t i f i e s l  except near the shoreline  wh u: ’m ’ t ’ s i c —
n i l ’i can t  v e r t i s ,’ n n ,l ve loc i t i e s  nin a! acceleration;;  u s - s - an n  be
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n t ; ;  ma r s ’ : ; n n l t  of b r i ng i n g  to rest  t , l ,e ve loc i ty
Cu ’) nnipot n t ’ t n  t nor’mal to t h i s ;  s bore -

u - . ‘ f l i t’ t u r b u l e n c e  I t s  t h e ’  lake is modeled by a constant verti—
u .s - n i l  t s - duly  d i f f u s i v ’ it y .  Th i s  assumption is almost ce r t a in ly
inval i s i ; however , lack of reliable information makes thin
‘i s - s u m s - s r - f ,  i o n s  necessar ,y s ince  s- s s a t  i :‘n factory model for t,h ’ie
ver t ical eddy d iffusivity is not available.

7~ . The  d i sn iacement of th e lake sur face is assumed to be small
in s .’ n n : i - n l r i s o n  with the depth of tine lake . This assumption allows the

- - nn , : l e t e  t i n e - n u n -r a t i o n  of the problem , s ince  the surface boundary cond i—

C i -  m u , ; are now applied nit the undisturbed water sur face rather than the-‘ s-n i. s - - j I s s’-eus - surface  -

- ‘f .. Unu -le - r the assumptions listed , the governing equations are

ms- b- i ’ s - -h  ~ — u the l in ear system :

(f s n u t  i r io  i C y  Equat ion

(63 )

f-i s m s - i s - n i  tar’s I- , j uat ions

~~~- f v -~~~~~ + A  ~~~~~~~~ ( 614 )at p a x  v 2

- + f u — 1’~~~+ A  -
~
‘--

~~~ (6 5)
p a y  v

?
2

— pg (66)

where A is the vertical , eddy diffusion coef ficient . The boundary

conditions are as follows :

u ,v ,w = 0 at z = — h(x ,y)  (67 )
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C is
u A  ~ “ I

v -~z u s- -:

PA
~ ~~~ 

= T~~ , n u t  z = 0 (~I s)

= 0

= p ( x , y )  s - a 1 , z =

75 . I ’h ;t ’ s - s’ s - - h i I , ;  r n - n i - h e  n o n d i m e n m i s s - n u n i l  by i n t r o - h u n - i ri s 1, b ’ie l i r : s s - n i s - n i r s _

less v s - s r ’ i ; s t i u ,

~~~~~ = 2_ ,~~~~~~~~L,
- .  L ‘ “  L ‘ 13

m

u v w
u *~~~~3_ , v~~~~~’j” , W *~~~~~~~

H F I”

* = ~~~ — ~* = L~p ‘13 13

= i~~ , ~~~~~~~~~~~ ~X 

~ 
‘ y ‘r

13 
‘ 13 p I ’ohlr n i

T , A
- 

, I i  =

L = ‘ h i n s r ’ n m - ’t , s s - n i : ; t i c  1 . - n i n t h  in tine hon v - s m u t s - a l , s l i r e c t i o n

H = ch m ira ct s ’r ’i : : t i c  l engt ln  in  the v e ’ r t i sn i l d i r e c t i o n

= - ‘ h u n t r r u s n  f - s r i  s - f .  is ve loc i ty

= reference : ; t n n ’ l ’ m a s n e  di: n j i l  n s , n t - m n s s - m s t

D = I ’r ’ i - ’ C tonal depth

= n u’ I’ s - r u ’ s - c t ’  w i n - I  shear stress
wR
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= n’ t - t ’s- n ’ s - m i c t ’  vertical velocity

t R 
= n ’ s ’fe rence  t ime  value

1’ = (‘ o n ’ i s s - l i ; n  parameters evaluated n i t ,  me - s - ins l a t i t ude  of Lake Erie
0

Ii = mean - ‘c - i ’-~~~m
The nondi mn se ’ns :: iona l  form of the g o v e r n - s i n u s ’ equations t iecor m ;u - : ;

0 (69 )
ax ay az

- v = - + E1, ~~~~~~~~ ( 7 0 )

(71)

( 72 )

where E = A /fH
2 is the vert ical  Ekman number and the as te r i sks  inave

V V
been dropped for convenience of notation .

76. Equation 61 can be integrated over the  vertical to give

dz = dz

P — p = —z

p = p ( x , y)  — z (73 )

This equation gives a one—to—on e correspondence between pressur e and

sur face elevation ; thus , pressure can be eliminated from the governing

equations . Normally the variation of’ p ( x ,y) with (x ,y) is small

enough to be neglected , Thus ,
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and ~~~~~~~~~~~~~~ (7 14 )
~x ax ay ay

Using t h i n  equation , the momentum equa t ion ; : ;  i n  the hor izonta l  are
written as

au ar  a
(7 5 )

az

(7 6)

;a rn~1 t h u s -  ver t ica l  momentum equation is eliminated.

77. The model is to be applied to steady—state current patterns ;
thee ’r t f ’ a, r . - , the  t ime dependency in the governing equations is eliminated .
Thus , b an - ic  n o v cr r u i n g  equations for the model are as follows :

(77 )

(7 8)

and

(‘p9)

The nondimensionalized boundary conditions are as follows :

1 au=

at z = 0  (80)

1
Ivy =
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w =  0

u v w 0  at z — h ( x , y)

where A , a constant which i n- proportional to the ratio of water depth

to f r i c t i onal depth , is given by A it H/D .
78. Equations 77 and 78 can be combined into a single equation

by def ining the compl ex quanti t ies :

1 = 1  + i Tw wx wy

( 81)an ax

and a complex variable representing horizontal  velocity P given by

r u ~
-

The complex equation for P is then given by:

a 2 2 = 2 a n  

- 

(8 2)

The boundary conditions are -

2 ar at z 0w

w 0  at z 0  (83 )

w 0  at z —h(x ,y)

and

P = 0 at z —h(x ,y)

This sec ond—order differential equation involving the single arbitm ’s -u n’ y

par m am. ’t er A can be solved su b j s ’u s - t ,  I . e the boundary conditions te
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r = u + iv — i 
~~~~~~~~~~~~~~~~~~~~~ 

~~~~ 
_

~~) 
+ 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
+ z)] ( , u s 1~~)

where

= (‘ + i )/ 2
= ; n cum ’ I ’ m ic ’ s - s i ’ isp lacement a;; a func t ion  of x and y

A ’ = w A
h i = 11/ F l d imens ion le s s  depthm
Z = dimensionless coordinate

Th is equation represent s a closed form solution for u and v if

ac / an  and I are known; however , the surface dis pla cement gradient  is

not generally known . A method must f i r s t  be obtained for evaluating

t h i s  quan t i t y  pr ior  to evaluating u and v -

79. The horizontal  mass flux can be found by

~~~~~~~~~~~~~ i MJ  P d z T a + h ~~~~~b

where a and b are j u n c t i o n s  only of the local depth and H and

f~f are the x and y components , re spectively , of horizontal mass

flux .

8o. The con t inu i ty  equation can be integrated vert ical ly to yield

0 0 0r w ( O )
( ( - ~‘Y’ +~~!’+~~ 1 d z = _ A u d z +— ~’ I v d z + w  = 0
j  \ ax  ay azj  ax ay j  w ( — h )
—b —h —h

But w = 0 n a t  z 0 n anu l  z = —i n ; the re fore ,

u dz + v dz ( H )  + ~~~ 
( H )  = 0 (85)
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Is- t S ’ i usi s ic I s-u ’ the  mi s - i ; ; ; ;  I’lu~ stream func  ti  on p ( x ,y ) gi vs ’ s

M = -
~
-

~~
‘ , H — ‘

~~
‘
~~~ y ax

S h i s - s - n i

f~ + i f-f — i
ax

T a + h -
~~~~
‘ bw an

I a + h (
~- + i ~~

‘
~~

-

‘

~ bw \ a x  ~yj

Hewriting a = c + id and b = e + if where c , d , e , and f are

real functions of local depth gives the following expression for tim e

surface gradient :

= 
c ,

~~ — 
f ~~~ — 

T wx (ce + d f\ ~ — ~~~ (cf — de ’
\ (87 )

ax 
h(e

2 
+ f 2 ) ay h ( e 2 

+ f 2 ) ax h 
~e

2 
+ ~~2)  h ~~2 

+

= 
..,f ~~, 

— ~~ + 
I 

(fc  — de ’\ — L~~ 
(C

2 
+ df ’~ (88 )ay 

h (e
2 

+ ~2 ) ay h e 2 
+ ~~~~ 

ax h 
~e

2 
+ f 2)  h 

~ e
2 

+ f 2)

The su r face  gradients are l inear funct ions  of the stream func t ion

gradien t s-arid the wind shear . These equations allow the surface gradi-

ents to lit ’ calculated if time wind stress and stream function are known.

:‘ui-;;titutirm g back irnto  the  expression for tine complex velocity all-sw:;

u and v to be calculated .

81. In un its- n to have s-i complete solution for the problem the

stream function must be determined . Equatiorms 87 and 88 cain be cc-rn -

bined and the surface d i spl ac ement ç eliminated ‘by taking the a/ay

of t h u s ’  first equation , — a / ax  of the second equati on and th en adding
the two equati orns :
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v ’~~ + (c~~~~~~- 
~~~~) s- ,) (

~~~u c l~~~~)~~~~~
- c

3( ~~~~~~ +~~~~~~)

a t  a-r , , — —

— 
~~ 

(__
~~

- — — ~ (-is- s-n-S— 4 
~14 ~x ay 5 \ W X d X  wy ay

I aF— c  I T  — — I — J t h 96 ax wx

when”- ~ = A m and C
1 , C 2 , c

3 
, c 1 , c

5 
, sns u l  C

6 
are f u n c t ion s

of ’ in . This go v e r nu i n g  equat ion for the ;;tres-um func t ion  in;  a l inear ,

elli p t ic  equat iorn  and can be ,;elved u s i n g  C - b u s s -  boundary cond i t ion  t h a t

the  normal mass flux nj 5 the shore is Zet’ es or equal to the  r iver in f low

or out f low .

82. I t  should be noted that the s t , n u s - n i rm s fu n c t i o n  fc rmula t ion  is

independent of the vertical coordi ’us-ate s- ins !  i s  thus numem ,,cally a two—

limeensional problem . In add i t ion , i t  should be kept in mind tha t  the

s-t ,r” ;ninrs function formmiulation does involve the vertical eddy diffusivity ,

w h i c in  is basically a f u n c t i o n  of the wind speed.

S j .  The stream f unct ion e ’qas -it ion is solved numerical ly  by replac—

m is  the  d i f f e r e n t i a l  equ - u t i o n  by a f i n i t e  d i f f e r e n c e  representa t ion.

‘i’hu i , ; ; ; s i t i ; ; tj t u t i o n  allows t ,h ;” value of the stream f u n c t i o n  at each d i n - —

cr e t c  po in t  in t ine  numer ica l  gr id  to be solved in  terms ~s f ’  the val;s -s-

n i t  ne ighbor ing  points  and c o e f f i c i e n ts  that  are fur ic t  is is - : ;  of the  local

ts ’) n - O g r a p h u y  and wind stress c o n d it i o n s . The resul t i ng s’s-S of’ s imul tane—

u u u n -  equat ion s is of t,he form

[A] [~~=[c~

w h i ’ ’ n s ’  [AJ is a : ; s l u lma r I .  ms- s t  n ’ix whose on - u s - n  is equal to the ms -us - d en N - ‘

the int e ri or g m i - I  p o i n n t : — , [~p] is the vect or c o h s a m n u m u  mnatri :- ;  I ’au n ’  f l i t -  s - f  n -ann ;

fu,rtction , and [ (f ] i ;; t b -  vector colum n ma t r i x  s - u s - m i S s - a  i n s t ms g C lie n n s s - m i l u : ’unn ; ; un -’s ’ - m su - —

ow; ~- - s i ’ t , j Q T 5  of the  - l i I ’ t ’u ’ n s ’ n u u r e  s ’ u l u ; s t i s ’,ms ; . ‘l I s t ’  m r sn s i , m ’ f  x [A] is s - n s - i n s - c  n i n s i

is solv ’-- i nH m u ’ n u t ’ - ’’’;; . -- i v s ’  o v s s - n ’ n u ’ l n u x a t i o n  by - - s i  n i t , ; ( :CThs ) ‘as- - b 1’,- ,’ ; n i m s - : i e —

, 1 i n  c - - v ’ ’ m ’  r s - I ’ t x m u t ,  i i  nu ( : T n F )  —

76



i s -  i n n - i n s  i n n  i s -  l n a l , e  cr ’ s’ - s -s t, p ‘ s mul t i  -ly c- -r u n t  ct - i - I s - m i s - u rn . ‘ h u s , -;/

1 s-  i n - , ; s n - i , s - u i -us -v  m’ , by n ” - - ’~u i r  i n s ’  t h i n s t  the  value of I- e-s- e s - i s - b

i , ;i’ 5:i  i i.’ - st s - i ‘i~ - - h I n ;  s -u - ks  na m n s n s n s s - n  t ha t  t h u  s - s n - f a c e  d i s p l s - ac ’ e nn t.’ m u t _ i s

s i - m i t  i n ; u s - - u s s -  i n ’ s - u n , :  5 ;c’ i s i ’ ~m is1 - T h i ;n  t . r ’ u - ; a t , nu e nu t ,  i n c r e - - n t :’:es the  ss- o m n i u t ,a_

t i o n - s - u , I  t i n s - s e ;  I n--v - v u - n ’ , isl’i m u u l : ’ can l u ’; i n c l u — b ’ - - I  :‘;m u t , i s f ” a ctor i l y . b ;c’c ;i ,u: ’ ;s-

- f ’ t i e -  l i n e - n a n - i  y on ’ t~hs- probl -rn , l i n u s - n a n ’  i n ter p o l a t i o n  can be use- I C - s

t ’n i e l l i t s - s f  us- o l - t a i n i m i g  so lu t ion s  for var ious  w i n u s .1 co n i s l i t i o r u s -

85. n u n - s  thus - s t re ss- : fu rnc t i on  has bee-ni obtained , Equa t ions  81 s - i n i- , I

88 ‘in’ s- u:;eu,i to evs -a,l u a t e  t h u s -  i o n -n i l  slope of the lake sur fac t- . Once t ini ; ;

iJit’-srnm nation is known , E q uat i o n  814 nal ,lows the  local ver t ica l  p r o f i l e  ‘s- f ’

I , i n - - - n~ ts - n1  ve loci ty  to be evaluated.

86. The model wm , s ; :  i n i t i a l l y  applied to som e simpl€ ; gessms-,t m - i e , ;  for

wh ich num; ,’sj’jti cal solutions were available to allow the effect of various

I - ; 1 I ’ s - am ct er ” , in the  numer ica l  n o b e l  to be cons ider s ;uh  and s ,-vs - i lua t e d . The

ms - ft - d el  was v e r i f ie d  for real—lake condi t ions  by applying it to f r i E s ”

F, r ’ i e . 2’ ‘I~~o uniform wirsd condi t ions  were considered corresponding to

winds of 11.8 mph and 22.7 rn~--h ; .  The numerical grid, step used irs t ie-

calculat ions was 2 miles in the open lake and 0 .5  m ile n.e -ar  th e  in - I s- sn - i - i s

iru t b i e  western  bas in .  The numerical  : n t e a d y — s t n u t u ’  ca lculat ions of t }i ’ ’

win ;  l — d r i ’~’ -ni  currents in Lake Erie were shown to compare favorably w i t b u

cu r r ’- : t, nm, r - t , u - r  r n s - ’ t n -u r ” - r ’u e - n f , n -  in s - i d e at m i d d e p th  in the central  and ean -t ’ - n t i

ba ’s - i n s ,  f-fanny o ther ’  f ea tu re ; ;  of the currents observed by other  rm us ,;t luo u I s -

‘am” - t- n ’e -l i ss -ted at ls , ; s - a: ;t  q ua l i t a t i ve ly  by the ca l cu l a t i ons .

87. The s - a , ’n’ u - s - n m s e - m i t  of ca lcula t ions  and nm ieas ur’ ern ents  appears to

ni- i I ca ’- ’ t inat the  shal l - sw—l iE s : mo slu ’l  that uses n .a constarn t eddy vi s-s -cos i ty

is ~s - i 1 - s - ih - I - of ~-r ’ s;s hictin g ‘ac’cumnitts -ly the local th ree—dimens iona l  veloci-

t ies  s-it middepths . Additional prototype data near the surface and

bottom of t he lake i n  corn j u n s ’ t i o n  w i t h  measurements s- it middepths  ar e

needed t,o v e r i f y  the model and the constant eddy viscosity assumption .

Tb” calculat es !  result ;; show that f o r  a large percentage of Lake E r i t -  the

l- s t ,tom n n t r s , ,”n -’,; i s  rnot in the  d i r e c t i o n s  of tine inor izonta l  mass flux .

Tine s-u r” s - ,u l t,; : in i - l i c a t , u: th at for Lake E r - i c -  and other  sbnallow lakes t inere

may Lu large errors ir n solut I ( i r s - n  obt ;s ined from models where time b o t t o m

;;t , r ’ u - ; ; s  im ; mad e proport  I c uns na  I to the  net hon ; a u n n t , ; t l  mass f lux .
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Three-dimensional , t ime—
dependent , constant—density model
of A. Hag, W. Lick, and Y. P. ilheng

88. T}ne basic formulation of t h i s  model 23 
is an extuns-sion of ’ t , f i ”

th ree—dimensional  s teady—state  model of’ ‘~edney and L i c k . 22 The rn ’ s- 1, n - s - b

of solution of the model is , however , complet ely different . This nneu !el

is t ime dependent , and irregular boundaries and variable bott om torc ss ’r u—

phy cart be handled. It is , however, restricted to constant—density

flow. The ~-n inmary application of the model is for storm surge simu-

lati on wh ere surface d isplacements rather than velocities are prime

considu ,’rations. A free surface condition is imposed , rather than the

r igid  lid assumption used in the steady—state model in order that  the
details of the transient behavior are simulated . As with the steady—

n-ta te  model , the primary application is for shallow lakes with param-

eters in the program closely corresponding to those for Lake Erie.

89. Equations 63—66 and the boundary conditions given by Equa-
tions (-l and ~8 form the basic system of equations for’ the model. These

e - - l u’ t t I O f l s  arC- put in a nondimensional  form with some slight changes from

the rmondimensionalization process used by Gedney and Lick. The non—

d i rnr ’nu s ion a l  variables are introduc ed as follows :

~ L ’ “ L ’  H

* — 
u 

* — 
V 

* — 
Lw

U — j j
~~ 

V w
H R B

* = 
p u’* = —

~~~~ -— t~ = ft (90f U L ’ “
C B B

I I ~A ,t1
T *~~~~~~. ~~~~~~~ I*x t

lb 
‘ y T R 

‘ H 1-I
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90. The noridimensionalized forms of the governing equations

become

(9’)

2

~~~- v = - ’~~- + F  ‘
~~

—
~~~ (92)at ax ‘V 2

(93 )

and

(9 14 )az fU RL

where the asterisks have been dropped for convenience.

91. The dimensionless boundary conditions are:

Ih
u ,v ,w 0  at z — ~~

au at z 0az x

~~~= T y at z 0  (95 )

at z 0

92. The hydrostatic Equation 914 is integrated over the lake depth

to obtain

p = p ( x ,y) + ~ — 
fU

J~
L 

z (96)
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Assuming that the atmospheric pre ssure is uniform results in

ax ax

(97 )

ay ay

Substituting into Equations 92 and 93 results in

(98 )

and

(99 )

93. Equation 91 is further modified by defining

U u dz (100)

and -

V v dz (101 )

The continuity equation is then integrated over the depth of the lake

to obtain

80



I

:~ 
~ s- +J’ -

~~~~~ i lz +J’ ‘~~~~~ -1 ;; = 0

w~~~~+J ?
dz
+J~~~~dY 0

For nondimensional variables the Continuity equation becomes

0gil at ax ay

or

+ 
X2 (~ 

+ 
~

-

~~~~

= 
~ ( 102 )

9 14. Equations 98 , 99, and 102 must be solved to obtain the veloc—

its-:, f ield arid sur face elevations, ~ , in the lake u s i n g  t h i s  model .

The se equations are subjected to the boundary conditions given by

Equation 95. The model as formulated does rnot provide for a mass flux

inflow or outflow tlmrou gln the boundaries of the lake .

95. To insure no loss of accuracy in the numerical computatiorn in

the shallow r e g i s ’s- rn ; ; of t h e -  lake , a more conv en ien t  -s - oor ’- I i n s a t e  system is

intr oduced. The desired t r ’a r n : r f o r mat i on  ms-naps the bottom of tine lake on-

to s-i constant a :;umnl ’nucs ’ wise r -u a i n - s-u transformed vert I gs-i I c u u o r d  i —

mate. A urniform a grid i s  t h e n  used in thc ’ (x,y,a) systenn t h i n S

corre ;;pom nui s to s-n r~oni un i form vertical gri u l in the (x ,y,z )  system . The

new a sy st em is otut,ainn e - s I by re~ s I ’ n u ’ i n u g  the vert ical  coordinate in the
(x ,y, z) ,;~i;rt~-nn’ by
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za l + h (x ,y)

where h(x ,y) is the dimensionless local depth .

96. The governing equations can then be writ ten as

(103)
h as,

(1014)at ay h2 a~
2

~ (p~~p) = o (105)

where

- gH

L
2
f
2

and the horizontal mass fluxes U and V are defined by

1

U h(x ,y) u da (106)

0

1

V h ( x ,y) f v da (107 )

0

The boundary conditions are



u v 0  at a 0

— h’r at a = l  (108)x

— = hT  at a = ly

and V 0 at the shoreline where V is velocity normal to shore-n n
line.

9~ . Tine f in i t e  di fference grid is set up using constant grid

spacings Ax , Ay , and Aa and generally A x eq uals Ay - The

variables are defined as shown in Figure 214 .  The staggering of the

variables simplifies the representation of the required derivatives .

Centered d i f f e r e n c e s  in space and forward differences in time are used

in the numerical calculations. Values for variables are sometimes

needed at points at which they are riot defined . These values are

obtained b:’ linearly interpolating from the values immediately adjacent

5 - -  th~,- point under consideration.

98 . E- iunitions 103—105 are written in a finite difference form

us i ng f ’- - r ’ w s -ur’ -.i t ime and centered spac e d i f f e rences and for s tabi l i ty

cs rn ;; i n e - r a t  i - s r i  a modified DuFort—Frankel scheme for the vertical dif—
f u n -  lOis te-nm ’,,; . The formulation is expl ic i t .  In addi t ion , the mass

f lux’ s U -‘s-s -- I V are evaluated by numerically integrating Equa-

t ions l u(  and 107 using Cimpson ’s rule. The finite difference equations

at time t , can then be wri t ten  as
n +i,

n-f l = (  ]~ + A ~~~~~~~~~ 
(~~~~~rt

u
~~~ +l/2 k ~ u + caJ i,j+l/2,k ~ ‘~< i j + 1 / 2 k> 

—

+ ~~ (u~ j +l/2 k+l 
— U

~~~~+l/2 k + u
~~,~ +1/2,k_l)]~

for 1 < k <‘ K M ( ;n u r f a c e )  (109)
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4
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’
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~ 
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I I

L E G E N D
X POINTS DEFINING U,u. (DEFINED AT , J ~~~~ ~

)
o POINTS DEF I N I N G V, v (DEFINED AT 1+ 1,12,  .~ , ~

)
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- 

(i 
~ ~

) ~~~i ,,~+ 1 / -  , i:v v . , — (~~~1— 1 
+

~~~
t [ n  

/ \fl

,, i+~] / ,KM> ~~r X /

2y T \‘Tl )

+ L,L (~~~n r i— i  
+ —~)I 

-

~ (no )At ~~ i ,j+1/2 ,K M 1  
— 

i ,,~+l/2 ,KM hAs, j

/n+l 
______vI+l,2 1 k  = 

(i  ~ a) { ~~ + 1 / 2 J k  
+ At [_ U <i+ l/2 j k> — 

(
~~ )<i+ l/ 2 , j >

a ( n  n n4 .— + vAt ~
V i+l/2 i k+l - V j+l/2jk i+l/2,j,k_l)1

~ 

(111)

for 1 < k < KM ( su r f ace)

f \fln-fl  ~,
_ _ _  

n= i + a) ~~ i+] /2 ,j ,~~~ 
+ At [  <i+ 1/2 , j ,~~~>v

2y’r 1a / n it— i+ 
~~~~ ~~~i+l/2 , j ,~~ —l - v

~ +l /2j }~~ hAs (112)

n+ 1 n
~i+l/2 , j+ l/2  = 

~i+l/2,j+l/2 
- ~At

[ 1, r s+ i 
~

n+l v~-

L 
( i+l , j +l/ 2  — i , j+l/2~ + ( i+l/2,j+l - i+ 1/2 , j  

(113)Ax J Ay

wiie r e

i n  = E
~

A t / ( i n ’ Au 2 )

KM s - -~ r ’r e s iu o n i d ; ;  to a = 1 (surface )

= I / ( P U R H f )
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< > poi n ts at w h i c h  var iables m ust i-u i n te rpre ted  s ince  they  s- ir s;
not evaluated in the staggered g r i d

99. Thus , the numerical procedure can be suinmari zed s-is f o l l o w s :

a. Ass ume that the values s-it t ime  t n are known ( i n i t i a l l y
at t1 , u = v = = 0) .

b . Use Equa tions 108 and 109 to calculate u~~~ -

n+l
c. Use Equations ill and 112 to calculate v
— 

n+l rn+ l
d. Evaluate U and V by numerically integrating

Equations 106 and 107.

e. Set U and V equal to zero on appropriate bound ary
segments.

n+lI’. Evaluate r~ from Equation 113.

The calculation is comple ted at time t
~~~ 

and the computation for the

next time step can now be started with step a.

100. The numerical model consists of a system of five differential

equations together with two numerical integrations. The stability of

th u  systems is found to be l imited only by the well known l i m i t a t i o n  on

nun ’s-ice gr av i ty  waves.

101. The model was initially verified by applying it to some simple

lake geometries : an i n f i n i t e l y  long lake , a square basin w i t h  constant

depth , and a constant bottom slope basin. The numerical solutions were

compared with analytical solutions to determine tine effects of changes

in the eddy diffusivity , lake geometry , and bottom topography .

102. The Wil son formulation
2 

for the wi nd str ess i s used in the

model :

-r = p C 1 W  1 W  ( i i 14)
w a d  a a

where p is the density of the air , Cd 
is the drag coefficient (C

d 
=

0.00273 for winds > 6 rn/sec and C
d 

0.00166 for winds < 6 m/ s e c) ,  and
W is the wind velocity at 10 m above the water surface. For a

spatially varying and time—varyin g wind stress , the stress at any point

in the lake i s -  obtained by interpolat i ng from the known value at a few

veloc i ty  measuring stations around the lake . The method of
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- . - - . 114
i nt , s; n - l i s - l s - t t l o n  is  s imi l a r  to tha t  us ’s --i by Pia tzm an .

I0~~. The numerical  model ha;; b”en applied to Lake Erie  for two

cases .22 The f in - st  case is for s-a u n i f o r m  wind blowing along the long
axis of the l n t k u - . The actual verif i cat ion of th e model i s obta ined by

calculating the  flcsw in the lake durirng storm Agnes. The calculated and

measured values for the surface displacement at Cleveland and at Port

f’tanley s-ire found to be in good agreement . Also, the spat ial variat ion

of the surface displacement is consistent  with the lim ited amount of

data that are available.

1014. In applying the model to Lake Erie , it should be not ed that

muc h of the western basin and regions very close to shor e become very
shallow . In such regions , the assumption that the surface displacement

is small compared w i t h  the depth may be inadequate , and the linearized

theory is likely to be inaccurate. The minimum depth considered in the

numerical model was 1.8 m. In addition , the islands separating the

western and central basins of Lake Erie are neglected in the present

model.

105. A uniform horizontal grid with x = y = 6. 14 km is used in
the entire lake for the Lake Erie calculations . In the vertical direc-

t ion , the region from the top to the bottom (a = 0 to a = 1) is

divided into five equal intervals of a . In actual physical variables ,

tine lengths of these intervals are smaller in shallow regions and larger

in the deep regions of the lake. The time step used in the calculations

for Lake Erie was 50 sec , and the results showed no evidence of’

instability .

106. Calculations were made for eddy diffusivity values of

25 cm
2
/sec arid 140 cm

2
/sec . For A

v 
= 25 cm

2
/sec the numerical results

for surface displacement as a function of time for storm Agnes compare

favorably with the measured values of the surface displacement . The

surface displacement values for A = 140 cm
2
/sec are indicated s-is being

practically indistingui shable from those for A
v 

= 25 cm
2
/sec indi-

cating that the magnitude arsi direction of the wind velocity dominate

the flow. This situ ation would not exist after the storm , as the sur-

face oscillates and decay s to an equilibrium position . The accuracy
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of Vs  b c  i l e n -  1- ; ’ ed~ ct -d 1:/ the model cannot be prop’’ri:/ uv s-i I s i s - u t  e l

becau se 01’ s - a l ack of nal-1-ropri ate I i r ’ o t c L y l u  lata.

I 01. ‘the -‘u u  t s s - r s ;  r eferernce tin e n urmner i cal model study i u I  ;s-

Agx ’ne ; ’ u s n u  Lake i -r i e  by Paskausky~
0 whose m odel i s  ve r t i c a l l y  i n i t e u r n u t , ”ul

s- i n s - i  c - n n t n a i n , ; a r i g i d  lid assumption . Paskaun-ky ’ s values of ;;etup at

Cleveland s-inns - i ;;etuiown at Fort Stanley are i nd i ca t ed  as be ing  con-

sistently lower than the measured values. The authors attribute this

dif ference to the use s-C the rigid lid assumption combined with a

greatei- min imum allowable depth (2 14 f t )  in Paskausky ’s model. To verify

their  con clu si ons , the authors made several calculations with a verti-
cally integrated model using a minimum allowable depth of 6 ft. This

model predicted much better agreement with measured values than did that

of Paskausky ’s.

Three—dimensional variable.-
densi ty model by Jan J .  Leend er tse ,
Richard C. Alexander, and Shiao—Kurng Liu

l&u ~ . Th i s-; model25 lay s the foundation for th e development of a

layered model to be used for numerical simulation of the fluid flow in

water bodies with irregular boundaries and nonisotropic density distri-

bution . Work on the model is not complete , and only very limited appli-

cations and attempt s at model veri fication are reported . The model is

i n te n i - leu l  for application to estuaries and coastal seas . Some of the

assumpt ion s arnd formulat io n procedures are not immediately adaptable

tc , - fx - -n - i~~s-iter lakes, where dem n o i ty  var iations are due to temperature

variation :; rs -u ther than to salinity variations . The general formulation

procedures  -s - s - i r s be extended , however , to be n tn ~uIicable to freshwater

lakes .

109. The cunservation form of tine governing equations is used to

allow thus- 1 V u ’3 e r V a t ~iofl of cer ta in  integral  conservat ive  relat ions of

the contis~uu-iJ ; e-l ui - sti0fl i n  the f i n i t e  d i f f e r e n c e  formulat ion oh ’ t h e

js n ’ o b - I u ’ m r ~. P hi  S I s-rn ; in su r -e : ;  that  mass , momentum , or other  van s- al l en- are

neither eves-ted nor uie-stroyed as a result of t i n e  computnst ion al  scheme .

The h i s s -  i - i  - l e n i n -  I ty I s  assunned to vary w i t h  ;n n a l .  in i ty  - The h i n n : n l c  g~u v e r n i n n ~-

equa t ion ;; for the forrn u ’L s -n t ion are  those given by E q u a t i o n ; ; ;  59— b ; ’
~.
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110. In add ition , becau:ne the density is con;;ids rs ’ n s in ;  :, f urs ’- ’ i -r u
of sa l i n i t y , C , a constitut ive equation and s n i l i n i t ,y ‘ r a m s  m u

diffus i on equa tion are required .

Salin ity t ran~port and d i f f u sion

~~~~~~ a(uS ) 
+ 

a(vS ) 
+ 

a ( w S - ) —~- “ D -~ ‘~~“ ,—~-

at ax ay — 3x x ~x)  
—

~D i~~ _ _-~~(0 -~~~~= 0  (115)
~~y a y  a z

Consti tut ive equation

p = + p ’( S )  (116)

where

S = salini ty

D ,D ,D = eddy d i f fu s ion  coeffic ients  of salinity in x , y
X y Z 

arid z directions

p constant reference density

= departure from ~ depending on salinity

111. For a more gerieral constitutive equation , a density depend-

ence on temperatur e s-as well as on salinity would be requ ire’ ul . Thi s

more general formulation would requi re an additional equation governin g

the energy  balance for the system . Diffusion equations for the various

otbn”r :;uhi .;tances of interest would also be required . The ac t unn ~ m s - u s - s - r i —

cal si r ul at ion of the t in ree—dimens iona l  flow problem in  t h i s  model i ns-

‘ s - - c i : ; i d e r n t b l y  r n ’ s - r u -  complex than for the previous models that have been

con sidcre l . Fewer simp li fica tion s of the basic equation. ; are made , and

tine n’ e su l ti n i g mo (iel is h i gb n l y  nonlines-in- with the accompanying d i f f i —

culti ens - of’ formul s- u ting, the nornlinear terms .

112. The I- n i; ic s - L p h s r s n - a s ; h  in th e layered model is to v i n - s -,iu i l i  ? , u ’ the

flu i i r n - u t  ion in horizon tal slices . Witinin each horizontal slice the

equ at i s - r i ; ;  are integ ra ted over t,he - tu e-i  gist of t , b n s ~ layer to obtain s-it s-my
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h o r i z o n t a l  pos i t ion  depth—averaged f lu id  properties for the s l i ce .  For

any ;;lice , tinis approach is essentially identical with the two—

- l i m n e r n n s - i onal le~~th_ avur ageu1  model formulation. The layers are not inde-

pendent , howev er , sinc e there is an exchange of mass , momen tum , s-m id

salinity between layers. The air—water interface is the boundary for

tine system ’s upper layer , and the bottom defines  the boundary condi t ion
for the bottom layer. At these boundaries the mass and salinity fluxes

s-are zero. C - s - s l y  mome n tum is  t ransferred , at the surf ace as a dr iv ing

force by wi nd and at tine bottom as a dissipative e f fec t  due to f r i c t i o n .

113. Figure 25 shows a sample layout of the vertical grid. The

:ur f a c e s  z = z k = constant are levels separat ing the various layers

of thickness h
k - The thickness h

1 
will generally vary in spac e and

time due to wave action . The intermediate thicknesses are constant over

the region while the bottom layer will vary wi th  x and y acco rding

to the prescribed bottom topography . Tine number of layers will vary

from one po sit ion in the horizontal plane to another depending on the

depth.

1114. The governing equations are integrated over the thickness

of the lay er in the same mann er as was worked out in det ail previously
for the two—dimensional depth—averaged models. The momentum equations

for the kth layer become

k—1 /2 k—l /2  k— l/2  k— l/2

J ~~~ d z +J

’ 

~~~~( u u) d z +f  ~~ - (uv) d z +f ’  ~~- ( u w)

k+l/2 k+1/2 k+l/2 k+l/2

k — i/ 2  k—l/2 k—l/2r r r f a T  aT

- i s — I  fv dz + I ~~-~~~d z — I
J J p D x  j  p~~~ax ay as,

k+~ /2 k+l/2
1~~

and
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I
k—1/2 k—1/2f j~ + f  ~~ (uv ) iz f  a

+ — (vu ) r lz
ax ay

k+1/2 k+i/2 k+1/2

k—1/2 k—1/2

(vw ) dz fu dz + iz

k+1/2 k+1/2 k+1/2

k—1/2

1 ~~tf  
~

— ~~~~~~~~~~~~~~~~~~~~~ o

k+1/2

or d e f i n i ng
k-1/2

k _f ( )dz (117)

k+1/2

The equations can be written in the form :

<U>  + <uu> + —p- <uv> + (uw) - (uw) f <v> + L~ <~~~~ >

k+1/2 k+.1/2 
~k 

ax

1 xx 1 xy 1 xz xz
_

~~~~ — <  > — — 

~~~(Tk_1,2 
— T

k+1/2)
_ 

~

and
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$ <v> + <uv> + <vv> + — 

~
‘
~~ k+l/2 

+ ~
‘ <U>

+ - — — L z 
- 1

y z \ =
‘~k ~ 

k—l/2

thwhere is the depth—averaf~ed density for the  1< layer.

115. some approximations are necessary at this point . The second

and third terms represent integrals of products of velocities. These

terms are replaced by products of integrals .

k—l/2 k—l/2 k—1/2

<uu> = j~
- Jt’ 

uu dz ~~ 

~ 
[~ J U dz U dz]

k+l/2 k+l/2 k+1/2

~u> <u>] (118)

~ir ~ila rly

~(uv) 
~~~ 

(
~ <~~> <~~>

~y~~ h

~(uv) ~ 
(1
1 ’ — <u> < v>)3x ax ~~~h /

and

a ( v v ) ~) fi— — I — <v> < v>
~Y ~y \ h

The ‘I~ ns i ty i~ considered to vary only W I t h  liurizontal ~~~ iti in vi thin

~~~~~~~ The d ir r e r e n t i a t i o n  ~tr ~~i i r i t e ~~r~i t ,  i r ~ fr ()ce ;~~~ are taken
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as interchangeable in the momentum diffusion term s and are approximated

by:

a T xx a
< > ~~~~~~~~~~<T >ax ax xx

at
z <t >ay ay xy

(119)

at
<T >ax ax yx

at
<t >ay yy

116. In integrating the hydrostatic pressure variation across the

layer

k—1/2 k-~1/2J ~~~dz +J
k+1/2 k+l/2

approximations must be introduced since p and p are not defined at

the interface between elements but at the center of the elements.

Therefore

k—1/2f
k+ 1/2

can be approximated by:

9~4



k k— i

thwhere is the  1ayer— aver :o ~i i  pre:~sure of the k layer and

k— 1/2f
k+l/2

is approximated by

+ 

~
) [
~ 
(hk 

+

The same principle is extended to represent all the interface values of

dependent variables as the two point averages of the adjacent layer

values for the same variable ; for example,

U
k+l/2 = ~~ (vk + v

k+l) (120)

where U
k 

is the layer—averaged U—component of velocity.

117. From the hydrostatic pressure variation an expression for p
can be obtained :

+ pg = 0

p dz + f ( x ,y)

or simply

p fpg dz
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t 1~ v ar i~ i t  i on  in •it:r~~~ j h ( r i c  pressure over the water body is

t i  . A )I:in ~’c’ iu ~r~~’ ~ur~’ at a i ~i r t , icular locut can there  ~~r ’

occ’l r t~’ ~i r~ . uit of an f l ’ t c t i v ~: c h t n~ e in l e j i b  (~~1 r~~e in 1 ) (
~r a~

~i r~~:~~ i t of t ‘f ’ir ia ’  i n  i n  d e n s i t y .

i i  ~~. T}:e h~~r i  ‘. nn t ~ t I  ~ ~~; 1L re ‘r~t 1 ~~erit . term for tI~ upper layer

:~ l r x i  ~ it’ 1 by:

___j_ = ~~~ + 1
~~-h —i

ax ~~~~~ 2 lax
(121)

a ”
—1 gp 1~-+~~-gh —i-ay la y 2 lay

The pressure gradient for the other layer s is given by

a~ a~ a ”
k k—i ~k—l/2= ax + ~h~~ 1/2 ax

k = 2,3,” ,B

( 122)
aP k 

— 
k—i aPk l /2

- ay + ~h~~ 1/2 a y

where the total number of layers B is a function of local depth.

119. When the continuity equation is integrated over layer k

k—l/2f 
(~~~

+~~~~+g)dz = o

k+l/2

or
k—1/2

W
k l / 2  

- Wk+l/2 +f (
~ 

+ ~v) dz = 0

k+l/2
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Intere liangi ri ’~ t h e  d i f f e r e n t  ial and intet~ral operators

k — l / 2  k— l/ 2

- W
k l/p  + f J u dz + f f v dz = 0

k+l/2  k+l/2

for a particular layer gives

- W
k+l/2 + <u

kh k
> + }— <v~h~> = 0 ( 123)

At the bottom w = 0 ; therefore

= 

~~~~ 

[
~ 

(u
1h1

) + ~~~ (v
1

h
1~~ (l2~ )

At the water surface w = ac/at and therefore

~~ + [a(~ 1u~
) 

+ 
a(h

1
v
1)1 = 0 (125)

reflects the free—surface condit ions .

120. Horizontal momentum di f f u s i o n  terms are expressed as gradi-

ents of Reynolds stresses evaluated by means of eddy viscosity coef-

ficients

au
T = A  —

xx xx ax

au
r A —

xy xy ay
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av‘r = A  —

yy yy ay

(126)
av

t A —

yx yx ax

These terms are further approximated by assuming only a single eddy

viscosity coefficient characteristic of the u and v components of

velocity , i.e.,

au‘t = A  —

xx x a x

(127)
au

t = A  —

xy x a y

av
‘r = A  —

yx y a x

av
t = A —
yy y a y

121. The final governing equations for the kth layer are

k (hu) + 
a(huu) 

+ 
a(hvu)

ax ay 
+ (wu ) k . l / 2 

— 

~
‘
~~ k+1/2 

— fhv + 
p ax

11 \ a ( h A  -~~) a(i~ ~~)
x ax 1 ________ = ~ (128)

~S xz/k+l/2 
— 

~~ 
- 

~~~ ax 
- 

~~~ ay

(hv) + 
a(huv) + 

a(hvv ) h ~~+ ( w )
ax ay k—l/2 

— 

~~
‘
~ k+l/2 

+ fhu + 
~ ay

x a x  i y a yT ) ‘~ i 1 
a(hA ~~) a(IiA ~~)

yz 
— ( ~~~ 

t
y7j 

— 

~~~ ax 
— 

~~ ay 
= 0 (129 )

k+l/2 /k—l/2
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( ,\  ,
~( (-.‘\  O~ ,UL)

~ ,~~ 
Ø \ U U ~. /  a~ i1vo , , .~~ I ,.\ x axUt. / + 

ax 
+ ay + 

~
wb /

k l /2 
— kW

~
1k ÷ l/ 2  

— 
ax 

—

a ( hD .L) E ,  \1 ,
— ~ 

ay + I K t ~~ ) I — K 1’~~) = 0 (130)ay [ ~az/jk+l/2 \az,k l/2

where T and t are the x— and y- components of in ter facia l  shearxz yz
stress. At the bottom

- + 
a(h1v1)1 (131)

and at the surface

~~ ~~~~~~ 

[a(
h~u1

) 
+ ~~~~~~~~~ (132)

122. The boundary stresses are handled in a conventional manner .

At the bottom the stress is related to the Chezy coefficient C

r2  2
P~~ gUy u + v

t
Bx

_

(133)

/ 2  2
~ B 

gv~~u + V

At the surface the shear stress is formulated in terms of the quadratic

law,

J 
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2
T = PC~ u ( l - ~L 4 )

mean wind speed

123. The equation of state is taken as

p0
p = ( 1 3 5)A —~~

p

While A ’  can be expressed as a function of both temperature and sa—

u n i ty , p is considered to vary only wi th  sa l in i ty  w i t h i n  th i s  par-

ticular problem formulation .

l2~4. A space—staggered grid was selected for the finite difference

representation of Equations 128—132. The grid structure is shown in
Figures 26 and 27.

l~ 5. Because of the nonlinear nature of the problem , the finite
differt~nce formulation is complex and cumbersome. Sum and difference

operations are introduced as an aid in formulating the finite difference

scheme . For an arbitrary variable

F F (iAx , jAy , kAz , nAt )

The following sum and difference operators are adapted for representing

the funct ion at (1 , j ,  k , n)

= F [( i  + ~ )Ax , jAy , kAz , nAt i

+ F [( i  - ~~)Ax , jAy , kAz , nAt l }  (136)

6 X
F’ = ~~~ {F[(i + ~~)Ax , jAy , kAz , nAt ]

— F [ ( i  — ~ )Ax , jAy, kAz , nAtJl (137 )

100



Y
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j 4. - + - +

I I I
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1+ 1 ~~ x

Figur e 26. The location of u (—), v (1), and other
parameters ( + )  in the space—staggered g r id

1~ x (~~sr)

— 
~~~~ p —

~~~~~ ~~ ,~,.::::/‘~ 
3.’2

7~~~p,S,p ~~~~

~~~~~~~~~~~

— — — —  — — z5,2

x

E’igure 27. Relative position of the variables in the model
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~irni1ar oper’it .  e:i~~ are le I i  ned for y , z and t . The ~~ ee I ‘ii
: t t  ~~~n i t r e l  t ’ nt  sh i r t  hi~’ t ime  ievei~ i~

F~~ = F [ i  Ax , j A y ,  k Az , (n+ l ) A t ]

F = F [i Ax , j  Ay , k Az , (n—i ) A t ]  (138 )

i?h . The finite difference 
~I proximations of Equa t ions 128— 132

w~ei for inte,~ration become

= - 

~~ ~~~~~~~~ 
+ o (~

Y
v)] . . (139 )

at 1, 3,  n

= - ó~~~~ u~~~ ) - 6
y
(~~ v~~~ ) - ~

Z
6(~~

z
~
X
)

+ f~x~ xY 
— j:.~.. ~~~~ — ( ~L + ~~~~~~~ t xz ’

\-x x — xz  - 

Jk+l/2 \~~~XZ — 

Jk-1/2

x / —y 
~~~~~+ L lo (~~

XA 6 u~ + 6 (~~XA 6 ul I ( ]j40)-x 
L X\  X x J y yjj

at I + 1/2, j ,  k, n

6
t
(
~~

’v) = — 6 ( ~~
X

1,1 
_x

) — 6 ( ~~
y 

~~~ — ~Y 6 (
_ Z~ Y )

- fh
y_xy 

— 
i
~~~

y
6 (1 Y z ’

~ +(~__ T
YZ

~-y y ~~-yz - J  ~ -yz - Jp 
k+l/2 ‘~~~~ k+l/2

+ 
~~~ [o~~(~~~~~~~~

6
~~v) + 6

y(~~
YAy 6 v) ]  ( i~ i )

at I , j + p, k, n
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= - 6 ( ~~~x~1~~X
) - 6 ( h ~ v~~~) - ~~Z 6 ( ~~~~Z

)

+ ~ ~~ 6 + 6 (~~
‘D 6 + ~~6 (ko s) ( 1142)

X\ ~ x x )  y\, y y j  Z z —

at I, j ,  k, n

These f i n i t e  d i f f e r e n c e  equa t ions  in the  compact no t a t i on , wh i ch wo~:

u~~ei , have the same appearance as the d i f f e r e n t i a l  equations .

127. The iere~i ty i s comput ed w ith the equation of state as follows:

( A  ~~
0
o p ~~~ at 1, ,~~~, k, n + 1 (1143)

128. The following finite differenc e equations are used to compute

derived vari ables:

= — 6(~~
x

) — 6(~~ v)

a t i ,j, k, n + 1  (i1414)

6x
1) = g(~~

X 6 r ,) + 1/2 (~
x
6~~~)

at I + 1/2, j, 1, n + 1 (1145)

ó
yP 

= g(~ Y6~~~) + 1/2 (~Y6~~ )

at i , j + 1/2, 1, n + 1 (1146)

6 (6 P) — g

at I + 1/2, j, k + 1/2, n + 1 (1147)

ô
z
(6
y
P) = g

at i , j + 1/2, k + 1/2, n + 1 (i148)
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u:~iary stresr and inter—

~~L L ’ i a i  ~tre ss term formulations

~~~ At the sur face , the strur:~ t erm can be compu ted from

(-.L. T
XZ

~ = ~~ w
2 sin ~ at i + 1/2, ‘i, 1, n (lit ’))

y
XZ — 

/ k-.1/2 —x a

(—L.. ~~~~~~ = C~ —~ w
2 

cos ~ at i , j + 1/2, 1, n (150)
~—yz — 

/k—1/2 —y a

where

= resistance coeffic ient

p = atmospheric density

w = wind speed at 10—rn level

• = angle between wind direction and y—axis

Similarly , the stress term at the bottom (in layer B) can be computed

from Equation 133.

r ,l/2
i 2  -xy 2

/ 1 xz\ Lu_ +(v
~~ 

)k+l/2 
- 

(~
X)
2 (151 )

at I + 1/2 , j, B, n

r
I —xy 2 2

gv (u ) + v
(— yz~ 152)
~~ —yz T J k+l/2

at i, j + 1/2, B, n

1~Ih . ~ince estuary motions are mostly turbulent, the effects of

eddy viscosity play a significant part in controlling stresses between

adjacent layers with different velocities . Mass and momentum transfers

are the result, and these transfers tend to equalize relative ve’ocity

differences in both the ~Lateral and the vertical directions . If the
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quadratic relationship between the interlayer stresses and the velocity

di f fe rences  is assumed applicable , the followin~ expressions for the

interlayer stresses can be used .

~~1/2( 1 x z ~ = v ( 6  u ) J  (6 u )2 + (6 -XY )2j ( 153)
—X Z  — 

/k+l/2 
— L z — Z

at I + 1/2, j, k + 1/2, n

1/2
(—i-- ~~

‘
\ = v(6 v ) [(6 

-X?J)
2 

+ (6 v )21 (1514)
~~—yz  — 

Jk+1/2 z — L z — z — j

at i , j + 1/2, k + 1/2, n

where v is the coefficient of interfacial friction .

131. The equations used in the numerical integrations are second—

order approximations in time and space, except that the evaluation of
the momentum diffusion by use of Equations 153 and 1514 in Equations 114 0

and 1141 is not central In time , but at a lower time level, since other-

wise the computation would become unstable . For the same reason the

di ~~~er~~ion term s in Equation 1142 are taken at the lower time level.

132. In describing the progress of the computation , it is assumed
that the computation has progressed to a time level n . At this time

the velocity components u and v , the salinity S , and the pressure

p are all determined for each point of the grid and available for

computation . These variables are also available at the previous time

step n — 1 . The water levels are available for computation at time

level n and n — 1

133. At the boundaries of the water body to be computed , all

dif fus ion  c o e f f i c i e n t s  are zero , as are the veloci t ies  perpendicular

to the boundary . In this manner , no mass fluxes or d i f fus ive  transports

of salt will result . The boundaries of the horizontal layers also

sa t i s fy  a no—slip  boundary cond i t i on .

1314. With this information , the prediction equations 139—1142 are
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used to advance the computational f ield of c , u , v , and ~
For the evaluation of the boundary and interfacial stress terms in these

equations , Equations 1149—1514 are u~;cd . These are all explicit oper-

ations for each of the variables resu l t ing  in computed valuer of c
u , v , and at t ime  level n + 1

135. Subsequently , the vertical velocities , the densities , and the

Ir~~’~urer required for the next step of the integration are computed.

For the ver t ica l  velocity , Equation 1143 is used , startinr at the oottom

layer and proceeding upward with the computation . In this manner the

vert ical  veloc i ty at the lower interface is known , and the other verti-
cal veloci ttes  can be determined explicitly.

136 . The density for each grid point can be computed by using

Equat ion 135 from the sa l in i ty  data now available at t ime n + 1 . As

water levels and densities are known at time level n + 1 , the pressure

gradients in the x and y directions can now be computed by using

Equations 1145~ 1148. In this case , the gradients at the surface layer ,
and subsequently the other layers, proceeding downward, are computed

by using Equations 1145 and 1148. In this manner the horizontal pressure

gradient in the upper layer of the two layers involved in Equations 1147

and 1148 is known , and the horizontal pressure gradient in the lower

layer can be determined explicitly .

137. The computational cycle is now ready to be reported , and ~
u , v , and S can be computed for time level n + 2 , as all vari-

ables are now determined for time level n + 1 . To start a compu-

tation , information at two time levels is required .

138. The model was initially applied to several simple cases to

test the computational procedure. These test cases were characterized

by an increasing complexity in both boundary geometry and hydrodynamic

behavior of the process. These test cases included

a. A seiche oscillation in a rectangular basin (density
constant) .

b. Wind—driven circulation in a rectangular basin with wind
direction along the axis of the rectangle (density
constant) .
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C .  Wind—driven  c i rcu la t ion  i~ ; a rec tangular  basin wi th  a
diagonal wind stress (dens i ty constant).

d. Wind—dr iven circulation in a rectangular basin with a
density gradient .

e. Wind—driven circulation in Lake Michigan with a constant
density .

The model results for the test case appear reasonable and verify the

general operating principles of the model . No attempt has been made

however to simulate real events using observed field data. It should

also be rioted that no model results are indicated for the general prob-

lem of variable geometry , variable topography , and variable density .

Work on this model is still progressing . To make the model applicable

to engineering investigations , the following development work is recom-

mended :

a. Formulate and develop the computational code for bounda-
ries , such as those that occur at the bottom , s ides , and
the seaward ends of the model , based upon reali st ic
formulations of the local physical processes and
conditions .

b. Investigate the transfer of energy from one frequency
range to another in the model by analyzing properties of
the finite difference scheme and by experimenting with
di f fe ren t  formulations of the advective terms in the
equations of motion.

c. Develop methods for graphically representing results.

d. Incorporate the transport of heat in the model, together
with the interaction of temperature distribution with
the fluid flow.

139. This model presently provides for a variation of density only

with salinity and thus is not directly applicable to Lake Erie as a

variable density model . It could be applied to Lake Erie as a three—

dimensional constant density model. The other alternative , as far as

application to Lake Erie, i s to introduce the energy equation and con-

vert the model to treating density as a function of temperature if a

variable density lake model is desired. The author indicates that this

modificat ion is presently being i nvestigated .
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~ude1 of J. Paul ,
W. L i c k ,  tr i l B. T. dedney

l~.0. A tim e —del eri lent . , t h r ee—dimens iona l , viscous , v a r i a i 1 j —

i d ;  it y , h ” a t — c o n d u c t i ng  model is p rer en tly  being developed Ly .1 . Paul

in I ~~~. Li .k  of f l e a ’  Wi .’~ tern  Reserve U n i v e r s i t y  and R.  T. ( P r i n e y  at

~‘i~~ior ;t l  A er on au t i c s  and Space Adm inis t ra t ion  ( NASA ) Lewis Be: e t r r h

fl ’ri ’ er . ‘IIi ~ model is not ye t  completely operational ; however , it i .~
exten;i  ri of an operat ional  model for thermal plumes and r iver d i s —

Th’tr ’es I vel ped by Pau l and L i c k . ’ The thermal plume and r iver  dir—

r i i i r ’ e model war; developed for studying the near field surroundinfi the

i i ~.t of’ liselia rge of a river or power plant discharging into a body of

U t t e r .  A r i L i c a t i o n  of the  thermal plume model required es tab l i sh ing

r~~ putal i r r i a l  l i m i t s  in the body of water to which  the plume is being

i j s r h a r - i  and ‘il i r op r i a t e  boundary conditions on the computational

f u r i I ’ t r i e ~~. In the  new model , the plume model will be coupled wi th  a

Ien. ;ity  rn del for a freshwater lake to allow the entire lake

a : 1  th~ iwn ta i n t e r a c t .  Changing lake condi t ions  will  then be re—

fli~~ ” 1 in an appropr ia te  change in the plume .

1141. The formulat ion for the lake model is not available at

i r’ ~~ n ’ ; 1’ i t t , however , be consis tent  wi th  the thermal plume model
wta r ’ t o e  t w rolut,jons are meshed together. The actual model formu—

la t i or  i. mor~ in io l v ed  than any model discussed previously in  th is

rt Ii ~ t~~ the introduction of an energy balance equat i on .

1142. Whi le  the complete formulation of the model is not available

at prerent , the t iume model will be discussed as illustrating some of

the methods and techniques required in the model. The governing equa-

tions for the plume model are derived from the time—dependent , three—

dimensional equations of motion for a viscous , compress ible, heat—
conducting fluid with a linear stress—strain relationship.

1143. The time—dependent , three—dimensional equations of motion

for a viscous, compressible , heat—conduting fluid with a linear stress—

strain relationship are a : follows :
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( l55a)

— a~ — — a~ — a~ a~ a ,— a~ a — a~ a — a~p (— + u — + v —~ + w —‘) = - + ~~~~~‘ I, ~
j -‘

~~
‘) + — I, p ~

—) + — pat Dx Dy az ay ax Dx ay Dy az az

(15 5b)

— ,a~ — a~ — a~ — a~ aP a — a~ a — a~ a —+ u + v + w 
~~

) = - ~
— + 

~~
— (

~ ~~~~
) + ( p  i—’) + ( p

( 1 5 5 c)

+ (~~ j )  + (~~ ) + }~
.. (~~~) = ü (156)

— a~ — a ~ — a 1 - a ~ ~(a~~— aP - aP — a P - a P
~C (— —  + u -

~~~~ + v — + w —P) = — — —~ ) P (— + u — + v + w —‘)
p at ax ay az e DT at ax Dy az

( 157 )

p = B ’ ( T )  ( 158)

where
P = den s i t y

p = il arlute viscosity

C = specific heat at constant pressur e

T = absolute tem perature

k = thermal conductivity

• = heat d i s s i pat ion

= heat source and/or sink

B’(T) = equation of state

Note that
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= ~~~~~~~~ (
~ui)2] i , j = 1, 2, 3
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=
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=

x
3 

= z

The dens i ty  is taken to be dependent only upon the temperature.

11414. The geometry of the plume is shown in Figure 28 where b

and h are width and depth , respectively , of river discharging the

plume. In obtaining the governing equations for the plume model, the

following assumptions are made :

a. The pressure is assumed to vary hydrostatically , and
therefore

ap
= pg

I. The rigid lid approximation is made, i.e., w(z 0)

c. The Boussinesq approximat ion is made. This approximation
assumes that the densi ty  variations are small and can be
neglected except in the gravity term .

ci. Heat sources and/or sinks in the f lu id  are neglected .

e. Eddy coefficients are used to account for the turbulent
and molecular diffusion effects in both the momentum and
energy equations. The horizontal coefficient is assumed
to be constant , but the vertical coef ficient is assumed
to be dependent on the local vertical temperature gradient .

f’. The variations in the bottom topography are assumed to
be gradual.

All of’ there assumptions except d and I’ along with their consequences

have been discussed previously in connection with other models. All

heat inputs and outputs to the model are assumed to occur at the

boundaries of the model . As a consequence , heat transfer by radiation
to the water is treated as a surface heat flux .
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1145. Paul and lick l rer~ ute i in :t l r v i u;; rudy 27 f b i  t’ l lew i

l e t n i  led mathemat ica l  l e a c r i l t  ion of t h e I r  p l u m  m o d e l .

The present  n urner i~~t 1 mo ld all y :; v a r i a t i ons  in

the  depth of the b asin  w h i c h  the  it , fa il discharge;;

in to .  A s tandard n u m e r ic a l  i rocedur e to f i t  the

var I able depth in to  a mol d  is to vary t ij i  riu inl i: r’ of

vest  ical po in ts  in the  computat  i an ti s e r b  accord i n ’

to the  local dep th .  
[p8 1 A r e t ::: I ngly more c inn i I ~‘;t t .ed

pr c edur e , al though a lot si m~ let ’  in ml y ; , ~ n ~peCt S

is to s t r e t ch  t h e  ve r t ica l  c o u r i in a t e  w i t h  r e : ; r e t  t i

the local depth.  The equation. are ti’ s ;  t ’ r r i

:i.;cord ing to

X ~~~~~ X ,

y 4-* y ,

0 ‘i—’ z/h(x ,y ) .
The equations to be solved are more compiici i.c’I look-

ing because of the appearance of the iepth in  the

equation, but they are solved for a basin of’ constant

depth in the transformed system . This greatly reduces

the programming complexities of the model and makes

the inclusion of depth variations simpler.

The assumption of gradual variations in the

depth allows a reduced form for the t ransformed

diffusion terms to be used . The transformation used

is not conformal and so the transformed diffus ion
terms involve cross—derivatives of the spatial

coordinates. The terms containing derivatives of

the depth are neglected w i t h  respect to those term s

containing only the  depth .  This approximation is

used in meteorological problems when topographic
[29,30 ]

variations are included .

The resulting system of transformed equations ,

in nondlmensional form , are the following :
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= r (AT)

0 = z / h ( x ,y)

II = - ‘
~~

-
~~~~~+ v I~L~1 =h L Dx Dyjj It.

where
U V

U = ~~ , v =
U Uo 0

wb -
a x

w = —
~

j —, x =

0 0  0

~ b ’ Ii ’
o o

PRe ____

2’ A p =
p gh Fr

T _ T
E 

tA11
- T ‘

E b
A

kb
2 

u
Ro = , Fr =

A. u b
ti 0 0

H

p = 
~
(TE) and

u
0 

= reference velocity ,

b = horizontal reference len gth ,

h = vertical reference length ,

= horizontal eddy viscosity ,
= vertical eddy v iscos i ty ,

R
H 

= horizontal  eddy d if f u s i v i t y,

By = vertical eddy d iffusiv i~~y ,
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TE ~
u iujlit~ ’ium tempera ture

k Corio l l r  par imi ter ,

f( ~T) e lu ;i t i c : :  of :;tat e and
( )  = refers  to dimensional  quantity .

The equi l ibr ium temperature is def ined as the

temperatur e at the  surface  for which  there  is no heat

trans fer.

The conservat ive form of the convective terms

is used as th i s  ha s been found by Arakawa [3l 1 to be

advantageous for numerical computations . The density

is taken as only a function of temperature. The energy

equation is nondimensionalized in terms of temperature

differences. The effect of round—off error will be

less in the evaluation of the derivatives if the dif-

ferences are used.

The rigid—lid condition is difficult to apply

in a numerical solution of the above system of equa-

t ions . To al leviate this  d i f f i c u l t y, an addit ional

equation , a Poisson equation for the pressure , which

contains the rigid—lid condition , can be derived .

This is accomplished by taking the divergence of the

vert ical ly in tegra ted  hor izontal  momentum equations

and using the vertically integrated continuity and

hydrostatic pressure equations. The Poisson equation

is

DP apa s a s a— h — + — h — = — h —Dx Dx Dy Dy Dt

( b \~ D (1 Du’
\ (i au4’

\h ) Dx \h 
‘

~ Do) \h 
‘
~
‘ Doo o=l \ o 0

I F
\~ D (1 Dv’\ (1 Dv”\

+ 
~~~ou’ ~~ ~°1o l  ~¼h D~)o O
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(7
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~~

- 
}— h Dy 

+ 
~~2 hf L~iP Jo — 0 ~~ Ai)] do

- ~~ hf [Re(~ 
~~~~ + 

~~~~~~~ 
+ - Rou - h

0

Ap do -

The t erm P is the integrat ion constant resul t ing

from the vertical integration of the hydrostatic

pressure equation and is the surface pressure , i . e . ,

t h e  pressure at the surface z = 0 . It is a func tion

of both x and y . This surface pressure can be

in te rp re ted  in terms of the equivalent he ight  of

water above or below the surface z = 0 required

to provide the prescribed pressure. In this way ,

surface displacements  of water , neglecting gravity

waves , can be compared between this rigid— lid model

and the equivalent free surface model.

The vertical velocity at the sur face z = 0

has not been set t o  zero in the r i g h t — h a n d — s i d e  of

t b Poisson equation for the surface  pressure. This
[32] .is  because a eorrec’tive procedure i s  u~ e i  in ~he
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u:; : ‘; I sol i t i i :  to 1 i n i ti at e ac ’ w n u i ; t t i v e  error

1:1 t sati ; I i ’ I ire 0 f ti e c l it  iOu  i f ~ r i  I i o r : .

Tue t’ ll wi ris t o i i r : 1ar~/ condi t i o n : ;  it ’ ii:;’! with

t b  ‘il eve ;yst i n :  of r lu:t t ioni :i

u = g1(y,z )

R i v er  eii t f low v = g ,(y ,
AT = g

3
(y, z )

u =  0

v = 0

DA T 
0Dn

u 0

v =  0
Bottom

w =  0

DAT 
0D z

Du
Dz wx

Dv
D r  wy

~ur f a c c

FiATDz

w =  0

Outer Boundary

e i ther  Dci— 0  or u f
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Dv
— = 0  or v fDn 2

or AT fDn 3

i ressure Conditions

Dn = in tegrated x or y momentum equation ,
specify pressure level at one point .

The funct ional  forms g1 , g2 , and g
3 

are
the spec if ied velocity and temperature profiles across
the river outfall. The bottom and shore are taken as

n o — s l i p ,  impermeable , insulated surfaces . A heat

t r ans fe r  condi t ion  proportional to the temperature

d i f f e r e n c e [3 2 ] 
and a wind—dependent  stress are imposed

at the surface. The normal derivat ive pressure boundary

c or i l i t i o r i . ;  are derived from the appropriate vertically

integrated momentum equation . The pressure must be

specified at one point to make its solution unique .

The boundary conditions applied at the outer x and

y boundar i es are either that the normal derivatives
of the velocity and temperature are zero , or that the

veloc ity and temperature are specifi~~d.

1)411 . The general arrangement of variables in the grid system for

the plum e model is almost identical with that used previously by Paul

and Lick.
2 

The horizontal velocities are defined at integral nodal

points , the vertical  velocity is defined at half—integral nodal points ,

the temperature is defined at half—integral nodal points in the hori-

zontal and integral nodal points in the vertical , and the surface pres-

sure is defined at half—integral nodal points in the horizontal . Fig-

ure 29 indicates typical horizontal and vertical grid sections arid

shows the relative positions of’ the various variables . For the deri-

vation of the finite difference equations , variables are sometimes
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re lu i red at point: where they are not defined . In tIe :;i circumst’ie;es

t1~ unde I’ I ne) qi tant i ty  is taken a:; the si ap I •~ avi ‘r i d  of the n i t  i gr bor i r g

val; ie: .

l~t ( .  The i’:uJ er explicit time reheat is us a! ex.lu: ; i ’i e 1:j in the

I resent model in w h i c h  the  t ime d e r i v a t i v e  is w r i t t e n  ‘is a s i r s i l i .  i ’ r

was ) t ime  d i f f e r e n c e  and the rest of the equa t ion  i s  evaluat.e ’d w i t h  the

i r viously calculated values .

1148. The following scheme is used for the soluti n: of the differ-

ence equations for the plume model :

a. It is assumed that values from the previous time step are
available.

b. The surface pressure is calculated w i t h  the r igh t  side
of the equation evaluated from the previous t ime  step
values.

c. The temperature is calculated by the explicit time
scheme .

ci. The density is calculated from the equation of state.

e. The horizontal velocit ies are calculated by the explicit
t ime  scheme.

f .  The vert ical  veloc i ty Is calculated by vertically inte—
c r a t i n g  the continuity equation from the bottom .

~~. The present time step is now complete.

At each time step the Poisson equation in the surface pressure has been

solved. This is solved by the alternating—direction—implicit (ADI)

method . 33 ,314

11:9. After the temperatures are calculated by the explicit tine

:;cheme , they ‘ire checked to see if static stability is satisfied , i. e.,

if the tersr eratures decrease monotonically downward (assuming that

dens i ty  increases w i t h  decreasing tempera ture ) .  When a s ta t ic  in sta-

bil i ty is encount ered , an infinite m ixing procedure is used . This

procedure merely averages the temperature over an unstable region .

150. The thermal plume model has been applied for the Point Beach

Power Plant thermal outfall and for the Cuyahoga River entering Lake

Erie .  In the v i c i n i t y  of the inlet , the grid spacing is constant , then

increases with distance from the inlet , and finally becomes constant Iii

each direction. Such a j’rid system is used to lick U~ details of the
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flow near the inlet where  pi;intitit’s change rapidly and f~~ a v o i d  an

excessive number or ’ point s away from the i nlet where quantities are
changing  much more s la wJ y  . ‘on: ’, t ; i n t  sp acing  is user! in the v ’rt , I cal

dir ection .

151. The ver t ica l  eddy coefficient is taken a;; dependent. in the

local vertical temperature grodient (DT/Dr). The actual form used is

similar to that used in an applicat ion of the numerical model to t i11

wind—driven and thermally driven circulation in a small pond .~~

A = a — ~~~~—v Dz

where a and ~ are constants  dependent on the local condi t ions  of

the problem. The constant a is chosen so that in the absence of
temperature gradients , the eddy coe f f i c i en t  is equal to that which would

be used in a constant eddy coef f i c ien t  model .

152. The stress acting on the water surface due to the wind is

calculated by the formulae developed by Wilson. 2 These formulae have

been used successfully in numerical calculations of wind—driven circu—
22,23,35lat ions in lakes and smal l ponds.

153. The results obtained from the plume model for these two

indicated applications appear reasonable; however , no comparison with

prototype data is available . The complete lake and plume model has not

as yet been applied to any actual physical geometries .
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PART V: FIECOMMFNDEIJ HYDRODYNAM I C M( I)I 1~

f l t r ’  si

i L . i n ’ : ’  a r i i ~~w of avai lable l it ,er at .ure , accurate s torm surge

: u rf t ’~~~~1’ V t  l o r i s  i n :  lake s  apparent ly can be obtained from the two—

1 IS : l i i ’ I arsti j e 1 t ;~~~t v e n ’ a g t l models if a f ree  surface boundary cond i t ion

1: used . Tm ’ hydrodynamic q i’&:i tities other than surface elevations are

len I r~’ ! , } owr’v~ r , t h e  w a — l i s t e n  i j n ia l  s torm surge model is of l i t t l e

use t e l  t ! : r e t — i l : ;  ‘ l i d  I ‘;t~il s l”l s must be used . The changes in ci rcu—

l i t :~r~ l i t’ ‘ r’r i : :  l r’ o i u c e l  by s t ruc tu res  can be obtained only fret ; th ree—

l in ens  ional n ; :odt ’ls

L5.  The t h r e e — l i n e r s ; i o n a l  models are usually more expensive to

cu r a t e  than the two—dimensional models. This expense suggests the

use of two—dimensional  models in the preliminary storm surge calcu—

J’ tion;; followed by a J1 l i ’ ;t t ion of the three—dimensional models for

final detailed analyses .

156 . Several rat isl’aetory t w o — d i m e n s i o n a l  s torm surge models w i t h

a free surface condition are available. The three—dimensional start
03

;;urge mcleI ieveloçed by lIaq , L ick , and ~ heng appears the most  p r o m i s —

irig of a l im i t’ .! number of th ree—dimens iona l  malt’.! s ‘te l s h o n i l  he ‘iv’ & l i-

able in a matter of’ months with initial al! Iicati .ni t~ rak~ Erie m’or

storm Agnes .

Wind— Driven C I r; ic a’ I r n

157. The two—di nnen riurr il m a i l :  m c  ‘;i e v . n ,  u t ’  1. .~~~“i1 j r t ’

mat ion ra laf i v ’  to l ike c i r c u l a t i o n . The veleci’  r ’ !L’ ’ I n i t ‘ti ni ’

from the two— I imens i onal mode I : ; a r ,  in f n ’ ’ . i rig n , t n t  a r ’ ‘ , s iT —

t a t i ve  manner . The .!€‘tai~~ ’d hydro l y n ; i r : i ’  v;jr ;,t i t ’ : ;  n ” ’ , r ’’.: ‘

mine the complex ‘ tt ’L e i t .:/ st r u ’t ir ’ , in a b k ’  ‘‘ui I t  ‘ *j nt ’ l r i i ~~ f rt ”

a t l i r t t ’ — l  i ry : i ’ni ; ; j on al  m l i i

l5~:. The t lir ’ne—dir;.t n i :’iorial ous t’ 1 ‘ I  s 1’ 1:; n ;, ‘ ly t v ’ s :  I a !  ) e ’

and in the lt ’v I !olmt nl t st ’ 1, ’ by r. ~i }t r ’ L i i ~ an. ! ,. s i c I ’ t ’ es ‘i’



Case Western Reserve University appear to be the most promising models

Con’ w i n d - i r i v e n  c i r c u lat i o n  in freshwater lakes. These models are

particularly appropriate for Lake Erie applications since the models

have previously l e e~~ applied to Lake Erie and much lake informat i on is

tlr e;idy available in a convenient format for input into the model.

159. A three—dimensional steady—state circulation model is pres-

ently operational at Case Western Reserve University .22 This model has
i e e e  ;ip !lied to Lake Erie with some degree of verification based on

prototype data. A three—dimensional stratified circulation model is

presently under development and should be operational in the near

future.
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PART V I :  MODEL VE RI J I C A T I D I )

enerai V e r i f i c a t i o n  Procedure; ;

160. A hydrodynamic mathemat ica l  model is a disct ’etisatiari of t n j ’

;ic tu’ i l  ph y s i c a l  sy st em . As such , the  mathemat ical  nT i c d t l  i n  ;;an’: ’wh ’i ’

limited in the resolut ion of actual physi ca l  details . In a math em ’i t i ;a l

model based upon fi nite difference techniques , any physical l ’tatl

smaller than the ri! size cannot be directly representel . In a s i m i l a r

manner , the results ~f the mathematical model cannot resolve small—scale

local circulat ion patterns or eddies unless the condition ixt oils ov er

an area covering several grid points. In addition , since the depth.; ‘ire

indicated in a d i s c r e t e  manner , the numerical  model tends to :;rnlo )th on

average the bottom topography and eliminate local undulat~ orrs . At ~~l i e

r aise t ime , ch ange;; in the boundary conf igura t ion  are made in a ~ t cc

manner rather  than a gradual change .

161. The mathematical modeler must therefore select a gri 1 s ize

and orientation of the coordinate system that will allow t h e  desired

phenomena ti be resolved . He must also use judgment and ‘x J ’n’ienc c in

the selection of system boundaries and the n’epr’esentation of the t 1 c ~
raphy . These detai ls  represent part of the “art ” as opposed to

“science ” of mathematical modeling and must be accomplished pri or to

actually “running ” the model. Unfortunately , although very important ,

these detail;; are some of the lesser problems associated with mathe-

matical models.

162. The mathematical model formulation contains parameters that
are not well defined quantities. Bottom friction , the horizontal eddy

viscosity, the vertical eddy viscosity coefficient , and the wind speed—

surface stress relationship are examples of model input that are very

much dependent upon the specific model application . The bottom f r i c t i o n

is basically ni function of the bottom sur face , i . e .  sand , mud , rubble ,

grass , etc. The eddy viscosity coefficients are funct ions  01’ the degree

of turbulence, the density variations , the wind condition , the local

ship traffic , etc . The wind speed—surface stress re la t ionsh ip  pre sr ’n i t :m
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1 li ;’ nri:n :arily j u t  t o  !it’ficulti e;; ;is : ;oi:  l i t ’ ! w i t h  ‘x t r a p o l ; i t i n u

k n : wi i w i n !  conidi t i ons  it some fixed bo i l :;ite t~ ltai n a win ] speed

at S se  lo~ ’ i t ion inn the lak’’

1’ 3. Th~ ni ;itur , of l i i i ’  p a r ’ ; i rn :e t c r ’ ; ;  i n  the mat hi e nni a t ,  ical model a re

such teat mo lel vest  f i cat .  con is requi red  p r i o r  t o  a:; in , ’ t b 1  m aid nj5 a

p r e di c t  lye tool . Or ler ’ of ma gniitii!e values a t ’ the parameters arc’ known ;

Wt Ve~~~, these values are not sufficient for t h e  model a pp l ie at i o ns .

Thi e  m r  Id iar’ameter;’ must he adjusted in such a manner that the numeri—

c;i] ~ u it J results agree  with existing prototype conditions. Once agree-

ment wi th  e x i s t i ng  prototype cond i t ion  has been obtained , the values of

the l n t r ans€ ’t~ers required to obtain the agreement are considered to be

t h e  appropriate values of the parameters. These values of the paraine—

t t  i’ are then used when the  model is nij pliei ~ o ~ redict  changes result-

in g  front some proposed modification of the existing condition .

i(L . S u ff i c i e n t  prototype data for ex i s t ing  condi t ions  must be

known to allow the mathematical model to be verified . The degree of

verification , and hence con f i d e n c e , in the model results depend upon

the  amount of prototype data available for verification of the model.

For complete model verificat ion, prototype data should exist for all
hydrodynamic variables under investigation , and the data should be

;ivaila ! le at a number of locations ex tend ing  over the area to which the

malel will ~e applied , if less than this amount of prototype data is

av’ii]ndle for model verification , a corresponding decrease in confidence

in tie model results must be accepted .

Yen ficat, ion  m m t a t u s  of Recomm ended Models

fltorm ::urj t’

165. The two—dimensional storm surge models are the most exten-

sively verified of the’ recommnendeil models. While there are ;;ome d i f f e r -

ences between the various models, the ’ basic  formulat ion procedure is

the same and similar results are obtained from all the models. The

surl’ace elevations irelicted by the two—dimensional models have been

compared with measured values for several actual storm systems . For
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ex;tmp le , Pi t t . zman 1 ha ; inve st i got . c i  ;;uver’ii extrenni ’’ storm surge c ni —
00

litions on [~~ke Erie; h ni ::kiu~ ky ” has invest ,iga t~’! the Lake E r ie  5 t ’ t ’ T ~

su rge  a:; :; ;c i a t ,  d w i t h  s t ‘r n ’  Agn es  ; ;ini l Rei 1 nini d J , line
1 

hay’ i ri vesti—

g;i tt ’ i st i  m u  surge in Pu ye:; t~~ni Bay during hurricanes mar’  l a  (1 1) ‘~nt!

Ci n dy  ( l~ t:~~) . The surface elevations pn’ed I etc’ .! by the t W~~~ I imeni:; i anal

models display a n’ean ni ’ub] e a 1mr een n c ’n i ’, with nn le ;is ure ! t i l;tl ‘ ‘ iev’it. I nis

l i t . The recommended t h r ’e— d imens i onal :;torm surge s i d l e ]  hi s  t e en

part i’ iily verified by application to Lake Erie during storm A~:nes.
23

The ci ~c ,late1 an] m”a.;un’ ’I v il nie~ for the ;;urf’ac” disj lacem’’nt at

Clevelar: I ‘m id ‘it  Port Ctanley were found to lie in good agreement . There

has bei’ni no kniown i effort to verify the calculated velocities , lu:’ pri-

marily t~ c. l i ck of reliable prototype velocity data.

W i n d — d r i v e n  c i r c u l a t i o n

117. The recommended three—dimensional , steady—state , constant—

density model of Gedney and Lick22 has been verified to a limited
extent . The model has been applied to Lake Erie for a constant wind

condition and the calculated velocities compared with measured veloc i-

ties oh:; t’n”~’:d whenever the wind was fairly steady for two or more days .

The n’enu.its show that the velocities vary greatly from position to

p i:;itiOn and depend strongly on the bottom topography and boundary

,“eonnetry . The calculate ! velocities are compared with a limited number

of conti n.n u.; current meter nna”t :;uremenits at 10 and 15 m below the sur-

face.  Good q u a n t i t a t i v e  agreement between the meter measurements and

ca lcu la tions  were ’ found to  i’; :i :;t whenever the  wind was fa i rly steady for

two or more lays. c~u ’ tl it at  lye ;m, ’n ’ vement w i t h  lakebed d r i f t e r  ar! sur-

fac e d r i f t  measurements has also been observed .

l’~’i’ . The three—dimensional , variable—density model , w h i c h  is

recommended , is not yet completely operational ; tin ! r i o  model v e r i f i —

cat ,ion e f fo r t s  have b t ”ni  conducted . This model is , however , itt

nion of a thermal plume model to which some verification e’t’forts have

been directed .

1O~. The recommended models have not been verified to the extent

needed for detailed quan t i t a t ive  results.  This si t u a t i o n  is p a r t i c u —

Inirly true for the velocity fields predicted by the three—dimensional
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models. Additional Lake Erie prototype data, especially for the region

near Cleveland , are required to verify the models and to enhance their

operational mode as a predictive tool.
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PART V I I :  Rh ’ C tMi ’IENDED PROTOTYPE DATA ACQUISITION lmYSTEM

‘ n’ t o t y j c  Data Re~ ulremenit s

110. A n ” ’,’j’w of ava l m u l e  ‘Pita  by WES a;; a par t. of the Lake Erie

In t e ’m r i ’ it i nt 1 t cur ’ ~‘~oiel  F e a s i b i l i t y Inves t iga t ion  i nd i c a t e d  that

:uI’fic i , t i t  b n’nta t :~~~ ‘ Pita near Cleveland were not a v a i l  able to ve r i fy

eitl:en ’ ‘u ~h i , ’s~~; a L  or analytical lake ma:;;; circulation mode] . Other

‘crt’’i,; where inis u ft ’i’ ’ i ‘‘nt , data ‘~‘x 1st inc Lude wave regime d e f i n i t i o n ,

iitt ,r”d tr’lnls J’ )rt , and harbor flushing. Limi ted  current  data are

avail’ul l, ;tt four station :; near Cleveland for several months during the

su~’usi”;’ of 1 (115, from a l9614_65 Environmental Protection Agency (formerly

t h e  F’cd, r’;ul V ;i ti ’t’ Pollution Control Agency ) current metering program .

The data from these station;; are not continuous over the recording

period arid , for three of’ the :;tations , tire available for one depth only .

171. A br etot~/pe’ data ‘requisition and analysis Jrdd, ’ram is proposed

by W~ C ts obtain :;ut’ficient prototype data for verification of analyti—

cal arid physical circulation models ut’ thit effects of ii jetport on the

hydrodynitrrr. ics of Lake Erie near Cleveland , Ohio. This program has two

modes : ( a )  t i m e — s e r i e s  data in the lake proper and (1) synoptic data

near  and in t h e  commerica.1 harbor and river navigation channel. For the

tim e—series mode , water velocity , water temperature , mean water level ,
wave ti~~ij’hut , wind veloc ity, arid air temperature will be monitored ; and

in the synoptic survey , water velocity , water temperature, and dye

e ,ni;entration will he’ monitored .

Pr2poced Time—Series Data Acguisition System

i72. In the tine—series mode of data acquisition , the hydrological

i ’ l r:mneters to be recorded are the x—y components oh ’ water and wind ye—

bu cities , wntt. ’r and air temperature , wave height , water elevation , and

i ’ ir ’ m ” t n i c  pressure . A data acqu is i t ion  system to collect these d;it,a

can be subdivided into the transducer conditioner , transmitt er, re—
ceiv”r , c on d i t i o n e r  for recording , and recorder subsystems.
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113. Four i n::trumenrt towers are proposed tu be i n::tnille’l mm I n i k ”

Erie near Cleveland . The tr ’ ;in i sducer , cond i t ion er ’ , and trar :;n;:ittar , : ih —

systems are to be mounted on these towers arid shall be ‘aliable of  om ’ ;’—

a t i ng  at rated specification:; in the ambient  envir onumn entnu l :01111 t i o n s .

Locat ion of the towers ;ir id the  i n s t r u m e n tat i o n  t o be attached to easdi

tower are shown in Figures 30 and 31. The towers will be similar in

conf igura t ion  and brac ing  to t r i angu lar ’  communica t ion  towers mounted cr 1

land. They w i l l  be 80 ft  in height and install ed in a water ‘lcq t ,h 01’

about 60 f t .  Two sets of guy wires will be included as shown in Fis’—

ure 32. The power requirements shall be kept at tj  minimum to en : :ur e

the longest battery life pos:;ible. The analog output of t h e  velocities

and temperature transducers shall be digitized and conditioned for r”ih i o

transmission .

1714 .  The receiver , condi t ioner  for r ecord ing ,  and r e c o i ’ i i n i ’ sub -

sy stems shall be located in an o f f i c e  area where air conditionin g,

regulated power , and genera l  laboratory condition:; are availal le. The e

subsy;;t.em.: need meet only laboratory type spec i !’ic’ations .

Specification .; for transducers

175. The transducer subsy :;t r u  will require various sen si  r , ; t } ’it

are’ :~ “cialise ’l to collect the required data at sped f led  :;‘w: l in i g  ca 4

~
‘uch inst,run,ents are h i g h l y  sit’ci;tlized and will ic discus;; ed l elow as

Li the ri’ iuired data type:;.

116. Water  v e l o c i ty .  A magnetic current nu’ter c a p a b l e  of n’i~’;u,;ur—

ing the  x—y compox1 ’~nts  of ’ the water velocity shall l it use !. This type

meter was :;electe’l because of i t : t  small ‘s ize , accuracy ,  ;tn l no moving

part s, which would require constant attention . The meter range is 0 to

+ 10 fps + 0.07 fps or 2 percent of reading. Increased accuracy to

+ 0.02 fps can be obtained at additional cost . The resolution ‘shall ‘be

0.03/v’~ fps where T is the time constant . The standard time constant

is 1 sec with  opt ional  values from 0.2 Sec to 20 sec . T h e r e  s h i t t i l  be

a recorder output of + 5 v full  scale. The current  meter  sen. ’or’ , w h i c h

will be mounted v e r t i c a l l y, is ‘tp~~m c x i m a t ’ n l y  10—1/2 in. long and 1 in.

in diameter .

117 . Wind velocity. The w i n d  velocity shall be measur ed with two
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~~~~~~~~~~~~~~~~~~~~~~~~~ EV E LAND

a. TOWER LOCATIONS

TA VAX ,  V AY

I . T w ~~~~ VwyI I  tEnSORS II
T* 41- ~. - ~ w~ uI S 0 LA 3c E E L E V A T I O N  II

~~ ~~o W A V E  HEIGHT A T  T* +1- 
v~ ,,

S H A L L O W  AND DEEP
L O C A T I O N S , Tw iIV Vw~R E S P E C T IV E L Y  ff A X ’

t~~ ~~~ ,‘  v~ , 
I T E M P E R A T U R E  w o W
V V E L O C I T Y  i,~~4 4 v ~~~, v~ ’,
A A I R  II
W W A T E R  T,4.v,,~, ~~~

T X , ~ H O R I Z O N T A L  II
W r~~ . .  “ W V  C O O R D I N A T E S  II

T w J44.. VA X  ~ WV

JL s 0_
TOWERS A , C ,~~~D TO W E I R B

b. INSTRUMEN T ATION LOCATIONS

F’i g,ure 31. oc ;it.  I on of towi ‘1’:; and instruments t O ’  t i nlie— :;er i c’s :11 rv~ ‘V
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I i c i i  ;tn’ly m o u n t - h  ~r’opt ’1le’r’_ tg,’pe an ‘ tt ~ u O cr;; that, r ’:;lonid only t I

that c dm h o r i e t i t  of wind h ;t r n t l l e l  w i t  hi it.: axis ct rotation . ~ b e- t the

w in , !  is exactly j er’p ’n i t h i c u l ; i n ’  L the ; i x i s  01 ’ the  j ’r o i e ’l i ’ ’r , i t  w i l l  : ; t u h

r ot - in . ing. The propeller responds ;s a f un c t i o n  of ’ it , :; on e n t a t  ion to

hid w i l l ! ;  this respon;;e very closely approximates the c’ sine law . Each

sensor meu,;ur e’:; lath forward and reverse air movement , p r o v i h i n i g  a

si gnal whose magnitude is proportional to propeller speel and wbu.:e

lan t y  m d i  cat es  direction. The ran ge shall be 90 mph head on and

70 mph t it  all •‘ingi es. The Lbt r e ; ;ho l d  shall be 0 . 3 — 0 . 5  mph . The r r’c_

jeller ‘shual l have (1 .96 revolutions per foot of air m ovement . The

d = c tachometer output shall be +500 my DC at +1800 rpm.
0 0 — —

118. ‘4:i t er  elevation. The water elevation transducer shall con—

;‘j’st of t i  mechanically driven enC oder , a float , tape , pulley , and

counterweight. The float shall operate in a cylinder that is vented

t-’ the lake t i ;r ’ou 9i a small hole near the bottom of the cyl inder .  The

water level in the cylinder is the mean water elevation of the lake and

will no t  vary with wave action. As the water level changes , the float

system ro tat e s  the encoder input shaf t . The encoder shall have binary

cc’i’-d decimal output with a resolution arid accuracy of one j art in

10 ,1)110. Pull range shall be 99.99 ft.
179. Water temperature. The temperature sensor shall be capable

of measuring temperature over a range of 0°C to 140°c to an accuracy OL

+O.l5°r. The output of the device shall be no less than 1 v full

scale .

180. Air temperature. The air temperature sensor shall be capable

of measuring temperature over a range 01 ’ —10°C to 30°C to an accuracy
of +0.25°C. The sensor shall be mounted in a structure to shield it

from direct sun . The output :;bi tm ,l1 be 5 v full scale.

181. Wave height. Wave heights will be measured with two trans-

ducers , one itt a shallow depth for small waves and one at a greater
depth for large waves. Each wave height transducer will be an absolute

J re’;;sure’ transducer . This transducer will have no moving parts exposed

to the lake water . The pressure transducer will be encased in a con-

tainer 6.5 in. OD and 15 in. b u g .  The pressure port will be in the
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toj of hi ’s container , arid the (si t e w i l l  br made of pl;t:;i ic or t o m ’ ’ ’  m: I I —

cor r ’ d s lv e , n o n met a l l i c  m at e r  i n L l .  Fh . ’ sh ’ tl Iow~ ’1 ’b t , h I  pr’ rs : ’ ir - t r ’ in s ’ ! ; i c ;n’

ran ) ’e will b. 58 ft nil):; 1 at e , f’ rom w h i c h  the b ; i r onn ’ ’t r i  c Jr (’:;sur ’ mi st be

subtracted , leavin g about 25 ft for wave variations . The rr’eat,er_ !e1 ’~}i

transducer range will be 116 f t  absolute , w i t h  about 80 f t  for wave

variations. The operat i ng temperature will he 35°F to 75°F’. The o u t n i t .

will be 0.28 to 7.5 MHz with linearity and hysteresis being 1.05 p. r’:”nt

of full scale from best straight line between 15 psini and full scale .

The repeatability will be 0.02 percent full scale with a long—term accu-

racy of 0.25 percent . The frequency analog output will be ;oflniec ed to

an above—the—surface unit that will convert the frequency to a 12—bit

natural binary output .

182. Sampling rates. The sampling rates of each instrument will

vary depending upon the phenomena to be sampled . The anticipated sam-

pling rates are as follow :

a. Temperature.

(1) Ai r: instantaneous value every 20 m m .

(2) Water : instantaneous value every 20 m m .

b. Velocity .

(1) Air: 20—mm average of 1—sec digital valves.

(2) Water : 20—mm average of 1—sec dig ital valves.

c. Waves.

(1) Deep : four per second for 20 mm every 3 hr.

(2) Shallow : four per second for 20 mm every 3 hr.

d. Lake level. Instantaneous value every 20 m m .

183. Analog—to—digital converter (ADC ). The ADC converts the

analog voltage outputs of the various transducers to a 2’ s complement

binary code . A 16—channel analog multiplexer will be an integral part

of the ADC uni t .  The analog input levels are ±5 v. The input im-

pedance will be lO~ ohms. The transfer characteristics will have an

accuracy and linearity of 0.023 percent full scale + least si gn i f i can t

bit. The temperature coefficient will be no greater than 0.01414 per—

cent/°C. The acquisition time will be no greater than 150 ~isec . The

system throughput rate will be no greater than 1450 ~jsec . The ADC unit
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will ci c ra t e  I ron ;: a 11— ’.’ st O I ’a , ’e l ’ ILtery . ‘l’~i d’ I i a t ,’ out , r ’u t  will I-

positive I rue logic an ! i ’  I ,n’ ;t:i. ;is t ~n’ — ’ r i— l o g i c  ;ostn ’it ,ibi ’’ .

ln~li . ‘cad it i o n i ng  ‘in! n . I ’an : :n n: i s:; cii • ‘1’i~’’ Ot1 t J Ci n , ‘ if ~ t }i’l ADC wi l l  P’
connected n shi ft n’ .’gi ster ’s where it will h e st ored until rr’al/ for

n’;t,l ho tele:;lE’tr’ ,’ . The ;iver;i e v a l u ’:; of veloc i t.y cuul ’i  be made at the

tr’in’s~Ioc’:;r locati a ‘tril l then Cni i I it ior ie l and Lr a n s m i t t , ’ ’ i  by r ad io  t’- —

len tn,’ to the senitr ’il ‘st,ation . Alternatively , the average veloc i ty

value:; could be nn:;t,ie after transmission , if determined to be more feasi—

t l e  arid economical. The radio telemetry network shall have the capa-

b i l i t y  of mu l t i plexing all data channels , ei ther parallel or serial .

Block diagrams of these systems ’ire shown in Figures 33 and 3 14.

105. Central station. The telemetry signals are received and con-

verted to a digital format compatible with a 1/2—in, magnetic tape re-

corder . These magnetic tapes will , in turn, be compat ible with a large
General Electric computer at WES and will be shipped to Vicksburg,
Mississippi , at regular intervals for analysis and data reduction . All

of the parameters shall be recorded on the magnetic tape . There shall

be a digital  clock which shall keep time in day of the year , hour ,
minute , and second. This clock shall have a binary coded decimal out-

put compatible with the magnetic tape recorder. The clock-shall keep

time for the entire system . From its output , t imed sync signals shall

be transmitted to the remote stations . These sync signals shall time

the acquisition and transmission of’ data.

186. The veloc ity , temperature , water elevation, barometric
pre ssur e, and time data shall be print ed out on paper for a “quick look ”

to determine if’ these channels are working. The water wave data will

be recorded on a strip chart recorder . The strip chart recorder shall

be turned oni an’! off with the systems clock. A block diagram of the

central station is shown in Figure 35.

Summary

107. ‘I ’hie t r ansduc er : ;  have been given more time and consideration

becau :;e it is fe lt that m ’I,hiols of detection and sensors are of p r i m e

m c  I r tan s” . ‘I’he t’’chnt iqu .- a r id  hardware for the conversion , handling,

t r n i n i : ;m i s : ; i o n , r ’ - c . ’ T t i o n , and record ing  oh ’ these data can be designed
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Figure 314. Block diagram locaL ion;;  A , C , ant i D
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~‘lill,r a, f ’t en a p ro to type  study h o t s  been a ut h  ‘r I zed . Th i ’ block d iagrnirr;s

(F i ’ur” - , ; ~$_ ~~5) d e p i c t i n g  the  i n i t i a l  c C n i c e p t  of the a c q u i s i t i o n  system

and the r e c e i v i n g  arid r t ’co rd i  nit :;ys L I ‘mr at the !srs;e s t a t i o n  ‘ire i ii U;; ‘,~~“,—
t ive  in pur lo :; ,  , ar t -  p r e l im i n a r y  in nature , and do not c o n s t i t u t e  the

final It’:; i gn ot ’ the sys t t ’n ;t ; ;

I’ ro,posed i~ynoptic Survey

18$. The parameters to be monitored in each of the two synoptic

surve”s are ,; :rrenil velocity , water temperature , a n i  dye concen t r a t ion .

Observations of these parameters will be taken at. 2—hr in terva l s  over

a 12—hr period for 8 days. These data will be mooitored at three depths

for 32 stations . Location of these ‘st ations Is i n d ic a t e d  in Figure 36.

The stations will be marked by buoys ;imtc h oI ’e’ l to the lake bottom . The

survey;; will be made during a ty~Cic al spr i nt ’ or fall condition and

-Jur .n,, a. typical sunnier stra t if ’ I e l  c o n l i t i un .

S

S

• 7

~ /

•

CLEVELAND
NO SCALF

Figure 36. Location of synoptic survey stations
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189. Dye concentr’tt , ions  during the survey will be obtnti ne ’I after

point release of a known q u a n t i t y  of dye in the Cuyahoga R i v e r  near i t ’ s

out ;’low in to  the harbor . The concentrations in water sample;; from “j O hi

station will be determined using a fluorometer. Current, velocity will

be measured using low—threshold electromagnetic current meters (requi re’!

for the low magni tudes  of currents typical of the lake circulation).

190. The prototype data monitored during the survey will be tran-

scribed from field observations to a format compatible with the W}~C

computer prior to analysis of the data. Analyses of these data basi-

cally consist of determining the flushing rate and/or time required for

conservative constitutents to move out of the present harbor , estim atinr’

local horizontal  and vertica~ eddy diffusivity coefficients , tin t obt ain-

ing statistical informat ion on the movement of the outflow plume of the

Cuyahoga River .

191. As a part of the survey, surface temperature patterns and , if

present , the location of the Cuyahoga River sediment plum e , could be

obtained by overflights conducted by the NASA Lewis Research Center .

Initial inquiries by WES have been conducted with NASA to d e f i n e  WES’s

requirements and NASA ’s support capabilities for this survey . Initial

efforts indicated an existing potential for cooperative efforts , but

further study definition and coordination will be required in advance of

any field study .
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!‘AR’T’ V i l l :  N ( ’I l : ’ I -~P~ AND ~~~~~~~~~~~ I

‘ui’s -n ’ s t ’ .t ’ ’ — o f — t b . ’ — ’t r t  r i i i ; ; , e r  t e al  n ; - I t - i s  tin ! n u m e r i c a l

models at r n , !ec :’Ce avai i i !  1 ’ - i; the II ;; ,- t ’ r’ ’ t r~ ’ n . ’ ; ,  :;:‘ntry for ‘ippli—

‘‘ i t  ion t, ‘ lie Lake Er ie  •Te ~ i - -r 1 s’ i- h:,’ c m i  c r evi le OUc h ,  us’’f’ul hiyi r’o !:/_

mI mr n i’ i r ; ’ rn ;, ,’ t t i n .  TI t - 
~

- resenti ,’ ava i lab l e  ; ei c h e  ro l ls tj fl j tw -—

t in -n’s i - nt a l  w i n ; -  i — d r i  yen ci n’c i 1 ;t t  i n :  m u ,  ‘-is mci v ’ ’  l eon J . - r a t  ional for

:‘-vt ’r al  y . ’ar’ , - ‘ in -I w i t h i n  tb. i r r ’’co a u i  zed limitationi: ; ~‘tJ ;-ear ’ to yie i -1

v’ i l j - l  r f C r ’ n ;n t t i o n . A t h r e e —d i m e n s i o n a l , c o n s t a n t — d e n s i t y , s teady—flow

s, ~;€ l t ’ ,r :,ak .-  i-d’ie w;i, reported in th e literature in 1972 by ledney

and Lick. ’ 2 Dr. Wilber’t Lick and ar-soc ha tes  ‘it Case West ern Reserve
I;ri iv .-r oity are w o r k i n u ’ on three—dimensional storm surge models

23 and
26,32

three—d iron;; ional v a r i a b l e — d e n s i t y  models.  The three — d ir ;uenis  ional

storm :;u ri” models should be available in an operat ional  form in  a

matter of months. The time schedule on the three—dimensional , variable—

d e n s i t y  model is less well  d e f i n e d  due to the complexi ty  of the  model;

however , i t  can hopeful ly  be made available within the time frame when

applicat i on to  the j e tpor t  study will  be possible .

193. In general, the numerical models have not been verified to

the extent desirable . If they are applied to the jetport study , addi-

tional model verification will be necessary for which sufficient proto-

type data ‘in’e not available.

111.. The following recommendations are the result of the numerical

model feasibility study :
a. Obtain for the jetport study operational mathematical

models which have been recommended earlier in this
report .

b. Insure the expedient development of needed three—
dimens ional models , which are presently in a development
state, by contracting with Case Western Reserve Uni-
versity to provide these models with preliminary appli-
cation to the Jetport study .

c. Provide the necessary prototype data for proper verifi-
cation of numerical models (and/or future physical
models) by Initiating the prototype data acquisition
program outlined earlier in this report .

ci, Estimate the effects of a proposed offshore jetport on
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storm :;urg” and lake circulation in Lake Erie , particu-
larly in t h e - vicinity of ~l eveland , Ohio , by conduc ting
the following r -c snin:en-I,’ I numerical studio;;

( 1) I n v e s t i’ at ’ ’  h ue ne ;tr—f ’ie t :l min i f a r — f i e l d  e f fec t s  of
a jetport I:; Ian I - ‘i t h e  st€’ nt Iy—r -t ;it~ wind—driven
circul ation In Lake Erie 1’ !’ well mixed (nonstrati—
fied ) la.ke condi t I on;:; . Ci r’ulat ion patterns with
and wi thout a ,~e t i ~~rt ,  51 511 1 he defined for average
and extreme winter wind speeds t i n ! several wind
directions.

(2) Investigate the effects of a jetport island on the
storm surge along the shoreline from Fairport to
Lorain , Ohio. Time—dependent wind fields for at
least two severe storms on Lake Erie should be used
to estimate surge elevation and veloc ity fields for
well mixed lake condition s.

(3) Investigate the effects of a jetport island on the
stratified lake circulation (epilimnion and hypo—
limnion ) around the jetport and in the Cleveland
Harbor with typical Cuyahoga River outflows and
steady—state, summer wind fields.
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Table 1

JO ia I. I ye Amplitude (‘ C)rru J Ct i n 1 t o n ;

Observed Relative (
~0 5 ; u t ,~’! Relative

____________ Amplitude* Amplitude

Buffalo —0.70 -0.72

I wt Colhorns- —0.66 —0 .69
Dunkirk —0.66 —o.6~
1 -srt Dover —0.60 —0.63

Erie —0.50 —0.148

Je st Stanley —0.19 —0.09

Fairport 0.13 0.09

Erieau 0.27 0.21

C]eveland 0.25 0.27

Huron 0.149 0.514

Port Clinton 0.52 0.86

Toledo 1.00 1.00

Monroe 0.95 -
- 

0.99

* Based on results of spectral analysis of observed lake level
variations (Reference 9) .

Table 2

Periods for First Five Modes of Oscillation for

Different Jetport Configurations

Period, hr
Mode of Oscillation

Configuration* 1 2 3 14 5

No Jetport——Observ ed 114.38 9.114 5.93 14.15 ——
No Jetport——Calculated 114.143 9.22 6.01 14.31 3.87

A 114.50 9.28 6.o6 14.32 3.87
B 114.51 9.28 6.05 14.33 3.87
C 114 .52 9.28 6.07 14 .33 3.87
1) 114 .52 9.27 6.06 14 .33 3.87

* Letters refer to configurations shown in Figure 5.
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APPENDiX A:  NOTATION

A Surface area of Lake Erie

[Al Square matrix whose order is equal to the number N of the
interior grid points

A° A divided into N subregions (elements)

A 11 Horizontal eddy diffusion coefficient

A~ Vertical eddy diffusion coeff icient

b Horizontal reference width of river discharging the plume

B Bottom stress coefficient

C Chezy coefficient

[CI Vector column matrix containing the nonhomogeneous portion
of the difference equations

C* Resistance coefficient

C
d 

Drag coefficient

C Specific heat at constant pressure

D Frictional depth; water depth in Paskausky ’s model

D ,D ,D Eddy diffusion coefficients of salinity in x , y , and
x y z z direction

ER 
Horizontal Ekman number

Ev 
Vertical Ekman number

f Coriolis parameter

f’(T) Equation of state

Corioli s parameter evaluated to mean latitude of Lake Erie
0

C Acceleration due to gravity

0 Element slope matrix
w

h H/H , dimensionless depth

h(x ,y) Water depth

Al



~

e Mean depth for each element

h Vertical reference depth of river discharging the flume
0

H Characteristic length in the vertical direction

[H] M x N square matrix of coefficients

H ~‘~e m i n ;  depth of Lake Erie
m

i Imaginary number

Unit  vector in x d i rec t ion

i ,j,k Indices of nodes of each element

Uni t  vector in y d i rec t ion

k Thermal conductivity

K Coefficient of eddy viscosity or diffusivity

[K] Element of stiffness matrix

K Horizontal diffusion coefficient
h

K Vertical diffusion coefficient
V

L Characteristic horizontal scale; characteristic length in
the horizontal direction

m Nodal point

M Total number of node points

[MI Lumped mass matrix

MT Horizontal mass flux

M x—component of horizontal mass flux
x

M
y 

y—component of horizontal mass flux

n Unit normal to boundary

n Manning friction factor

(N] Interpolation or shape function

A2



S . Value of i n t e rpo l a t i on  f u n c t i o n  at element node with
index i and is equal to [(x~y. — X

~Yk
) + — y~~ y’ +

( X
j  

— x
k

) y l / 2
~ 

where ~ is the area of t3;e elenms ’nt

2imilar Expre ssions obtained by the cyclical permutation o f ’

~
‘ i ,j, an d k

ç I r e  ssure

P Volumetric flow in the x direction

Layer—averaged pressure of the k
th layer

Q Volumetric flow in y direction

Q* Heat source and/or sink

Re Real number

B
0 

Rossby number

S Salinity

t Time

t
R 

Reference time value

T Period of oscillation

T Absolute temperature

T Period of time during which intensity of wind stress
increases linearly across the stress band

u Velocity in x direction

U Mean wind speed

u ’ Depth—dependent perturbations in horizontal velocity in
x direction

U x—component of depth—averaged , horizontal velocity

U
k 

Layer—averaged u—component of horizontal velocity

Characteristic velocity in Lake Erie

v Velocity in y direction
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v ’ Pe~-th— d~’j-t’nd ent perturbat I (u l t t  in h o r i z n t . ’;I v I os I ty inn
y Ii t &’e ~ ion

V y—c )rm Jon;e;t of i ’ptJi _ tL ’Je rt F a i  1~j zonta l v~ 1 a t

V Veloc i ty  normal t o  slier ’ Li fl4

V C c n i . ttant translat ion spe ed of wi ml f ield

w Velre it y  in z d i r ec t ion

W
R 

i ; e f f r L I i 4 ver t ica l  velocity

Wind velocity at a certain height above the water su r face

x ,:,z Car tesian coordinates

[zJ ~‘~oiai matrix , where columns are eigenvectors [Z.} of [H]

Coefficients of Taylor ’s expansion

r u:+ iv , a complex variable representing horizontal velocity

~ Sur face displacement as a function of x and y

ç Vertical component of vorticity

Reference surface displacement

n (x,y,t) Surface displacement as a function of time and space

A An eigenvalue expressed as w
2
/g; 1TH/D a constant which

is proportional to the ratio of water depth to frictional
depth

A’ Function of both temperature and salinity

[A] Diagonal matrix of eigenvalues

Absolute viscosity

v Coe f f i c i en t  of interfacial friction

c~ Wave amplitude

p Density

p Constant reference density

p ’ Departure from p depending on salinity

A 14



Density of the air; atmosph ’rir density

th
Depth—averaged density for the k layer

o Transformed vertical coordinate

o Bottom f r i c t i o n  c o e f f i c i e n t

x — an I y— components , res~ eet~ively , of bottom friction

Reference wind shear stress
wR

x— and y— components , respectively , of wind stres s at the
water surface

T
x~

T y x and y components of shear stress

‘t , t x— and z— components of shear stress interfacialxz yz

x Functional integral

4, Volume transport stream function

[np ] Vector column matrix for the stream function

ip(x,y) Mass flux stream function

• Angle between wind direction and y—axis

• Heat dissipation

w 2 ir/T

< > Points at which variables must be interpreted since they
are not in the staggered grid
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