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ABSTRACT

In this paper we obtain time-domain equations — state space
equations — for a model of a horizontally stratified nonabsorbtive
earth with vertically traveling plane compressional waves. We

develop a complete model which generates primaries and all multi-

ples; a primaries model which generates just the primary reflection

compor:ents of a seismogram; and a secondaries model which

generates just the secondary reflection components of a seismogram.
Additionally, we obtain a complete (canonical) decomposition of a
seismogram into an interconnection of models each one of which
generates just the primaries, secondaries, etc. We also show how

to obtain transfer functions from these models by means of a recursive
procedure. Finally, we show how our normal incidence models can

be extended to non-normal incident waves.
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I. INTRODUCTION

Ray theory models for seismic waves in layered media may be
used to generate synthetic seismograms, which are useful for providing
rough data that can be used for such purposes as evaluation of new
deconvolution, migration, etc. techniques, These models are also useful
for identifying important parameters, such as reflection coefficients. In
this paper our attention is directed at obtaining time-domain equations —
state space equations — for a model of a horizontally stratified nonabsorbtive
earth with vertically traveling plane compressional waves. Additionally, we
shall demonstrate how to obtain transfer functions from the state space model.

Much work has been done in the past (Refs. 1-3, for example) in
developing the basic equations for synthetic seismograms for the layered
earth situation described above. We shall discuss some of this work
very briefly in Section III. In order to distinguish between the earlier
work and our work, we shall refer to models from the earlier work as

traditional models, whereas we shall refer to our models as new models,

As a preview, we state the major differences between the new and
traditional models: (1) the traditional models are derived by examining
wave effects at the interface between adjacent layers, whereas the new
models are derived by examinir - wave effects within a single layer; (2)
the traditional models assume equal travel times in each layer, whereas
the new models do not; and (3) the traditional models are z-transform
models, whereas the new models are time-domain state space models.

A system of K layered media is depicted in Figure 1. We adopt the
convention of calling the layer below layer K the basement. Each layer
is characterized by its one way travel time, Ti, velocity, Vi. and
normal incidence reflection coefficient ri (i=1,2,...,K). Additionally,

interface-0 denotes the surface and is characterized by reflection co-

efficient ro. In Figure 1, m(t) and y(t) denote the input (e.g., seismic

source signature from dynamite, aquagun, etc.) to the layered earth
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system* which is applied at interface-0, and the output (i.e., ideal

seismogram) of the system which is observed at the surface, res-
pectively.

As in Refs. 2 & 3, we shall find it convenient to draw ray
diagrams with time displacement along the horizontal axis, so that
the rays appear to be at non-normal incidence and so do not overlap
one another.

In Section II, we derive state equations and transfer functions

for a complete model, complete in the sense that it generates

primaries and all multiples for the K layered media. Connections
between the new (complete) model and traditional models are made in
Section III. In Section IV we show how to modify the complete model

so as to obtain a primaries model — a state space model which

generates only primary reflections. The extension of these results to

a secondaries model — a state space model which generates only

secondary reflections — is given in Section V. A generalization of the
Section IV and V results is given in Section VI. Finally, we indicate

how to apply our new models to non-normal incidence in Section VII.

II. COMPLETE MODEL

A, Derivation of Model

A state space model for the system of K layered media, depicted
in Figure 1, is derived in this paragraph under the following modeling
assumptions: (1) plane compressional waves, (2) horizontally stratified
nonabsorbtive layers of different thicknesses, and (3) normally incident
waves, The extension to non-normally incident waves is considered in

Section VII.

In a marine environment, layer 1 can be taken as water.
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To begin, we define the states associated with a general layer,
the kth layer (Figure 2), keeping in mind that the logical choice of
states, in general, is made to simplify the form of .a model and its
subsequent utilization. For the purposes of the present development,
it is convenient to associate T’ Tko1? and 2 with the kth layer. The
compressional waves within the k-th layer are identified by two states,

x;(t) and x:(t). Physically, these states represent reflections. State
x;:(t) denotes the upward moving wave (i.e., ray) which has been
reflected off of the bottom interface of layer k; whereas, state xi(t)

denotes the downward moving wave which has been reflected off of the

top interface of layer k. To emphasize the fact that x;: and ’4 represent

reflections, we depict this in Figure 3, from which we see that

x;::rkuk Y
and

d

e il T " e

Signal My is the result of two phenomena (Figure 4), a reflectlon
of an upgoing wave off of interface k-1 — which, by definition, is ﬁ( -
and a transmission of a downgoing wave through interface k-1. This
downgoing wave is not a state (since it is not a reflection); but, can

be expressed in terms of state xku 1 by the construction depicted in

T T a2, myg
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Figure 3. Interpreting states as reflections

Figure 4. Components of My

Figure 4. From Figure 4, we see that

141
d k-1 u
. i i 1 L2

u

In order to complete our description of X, via Eqs. (1) and (3) we

must specify the functional dependences of x;: and y

from Figures 3 and 4 that Eq. (1) relates My and x;: at the bottom of

Kk on time. Observe,

layer k, whereas uk has been defined in terms of xg and x: ] at the

top of layer k. In order to account for the Ty S€c: time delay in traveling

through layer k, we write Eqs. (1) and (3) together, as
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u d k-1 u
xk(t+'rk) = rk xk(t) + rk ( rk~l ) xk_l(t) (4 )

NS

Next, we direct our attention at signal §k, which is also the
result of two phenomena (Figure 5), a reflection of a downgoing wave
off of interface k — which, by definition, is x; — and a transmission
of an upgoing wave through interface k. This upgoing wave is not a

d
state; but, can be expressed in terms of x by the construction

k+1
depicted in Figure 5. From Figure 5, we see that
u l-r d
gk"‘k'<——k‘rk )xk+1 S

Arguing as we did for the functional dependences of x\

K and “k on time,

we combine Eqs. (5) and (2) to obtain

l-r
d u k d
xk(t+'rk) = -rk-l xk(t) + rk_1 ( rk ) xk+l(t) ( 6)

Equations (4) and (6) are the state equations for an arbitrary
layer. Because of boundary conditions at the surface and Kth interface,
we must derive the state equations for x‘ll(t+'rl) and xi(t+'rK) separately.

Seismic source signature, m(t), is applied at the surface. In this

case (compare Figs. 6 and 4)

ul:x?+(l+r)m ¢ 73

0

R T Cr vy T ATl MRS 23
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which means, from Eq. (1), that

x‘l‘(tnl) =1 x‘li(t) + 1 (L+r) m(t) (8)

For the Kth layer, we follow customary practice to assume that

no signal returns up from the basement; hence, (compare Figs. 7 and 5)

u
gK-xK 6y

which means, from Eq. (2), that

(t) (10 )

= £

d
xK(t+TK) = —rK-l X

i

G T

K
\ =, {%ERO \BASEMENT

Figure 7. Components of gK




In summary, then, the complete set of 2K state equations for a

system of K layered media is:

u d
xl(t+'rl) = rlxl(t) + rl(1+r0) m(t)
l+r
u d k-1 u
’ﬁ((t+ 'rk) = rkxk(t) + rk( rk-l > xk_l(t)
k =2,3 .::,. K
l-r
d u k d
el = E rk-l( x ) Xkl
e = 12 e K=l

d
xK(t + TK) = -rK-l

xl‘;(t)

(t)

{11 )

In order to complete the state space model description for the

system of K layered media in Fig. 1, we must express output y(t) in

terms of input m(t) and appropriate states.

Output y(t) has twoé com-

ponents (see Figure 8), a direct reflection of m(t) off of the surface

and a transmission of an upcoming wave through the surface., That

’ . d
upcoming wave can be expressed in terms of a state — x

in the figure; hence,

Figure 8.

Components of y(t)

1

— as depicted

i AR
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l1-r
y(t) = o m) - ( — )x‘f(t) (12)
0

!
E % B. Example

In order to illustrate the detailed structure of state equations (11),

, ; we write them for the two layer media depicted in Figure 9 (K=2):
u d
xl(t+'rl) = rlxl(t) + rl(l+r0) m(t)
l-r
d 4 u 1 d
xl(t+'r1) = -ro xl(t) + ro( r ) xz(t)

(13)

u d l+r1 u
xz(t+ TZ) r2 xz(t) + r2 rl xl.(t)

d u
xz(t+'r -r xz(t)

2) 1

The output equation for this system is Eq. (12). For the purposes of
this example, we have chosen to order the states by layer. Other
orderings are possible (see Section D). Figure 9 depicts primary and
multiple reflections and illustrates the very complicated internal be-
havior of the system, and that y(t) has components which occur at
specific values of t. For compactness, it is convenient to write the

four equations in (13) in vector matrix notation, as

3 u
: 0 0
3 xl(t+'rl) 0 r1
F d 3
" xl(t+'rl) y -ro 0 0 ro(l rl)/r1 )
A =
u
X, (t+ 7)) rz(l +r1)/r1 0 0 r,
d
xz(t+ 1'2) 0 0 T, 0
| u
| xl(t) rl(l +r0)
x(li(t) 0
3 + m(t) (14)
xz(t) 0
x‘;(t) .
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Figure 9. Two Layer Example
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C. A Compact Description

By means of suitable vector matrix notation; it is possible to write
‘ Eqgs. (11) and (12) in a very compact manner. To begin, we define the

2K -dimensional state vector x(t), as

;;:_ x(t) = col [xl;(t) » xcll(t) " x;(t) & xg(t) ) Eob Y x;(t) ’ xi(t)] { 1% )

, Let 1 be the K-dimensional vector
a Z= ol (70 Ty ones Ty (16 )

Then, x(t+ 1) denotes the vector

x(t+1) = col [x‘;(t+71),x?(t+'rl), vow x;(t+TK).x;(t+TK)] (17)

-10-
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By means of this notation, we can now write the 2K state equations
in (11), as

x(t+71) = Ax(t) + Bm(t) (18 )

where A and B are 2Kx 2K and 2Kx 1 matrices, respectively. Matrix
A is a band matrix with zeros along its main diagonal; its structure
for K=2 is evident from Eq. (14). As a further example of its structure

we give A for a three layer media (K= 3):

0 r 0 0 0 0
: ]
“y 0 0 ro(l-rl)/r1 0 0
1'2(l+x'1)/r1 0 0 r2 0 0
A =
0 0 -r1 0 0 rl(l-rz)/r2
0 0 1'3(1+r2)/r2 0 0 r,
0 0 0 0 -r, 0
( 39:)
Matrix B is defined, as
B=col[rl(l+r0),0,0,...,0] ¢ 20 )

Output equation (12) can now be written in terms of x(t), as

y(t) = Cx(t) + Dm(t) ( 21)
where i
c=(o,-(1-ro)/r0,o,...,0) { 22 ) |
and
D = r, (23)

It is important to understand that state equation (18) is a continuous-
time equation that involves a vector of time delays. Some remarks on
the solution of such an equation are given in Section D, In the special

1. gig PERNE R é‘r, Eq. (18)

case of equal one way travel times, where ™ 2 K

«]ll-




can be reduced to a vector finite-difference equation by choosing t=kT:
x[(k+1)7] = Ax(kT) + Bm(kT) ( 24 )

In the more general case of nonequal one way travel times, Eq. (18)

applies; it is not a finite-difference equation, but belongs to the class

of equations known as causal functional equations.

D. Signal Flow Graphs

In order to develop additional insight into the structure of our state
space model, it is instructive to portray that model in signal flow graph

(SFQG) form.”™ Because all important features of our model can be

observed from the nature of a two layer example, we shall develop SFG's

for that case, leaving generalizations to the reader.
The state equations for K=2 are given in Eq. (13), and the obser-
vation equation is given in Eq. (12). For purposes of constructing a

SFG it is useful to rewrite Eq. (13), as follows:

xu(t)zrxd(t-'r)+r(l+r)m(t-'r) ]

1 11 1 1 0 1

d d
xl(t) = roxl(t 'r ) + ro[(l -rl)/rl]xz(t-'rl)

u d u ’ 532
xz(t) = rzxz(t-'rz) + rz[(1+rl)/r1]xl(t- 72)

d u
xz(t) = xz(t-'rz) 4

A SFG (which is an interconnection of nodes and directed branches, with
mput node m(t), output node; y(t), and intermediate state nodes x (t),

x (t) x (t), (t)) based on the layered-ordering of the states in Eq. (25)

is depxcted in Figure 10, For simplicity in drawing the SFG, we do
not show the explicit dependence of node signals on time; and, we use

operators zZ, and z, to denote T and T, sec. time delays, respectively

Signal flow graphs are essentially the same as block diagrams, but
are artistically easier to draw. See Ref, 4 for a discussion on SFG's,

-12-
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Figure 10. SFG based on layer-ordering of nodes (states) for K= 2.

Figure 11.

SFG based on computational ordering of nodes (states)
for K=12,
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[i.e., z2m= m(t-'rl)]. Unfortunately, this SFG does not have a very

1
revealing structure, and, by its disorderly appearance suggests that a
different ordering of the intermediate state nodes might be more
appropriate,

A second, and much more revealing SFG, based on a computational

ordering of the states in Eq. (25), is depicted in Figure 11. We refer
u _d

to the order of the states - x‘ll, X5, X, and x‘li

ordering, because that would be precisely the order in which we would

- as a computational

solve the four equations in (25). We will have more to say about the
actual solution of causal functional equations in a future paper. Observe
that the Figure 11 SFG has a very revealing structure, Three feedback
loops are present; the inner loop being associated with layer 2, the other
loops being associated with layers 1 and 2. Another example of a SFG
based on a computational ordering of states is given in Figure 12 for a
three layer media (K=3). This SFG illustrates not only the feedback
paths caused by layerings, but also the many forward paths as well.
(i.e., there are 6 feedback paths and 4 forward paths), and serves to

point up the very complicated nature of a layered media system.

E. Derivation of Reflection Transfer Function

In this paragraph we develop the reflection transfer function between
input m(t) and output y(t) of the system of K layered media depicted in
Figure 1. One way to obtain this transfer function is to construct the
SFG for the K layered media and to then apply Mason's reduction theorem
(Ref. 4) to obtain it directly from the topology of that graph.

A second way — the one which we shall follow — to obtain this
transfer function is to develop a system of recursive equations from which
it can be calculated. Owur approach is to take the Laplace transform of
the 2K state equations (11) and the output equation (12), ultimately obtaining

the Laplace transfer function Y(s)/M(s). We shall proceed in a systematic

manner focusing our attention at a layered-ordering of the states.
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Let _)_(k(s) denote a two-dimensional Laplace transformed vector,

defined for the kth layer, as

A u d
_)Sk(s) = col [xk(s) ’ Xk(s)] (26 )

Additionally, we define the following 2x 2 matrices:

5Tk or,
Fk(s) = { 27 )
k-1 e’k
1+r
= k-1 0
k r
G = k-1 (28 )
k
0 0
and
0 0 1 8
R {§
e ¥ (29 ) .
0 T k
k-1 rk

As in the derivation of the state equations (11), we must separate
the analysis of the first and last layers from the intermediate layers

when we take the Laplace transform of Eq. (11) using a layer-ordering

of states.
For k=1, we take the Laplace transform of the first and third

(with k=1) equations in (l11) to obtain

r1(1+r0)
F (s) X (s) = H) X,(s) + M(s) (130 )

0

For k=2,3,...,K-1, we take the Laplace transform of the second and

third equations in (11) to obtain

F,(s) X, (s) = G X, (s) + H X (s) (31)




|
i
|
i
|
E:

)_(l(s) as a function of M(s). A recursive procedure for accomplishing

Finally, for k=K we take the Laplace transform of the second (for k=K)

and fourth equations in (11) to obtain

F(s) X () = G X (s) [ 32}

Additionally, from Eqs. (12) and (26), we obtain

l-r

Y(s) = ry M(s) - (0 1) X, (s) (33)

o
from which we see that to compute Y(s)/M(s) we must first determine
this is given next.

The complete set of Laplace transformed equations for the system

of K layered media can be written, as:

Fie Zx = O Xk ( 342 )

TRatxa S txat Ve atx ( 34b )

Fru 2®k.2 = Sk g 3t He X4 ( 34c )

el " R v 6 0y ( 34d )
r (1+41)

Fi2y = Bpdet M ( 34e )

where the argument s has been omitted for notational simplicity.

0

from Eq. (27), that Fk(s) is invertible for all k=1,2,...,K, Solve Eq.

(34a) for XK’ substitute the resulting expression into Eq. (34b), and
collect common terms in XK 1 to obtain the following expression:
(F - H F = G ) = G X (95 )

K-1 K- K K

Let Wj denote a 2x 2 matrix,

K-1=K-2

defined as

Observe,
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W= F ( 36a )

-1
Wj = Fj - Hj wj+l Gj+l ( 36b )

where j=K-1,K-2,...,1. Then, Eq. (35) can be rewritten as

wK-I Z'(K-l K-1 —K-2

Solve Eq. (37) for X substitute the resulting expression into Eq.

K-1’

(34c), and collect common terms in X

Xy 2 to obtain the following

expression:

H w'lc } X = G % ( 38 )

s ™ M Ve Y S K-2 =K-3

which can also be written, as

G X {39

Wx-22k.2~ Sk.25.3

Comparing Egs. (39) and (37) it is clear that we can continue this back-
ward development of our solution for 51(3) in the same manner. For

the second layer, we obtain

w,X,= G, X, . (40 )

Solve this equation for §2, substitute the resulting expression into Eq.

(34e), and collect common terms in l(l , to obtain

-1 rl(l+ro)
(Fl - H1 W2 GZ)-)SI = M (41 )
0
or,
r1(1+r0)
w.X = M ( 42 )
== 0

Finally, solve Eq. (42) for _)_(l and substitute the resulting expression

into Eq. (33) to obtain the desired reflection transfer function




2
¥ r (l-r )/r
%{{:—;-:ro-(OI)Wl(s) 100 2 (43 )

Observe that Y(s)/M(s) depends only on matrix Wl(s), and that that

matrix must be solved in a recursive manner by means of Eqs. (36a)
and (36b). These recursive equations are quite different from the
recursive equations given by Robinson (Ref. 3), which are only valid

for equal one way travel times.

F. Example

In order to illustrate the calculation of Y(s)/M(s) we carry out
the steps in our recursive algorithm for a two layer example (K =2).

From Eqgs. (36a) and (27),

STZ
e -1'2
W, = F, = ¢ (44)
2
r e
Taking the inverse of WZ’ we find
e 2 r
-1 1 -
L R oy (45 )
e T28+r r ST
127 -r @ 2

Substitute Eqgs. (45), (27), (28) and (29) into Eq. (36b), for j=1, to

obtain

ST
0 0 e 2 r r2(1+r1)/r1 0

0 ro(l-rl)/r -r e 0 0




P

from which we find

ZTZS ST

w = (47a)

‘UJI(Z!]') eSTl

m1(2-1)= g e ¥ x ( 47b

2 =
Finally, substitute Eq. (47) into Eq. (43), letting ‘z'1=e "% and z,=e
to obtain

Y(_S_) & rozlz o) o 0 lr2z1+rlzz+r
Z

M(s) z lr2z1+rlrozz+ror2

o

( 48

which is the desired result. For the special case where Ty =T
that z_ =z 2 Z, Eq. (48) simplifies to

Z2
r +(r - rlrz)z+r

% 0* 2
M(s) 2

(49

+(r1r2+ rlr Vz + rorZ

which is precisely the same result derived by Robinson in Ref. 3.

G. Derivation of State Transfer Functions

By means of our derivation of Y(s)/M(s), it is also possible to

obtain )_(k(s) as a function of M(s). Recall, from Paragraph E, that

wK XK GK z'(K-l W

Nica) 2SR5 ° S5y Spus

. . . # ( 50

)

27

)

SO

)




Solve the last equation in (50) for _)gl, substitute the result into the
next to the last equation, solve it for 3_(2, etc. to obtain the following

state transfer function

e
X (s) =1 [W \(e) G,] M(e) (51)
where
r(l+r )
0

So, for example, when K=2,

R
X, =W G M ( 53a )

and
1 1

X,-W, 6, ¥ ¢ M . ( 53b )

By means of the state transfer functions, it is possible to compute
the states of a K layered media directly in terms of the seismic input

signature m(t).

III. RELATIONSHIP OF NEW COMPLETE MODEL TO TRADITIONAL
MODEL

A. Introduction

In this section we develop a state equation representation for the
traditionally-derived model of a system of K layered media (Ref. 3, for
example); however, unlike the more traditional derivations, we shall
assume unequal one way travel times. Then, by means of a two-layer
example, we establish the coordinate transformation matrix which relates

the traditional and new models.

B. Derivation of a Traditionally-Derived State Space Model

The starting point for the development of the traditional model is

the Figure 13 ray diagram (taken from Ref., 3). We use the (traditional)

wlle
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Interface -k (rk)

A1t \
, \ lLayer k+l

Figure 13. Reflected and transmitted waves at interface k

symbols w and d, to denote the upgoing and downgoing waves in the

k
kth layer, respectively; and, adopt the convention that waves at the top

of a layer occur at present time, t. To develop the traditional model
we direct our attention at the intersection point of the ray diagram and
apply superposition to obtain the following equations for signals uk(t+'rk)

and dk+l(t), which leave that point:

wittn) = r o d(t-1)+1-r)u () R

dk+l(t) = (1+rk) dk(t-"rk) - rk uk+l(t) 2y

These equations are applicable for k=1,2,...,K-1. At the surface

(Figure 14a), we obtain

uo(t) = rodo(t) + (l-ro)ul(t) ( 3)
dl(t) = (l+r0)d0(t) -5 ul(t) . (4)
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(a) . (b)

Figure 14, Reflected and transmitted waves at (a) surface and (b) interface K.

and, at the Kth interface, we assume that \1K+l(t)=0, to obtain (Figure
14b)

uK(t+'rK) = rK dK(t-'rK) { 5 )

d = =

K+1(t) (1+rK) dK(t TK) (6)

Signal uo(t) in Eq. (3) is the measurable system output; i.e., uo(t)

is analogous to y(t) in Section II. Signal d (t) is also a system output;

K+1
but, since it cannot be measured, we shall ignore it in following analyses.

Signal do(t), the seismic source signature, is analogous to m(t) in Section

II.

It is convenient to group Egs. (1), (2), (4) and (5) in a layer ordering,

as follows*:

dl(t) = -ro ul(t) + (1 +r0) do(t)
ul(t+1'l) = rldl(t- 'rl) + (1 -rl) uz(t)

) d

dj(t) = (l+r._ je1

j-1 (t-r7, ) - rj_1 uj(t)

j-1

(t J =r.d(t-T, l-r)u, t
uJ( +TJ) rJ J( 'rJ)+( rJ) uJ+l()

The reader may wonder why we list the downgoing signal in each layer
first, whereas in Section II we listed the upgoing signal first. The reason
for doing this will become apparant in Paragraph C.

-23- H
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dK(t) = (1+r K—l) - T uK(t)

uK(t+'rK) O dK(t-'rK) (7)

This system of 2K equations is not in state equation format, yet, since

signals in its left-hand side occur at t and delayed times, and signals .

daio i 2 Skt . e . .
T A et

on the right-hand side occur at t, t- T,

and t-T.. In order to put
-1 j )

Eq. (7) into state equation format, let

A
At+7.) 2 d.(t 8
eJ(+TJ) J() (8)

for all j=1,2,...,K. Then, Eq. (7) becomes

i‘ el(t+'rl) = -roul(t) + (l+r0) do(t)
ul(t+ Tl) = rlel(t) + (1 -rl) uz(t)
e(t+T.) = (1+r, et -, et
GEET) = (e e (4 - r ) ugt)
j=253,.uc,K'1
u(t+71) = r.e (t)+(l-r) u, t)
J( j ¥4 J J+1(
; = (1 t) - t
3 5 A, Lol ikl e 5 e 1R e
t =
uK( +TK) rKeK(t) W
Ylj. By means of transformation (8) each pair of equations in (9) now only
x involves two time points, t+ 'rj and t.
| Let
x(t) = col [el(t) . ul(t) ¢ ez(t) . uz(t) i eK(t) 4 uK(t)] ( 10 )
and

| x(t+1) = col [el(t+'rl), ul(t+'rl). ey eK(t+TK), uK(t+'rK)] (11)

Then, Eq. (9) can be written as

= A_ x(t)+B_d(t 12
X(t+1) XL(H X o'®) ( )

where A and B are 2Kx 2K and 2Kx 1 matrices, respectively. Matrix

-24-
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AX is a band matrix with zeros along its main diagonal.
non-zero entries in exactly the same locations as does matrix A [see Egs.

(II-14) and (II-19) for examples]. Matrix BX

B = col [ 0L 05, 0
L = ol (141 ]

is defined as

It has zero and

(13 )

Additionally, output equation (3) can be written in terms of ¥ (t), as

= C t)+D_d
uo(t) XX_()+ X O(t)

where
C :(o:l'r ,0) . )0)
X
and
2 =2
X 0

In crder to illustrate the detailed structure of Eq. (12), and especially
;

)

(15)

(16 )

the structure of AX, we write out that equation for a two layer media:

el(t+ 'rl) 0 -r0 0 0
ul(t+'rl) . T 0 0 l-rl
ez(t+ TZ) h l+r1 0 0 -r1
uy(t+,) | 0 0 k, 0

C. Relationship of Models

We have derived two state space models for the same linear system: ﬂ

" X(t+71) = A xX(t) + B m(t)
i y(t) = C x(t) + D m(t)
and

t = A x(t)+B d (t
() = A X +B d )

uy(t) = C X® + D d (®)

in which m(t)=d0(t) and y(t):uo(t). Because of the linear nature of S

25«

el(t)
u, (t)
e,(t)

uz(t)

l+r
0

0

dy(t)

0

0

(17)

( II-18 )
( II-21 )

( III-12 )

( III-14 )

N

3

i
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and ST’ x(t) and y(t) must be related by a linear transformation, say T,
i.e.,

x(t) = T x(t) i (18)

We wish to determine the exact structure of T so that we can make a
physical connection between state vectors x(t) and y(t).

If Eq. (18) is true, then SN and S_, are equivalent if

T
A:TAXT" (19 )
B=TB ( 20 )
X
and
cac o ( 21 )
i

We have before us the following problem: given matrices A, A , B, B ,
C and CX, find matrix T such that Eqs. (19), (20) and (21) are sximul- >
taneously satisfied. A direct approach to solution of this problem is to
rewrite (19) and (20) as AT:TAX and CT=CX, and solve these equations
plus Eq. (20) for the elements of T. This is a large system of linear
equations; but, it can be solved in this direct manner. A second, and
much easier approach to solution of this problem is to compare the
structures of matrices A and Ax, B and BX, and C and CX, to observe
that nonzero elements in comparable matrices occur in exactly the same

location; hence, T must be a diagonal matrix.

Consider a two layer media system, where A,B and C are given
in Eqs. (II-14) and (II-12), and, AX' BX and CX are given in Eqs. (17)
and (15). Let

T = diag (t,, ¢ SRR { 22 }

22" Y337 t4q

then, from the equation B:TBX, we find t. =r_; from the equation CT:CX,

11 1

we find t22= -ro; and, from AT:TAX we find t33= rz and t44= -rl; hence,

-r) (23)

T = diag (rl,-r »Typ =T,

0

Using the defix_zitions of x(t) and y(t), and, Eq. (23), we establish,
from Eq. (18), that

.
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’ = ¥ :
xl(t) = rlel(t) = rldl(t--rl)
) Y
: %8} = ~xpu, F)
: u (24 )
1 x,(t) = T,e,(t) = rd (t-T,)
1 i 5 !
% xz(t) = -rluz(t)

By means of these simple relationships, we relate the new and traditional

states as dipicted in Figure 15. Observe that the states in the model

derived in Section II are the reflections of the states in the model of

Section III. In fact, if we compare the following versions of Eqs. (II-1)

and (II-2) with Eq. (24),

x‘ll(t) = rlul(t-Tl)

d

x (t) = -r & (t-7)

1 0°1 1 ( 25 )
2ty = (t

i S

d

we see that dl=u1 ; d2=u2, ul= gl and u_=£€_, which further supports this

s
conclusion.
o Generalizations of the preceding results are obtained in a straight-
s
E i forward manner, For a K layer media,

T = diag(rl. -ro,rz,-t 7 one s Eapy b

1 K K-l) f ks 8

| IV. A PRIMARY REFLECTION MODEL

A. Introduction
In certain applications it is useful to approximate the complete seis-
mogram by just the primary reflections. Conceptually, the primary re-

- flections (i.e., primaries) are easily obtained directly from ray diagrams;

>

Ay £
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uy () x3(t) = -rgu, (&) - f
if
%) (t) = r)d; (t-1))
r
u,(t) x5(t) 1
%5 ()
da(t-72)
T2

Figure 15. Relationships between signals in the two
models.,
however, that approach is not very useful in estimation procedures
where one would be interested in associating a dynamical model with
the primaries. In this section we demonstrate how to modify the
complete model in a very simple manner so as to obtain a state space

model which generates only the primaries. We refer to this model

either as a primary reflection model or as a primaries model.

B. Derivation of Primaries Model

State equations for a primaries model are obtained from Eq. (II-11)

by deleting the term r x(ll(t) in the equation for x‘i‘(t+'rl), and the term

r xd
k k
deleting these terms is based on the following observation: a multiple

1
(t) in the equations for xk(t+ Tk), k=2,3,...,K. Our reason for

reflection can occur only when an upgoing wave reflects off of the top

of a layer. Observe, in Figure 4 that the component xi of My represents
just such a reflection, as does the component x';l of My (Figure 6); hence,
these components are deleted from the complete model in our primaries

model, whose equations are given below.
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W, =
St A

> i

u
xll(t+ Tl)

rl(l +r0) m(t)

u u
= t
Xt nd = Bl e, B kM
k=2,3;.¢s, K
xd (t+T1,) = -r x @y +r. J(l-r )/r ]xd (t)
1k k k-1 "1k k-1 k' Tk 1,k+l

kzl’Z’OOI'K-l

d u
Xl = T Fe® J

and

y, () = ro me) -[(1-r)/r )% @ (2)

In these equations xlllj - xlj and Y, denote primary upgoing and downgoing

states and the primary reflection portion of the complete output, respectively.

C. SFG for Primaries Model

An important property of the primaries model is that its SFG has

no feedback paths. We illustrate this for a three layer media in Figure

16. This property causes yp(t) to be comprised of a finite number of
terms — K+1, for a K layered media, and enables yl(t) to be computed

in a very straightforward manner.

D. ExamEle

In order to validate our primaries model, we consider a three layer
media and compute y)(t) in two different ways: ray tracing and Egs. (1)
and (2). A ray tracing solution is depicted in Figure 17. We assume
that the reader is familiar with the details of such a solution; hence, we
do not label the amplitudes of the rays on that figure., Signal yl(t) has
four components a,b,c and d which appear in that order in the following

expression for yl(t):
2
y](t) = ry m(t) + rl(l -ro) m(t - Z'rl)

2 2
+ rz(l -ro) (1 -rl) m(t—ZTl—ZTZ)

«29.
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Yl(t)

(r))
(1)
(73)
Figure 17. Ray diagram depicting primary reflections as

transmitted to the surface.

2 2 2
+ r3(1 -ro) (1 -rl) (1 -rz) m(t - 27,- 27~ 2-1-3)

The solution for yl(t) from Eqgs. (1) and (2) can be obtained either

directly from the Figure 16 SFG or from those equations.

1 2

(3)

‘Because we

shall need some of the states for future calculations in Section V, we

shall list the states obtained in order of solution from Eq. (1):

xllxl(t + 1'1)
x‘;z(t + TZ)
x‘l“3(t + 73)
x‘ii3(t+'r3)

d
le(t+ 'rz)

1

rl(l +ro) m(t)
rz(l +r0) (1 +r1) m(t - Tl)

r3(1 +r2) (1 +rl) (1 +r0) m(t-'rl-'rz)

-r2r3(l +r2)(l +r1)(1 +r0) m(t - 71-72-73)

(1+r )(l+r ) m(t -7, -7

a3t 1

Z
-rlr3(1 - rz)(l + rl)(l +r0) m(t -TI-TZ- 213)

-31-
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T, =

d 2
xll(t+'rl) = -r0r1(1+r0) m(t-'rl) = rorz(l —rl)(l+r0) m(t-Tl-ZTZ)

2 2
-ror3(l-r2)(l -rl)(1+r0) m(t-T -2'1'2-21'3) ( 4f )

1

Substitute xd (t) into Eq. (2) to obtain precisely the same expression for

11
yl(t) as obtained in Eq. (3) via ray tracing.

E. Primary Reflection Transfer Function

In Section II-E we derived a recursive procedure for computing the
transfer function Y(s)/M(s). In general, y(t) will contain an infinite
number of terms — primaries and all multiples. This is due to the fact
that the complete transfer function, Y(s)/M(s), is a ratio of two poly-

nomials [see Eqs. (II-48) and (II-49), for examples]. The primaries

transfer function, YlLs)/M(s), on the other hand has no poles. This

is evident, for example, from the example in Figure 16.

We do not wish to redevelop the recursive procedure for computing
Yl(s)/M(s) in the detail of Section II-E. The results will look exactly
like those given in Eqs. (II-43) and (II-36), except that all matrices and
vectors should have an additional subscript 1 (e.g., WIK’
them with the primaries model. An important difference occurs in the
definition of Flk(s):

Flk(s) = ? ( 5)

Matrices Flk(s) are all lower triangular; and, one can therefore demon-
, W 3 e W
1,K-1 1,K-2 12

W“ are also lower triangular; hence, W;l is lower triangular, say

strate, by direct calculations, that matrices W

-1 @(s) 0
W_.(s) = { &)
B(s) v(s)

From Eqs. (II-43) and (6), we see that

Yl) to associate

RS e e e e i

ok e bl 5

e srated

R A T T
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2

Yl(s) ; o w"l(s) rl(l-ro)/ro

M(s) 0~ 010w, o
Y, (5) r (1-rg) i
M(s) = ¥o - ————‘—ro B(s) =7 )

which proves our assertion that the primaries transfer function has no
poles. We shall have more to say about this property of the primaries i

model in Section VI.

V. A SECONDARY REFLECTION MODEL

A. Introduction
In Section IV we developed a primaries model which permits us to

remove the primary reflections from the complete output. We are

interested in learning whether it is possible to develop a_secondary

reflection model (or, secondaries model) which would generate just the

secondary reflections. Secondary reflections, which are the first multiple
reflections, are components of the complete output which are due to
exactly three reflections within a K layer media system. In some

applications the secondaries can be significant contributors to the complete

output; whereas, in other applications they may be of such small amplitude
(due to the product of three reflection coefficients in each secondary) that
they can be neglected. In both situations it is of interest to establish
whether they should or should not be accounted for. The secondaries ﬂ
model which we develop in this section will permit one to focus his

attention just at the secondary reflections; hence, he will be able to :

establish the significance of the secondaries without the encumbrance of

primaries and other multiples, which are present in the complete output.

Let x;j(t) and xgj(t) denote secondary upgoing and downgoing states
in the jth layer (j=1,2,...,K), and, let yz(t) denote the secondary re-
flection portion of the complete output. Our objective in this section is

to develop state equations for x;j(t) and xczlj(t) and the equation for yo(t).
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B. A First Residual Model

we form a residual model between our complete model

To begin,

Subtract the respective equations in Eqs. (II-11)

and primaries model.

and (IV-1) to obtain:

AR

- u u d
! xl(t+~rl) -x“(t+'rl) = rl xl(t) ( la )

R Sk

u u d
xk(t+7k)-xlk(t+'rk) = el UaRE N rk[(l+rk_1)/1‘k_1]

u u
sfk Y -2, o 00

’

d d u u
x (E+7) - x T = -rk_l[xk(t) - xlk(t)]

d d
t o Al B N0 - 5y ]

k=1,2,...,K-1

d d v u u
XAt ) =X (etr ) = r [x () - x (8] st

Additionally, subtract yl(t) [Eq. (IV-2)] from y(t) [Eq. (II-12)], to obtain

y&) -y (&) = -[(1-rg)/x ] [ x5(®) - x] () ] (2)

Next, we define first residual states g‘llj(t) and g?j(t) and first

residual output, sl(t), as

PR, Ly S SPU

u = u u
glj(t) = xj e} = xlj(t) ( 3a)
d d d

s,(8) = y(t) -y, () (4)

Adding and subtracting the term rlx‘lil(t) from Eq. (la) and rkx(lik(t) from

Eq. (1b), and substituting Egs. (3a) and (3b) into Eqs. (la)-(1d), we obtain

the following first residual state equations:




e e

T e

ge il L e s a | bl st i o sl At i . S

T e

o mud

LR i e i B s | e e aamine bt ot

;

u d d
gll(t""rl) = rlgll(t)+r1xll(t)
Yo+ = g s / L T
Siltt ) = NS o nlr GMe 18 8+ R X8
ki =.2,3, ¢ 00k (5)
d g u d
Sl ) = TS a0 -n I )

(t+T.,) = »

d
Sikltt k! = Tk 51k

Additionally, the first residual output, sl(t), is

d
s,(t) =~[(-r )/ ] £] () (6)

At this point some important observations are in order. By its

very definition, il(t) comprises all the multiple reflections for a K

layer media system. The first residual model (5) and (6) can there-

fore be used to generate the complete set of multiple reflections —
secondaries, tertiaries, etc. Observe also that the first residual state
equations are driven by the downgoing states from the primaries model;
hence, the primaries model is coupled into the first residuals model,

but in an open-loop manner.

C. Secondaries Model

Compare state equations (5) with state equations (II-11), to observe
that they are structurally quite similar. Recall that in the development
of the primaries model we deleted the terms rlx(li(t) and rkxi(t) from the
x: state equations. We conjecture, therefore, that the state equations for
the secondaries model are obtained from Eq. (5) by deleting the term
rlg?l(t) in the equation for g‘lll(t+'rl), and the term rkgtlik(t) in the equations
for g‘llk(t+'rk). k=2,3,...,K. The resulting secondaries model is:
d

u
xZI(t+'rl) = rlx“(t)
X" (t+T,) = r [(Q+r, .)/r ]xu (t) + r xd (t)
2k "5 k[ k-1"" k<12, kel k 1k
ke 2.3 ive: K
-35.




d e u d
Xt = B Xl + o f0er Vi x| 6 L7

k=1,2,...,K-1

<
K-1 2K

d
xZK(t+TK) = -r (t)

and

d
Yz(t) =-[(1-r0)/r0} le(t) ( 8)

A proof of this result will appear in a forthcoming paper. We validate
it by means of an example in Paragraph E., We summarize the essence
of the secondaries model in Figure 18. Observe, again, the dependence
of the secondaries model on all of the downgoing states from the pri-
maries model, Additional discussions on the structure of the block

diagram in Figure 18 are given in Section VI,

D. SFG for Secondaries Model

An important property of the secondaries model is that its SFG has
no feedback paths. We illustrate this for a three layer media in Figure
19. This property causes yz(t) to be comprised of a finite number of

terms and enables yz(t) to be computed in a very straightforward manner.

E. Example

To validate our secondaries model, we consider a three layer media

and compute yz(t) in two different ways: ray tracing and Eqs. (7) and (8).

d
m(t) Primaries x; (8 Secondaries
Model Model
yy(t) y,(t)
Figure 18. Generation of primaries, yl(t), and secondaries,

" T o _ ’ :

y,(t).

T
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The ray tracing solution is much more complicated for the secondaries

three layer media by superposition as demonstrated by the six situations

depicted in Figure 20. Signal yz(t) has 14 components a,b,c,..., and n

‘ than for the primaries (Section IV-C); but, can be accomplished for the
7
i
!

which appear in that order in the following expression for yz(t): let

2
2}

2
c:t:l-ro,le-r2 then

1 and y=1-r

2
yz(t) = - rorla m(t-4'rl) - ror]rzaﬁm(t-4¢ -272)

1

E | F e ¥ EAEN B I ey i)

PN
rr afm(t-4rT rZaB m(t-4¢l-41

= =2 &
ToT) 2 =Tyl -y 2)

2
-r.r rZaB vy m(t-4r7 -4T2-ZT3)

g3 1

- T

- - T . =
0r1r3a6y m(t 471 > 2T3)

2
2 - -47 -2
r0r2r3OtB y m(t 471 TZ 73)

2 282
= 1'01'30!B v rn(t-4'r1-4'rz-4'r3)

2
r,a B m(t - 271-472)

5 e

- rlr2r3a5ym(t- 271-472-273)

- x -4t =B
r1r2r3a5ym(t Z'r1 TZ 'r3)

et s B S

5 | Z 2
- - rlrsaay m(t-ZTl-4TZ-4T3)

2
- r2r3a By m(t-271-212-41’3) (9)

Many of these terms can be grouped together; but, as displayed we are

able to correlate each term with the secondary reflection components

depicted in the six figures of Figure 20.

The solution for yz(t) from Egs. (7) and (8) can be obtained directly
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~
i
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Figure 20. Ray diagrams depicting secondary reflections as trans-

mitted to the surface. Dashed rays indicate portion of
a primary reflection which generates subsequent
secondary reflections.
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from those equations, or from the SFG in Figure 19. We give some

of the details for this latter approach next, Treating z , z_ and z_ as

=2 3
delay operators, we establish that
d
Yz(t) = -[(1-1'0)/1‘0] xZl(t) (10 )
and
d 2 2 2 2 2 d
le(t) = [--rorlzl-rorzazl Z,mToT, B-Yz1 22 ]xll(t)
2 L
+ [-rorz(l - rl)zlz2 —ror3(l - rl)y zlzzz3] xlz(t)
r_(1 1 Z_Z z2 4 t 11
0 s LR LR e BT B e
where, from Eqs. (IV-4f), (IV-4e) and (IV-4d),
d 2 2.2
x“(t) = [-rorl(l +r0)z1 - rorz(l +x-0)6z1z2
2.-2 2
-r0r3(l+ro)3yz12223] m(t) ( 12a )

&
le(t) = [-rlr (l+r )(l+r )z %275 F (l+r )1 +r )yzlzzz3]m(t)

( 12b )
and

d
33

(t) [-r2r3(l+ro)(l+r1)(l+r2) zlzzzi}m(t) { 12¢c )

Substitute Eqs. (12) into Eq. (11) and carry out the resulting multiplications
to obtain yZ(t) exactly as given in Eq. (9). The first term in Eq. (11)
yields the first 9 terms of yz(t); the second term in Eq. (11) yields the
next 4 terms of yz(t); and, the last term in Eq. (11) yields the 14th

term of yz(t).

F. Remark

It is only in simple examples which involve a small number of layers
that one can obtain yz(t) via ray tracing techniques. There are just too
many possibilities for enumeration in larger systems. However, our
secondaries state space model is applicable regardless of how many

layers are present. We are presently studying computer implementations

}.v

of these equations.
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VI. A COMPLETE DECOMPOSITION OF A SEISMOGRAM

Our results in the two preceding sections suggest that a complete

decomposition of a seismogram [i.e., y(t)], into a superposition of

outputs from primaries, secondaries, tertiaries, etc. models is possible,
We will not go into all of the details of such a decomposition here; but,
instead shall sketch its development.

To begin, let us sketch the development of a tertiaries model.
Tertiary reflections are the second collection of multiple reflections,
and are those components of the complete output which are due to ex-
actly five reflections within a K layer media system. To obtain a

tertiaries model, we proceed exactly as in our development of the

secondaries model. First, we form a second residual model between

the first residual model in Egs. (V-5) and (V-6) and the secondaries

model in Eqs. (V-7) and (V-8). The second residual state variables

are §;j(t) and -iczlj(t), where

u u u

Ezj(t) = glj(t) - xzj(t) ( la)
and

d d d

S8 = £ - Xy (1b)

for j=1,2,...,K, and, the second residual output is sz(t), where
sz(t) = sl(t) & Yz(t) ( 2 )

The second residual state equations will look exactly like the first

d
residual state equations in (V-5) with g‘;j and glj replaced by g:j and
d ; d d d .
gzj, respectively, and X1 and X1k replaced by > and X respectively,

The second residual state equations are driven by the downgoing
components of the secondaries state vector.
The tertiaries model is obtained from the second residual model
d - d
1x21(t) and rkak
state equations. The resulting tertiaries model is:

" u u
by deleting the terms r (t) in the §2l(t+—rl) and EZk(t+ 'rk)

-41]-
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u d
x3l(t+'rl) =¥, le(t) ‘

u u d
x3k(t + ‘rk) rk[(1+rk_1)/rk_1]x3' k_1(1:) + ) ka(t)

k=23 ....K ’(3)
d > u u
Xplttmy) = -1 X @) +r [Qer )/E lx, L ®
d u
Fage i+ Tk 5 oy gRaplt) )

and
d

y40) = [(l-r )/ ] x5, (®) (4)

Observe that the tertiaries model is driven by the downgoing components
of the secondaries state vector. Figure 18 can now be expanded to
include the tertiaries model driven by zc_czl(t) with output y3(t).

In this manner we can form successive residual models and
subsequent n-aries models, each model being of dimension 2K. The

following complete (canonical) decomposition of y(t) has been demonstrated

by the second author of this paper:

The complete output, y(t), from a K layer media system,
which is comprised of the superposition of primaries,
secondaries, tertiaries, etc., can be obtained from a
single model of order 2K — the complete model — or
from an infinite number of models, each of order 2K,
interconnected as shown in Figure 21.

There are many interesting implications and potentially useful
applications for this decomposition. In seismic applications, where
reflection coefficients are often quite small [|ril< 0.3], the decomposition
could be used as a computational tool for approximating the complete
seismogram y(t) by a small collection of constituent reflections, such as
yl(t) + yz(t). Each one of the constituent models in Figure 21 is a non-
feedback model, whereas the complete model is a very complicated
feedback system; hence, computation via a truncated decomposition of

y(t) may be quite expeditious. Additionally, by means of the canonical

~42-~
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decomposition it should be easy to compare the relative importance of

secondaries to primaries, etc. It should also be possible to use the

primaries model {(or a combination of primaries and secondaries models)
in deconvolution techniques, which often assume that primaries are the
only significant terms in y(t). Finally, it should be possible to depict
primaries, secondaries, etc. in different colors on a synthetic seismo-

gram, when the seismogram is constructed via the canonical decomposition.

VII. NON-NORMAL INCIDENCE MODELS

All of the preceding developments were for the situation of normal
incidence. In this section we suggest a way in which these results can
be extended to the situation of non-normal incidence. Our interest in
obtaining such an extension is motivated by the arrays of geophones or
hydrophones which simultaneously record seismograms in response to a
seismic source signature. Except for a sensor located exactly at the
source point, the other sensors receive non-normally incident signals.
We wish to extend our state space models in as simple a manner as

possible to describe these other sensors. Our approach is to obtain

an expression for a travel time, 'r? (i=1,2,...,K), which we refer to

as one-way non-normal incidence travel time for horizontal offset

distance d. This travel time can then be use in place of the one-way
normal incidence travel time, Ti (i=1,2,...,K), in all of our preceding
models.

For normal incidence, the one-way distance traveled by compressional
waves in any layer of a K layer media is the thickness of the layer. For
non-normal incidence, when the sensor is located at a distance d from
the source point, the one-way distance traveled by the compressional
waves in each layer is a very complicated function of thicknesses,
densities and velocities of all layers (Ref. 5, Figure 96, for example).

The total distance traveled by these waves in all K layers is a very
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complicated function of all layer thicknesses and all angles made by
each section of the wave path (Figure 22).

Our approach is to approximate the one-way primary reflection
paths by straight lines drawn from the source point to the point d/2

at the bottom of each layer (Figure 23). From the geometry in

Figure 23,
'rfl = B IV, £ 1)
i i i
and
goi="h [V (2)
i T
so that
d
Ty ® 'ri(l.i/hi) ; { 3)
but,
i
4. /h = 1/cosl, = [1+tan29_]é: [l+(d/2)2/Z h]'é (4)
1 1 1 1 J:I J

which can also be written, from Eq. (2), as
Y £ %
L. /h = [14@/2)°/ T 1.V (5)
1 1 J=l J 3
OQur final expression for -r? is obtained from Eqs. (3) and (5), as

d _ 2 : %
Ti—'ri[l+d/4=1'erj] ( 6)

J

Observe that 'r;i is an increasing function of d, that for d=0,
'r;l =My and, that T(: becomes clos;r and closer to T for deep layers.
We propose to make use of T in the following manner. Replace
T in all of our earlier models by T in order to compute the signal
observed by a sensor which is offset d units from the source, The

implications of this replacement for multiple reflections remains to be

studied.
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source sensor

taken by waves in reaching a sensor offset d units

from the source.
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source sensor
r
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Figure 23,
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Some straight line approximations to non-
normal incident primary reflection paths.

Yo
('1"’1)

|
(720 vz)

T2
(1’30 V3)

3

Figure 22. Some non-normal incident primary reflection paths
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VIII. CONCLUSIONS

In this paper we have developed state space models for a K layer
media system, and, have shown how to obtain transfer functions from
these models. Our models have been derived by examining wave effects
within a single layer, are time-domain models, and do not assume equal
travel times in each layer,

Our complete model is of order 2K; it generates primaries and all

multiples, and has an enormous amount of internal feedback structure.

Qur primaries and secondaries models are each of order 2K; the former

generates just the primary reflection components of a seismogram, where-
as the latter generates just the secondary reflection components of a
seismogram. Both the primaries and secondaries models have no internal
feedback structure.

Our development of the primaries and secondaries models has led
us to a complete (canonical) decomposition of a seismogram (see Figure
21). The utility of this decomposition remains to be explored.

Finally, we have shown how our normal incidence models can be
extended to the non-normal incidence situation.

There are many interesting directions for future work, including:
(1) computational aspects of the various models; (2) implications and
applications of the complete (canonical) decomposition of a seismogram;
(3) understanding the system theoretic aspects of causal functional
equations; (4) developing optimal state estimators for our models; (5)
studying parameter identification problems for these models, etc.

In conclusion, we also point out that, whereas we have presented
all of our results in the context of a geophysical model, most of them
(with the possible exclusion of the material in Section VII) are applicable
to any application which is adequately modeled by a lossless wave
equation in which ray theory solutions are utilized. We shall explore

the more general nature of our results in a later paper.
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Simulation Results

Simulation results, which were obtained after the paper was prepared,

are given in the following figures.
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Figure 29,

R frltl’fr;[lll‘llfll{rﬁlcllllf

0,509 .00 1,50 2.1
TWO-WAY TRAVEL TIME IN SEC

Complete response sensed at normal incidence (lower curve),
500 ft. (middle curve), and 1000 f{t. from source. The top
two curves were obtained by means of our approximate non-
normal incidence transformations, described in Section VII.




