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p.
Pref ace

This repor t consis ts of three paper s describing research on uns teady
transonic flow theory. The first , entitled Unsteady Loca l Linearization
Solut ion for Pu lsa ting Bodies at M = ~~~~~, by S. S. Stahara and J. R.

Sprei ter has been published in the AIAA Journal , vol . 14 , July 1976 ,

pp. 990—992, The second , en titled “Un stead y Local Lineariza tion Solu tion
for Pi tching Bodies of Revo lution at M~ = 1: Stability Derivative Analy—

sis , by S. S. Stahara and J. R. Sprei ter has been published in the AIAA
Journa l , vol. 14 , October 1976 , pp. 1402—1408. The third publication is

ICAS Paper No. 76—06 , en titled Deve lopmen ts in Tr ansonic  Steady and
Unsteady Flow Theory , by J. R. Spreiter and S. S. Stahara. This paper

was presen ted by Prof essor J. R. Spreiter at the 10th Congress of the
International Council of the Aeronautical Sciences (ICAS ) in Ottawa ,

Canada , October 3—8, 1976.

These papers are based on research carried out under Contract No.

N00014—73—C-0379, Project No. MR 061—215 sponsored by the O f f i c e  of Naval
Research wi th Mr . Morton Cooper as Technical Monitor.
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neglected), or very rapid (lineal high frequency : 0,0 , 0 ,,Unstead y Local Linearization Solution neglected , the authors have considered Ihe more general case .

for Pulsating Bodies at M0. = I encompassing all frequencies gtscn b~ 1 q ( ( ( -

For the general axisymmetric oscillatory flows coi,~,..ered

unsteady componen t. Thus, set- 
Stephen S. Stahara ’ here , it is convenient 10 expand the solution m b  a steady and

Niels€ n Engineering & Research , Inc.,
i~fountain Vtew , C’altf. Ø (x ,r ,8 j)  = 0 , ( x , r )  + R P lø( s ,r~ e ’ J (2)

and where Ø~ IS she asisymmetr ic steady perturbat ion potential ,
John R. Spre~ ert which satisfies Eq. ( I I  wIIh the 0 and i terms omitted , ~ I’. th~

Stanford lJniversitv, Stanford, cal,f. complex amplitude of the oscillatoi~ perturbation seloetty
potentIal , k is the reduced Irequenc) defined by k=~j t L~.,

In roduclion and R.P. signifies the real par t of a complex quanlity. Based
on the assu mption that small-amplitude oscillations are ap-

W ITH the continuing development of successful propriate for flutter and stabil i ty anal ., so , the equation for ~
technique s i~ r so l’. ing steady transonic flows , con- becomes

siderable intere st has been focused recently on the develop- -

ment of met hods to co lse unsteady transonic problems. In 0. + ( I / r ) Ø ,  =[ M ~, —1 +M ~~(~ + I) 0 ,~~~,,
t his note ssc describe the local lineari,ation solution for tran-
son ic flow pact slender bodies of revolution undergoing + IM~~(’y + 1)0 ,,, +2tM ~~k 1 ~~ , — M~~p ’~~ 

(3)
osc illatory pulsatile m otion of the body sur face. This result
provides the fundamental unsteady source solution fro m w hich , a lthough linear , nesert heless . rema ins formidable

which higher-order multipole solutions (dipole, et c.) because of the variable coeff icients and mixed elliptic .

necessary to describe more comp lex unsteady motions (e.g., hyperbolic type.

trans lation , rotation) can be obtained . The theory is based on The boundary condition at the body surface can be decom-

t he concept of dividing the flow into steady and unsteady posed analogously. I. pon setting

components and solving the resultant equations by the local R (x .I )  = r R ( x )  +R.P . Io R(s)e ’ (4 l
linearization method . 2 The analysis is developed generally for
sonic and near sonic flows, with specific applications made tO w here (I i , R)  are normalized functions describing the steady
parabolic.arc half-bodies and cones at freestream Mach num- and oscillatory components of the body ordinates , and ( t .6)
ber M,. = I. The results indicate the correct convergence to are , respectively, the normalized maximum body thickness
nonlinear quasisteady theory as the reduced frequency of and the dimensionless amplitude of the unsteady oscillations ,
oscillation based on body length. k—O , and to linear acoustic one obtains
theory as k becom es large (k ~ 1). For k � I • a range of pri me
im portance in m any flutter and stability applications, the un- 0 , , (x ,R ,)  =R + O ( t - ’ I’ nr) (Sal
steady solutions exhibit a significant nonlinear thickness ef-
feet induced by the steady-state solution , m uch like that 0. (x , R , )  =ô
displayed in the two-dimensional case . ’ This indicates a basic [E’  + tk~ + 

~~~~ 
~ O(& i ’ nrô ’ ) ( 5 b )

shortcom ing of linear theory tn tho frequency range .
where R , =~ R, and primes indicate differentiation with

An a’ysi s respect to s. The f irst two terms on the right-hand side of Eq.
The concept that a tnajor body of transon ic flow problems (5b) are familiar , since they also appear in the oscillatory thin-

can be predicted accurately with in the framework of inviscid , wing problem. ’ For the slender body case, however , the third
nonlinear small-disturbance theory , described by the equation term arises from the imposition of the no-flow boundary con-

/ j dition at the actual oscillating body surface .’ w here a Tay lor
( I  — A4~. ) O,, + 0.. + - - 0. + . Oat series expansion about the mean position r= R , is used to

r r remove the resulting implicit dependence on & Finally, the

=M ~,( i, + 1) ~~, 4 ’,, + ‘.1 ,~Ø - +2 .%1 ,,~~, (1) corresponding expressions for the surface pressure coef-
ficients are

has been well-established ’ • In Equation (I), ‘s~f ,, is Ihe C,,, (x .R ,)  = —2 0,, (x ,R ,)  — R , (6a)
frecstreain Mach num ber; ( , s . r .It I  are nondimnensional body-
fixed cy lindrical coordinates wi th l i d  norm alized by body
length l and with the s - asi~ directed rearward and aligned with ~~~ x,R~ ) = _ 2[ ~~, (x ,R ,)  +t k~~(x ,R ,)

the body centerline; z is nondimensional ti m e norm alized by
f/LI, , where L/. is the frecstr eat n se loc i ty ;  -

~ 
is t he ratio of + R

spec ific heats equal to 7~ S for air; and ~ Is the dimensionless 
/ k+ R; E ’ +t k A) ]  (6b)

pcriurbation veloc ity potential . Although a variety of sub-
cases of t-q ( I )  exist depending u pon whether the mi m e Use of the method of matched asyinptottc expansions serves

behavior of the mnotton is very slov , (quasi steady - 0 , - 0,, to identif y t he logarith m ic behasmor of both the steady and
unsteady components near the body axis. Consequently. the

neglected), somewhat more r~ipisI (mildly uinsivady: 0 differential equation and surfa ce boundary condition for the
unstea dy component can be expressed in the com pact f or m

Rcct’,sed t)s ’ 50, ,,hc, 4 . I’)~~ . rcs.so , , , ,C. ’ rmicd -S i .T, I  5 . I’t s This
s si is ss ,p ; . . , r le . I to ih~ (If f icc ‘I ~ .,s ,l Research ,~,sJs -r (

‘s ‘ s ( WW114  ‘ f  ( I11 ’) 
X ,~~,, + X 2~~, + ø=~~,, + (I rf &  (7)

toUrs ~‘ .i r s’ c ’ s r . s s  \s nO c,m~is \ s .  ‘Us nainics . “,uhss,,,,~ and I —
liin(rO, ) =g(x ) = 6RI~ + i k A + ( R  R l / f l  (g)

~~~~~~~~ R~ sc.miJi Sst ~ ntm s i St oo l ’. - S I - S -S ‘ 0

I . .,  ~~~~~
. - t)t ’parl ocT l S - mod \ ‘ Ir ,’ n.mw,”  and where (X ,. X . ~~) can be identified fro m l. q. ( 3) .

St . . . s , o  I c. r .c  ..c it s, s~~ons,mIi.ini Is’ \ s -ke.s I nglnccr’n~ &

N co - iL l , , t u e  I lh’s’  -St -S 5 ,---- ,~~~~~~~~~~~ — — - -
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Three fundam entally different differential equat ions and

w hether >., <0 (subsonic), ~~, =0, (sonic), or ~ >0 (super. 1x .r ) =  ;{g( x) .  E , 1.4 xl +Eo ( A
~~

) + f n\ — _ _
)1 I-solutions occur for ~~ , depending upon the sign of A , : i.e., /

4_s..’
sonic). The regions are illu strated in t Ime u pper left ui le g. t ‘

~~~~~~~~
‘ —

for the forepart of a slender consex body at .51, I. The
solution for the sonic region 2 m ust merge cont inuousl y w i t h  + 

‘g gU) I
that for the subsonic region I ahead of it and the supersonic - ,  x — f  V 

- ‘ II +e ~:“ 
.
iI}d~~

region 3 behind it . (A ,>0) f l I )
The procedure for deter m ining the local linearization

solution for the unsteady com ponent . requires first that the
stea dy-state solution 0 ,- he obtaine d to esaluale the variable where E,,,(Z) is the comp lete exponential function of comp lex
coefficien ts (X , . A ). Then an approxim ate solution for ~ is argument Z. (is Euler ’s constant.
deter m ined by replacin g the sariable coefficients o s ,. A .)  temn-
porarily in Eq. (7) by cot ,stan ms , and sols , mmo the si m plified -i , =X , - X - , -1 = (A  — ( X :~ - - 4X A , I
equations t hat result ti each of the three regions identified , -

previously. In the original procedure f o r  steady transonic and
flow, the next step would be to calculate the surface ac- - -

,

celeration d~~ (x ,R , )  dx , rep lace the constants (A ,, A:)  by 
~1 ~~ A .  + ( A S  —4 > .,>. , ) ‘ ( /2>., -:

-
~~~ 

2r
0~0 - -

- 008 - - Results determined by employing the solutions given by
c 0 

/ 

~~~~~~~~~~~ Eqs . (9-I l )  in their respective domains, are shown in Fig. I.

,/
‘ : 

— 

- - - -——‘ Exhibi ted in the two lower plots are the normalized magnitude
and phase (in degrees) of the unsteady surface pressure

/ - - - -sr€ .e, ‘ distributions f~,, for a parabolic-arc half-body, wim h ~ 0.l0

• 5•. ” - - UNS’~A~~.~~’0 executing pulsalile oscillations of its body surface propor-

~~~~ ~~~~~~~~~~ tional to the local radius (~~=~~). In those results , as well as
- — — - --—-‘-- —

~ ot hers presented here, the steady solutions required as input to
- — -- - - the un steady calculation were determined by the tocal

• linearization method for axisymmetric bodies , which is
- - 

~~~~ 
~ known to provide good accuracy for the shapes being con-

• sidered . Also indicated on those plots are the results provided
• •S.* 

oof ‘ : ;~~i ~ - by quasismeady theory and by linear acoustic theory, to which-o - 
the present results converge for small and large k. The closeL~ I •l z~- 

~ j.J ~
I ~~~~~~~ • ~~~~~ 

~ - ~

,,. correspondence between the nonlinear and quasisteady results
(80 for k =0.1 implies a substantial nonlinear thickness effect of

•a • mhe steady flow upon ihe unsteady componeni am low frequen-
Ta(OPV •5. - 

‘S • -
00 ~~~~

— 
~~~~ 

-
~~~ cie s , and indicates , furthermore , the quasisteady theory can

-
~ 

, -s proside good results in this range. In contrast , the corn-

1 1g. I I nslea dy pressur e di’ ,mni hu t i nns on .-aho us p.rab’tlie-ani halt- p.mr lss ’ ns a ith acoustic theory indicate large discrepancIes for
bodies und ergi t un g pu lsatil e su rf -air osc illaliuu ns: Iiud ~j b Iincar i,a ui” n small k - particularly in phase ang le , which tend to disappear
—. quas i sm eads - — - , armIuistir theun h — 0 ( 1 1 . • h 11.5 . si~lv when A is approsimat ely 2.
• ; = 1.0 . £ ; 2.0. •:A S O .  - -\ fur ther evaluation of mhe low-frequency results predicted

l’~ t he present meIhod is provided by the plot in the upper

the functions that they original represented , and finalls in- rig ht ‘I Fig. I - The pressure distributions indicated by the un-

tegrate t he resultant second-order ordinary differential stead) anal ysts for a has ,5 parabolic-arc half-body, hasing a

equation along mhe body surface to obtain both d~, (x ,R - )  —dx maximum thickness 0. 10 . undergoing slow expansion to

and ~ (x ,R ,), to be used in Eq. (6h) In the results reported =11.12 and contrac imon to ,  0OS , are compared w ith res ults

here, t he authors have used a variant of that procedure by predicted h) t he local lmnear,,aiion theory for steady flow past

calculating ~~ , ( e R ,) and ~ (x .R ,) directl y from the si m plified three such hs’d ies . fhe results are in good agreement , in spite

equations. Near the body surface , these solutions are of the lineari zation it the unsteady component and the su b-

stant ia ll~ different method s of ~~lu tion.~ I~ (x .r) = s-I . E , (A ,,x) + I n( - ) + c} ~ ~ e 2 show s the analogous results for a cone with m
- (1 . 10 -‘..I~ ,,,,,~~t, he analy sis derised here applies strict ls to4i
smoothly ,i~~dc, ., ing th,a s on continuous bodies a con~

‘g (x) — g(~ ) - - ~ d~] (A , = 0) (9) 
dillon severe ly st rained ts ’ I  the flow in the s ic I t t i t  of the

+ — -
~~~~

—— e shoul der oil a cone application of the previous techniques is
~ — E st ill possible hs adopting the ‘t t ,i le~~s of using the unsteady

sOu L solution predicted h~ the current method along the en
- l b .

~ (x,r) = ~ [~~(x) . [E n (~4 ,x) + E A 2 (I — X ) 1  tire en ~~’ it cone, il i ts is plausible , since the si,hsot,,~
“5’, solution , whic h normalt’. would h~ joined to th~ sonic result

+ 
— A - r )

~ f 
el s- ) — gI~ 

for points in the region ,,heasl of th~ shou ldet , in fact hc5 mcs

+ - e - ~~~~ - t1 dE ill-conditioned; it t ’ is because . tot a colic, the sonic point m s
( 4 s ( /  — s i  . t o ed  am the end of the hol y \f,i,n - the quas isteady predmc.

lions 01 t he po sent method sh,’v,n in the upper rig ht liat~d

- ~‘‘ g(~~) — g ( x )
e 4 JIt ui dE] ()c ,<0) t IO) 

-- . -~~~ ... -
4 ~~~~~~~~~~~~~~~~ 
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x

~0 
~~~ colt

~~1 2:P!~~~0
~~~ 2 I. asIead~ pressure disiribulio ns on sano u’. c,,nes under5olng
pulusalile surfa ce oss -i lla lions; local lineafl eabion . qiman.i-smead~— — — , m.eousiie lheumn A = 0 . 1 . •; I 0.S. • ; i s = l . O. £ ; A = 2.O .

A 5.0, ..

plot of Fig. 2 indicate sc ry  good agreement with mhe steady
state resu lm s , whereas the comparisons with ihe acoustic
theory results shown in th~ bottom pious indicate a much more
rapid approach to acoustic theory as the frequency increases
for a cone , in contrast to a parabolic-arc half body.
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Unsteady Local Linearization Solution for Pitching
Bodies of Revolution at M,,, = 1: Stability Derivative Analysis

Stephen S. Stahara
.‘s’ielsen Engineering & Research, Inc., Mountain Fiew . Calif.

and
John R. Spreitert

Stanford Unit-ers ito , Stanford. Calif -j

Sn imcs-ouni is pruu s ided ,,l rrce nl ih r ,,relsc ai re-nulls i’ o r unsle ady mu,usemd irans,,ni , FI,,” , s ahoul as ivm m m rm rk
bod ies . [he uns lea ds local Iineari,ab ion sulu l ion is de’.elop rd mu, c-alculmml, ihe uuus mead~ pressurr disi ribul io ns .
ma r sunk or near-sonic Ireesi ream it o ’ .ss . in flit sur lace u I  sesr r -j i sl rnder . puu ini rd . as is nmme l ri c b,,di es un-
dru.,,.-in g low -Frequenc y os c i l labo ry p iic hing mu l lion. Rrs uulms dr lrr mi ned For s lalic and d nn -am ,c s lab il i ls
den s a m is es enshibil goad agm’e eme ’u?m ss ih ihe limii,’d ,‘n,pt’ni menisu l dam -a mssmi l im b l r. 

-

Introduction body , and the s 0 deg axis directed to the right , facing for-

rf I-IF purpose of this paper is to describe a theoretical ward. A slender , pointed body of revolution immersed in a
procedure for determining the unsmeady flow-field am zero auugle-of -autac k sueady flow- is assumed to undergo small-

freesiream Mach numbers at or near one about slender am plmuude harmonic pitching oscillations about a pom ul i

a.sisy mmetric bodies undergoing oscillatory pitching motion . locamed on ihe body axis at i =a. With the fundamental
The analysis is based on the small-disturbance theory of in- assumption that ihe body is suf ficiently smooth and slender so
si s~ id unsteady transonic flow and nuakes use of t he concept that the mnvisc id small disiurbance theory applies , a per-
ol splitting the flow into cieady and unsmeady components and turba tmon eloc ity pouenuial ~m may be defined accordim mg to ’

solving uhe resuliani unsteady potential equation by the local
linearization technique . An c’spansion of the unstead y ~ (x ,r ,O, f )  = Uj (x — a )  cos b+r sine sm n~ +0(. v , r ,6, t ) )
solution is ohialned for loss reduiced frequencies. ,  for whic h (I)
the nonlinear ihickness and Mach num ber effects of the
steady flow are significant , and the Adam-Sears iteration ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

se loc uty . The angular

procedure is used to deiermine ihe unsteady near-field pouen- 
g -

mial , from which t low properiies on the body surface are ,~, ,~p ‘

calculaied. The approach generalizes the results of Landahl , ’ 
( t )  — I ô0 e I (— I

t,iu, - Liu ci at.. ’ ;mnd Run and l,iu , bot h in the sense s’i cii- - - - -

compassing the enuirc low -frequency range , including A- = 0, where & is the maximum displacement . RP signifies the real
and aIss ’ in eliminating ihe “parabolic ” assunlpuioui , ,., part ofa complex quantity, A- is the reduced frequency defined
there by properly a ccs sssssum ng for local reg ions of subsonic , by A- = ,zI’/L-ç , and ~ sa uu sf mes
sot iic , arid supersonic flow - -\ r’ pl ica tso ss are made uo s-ar ious
parabolic-arc half-h,,die~ amid con e- n a i , S/ , b ,and re su l t s  are ( I  — .W~ ho ., +o ,, + 0. + ~

. o = 51 ’ (~ + 1)0 0
presented tot uuss iead y force and momenm distributions and C C ‘

si. iuic amid dyss, imic sta h il , uy deri ’ at ise s . ‘rhe esa mp les Were + st- ; ~ - +251 0
selected , ins ofar as possible , to enable comparison w i t h  - (.1

ex istin g data and other theories , We note that alt e rnati se ap.
proaches , eniplosing the rece s it l y deseloped mcthods of In Lq. (3) . M~ is ihe freectream Macft number . (c .r.$) are

Isogai ’ aimd Dowell ,’ that are based on the sai sse general nondimens ional body- lixed cylindrical coord m names w i t h ( x ,n)

notions of the local linearization method are also puss si hle and normalized to body length . u s  nondimensional mime normal .

would proside arm interesting further comparison of thesedif . iced by s i t- , ; and ‘y is the rat Io 01 specit is heals equal to ‘ 1 5
ter e nu prsi~edsi r~ s for ai r .

I-or the osci l lators f lows considered here . it is consenienm to
Anal y sis expand the solution into a steady and unsteady component.

Basic F quamion’ Thus , we set

The analysis is dese loped in terms of ’ a body-fixed cvl i~ - 0(~ ,r.f ,ih =0~ ( .in i  +RP ( ~~t s . r )  sinhn 1 (4)

drical coord m naie systent centered ai ihe h ose w i t h the Isis -
d i re c ted rearward and aligned w i t h  the longitudina l ,i’.,s of the where o is the asisy mmetr ic steady perturbation potential ,

which saiss f ,es Eq. Ill wi th  the If ,,) ierms omitted , and 0 is

Kese,,esl  I eb I I’Oi resnu’n re ci’. ‘d I s - ‘t IS’ S’, rh 
t he coruip les amp litude of the oscillator y perturbation se locit s

was suppout ~~i 5’. he (‘111cc sit N ,us .,i Rcsra ,~ is undo, C 
‘ ‘  ~ ntenu ia l . On ihc .ssos mpt ion of small amp litude osc illauions

NIu SI i-i ‘u siu ’ su appropriate for flutter -and siahil,t ’, analysis , the equation for
l’tsl,.~ ~ msegi ’u ie s ‘ss, iss ie.u ds -Scrs ’ sIs,i,ini~c’ , Suh’.ooi~ .~~~~ 1~~ 

0 becomes
I tow

“ss’mui,ir K e’sc.,i~ h ‘,,.is’fl ilsi 51,-int er -S I 5 5 - / I — - -

‘l’r, ’t ,- .o’r . t )c In ,url!uiesii ’ ‘I - Sen- ’ss.usuik. 5,5,1 \ ‘t r ’ ’ ,s . ,s, l ,c ’ .,ssd ,,t 
0 + 0. — 
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which , althoug h being linea r , is formidable to solve because of the variable coefficient sand mused ellipiic-hyperbotic type .
The boundary condition of flow tangency am the body surface can be decomposed analogously. In ihe body-fixed coordiname

syslem , uhese conditions are ’

ø,, (x ,R) = R  + O( ’ ’ m u )  (6a)

& x ,R) = b , , ( / + k ( c — a ) l  +R ’ ~~, ( c R )  — u kb ,,RR’ + O (/ , ,, ,~ ln’ .~~ I (6b)

where R =,R(.e) describes the body ordinates. Here , • is the normalized maximum body thickness , and g us a function of order
one. A,1 infmniis . mhe perturbation poteutia ls are required to vanish in an appropr iate manner. Since attent Ion w i l l  be confined to
flows with ‘it , I having all shock waves downsi ream of the region for which resulis will be calcula led , we wilt not require the
corresponding relation or conditions on mhe i w o  sides of a shoc k w a s e .  The preceding equauIons proside , therefore , the fun-
damental relauions for the ana lysis to follow .

Local Linearization Solu t ion

The differential equation (5) for the unsieady component can be expressed in mhe compact form

A ,~~,, +A ,~~, ~~~~~~~~ + Lö, — (7)

where

~~, = .51~~ — l  + .‘.1~~ (~~ + l)4,i,, X . 5 5~ (~ + 1) 0 , +u2A ,51 ~ , X 3 = — k - ’ A1~

Three fundamentally different differential equations and solution s occur for i~ depending upon whether the coefficient X ,, which
corresponds un the small-disturbance approximation to M - ,5~, — I , is negative , near zero , or positive. ’ The zone of influence of
each solution is different for each case, as is appropriate since hue s correspond mo local regions of subsonic , sonic , or supersonic

flow . Each solu mion ihen forms the basis of the ensuing analys is in mm - n approprmaic region , with the requirement that each partial
solution ,s required to merge continuously w i th  that for mhe adjacent reg ion. The local linearizam uon method proceeds by rep lacing
iemporarily the variable coefficient s tX ,,X , f i n  I-q (7) by constan ts and sol ’ .mng the simp lified equalmons thai result in each of the
three regions discussed above. Next , the quantities 4,, (x ,R )  and 4, (x ,R I, which are required for evaluating surface properties of
the flow , such as t he unsmeady pressure coefficient , are determined by first obtaining them from the simpli fied equations , then
replacing the constants (~s ,,X , )  by mhe func mions they originatl~ represented , and finally esaluating ihe resul lmng expressions at
points along Ihe body.

The three smarting solutions for ~u are given by

- / 
g( E)  exp~~—A ,,(x —~~) —  ~~~ 1

4 , ( x r )  = 
2 

- 

~~~~~~~~~~~~~~~~~~ 

— d~ ( X , O) (8)

— 1 I” K ( s )  ex p l  — A , (x— ~ ) +A , l  ~~~~~~ + I — X , ) r~ I I
4 , (x,r )  = 

2 Ô,, 3 - ‘ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

( x , < O)  (9)

- I 4 “ ~,. g(~~ex p l_ A ,(X_ E) leos h lA , ( A , l ( s — E ) ~~~ X . r1 I
= 

2 ~r ~
s, -

~ ( ( x - R - ’ _ is , r :j  - ~- d~ (X ,>Ob (tO)

where g ( x i s - n  the doublet strength mo be deme rmine d later from mhe boundary condition ,

A 5 X,I )s ,, A , =?s ./2X ,, and A . s X ~~—4 X , X , / 2) ’. ,

In demermining the local linearization solution , the forms of these solutu,,ns in Ihe near fueld are required. These could be obtained
by expanding the above solutions directly for small u-; however , a more convenient method tc to Fourier transform the basic
equamion (7) for the three different regions with respeci bo x. sotse the transformed equations . expand the Kernel funclions in the
irans formed solutions for small r , and then transform the simplified results back to the physical plane. Use of eimher technique
leads , after much manipulation . to the Iollowmng forms:

= - 1g (~~~ + 
v 

ts \ ( r )[E ,., ( A x )  +ln(~~~ ) +C—

+ ç 5 ( e )  — .St ~~ ~ 
- u” - ‘d ’ — X , g ( 0 ) ~ U +0(r ’lnr) (k , =0) ( I I )

- - (
~

-
~ 

+ [ .s~x i  E ,,, ( A , c b  +E,, I -A 4 ( l  - x ) l  +ln t 4;(~
-::) 11

+ ç . 5 ( r )  - .\l~~) 
e 

MU — . 5 ( x )  
ç ‘~~~‘

+ Ux , ( +A ,) _ X
~~g(o) — X g  ho )  

°‘ 
+ ~s , ( - -f - - A )  +X ,~~g t I )  +X  g ( O )~~~~’

; ~~ 
+0( r ’ l n r )  ) \ , - < o)  (12 )
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- r r 1 ‘ ,S(X l — .tl~~) 1 -
= - 1 + ~~ ~ +1 ( 4  ) +ln( ) — I ~ ~ ~~ ~ +e

/ 
- 

I g ( o )  g (ol
÷~~~~~

A .( * 4 )
_ x ,.j e

- . I +~~~ ( + , &) — x :~ e ~~~~} _
_ _

~~,(e ‘“ +e 4 )  - _ -_ ‘ I ] + O l r ’ Inn (A >0)  III)

w h e r e

.510 1 N g  tx l  +)s .g ’ (c l  + )‘.,
~ 

(.c l

L ,. (2)  is the compleue exponential function of complex argumeni /0 , c = 0 .5772 16 us Euler ’s coitsiant ,

4 = l A ~~~~~A ’ 4X )5 ,).2)’ , .

amud

Low Frequenc y Solu tion

Of primary importance in this insestigation are low frequency oscil lations , that us , A = 0 ( i - In ,) ,  where the nonlinear (sickn ess
and MacIs number ef fec ts  of the sicady flow strong ly influemtcc he unsueady (low . I-or uhis frequency regime , it us convenient to
decompose uhe unsteady comnpc’nettt iii the following m anner

o i, . r )e  - =60 ’ (x , r (  +ho (i , r)  ( 14 )

where 6 = uku5 and the superscri pts ( t o )  deutote , re s p e ci is e ly ,  the in-phase atud out-of-phase unsteady components .

What remains ns,w is to obiain to apprsi priateordc r thedouhlei dist r ibu iiomi g I r l  appearing in l’s ~— ( 11-13 ) .  ‘Sn effective means
employed in ‘,umilar unse st igat i ons I a is to make use of lie Adam-Sear s ieets nique If we  represent the doublei distr ibut ion and
pomential by

( 1 5 )

~~“ (s ’ , r )  ~~0~- ’ (x , r (  + 0 .  ( c r )  (16 )

w here g I C )  and oi ’ ( O r )  represent the first-order ef fects , wf tereas g ( o f  and o;’ ( s n )  are of a higher unspecified order.ap-

plicamion of the surface boundary condition equation (6) ver ses mo deierm ine the dss iribui ions (~~,,g I es p h i c i t t y .  and , from these ,
the solution for the near-field pouenuiat follow-s direct ly The resulu of ihese operations-after ta k i ng unto account that
)~, =0~ 

- lni), X =O(i ln~b + O(k), A ,  = 0(k- 1,,) = s6,5 . igitoring 0(k-~ ternus . and retaining terms in ihe near-field potentials to

0(i ‘ , n ‘In, ) a-n is consis lent w i th  the boundary condition equation (hI — is that  ,g - = Oh - (.0 - - = Ohi -. - r)  represent th e slet ider.body

douhlei . w hereas o Oui ‘,u lii, 1, 0: - - 0) In . , - r  mu,’ r)  represent t lie second -order correct Ion due is ’ body I huckn ess . reduced
I re qss ei tc v , and Mach number. Specs ) me a l l y ,  we fund thai

(
~ ( ‘ - p) 1 0:1- 1.01 1

- 
- 

- - = 
- + I — 

c + ( l ( , ~ ‘,si ( list r = H i , l (I” )

5 0 j ,,0 ( .0. 0 1 )

osit ~ ic

= f 
/ ‘

~ ()ls’l ( I f)
‘ o I 1 s — s s  or

and

- Q’ ~~~
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25 ,,, ~Q. ( s i [ ln(
I
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~ 
+r] [2w ~ {Q- ( x )  [E ,,, ( ~

+ x) +(n( 
40 :) +

Q~~.s-l

+ A  Q’ (x ) 1
~ 

~~~
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~~~

+ \ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ d Ej  +~~~~ .i , r(  22

where

— 
I~~— a ) Q 2 l o (  ~~~~~~~ -Q -~~~~( 

~ q ~~~~~~~~~~ ÷r lnH (23)

In Eqs (20)10 (22), the coefficients (X 5 , X :  b are evaluated on the body surface n=R and , consequen mly, are functions ofxonly ,

X. 0,, RP(X : )  .51~ (~ + J)ø~ i ‘. . R)  (24)

Q(x) represents the body area distribution , and is given by Q ( s )  = wR ‘ .~ t and /P signifies the imaginary part of a complex quan-
t i t y .  Also, implicit in those eq umations arc the appropriate limiting forms as k — O.  For exam ple ,

2A.51- .man 
~ ~ , )

tim I ‘° = 1 +o(A -~ b (25)
s - s  [ (2 k . SI’ 5

~

I A .- ( 1 - 5 )

tin { ~, 
— - I,, X:use 1’ ~e ’’~ ’ ’”° ‘ ‘

~~ 
+0 ( k ” b (26)

We note thai he present sonic region results are in agreemenl w i th  the low-frequency- parabolic-method results of Refs . 3  and 4
when several higher order uerm s (in ii inconsisme mi ml y inclu ded in those results are omi umed . Wi th  otc ,r t  known . ihe surface
pressure coef licient can he demermined for low- -l ’rcquency. small-amplitude ciscillatu ons from the re-null - thai

C’ (.s ,R,f .t ) = C ’ ~ (x ,R ( + IA( l i R l  +is ( . ( u .R) I sss, t l  (27)

where the stea dy’ pressure coefficient is given by

- ~ I C ( x , R ( = - 20 , ( x .R I — R (28)

while the in-phase and out -oh-p hase unsteady pressures are

C~, (.s .R)  = — 2’s - 
( s R I  +2 1 1 h I  — W~ ho , ~. x - (i - 

~~~ ‘ ) R  I~~,, (x , R)  -~~~ . , I .s . R ) ~ =(,., ( o R )  +C;. , (x .R)  (29)

(~ (x .R)  = - 2 ( ~~~ ( x .R)  *0  ) s . R ) )  +2f l  ( 1 - -  51 f o ,, (x , R (  _ ( i  - ‘~~ ‘ )
~ ‘ 1\ ~~ 

- 
( . 5 k )

+ M~ 4,, ( o R b  + 
2 ~~~~ R : b (x .R)  +Ro  

- 
t s ,Rl +RR : - ( o R )  — 0  (.s .R h l C~ t s R )  +(;: ( s R I  (30)

4- where (C,. , (~~~ represenl , respect isels . the first- and second- order unsteady pressure coefficients. From these . the flutter and

sta bi l i ty de r i s a t i s es  can he calculated directly using

( , ,  ‘I / ., C,, Iv , RI ~ ~
“ (‘ I u k )

L = — . ( s — u )  - - + R ( v ) R ’  I ‘ 1 - d.v
~~ ( ,, j , , i . - - ,  ( . (X ,Rb .1 ,,: ~ C I

/ ., ( ( ‘ ,,( i , R (  ~I-, , = — - R b v )  dx ~l t )

I. ( J ,. i ’ - “ b_ C,. ’.,RI

where again mhe subscripts (1 .2) serve to identify the first -and second-order 0 , ’ rtm ps ’ n nii io ‘I the sarious derivatives.
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a

2 2~- -~~~~~~ J Fig. 4 Pitch axis amid f requenc y depende nce of damping4n-pi lch
I 

_,
~ 

nuurma l -for ce coef l ici eni of a bI t deg ha lf-angle cone am M,,, = I.
2 0L~____ .~~~~~~- ~~~~~~~~~~ —1 1.5r

~~~~~~~~~~~~ 
C~~~ L__._________

~ = 

~“J local linearization method , ~ which is known to provide
::“.

~~ ~~~ __.~~~~~~~~
— results of good accuracy for the shapes considered here.

~u.d~~uiu ,,0al I_~.... ]. j 
~~ - ~~~~ Figure I exhibits in the left-hand plots the disiributions of

Lse.n, Tson.~~’,u - the fi rst- and second-order static (dC , /dx ,dC’.,, /dx ) ,, and
i 4~- , ~ .

~ 3’ .. s - - dynamic (dC’ s, /dx ,dC ,, , /dx ) ,, flutter derivati v es for a cone ‘ - !

having a maximum ihickness i =0.1 undergoing stow

i 2 2 ç~~~~
— 

~ 
- - oscillations in pitch about its nose at M, = t . We note in par-

I -- - I — —+ — —1 ticular the rap id variaiion of uhe second-order dynamic
30f ” ” -

~~~~~~~ .~~~. ~~~~~~~~~~~~~~ ~~~~~~- =4 derivamives (dC.,, idx,dC 
~~, 

Idx ( .  in mhe vicinimy of the
~~~~~~~ — — ~~~~ ~~~~~ 

shoulder , a result of the logarithmic behavior of the sicady-
c5.

2 51- 
~~~~ 1 ~ 8

-, a — - . sm ame solution ” in that region. Analogous results for a
~ i ~~~~~~~~~~~~~~~~~~~~ - 

., ~~~~ parabolic-arc half-body are given in the righi -hand plots . No
2 0I~ 

_.~~ .6 .,
‘. - large gradients are present in those results , but , as expected , a

5., j - - smooth variation is indicated of the various derivatives along
- 

/ 
~ 

- the entire length of ihe body. The parabolic-arc res ults for the
1 - ~~~~~ .

~ 
. - 0 ~~ 

second-order distributions of normal force (dC ., /dx). and
0 .05 iO . 55 20 25 0 05 ‘~ n . 15 20 .25 damping-in-pitch normal force (dC,,, /dx . presented here

l ’ig. 2 Thickness rali , dependence uuf f lu lle r de riv alis es for cones agree in trend bum differ somewhat in magnitude wit h those . -

mind pariab uu l ic habf- hu idi esuuscibta i in g in p u sh  ahoob a =Ouml ji, , = ~, 
delermined by the “ parabolic ” method. ’ Those results would
correspond to  using the sonic results of Ihe present method . -

over the entire body w iih the additional provision Ihat the sur- - -

Resulls face acceleration (see Eq. 124) 1 us held constant at some
In order mo demonstrate Ihe effects of thickness ratio , representat ive value. ‘“

reduced frequency, pitch axis locamion , and body geometry on Figure 2 pros-ides the ihuekness - ratuo dependence ol the
the unsteady molion, the results of the previous analysis were present theory for the static (C C, I and dynamic (C,.,,
applied 10 s-arii ,us f inite-length circular cones and parabolic- Cii,) flulter derivatives for both cones and parabo lic-arc half-
arc half-bodies described , respectively, by bodies oscillating in pitch about mhe nose at the reduced

frequency k = 0.03 and .51. = I. Also shown for comparison
R(o I = i.v ( are various available theoretical and csperim enua l results .

0~~x ~ / (32) These include the results ci t l.andah l , ’ (he linear uransonuc - 
-

R ( x )  =i ( 2 v  — 
~

-
~~ ) ) method of Liu ,’ the “parabolic ” method of Run and (Au .’

and the resu lts s i t slender body tf ies , ry , togeth e r w i th  cx-
Static and dynamic fluhier derivations , as well as their perimenmal dama 01 Wehrcnd ’’ for the normal-force coef.
saria uion along the body surface , were calcula led for M~ = I. ficieni slope C.,, of a 12. 5 deg hall-a ng le cone-with a flat base.
In ihe results presented , the smeady-state solutions required as Considering first mhe stat ic derivative comparisons show n in
inpu t to the unsieady cakulamions were determined by the the in,, upper plots , we note that I andahm(’ s results for
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(C,.,.C,,, ) are only first order in thickness ratio and con- mal-force coefficient C,., of a 10 deg half-angle cone
sequenbly identical to slender-body theory. The linear t ran- oscillating in pitch at M,, = I. Shown for com parison are mhe
sonic theory results of Liu for (C,,,.C,,,) are identical mo m he resuhs of Landahl ,’ the linear mransonuc method of Liu, the
presenm results for zero frequency; however , those results con- “parabolic ” method used by Ruo and Liu,’ and slender-bod~s
lain in addition terms linear in Ac thai , for the frequency mheory . Significant differences among the various results are
regime considered here , are of higher or der and do not enter observe d. Moreover , the well- known logarithmic singularity
into th~ presenm results. Compar ison with resulis of the predicied both by Landahl’ s method’ and linear Iransonic
“parabolic ” method of Ruo and Liu’ for C.,, indicate con- theory- as the reduced frequency k— 0 is quuie evmden m , and is
siderable discrepancy from the present results as the thickness in distinct contrast to the smooth varma imon with k of ihe
ratio increases and presuma bly is due to the inconsislen m in- present theory. Moreover , we note that the results of Ruo and
elusion of higher order erms O(u list /r,ri ’ liii) in that Liu ,~ which are valid only for very los” (quasisteady) frequen-
calculation. For ihe dynamic derivative comparisons shown in cmes and which do not contain an entplicil dependence on k ,
Ihe two lower plots , large discrepancies and different trends compare favorably with the present theory near Ac = 0.
exist among the various mheories. Because Landahl’s results A further comparison of the resul ms for the damping- in-
are based upon a lower order surface boundary condition , as pitch normal-horce coefficient is provided in Fig. 5 , which
well as a less accurate force and moment demerminalion, those displays the influence of body shape on both ihe pitch axis
results can be expecte d 10 deviame from the more exact mream - and frequency dependence of C,.,. Here, various theoreuical
menm used in the present analysis and mhose of Liu 2 and Ruo results for a cone are shown in the two upper ploms and are
and Liu’ as mhe thickness ratio increases. With regar d to the contraste d in the lower plots with mhe resu h ms for a parabolic-
comparisons of mhe linear transonic theory results of Liu , we arc half- body having the same normalized maximum
note mham , for the parabolic-arc half-bo dies , the failure of that thickness i =0.10. Greater disagreemeni exists among the
theory to include the effect of the nonlinear steady flow on ihe resulms of the various theories for the conical ramher than the
unsteady problem is sufficient to change the entire trend at parabolic-arc shape , a fact already observed in the thickness-
the dependence of the dynamic stability derivatives on ratio comparisons of (C,.,,C,,,) shown tn Fig. 2. Thms
ihickness ratio . This provides yet another example of bomb the is almost certainl y a result of ihe parmmcu lar behavior of the
sensitivity and dependence of the unsteady momion on the flow in the vic inuly ol the shoulder of conical bodies . where
nonlinear steady flow au mranson ic speeds and points out the rapid sarta umons in 110w propermies occur — an effec m altogether
necessimy of including this effect , absent in the smoothly continuous flow about parabolic-arc

A final comparison of static derivative results of the present half-bodies .
memhod with experiment is provided in Fig. 3 Here, the data Results analogous to those given in Fig. 4 and 5 are pre-
obtained by Wehrend” for (he slope of the pitching moment sented in Figs. 6 and 7 for the dampmng-in-pitch moment coef-
coefficient Cs,, is shown for a 12.5 deg half-angle cone for fmcment C5,, . In Fig. 6, results for t he damping-mn-pitch
three differen l pimch axes locations am , respectively, 63 per- moment coefficient C,,,, of a 12.5 deg half-angle cone at
cent , 70 percent , and 77 percenm of the body length from the M,, = I are exhibited. In addition to the mheore mmca l results in-
nose and for frees lream Mach numbers from 0,65 to 1.30. dmcated , experimenial data of Wehrend” for pitch axes
Also provided are the uheoretica l resulls of the present meuhod locaimons a = 0.63 , 0.70, and 0.77 are also included in mhe plot
for M,, = I, as well as those of Landahl ,’ Ruo and Liu ,’ and on the lefu. We note thai although the present theory provides
slender-body theory. We note again that ihe linear transonic results somewhat closer to the dama than the other methods ,
Iheory results of Liu~ for the sualic derivatives are essentially none of the theoretical results can be considered to be in ac-
idenmmca l to t he present theory and have been omitted for cepuable agreement wi th  the data. A feature that mnmroduces
clarity of presenmamion. Good agreement of ihe present results additional uncertainty into these comparisons is that the ac-
is noted with boih experiment and the “parabolic ” results of iual flow past a cone wi th  flat base will contain a free
Ruo and Liu. ’ ‘ streamline emanating from the shoulder whose predicted

Figure 4 displays the piich axis and frequency dependence location is beyond the scope of an mnvmscmd theory , Whereas
predicte d by ihe present method for mhe damping-in-pitch nor- the direction of Ihat streamline n-ill undoubtedly be close to

frec ’str r’am and us influence resiric ied essentially to the
vicinil’, oh the cone shoulder , iruvis cud theory predicts that ihe

2 5  , surface pressures will be unaffected by Ibis feature of ihe
— ‘ ‘r flow , as ihe in fluence of u s  effec t is limited to regions of the

2 0  
— —m ~~oasu J flow field downstream of the limiting characteristic

ce,. . ‘S • 0 ~ 0 “
~~
“ “

~~~ •.0f” H emana ming freiun the cone shoulder. Discrepancies assoc ialed
I ~~~~~ ~~ —.~ 4 .005  ‘ I -sui b h this effeci , together w i th  oiher uncertainties rela med to

u s - . -1 the dynamic testing, ’’ are diffieuli 10 assess further w- mm ho uu
“S  

— additional experumeni an 1 analysis. Wi mh regard to Fig. 6. w e

uo — a , — — — —‘
•~~

-
~
- observe again ihe differences between mhe s’arious meihods ,

particularly as show n in the plot on the right at low frequen-
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available for comparison , Additional testing is needed, par--—-— n— ———— 1 - —.-—-‘-—-— - - - . - . - -

,, — Po,.n Ti.~~y _j ticular ly for the dynamic derivatives , to provide a definitive

~ ~~~ ::~ ~°~‘ — — ~~~~~~~~~~~~~~ — .4 evaluation of the mheore lica l predictions.-°6r”~ 
---R9o o~~~L w 1  

~ 
n ’0 4  Finally, we note that the local linearization procedures by

- 
~~S�s .~~uo I I which the solutions have been obtained are nol restricted to

Cp~j .04~ 
~~~~ ~.003 the particular examp les displayed in Ibis paper bum posses s

— — — — — _ ,,,,,_,,.4 greamer genera lity. The preseni results , in fact , pros-ide yet

02 L ‘ “N,,,,, — ~~Th.C — — — — another application of the method demonstrating the
E I “

~~
— .. 

- 
~~~ aid 1.5, - remarkable ability of the technique to obtain both an accurate

L “
~~ and economical approximation to a difficult nonlinear

0 ‘ I problem.
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DEVELOPMENTS IN TR ANS ONI C OTEADY AND ‘JNSTEADY FLOW T}CEORY

John B . Spreiter
Stanford University
Stanford , California

and

Stephen S. Stahar a
Nielsen Engineering & Research , Inc.

Mountain View , California

Abstract discussion of significant results , usual ly obtained
by more than one method . We start with two—dimen—

Great strides have been made in recent years sional flows , for which the r,umber and variety of
in the analysis of transonic flows past wings and methods is greatest , and with the Navier—Stokes
bodies , and the initial extensions to wing—body representation so that the initial results presented
combinations , helicopter rotors , and internal flow will provide a standard with which the followirt e
through rotating turbomachinery have been announced, approximate theories can be judged. Three—
Although the methods are too numerous and diverse dimensional flows are discussed subsequently .
to perm it detailed description , the salient fea-
tures and results of the more significant are II. Two—Dimensional Flow
revived.

Although the majori ty of analysis has been
I. Introduction directed toward an inviscid level of approximation ,

transonic flows are often highly inf luenced by
With the propsect of efficient transonic flight viscous phenomena , particularly shock—induced

afforded by the development of supercritical air— boundary—layer separation . The most complete anal—
coils providing the motivation , with the results ysis of such a flow is that of Diewert (12,l3) who
tl_ 5) of a previous era extending from about 15 to employs the finite volume t:ethod to solve the time—
25 years ago providing the foundation , and with ass dependent , Reynolds—averaged Navier—Stokes equa—
enhanced computational capabil i ty provi ding the tions which , written in integral  form , are
means , enormous progress in traussonic flow analy—
sis is currently being made. During t h i s  decade , P pq
several new methods particularly adapted for use 

+
with advanced computers have been developed to a 

~ d ~. + I — X dS = 0 ( 1)
calculate flo’,rs about increasingly complex aero— ~t J (3W 

VO J pV q + T’ly 
TI

dynamic configurations. These techniques are not voi 
E 

S 
E + r’ — KVT

limited to the small disturbance theory that formed - — -
the basis for most of the earli er work , but apply
also to (a) the complete potential equation for where
irrotational flow , (b) the Euler equations for
general inv’iscid flow , and (c) even the Navier— q i U + I W ,
Stokes equations for viscous flow. Some of the 

x Z

methods , such as the numerical time—dependent ,,, ,, , ,, 5’procedures , have been applied to all levels of 1 =  i i  a + i i i  + i i i  + i i  a
- — x x x x z xz z x zx z Z zzdescription. Others , as the hodograph , are re-

stricted to two—dimensional steady flow governed
by either the complete potential equation or its in which p is density~ U and W are velocity
small disturbance counterpart . Still others , as components and ix and 

~~ 
are unit  vectors parallel

the integral equat ion —ethoS , tsave broader poten— to the x and z axes , E e + (1.12 + V 2 )/2 is total
t i ali t i es , but are presently developed primarily energy per unit  volume , K is thermal conductivity ,
for the small disturbance equation . As might be ~T is temperature gradient , a and I are normal and
expected , most methods have boon applied to the shear stresses , and n is a un i t  normal vector .
small disturbance formulation and fewest to the In addition to ordinary viscous stresses in I ,
Navier—Stokes equations. Under favorable circum— Dievert also includes turbulent Reynolds stresses
s’~ances , the various methods yield similar results , estimated using four different algebraic eddy
with the effects of viscosity being confined to viscosity models. If the viscous and Reynolds
limited regions , so that the results of the small Stresses are disregard , Eq. (i) reduces to the
disturbance theory agree with those of the more integral form of the Euler equations for inviscid
accurate theories. Some of the differences , more— flow ,
over, stem directly from di fferences in computa— /
tional details ,such as mesh s ize , order of accu— p pq A 10
racy of I hue uiffercn ce algorithm , etc., and could
hi.’ reduced st the expense of ,7reater computing 

~~ I pU 
~ vot+ \

0~J ~q’n dS+ J\
P TI 

=
time or with the development of more effective J pW .1 j p W~ 

- .‘~ j p  n
algorithms . vot S S rE \ E pm~~n,

Because the volume of material lii so large , and (2)

~~fer~nce can be mit-ic to sov~7ral excellent reviewsi o”ll as well a-~ the original  paper s , our aprroach The integral, forms are appror r iat e  for the
here is t.o l- t ’ov idci a t r~ ad ovi.’rview by combining finite volume method used by Diewert f’r visc ’u,
I-rief accounts of the tnecr,-’.ical b asi s  of the flow and also by R1zzI (l~~) fcr inv scid flow; h- .u~
various metho,la follc,wed by a presentatien and other methoth are usually derived from the

~~~~-
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corresponding differential equations. The Euler For M U~/5co ~i 1, a number of alternatives
equations , for example , are as foflows when written exist for k , but the videl~r used expression
in conservation form to include the shock relations k = ‘I’ + ~ )Mj/U~ provides a good all—aroun d
directly compromise. PJ

p pU pW Equat ions ( 1) through (7) must be supplemented
u + by boundary condit ions and other relations to speci—

+ .i. 
p p 

+ 
~~~ p 

= o (~ ) 
fy both a mathemati cal prob lem corresponding to a

at pW Bx pIJW ~z pW2 +p physical application and a unique solution. Bound- J
E IJ1E+ W1E+ ary condi tions trust uescribe conditjc~ss at i n f i n i ty ‘

p p 
and at the airfoil surface . With Eq. (1), the
velocity muiut satisfy the no—Slip condition at the

Since these equations are difficult to solve , airfoil surface; whereas only the norma l coaponent
they are often approximated by assuming the flow must match that of the airfoil sos-face witf, Eqs.(2)
to be isentropic. This is correct without approxi— through (7). With Eq . (7) , i t is customa ry to
mation for flows which are continuous , i.e., shock— linearize the boundary condition and transfer it
free , and a good approximation for flows with shock to the x axis. ‘rhus ,
waves if they are not too strong. Under these
circumstances, ( ,

~ 
) U ~~~~~~‘+  ~~~~~~~~~~ 8

~ ~=o = ‘a~ U ~t
(p/p~ )/(p/p ,)

1 = exp ( ( s  — s,,,)/c~
] (1~

for an airfoil having ordinates Z(x ,t). Similarly ,
where y = cp/cv is the ratio of specific heats the exact Be’u-nou,lli equation is u,;i.’d ~~ 1h F.j. ( f I) ,

at constant volume and pressure , S is entropy , whereas an approxirsti t ion
and subscript refers to free—stream conditions .
Then Eq. (3) reduces to p — p ,,,

m2 = ____ -__
~~~s _?-

(
~ t + ‘ ~‘ )  (9)

+ ~~~~~pu 2 + p ( p , p )~~~ 
- 

- 

I
pW p1.1w is  r s h y  u ~1 w i t h  ( 7 )  E~ u at -i ( 1)

hr ~o~ h ( 5 )  S not  need suj ~ l ementa ry  r e la tio n s
J for shock waves , but  Eqs . ~n - )  and 7) do . To corn—

+ —~ -- ,  -~~~ = 0 ( 5 )  i let e thi’ ~ps’ i f i .-a t ion f,- t ’ a l i t i r ~g a i r f o i l , it
~z ~~

‘ 
- ( is sb - neec’~s m - ,r y ’  - . Impose the Kutta i’ormdit ion or

(pW 2 + p ( p / p )~~ some cou,’ ’ .,r~ :su’t .

( 15) . Of flo’ many s m ”  l - ’ i u  f- --r  so lv ing  steady tr anson icMagnus and Y o sh i h a r a  have introduced  t ime— ,t l s w  problems ‘h e  , -oiograp h m ethod is unique independent numer i ca l  methods to t r ansonic  analy s i s  . . - -I h :, it. -~~‘ er-I s  a t,  :5 t rans  format son that  l i nea r i ze sby solving t r m r ’ s e  e I r U a t  ,oa ~. . - . . - .th i ’ g~~ve r7;1ng eq out  t ot , with- ut app rox ima t ion  by
- - in t e r  :hitr.glr:g the  dependent  and independent  van —A related assumption , w h i c h  is also exact l . r  - 

‘. , shIes. In t l i s  s-,’, t h e  s t e a d y — s t a t e  form of Eq.shock—free flow and a good approximat i rt i f  th e  -
( 6 )  7 ransforms t-shock waves are not too st r o n g,  is that  the f low

is i r ro ta tional .  There then ex i s t s  a velocity
potential s~i related to the velocity by (a2 - U 2 I~ ,, - itw + (a 2 — w2)q5~~ = 0 ( 10)
q = V$ that satisfies -

and its small disturbance counterpart , Eq. (7), tn
(a 2

—~~
2)~ -2~~$~~ + ( a 2

— stu2)4u - ‘Iix xx x z x z  S ZZ tt
(l— M —k u )~~~~+~ = 0 (11)

— 2 ~~~ — 2 ~~~ = 0  (6)
x x i  z z t

in wh i c h  i~ is t h e i.egendre rot -nt i-il related to
where a = (a,~ — (y_l)q 2/23h/2 is the local the co ’rdtm r: - ,tes by 

~~ 
= x an-i = z .  The ,~ac’ot j ar,

speed of sound, ar,d a0 is the stagnation Speed of the transfo rmation , J = i4(M~,~— l+ k u ) — u~ in
of sound. When applied to steady flow so that the the case ot~ Eq. (11), cannot  van i sh  w n e r , time fin-s
time derivatives vanish , Eq. (6) is of elliptic is subsonic , ( u t may vanish where it is 501 - r I - i ,jc ,
type where the local Mach number P = I~I/a < 1. thereby siom ,ifying an inconvenient r~tult ipl e ~~- 5 ~ I
and hyperbolic type where M = 21/a > 1. Both the in the hodograph plane of a single l ,it i in t~ - ’
hodograph and finite difference relaxation methods physical plane. As a result. , u :- of this tn~’7: . - -i
have been used extensively to solve this equation , is usually ctonfirm ”J . - t h e  sale — n c rn -Cl -s n ,n,I a

limited part of the oupe rsoni - “n - ~i I t  - m m ’ s - t m, ~
Most transonic analysis both past and present latter is small is. at slightly supercritic’sl Ms-l.

has , however , been based on a small disturbance numbers . The remainder of the sol ution is calcu—
approximation to Eq. (6). For flow with free— lated by iinoth=r ’ method , such as charactn- ri :tlcr
stream velocity q,,, = £

~
1.1=, past a thin airfoil or finite -differences . The t o i c C r ’ up ( ,  rt”thsJ was

aligned approximately with the x axis , a pertur— used extensively in the early develt prrent. of tran—
bation velocity potential ~ = — U,,x can be sonic fl, -w theory (2,14) . but d i f f i c u l t i e s  ir~ impo sitm ~
introduced and Shown to sat i s fy  boundary condit  Ions for an airt oil of specified

2M.~ M~, shape restricted it s usefulner.t-r . It t ns c c -re i t t 0
(l_M

~,
_k$

~
)4i
~1
+
~~15

_ _jj_ 

~ —~r ~~~ 
= 0 ( 7 )  a new era of s i r t s i fj c a n l’e in t h e  d e s i e r ,  of -‘hock—

free a i r f o i l s  fo r  which it is F-ar t i c uia r iy  we l l
suited.
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Two methods of solving the hodograph equations fail to converge if the differencing is done in
are currectlx predominant. That of Nieuwlazud( l6) , the same way as in the small disturbance theory

- 
‘ l  Tak aks ashi~~-7” , and Boers toel(l 8)  relies on f u n c t i o n  since the region of dependence of the d i f fe renc ing

theory and in tegra l  t r a z u s f ’ o rr!,s ; that of Bauer , scheme does not always include that of the differen—
Garabedian , and Korn~ i9,2)) is based on analytical tial equation. However , jameson (28) showed that
continuation In t o  the complex domain so that the convergence could be achieved if the finite diff—
solution can be obtained by solving initial value erence elements were rotated to allow for the
problems. Both methods culminate ~ith extensive change in direction.
numerical computations .

Improvements have also been made in devising
The fi rst method to be developed for shocked more efficIent algorithms for solving the large Set

transonic flow that depends intrinsically on the of algebraic equations provided by the finite diff—
modern electronic computer is the t ime—d ependent  erence procedure . The SLUR method employed origi—
method of Magnus and YoShihara (15,2l ,22). It nally has been sup~1ement~ d by more e f f i c i e n t
- u n l i e s a modi fied Lax—Wenmiroff difference scheme procedures (6,8,9, j’0,29,301 , and further advances
to Eq. (5) to compute from a knowledge of p, U , exploiting steadily improving computer capabilities
and W at one time new values c-sr a slightly later are to be anticipated.
time . Repetitive application provides a tine
history of the development of the f low from an The integral  equation method , stemming from
assumed initial state. Solutions for steady flow Oswatitsch (31 ) an d Spreiter and Aiksne(32), was
are obtained by imposing steady boundary e:ndi- the first method capable of providing results with

j tions and carrying the calculat ions sufficiently embedded shock waves for supercri tical  flows . In
forward in time for the t r a n s i e n t s  to disappear , t h i s  method , Green ’ s theorem is used to t r a n s f o r m
characteristically a costly process. the steady—state form of Eq. U) into a non l inea r

in tegra l  equation
Relaxation methods were used in the early tran—

L sonic studies of Eminons(23) in physical variables ( (~~ 2 — 2 — — 2
and Vincenti  and wagoner (214 ,25) in hodograph van — = ~ +v ~i2 — - i--Il iL. ( x — t . )  — (z —

~~~~ dC ~~ (13)- 
I ables , but modern app lications derive directly 2~tjj 2

- 
- from Murman and Co1e 126) who in t roduced t h e  use of

different difference expressions in the subsonic — — 2 1/ 2  —

and supersonic regions in conformity with the wh ere x x , z = i i  — M . t  z , u = =
respective domains of influence. The procedure ku / (l—M), and uL represents the ;-~iu rio n -f

was initially applied to Eq. (10) in which ~ Eq. ( 7)  w i t h  the  non linea r  and t ime— d r- r iv uuti v e

is approximated by centered differences ; and u)u terms o~titted. Original ly , the :- ; , ouiarity at

and u
~xx are represented by centered differences the field p o i n t  where u is to be evaluated was

in regions of subsonic flow and by one—sided up— 
enclosed by art infinitesima l rectangle having a,

win d di f fe rences  in regions of supersonic flow , ratio A of height to width of int ’nni ty, in whi ch

The resulting large set of algebraic equations case v = 1/2. Nixon and Hancockm 33t have sul ,~e—

was solved numerically using a successive line quently obtained v = 1/14 by t’nci:’; lag the same

overrelaxation (SLOB) procedure. point  by ,a~ ,infinitesimal circle. ~e-ana and
Sprei tert3 / have investigated t hl - matter further

It was soon recognized that the use of only by enclosing the field point in an infintesimal

two types of operators for ~~ and was insuf— rectangle of arbitrary A , for wii lch v ( 1/sm )

ficient since difficulties arose at the sonic line arctan A. This accounts for the earlier results

and shock wave where transitions between the two since V = 1/2 when A = , and V = 1/14 when A 1.

forms had to be made. The problem was resolved These differences are somewhat illus ory , however ,

— by introducing a sonic finite difference operator since the doublet integral is semi—: nvergent rsr i

—— corresponding to the cen te red_ di f farence  expression i t s  value depends on A in  such a way this ’ ‘l -

for 
~~~ 

and a shock operator cor responding to sum of the last two terma e~~. (13) is indepen—

— the suin of the Subsonic and supersonic operators . den t oI~ the  shape of the contour .

The latter when applied to the steady—state form - -
a. of t: 1. ( 7 )  rewrit ten in conservation form - 

, 0 b u m~~~ o~ Eq . (lt ~ s- ri’ - :mglmt initially by
i n t roduc t i on  of a v n-l- - ,- , t , p relile 1’ -o f t I : - form
u ( x ,z )  u ( x ,  I ) f l x , O , o ,_0 ,l )  sn tha t ~~~ lou t- _ c

(1 — M,~ — (k/2)qu 2 J + (~~) = 0 ( 12)  int i -gra l cc -ui - I be ‘ u ; : r - x t m a t e - (  by a s ing le  integral
~ _ 

aol 5- - l 1t~ n-fl: , could t ’ - b t n i n e d a - i t h  a modest
attic - i t t . of ‘u I c m l  - mt at :or t 

~ - ‘ ‘ 
- 

- &lthc-uçl, this
results in substantial improvement of the -as ! ‘ i— tne thoi is: ml-: ’ ‘i t ’ l a b  r n - r i  t ) , f b i ’ I men - It - s ,37 )

— hated change: -icr-;ss a shock wavn~(271 . Pr’:e’ntty , is I dir,-:’ sum ’ -i -ii solo ’ ion - ‘ t 5- -t . an.I ilanoocx
two type:;  of dl ffe r e n c i ng  ro--selurt’ . are widely C ~~ u l v,’ C l ,  -50 , in  i t - I l ;  t • I ha ’ a a ‘ a t  ~ ‘ -

used wi th regard to the small dist urbance ‘~~~u ’u— i tnt r - - v ’ - r n ’ at  f r  • ( un  v i  a :  ty ~‘f the leadi ng ‘ -

t ion - To -1 i nt l  r,~ imi at them , those ear I -y i t ;~ t I- ’ may I ~‘ ‘t ’hi ev i -I by us ’ r~ ma rn ~‘-~ a-  t a in ed
shock point operator (-~P - )  , Wh ich -i , - u r n  - r — by ‘a’; - s : i r e  the  1 U t -  I t -I,’ -

, t s ( . ’ ‘ a’ F,~ , ( t \
va tion  of mass at . - l-: ok points , are l i ’ 5 i n t0~u t e U  w i ’ t .
FCR (fully con s=rvat i-je relaxation); while those
w h i c h  J~ not ‘:mr loy t h e  i~PO are termed N I  (aot  

= ‘u • 
r 1

_
f u l ly  c m , f l O C r V : s t i V s X  r e l a x a t i o n) .  Fur ther  - o m ~~b i —  ~I ‘ ‘ 5~~~

’ It

F mt-u t  ionu arise when the t i n t  m o - I  is ‘s~ ; I  j i ’ r to  the
complete po ten t ia l  Eq. ( 6 )  : p e c i - si t I  to s t ” a- l~

— f low.  The ce n t e r l i n e  of t he  Mach forec ast ’ region it, ‘41 1, ’ t - -a I r i m ,  i t t  Ce m e t t m ,  - - i s  I I a’ may b”
r e f i t i  -I s y st em n ’ m a im ’, I t’ nfl It ’ an es - - : , ‘ t a l l yof dependence in  supersonic  flow is  no i- np’ t ’r - 

-

• parallel I a the x axis , b it is in the  local ‘ X 5 ~ - o l  it : - in  ‘a’ r a t ’ s - t  smal l 1 , : —

di rection of the streamlines . The calculations ‘ u r l  lu - u -  r . • th-  r ’- ar ’ - ‘ ~ ‘ i a - a~~ r -x , ”uu ’ -
met im S ‘ -u t  1, 5 r 1 u ,r’u ’ ‘ -  “C,- ‘ 8 , 1” 

-- -~~- - - ~~~~~~~~~~—--- ~~~~~~~~~~~~ -— - - -~~~~~~~~~~~~~~~~~~~~ - - - -~~~~~~~~~~~~~~--~~~
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very simply . Principal among these are the local furthermore , that the transonic sLall disturbance
lineari;~tion (38 ’39 1 and the parametric differen— Eq. (~~) ( 145) can provide resu l t s  of outstanding )tiatlon 140) methods Since they are not in such an accuracy a conclusion long evident from early
act ive stage of development , no general description studies~~~

).
will be provi ded; although their  results will be
displayed for comp arison . Figure 3 from Ba l lhau~~~~ shows pres sure dis tri-

bu t ions for tranr-jnic flow wi th  embedded shock wave
We turn now to the results provided , by all of fo r an NACA i- 1 sAl slU airfoil calculated by application

the methods discussed. Figure 1 presents pressure
distributions for an 18—percent thick circular—arc .,~~~
airfoil ~~ me~ sured (

~~~
) and as calculated by m - S

Diewert ( ‘~,l3) for both’ invi scid  and viscous flow 

~• 2~ 10~ ,6 id% ~ 
~, — l0x10~J” ° \ u~

,: / ~~~ 

~~~~~ 

?

V:; :ous

~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 1~ 0

— 1 .2 8 • ~~ 
/ 

N., .786 
AidS \_~IflVi.~ ld C

—0 .8 • ~ p _ø’ \ _____________________ _____________________

—0 ,4

0 8

o—-o Small disturbance
— Euler

Fi g. 1.— Pressure distributions for thick
circular—arc airfoil.

a — 1.69by application of the f ini te volume method to
Eq. (1). The inviscid solution agrees well with
experiment over the fc rward half of the airfoil ,
but is inaccurate in predicting shock strength

t railing edge . When the aft pressure recovery is ~ ~~~~~~~~~~~~~~ :° ~~~~~~~~~~ _ 2 \~~~~~~~~~~~~~~~~

and location , ari d the pressure level near the

strong, as for Reynolds number , Be = 2406 , t l m c ’
viscous Solution agrees well with experiment .
When the aft pressure recovery is weak , the theo-

r 
~~

retical results disagree , probably because of in—
adequate turbulent modeling in the separated
region. At the present time , these are the most 0.8
complete comparisons between viscous theory and
experiment; the differences should be remembered Fig. 3.— Exact and açproximate transonic pressure
in evaluating subsequent comparisons between d i s t r ib u t i o n s  for an MACA €uluAhlO airfoil at
inviscid theory and experiment , two angles of attack , M,, = 0.72.

(15 ,21,22)Figure 2 presents a comparison of exact and of the time—dependent method to the Euler
approximate solutions for steady inviscid shock— Eqs. ( 5 )  for isentropic flow and of the finite
free transon~c flow past two different supercriti— difference relaxation method to the small distur—
cab. airfoils ’,lO). It shows that results obtained bance Eq. (7). Two versions of the latter are

shown distinguish ed by the value of m in

NLR Qua si-elliptical Gera bedian -Rorn k = ?~~(y + 1)/11 . The upper Blots are for m = 2 ,
ai rfo ii  a i r foi i  in wide use for many years ( 14b ) . To improve accuracy

-1,0 t~~~ 12 - - i S  without  complication Krupp (14 7~ has proposed several

~~~~~~~~~~~~~~~~~~~~~
u

cp

l 

other values for in , each of whi ch has cerLain

_o,~ c; 
— 

• desirable properties such as the accuracy of the

— ‘ pressure coefficient , C~i Among these values is
~~ 

~~~ 

approximation for the shock j umps or the critical

m = 1.69 used in the l~ wer plots of Fig . 3. The

~~ il potent ial 
- 

tentia 
‘ results illustrate the -iile~ na encountered in such

— Uodograph ~~~~~~~~ efforts. The results for in = 1.69 are superiorKodogr aph , c, 054 
~~~~~~~~~ for angle of a t tack , a = 0 , but those for m = 2—— R.laxat iun.C1 . 255 , CL RS . u•0u.l, 32° are better for a = 20 . To us , i t seems preferab le

- -— R e l a x a t i o n , 8 . 75 ,1.0 Small distur bance C L • , 6 3 ~ ~~ , l ~~° to use m = 2 for most app l i ca t ions , rese rv ing
— Re15Xat i~n , C~~ .242 , Small disturbance other values for restricted classes of app licationsus 1. 32

1,5 —Re iaxation , ,. . 16 . that emphasize a art !cular feat ure of the ‘I -s
C~~ .62~ a 12° that can be better represented by another vuulue

for m .
Fig. 2.— Theoretical shock—free pressure

distributions for two supercritical airfoils. As noted above , s ign i f i cant dif ferences  occur
for the vicinity of a shock wave depending or,

by application of finite difference relaxation whether the finite differencing is done wi th the

methods(~ê2 ,
’43) to the conmlete potential Eq. (6), FCR or NCR procedures . Th ese are i l lus t ra ted  in

and the hodograph method (1’3,~~4) to its counter— 
Fig. ~i for a nonlifting 6—percent thick circular-

part Eq. (10), are virtually iden tical ; and , arc airfoil at two different  values for M (27 ’
~.
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a time—dependent method (50), which is fully conser—- ,8 - — ,872 14 — . 909 PCR
• 2°iO’ vative . All three methods indicate essentially the

~~~~~~~~~~~

ncte

~~~~~~~ 

wave , this time detached , that is too far foreard.

— .6 FCR same pressure distribution on the airfoil , but theO~~~ip.
NC R method again indicates a location for the shock

— - 4

— . 2 - — Although the integral equation method has been
~~~~~~~~~~~~ CR1 

vol~~~e 
partially eclipsed by the hodog raph and relaxationC

that it has considerable merit . Figure 6 shows
- - 

SCR ,/-’
~~
k 

methods , r ecent reevaluations(33,36 ,37) i nd ica te

pr essure distributions for a 6—percent thick. 2

__________________ ____________________ 

Mm - -
.4 — - i

0 
~~~ 

1,0 0 a/c 1.0 — ,~~ -

Fig. i . — Jupe’rcri tical pressure Jistributions for
c 

- 
c
;/

P
~~~~~\ 

~ . ~ 

- 

-

a thin circular—arc airfoil indicated by the FCR
and NC R solutions of the transonic Small distur—

/ a/c
bance equations , by the finite volume solution

FCRof the Euler equations , and by experiment . - 870

0 integra L sq. , 
~: ~~~~ \Away from the shock wave, the results are in a~re’ - Int egral eq. - -ment , but near the shock wave they are quite di t ’—

ferent. in particular, the NCR shock pressure ~ ssp 0 Kra f t , M_ .873
— - -—N ixon , N,, ,870

does not approach the theoretical normal shock
j ump ; whereas the FCR solution shows not only that Fi g. C .— Pressure distributions for a 6—percent
the correct condition is attained but that the thick circul ar—arc airfoil indicated by integral
shock is followed by a well—defined reexp al.S I - n , ;u at ion aimd FCR solutions of the transonic
as is proper. The FCR solutiorm also indicates a small disturbance equation.
more downstream location for the shock wave than
the NCR solution. Superposed on the results for c i rcular—arc  a i r fo i l  calculated us in g  two versions
M 0.909 are ex~er1mental data (148) and a finite of the integral equation method and the small dis—
volume solution (lb) of the Euler Eqs. (2). This turbance FCR finite difference method. The results
comparison confirms that the FCJI shock location of Kraft(36) have been determined using a velocity
agrees better with t,he exact inviscid location profile to reduce the doublet integral to a single
than the NCR locations; although the latter agree integral ~‘ioi iterating in the manner of Cpr ’iter
better with experiment. This paradox can be re— and Alksne ( 12). Those of Nixon (5l ) have been cal—
sol’ted by reference to Fig. I itt which it is illus— culated using his extended integral equation method
trated how viscous effects lead to a more upstream in which the doublet integral is evaluated by divid—
location of an embedded shock than indicated by ing the reg-~on of integration int o  a number of
inviscid theory . In addition to the differences streamwise strips across which interpolat ion func—
in the surface pressures illustrated in Fig. ~i , tions are used to express values for the integrand
Newman and South (~ 9) have shown that the stream— in terms of values along toe ~t ri p edges . .i imi lar
lines downstream of the shock are displaced out— results for the critical Mach number have also been
ward substantially and erroneously by th r  NCR determined by dgana( 37) ut, - divi ded the region of
method because of spurious mass addit ion at the integrat i on i n t o  a iaree number of rectangles and
shock. The FCR method avoids this deficiency by evaluated the inttr~.’ra by qua iro ’ -m r .- i t “i tch step
satisfying mass conservation everywhere, of an iterat ion process.

Analogous results for the same airfoil  in a ‘ rr’-o;-o ding re,~ui~~: for a N A A  I )O l~ ai r f o i l
slightly supersonic stream wi t h M,, = 1.15 are are “pn”nte-l in Fir. 7 t- ge’Imer wi t~i an essential ly
shown in Fig. 5(lO ,2’T ) The calculat ions were
performed using the two relaxation methods and also
a finite—difference solutionof the huler Eqs.(5) by ~~~~ 12

— .8 — p
- .4

.4 1
:r 

NCR~~~~~~~//  

~~~ 

-

- 

0 1.0

y/ c 2  

0
- .4 y/c —

y/c ~ 

~~~

/ c p  
Cp

1 L ~~ Euler _________________

x/c
— FCC N~~~ .818

Integral eq.: ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ° ~ o Integral sq. • 
0 ~~~ .eta

— — Ruler

NUon , K,, — - 616
- .5 0 .~~

“ 1.0 
_______________a/c mm .5  LO 1, 5

V/c Fi~i. 7.— Pressure -ii :tributions for an MACA 2012
Fi g. 5.— Pressure distributions and b- u wave loca— airfoil indicated by integral equation and FCR
tions for a thin circular—arc airfoil indicated solutions of the tran8onic small disturbance
by FCR and i ‘1- sol t r Ions of the transonic small ‘5miu t  no , and by a numerical solution of’
dist-~rt-m tncr’ equations , and tin Eu,l er sol ution , the Euler equations .
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exact solution of the Euler Eqs. (14)(52) for the The results Just described are of great theo—
subcritical case. The x”h ,’2 singulari ty in uL retical significance ; however , t h e i r  computing cost
that would be present if the usual thin—airfoil is too high for the engineering analysis of aer~-
boundary condition Eq. (8) were employed has been elastic and flutter problems which re-~uir ’n a Jsrg.
avoided in the integral equation results of Fig. 7 number of oases to be consIdered individually since
by using Eq. (lit ) for the boundary condition. solutions cannot be superposed . Cim pl1 f ica t i -~rm
Aside from modest differences near the shock , the may be achieved by turning to the small disturhince
integral equation results are virtually identical theory for unsteady transonic flow , but the roe -i to
to those of the finite difference relaxation consider every case separately remain. sInce F-i. (7)
method and obtained with considerably less is nonl irmear. For many applications , it is fruit—
computation. f’ul to decompose the problem into steady and

unsteady componen ts by letting
Attention is turned now to unsteady flow .

Fig. 8 presents pressure distributions for an -

MACA 6itAlolO airfoil oscillating in pitch about a + 4m , Z = Z + Z , C C + C
mean angle of attack of 2° in a flow with 

I. p p

where the barred quantities satisfy Eqs . (7)
- 2 . 0  — -------— -  —‘--- ----

~
---—---

~--— through (9~ with the time derivatives omitted . ‘t m ,- ‘ 
-

-1. 6 ~-o 
O° - 4 ° remaining unsteady quantities should satisfy

~ *
lc; 

~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

= 0 (16 )

,,,_ —
~~~~,, - 

for the bounda ry cor t dit l ons  and l r e u . ;u r e  r i - l o t  i ,-o

0.4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ given by Eqs. (8) and (9) with tildes over ~~, Z ,
and but sigri ficun t simpilfication can to,

0.1 ~~~ _!~~~~ 
• ~~~~~~~~~~~~~~~~~ _________________ achieved f o r  small amplitude motions of an airfoil

with nonv mi.rmishing steady—stat e disturbance field
-2 . 0  

~ 
‘ ‘ ‘

~~~~~~~~~~~ i by disr egard ing  qt~~4i~~~ to obtain a linear differ-
0 - 4  j 1.6° -2 .4 ° ential equation for ~~. Although the dependence

-1 .6 k 
- i ~~~2 .5 of the variable coefficients 4~ mtr , i  ott the

1 
nonlinear steady—state solution makes the equations
more diff icult to solve than those of ordinary

-0.8 ‘~~~“ • 
linearized theory , 

~~ 
is linearly dependent on tim e

S C~ , c~ amplitude of the unsteady motion , and results for

-0.4 -
~ 

, 
various unsteady motions about a single steady —

— I stat-c condition can be superposed to determ ine
_______________ solutions  for more complicated motions.

0 .4  ( Fi g. 9 prçsents results calculated in this way( - 
by F hiers (53) using a finite difference relaxation

2 
— , - - - , m method for an NACA 61tAO06 airfoil at zero angle of
.6 .8 1.0 0 .2 . 4  . 6 .8 1.0 attack with an oscillating flap extending over the

C/c rear quarter chord, The results are q u a l i ta t i v e l y

Y~an f , - -  Nu n simi lar to the exoerimental data (514), but the ito —
st eady~~ ressures are generally overpredicte—J.

Fig. 8.— Time—dependent solution of Euler- Eq. (~) 
Traci ( ~~ et al. ~ have con f i rmed tThl er ’s result s

for the pressure distribution on an MACA 64A1410 
by appll’ -tt -l’ mn of essentially the same method tmm

air foi l  o s c i l l a t i n g  in p itch. tI l~ w frequency counterpart bf Eq. (lb ) in which
is omit $ o t  in a l l i t  ion to the nonlinear term.

0.12, as calculated by Ma~~us and Yoshihara 
Perhaps the most notable feature of the results is

(21) using a time—dependent method to solve the 
the unsteady J r - cm - c ure  peak at about midchord in the

Euler Eqs. ( 3). For the three smallest reduced supercrit-scal example with M 0.853 that is

frequencies k WC/2Ua,, the amplitude is 2°; completely untmer - doled in the results V-er the sub—

but it is only 0.140 for k 2.5. For each fre— 
cri tical example wtth M,, = .1914. The ~~~~ ret

quen cy , the press u re dis~ r lbut ion s  on the upper thr.’~—quarter cim o r l is that, normally expected at,
and lover surfaces are shown for t t m r  m i n i m u m  an d 

the hi ne~’ line fo r toy Subsonic flow . ‘T’ht- second

maxi mum angles , and for the angle of attack both peak in the ,m- u i -rcri t ical case in associated wi t h

increasing and decreasing through the mean. ~ 
the accuzntuat ion f r”c ’ l in t’ wavc’s ’,s t i m e /  move

even the smallest frequency , k = 0.1, t he  res ul t - . u; r’ - or r m -rn  ~m ’ f i  t ;  u n t i l  t i  .~ are s~ mw .’ I i ’ - l

- liffer distinctly from those ~f quasi—stationary 
exten sively r”t’r-mc t ,ed by th e zone -if superm-en t~

theory (k = 0). As k Increases , the amplit ude 
flow , The dat a 1’- r 0. )’ - and -) .~~l indim’n te

of the pressure varia~lons diminishes and the that sucmm ‘-ffm- - ’ts disai i’m’mt r -us expected vc”n tb.

shock movement virt ually vanishes for k = ~~5 
flow ui- . tr . tin - i f  t h ~’ h i n g e  l i n e  becomes superc onic .

The lat t e r  may be 0f ’  impo rt nn m -” t o  those devel-  ~. -

‘- pi ng approximate theories , s ince  i t  suggests , 
I el’mr ’rm t rm ~ the -icveici a’ nI ieceri h - I  -i0ov

that shock movement may h” disregarded for hieth 3 m ’  ,i e’ur~’t V - m r o r’- , m- conerrtcat ~~~~~~~~~ tie ’ no-f, -

freq uency o sc i l l a t i ons .  ,lotufm le ‘ti nt -1cm ’ t- !mm ’r ’- i c ,  an ‘-xl Ion ‘~‘~ ~‘ or t h e
local linear i 7 - il I -m m rn t ’t hr- - i -I’-vr’lopt’d orit-inally ( 1 - 2)
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-2 Qua$i steady - S
S o 0

— .6 ‘ 5
II,, — 0 ,96 _ 5  - e C

— 4 - • 0 1. 0 0 1.0
- C - 

—
. 

- s/c s/c

.2  _ 2 c; - ‘m Fig. 10.— Load distribution on a thin circular—

0 , 
—‘ c arc a i r fo i l  osci l lat ing in p i tch  about the nose.

St.ady $t C t C  • Sts~ dy •tStS axisyrnmetric flow . Although some of the analyses
.2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ have been based on the more complete theories ,
extensions to nonaxisynunetric slender bodies and
wings have been confined almost exclusively to the

20 
N,, - 0 , 9 0 1  N, - 0.966 

small disturbance theory described by

- ~~~~~~~ 
• k — 0 .05 4 2M~, M~,

~~ 
Rea l — , 

— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

= 0 (17 )

-
. 

R..1— ~~~, together wi th  appropriat e boundary condi t ions , and
a pressure relation modified to include 44 +

0 ;~ ~ ~~ ~~~~‘.. m ~~~~ s pk/
d 

~ 
I within the parentheses of Eq. (9).

0
-5 ‘~~ 9’-” Figure 11 shows pressure distributions for a

/ 
10—percent thick parabolic—arc body of revolution

-10 1~~g - 
for several t.~ from 0.9 to 1.1 calculated usin
the local iinearizatjon (6l ) and numerical NCB (62

-15 
- methods together with experimental data~

63) . These

~
‘i g. 9. — Pressure distributions on an NACA 614Aoo6 results, and also the previously unpublished FCR

- ‘ ‘ - results calculated at NEAR are in good agreement
airfoil with oscillating flap.

for steady flow. Resu l t s  for the ma~~ itude , ~ 2 _ C  N,, - .90 Sting -

Ii~c I, and phase , 
~~~~~ 

of the unsteady aerodynamic ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

loa~ ing at M.,,, = 1 on a 6—percent thick circular— Cp 0 
,
~~ ,~~‘

arc airfoil oscillating in pi t ch  abou t the nose
wi th ainpitidue iS and various reduced frequencies 0.2 ‘ I..’

k mire ahowm, in Fig. 10. Also included are the
results of quasi—stationary theory and linearized -0 .2  

14 • 1 . 0 a - 1 .1
t,t.’ory to which the local linearization results -

conve rm~m - for small and large k. Rather similar C~ 0 —‘~~~~~ I I

results h~ ve I “elm obtained by isogai (58 ) , K i m ble 
s/I ~~~~~~~~~ 0 •/1 ‘3 . 0

a m 1  w~
(m9 ’, and Dowell(60) through appli cat i on of 0 . 2  V \‘ - “

somewhat different approximat ions  ba3ed on t he  sting No st i~ q
gene r:ml notions of the loOal linearization method. — --NCR ~~~~~NCRSop ,

PCI
III. Axisyxnmet.ri,c and Belated

Slender—Body Flows ,. - . - - -Fig. 11.— Fr-s ati re distr1t~um lon s J r a paratmc~ m -’ —
- . arc body of revolu t ion  i n h i ~’s t ” 1  by various,-,‘vm’rmjj o f  the  r s - ’t h ods  developed orsgsnal ly  -

solutions of the smal l  disturbance
for two—dimensional flow have been extended to

equations , and by exJ-er2ment .
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over most of the body , but notable di f ferences  
, - M .0  • • s - 

l 4 ( I .  1) 
s •~~~~~~ ~exist near the rear. Some of these may be attrz— / C 55 YY •~ U, x •~ u,, ~ t t

buted to viscous phenomena , but e f fec ts  of the U,.~~~~5, _ ,

cylindrical sting model support and wind tunnel - - - ‘-~~1
walls are also significant. To demonstrate the /

•~ 
11,, l y

effects of the sting, NCR resu,its(62) are presented /
for a shape that conforms to the test model and ‘s r, - -? - I y, z ;x ,’ i  -
sting combination. The results are in improved ~~~, ______

agreement with the data , but significant differ— ,- ~
I 

~~~~~~~ ~ a w i r m i  source and
ences remain. -~- -1-~-- ’ ’ ’--r - 

~~~ 
°‘ dou r - m e ,  d u s t r i -

S — butuons q ioon
, - - I by un,’e, prob 1e~.To investigat e the effects  of the walls , Bailey 

~~
, ‘: -“ - ,(62) carried out NCR calculations for the body— a ~~~ 

, 
~~~. ‘ ~ as .t ~8

sting combination in a circular w-ind tunnel having ~~~~~~~~~~~~~~~~~~~~~~~ u,~_______ _______

the same cross—section area relative to the body g ( C , t )  0,r small

as the Ai~es 114—foot wind tunnel where the tests
were conducted. To simulate the ventilated walls Fig. 13.— Sch, rn-,t i c r ’-~ - resent - i t , ion  of unsteady - -

of the test section , calculations were performed t r ’uium m- - mmi c e-~mm i v e t  enc,— r u l e  for slender wing—body
for a porous wall w ith various porosities. The comi-irratiunc 1’ m r mi idmv uz ste~ d2-- mot i ons.
results for a porosity of 0.5 are shown in Fig. 12
together with those for free air and for an open The I I  rot—- r -l mm r thickr, -’mm s -aid lift inn, r solutions

satisfy the tw c—iirner m r - ior ’,l Lit lace e-]u- utmon ; f-ut
the hit-he r- —or h r  solut m m - i t s  sat ofy  F’ oj ~~:-cr ‘r “‘ mU a ~

— .2 ~~ .99  - , 2  N — 1,0 t ion in w h i c h  th ’ - — 1 , -ret b t ~~d m i d , ’  f ( y , : ; x )  1mm a

~~~~~~~~~ 
(

Stifl9 

~~ ____________________ 

function mi 

thc  
r It r ~o1 UtiOrA5 

~ 
V

2 ~~~ 
Po~ ou. ~ .t i  a r r i v i r m t ’ ‘mt me - re ;u lt  t o r t  ray~ -i I im I ig. 13.

Fr .  Sir Figur e 114 F r i -m r - m i t  a r e su l t  of en app l i  oa t  ion of
the eq u i va len c e  rul e l i m O  steady f low w i t h  p” . = 1

~ .3 N — 1, 01 
- 

1 ,0  
~~~~~~~ , to o i e n - f , -r bodies ‘.h e l l i p t i c  cross :‘~~c tI  - -is  sOil

c ,t I ,  - — -Free Eep , the  same lo ng it  u d i m m il lim tri l -u t iorm of cross—sec t ion
C /~ 1 0 

C D sir .Foec. balanc, area as a ~~i- ml ol i~c’— a r c  body of revo lu tion  of th iok_p ‘ 
~io’ I n ess r a t  ii , , 111, (lm’7) , TI1, ’ solution for  the equi—

- 

0 
- 

‘ ~~~~~ valent h o ly  w a r  de t emmin oi - a i n m -  t he  local
,S .9 1 0  1, 1 1,2 1.3

Fig. 12. — Pressure distributions and surface —
• 2 ~ ,~ 

- -,-.,~, Base aA’ — 3 ~— -=4~s .pressur e drag for a parabolic—arc body of 
~ ~ -,,, .~~

——‘ 
.
‘—

~ 
t, ’— 

~~~~~~~~ -
revolution with sting in free air , an open — 

x/ t  • 1.0 1,0
jet , and a wind tunnel with porous walls. out” meory I -/

.2 b -

jet. Sedin and Karlsson (h)14) have obtained similar - -
results for the porous wall using their alternat-
ing direction integr ation method. The theory Fig. i14.— Pm- or-cure distributions on Iwo parabolic-
indicates that the walls produce an upstream shift arc bodl,’n of elli~~t i c cross section ; N = 1.
of the shock wave , thereby bringing the calculated
pressure dis tr iout ion and pressure drag into vir— linearization method , the only method available at
tual l,y perfect agreement with the measurements. the time these results were o r i g i n a l l y  l u b l i s h e d ,
Prudence should be exercised in accepting these and ore for l’rce—mu ir flow ~ ant a complete body ,
results as definitive , however, since the boundary i.e., without a sting. After making allov ancm ’mm
condition applied at the wall is a highly simpli— for deficiencies over  the rear of the body that.
fied representation of a complex local flow, can be attr ib ute -i to r f f” ,’I.s of wind tunnel walls

and model r g-port , the r’-mmul tn show th ur. too eqmii —
It has long been knovn (3) that the solution valence rule ~r-m vm des -

‘ s imple  and accui- mi r m- aean s
for certain thickness—domi nated steady transonic for treating transonic f l o w  past slender l- )dies of
flows past slender wings , bodies , and wing—body n-m rm cir cula r cross mmem ’tion .
combinations can be decomposed into four simpler
components by use of the transonic equivalence Figure 15 present,s a similar comparison of
rule. As illustrated by Fig. 13 with 

~xt and t heo re t i ca l  and evrmerimental results for N,,, = 1
f(y,z,;x,t) set to zero, three of these require for one of ti elli p t i c  cross—section bodies
solution of only the two—dimensisna l  Laplace equa— F i g .  114 s I  -ample. of’ -u ttack of h O , 1~°, ant ~~~~~ -I)
tion for flows in each t ransverse y , z p lane ;  and Good - u g r ’ - ’- ’n” m t i s  m it - - u n  f u e l ~imm n g rn- c t  of the
the fourth requires sol ution of the transonic tr’dy , wit notal-le u I  fe rm ’iiCe~ om-c mxr-I’i ng on r i m , ’
small disturbance equation for axisymmetric flow rear . The latter could bc r im -f i’ iel by replacing
past an “r— -~iivalent” body of revolution having the the solution for I he t-qu.i v a l m ’ r m t  body by a r s o lm , f . i on
same longi tudinal  d i s t r i b u t i o n  of cross—sect  ion like that of F’ig. ii? that accommr m ts for effects of
area as ~he original aerodynamic shape . Cheng and ‘Imo inu ’ l ’  I mm mij j r  ri and wind-tunnel walls.
Hafez(651 and Barnwell(66) have extended that
result to 11 ft,—dominat i i  cases , for which it- is Ii! ‘~~r , t - r - m , m t  t - m 1mm,- foregoing, the developrr -’rit
necessary to include addi tional higher—order of met l ets “ - r sol ving ttm m -  nor linear equations for
( multipole) Inner  solutions beyond the f i r s t — o r d e r  m o f e u i ly - m i  - : - rm ’ -~ r , c and t i m r ’-e- - i i r n , - r m m  ional tran—
thickness (Source) and l i f t  ( d i p o l e)  so lu t ions,  sonic flows has barely hm -gur . We have applir-d tb.’
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‘ I

shown to agree with local linearization solutionsr~-~’ 1 -

~~~~~~

-

for steady flow past three such bodies. Extension i iof the local linearization analysis to the pi tchingcp
~~~~~~~~~~

motion of slender bodies of revolution at M~ = 1
has been carried out recently (69 ) and used to deter-

- ~“‘~ I mine un steady surface pressures and st atic and
dy n amic stability derivat ives for conical and para-- .2 0 ’ 

- I ~~~~~ 
- 

bolic—a rc bodies . The results are presented to—

~~~~~~~~~~~~~~~~~~ ~~~~~ ~~~~~~~~~ 
gether with those of other approximat e theories and
are shown to agree well with available data.

IV. Three—Dimensional Flows Past Wings
— I

and Wing—Body Combinations

Much can be learned by the study of two—dimen—
sional and slender—body flows, but rational aircraftc

P
:r7

LTc+

~ 

L~~~~~~~~~~~~~~~~~~~~~~~ design requires solutions for three—dimensional
aerodynamic configurations . Fortunately, the f in i te

~~~~~~~~~~~~ d i f fe rence relaxation method can be generalized to
0 xii ~~~ 

- 
1.0 0 ic/S 1 . 0  these situations , and modern computers are able to

perform the computations in an acceptable time for
Fig. 15.— Pressure distributions on the body Steady flows past certain classes of three—dimen—
of Fig. 114 with a/b = 2 at three angles sional shapes . To date, the analysis has been

of’ attack , a; M,,, = 1. based almost coclusively zin the small disturbance
theory , which in its simplest form is described 

- -

local l inear iza t ion  method to flow wi th  N,,, = 1 by Eq. 17 with 
~xt and 

~tt  omitted.
past a slender body of revolution engaged in a
variety of unsteady motions. Fig. 16 reproduces Figures 17 and 18 present comparisons of calcu—
resuits (57 , 68) for the amplitude and phase of the lated and experimental data for a swept ONEBA M6
murface pressures on a nonhi fting body undergoing wing at an angle of attack of 3

0 for N0, = 0 . 81 4

—r —‘r-----
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Fig. 17. — Press ure distributions on a swept ONERA
I 

~~~~ 
I I M6 wing; M0, = 0.814, a = 3° .

3 .2 .4 .6 0 .2 .4 .6ic/f ic/f

Fig. 16. — Local linearization solution for and 0.93(70), Computations were performed using
pressures on the forepart of a parabolic—are both the NCR and FCB methods and required about
body of revolution in oscillatory di latat ion 5 CPU minutes on the CDC 7600 computer. As in the

proportional to the local body radius ; two—dimensional applications , the FCB method pre-
= 0.10, M,,,, = 1. dicta a more downstream location for the shock wave

than the NCR method , with the difference being more
small oscillatory dilatations proportional to the marked at the higher Mach number, Again , the data
local body radius. As in the two—d imensional agree better with the NCR calculations, but this
appl ications, the results approach those of u n —  is certainly due to a fortuitous cancellation of
earized theory for high frequency oscillations , errors in the shock jumps by disregarded viscous
and quasi—stationary theory for low frequencies, effects.
The lattor is iUustrated in the j-lot in the upper
right in which the pressure distributions irmilcu t e d The experimental data also reveal a weak oblique
by the unsteady analysis for a basic body of thick— shock upstream of the main shock and swept back
nuns ratio , I = 0.11), undergoing mn iow expansion about 35°, but no in dicat ion of it is given by the
to O. l ~’ and contr’lction tm - n- = 0.08 ‘ir m - ca lcula t ions .  This is to be expected because
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As an alternative to the finite difference
— 1 .  - 

0 Upper surface —

c ysis, mention should be made of the alternating
~~~~~~~~~~~ v I~ wer surface approach to three—dimensional transonic flow anal—

Theory 
— - direct ion in tegra t ion method of Sed,in and Kar lsson0 — — ycR (6 14)

, which b u s  recently been shown to be capable
of provi ding plausible pressure distributions on

-1. wings and wing—body combinations . Further investi——1.

ments of the mu-thod is necessary to determine it~~ ~~~~~
1
~~~~

”
~~

7c ~~~~~~~~~~ gation of the accuracy and computational require—

competitiveness with the finite difference methods .0

V. Helicopter  Rotors
—1.

.c._: ::~::;~\
i -” &~~~~30° 

cp 
The onset of transonic  flow over the outer por-

tion of the rotor blades is one of the primary
conditions that sets the performance limits of0 ,

~~
‘- ,~~ ~~~ A11 3.86 ic/c modern he l icopters . A t ransonic  regime near aX,C T B — O . 5 8 3

~4ERA o section blade t ip is inheren tly nonl inear , three—dimensional
1. ‘1— 9,8% and , with forward fli ght , unsteady . As illustrated

in Fi g. 10(9), the shock on the upper surface moves
Fig. 18.— Pressure distributions on a swept downstream at points B and C , is nearly stat i ona ry

ONERA M6 wing; M,,, = 0.93, a = 3°, at U , sod moves upstream at E. Subsequently , the

Eq. (17) prowides a poor approximation for shocks
with sweep angles greater than about 20°, A sub— P4,, - ‘4? , -m - 880 0 Qua si.’steady a,, - .841 , u .1°

— Unsteady I -stantial improvement can be made , however , b~ -.8 - I Free I
~ 5treacI~~_ 

_  

-‘e

n
E — 4

adding two terms to Eq. ( I T )  to obtain (l0 ,71) 

-z ~ cM,~,( y + l )  c

o

p
0 O t s I0 4( 1 — M ~)~ +

~~~ ~s = 
0, 

x xx Cxx yy zz U

__________________ 0 C/c 1.00 ‘ ‘ i. 0 Ior~~~~ c ~ L- ~
?4,~(y-l) 2M,~,

+ 4c~ +
U0, x ~~ ~~~ ~~~~~~~~~ 

_______ ______

for steady transonic flow. St udies of this and - - .- - - ________

related extensions of the small disturbance theory 
_________ - .4V’~\; c c

complete airplane configuration , Fig. 19 presents _______I ,4L,.t~
_._ - .

are currently in progress. Moving closer to a 
A , 

o 
(Pr ‘~

‘
~~*56

\,

~ ‘C - - 9o”\
(7 1.0experimental and NCR calculated pressures for a n/c ~~, ,‘• so’ 

0 n/c 1.0

II,, .814 , o.0 °M,, .114 , I 1, l5 ° ,4
0 C/C 1.0

P4,, 796 , 0 , 4 7 7 °

________ 

y/s
.95

. 80 Fig. 20. — Pressure d i s t r ibu t ions  for a simulated
two—dimensional helicopter rotor.

.60

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

an NACA 0012 airfoi l undergoing simultaneous sinu—

shock propagates off the front of the airfoil into
the oncoming flow. In the calculation of the theo—

_________ ____________ .20 retical results of Fig. 20, th e unsteady motion of

-~~~~~~~~~~~~~~~~~~~~~~~~~~
_______ __________ the rotor blade in forward flight was simulated by

soidal Mach number and incidence variations with a
phase di fference of i8o°. The governing equation
is a two—dimensional low frequency version or’
Eq. (17) with and 

~~ 
omit ted and wi th

Fig. 19.— Pressure distribution on a wing—body Mn,~ + M sin 4, which represents the instantaneous
combination ; M~, 0.93, a = 0°. free—stream Mach number , in place of M in the

c o e f f i c i e n t s  ~~~~ 4
~xt and and the boundary

swept—win~—fuse1a€e configuration at M0, = 0.93 conditions. The quantity !‘t~. is the ti p Mach
and a 0°’,TO). The agreement with experiment is number due to rotation, and it-  = hi t is the indicated
good along the fuselage centerline and the two in— azimuth angle on the rotor disk. The quasi—steady
board stations . In the computed results, the wing results were computed by solvi n~: the same equation
root shock propagates laterally to y/s = 0.60, with 

~xt 
= 0, so that t ime appeared only as a

but the exp-rimental shock dissipates before parameter. The shaded region indicates the portion
reaching this point. The source of the disagree— of’ the cycle for which the fi -w is subcri t ical , and
ment is not clear but may be due to viscous for which the unsteady values for the pressures are
effects or to deficiencies associated with swept nearly quasi—steady . in the supercritical region ,
shock waves , however, the pressures and shock wave location lag

the quasi—steady results .
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The results -of Fig. 20 correspond to s t r ip  be as useful as it is for the ext ernal aerodynamics
theory , but three—dimensional  e f fec t s  are obviously of the airplane. The appropriate equations for
import an t for a hel i co r t e r  rotor , par t icular ly  near the inviscid analysis are , therefore , the Euler
the tip. Caradonna and Isom(72) have investigated equations , or possibly the complete potential
this feature of rotor aerodynamics , and calculated equation if the shock waves are not too strong.
uiistead~ FCR solutions reproduced in Fig. 21 for In the most advanced analysis, Erdos et al.,~~”3)
both two— and three—dimensional representations. have approximated the three—dimensional problem

by a pair of two—dimensional problems , which are

2~ Osn~enSi0°S -~~ intended ul t imately to be interacted to obtain the
t complete solution. Figure 22 presents the essen—

158 0 tial ideas of this decomposition and of the

t 
casin~~~~~~~~~~~~~~~~~~~~~

\\  

e4
~~~~~~ s

Fig. 21.— Two- and three—dimensional calculations Hub R~~.’ 5

of pressure distributions for several 4, at 97 7
percent of the rotor radi us with blades of aspect
ratio 15 and 6—percent thick circular—arc pro—
files operating with an advance ratio, U,,~,/0R = 0.14,
and a tip Mach number , Mi = 0 .9 3 ,  at 4’ = 90° . Fig. 2?,— Coordinate systems and grid networks

for interactin g two—dimensional flows used to
Comparison shows that the three—dimensional solu— simulate three—dimensional flow through a
tion indicates that the flow is far less expanded rotor—stator stage of a turbomachine .
(the peak negative C~ is less in the supersonic
region and the shock wave does not reach the coordinat e system evolved from i t .  The hub—to—
trailing edge), the return to subsonic flow occurs casing solution accounts for effects of blockage

‘ earlier , and no ups tream propagating wave is m di— of the flow area by the blades and the anticipated
cated for t h j~ case. Caradonna and Isom state boun dary layer as well as the geometry of the hub
that such a wave is seen in their results for a and casing, but not for any circumferential varia-.
hi2hsr Mach number three—dimensional calculation , tions of the flow . It provides the flow properties
but it~ amplitude is about an order of magnitude in a meridional plane as averaged from one blade to

— less than indicated by the two—dimensional  calcu— the next , the coordinates 5 = r ( m )  of the  curved

lation . This brief account serves to indicate axisymmetric stream surface upon which the blade—
that helicopter aerodynamics provides a new field to—blade analysis is carried out, and thereby the
of application for transonic flow theory. The spacing b(m) between two arbitrarily selected
available results are very incomplete , but they adjacent stream surfaces . The problem that must
illustrate the c ignificance of transonic flow for be solved for the blade—to—blade surface represents ,
helicopter rotors , and the need for a more there fore , a two—dimensional flow past a series of
comprehensive study. blades in the curvilinear coordinate system (m ,8)

indicated in Fig. 22 with the radius , 5(m), and
VI.  Rota t ing  Tus-bomachinery th ickness , b ( m ) ,  of the s tream sheet provided by

the solution of the hub—to—casing solution.
Flow through a high—speed fan or compressor is Expressed in a coordinate system rotating with

three  d i m en s i o n a l , can include complex shock the blades at an angular velocity 12 so as to
systems , and is unsteady even in a rotating frame obtain a steady flow problem if in teract ion wi th
of reference if a complete stage consisting of a other blade rows is disregarded , the equations to
rotor and stator or a fan preceded by inlet guide be solved are
vanes is consi-Jered.  E f f e c t s  of v iscosi ty  and
turbulence are important , particularly in the aft a a V a U U d Rbstages , and impact of the wake of one stage on the 

~ae + a = — Rb dinblades of the next is an important source of vibra— m
tion and noise.  The calculat ion of transonic flow

L t ough h gh_s : t u r b : i r y e 

~~ I~Y1+ a (p +~ v~ ) + a(puv ) 
-

the te chnological need exists and methods are
beg inning to be developed. 

— 2!! (v+~~s~ ~5 dm
In current work , the t r a d i t i o n a l  approach is

taken in which the inviscid flow field is consid-
er ed f i r s t , leavin g the viscous and turbulence 

~~~~ ~~~~~~~~~~ a(p +pU2) 
—effects to be added later , hopefully as small or at + R~e + 

am 
— — Rb dm

localized perturbat ions. Since variations of
pressur e and fl,w direction may be s u b s t a n t i a l,
the small disturbance theory is not expected to + 

p(v+lTh)2 4~,
N dm

~~~~~~~~~~~~ -~~~~~~~~~~~~~~ - -,,-“-—‘- -— ___~~__~~~~~~~~~~~~~~~~~~ _ _ _ _ ~~~~~~~~~~~1,_ -_~~~~~~~--_ ~~~~ ~~~~~~~~ ‘-rn— -~~ 



a(pE ) 
+ 

a ( P viç) 
+ 

a(pUH r ) 
= — 

pUH VII . Concluding Remarks

at am Rb din The preceding d iscuss ion  has provi ded a revi ew
of recent developments in steady and unsteady

where U and V represent velocity components in transonic aerodynamics. Many references are cited
the m and 0 directions , and in which the rela— but many significan t contributions are not or are
tive total ener~y and total enthalpy are defined hidden in references to summary papers. In many

y instances , the solert ion has been made on the basis

— — 
of i n t e r l ock ing  r e l a t ions  that help to evaluate the

r 
— E - tillS, 5

r 
— — tillS (20) various resu~ t~~- , mod to provide a continuing base

from which further discussion can proceed smoothly.

The right—hand sides of Eq. (19), which differ
from those of Erdos Ct al,(73) because of correc— 

Overal l, it to clear t hat tremendous advances

tion of errors in the transformation to curvi— 
are bei n -  made in th’ analysis of transonic flows ,

linear coordinates , arise from streamwise varia— 
and that these  problems no longer appear as for—

tions of thickness and radius of the stream sheet ; 
midable as theJ once did. Indeed , some of the

they vanish if the equations are applied to a two— 
simpler two—dimensional and axisyonnetric steady

dimensional cascade flow. The corresponding 
flows may be considered solved , with even alter—

equations for a nonrotating iner t ia l  system may native methods available to ohoose among. The

be obtained by set t ing ~ to  zero, research f ront ier  is moving now to more complex
steady and unsteady three—dimensional flows past

Only a few results obtained by solving these 
win gs , win g—body combinations, helicopter rotors , - 

-

~

equations have been reported , and they are rather and through turbomachinery fans and compressors.

provisional because of the relatively small number The modern computer has brought immense calculating I
of grid points used in the finite difference power to bear on these problems , and the goal of

calculations. Results of blade—to—blade calcu— replacing the wind tunnel with a computer is

lations of Erdos et al. ,(73) are presented in beginning to look more achievable than ever before .

Fig . 23 together with experimental data for 
However , all will not fall into place by itself.

high—speed (l500—fps ) fan tip section obtained 
Much work must be done , but the directions are
indicated and the rewards of improved aerodynamic
design and analysis are sufficient to demand the
effor t  be made .

Exper iinentai calcu inted
isobara 

-
~ iaobar ~ 

— , 
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