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FOREWORD

The Operations Research Center at the Massachusetts Institute

of Technology is an interdepartmental activity devoted to graduate educa-

tion and research in the field of operations research. The work of the

Center is suppor ted , in par t , by government contracts and industrial

grants—in—aid . The work reported herein was supported (in part) by the

Office of Naval Research under Contract N00014—75—C—0556.

Jeremy F. Shapiro
Ac t ing Direc tor

ABSTRACT
Ic ~~~~~~~~

In this paper , we—prcoon t- a recursive method~to solve

separable differentiable convex knapsack problems with bounded vari-

ables. The method differs from classical optimization algorithms of

convex programming and determines at each iteration the optimal value

of at least one variable. Applications of such problems are frequent

in resource allocation and recently have shown to be useful in hier-

archical production planning. Computational results are presented . A

_ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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ON THE SOLUTION OF CONVE X KNAPSACK PROBLEMS

WITH BOUNDED VARIABLES

Gabriel R. Bitran and Arnoldo C. FLax
Massachusetts Institute of Technology

In this paper we present a recursive method to solve the problem

(N) z mm E G .(x  )
j CJ

0 3 j

x = P ° (1)
j cJo j

< x~ < ub . jc J° (2)

x . s X. j cJ°
3 3

where G~ (.) jcJ° are differentiable convex functions on the open convex set

X C R JcJ° respectively . ub > Lb jCJ° and E Lb < P° < ~ ub . (other—
— 

cJ ° 4CJ° ~wise the problem is trivial or infeasible). ~

The derivative of C~ at x . is denoted by DG.(x~). The iterative method

proposed to solve (N) differs from classical convex programming algorithms

and at each i teration determines the optimal value of at least one variable.

This problem was formerly t reated , fo r  particular objective functions, by
convex programming arguments 13 1 and dynamic programming [6]. More recently

Luss and Gupta [4] presented an iterative method for strictly convex decreas-

ing functions and a one pass algorithm for a set of particular functions with

the variables bounded from below . Luss and Gupta ’s method consists in relax-

ing the upper bounding constraints. The algorithm proposed in this paper

applies for a more general set of functions . At each iteration it solves a

simpler problem of the form mm {Z C
1

(x
1

) st P, x
1

cX
1
} obtained by

relaxing both bounds (2). At the end of each iteration (except possibly the

last) we show that either the subset of variables {x
1 

x
1 

> ub
1
} have optimal

value ub
1 

in (N) or the subset {x
1 

: < Lb~ } have optimal value Lb1 
in (N).

Applications of this class of knapsack problems to resource allocation can

be found In [3], [4] and to hierarchical production planning in [2].

(N) is a convex problem and is regular [1]. Thus the Kuhn—Tucker

conditions (3)—(9), below , are necessary and sufficient for optimality of

x~ JCJ ° in (N).
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DG
1

(x~) + A + u
1 

— = 0 jCJ° (3)

u~(x —ub
1
) = 0 jeJ° (4)

= 0 jcJ° (5)

E x~ P° (6)
j cJo LI

< x < ub
1 

j sJ° (7)

AC R, u
1 

> 0, > 0 jcJ° (8)

x c X
1 

JcJ ° (9)

We first state the algorithm and then prove that It is optimal.

Algprithm

Initialization: J ’ J°, P’ P°

Iteration ~ (~~l,2,3...)

Step 1: Solve N(s) : mm { Z ~G (x ) : E x P~ , x cx jc J~~}
jc J ‘ jcJ LI Li

and let the solution be x~ jcJ~ . If Lb . < x~ < ub
1 
jcJ~ define

x~
’ = x~ jc J~ and stop the solution x jci ° generated by the

algorithm is optimal. Otherwise go to step 2.

Step 2: Compute

~ (x8—ub ) where J~ {jJ : x~ > ub }
jc J

+ 
LI LI LI Li

and

= E (Lb -x8) whe re J~ = {j cJ 8 : x~ < Lb I
j cj_ LI LI

Step 3: If > define x = ub
1 
jcJ~ and let

J~+1 = J~ _J~~, P~
+l P~

_ 
~ ub+ 

~~~~~~~ i
.1~~~~~
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8 B * 8If t~ < V define = Lb
1 
jtJ and let

J8+l = J8_ J~ P8+l = P~— ~ Rb
jcJ

If J~~H 
= ~ stop . The solution x jcJ° generated by the algorithm

is optimal. Otherwise let 8 = 8+1 and go to step 1.

Since at each iteration the set J8 is reduced by at least one element

the algorithm is finite. To prove that x JLT° , generated by the algorithm,

solve (N) we construct a corresponding Kuhn—Tucker vector through the

following results. Let A8 be the Kuhn—Tucker multiplier associated to

the knapsack contraint in N(8).

Lemma 1: If at iteration 8 > V8 then

a) for any scJ~ we have —DG (ub8) > _DC
1(ub~ ) for  all icJ 8—J~

b)

Proof: a) A8 = _DG
~ (x~) jcJ

8. Let stJ~ and icJ
8—J~ . Then, since

for convex functions [5]

[DG
1
(x~) 

— DG
1

(x~) ] ( x~ — x~) > 0 (10)

it follows that

—DG (ub ) ~~~ —DG5(x~) = A8 = 

~~~~~ > —DGi (ub
~

)

b) E x8 = P8— ~ 8 ub — P8~1 = E
jcJ~ ~ jcJ

For at least one jcJ8~~ we have ~~~ > x~. Thus

= _DG
j(xr

1
) < —DG

1
(x~) = A8

where the inequality follows from (10). ___

Lemma 2: If at iteration 8 ~8 < V8 then

a) for any scJ~ we have —DG5(Lb ) < —DG
1(2.bi

) f or all icJ8—J~

b) A 8
~
1 

> A 8

_ _ _
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The proofs of this lemma and of theorem 4 are omitted because they are
similar to those of lemma 2 and theorem 3 respectively.

Theorem 3: Assume that  A 8 > V~~, 
~~ < Vi 1~ 8+l 8+2 ... y...l . Then

a) J1 J (J 8—J~ —J~ )

b)

Proof: ~8+l 
= 

8+1 x8- E ub + ~ x~

~ 
cJ8~~ 

x~ = 

tJ~~J
8 ~

= 

j~ J
8
~
1 
x~#A

8 (11)

P8+2 = 
8+2 8+1

jtJ jC~~
+l Lb1 

=X
1 8+1 

X —

- 
8 + ~ + A8 

- 

~ 8+1 
Lb
1
.— x

~ jtJ~~~ ~ jCJ

8+2 841 ~B+lThus, since J = J —J

p8~
2 

= E 
8+2 X + A 8 

—

jcJ LI ~~~~+l (ib 1
-x~). 

(12)

Similarly we obtain

Y—l
p1 = E x8 + A8 

— E (Lb —x8) (13)
jcJ~

’ ~ s 8+1 jcJ
8

8+1
From (11) it follows that for at least one j0cJ

8+1 8 (14)x > xLI o —

But , from the Kuhn—Tu cker conditions for N(8+1) :

icJ (15)_DG
i
(xr1) = ~~

8+]. 8+1

Conbining (10) , (14) , and (15) it follows that

8+1 8
X
j .~~~ x

1 
for all. jcJ8~1
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If all functions G
1 
are not strictly convex it is possible that

= )~8+l = A 8. In this case N(8+l) may have more than

one optimal solution. However at least one will satisfy this

condition.

Thus J8~
1 
C and A 8 

- 

~ 8+1 
(Lb -x8) > 0. (16)

jcJ_ ~

(12), (16) and the fact that ~8+2 = ~8+l..~8+l imply that

x~~
2 

> x~ for all jcJ
8
~
2
, J~~

2 
C J~ and

A8 — E (Rb —x8) — Z (Lb —x8) > 0 thusI ~ 
~~~~~~~~~~~~~~~ 

~~ LI

= z X > ~ X

~~~~~~~~ 8+3 -‘ 
— 

1 J
8+3 ~

Continuing with the same reasoning we obtain

3 Q ~ ~7’l 8C J
P i=8+l ,. . . ,y—1; A° — E L (tb 4 —x 4 ) > 0— — s=8+l j cJ~ ~ J

and from (13)

p1 = . x1 > ~ (17)
jCJ~

’ ~ j cJ1 ~
a

These conclusions together with J8~~ = J8 — J~ and

~i+l = ~i_~ i 1=8+1, . . .  ,y— l prove part a) .
From (17) it follows xT > x~ jcJ

1. Thus, from (10) and (15) with

Y instead of 8+1

A1 = _DC~~(x~
’) ~~ —DG~ (x~) = A 8

• Theorem 4: Assume that A8 < V8. A’ > V~ 1=8+1,8+2 , . . .  ,y— 1. Then

a) J1 J (J8—J~—J~)

b)
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Theorem 5: The set x~ jcJ° generated by the algorithm is optimal in (N).

Proof: By lemmas 1 and 2, theorems 3b) and 4b) the set x~ jcJ°

generated by the algorithm has the following property:

• —DC (ub ) > . .. > —DC (ub )> —DG (x* ) = ... = —DG (x* )> —DC (Lb )> .. . > —DC (Lb )
k k —  — k k —  v v v v —  I i —  — i is1 p p~~, 1 1 

- 

g 1 1 s
—V

corresponding to variables corresponding to variables corresponding to variables
defined at upper bound not defined at any iteration defined at lower bound

at upper or lower bound

*The x~, j=1 ,2,. .. ,g are obtained at the last Iteration.
LI

To see tha t conditions ( 3 ) — ( 9 )  are satisfied take

A = -DC (x* )
vi vi

= A + DC
1 

(Lb~ ) > 0 , u
1 

= 0 j=l ,2,...,s
i j I I

u.~ 
= _DG

k (ubk ) — A  > 0 , = 0 j=l ,2,...,p and
1 3 3 1

T = u = 0 j 1 ,2,...,g.vj V
j

Thus , since jc J ° also satisfie: (6) , ( 7 ) ,  and (9) it follows that

= ub
k LI=l ,2,.. .,p; x = 

~~ 
j =l , 2 ,. . . ,g  and

LI I I I
x~ = Rb

1 
j l ,2,...,s solve (N). 

___
LI LI

The algori thm depends strong ly on the existence of a solut ion to
N(8). However when among the G

1
(.) jcJ8 there are strictly increasing

and decreasing functions N(8) has no solution. The next theorem shows

how to cope with  th is  d i f f i c u l t y.

Let J
1 

= (j cJ° : C
1

( )  is strictly increasing) # 0 and

• 
= 

~~~~~~~~ 
G
1

(~ ) Is s t ric t l y dec reasing ) # 0

Assume that (N) has an optimal solution x jcJ°. Then

_ _ _  _ _-  -• -- _ _ _
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Theorem 6: The optimal solution of (N) is such that either

x~ = ub
1 

j cJ
2 
and/or x~ Lb

1 
icJ

1
.

Proof: The optimal solution satisfies (3)—(9) and in particular

• —DG
1
(ub

1
) = A + u

1 
j cJ (ub )  {jcJ ° : x~ — ub~~)

—DG
1

(tb .) = A — T . j ci ( Lb ) = {j cJ ° : x = Rb
1
) and

_DG
1

(x~ ) = A j cJ°— J (Lb)  — J(ub) .

Note that the assumption ?
0 > E i~.b implies J ° —J ( Lb ) # 0.

* 
jtJ ° ~

If mm {—DG
1

(x
1

) jc J°— J ( L b ) } > 0, since —DG
1

(x
1

) < 0 icJ~~,

it follows that J1C J(Lb) . Otherwise , since —DG
1

(x
1
) > 0  icJ2

and —DG .(ub
1

) > —DG .(x~) > _DC
k

(Lb
k
) for  any j cJ(ub) icJ °— J ( u b ) — J ( L b )

and k t J (Lb) , we have that  J 2 C J(ub) .

A direct consequence of theorem 6 is that the solution to (N) can
be obtained by solving the following two problems

(N ) : z min{ E G.(x ): E x = P° — E ub . Lb <x < ub j cJ °—J )
1 1 3 ~ j t J °—J~ j tJ  ~ LI LI LI 2

and

(N
2
) : 

~2 = min { E G .(x ): E x = P° — ~ Lb . Lb 4 <x <ub j cJ °-.J
1

}
jc.J °—J 1 ~ ~ 1~~~°~ J

1 
LI j cJ1 

J ~ LI ~

and taking z = min (z1,z2).

Let (N<) and (N>) be the versions of (N) when constraint (1) is an

inequality of the type < and > respectively. For a variable jcJ° let h~
be the value of x .  for  which DG , ( x , )  = 0. If such a point does not exist1 3 3  

*we adopt h . —~~~ (4c0) in Theorem 7 (Theorem 8).  Let jcJ solve (N).

Then

* * 0Theorein 7: a) If A = _DG
v ~~~ ) < 0, x~ = x , jc J solve (N>) .

~ 
vj  .i

b) If A = _DCv (x~ ) < 0, x defined as:
i i  :1
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= Lb . j l ,2,...,s;
LI I

X
v 

= max(Lb~ ~
hv ~ L I 1,2,...,g;

3 i i

~~~~~ . 

= max(Lbk ,hk ) for all k1 
such that DG

k 
(ub

k
) > 0 and

3 3 3 3 3

= ubk for all k
1 

such that DT
k 

(ubk ) < 0
3 3 3 j

solve (N<) .

Theorem 8: a) If A = —DC (x~ ) < 0 , x. = x~ jc J° solves (N > ) .
V
j 

~ 
3

b) If A = —D C (x * ) > 0, x~ defined as:

~ 
v~

= ub
k j= l ,2 , . .  ., p;

Li I

x min(ub ,h ) j l ,2,...,g;
V
j 

vj  vj

x . = min(ub
1 ,h1 

) for  all i suc’.i that DC
1 

(Lb~ ) < 0 and
I I •i LI LI

x = Lb for  all i such that  DC (Lb~ ) > 0i. i. I i . 1 .3 3 •] 3

solve (N>) .

_ _ __ _ _ __ _ _ _ _  - - ..- - —----- - -.-- —, -~~_- -~~~~~~~~~~~~~~ ---- .•-
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C2~putationa1 Results

In Tables 1 to 7 we present the results of 84 problems of type (N).

The data were randomly generated . For identification purposes, our

algorithm was denominated Bitran—Hax. In each problem the objective

function was composed by functions G
i

(xj) of the same family. They are

indicated in the first row of each table. Following the time in seconds

to solve each problem, by both methods, appears the number of iterations

required. n represents the number of variables in a problem. For a fixed

o th ree problems were solved for each type of obLIective function . In
Luss and Gupta’s method [4] the ordering of the derivatives evaluated at

the lower bo und of each variable was executed by the “Quick Method”.

In our algorithm , problems N(8) were solved th rough the corresponding
Kuhn—Tucker conditions. For the problems of Tables 6 and 7, Luss and

Gupta ’s algorithm does not apply because in the former one the objective

functions are strictly convex increasing and in the later one we have

F not Imposed any condition among the values of the bounds , P° and the

point where each of the G
i
(x.) attains its minimum. The computer used

is a Bor roughs B6700 . The program s were written in Algol. Application

of problems presented in Tables 5 and 7 to hierarchical production

planning can be found in [2] .  The parameters (s ,m .,QLb .,ub
~
,etc....)

corresponding to problems in Tables 1 to 5 ( 6 and 7) were randomly

generated in intervals where the functions C
1

(x~) are strictly convex
decreasing (strictly convex).
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